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Abstract

We consider how large a tournament must be in order to guarantee the appearance of a

given oriented tree. Sumner’s universal tournament conjecture states that every (2n — 2)-

vertex tournament should contain a copy of every n-vertex oriented tree. However, it

is known that improvements can be made over Sumner’s conjecture in some cases by

considering the number of leaves or maximum degree of an oriented tree. To this end, we

establish the following results.

(1)

There exists C' > 0 such that any (n + Ck)-vertex tournament contains a copy of

every n-vertex oriented tree with k leaves.

For each k, there exists ng € N, such that, whenever n > ng, any (n + k — 2)-vertex

tournament contains a copy of every n-vertex oriented tree with at most k leaves.

For every o > 0, there exists ng € N such that, whenever n > ng, any ((1+a)n+k)-

vertex tournament contains a copy of every n-vertex oriented tree with k leaves.

For every a > 0, there exists ¢ > 0 and ny € N such that, whenever n > ny,
any (1 + a)n-vertex tournament contains a copy of any n-vertex oriented tree with

maximum degree A(T') < cn.

For all countably-infinite oriented graphs H, either (i) there is a countably-infinite
tournament not containing H, or (ii) every countably-infinite tournament contains

a spanning copy of H.

improves the previously best known bound of n + O(k?). confirms a conjecture of

Dross and Havet. provides an asymptotic form of a conjecture of Havet and Thomassé.

improves a result of Mycroft and Naia which applies to trees with polylogarithmic

maximum degree. extends the problem to the infinite setting, where we also consider

sufficient conditions for the appearance of oriented graphs satisfying (i).
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CHAPTER 1

INTRODUCTION AND PRELIMINARY
MATERIAL

A fundamental class of combinatorial problems ask how large a certain discrete structure
needs to be, in order to guarantee it contains some specified substructure. For example,
due to Ramsey’s theorem, it has long been known that, given any finite graph H, if
the edges of a sufficiently large complete graph are coloured red and blue in any fashion
then it must contain a monochromatic copy of H. How large such a complete graph
must be for different graphs H is the central consideration of Ramsey Theory, alongside
generalisations using more colours and other discrete structures, such as hypergraphs,
hypercubes, integers, and infinite graphs.

This thesis studies the natural analogue of these questions where we orient edges
instead of colouring them. That is, given an oriented graph H, how large does a complete
graph need to be before orienting its edges in any fashion (giving a tournament) guarantees
a copy of H within these edges? Unlike for colourings, it is not true here that any oriented
graph H is guaranteed to appear in a sufficiently large tournament, for if H contains a
directed cycle then H is not contained in any transitive tournament (that is, a tournament
G for which there exists a labelling V(G) = {vi,...,v,} such that v; — v; whenever
i < 7). On the other hand, an n-vertex oriented graph is acyclic if and only if it is a
subgraph of the transitive tournament on n vertices, and it is well-known (see [12]) that

every tournament on at least 27! vertices contains a transitive tournament of order n.
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Figure 1.1: The oriented tree S and a regular tournament on 2n — 3 vertices containing
no copy of S.

Thus, if we define the unavoidability of an oriented graph H to be the smallest m such
that every m-vertex tournament contains a copy of H, then every acyclic oriented graph
has a well-defined unavoidability.

Motivated by the requirement for H to be acyclic, the unavoidability of oriented graphs
has been most extensively studied in the case of oriented trees. The aim of this thesis is to
present several new results in this setting. So suppose T is an n-vertex oriented tree. In
some cases, determining the unavoidability of T is straightforward. For example, if P is
an n-vertex directed path (that is, a path with all edges oriented forward) then it is easy
to see that any n-vertex tournament contains a copy of P. Indeed, if G is an n-vertex
tournament, we can label the vertices V(G) = {v1,...,v,} to maximise the number of
pairs ¢ < j with v; = v;. We would then find that v; — v;4; for every ¢ < n, else we
could swap v; and v;y1, a contradiction to the maximisation. Therefore, P is contained
in any n-vertex tournament, and so has unavoidability n. For another example, consider
an n-vertex star S (see Figure . In a regular tournament (i.e., a tournament where
every vertex has the same in- and out-degree) on 2n — 3 vertices, every vertex has out-
degree n — 2, and hence such a tournament contains no copy of S. On the other hand, by
considering the average out-degree, any tournament on 2n — 2 vertices contains a vertex
with out-degree at least n — 1. Thus, S has unavoidability 2n — 2.

Determining the unavoidability for trees in general is usually not as easy as these

cases. However, in 1971 Sumner conjectured that every (2n—2)-vertex tournament should



contain a copy of every n-vertex oriented tree (see, e.g., [26]). The first major step towards
Sumner’s conjecture was taken by Haggkvist and Thomason [14] in 1991, who showed
that O(n) vertices in a tournament are sufficient to find a copy of any n-vertex oriented
tree. The constant implicit in this result has been improved in the intervening years
by Havet [15], Havet and Thomassé [I7], El Sahili [I1], and Dross and Havet [10]. In
particular, the result of Dross and Havet that any {%n — %—‘—VQI"JCGX tournament contains
a copy of every n-vertex oriented tree remains the best current bound applicable for all
n. Significantly, however, Sumner’s conjecture has been proved exactly for all sufficiently
large n, by Kithn, Mycroft and Osthus [22], so that the conjecture remains open for only
finitely many oriented trees.

Meanwhile, there has also been an extensive amount of investigation into other ques-
tions on the unvaoidability of oriented trees. We have already seen that Sumner’s conjec-
ture is far from tight in the case of a directed path, which is contained in any tournament
on the same number of vertices. One line of investigation is to ask which other n-vertex
trees are unavoidable, in the sense that they are guaranteed to appear in any tournament
of size n. Thomason [29] showed in 1986 that the behaviour for oriented paths holds
more generally, proving that there is some ng such that, whenever n > ng, any n-vertex
tournament contains a copy of every n-vertex oriented path, confirming a conjecture of
Rosenfeld [2§]. In 2000, Havet and Thomassé [I8] showed that the optimal value of ny is
8, with the only paths that are not unavoidable being the antidirected paths of lengths
3, 5, and 7, which have unavoidability n + 1, rather than n. A claws (i.e., a collection of
directed paths which meet only at their common start vertex) with maximum degree at
most 19n/50 is known to be unavoidable due to Lu, Wang and Wong [24]. By defining a
large class of oriented trees that are unavoidable, Mycroft and Naia [25] proved in 2018
that if T is selected uniformly at random from the set of all labelled oriented trees on n
vertices, then asymptotically almost surely 7' is unavoidable.

Another approach to the unavoidability problem is to consider whether we can impose

stronger bounds than Sumner’s conjecture if we fix some structural property of the tree.



For example, Haggkvist and Thomason [14] showed in 1991 that the number of additional
vertices required in the tournament can be bounded as a function of the number of leaves
in the tree. That is, for each k, there is some smallest g(k) such that every (n + g(k))-
vertex tournament contains a copy of every n-vertex tree with k£ leaves. We note that,
because every (n + 1)-vertex tournament contains a copy of every n-vertex oriented path,
g(2) =1, and also that the example of an n-vertex star implies g(k) > k — 1. Motivated
in part by these observations, Havet and Thomassé [16] generalised Sumner’s conjecture

by suggesting that g(k) = k — 1, as follows.

Conjecture 1.1. Every (n+ k — 1)-vertex tournament contains a copy of every n-vertex

oriented tree with k leaves.

While the upper bound shown by Héggkvist and Thomason on g(k) was exponential
in k3, it was recently improved to 144k% — 280k + 124 by Dross and Havet [10]. In the same
paper, Dross and Havet also provided further evidence for Conjecture[I.1], by proving that
every (n+ k — 1)-vertex tournament contains a copy of every n-vertex k-leaf arborescence
(that is, a tree with all paths branching outwards, or all paths branching inwards, from
some designated root vertex).

The first three results of this thesis make further progress towards Conjecture (1.1},

which we state now. The following theorem provides the first linear bound on g(k).

Theorem 1.2. There is some C' > 0 such that every (n+ Ck)-vertex tournament contains

a copy of every n-vertex oriented tree with k leaves.

If true, Conjecture would be tight whenever k = n — 1 (i.e., whenever it is covered
by Sumner’s conjecture), but for general n and k, we only have examples showing that
the tournament may need to have at least n + k — 2 vertices (as described below). From
the result of Havet and Thomassé [I§] on oriented paths we know that n + k — 2 is best
possible if & = 2 and n > 8, while Ceroi and Havet [0] proved that n + k — 2 is also

best possible if £k = 3 and n > 5. Dross and Havet [I0] conjectured that, for each k,
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Figure 1.2: The oriented tree T" and a tournament G containing no copy of 7.

if n is sufficiently large then n 4+ k£ — 2 is best possible. Our second result confirms this

conjecture, as follows.

Theorem 1.3. For each k, there is some ng such that, for each n > ng, every (n+k—2)-

vertex tournament contains a copy of every n-vertex oriented tree with k leaves.

The following ‘double-star’ example of Allen and Cooley (see [21]), illustrated in Fig-
ure (1.2, shows that Theorem is tight. Given a,c,n € N with n > a + ¢, form a tree T
by taking a directed path P with n — a — ¢ vertices and attaching a in-leaves to the first
vertex of P and c out-leaves to the last vertex of P. The resulting oriented tree T" has n
vertices and a+ ¢ leaves. Construct the following (n+ a+c— 3)-vertex tournament G. Let
V(G) = AUBUC, where A, B and C are disjoint with |A| =2a—1, |B|=n—a—c—1,
and |C] = 2c — 1. Orient the edges of G so that G[A] and G[C] are regular tournaments,
G[B] is an arbitrary tournament, and all other edges are directed from A to B, from B to
C, or from A to C'. As every vertex in A has a — 1 in-neighbours, if G contains a copy of

T then the first vertex of P must be copied to BUC. Similarly, as every vertex in C' has
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¢ — 1 out-neighbours, any copy of 7' in G must have the last vertex of P copied to AU B.
But then every vertex of P must be copied into B, a contradiction as |B| =n—a—c— 1.
Thus, taking a,c € N such that a 4+ ¢ = k, we have that the n-vertex tree T' with £ leaves
does not appear in the (n + k — 3)-vertex tournament G.

Theorems|[1.2]and[1.3]are of course only useful if the oriented tree has a small number of
leaves, with the largest gap between the results and Conjecture|l.1joccuring whenever k =
Q(n). Accordingly, we also aim to prove an upper bound on the unavoidability of oriented
trees with many leaves. As a stepping stone towards proving Sumner’s conjecture for large
n [22], Kithn, Mycroft and Osthus first proved an asymptotic form of the conjecture,
showing that 2(1+ o(1))n vertices are enough to guarantee the appearance of an n-vertex
oriented tree [2I]. To address the case where k = Q(n), we prove a similar asymptotic

form of Conjecture [L.T] as follows.

Theorem 1.4. Let a« > 0. There exists ng € N such that for any n > ng, if G is a
((1 + a)n + k)-vertex tournament and T is an n-vertex oriented tree with k leaves, then

G contains a copy of T

In the work of Kiihn, Mycroft and Osthus on Sumner’s conjecture, moving from the
asymptotic form to an exact version for large n was achieved by noting that significantly
fewer than 2n—2 vertices are required in most cases, and sharpening the bound of 2(14a)n
is thus most involved for certain ‘star-like’ classes of trees. It is natural to ask whether it
is also possible to use Theorem [1.4] as a stepping stone towards proving Conjecture for
large n. In fact, the bound on unavoidability obtained in the proof of Theorem is not
strictly ((14+«a)n+k), but rather (14+~+a)n, where v € [0, 1] is a parameter depending on
T satisfying v < k/n. In many cases, we find - is significantly less than k/n, and so fewer
than n+k—1 vertices are required. In the case where v ~ k/n and k = (n), the resulting
tree has many of the ‘star-like’ properties that could allow for careful analysis to remove
the an error term, similar to the work of Kiihn, Mycroft and Osthus. However, a new
difficulty arises when k = o(n), where, unlike for Sumner’s conjecture, Conjecture

allows very little extra space in the tournament relative to the size of the tree being
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embedded. If k is extremely small then Theorem can apply instead; however, this
still leaves a significant range (cases such as k = O(logn) or k = ©(y/n)) where neither
approach proves fruitful and new ideas will be needed to make further progress towards
Conjecture [L.1}

We turn now to consider whether stronger bounds than Sumner’s conjecture are also
possible if, instead of restricting the number of leaves in the oriented tree, we restrict
the maximum degree. Indeed, it is already known that only a few additional vertices
are required in a tournament to guarantee the appearance of an oriented tree with low
maximum degree, however many leaves it has. Specifically, Kithn, Mycroft and Osthus [21]
proved in 2010 that, if A is a fixed constant, then every (1 + o(1))n-vertex tournament
contains a copy of every n-vertex oriented tree with maximum degree A(T) < A. Mycroft
and Naia [25] later showed that the same conclusion holds even if the bound on A(T) is
relaxed to one polylogarithmic in n. We will relax the bound on A(7") much further still,

showing that a degree bound linear in n is sufficient, as follows.

Theorem 1.5. Let o > 0. There exists ¢ > 0 and ng € N such that for any n = ng, if G
is a (1 + a)n-vertex tournament and T is an n-vertez oriented tree with A(T) < cn, then

G contains a copy of T

Despite these results, it appears that bounding unavoidability based on maximum
degree is more difficult than for the number of leaves. Indeed, the following question of

Kiihn, Mycroft and Osthus [2I] remains open.

Question 1.6. Does there ezist a function h such that any (n+ h(A))-vertex tournament

contains a copy of every oriented tree with maximum degree at most A¢

Mycroft and Naia [25] further asked whether h(A) = 2A — 4 is sufficient as long as n
is much larger than A, noting that the earlier ‘double-star’ example (with a = ¢ = A —1)
demonstrates this would be tight for each A. On this question, perhaps the least is known
for aborescences. The balanced binary arborescence By is the arborescence on 24+ — 1

vertices in which every leaf is of distance d from the root, and every non-leaf vertex has
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Figure 1.3: The binary arborescence Bs.

exactly 2 out-neighbours. It is not known whether there exists an absolute constant C'
such that any tournament on |By| + C' vertices contains a copy of By, and so this is a
critical case for further study in relation to Question [1.6]

We next consider how the notion of unavoidability may be extended to infinite oriented
graphs. We say that a countably-infinite oriented graph H is unavoidable if H is a
subgraph of every countably-infinite tournament (note that this differs from the definition
of an unavoidable oriented graph in the finite setting). Unlike the finite setting, it is not
true that a countably-infinite oriented graph is unavoidable if and only if it is acyclic. For
example, if K is the tournament on N with F(K) = {(i, ) : ¢ < j}, then K does not have
a copy of any oriented graph containing either a vertex of infinite in-degree or an infinite
backward directed path. Similarly, the reversal of K does not have a copy of any oriented
graph containing either a vertex of infinite out-degree or an infinite forward directed path.
Therefore, for a countably-infinite oriented graph to be unavoidable, it must at least be
acyclic, locally-finite (i.e., every vertex is incident with only finitely many edges), and
have no infinite directed paths.

So our first goal is to characterise which countably-infinite oriented graphs are un-
avoidable. Having done that, the next goal is to get quantitative results for unavoidable
countably-infinite oriented graphs along the lines of Sumner’s conjecture and unavoidabil-
ity results for finite oriented trees. For instance, motivated by recent Ramsey-type results

regarding monochromatic subgraphs in edge-colourings of Ky [9] 8, 7, 23], 2], it would be



natural try to prove that there exists d > 0 such that for every countably-infinite unavoid-
able oriented tree T" and every tournament K on N, there is an embedding ¢ : T" — K such
that ¢(V (7)) C N has upper density at least d. So it is perhaps surprising that we prove
the following result which both characterises unavoidable oriented graphs and proves that
all such countably-infinite unavoidable oriented graphs are unavoidable in a very strong

sense (in a way which makes the quantitative question mentioned above irrelevant).
Theorem 1.7. Let H be a countably-infinite oriented graph. The following are equivalent:
(i) H s acyclic, locally-finite, and has no infinite directed paths.
(ii) H is contained in every countably-infinite tournament.
(iii) H is a spanning subgraph of every countably-infinite tournament.

Despite this characterisation, there are still many interesting questions that can be
asked in the infinite setting. A natural one is to consider how Theorem may generalise
to uncountable cardinals if the conditions of are modified accordingly. Indeed, a
version of Theorem does still hold for oriented graphs of cardinality N; which are
acyclic, locally-countable, and have no infinite directed paths (for a discussion of this
generalisation to Ny, and the potential for generalisations to even larger cardinals, we
direct the reader to the results of DeBiasio and Larson in Section 3 of [3]). Another
question is, if we drop one or more of the conditions of , can we still guarantee a copy of
H in a tournament on N if we additionally ask for the tournament to have some prescribed
density of forward edges? In Section [4.3| we will state the latter question precisely, and
prove a quantitive answer in the case where H is the infinite forward directed path.

In the remainder of this chapter, we give notation, definitions, and preliminary results
that will be useful throughout this thesis. The proofs of Theorems and both use
techniques that rely heavily on median orders, and are presented in Chapter [2] Theo-
rems and are proven under a common framework, using regularity and random

homomorphisms to reduce these theorems to critical cases amenable to a more direct



study, and so these results are proven together in Chapter Finally, in Chapter 4| we
will prove Theorem and consider the forward density version of the infinite case de-
scribed above. Before all proofs, we provide further discussion of the results and relevant

techniques, as well as proof sketches.

1.1 Notation

A digraph G consists of a vertex set V(G) and an edge set E(G), where each edge e € E(G)
is an ordered pair (u,v) of vertices, which we write as uv. We write |G| = |V (G)| for the
order of G, and refer to edges of the form vv as looped edges. If uwv € E(G), then we say
that u dominates v (written u —¢ v), that v is an out-neighbour of u, and that u is an in-
neighbour of v. Given v € V(G), the out-neighbourhood of v, written N (v), is the set of
out-neighbours of v in V/(G), and the in-neighbourhood of v, written N (v) is the set of in-
neighbours of v in V(G). Throughout, we use + and — interchangeably with ‘out’ and ‘in’
respectively. For X, Y C V(G) and ¢ € {+, —}, we write N&(X) = (UpexN&(v)) \ X and
N&(X,Y) = N&(X)NY. For each o € {+, —}, the o-degree of v in G is d%(v) = |N&(v)|,
and for X, Y C V(@) we also write d%(X,Y) = [N&(X,Y)|. For a vertex v, we also define
its neighbourhood to be Ng(v) = N&(v) U N (v) and its degree to be dg(v) = |Ng(v)],
and similarly define Ng(X) = N (X)UNg (X) for a set X C V(G). We denote by G[X]
the induced sub-digraph of G with vertex set X and let G— X = G[V(G)\ X]. Subscripts
are omitted wherever they are clear from context, as are rounding signs wherever they
are not crucial.

If G, H are digraphs, a homomorphism ¢ from H to G is a function ¢ : V(H) — V(G)
such that ¢(u)p(v) € E(G) whenever wv € E(H). We sometimes write ¢ : H — G to
denote a homomorphism from H to G. We say G contains H if there is an injective
homomorphism ¢ from H to G, and refer to such a ¢ as an embedding of H into G.

An oriented graph is a digraph with at most one edge between any pair of vertices. The

underlying graph of an oriented graph G is the (non-oriented) graph H with V(H) = V(G)
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and E(H) = {{u,v} : uwv € E(G)}. A tournament G is a digraph whose underlying graph
is a complete graph, so for each u,v € V(G) with u # v, exactly one of wv or vu is in
E(G). An oriented tree (respectively, oriented path) is a digraph whose underlying graph
is a tree (respectively, path). The mazimum degree of an oriented tree 7" is the maximum
degree of its underlying tree, and denoted A(T'). A directed path from vy to v, is a path
of the form vy — v; — ... — vy, and we refer to {vy,...,v,1} as the internal vertices of
P. The length of a path P is |P| — 1, and denoted ¢(P). We say a subpath P of a forest
T is a bare path if all of the internal vertices v of P have dr(v) = 2, and we denote by
T — P the digraph formed from 7" by removing all the edges and internal vertices of P.
A directed cycle on n vertices is the oriented graph C, with V(C,) = {zy,...,z,} and
E(én) ={z129,..., 2y 12y, T 1 }. Say that an oriented graph is acyclic if it contains no
directed cycles.

Having proved, for example, a result holds for ¢ = 4, we will occasionally deduce the
same result for © = — by directional duality. That is, reversing all the relevant orientations
and applying the result with ¢ = + implies, after reversing the edges again, the result
with ¢ = —. Where the symbol + appears in a formula, we mean the formula holds for
both + and — in place of £. Given n € N, we use [n] to denote the set {1,...,n}. For a
set X and a function f: X — R, if A C X we will often write f(A) to mean ) _, f(z)
and f(z1,...,x) to mean f({z1,...,z}). For an event F,, depending on the parameter
n, we will say that E, holds with high probability if P(E,) — 1 as n — oco. We also use
standard hierarchy notation. That is, for a,b € (0, 1], we write a < b to mean that there
is a non-decreasing function f : (0,1] — (0, 1] such that the subsequent statement holds

whenever a < f(b).
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1.2 Embedding results for oriented trees

We will often embed small parts of a tree into a subset of a tournament with many spare
vertices. To do this we could use any result embedding an n-vertex tree into a tournament

with O(n) vertices, but for convenience we will use the following result of El Sahili [11].

Theorem 1.8 ([I1, Corollary 2]). For each n > 2, every (3n — 3)-vertex tournament

contains a copy of every n-vertex oriented tree.

The following corollary shows how Theorem [1.8] can be used to extend a partial copy
of a tree to a full copy, provided each vertex in the partial copy has sufficient out- and

in-degree to the remaining vertices in the tournament.

Corollary 1.9. Let G be a tournament with disjoint subsets U,V C V(G). Let T be
a tree, and suppose T" C T is a subtree such that there is a copy S" of T' in G|V]. If
d5(v,U) = 3|V(T)\ V(T")| for every v € V, then S can be extended to a copy of T in G,
with T — V(T") copied to U.

Proof. Label the components of T'— V(T") as Ti, ..., T,, and take the largest s < r such
S’ can be extended to a copy S of T[V(T") U (UjesV(T3))]. Suppose that s < r. Then,
if o € {+, —} is such that T,y is attached to 7" by a o-neighbour, and v € V(5’) is the

copy of the attachment point, then
a0, U\ V(S)) = 3V(T)\ V(T)| = |T1] — ... — [T}| > 3Ty,

and so, by Theorem 1.8 N&(v,U \ V(S)) contains a copy of T, 1, contradicting the

maximality of s. Thus, S is a copy of T"in G. [

While Theorem would suffice to prove all of our main results, Theorem can
be proven with a significantly lower value of C' by instead using Corollary [1.11] which we

derive from the following theorem of Dross and Havet [10].

Theorem 1.10. For each n > 2, every [%n + gk: — 2} -vertex tournament contains a copy

of every n-vertex oriented tree with k leaves.
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Corollary 1.11. Letn,r, k > 1, and suppose G is a tournament with at least %n—i—%k—Qr
vertices and T is an oriented forest with n vertices, r components and, in total, k leaves

and isolated vertices. Then, G contains a copy of T

Proof. Label the components of T" as T1,...,T,, and say, for each i € [r], that T; has n;
vertices and, in total, k; isolated vertices and leaves. Note that n; + 3k; > 4 for each
i € [r]. Take the largest s < r for which there are vertex-disjoint subgraphs S; C G,
i € [s] such that, for each ¢ € [s], S; is a copy of T;. Suppose s < r, for otherwise we have

already found a copy of 7" in GG, and note that

2 |G| _n+ns+1

G- Jvis)
1€|s]

— 2.

2 Z n; + 3]% —4 + 3n5+1 + 3ks+1 _9 2 3n5+1 3]€S+1

, 2 2 2 2
iefr\{s+1}

Therefore, by Theorem [1.10, G — UV (S;) contains a copy of T4y, a contradiction. [

1.3 Embedding results for oriented paths

There will be many places in our proofs where it will be useful to embed a subpath of a
tree into a tournament after the endpoints of the path have already had their embedding
fixed (or, if there is a limited number of candidates for the embedding of the endpoints of
the path). This embedding is most difficult if the path in question is a directed path, and
indeed, embedding such paths will form much of the technical work of Chapter 2l On the
other hand, for paths which instead have at least one change of direction, we can rely on
some established results quoted here.

To discuss the changes of direction in a path and recall these results, we use the
terminology of blocks. A block of an oriented path P is a maximal directed subpath.
When we introduce an oriented path we assume it has an associated overall direction,

and thus a first and last vertex as well as a first block and a last block. When the path
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is a directed path we will always assume the associated direction is the natural one, i.e.,
the one in which the first vertex has no in-neighbours.

We will often embed a path P into a tournament G while furthermore requiring the
first vertex of P to be embedded into a fixed set of two vertices of G' (and sometimes also
requiring the last vertex of P to be embedded into another fixed set of two vertices of G).
The following two results of Thomason show this is possible, provided that any restricted
endvertex of P is next to a block of length 1, and also that the G has one more vertex

than P (or two more vertices than P, if both endvertices are restricted).

Theorem 1.12. Let P be an oriented path of order n with first block of length 1. Let G
be a tournament of order n+1 and X be a subset of V(G) of order at least 2. Then, there

1s a copy of P in G with first vertex in X.

Theorem 1.13. Let P be a non-directed oriented path of order n with first and last block
of length 1. Let G be a tournament of order n + 2 and X and 'Y be disjoint subsets of
V(G) of order at least 2. If P does not consist of three blocks with length one, then there

s a copy of P in G with first vertex in X and last vertex in Y .

Theorem is a special case of [29, Theorem 1], and Theorem is a special case
of [29, Theorem 5]. In Section we will consider a class of tournaments in which
oriented paths can be robustly embedded. For this, we need a result more general, but
less tight, than those stated above. The following corollary is a direct consequence of

Thomason’s results.

Corollary 1.14. Let P be a non-directed path of order n with at least two blocks. Let G
be a tournament, and let X andY be subsets of V(G) of order at least n+2. Then, there

s a copy of P in G with first vertex in X and last vertex in Y .

Proof. If P consists of just two blocks, then the result follows from [29, Theorem 3]. If P
consists of exactly three blocks, and the middle block has length 1, then the result follows

from [29, Theorem 4]. In all other cases, the result follows from [29, Theorem 5]. O
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1.4 Properties of trees

Here we collect a number of elementary properties of oriented trees for use later. Our first
proposition considers the number of maximal bare paths in a (non-oriented) tree with k

leaves, as follows.

Proposition 1.15. An n-vertex tree T with k > 2 leaves has at most 2k — 3 mazximal
bare paths, one of which must have length at least (n — 1)/(2k — 3), and at most 2k — 2

vertices whose degree is not 2.

Proof. For the appropriate r, let P;,..., P. be the maximal bare paths in 7', and label
vertices such that, for each ¢ € [r]|, P; is an x;, y;-path. Note that the tree 7" formed
from T by replacing each path P, i € [r], by a single undirected edge has r edges, r + 1

vertices, k leaves and no degree 2 vertices. Therefore,

2(|T" = 1) = 2¢e(T") = Z dr(v) = k+2(|T"| — k) + [{v : dr(v) = 3},
veV (1)
and thus [{v:dp(v) >3} <k —2. As [{v:dr(v) =3} = [{v: dp(v) > 3}|, T has at
most 2k — 2 vertices whose degree is not 2. Furthermore, |T"| =r+1 < k+ (k —2), so
that r < 2k — 3. Finally, as 37, €(F;) = e(T') = n — 1, one of the paths P;, i € [r], has
length at least (n —1)/(2k — 3). O

In the main embedding for both Theorem and Theorem [I.3] we will embed col-
lections of small subtrees with directed paths between them. The next two propositions
(appropriately applied to an auxiliary oriented tree with vertices representing subtrees
and edges representing paths) will give us an order in which these trees and paths will

be embedded along a median order of the tournament. We use Proposition for

Theorem [I.2] and Proposition for Theorem [1.3]

Proposition 1.16. FEvery oriented tree T with n > 1 wvertices has a vertex partition
V(T) = V4 U... UV, of non-empty sets, for some s € [n], such that, for each edge

e € E(T), for some i € [s — 1], e is an edge directed from V; to Viyy.
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Proof. Noting that the statement is trivially true if |T'| < 2, we prove this by induction
on |T'|. Suppose then it is true for all oriented trees with fewer than n > 3 vertices. We
may assume, by directional duality, that 7" has an out-leaf. Let 7" be formed from T
by removing such an out-leaf, ¢ say, and let s € [n — 1] be such that there is a vertex
partition V(T") = V3 U... UV of non-empty sets, such that, for each edge e € E(T"), for
some i € [s — 1], e is an edge directed from V; to Viyq. Let Vi3 = 0. Let j be such that
the in-neighbour of ¢ in 7" is in Vj, and add ¢ to V};;. Taking the non-empty sets from

Vi,...,Vii1 completes the proof of the inductive step, and hence the proposition. O]

Proposition 1.17. Every n-vertex oriented tree T' has labellings V(T') = {t,,...,t,} and
E(T) = {e1,...,en_1}, such that, for every j € [n — 1|, there is some iy,i5 € [n| with

11 < ] < 19 and €; = tiltiz-

Proof. We proceed by induction on n, noting the proposition is trivial for n = 1. For
n > 1, we may assume, by directional duality, that 7" has an out-leaf. Let ¢, be this
out-leaf, and e,_; its adjacent edge. By the inductive hypothesis, there are labellings
V(T—t,)={ts,...,thn1} and E(T —t,) = {e1,...,en_2}, such that, for every j € [n—2],
e; = t;,t;, for some i; < j < ip. Taking V(T') = {t1,...,t,} and E(T) = {e1,...,en_1}

completes the proof. O

1.5 Probabilistic results

Parts of our embeddings will be random, or use some reserved random set. To anal-
yse these parts, we will use the following probabilistic bounds. The first is a Chernoff

bound [13, Corollary 2.21], and the second is Hoeffding’s inequality [I3, Corollary 2.28|.

Lemma 1.18. If X is a binomial variable with standard parameters n and p, denoted

X = Bin(n,p), and ¢ satisfies 0 < & < 3/2, then

P(|X —EX| > ¢eEX) < 2exp (—”EX/3) .
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Theorem 1.19. Let X4,..., X, be independent random variables with X; bounded by the

interval [a;, b;) fori € [n]. Let X =Y. X;. Then, for anyt > 0, we have

i€[n]

21
P(|X —EX|>1t) < 2exp <_Z (b-—a~)2)'
i€[n]\" L

It will often be convenient for most of the vertices to have large in- and out-degree

into a reserved random set, for which we use the following result.

Proposition 1.20. Fiz p > 0. Let G be a tournament with n < |G| < 3n. Let U C
V(G) be a random subset, with elements from V (G) chosen independently at random with
probability p. Let V' be the set of vertices v € V(G)\ U for which d*(v,U) = p*n. Then,

with high probability, pn/2 < |U| < 4pn, and |V (G) \ V'| < 12pn.

Proof. By Lemma and the fact that pn < E|U| < 3pn, we have pn/2 < |U| < 4pn
with high probability. If v € V(G) is such that d5(v) > 2pn, then, by setting ¢ = 1/2 in
Lemmal(l.1§] the probability that d* (v, U) > p?n fails for v is at most 4 exp (—p*n/6). Any
set of 4pn+1 vertices in G contains a vertex with out-degree at least 2pn and a vertex with
in-degree at least 2pn. So at most 4pn vertices v of G have df(v) < 2pn and at most 4pn
vertices of G have d(v) < 2pn. Therefore, the probability that |V (G)\V'| < |U|+8pn fails
is at most 12n exp (—p?n/6). So U satisfies both pn/2 < |U| < 4pn and |V (G)\V'| < 12pn

with high probability. [
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CHAPTER 2

EMBEDDING ORIENTED TREES USING
MEDIAN ORDERS

In this chapter we present proofs of the following results, which we recall from the intro-

duction.

Theorem 1.2. There is some C > 0 such that every (n+Ck)-vertex tournament contains

a copy of every n-vertex oriented tree with k leaves.

Theorem 1.3. For each k, there is some ng such that, for each n = ng, every (n+k—2)-

vertex tournament contains a copy of every n-vertex oriented tree with k leaves.

To prove Theorems [I.2] and we use median orders, a technique first used to embed
trees in tournaments by Havet and Thomassé [I7]. In particular, we exploit the property
that pairs of vertices in a median order can be robustly connected by directed paths with
length 3 travelling in the direction of the order (see Lemma , using this repeatedly in
our embeddings. We have not optimised the value of C' reachable with our methods as
this will not reach a plausibly optimal bound, but we show that Theorem holds for
some C' < 500. We do not calculate an explicit function ng(k) for Theorem but our
methods show that we may take ng(k) = k°*). However, it seems likely some function
no(k) satisfying Theorem |1.3| with ng(k) = O(k) exists.

We next recall median orders and their basic properties, before proving Lemma [2.4],
a crucial tool in the proofs of this chapter. In Section [2.2] we prove Theorem and in

Section [2.3| we prove Theorem [1.3] sketching the proofs beforehand in each case.
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2.1 Median orders

Given a tournament G, an ordering o = vy,...,v, of V(G) is a median order if it max-
imises the number of pairs i < j with v;v; € E(G). The following lemma gives two simple

fundamental properties of median orders (see, e.g., [10, Lemma 9]).

Lemma 2.1. Let G be a tournament and vy, ...,v, a median order of G. Then, for any

two indices i, 7 with 1 <1 < j < n, the following properties hold.
(1) vi,Vig1,-..,v;5 is a median order of the induced subtournament G[{v;, vit1, ..., vj}].

(ii) v; dominates at least half of the vertices vii1, Vita, ..., v;, and v; is dominated by at
least half of the vertices v;, Vit1, ...,vj—1. In particular, each verter v;, 1 <1i < n,

dominates its successor viyq.

Median orders contain short directed paths from any vertex to any vertex later in the

order, as follows (in combination with Lemma [2.1] (i)).

Corollary 2.2. Letn > 2. Ifvy,...,v, is a median order of the n-vertex tournament G,

then G contains a directed path from vy to v, with length at most 2.

Proof. Suppose viv,, ¢ E(G), for otherwise such a path exists, and let V' = {vq,...,v,_1}.
Then, by Lemma(ii)7 INT (v, V)| = [N*(v1)| = 252 > |V|/2. Similarly, [N~ (v, V)| >

|V'|/2. Therefore, there is some w € V such that v;wv, is a directed path. O

Median orders have been used particularly effectively to embed arborescences in tour-
naments. An out-arborescence (respectively, in-arborescence) is an oriented tree T with
a root vertex t € V(T') such that, for every v € V(T'), the path between ¢ and v in T
is directed from t to v (respectively, from v to t). Dross and Havet [10] used median
orders to prove that any (n + k — 1)-vertex tournament contains a copy of any n-vertex
arborescence with k leaves. We will use their result in the following slightly stronger form

(see [10, Theorem 12]).
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Theorem 2.3. Let A be an n-vertex out-arborescence with k > 1 out-leaves and root r.
Let G be a tournament on n+k — 1 vertices and let 0 = vy, ..., V1x—1 be a median order

of G. Then, there is an embedding ¢ of A in G such that ¢(r) = vy.

In both the proofs of Theorem and [1.3], we will take a median order, ¢ = vy, ..., vy
say, of an m-vertex tournament, GG say, and carefully partition this order into intervals
before embedding different parts of the tree into each interval. Having found parts of a
tree in distinct intervals, we will often wish to join two of them with a directed path. The
following lemma shows that this is possible across a median order, even in cases where

the interval in between the vertices to be joined contains some forbidden vertices.

Lemma 2.4. Suppose G is an n-vertex tournament with a median order o = vy, ..., v,.
Then, for any set A C V(G)\ {v1,v,} with |A] < (n—28)/6, there is a directed vy, v,-path
in G — A with length 3.

Proof. 1f there are some distinct 2,y € (NJ (v1) N NG (v,)) \ A, then assume, by relabelling
if necessary, that zy € E(G) and observe that vyzyv, is a path with length 3 in G — A,
as required. Therefore, suppose that [(NZ (v1) N Ng(v,)) \ A] < 1.

By Lemma (ii), we have |NZ (v1) \ {vn}], NG (vn) \ {v1}| = (n —2)/2. Let By =
N (v1)\(AUNG (v,)U{v,}) and By = N (v,)\(AU{v;}). Note that |B;| > n/2—2—|A| >
0 and |Bs| > n/2—1—|A|. Let By = V(G) \ (B1 U B U {v1,v,}), so that

Bol =n—2—|Bi| = |Bs| <n—2—(n/2—2—|A]) — (/2 — 1 — |A]) = 2|A| + 1. (2.1)

Colour vertices in By, By and Bj respectively green, red and blue. If any blue vertex,
x say, has a red in-neighbour, y say, then v;yxv, is a path with length 3 in G — A, as
required. Therefore, suppose that every in-neighbour of each blue vertex is a green vertex
or a blue vertex, for otherwise we have the desired path.

Let j be the largest integer such that v; is blue. Let A; = AN {vy,...,v;_1} and
Ay = AN{vj41,...,v5-1}, so that |A;| + |As] = |A|. For the appropriate r, let Iy, ..., I,

be the maximal intervals of v, ..., v;_; consisting of only red and green vertices. Observe
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that, for each ¢ € [r], the vertex after [; in ¢ is blue, and has at least |;|/2 in-neighbours
in I; by Lemma (ii), all of which must be green. Thus, every interval I;, i € [r],
contains at least as many green vertices as red vertices.

As every red or green vertex before v; in ¢ is in some interval ;, ¢ € [r], we have that
there are at least as many green vertices as there are red vertices in {vs,...,v;_1}. As
ING (v1) N{ve, ..., v} = (j—1)/2 by Lemma (ii), at least (j —1)/2 — |Ay| — 1 of the
vertices in {vs,...,v;j_1} are red. Therefore, there are at least (j —1)/2 — |A;| — 1 green
vertices in {vy,...,v;_1}. By and the definition of Ay, we have that there at most
2|A|+1—]|A,| green vertices in {vq, ..., vj_1}. Thus, 2|A|+1—|Ay| > (j—1)/2—|A| -1
Rearranging, and using that |A;| + |As| = |A], we get 3|A| > 2|As| + j/2 — 5/2.

Now, by Lemma (i), NG (vn) N ({vj41s -y 01 })| = (n— 1 — 7)/2, so, as v is
the last blue vertex in o, there are at least (n — 1 — j)/2 vertices in As. Thus, 3|A| >
2(A5] + /2 —=5/2 2 (n—j)+j/2—-T/2 =n—j/2—T7/2. As j < n— 1, we have
3|A| = (n — 6)/2, contradicting that |A] < (n — 8)/6. O

2.2 Proof of Theorem 1.2

In Section [2.2.1] we use the results quoted in Section to show that it is enough to
prove Theorem in the case where all bare paths of T" are directed. That is, we reduce

the proof to showing the following result.

Theorem 2.5. There is some C' > 0 such that each (n+ Ck)-vertez tournament contains
a copy of every n-vertex oriented tree with k leaves in which every bare path is a directed

path.

To prove Theorem , we first remove O(k) long directed paths from 7' to leave a
forest with size linear in k. The components of this forest we embed into carefully chosen
intervals of a median order with O(k) spare vertices in total, using Corollary [1.11] It
remains then to embed the long directed paths, where we only have a constant number

of spare vertices per path. This we do with Lemma in Section [2.2.2l A simple
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modification of Dross and Havet’s procedure for embedding arborescences into median
orders (which they used to prove Theorem [2.3)) allows directed paths from specified first
vertices to be embedded efficiently into a median order. To embed such paths with both
endvertices specified, we adapt this procedure, using it to embed most of the directed
paths, but, as soon as all but three edges of any path are embedded, using Lemma [2.4] to
connect the path to its desired last vertex. This allows us to find a set of directed paths
while having only constantly many spare vertices per path (see Lemma , which we
use to prove Theorem in Section [2.2.3

2.2.1 Reduction to trees with only directed bare paths

To prove Theorem from Theorem 2.5 we take a tree T, remove most of the middle
section of the maximal bare paths with at least 6 blocks, and duplicate each new leaf
created by this removal. (Here, a duplicated vertez is a new vertex with exactly the same
in- and out-neighbourbood as the matching original vertex.) Calling the resulting forest
T’, if we have an embedding of 7" then the duplication of a leaf gives us two options to
embed the original vertex from 7. This will allow us to use the results in Section to
embed the deleted path given enough other vertices in the tournament (with no further
restriction on these other vertices).

Not every maximal bare path in 7" will be directed, but each such path will have at
most 5 blocks. Adding a dummy leaf at any vertex in two blocks will give a forest T”
containing 7" whose maximal bare paths are all directed, allowing us to apply Theorem [2.5

to each component. Importantly, 7", and hence 7", will still have O(k) leaves.

Proof of Theorem [1.3 from Theorem[2.5. Using Theorem 2.5 let C' > 8 be large enough
that, for every n and k, every (i + (C' — 8)k)-vertex tournament contains a copy of every
n-vertex oriented tree with (at most) 9k leaves in which every bare path is a directed
path. Let G be an (n + Ck)-vertex tournament, and let 7" be an n-vertex oriented tree

with k leaves.
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For the appropriate r, let Py, ..., P, be the maximal bare paths in 7', and label vertices
such that, for each i € [r], P; is an x;, y;-path. By Proposition we have r < 2k — 3.
Let I C [r] be the set of ¢ € [r] such that P, has at least 6 blocks.

For each i € I, let P ) and P ) be the first two blocks of P; from z;, and let P % and
P»(4) be the first two blocks of P; from ;. Let e( ) be the furthest edge of Pi( from x; on P;,
and let e ) be the furthest edge of P Y from y; on Py. Let Q; = (PZ-—Z?:l P}j))+e§”+e§2).

Note that, for each ¢ € I, the first and last block of @); have length 1, its endvertices
have degree 2 in T, and it has at least 4 blocks (and thus length at least 4). Label vertices
so that, for each ¢ € I, Q); is a u;, v;-path. Let T” be the forest formed from T by, for each
i € I, deleting the edges of (); and creating two new vertices, u; and v, so that w is a
duplicate of u; and v} is a duplicate of v;. Note that u;, u},v; and v, are all leaves of T".

Let B be the set of vertices with degree 2 in 7" with either no in-neighbour or no
out-neighbour, so that they lie in the intersection of two (consecutive) blocks. Observe
that each such vertex must lie on some path P;, i € [r]\ I, or on Pz-(l) N PZ-(Q) or Pi(g) N P7;(4)
for some i € I. Therefore, |B| < 4(r — |I|) + 2|I|. Now, form T” from T” by taking each
v € B and adding a new out-neighbour as a leaf, calling the new vertex u,. We note here
that all bare paths of 7" are directed paths.

Note that, if T is a component of 7", and ¢ is the number of paths Q; adjacent to T
that are deleted when forming T" from T', then T has at most k — g+ 2q < k + |I| leaves.
Furthermore, 7" has in total n +2|1| = >,/ (|Q: —2) < n+2|I| = 3|I| = n — |I] vertices.
Therefore, as r < 2k — 3, each component of 7" has at most k + || + | B| < 9k leaves and
T" in total has at most n — |I| + |B| < n + 8k vertices. Iteratively and vertex-disjointly,
embed as many different components from 7" into G as possible. If a component of T”,

say a tree T with 7 vertices and k leaves, is left unembedded then there are at least
G| = (|T"| = |T]) = (n+Ck) — (n+8k)+7n>n+ (C—8)k

vertices not used in the embedding, and k& < 9%k. Thus, by the choice of C, we can embed
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T using the unused vertices in G, a contradiction. Thus, G contains a copy of 7", S say.
For each v € B, delete the copy of u, from S”, and let the resulting copy of T” be S’.

Note that, as C' > 8 and |I| < 2k — 3,

VGV =n+ Ck= [T =n+Ck = (n+2/1] = 3(Q] - 2)) = > (@il - 2),
il iel

and take vertex disjoint sets A;, 7 € I, in V/(G)\ V(5’) with |A;| = |Q;| —2 for each i € I.

For each i € I, let u;,u},v;, v, be the copy of u;,u;,v;, v} respectively in S’. Using

Theorem [1.13] for each ¢ € I, find a copy of Q;, say R;, in G[A; U {w;, i}, v;, v}}] starting

at u; or w, and ending at v; or v,. Take then S’, and, for each i € I, delete from 7" any

vertices in {u;, 4, v;, U} which are not an endvertex of R; and add the path R;. Note that

this gives a copy of T O

2.2.2 Joining vertex pairs with directed paths disjointly

We now connect multiple pairs of vertices with directed paths, where the start vertex for
each path lies in a set By, and the end vertex lies in another set Bs, and the vertices of
B; come before the vertices of By in a median order. With Lemma [2.4] we can find such
paths; the challenge here is to find these paths when they collectively must use almost all
of the intermediate vertices in the median order. To do this, we find most of the paths
using a procedure of Dross and Havet [10] for embedding arborescences, modifying it with
Lemma to attach each path to the correct end vertex when most of the path has been

found.

Lemma 2.6. Let G be an (mg + my + mg)-vertex tournament, and suppose o =
ULy« vy Umgtmytme 1S @ median order of G. Let By C V(G) be the first my vertices of
G according to o, let By C V(G) be the last my vertices of G according to o, and let

By =V(G)\ (B1UBy). Let (z1,...,x.) € B and (y1,...,y.) € By. For each i € [r], let
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l; > 5. Suppose finally that

mo = my+my+ YL+ 22r — 15, (2.2)
1€[r]
Then, there are internally vertex-disjoint directed paths Py, ..., P, in G such that, for each

i € [r], P; is a directed x;,y;-path with length ¢; and internal vertices in By.

Proof. Let Bj be the first (m + 2r — 2) vertices of By according to o, and let B, be the
last (ma + 2r — 2) vertices of By according to 0. Choose a set X' = {z/,..., 2.} C Bj of
distinct vertices such that 2} € NT(x;) for each i € [r]. This is possible as, if for i € [r] we
have chosen z7,...,2}_;, letting U; = {w € By : z; <, w <, Uy, }, then Lemma (ii)

gives

INT (i, By) \ {21, iy H = INT (2, Uy U B\ (U U2y}
Uil + | Bi |Bil =G _ .

> B ) — ety = By

(my +2r —2) — (my — 1)

z 2

—(r—1)>0.

Similarly, choose a set Y' = {y},...,y.} C B} of distinct vertices such that y; € N~ (y;)
for each i € [r].

Let A be a digraph formed by taking the disjoint union of directed paths Q;, i € [r],
where @); has length ¢; — 5 for each i € [r]|. For i € [r], let b; be the first vertex and ¢; be

the last vertex of @;. Note that A has > . . (¢; —4) vertices.

i€[r]

Let ny = mg — mg — 20r + 13. We now give a procedure which produces a partial
embedding ¢ of A into G[{vm,+1,...,Um,4n, }]. Throughout, if a vertex v; of G is the
image of a vertex of A, we say that it is hit and denote its pre-image by a; € V(A). The

sets W, record vertices of G already used for the last two internal vertices of the paths

Py, ..., P. found by stage j.
e Initially, set W,,, 11 = 0 and ¢(b;) = x| for each i € [r] (so that zf,..., 2] are hit).

e For j =my + 1 to my + ny in turn, do the following.
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(a) If v; is hit and a; = ¢; for some i € [r], then, if possible, let w; ,w;2 €
{Vit1, s Vmytmo b\ (W; UY”) be such that w;; and w; » are not yet hit, and
vj = wig = wip =y in G. Set Wiy = W U{w; 1, w;2}. If it is not possible

to find such a w; ; and w; 2, then simply set W, = W;.

(b) If v; is hit and a; ¢ {c1,..., ¢}, then extend ¢ if possible by assigning the first
not-yet-hit out-neighbour of v; in {v;41, ..., Vmy4n, } \ W; to the out-neighbour

of Qa; in A. Set Wj+1 = Wj.
(¢) If v; € Wj, then set W, = W,.

(d) If v; ¢ W; and v; is not hit, then say that v; is failed. Set W,y = W.

Note that, for each m; +1 < j < my +nq, the vertices in W} are never hit, so that this
procedure is well-defined. We first show that the paths with length 3 in (a) are always

found, as follows.

Claim 2.7. For each my+1 < j < my+nq, if vj is hit and a; = ¢; for some i € [r], then

the procedure finds vertices w;1 and w; o as described in (a).

Proof of Claim[2.7. Suppose j satisfies my + 1 < j < my + ny, v; is hit and a; = ¢; for
some i € [r], so that, at stage j, we carry out (a). Let s denote the number of times
(a) was carried out before stage j. As W; contains only vertices found in these previous
instances of (a), we have |W;| < 2s.

At stage j, each path @); has at most one vertex embedded by ¢ to {vj, vji1,. .., Vmytn, }-
Moreover, if a path @); has a vertex embedded by ¢ to {v;41, ..., Vm,4n, }, then (a) has not
been carried out for that ¢;. Thus, at most r — 1 — s vertices in {v;41, ..., Upy4n, } have

been hit. Let W’ be the union of W;, Y’ \ {y;}, and the hit vertices in {v;41, ..., U tn, }-

Thus, as s <r —1,
W'<2s+(r—1)4+(r—1-—s)<3(r—1). (2.3)

Let j" be such that v; = y;, and note that, as y; € Bj, j' > my +mg — mg — 2r + 3,
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so that, as n; = mg — mgy — 20r + 13, we have

J—j+lzmi+mog—mo—2r+4—my—ny =18(r—1)+9=6/W'|+9. (24)

Therefore, by Lemma [2.4] vertices w;; and w2 exist in {vj, vj41, ..., vy }\ (W;UY’) which

have not yet been hit so that v; = w;1 = w;2 = vy =y, in G. ]

If the procedure finds a full embedding of A into G[{vm,+1, Vm,+2; - - - s Vmy+n, }], then
observe that, for each i € [r], the image of @; and the path ¢(¢;) = w;1 — w2 — Y}
together give a path, P! say, with length ¢; — 2 which is directed from ¢(b;) = x} to y..
Furthermore, the paths P/, i € [r], are vertex-disjoint with vertices in By. Taking P; to
be the path z; Ply; for each i € [r] gives the desired result.

All that remains to show is that the procedure produces a full embedding ¢ of A. Let
W = Wy, +n,+1 and note that |[W| < 2r. Assume for a contradiction that the procedure
does not yield an embedding of A into G. Then the set, F' say, of failed vertices in
{Vmy+1y -+ s Umyany t has |F| > ny — |[A] — [W/|. Let U C V(A) be the set of embedded
vertices at the end of the procedure. Let L be the set of vertices of A which are the last
embedded vertex on some path ;. Note we have |L| = 7.

Say a vertex a € V(A) is active at stage j if ¢(a) € {Um,41,...,vj-1} and a has

an out-neighbour b that is not embedded in {vy,42,...,v;} (ie., either b is not em-
bedded or ¢(b) € {vjt1,---,Vmy4n, })- Now, if v; € F comes before some vertex in
X" = {a],...,2).} C Bj, then it is possible there will be no active vertex at stage j.

However, because we have assumed that the procedure does not yield an embedding of A
into G, if v; € F' and j > 2my + 2r — 1, then there must be some active vertex at stage
J, for otherwise all the vertices of A would be embedded in {vy,41,...,vj-1}

Let ' ={v; € F:j > 2m; + 2r — 1}, so that, for each v; € F' we can define r; to be
the largest index such that a,, is active for j. Note, by the definition of an active vertex,

r; < j. Furthermore, as |F| > ny — |A| — |[W/|, B] = {Umy+1,- - -, Vamy+2r—2} contains at
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least 7 vertices in the embedding (those in X'), and |A| = >, (6; — 4), we have

_
|F| > ny—|A|—=|W|=(m1+2r—2—7r) > mo—m2—20r+13—z li+r—my+2 > 3r. (2.5)

i€(r]
For each v; € F, set I; = {v; : r; < i < j}. We now bound from above the number of
vertices of F in I ;, as follows.
Claim 2.8. Ifv; € F, then |[; N F| < |I; N (L) + |I; " W|.
Proof of Claim[2.8 Let J = (I; N N*(v,,)) \ W. As the out-neighbour of a,, is never

embedded in [;, all the vertices in J must be hit by the start of stage r;. Thus, as
FNW =0, we have ;N F C I; " N~ (v,,), so that

LN F| < ;NN (v,)]- (2.6)

Now, let A, and A;_; be the sub-digraphs of G[vy, 41, ..., v;] which are the image of
the partial embedding ¢ at the end of stage r; and stage j — 1, respectively, restricted to

the vertex set {vym,41,...,v;}. Observe the following.

e Each vertex of J is the last vertex of a path of A, , as it is hit by the end of stage

r; and occurs later in ¢ than r;.

e Any vertex in I; which is the last vertex of some path of A;_; must be the image
of some ¢;, for otherwise it is active for j, contradicting the definition of r;. Thus,
because L is the set of vertices of A which are the last embedded vertex on some

path @;, such a vertex is in 1; N ¢(L).

e Asr; <j—1, A, CAj_1,and V(4;_1) \ V(4,,) C I}, so A;_; must have at least

as many paths terminating in I; as A, does.

Combining these three observations we have |J| < |I; N ¢(L)|, and hence

1, N* (0,)] < |0 9(L)] + 1,0 W], (2.7)
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Now, by Lemma 2.1 (ii), [I; N N~ (v,,)| < [I; " N (v,,)|. Together with (2.6) and ({2.7)),

this proves the claim. (]

Let M be the set of indices j such that v; € F, and I; is maximal for inclusion among
the sets [;, with v; € F. We will show that the sets I;, j € M are disjoint. If i,j € M
with ¢ < j and I; N I; # 0, then we have r; < i. Observe that, as a,; is active for j and
P(ar;) € {vo,...,vi—1}, ar, is also active for i, and hence r; > r;. Thus, I; C I; and, as
i < j, I; # I;, and hence I; is not maximal for inclusion among the sets I, with vy € F),
a contradiction.

Since v; € [; for all v; € F, we have F' C Ujeml;. As the sets I;, j € M, are pairwise

disjoint, |F| < > iear 11N F[. By Claim we therefore obtain

FI<Y I NFI<S Y (Ino(L)] + [ nW]) < [@(L)] + [W] < 3r,

JEM JEM
contradicting (2.5). This completes the proof of the lemma. 0

2.2.3 Proof of Theorem 2.5

Given Lemma [2.6] it is now straight-forward to prove Theorem Given an n-vertex
oriented tree T with k leaves whose maximal bare paths are directed, we label such paths
with length at least 5 as Py,..., P., for the appropriate r (which, by Proposition m,
satisfies = O(k)). We can then consider T" to be formed of small vertex-disjoint subtrees
Ty, ..., .., connected by the paths P;,..., P.. We use Proposition to group these
subtrees into classes, with the classes ordered so that each path P; goes from some class
to the next class. Given then a tournament G with n + 50k vertices, we divide a median
order into intervals, with one interval for each class of subtrees and one for the set of paths
between each pair of consecutive classes (see (2.9))). Then, we then use Corollary to
embed the subtrees 7; into their interval in the median order before using Lemma to

embed the paths P; with interior vertices in their interval in the median order.
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Proof of Theorem [2.5. We will prove this with C' = 50, so let i = n + 50k. Let T be
an n-vertex oriented tree with k leaves in which every bare path is a directed path, and
let G be a n-vertex tournament. Let B be the set of vertices of T" which do not have
degree 2, so that, by Proposition [L.15 |B| < 2k — 2. Remove all maximal bare paths
of length at least 5 from 7. Let r be the number of removed paths, noting that, by
Proposition r < 2k — 3, and label these paths as P, ..., P. (where we recall ¢(F;)
denotes the length of P;). Say the remaining forest F' has component trees T1,..., 711,
and, for each i € [r + 1], let k; be the number of leaves of T; if |T;| > 2, and let k; = 1 if
|T;| = 1. Note that F' is a union of (|B| — 1 — r) maximal bare paths of T" with length
at most 4 between vertices in B, resulting in a forest with » + 1 components. Thus, we
have that |F| < |B|+3(|B| —1—r) < 8k —3r — 11. Observing that every leaf or isolated

vertex of F'is in B, we have ) < |B| < 2k — 2. We also note that

i€lr +1

[Fl= Y _|Ti| and Y (P)=|T|—|Fl+r=n— > |T|+r. (28
i€[r+1] i€[r] 1€[r+1]

Let S be the oriented tree on vertex set [r + 1] with ij € E(S) whenever there is a
directed path from 7; to T} in T'. By applying Proposition to S, let s < r+1 be
such that there is a partition Iy, ..., I of [r + 1] into non-empty sets such that, for each
distinct 4, j € [r+1], and ¢’ € [s], if ¢ € I; and there is a directed path from 7; to 7} in T,

then i’ < s and j € I;,;. For each i € [s — 1], let J; be the set of indices j € [r] such that

P; is directed from Ty to T} for some i’ € I; and j’ € I;11, and note that U;eps_11J; = [r].
Let ¢ = vy,...,v; be a median order of G. In this median order take consecutive

intervals
Vi, U, Vo, U, Vs, oo Vs, Us 1, Vi, (2.9)

appearing in that order, such that, for each j € [s],

3 3 1
Vil = {5 > (Tl + kzﬂ —2|L] < 52(@\ +ki)+ 5 =2, (2.10)

’iEIj iGIj
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and, for each j € [s — 1],

U] = V;] + [Viga| + D Py + 221.J;] — 15. (2.11)

i€J;

Note that this is possible, as

211
Z|V|+Z|U| < SZ|V|+Z )+22 > |- 15(s — 1)
JElr] Je[s 1]
210 9
< EZ(|T|+I<: —3—6Z|J|+Z ) + 22r — 15(s — 1)
i€lr+1] jelr]
7
< n—l—r+§|F|—|—§E;ﬂk:i—fi(r—l—l)jL?Qr

N
S

7 9
+ 5 (8k = 3r —11) + (2K —2) + 177 — 6

1
—|—37k+?37’ n + 50k,

where we have used that » < 2k — 3. By Corollary and , a copy of Uier, T
exists in G[Vj}] for each j € [s]. By Lemma and (2.11)), for each j € [s — 1], the |J;]
paths P, © € Jj, between U;er, T; and User,,,T; can then be embedded in the intervals
V;,U;, V41 with the appropriate first and last vertex in V; and Vj;4, respectively, and
internal vertices in U;. This completes the embedding of 7', and hence the proof of the

theorem. O

2.3 Proof of Theorem 1.3

We now turn to Theorem where we aim to embed to embed an n-vertex oriented
tree T with k < n leaves in an arbitrary (n + k — 2)-vertex tournament. This is not too
difficult if T contains a long path P which has first and last block of length 1 and whose
endvertices have degree 2 in T'. Indeed, similar to the previous reduction in Section [2.2.1],

each component of T'— P can be embedded separately using Theorem (with duplicated
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vertices for the endpoints of P), and then an appropriate result from Section can be
used to extend the embedding to a full copy of 1. Therefore, the most difficult cases for
consideration will be when the bare paths of T" have few changes of direction.

Thus, as an illustrative case, let us first sketch Theorem for trees consisting of a
directed path between two arborescences, as follows. Suppose we have a directed path
P, an in-arborescence S with root the first vertex of P, and an out-arborescence S’
with root the last vertex of P, and suppose that S U P U S’ is an oriented tree with n
vertices. Say S has k in-leaves and S” has k' out-leaves, and the tournament G has m :=
n+k-+k —2 vertices and a median order vy, . .., v,,. Using Lemma[2.1] (i) and Theorem 2.3]
(via directional duality), we can embed S into G[{v1,...,v|s|4x—1}] With the root vertex
embedded to vg4,—1. Similarly, we can embed S’ into G[{vy_|s/|-k+42,---,VUm}] With
the root vertex of S embedded to v,_|s/—w42. Finally, by Lemma (ii), we have
V|§|+k—1 = V|S|4k — - - — Um—|S/|—k/42, SO We can use this path to embed the n — |S| —
|S'|+2=m —|S| —|S'| — k — k' + 4 vertices of P and complete an embedding of T" into
G.

Essentially, all our embeddings will look like this, where P will be a very long path,
but with some additional subtrees and paths found within the interval we use to embed
P. For example, suppose now the tree 1" also has a subtree F' which shares one vertex,
t say, with S, where t only has out-neighbours in F. If P is a long path (compared
to |F|,]S],|9]) then we can embed " = F U S U P U S into a tournament G with
m = |T| + k + k" — 2 vertices as follows. Carry out the above embedding of S and S’
into the start and end respectively of a median order vy,...,v,, of G and note that the
path Q := Vjg|1k—1 = Ug|4k —> --. = Um—|s/|-k+2 has |F| — 1 4 |P| vertices. If s is the
embedding of t € V(S), then by Lemma 2.1] (i) and as |Q| > |P| — 1 > |F|,|S], s will
have many out-neighbours in this path, enough that we can easily embed F — ¢ among
the out-neighbours of s in @ (using, in particular, Corollary . However, we wish to
do this so that there is a directed path between v|g,11—1 and v,,_|g/—p'42 covering exactly

the |Q| — (|F| — 1) = | P| vertices of V(@) which are not used to embed F — t.
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To do this, before embedding F’, we first find a short directed v|g;x—1, Vm—|s/|—k/+2-
path R with vertices in V(Q) so that every vertex in V(@) has at least one out-neighbour
on R occurring after some in-neighbour on R. Obtaining this property is straightforward,
by ensuring R covers a randomly selected subset of V(Q). The path R will be short
enough that we can embed F' —t in the out-neighbours of s in V(Q) while avoiding V' (R).
Once F' — t has been embedded, we slot the remaining vertices in V(@) into R one by
one. This will be easy as, even after some vertices have been slotted into the R, every
vertex v in V(@) will still have an out-neighbour on R occurring after some in-neighbour
on R, allowing us to find consecutive vertices ui, us on R such that u; — v — uo, thus
enabling the insertion of v also (see Claim . Note that, in the language of absorption
(as codified by Rodl, Ruciniski and Szemerédi [27]), R is a path which can absorb any set
of vertices from the interval of the median order between its first and last vertex.

More generally, we can embed small trees attached with an out-edge from SU P U .S,
as long as the attachment point is not too late in P, and also not in S’, by embedding
such small trees within the interval for the path P. Similarly, we can embed small trees
attached with an in-edge from S U P U S’, as long as the attachment point is not too
early in P, and also not in S. We can also use Lemma to add short paths between
vertices in the interval from P that are not too close together. We therefore decompose
any n-vertex tree T' with k leaves by finding a digraph D which can be built in this way
and which contains T

Roughly speaking, we call the digraph D a good decomposition for T if it contains T
and can be built from some SUPUS’ as described above by adding digraphs in these ways;
this is defined precisely in Section In Section [2.3.2] we show that there is a good
decomposition for any tree without a subpath that we could otherwise deal with using
Section [1.3| as before. Then, in Section [2.3.3, we show it is possible to embed any good
decomposition of any n-vertex tree with k leaves into an (n 4+ k — 2)-vertex tournament.
In fact, only leaves inside S and S’ will contribute to the number of vertices needed to

embed a good decomposition, implying fewer than n 4+ k — 2 vertices are needed in many
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cases. Finally, in Section [2.3.4] we put this together to prove Theorem [1.3]

2.3.1 (r,m)-good decompositions

We now define a good decomposition precisely, using the following definition of a path

partition.

Definition 2.9. Say a sequence of paths Py ... P, is a path partition of a path P if
P = Uieig P and, for each i € [0 — 1], the end vertex of P; is the start vertex of Py, and

all the paths are otherwise pairwise vertex disjoint.

Roughly speaking, as depicted in Figure an (r, m)-good decomposition for a tree
T is a digraph D with T' C D, such that D can be constructed by taking a long directed
path P from the root of an in-arborescence S; to the root of an out-arborescence 5,1,
attaching small forests F; to a limited number of well-separated subpaths .S; of P, and,
finally, attaching short directed paths (); between some of these well-separated subpaths

and forests. More precisely, we define an (r,m)-good decomposition as follows.

Definition 2.10. Say that a digraph D is an (r,m)-good decomposition for an n-vertex
oriented tree T if V(D) = V(T), and, for some distinct x,y € V(D), there is a directed

x,y-path P with path partition

P = P,$3PsS;5 ... P._1S,P,, (2.12)

an in-arborescence Sy with root x, an out-arborescence S,.1 with root y, and
o forests F;", F, i € [r + 1], and
o for some 0 < £ < 2r, vertices s;,t; and directed s;, t;-paths Q;, 1 € [{],
such that, letting F; = F,” U F;* for each i € [r + 1], the following hold.

Al T CSiUPUS 1 U (UiepgnFi) U (Ui @s) = D.
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Figure 2.1: An (r,m)-good decomposition.

A2 The following sets, overi € [r+ 1] and j € [{], form a partition of V(T') =V (D):

V(P), V(ED)\V(S), V(ET)\V(S), V(S)\{z}, VI(Sre) \{y}, V(@) \{s5,t5}-

A3 For each i € [r], P; has length at least 2000m.

A4 For each i€ [r+1] and o € {+,—}, V(S;) CV(EF?), |F?| < m, and F? is a forest
i which each component has exactly one vertex in S;, which furthermore has only

o-neighbours in F7.
A5 E(F) = E(F!,) =0 and |51, |S:41| = 2.

A6 The total number of in-leaves of Sy and out-leaves of S,11 is at most the number of

leaves of T.
AT For each i € [{], one of the following holds.

AT7.1 Forsomel <j<j <r+1, Q; is a directed path from F; to Fj with length
3(j' —Jj) + 1.
AT.2 For some 2 < j <1, Q; is a directed path with length 3 from V(F;) \ V(S;)

to the last vertex of S;.

It should be noted that, in our proof, D will be almost identical to T, with only a few
possible additional edges to ensure P is indeed a directed path from S; to S;. Strictly
speaking, these edges are included only for the sake of illustration, as the presence of P

helps indicate the link between the embeddings in the proof and the embeddings in the
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examples sketched earlier. For the embeddings in the proof, all extra edges will only ever

be embedded to consecutive vertices in a median order, and so they present no additional

difficulty.

2.3.2 Finding a good decomposition

As noted previously, the most difficult cases for Theorem occur when an oriented
tree mostly consists of directed bare paths. We will handle such cases by embedding a
corresponding good decomposition. To find a good decomposition, we first arrange these
directed bare paths in order of decreasing length. Identifying a point where the length of
these paths drops significantly (perhaps including all the paths), we show that removing
these long paths creates a forest in which each component is much smaller than each of
the removed paths. Next, we order these paths and components using Proposition [1.17]
Taking (essentially) the removed paths as the paths P;, carefully chosen directed subpaths
S; of the components of the forest (see later) and some dummy edges if necessary
will form the path in (2.12). After the careful selection in B4] we will be able to

divide naturally the rest of the tree into the other sets in the decomposition.

Lemma 2.11. Let 1/n < pp < 1/k. Let T be an n-vertex oriented tree with k > 2 leaves.
Suppose T contains no bare path of length at least un which has first and last block of
length 1 and whose endvertices have degree 2 inT'. Then, for some r < 10k and m > un,

T has an (r,m)-good decomposition.

Proof. We will construct an (r,m)-good decomposition using the notation in Defini-

tion 2.10], and confirm that each of hold.
Let p be the number of maximal bare paths of 7', and let them be T7,...,7/. By

p
Proposition [1.15, we have p < 2k — 3. Observe that each T/ has fewer than un edges
that are not contained in the first two blocks or the last two blocks, for otherwise, taking

the last edge of the second block, and the first edge of the penultimate block, and all the

edges between them on 77, gives a bare path with length at least un with first and last
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block of length 1 whose endvertices have degree 2 in T'. Let ¢ be the number of maximal
directed bare paths of T" with length at least pn, and let them be 77, ... T, with length
lq, ..., L, respectively, so that ¢, > ¢, > ... > {,. By the above observation, we find
<4Ap <8k —12,and [T — Ty — ... =T, < (2k — 3)(4un + pn) < 10kun. Furthermore,
as u < 1/k, we must have that ¢ > 1 and ¢; > n/2q > n/20k.
Now, let 7 € [¢ — 1] be the smallest integer such that ¢, > 10k(,,, if it exists, and

r = q otherwise. Let m = ¢,/2500. Note that, as ¢; > n/20k and p < 1/k,

> > > 2.13
2500 - (105k)™—L = 2500 - (106k)sk-12 = H* (2.13)
Note that » < ¢ < 10k and m > pun, as required. As T'— T} — ... — T, is the union
of T — Ty — ... — T, and at most 8k — 12 paths of length at most £,/10%, we have
T —T, —... =T, < 10kun +m/4 < m/2. Note that T — Ty — ... — T, has r + 1
components. Say these are Ry, ..., R,41, and note that |R;| < |T' =Ty, — ... =T, < m/2

for each i € [r + 1].

Using Proposition , relabel the components { Ry, ..., R,+1} and paths {T},...,T.},
and define functions ¢=,4" : [r] = [r + 1], so that, for every j € [r], T} is a directed path
from R;-(j) to R;+(j), and i~ (j) < j <i*(j).

For each j € [r], label vertices so that T} is an ”;, y/;-path directed from 2 € V/(R;-(;))
to y; € V(Rir(j)). Let I C{2,...,7} be the set of i with y; , € V(R;), x; € V(R;), and
such that the path between y,_, and 2} in R; is not directed from y.,_; to x}. For each
j € [r], let Q] be the path consisting of the last 3(i*(j) —j — 1) +1 > 1 edges of T}. For
each j € [r] \ I, let Q; be the path consisting of the first 3(j — 7 (j)) + 1 > 1 edges of
T};. For each j € I, let Q5 be the path consisting of the first 3 edges of Tj. Note that the
lengths of the paths Qj*, @; are always much smaller than the length of the path 7T}.

For each i € [r], let P, be such that T, = Q; P,Q; is a path partition. Label vertices
so that P; is an x;, y;-path directed from x; to y;. Note that each path P; is T; with up to

3r + 1 edges removed from each end. As the original length of such a path was at least
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¢, = 2500m, and we have 1/n < u < 1/r, we have by ([2.13)) that [A3]| holds.

Let x = x; and note that Q)7 = zjz. Let S; C R+ x be the maximal in-arborescence
in Ry + {2 with root x. Note we have that |S;| > 2. Let y = y, and note that Q" = yy/...
Let S,41 be the maximal out-arborescence in R,;1 + yy. with root y. Note we have
S| 2 2.

If kg is the number of in-leaves of S;, then as its root x is an out-leaf, S; has kg + 1
leaves. Similarly, if k; is the number of out-leaves of S,,, then S, has k; + 1 leaves.
Now, take the path, S say, between S; and S, ; in T and note that the tree S;USUS, 4
has (ko + 1) + (k1 + 1) — 2 = ko + k; leaves. Noting that T has at least as many leaves as
S1USUS,41 €T completes the proof that [A6] holds.

Now, for each i € {1,r + 1} and each ¢ € {+,—}, let F;° C S; U R; be the digraph
formed from the union of the paths in (S; U R;) — E(S;) from V(S;) which start with a
o-edge, and let F; = F;" UF, = (S; UR;) — E(S;). Note that, by the maximality of S;
as an in-arborescence and the maximality of S,,; as an out-arborescence, we have that
E(F7) = E(F,) = 0, completing the proof that holds. For each i € {1,r + 1},
|F| < |Ril +1<m/2+ 1< m,so[Ad holds as well for i € {1,r + 1}.

We now construct y;_1, z;-paths S;, for each 2 < ¢ < r. For each such i, we consider
Qi UR;UQ;, and add up to two edges (according to the cases below) before finding
a directed path S; through the resulting digraph. We next divide into cases
according to whether y;_; € V(R;) (i.e., if it(i — 1) = i) and whether z} € V(R;) (i.e., if
i~ (i) = i). These cases are depicted in Figure . Note that, if y,_; € V(R;) then Qi ,
consists of only the edge y;—1y;_,, and if 2} € V(R;) with ¢ ¢ I, then @); consists of only

the edge xlx;. Precisely, for each 2 < i < r, we do the following.

B1 If y;_, and 2] are both in V(R;), then do the following.

B1.1 If the y,_,, z;-path in the tree R; is a directed path from y;_; to =}, then let S;

be the directed path from y;_; to z; in R; + y;_1y}_; + 2}z

B1.2 If the y,_,,«}-path in the tree R; is not a directed path from y,_, to 2} (i.e., if
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Figure 2.2: Cases

i € I), then let S} be the maximal directed subpath from y,_; that it contains.
Let S; be the path consisting of the edge y;_1y._,, followed by 5!, followed by

a new edge from the endvertex of S to z;.
B2 If y,_, € V(R;) and 2} ¢ V(R;), then let S; be the path y;_1y,_,x;.
B3 Ify, ; ¢ V(R;) and z} € V(R;), then let S; be the path y;_i2}x;.
B4 Ify,_,,2) ¢ V(R;), then let z € V(R;) be arbitrary, and let S; be the path y;_zx;.

Now, for each 2 < i < r, we choose F,", F; and F; = F;" U F, . To do so, for
each 2 < ¢ < r and each ¢ € {+,—}, let F? C S, U R; be the digraph formed from the
union of the paths in (S; U R;) — E(S;) from V(S;) which start with a o-edge, and let
F,=F"UF = (S;UR;)— E(S;). Note that F." and F. could consist of a single vertex.
For each 2 < i <, |F;| = |R;| +2 < m/2+ 2 < m. We now have that [A4] holds for each
i € [r+ 1], as required.

Let ¢ be the number of paths QF, i € [r], © € {+,—} with length greater than 1, so
that 0 < ¢ < 2r. Relabel these paths arbitrarily as Q;, 7 € [¢]. Note that, as we created no
new vertices, we have that V(D) C V(T (with equality once we confirm 7' C D below).
It is left then to prove that [AT] [A2] and [A7] hold and check the properties at the start
of Definition .10
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Note that, for each 2 < ¢ < r, S; was a directed y;_1, x;-path. Therefore, as x = x;
and y = y,,
P = P152P25'2 e PTflsTPr (214)

is a path partition of the directed z,y-path P. Furthermore, we have that S is an
in-arborescence with root x and that S, is an out-arborescence with root .

Now, by construction, 7" C P U Sy U Si41 U (Uicpr111F3) U (Uiepoef+,—1@5) = D.
Whenever Q; has length 1 and 7 < r, we have that i" (i) = i+1, so S, is chosen in ,
, or , and hence Q; = y;_1y,_; C Si+1. Note that Q. has length 1, and Q; = yy.
is in S,;1. Whenever @); has length 1 and i > 1, we must have that i ¢ I and i~ (i) = 1,
and therefore S; is chosen inor B3| so that Q; = zix; C S;. Note that Q] has length
1, and Q = 2z is in S;. Therefore, P U (Uicpoci+,—1Q5) = P U (UicgQi) + 21 + yy,.,
and so T'C PUS; U S, 11 U (Uiep411F5) U (Uieg@i) = D and holds.

Furthermore, note that V(R;), i € [r+1], and V(T;) \ {2}, 4.}, i € [r], form a partition
of V(T). For each i € [r], V(Q;) \ {zi,z}}, V(P;) and V(Q;) \ {v;,y.} form a partition
of V(T;) \ {z},y}}. For each 2 < i < r, by the choice of F;" and F;", V(F")\ V(S),
V(F7)\V(S;) and V(S;) \ {9i1,2;} form a partition of R;, while V(F)\ V(S1) = 0,
V(F)\V(S1) and V(S1)\ {21} partition V/(Ry) \ {21}, and V(F3 )\ V(Sra), V(F5)\
V(Sr41) = 0 and V(S,41) \ {y,} partition V(R,41) \ {yr}. As V(P) = (UieyV(F)) U
(Uacicr (V(Si) \ {yi-1,2:})), the sets listed in form a partition of V(7).

Therefore, we need only show that, for each path i € [¢], either[A7.1]or[A7.2|holds. If

Q; = Q;r for some j € [r], then Q; is a directed y;, y/;-path of length 3(i* (j) — (j+1))+1 >
1, so that i7(j) > j+ 1. Asy; € V(Sj11) C V(Fjj1) and y; € V(Ri+gy) S V(Fir()),
holds for @Q;. If Q; = @ for some j € [r] \ I, then Q; is a directed 27, v;-path
of length 3(j —i7(j)) +1 > 1, so that i~ (j) < j. As 2} € V(Ri-(;) C V(Fi-), and
z; € V(S;) C V(F;), holds for @;. Finally, if Q; = Q; for some j € I, then S;
was chosen in From the choice of the relevant maximal directed path S, the first
vertex o of Q; is in V(F;") \ V/(S;) and the last vertex x; of Q; is also the last vertex of

S;, and therefore holds. u
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2.3.3 Embedding a good decomposition

We now show that it is possible to embed an (7, m)-good decomposition D of a n-vertex
tree T' with k leaves into an (n+ k — 2)-vertex tournament G, when 1/n < 1/r,1/k,m/n.
For our sketch we will use the notation of Definition 2.10l We take a median order
of G and find within it consecutive disjoint intervals Vy, Uy, Vo, Us, ..., V,, U,, V.11 with
carefully chosen sizes. We will embed Sy into G[V;] while embedding its root to the last
vertex of V; under o, using Theorem , and similarly embed S,; into V,.; so that its
root is embedded to the first vertex of V,.,1 under o. For each i € {2,...,r}, we will have
|V;| = |S;| and embed the directed path S; into G[V;] using the ordering provided by o.
As described at the start of this section, for each i € [r], we then find a short path R;
from the last vertex of V; under o to the first vertex of V;,; under ¢ which can ‘absorb’
any subset of vertices from U; (see Claim . We then embed the forests F,", F, |
i € [r+ 1] and directed paths @Q;, i € [¢], into U (U; \ V(R;)), before incorporating the
right number of vertices into each path R;. More specifically, as depicted in Figure 2.3} for
each ¢ € [r], we will divide U; into six parts, U, 1, . .., U; ¢, again with carefully chosen sizes.
The sets U;; and U; ¢ will be small and covered by R; (aiding the desired ‘absorption’
property of R;). We will embed V (F;")\V (S;) into U; 2\ V (R;), using and that typical
vertices in V; (the image of S;) have plenty of out-neighbours in U; 5 (see Claim and
V(R;) is small. Similarly, we will embed V(F;;;) \ V(Sit1) into U;s \ V(R;) (see also
Claim . We will embed paths @); satisfying using the appropriate set U; 5 (see
Claim . We will then embed paths @); satisfying using different sets U, 3 (see
Claim . As we chose the size of the sets U;, i € [r], carefully, for each i € [r], we will
then have the correct number of vertices unused in U; to absorb into R; and complete the

embedding of P;, and hence also the embedding of T C D.
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Lemma 2.12. Let 1/n < u,1/r,1/k and m > un. Every tournament with n + k — 2
vertices contains a copy of every n-vertex oriented tree with k leaves which has an (r,m)-

good decomposition.

Proof. Note that we can additionally assume that < 1/r,1/k. Let G be an (n+k — 2)-
vertex tournament and suppose that the n-vertex tree 7" with k leaves has an (r, m)-good
decomposition D using the notation in Definition [2.10] Let ky be the number of in-leaves
of Sy and let k; be the number of out-leaves of S,,;. By we have kg, k1 > 1 and by
[A6] we have kg + k; < k.

Let I; C [¢] be the set of i € [{] satisfying [AT.1] Let I, = [{] \ I1, so that, by [A7]
each ¢ € I, satisfies . For each i € I, using , let g;,r; € [r+ 1] with ¢; < 7
be such that @); is a directed path from F,, to F,, with length 3(r; — ¢;) + 1. For each
i € [r], let a; be the number of j € I; for which ¢; < < r;. For each i € I,, using [A7.2]
let 2 < s; < 7 be such that Q; is a directed path from V(F ) \ V(S;,) to the last vertex
of Ss,. For each i € [r], let b; be the number of j € I, with s; =i+ 1 (and note that we
always have b, = 0).

Let 0 = v1,...,V441_2 be a median order of G. Take in vy,...,v,1_o consecutive

disjoint intervals

‘/17 U17‘/27 U2a ‘/37 R V:r‘a UT» ‘/7’4-1

such that |Vi| = |S1|+ ko — 1, |Vig1| = |Srq1]| + k1 — 1, and, for each 2 < i < r, |Vi| = |S4],

and, for each i € [r],

Uil = || =24 [V(F)\V(S)| + [V(F71) \ V(Sit1)| + 3a; + 2b; (2.15)

&3
> |P|—2 > 2000m — 1. (2.16)

Note that this is possible, as, by and [A5| |F | = |Si| and |Ff| = |S,41], so that,
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using [A4], we have

YoVl 1l = ZISHZ!P!—H\F*H! ol = i = [Sisa] + 3a: + 2b;)
=2 =1
r—+1
—Z]S|+Z 1P| — 2) +Z (T + |E7 | =218+ (3a; + 2b;)
i€r]
- r+1
= |P| =2+ (IFH+[F7| = 2Si]) +3) (ri — q:) + 2| Lo
i=1 i€l
r+1
BEIBTE | p| 2 1 S (V(F UV(ES SOl+>"(1Qi] —2)
i=1 i€[f]

[A2]
=n—[S1] = [Srl,

and hence,
r—+1
Z|V|+Z|U| ok —2 k2.
=1
Next, for each i € [r], partition U; as intervals U, 1, ..., U; ¢ in that order such that

’Ui,l‘ =m, |Ui,2| = 10m, ‘Ui,4| = 110m, |Ui75| = 100m, ’Uz’,Gl =m (217)

and |Uss| = U5 — 222m 5 1700m. (2.18)
Note also, by [A4] that, for each i € {2,...,7},
Vil = |Sil < |Fi| < m. (2.19)

For each i € [r], let U/ be a subset of U; where each vertex is included independently
at random with probability ©/20. By Lemma (ii) v1v3 ... Vpyk_o forms a directed path
in that order, so there is a directed path from the last vertex of V; under ¢ to the first
vertex of V; 1 under o, whose vertex set covers U;; U U] U U, s and whose vertex order
is a suborder of 0. Let R; be a shortest such path. We now prove that, with positive

probability, the ‘absorption property’ we need for R; holds, as well as a bound on |R;|.
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Claim 2.13. With positive probability, for each i € [r], |V (R;)\ (U1 UU;¢)| < m, so that
|R;| < 3m, and, for any U C U; UV (R;) with V(R;) C U, there is a directed path with

the same start vertex and end vertex as R; but with vertex set U.

Proof of Claim[2.13. Let p = p/20 and i € [r]. Note that, by Lemma as U] < n
and 1/n < u,1/r, we have, with probability at least 1 — 1/3r that |U/| < 2pn. For each

veU;\ (U1UUg), let E, be the following event.
E,: There are u € N~ (v) NU/ and v’ € N*(v) N U] with u <, v <, /.
Now, by Lemma [2.1] (ii), for each v € U; \ (U;1 U U;6), we have

Hu e U :u<, v} < Uil @& m
= — 5
2 2 2

Hue N“(v)NU;:u <, v} >

and

Hue NT(v)NU; i u>, v} >

H{u € U; i u >, v} < \Ui 6| m
2 - R

2

so that P(E, does not hold) < 2(1 — p)™/2 < 2exp(—pm/2) < 2exp(—pu?n/40). There-
fore, as 1/n < pu, 1/r, a union bound implies that, with probability at least 1 —1/3r, E,
holds for each v € U; \ (U;1 UU, ). Thus, with probability at least 1/3, we have, for each
i € [r], that E, holds for each v € U;\ (U;1UU; ), and |U;| < 2pn. Assuming these events
occur, we now prove that the property in the claim holds for each i € [r].

By Corollary and the minimality of R;, any two vertices in U; ; UU; U U, g, with no
vertices between them on R; from U; ; UU/UU; ¢ have at most 1 vertex between them on R;.
As the vertices from U, 1 UU, ¢ form two intervals on R;, just after the first vertex and just
before the last vertex of R; respectively, |V (R;)\ (U;1UU;¢)| < 242|U/|+1 < 4pn+3 < m.

Now, take any set U C U; U V(R;) with V(R;) C U. Let Ry be a directed path
with the same endvertices as R; which contains every vertex of R; in order according
to o and for which V(Ry) C U, and which, under these conditions, has the maximum

possible length. Note that this exists as R; itself satisfies these conditions. Suppose,

for contradiction, that there is some v € U \ V(Ry). Note that v € U; \ (U1 U Usg).
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[Claim 2.16]

[Claim 2.14]

[Claim 2.14]
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F\ S [Claim 2.15] S; [0 \ S,
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Ui—1q Uiz Ui—i3 Ui—14 Uiis Ui Vi Uin Uia Us Uia Uys  Usg
Uiy Ui
P;_; [Claim 2.13] P; [Claim 2.13]

Figure 2.3: Embedding an (r, m)-good decomposition (as depicted in Figure 2.1) into a
median order, with the claims used to embed each part.

Let £ be the length of Ry and label vertices so that Ry = uguy ... up. As E, holds and
U C V(R;) C V(Ry), we can take j = min{j’ € {0,1,...,¢} : uy € N~ (v)} and find
that u; <, v. Let j” € {0,1,...,¢} be the smallest j” > j such that u;» € N*(v), noting
that this is well-defined also by E,.

Observe that u;»—; ¢ N*(v), so that, as G is a tournament, u;»—; € N~ (v) and
therefore

UoUq - - - Ui —1VUgrr ... Uy,

is a directed path with the same endvertices as Ry (and hence R;) which contains every
vertex of R; in order according to o. As this path has vertex set {v} UV (Ry) C U and
v ¢ V(Ry), this path contradicts the maximality of Ry. Thus, V(Ry) = U, so that Ry is

a directed path with the same endvertices as R; and with vertex set U, as required. [J

Assume then, that the property in Claim[2.13]holds. We now show three further claims,
before embedding 7. This embedding, annotated with which part of the embedding is
done with each claim, is depicted in Figure 2.3 For each i € [r + 1], we will use the
following claim to embed the vertices in V(F;") \ V(S;) to U;o (if i # r + 1) and embed
the vertices in V(F; ) \ V(S;) to U;—14 (if i # 1) so that they attach appropriately to an

embedding of S; into the vertex set V.

Claim 2.14. For each i € [r] and v € V;, we have [Nt (v,U;2) \ V(R;)| = 3m, and, for
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each i € [r] and v € Viy1, we have [N~ (v,U;4) \ V(R;)| = 3m.

Proof of Claim[2.1]] Let i € [r] and v € V;, and take V;, = {u € V; : u >, v}. By
Lemma [2.1] (i), we have that

Vie WU UU;
INT(0,Ui2)| 2 INT(v,V;y UU; 1 UUs )| — Vi UU; | 2 V. 2’1 2l _ Vi UU;A|

. ’U,L"Q‘ — |‘/i,vUUi,1’ S ’Uiyg‘ — |‘/1UUZ71‘ § 10m—m—m .
B 2 ~ 2 - 2 B

4m.

Therefore, by the property from Claim INT(v,Ui2)\V(R;)| = |[NT(v,U;2)| — (| Ri| —
Uil = [Usgl) = 3m.
Let then i € [r] and v € Viyy and let V/,, , = {u € Viy1 s u <, v}. By Lemmal2.] (ii),

we have similarly that

IN" (v, Uia)| = [N~ (v, V], , UUia UUi s UUi)| — [V, UUis U Usg

S \Uial = V{1, UUis UUsg| § 110m — 100m —m —m
= = -

Am.
2 2 m

Therefore, by the property from Claim again, [N~ (v, Ui) \V(R)| = [N~ (v, U;4)| —
<|Rz| - |Uz‘,1| - |Ui,6|) = 3m. [

Recall that, for each i € I, Q; is a directed path of length 3 from V(F,) \ V(S,) to
the last vertex of S,,. The following claim will be used to embed such a path when its

first and last vertex have already been embedded into Us,_; 4 and V, respectively.
Claim 2.15. For each 2 < j <1, v € Uj_14, w € Vj and U C Uj_14 U Uj_15 with

\U| < 2m, there is a directed v, w-path in G with length 3 and internal vertices in (U;_1 4U

Uj-15)\ (UUV(R;-1)).

Proof of Claim[2.18. Let A;y o = {u € UUV(R;_1)UV; 1 v <, u <, w} , and note
that, by (2.19)) and the choice of R; according to Claim [2.13] |A; , ., | < 6m. The number
of vertices between v and w in o is at least |U;_15| + |Uj—16] = 101m > 6|A;,.wv| + 8.

Therefore, by Lemma [2.4] there is a directed v, w-path in G with length 3 and internal
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vertices in {u ¢ Aj, v @ v <, u <, w}. Because U;_15 C V(R;_1), we have {u ¢

Ajpwi 0 <ou<,w} C(Ujs14UUj_15) \ (UUV(R;_1)), and so the claim holds. [

For each i € [6], let Uy; = U,11; = 0, and note that, by and [A6] V1], [Vi4| <
m+k < 2m. Foreachi € [r+ 1], let V; = U; 14, UU;_1 5 UU;_14UV;UU;; UU,; 5, and
note that, by and , [Vi| < 225m. Note that ViU, 3VoUss ... VU, 3V, are
consecutive intervals in o.

Recall that, for each i € Iy, Q; is a directed path from Fj, to F,, with length 3(r;—¢;)+1.
The following claim will be used to embed such a path when its first and last vertex have

already been embedded into V,, and V;, respectively.

Claim 2.16. Foreach 1 <i<j<r+1,veV, weV; and U C V(G) with U] < m,
there is a directed v, w-path in G with length 3(j — i) + 1 and ezactly 3 vertices in each
set Ui/73 \ (U U V(Rl/)), 1< 1< j

Proof of Claim[2.16. First we will choose vertices uy, i < ¢ < j between w;_1 := v and
w in the median order, with u;_;w € E(G) before carefully applying Lemma to each
consecutive pair of vertices in v, u;, uiy1, - .., uj—1 to get, together with u;_jw, a v, w-path
with length 3(j —14) + 1.

To do this, first, for each @', ¢ < i’ < j—2, let uy be the last vertex in Uy 5\ (UUV (Ry))
under o. Let Uj ;3 be the set of the last 250m vertices of U; ;3 under o, and let
Viw={w' €V :w <, w}, so that |V;,| < |V;] < 225m. Note that, by Lemma (ii),

we have

INT(w, Uj 4 5) \ (UUV(R;-1)) 2 N7 (w, Vi DUy 3)| = Vil = [UUV(R;1)]

U ol = Vi 250m — 225
>| J 1,3|2 | J, |_|UUv(Rj_l)|>#—4m>0.

Let uj_y then be the last vertex of N~ (w,U;_13) \ (U U V(R,;_1)) under o, noting that
there are fewer than 250m vertices in U;_ 3 after u;_; under o. Let u;_; = v.

For each i < ' < j, we will show there exists a directed wu; _1, uy-path Ty with length
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3 and internal vertices in Uy 3\ (U U V(Ry)). Noting that T;7;.; ...T;_qw is a directed
path with length 3(j — ¢) + 1 and exactly three vertices in each set Uy 3\ (U UV (Ry)),
i <1 < j, will then complete the proof of the claim.

Let then i < i’ < jand let Ay = {u € Uy_; 3UVaU((UUV (Ry))NUs 3) : g1 <o U <g4
uy }. Note that, for each i <4’ < j, by the choice of u; there are at most [UUV (Ry_1)| <
4m vertices after uy_y in Uy_y 3 under o, so |Ay| < 4m +225m + |U UV (Ry)| < 233m.
In addition, recall that there are fewer than 250m vertices in U;_; 3 after u;_; under o.
Therefore, by , for each i < i’ < j, there are at least 1700m — 250m > 6|A;| + 8
vertices in Uy 3 before uy under o. So, by Lemma , there is a directed w1, uy-path Ty
with length 3 and internal vertices in {u ¢ Ay : uy—1 <o u <, uy} CUps\ (UUV(Ry)),

as required. B

We are now ready to embed the (r,m)-good decomposition D into G, as follows.
Begin with the empty embedding ¢ : ) — V(G). For each 2 < i < r, recalling that
|Vi] = |5i|, extend ¢ to embed the directed path S; onto the vertices in V; in the order
given by o. Note that the vertices of each interval V; form a directed path in this order
by Lemma [2.1] (ii).

Let 2’ be the last vertex of V4 under o, and let 3/ be the first vertex of V,.,; under o.
Recall that P, as defined in , is a directed x,y-path, S; is an in-arboresence with
ko in-leaves and root x, and S, is an out-arboresence with k; out-leaves and root y.
Therefore, as |Vi| = |S1] + ko — 1 and |V, 41| = |Sy41| + k1 — 1, by Theorem [2.3| (applied
twice, once with directional duality) we can extend ¢ to embed S; into V; such that
¢(z) = 2’ and embed S, into V,.1 such that ¢(y) = ¢’

Now, for each i € [r + 1] and v € V(S5;), let F, be the component of F; containing
v and let F be the component of F." containing v. For each vertex v € V(S;) in
increasing order of ¢(v) under o, greedily and disjointly extend ¢ to embed F, — v into

N~ (¢(v),Ui—14) \ V(R;—1) and Ff —v into N*(¢(v),U;2) \ V(R;). Note this is possible
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for each v € V(5;) as, by- A5| if |[E(F,)| > 0, then i > 2 and thus, by Clalmm

INT(6(0), Uir,a) \ (V(Rica) U (Uuev (siy:si<oom @) 2 3m = ([F7] = [VE7) \ {v}])

&g
= 3|V (F,)\ {v}],

so that a copy of F7 —vin N7 (¢(v), Ui—1,4) \ (V(Ri—1) U (Uuev(8:):6u)<, o) P(F,, ))) exists
by Theorem 1.8} - Similarly, for each v € V(.S;), this is also possible for F, —
For each i € [(], say that Q; is a directed path from z; to y;. For each ¢ € [¢] in turn,

extend ¢ to cover V(Q;) \ {z;,y;}, by doing the following.

o If i € I, recall that ¢;,r; are such that @); is a directed path from Fj, to F,, with
length 3(r; — ¢;) + 1, where ¢; < r;, and note that ¢(z;) € ¢(V(F,)) C V,, and
o(y;) € ¢(V(F,)) C V,,. Embed Q; as a directed ¢(x;), d(y;)-path with length
3(ri — ¢i) + 1 and exactly three vertices in Uy 3 \ (V(Ry) U (Ujei—110(V(Q;)))), for
each ¢; < i’ < r;. Note that this is possible, by Claim | as when we look for such
a path we have | Ujc—1) 0(V(Q:))| < - Br+2) <mas (< 2r, I/n < p < 1)r

and m > un.

e Ifi € Iy, recall that 2 < s; < r is such that @); is a directed path with length 3 from
V(F; )\ V(Ss,) to the last vertex of S,,, and note that ¢(z;) € ¢(V(F; )\ V(S,,)) C
Us;—14 and ¢(y;) € ¢(V(Ss,)) C V;,. Embed @Q; as a directed path with length
3 from ¢(z;) to @(y;) with interior vertices in (Us,—14 U Us,—15) \ (¢(V(F}))) U
(Ujei—1¢(V(Q;))) UV (Rs,—1)). Note that this possible, by Claim [2.15] as when we
look for such a path we have, by [Ad] |p(V(F;))| + | Ujeji—1y o(V(Q;))] < m + £ -

(3r +2) < 2m.

Finally, we extend ¢ to cover the internal vertices of P;, for each i € [r]. For each

i€ r],let U = (V(R)UU) \¢(V(E) UV (F; ) U(UjeigV(Q;))). Note that V(R;)UU;
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contains exactly the vertices in U; and the endvertices of R;. Therefore,

\U| = U] +2 = (IF;"| = |Si]) = (|Fpa] = [Sisa]) — | Ujerg (V(Q;) NT;)|
(2.15)) . . . .
(P +3a+2b) 3G eh:q<i<r))—21{jch:s—i+1}

By Claim [2.13| for each i € [r], there is a directed path between the endvertices of R; with
vertex set U/". Using these paths, for each i € [r|, extend the embedding ¢ to cover P;, for
each i € [r]. This completes the embedding ¢ of D = PUS1US, 11U (Uicpri11F3)U (Ui Qi)

and hence, by [A1], G contains a copy of T O

2.3.4 Proof of Theorem 1.3
Given Lemmas and [2.12] it is now straight-forward to prove Theorem [L.3]

Proof of Theorem[1.53 Note that, due to the result of Thomason [29] quoted in the intro-
duction, we may assume that k > 3. Let ng and p be such that 1/ny < p < 1/k. Let T
be a tree with n > ng vertices and k leaves, and let G be a tournament with n + k — 2
vertices.

If there are no vertices x and y with degree 2 in 7" and a bare z, y-path P with length at
least un with first and last block of length 1, then, by Lemma [2.11} 7" has an (r, m)-good
decomposition for some m > un and r < 10k. In this case, by Lemma [2.12] G contains a
copy of T'. Thus, we can assume that 7" contains vertices x and y with degree 2 in 7" and
a bare x,y-path P with length at least pun with first and last block of length 1.

Suppose first, that £ = 3. Note that in this case P must lie in a maximal bare path
of T with one endvertex that is a leaf. Say this leaf is z, and assume, by relabelling x
and y if necessary, that the path, @ say, from x to z in T" contains y (and hence P). Let
T'=T—(V(Q)\{z}). Noting that x is a leaf of 7", duplicate z to get the tree 7" with the

new leaf /. Note that 7" has 4 leaves and |T|— |Q|+2 < n—un—+1 vertices. Therefore, by
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Theorem , as 1/n < u,1/k, G contains a copy of 7", S” say. Let s and s’ be the copy
of x and 2’ in §” respectively. Note that |G—(V(S")\{s,s'})| =n+1—(n—|Q|) = |Q|+1.
By Theorem there is a copy, @' say, of @ with  embedded to {s,s’}. Then S”UQ’
gives a copy of T

Therefore, we have that & > 4. In this case, let 7" = T — (V(P) \ {z,y}). Noting
that = and y are leaves of T”, create T" by duplicating z and y to get the new vertices
a2’ and i’ respectively, and adding the edge xy. Note that T7” has k + 2 leaves and
|T|—|P|+4 < n—pn+3 vertices. Therefore, by Theorem|[1.2] as 1/n < p,1/k, G contains
a copy of T”, S” say. Let s,s’,t and t' be the copy of z,2',y and 3/ in S” respectively.
Note that |G — (V(S")\ {s,s,t,t'})|=n+k—2—(n—|P|)=|P|+k—2>|P|+2. By
Theorem there is a copy, P’ say, of P with  embedded to {s,s'} and y embedded
to {t,t'}. Observing that S” U P’ contains a copy T completes the proof that G contains

a copy of T' in this case. m
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CHAPTER 3

EMBEDDING ORIENTED TREES USING THE
REGULARITY LEMMA

In this chapter we present proofs of the following results, which we recall from the intro-

duction.

Theorem 1.4. Let o > 0. There exists ng € N such that for any n = ng, if G is a
((1 + a)n + k)-vertex tournament and T is an n-vertex oriented tree with k leaves, then

G contains a copy of T.

Theorem 1.5. Let a > 0. There exists ¢ > 0 and ng € N such that for any n = ng, if G
is a (14 a)n-vertex tournament and T is an n-vertex oriented tree with A(T) < cn, then

G contains a copy of T.

Both proofs make use of a reduction of the theorems to critical cases which can be
embedded using the regularity lemma (introduced properly in Section . As there is
significant overlap in this reduction for the two theorems, many parts of this chapter
will apply to both results. Though our methods apply to all the trees covered by these
theorems, Theorem already implies both theorems for those trees with o(n) leaves.
Thus, the critical case for consideration are those trees with (n) leaves. The most
difficult cases arise when these leaves are all close to each other within the tree, connected
via some smaller core tree (see Figure . The challenge is then to be able to distribute

these leaves around the tournament despite their location being quite tightly restricted
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Figure 3.1: Examples of oriented trees with many leaves close to one another. While the
first two trees have A(T) ~ n/2, the third tree may be realised with A(T") < c¢n for a
small constant ¢, making it a case of particular interest for Theorem .

by the location of the vertices in the core tree. For Theorem the maximum degree
condition will imply the core tree cannot be too small, and we exploit this to distribute
the vertices of the core tree around the tournament. Here, the key novelty in our methods
is the identification of the small core tree in the most challenging cases, and its embedding
around the tournament.

For Theorem|[1.4] we will be able to contract this small core tree in the most challenging
cases to a single vertex without increasing the number of leaves. As the core tree is small,
if we can find a copy of this contracted tree then we will be able to recover the original
tree using suitable regularity techniques. The critical case will then be trees which have
one very high degree vertex, whose removal results in components of at most constant
size. Further simplification will allow us to assume that this high degree vertex has either
in-degree or out-degree 0. This simplification focuses in on the hardest cases in our proof.
To embed a tree T with one high out-degree vertex x with in-degree 0 into a tournament
GG, a natural approach is to place = at the vertex of G with highest out-degree, maximising
the attachment possibilities for the components of T'— {z}. Often, this is a good strategy
(indeed, this approach will always succeed for the first tree depicted in Figure , but
when many vertices of T' are reached from x by travelling along a path beginning with

a forward edge followed by a backward edge (such as for the second tree depicted in
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Figure 3.1)), this may fail. The key to our proof is to use the failure in these cases to
identify structural properties of the tournament, and thus a better location for the high
out-degree vertex. This is the most significant novelty in our proof of Theorem [I.4] and

enables the most difficult trees to be found in tournaments.

3.1 Outline of proof of Theorem [1.4 and Theorem (1.5

We will now sketch the proofs for both Theorem [I.4] and Theorem [L.5] together in more
detail. We have already discussed the need to take particular care with trees which
contain some small core subtree that restricts the distribution of the other vertices in the
tree around the tournament. Therefore, we will identify a small core in any tree T, from
which 7" can be recovered by first appending a collection of constant-sized trees, then
connecting components by constant-length paths, and then iteratively attaching a small
number of additional leaves. This decomposition is independent of the directions of the
edges of T', and so we state it for non-oriented trees. More precisely, given any tree T', we
find To CT7 C Ty, C T3 C Ty =T (shown in Figure , such that
i) Tp is small,
ii) 77 is formed by adding constant-sized trees, each attached with an edge to some
vertex of Ty,
iii) T is formed by adding (unattached) constant-sized trees to 77,
iv) T3 is formed by adding long but constant-sized paths connecting the components of
Ts, and
v) Ty is formed by attaching constant-sized trees to T3, so that few vertices are added
in total.
Having found such a decomposition, we need a strategy for embedding these pieces. We
note first that the vertices added in and [v)| above pose little trouble given the spare
vertices in our tournament. Indeed, within, say, any an/2 vertices in a tournament, any

oriented tree with up to an /6 vertices can be found using known results (see Theorem |1.8)).
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This allows the new constant-sized trees in to be found greedily. For , we note that
setting aside a small random subset of the spare vertices preserves some in- and out-
neighbours for almost all the remaining vertices in the tournament (see Proposition .
Carrying out the embedding for |i)| within the tournament induced on these good
remaining vertices, will then allow us to extend the embedding greedily to cover the final
vertices in [v)] (see Corollary [L.9).

Thus, our focus is on how to embed the vertices in Ty so that this can be extended
to an embedding of T}, and how to embed the paths at . In certain tournaments the
paths at can also be embedded straightforwardly by reserving a random set of vertices
for this purpose. Where this is not possible, by removing a small set of vertices from the
tournament, we will be able to partition the vertices into a sequence of linearly-sized sets,
with all edges between the sets directed forward along the sequence. This partition allows
us to divide the tree naturally into pieces, which can then be found separately along the
sequence of sets. We note that this is a streamlined version of a decomposition due to
Kiihn, Mycroft and Osthus [21, 22].

Let us assume then that the tournament is sufficiently well connected that the paths
at [iv)| can be embedded within a reserved random set of vertices. We need then to embed
Ty so that the vertices of 77 — V(1) can be distributed throughout the tournament. To
do this we will use the regularity lemma for digraphs, so that we may assign vertices to
clusters before embedding them. The challenge is to identify some good clusters for Ty,
for which we can assign the vertices in V(77) \ V(Tp) across the other regularity clusters.
The whole of T7 can then be embedded using relatively standard regularity techniques,
in combination with the result that any oriented tree with ¢ vertices can be found in
tournaments with only O(¢) vertices.

Embedding the core T of the tree and extending it to cover T} is the only part where
the proofs of Theorem and Theorem differ. For Theorem [I.4] the core tree can
always be embedded within a single regularity cluster, which will allow us to reduce the

problem to embedding trees where the core is a single vertex, x say (which may have
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very high degree), and further reduction will allow us to assume that all components of
T —{x} are attached to = by out-edges. Similar to the discussion in the introduction, here
it would be natural to try embedding x to a cluster with as many out-edges as possible
in a suitable ‘reduced digraph’ (see Section . This may fail, but we try this anyway,
essentially embedding as much of 77 as possible. If the embedding fails, it will be due to
certain structural properties of the tournament which will allow us to move the embedding
of x, along with some of the embedded vertices, to complete the embedding. This part
of the proof, with its division into a number of detailed subcases, is the most technical
aspect of our proof, but solves the key problem and allows the proof of Theorem [I.4]

Fortunately, embedding T and extending this to cover T} is less involved for Theo-
rem The maximum degree condition in this case ensures that 7y necessarily contains
at least a large constant number of vertices (for example, for the third tree shown in
Figure we may identify Ty with the star consisting of all non-leaf vertices). Thus, it
is possible to distribute the vertices of Tj across several regularity clusters if required for
the even distribution of V(T}) \ V(T}) throughout the tournament. For this, we identify
a particular caterpillar-like structure which spans most of the clusters in the regularity
graph (see Section [3.5.1)).

Each aspect of the proof is discussed in more detail before it is carried out. In Sec-
tion |3.2, we define precisely our tree decomposition and show that such a decomposition
can always be found. We then state and discuss the regularity lemma is Section [3.3] In
Section [3.4] we embed the core tree Ty and extend the embedding to cover T for The-
orem (see Theorem , deferring the most technical parts to Section where we
prove a key intermediate result, Theorem [3.13] In Section [3.5 we embed the core tree
Ty and extend the embedding to cover 77 for Theorem (see Theorem [3.18]). These
embeddings of Ty extended to T allow us then to prove both Theorem and in
Section [3.6] We then finish with the deferred proof of Theorem in Section [3.7]
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3.2 Tree decomposition

We now give the tree decomposition discussed in the proof outline (see Figure . This
is a modified version of a result of Kathapurkar and Montgomery (see [19]); though its

proof is very similar, we include it for completeness.

Lemma 3.1. Let 1/n < 1/m < n,1/q with ¢ > 2. Then, any n-vertex tree T contains
forests Ty C Ty C Ty C Ty C Ty =T, such that Ty is a tree, and the following properties

hold.
C1 |To| < nn.

C2 Ty is formed from Ty by vertex-disjointly attaching a tree S, to each v € V(Ty), so
that, for each v € V(Ty), S, — v is a forest with each component tree having size at

most m.

C3 T is the disjoint union of T and a forest with each component tree having size at

most m.
C4 Ty is formed from Ty by connecting components by paths of length q.

C5 |V(Ty) \ V(Ty)| < nn.

Proof. Choose € > 0 and k& € N such that 1/m < ¢ < 1/k < n,1/q. Fix an arbitrary
vertex t € V(T). We start by finding a subtree 7" of T" which includes ¢ and has few
leaves, and is such that 7" — V(7") is a forest of components each having size at most
m. We do this by including in 7" every vertex which appears on the path in 7" from ¢
to many other vertices. That is, for each v € V(T'), let w(v) be the number of vertices
u € V(T) whose path from ¢ to u includes v (in particular, v is such a vertex). Let 7" be
the subgraph of T induced on all the vertices v € V(T with w(v) > m + 1.

For each v € V(T"), let S, be the tree containing v in T"— (V(T") \ {v}). Note that
S, — v is a forest with each component tree having size at most m. Indeed, suppose T is

a component of S, — v, and let v' be the neighbour of v in T”. Since every path from a
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Figure 3.2: A simplified example of the tree decomposition To C T3 C T, C T3 C Ty =T
described by Lemma[3.1] In this illustration, the forest T} consists of a single edge together
with an isolated vertex, and there are three paths, each with length ¢ = 12, connecting
components of T5 to form the tree T5.

vertex u € V(T") to t in T goes through v’ (and then v), we have that m > w(v') > |T"|
(and, in fact, the final inequality is an equality). Observe further that, for any leaf v of
T', 1S, —v| = w(v) — 1 = m, and, therefore, 7" can have at most n/m < en leaves.
Recall that a subpath P of 7" is called a bare path (in 7”) if all of the internal vertices
v of P have dg(v) = 2, and we denote by 7" — P the graph formed from 7" by removing
all the edges and internal vertices of P. Using [19, Lemma 2.8], find in 7" vertex disjoint

bare paths Py, ..., P, with length k such that

IT'— P, —...— P)| <6k-en+2n/(k+1) <nn/4 (3.1)

Note that r < n/k. For each path P, if possible, find within P; a path P/ with length at
least k — 203k, such that, letting X;, Y; be the subpaths of P/ induced by the first and

(2

last ¢ — 1 vertices of P!, the following hold.
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1) 2vevixy

SU" Z’UGV(Y;‘)

Sy| < nk/4.

(ii) Letting @; be the component of T' — X; — Y; containing P/ — X; — Y;, we have

Qi < m.

Say, with relabelling, these paths are P;,...,P/,. Let To =1T" — P — ... — P,,. We
will show that |Tp| < nn. Consider first the number of paths P; which do not have
length ¢ — 2 subpaths X;,Y;, each contained within 73k of each end of P;, and for which
> vevixy 9ol 2vev vy 190| < nk/4. Each such path contains at least |3k /(q—1)] disjoint
length ¢ — 2 subpaths Z satisfying Evev(z) |Sy| > nk/4, and so the number of such paths

1S at most

PR (g = D] (/) S

Of the remaining paths, at most n/m may fail to produce a P/ due to having |Q;| > m.
Thus, we have ' > r —nn/4k — n/m > r — nn/2k.

Note that, for each i € [’], |[V(P;) \ V(P!)| < 2n°k. Therefore
To| < |T' = PL— ... — Pl + k(r —7') + 7' (20°k) < nn/4 + k(nn/2k) + r(2n°k) < nn,

and hence holds. Let T} = T'[Uyev(1y)V (Sy)]. Recall that for each v € V(T”), S, — v
is a forest with each component tree having size at most m. Therefore, holds. Let
Ty = T1 U (Ui Qi), and note that holds. Note that

V(T)\V(T3)| = Z Z S| < 2r(nk/4) < nn,

LE[r] veV (X;)UV (Y;)

and hence [C5|holds. Let T3 = TV (T3) U (Uiep(V(X;) UV (Y])))] and note that [C4] holds.
Finally, the only vertices missing from T are those in S, — v for each v € U;cp(V(X;) U

V(Y;)), and hence T3 is a tree. O
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3.3 Regularity

Our embeddings use the regularity lemma for digraphs, by now a well-established tool in
the study of tournaments (see, for example, [21) 22, 25]). As with the regularity lemma
for graphs, this partitions most of the vertices of a tournament into clusters so that edges
behave pseudorandomly between most pairs of clusters. We will now recall the notation
needed to state the regularity lemma for digraphs.

Let G be a digraph. For disjoint subsets A, B C V(G), define the directed density

from A to B to be
_|E(A,B)
|Al|B|

d(A, B)
where F(A, B) denotes the set of edges of G directed from A towards B. Note that, if G
is a tournament, then d(B, A) =1 — d(A, B). We say that (A, B) forms an e-regular pair
if, for every X C A such that |X| > €] A| and every Y C B such that |Y| > ¢|B|, we have
|d(X,Y) —d(A, B)| < e. Note that, for tournaments, |d(X,Y) — d(A, B)| < ¢ if and only
if |d(Y, X) —d(B,A)| <e. We say that (A, B) forms an e-regular pair of density at least
 if, in addition to forming an e-regular pair, we also have d(A, B) > pu.
We will use the following directed version of Szemerédi’s regularity lemma proved by

Alon and Shapira [I].

Theorem 3.2 (Regularity lemma for digraphs). Let 1/ry < 1/r < €. Every digraph on
a verter set V' of order at least vy partitions as V =VoU VI U...UV,, with r; <r < ry,

satisfying the following.
D1 |Vp] < ¢|V].
D2 [V =...=[V.].
D3 All but at most er?® pairs (V;,V;) with 1 < i < j < r are e-regular.

We now state the definition of an e-regular partition. For convenience, we use a slightly
different definition of an e-regular partition of a tournament than is directly produced by

Theorem , but which is gained through the removal of few clusters (see Corollary .
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Definition 3.3. An e-regular partition of a tournament G is a partition V(G) = V; U
.UV with (Vi = ... = |V,| such that, for each fized i € [r], (Vi,V}) forms an e-regqular

pair for all but at most \/er many j € [r].

Corollary 3.4. Leta> >0 and 1/n < 1/ry < 1/r; < e € . Let G be a (1 + a)n-
vertex tournament. Then, there is a subtournament G' C G with |G’ = (1+a— f)n, and

an e-regqular partition V(G') = V1 U ... UV, with ry <1 < ry.

Proof. Given a tournament GG, using Theorem , take a partition V(G) = VoUW U. . .UV},
with 2r; < 7 < 1o, satisfying [DID3] By reordering, we may suppose there is some r
with 0 < 7 < 7 such that, for each fixed i € [F], (V;,V;) forms an e-regular pair with at
least (1 —/2/2)7 many j € [r] if and only if i € [r]. By D3] we find (7 — r)/e7/2 < 72,
and hence r > (1 — 2y/e)7 > ry. Let G' = G[V1 U...UV,]. The desired properties for G’
then follow by noting that [V(G)\ V(G")| < Vol + =E|G| < (e +2v€)|G| < fBn, and that

VET /2 < yJer. O
We will use the following simple proposition on vertex degrees in e-regular partitions.

Proposition 3.5. Let e, > 0 and r,m € N. Suppose G is a tournament with disjoint
subsets W, Vi, ..., V., CV(Q) of size |W| = |Vi| =...=|V.| =m, such that (W, V;) is an
e-reqular pair of density at least pu for each 1 < i < r. Fiz a subset U C Ui Vi. Then,

all but at most em vertices of W have at least (u — e)(|U| — erm) out-neighbours in U.

Proof. Let Z be the set of vertices of W which have fewer than (u — €)(|U| — erm) out-
neighbours in U, and suppose that |Z| > em. Then, for each i € [r], because (W, V;)
is an e-regular pair of density at least p, there are at least |Z|(u — €)(|U N'Vi| — em)
edges directed from Z to U N'V;, noting that this is trivial if |U N V;| < em. Therefore,
there are at least |Z|(pu — ¢)(|JU| — erm) edges directed from Z to U. However, from the
definition of Z, the number of edges from Z to U is less than |Z|(u — ¢)(|U| — erm), a

contradiction. O

Our proofs will often allocate the vertices of a tree to the clusters of a regularity par-

tition, before applying variations of standard regularity methods to embed these vertices
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so that they are (mostly) embedded to their assigned cluster. For this we will use, in
part, the following simple proposition, which embeds a tree from an assignment in this
way, provided that the tree is small and also that the vertices of the tree are not assigned

to too many different clusters.

Proposition 3.6. Let 1/m < ¢ < [, pu,1/¢. Suppose G is a tournament with subsets
Vi,..., Ve CV(Q) of size V1| = ... = |Vi| = m, and, for j € [{], let U; C V; have size
\U;| = pm. Let T be an oriented tree with |T'| < em, and suppose ¢ : V(T') — [{] is such
that if wv € E(T) and ¢(u) # ©(v), then (Vow), Vow)) s an e-regular pair of density at
least . Then, there is an embedding ¢ : T — G with ¥ (v) € Uy for each v € V(T).

Proof. Let V(T) =Y U...UY, be a partition such that

e for each i € [r], T[Y;] is a connected component of T[¢~*(5)] for some j € [¢], and

e foreach i € [r], T[Y1U...UY]] is a tree.

Let s € {0} U[r] be maximal such that, if Ty = T[Y;U...UYj], then there is an embedding
Y Ty — G with ¥(v) € Uy for every v € V(T}), and, for every v € V(T;) and j € [/]
for which (Vy(,V;) is an e-regular pair, we have df(¢(v),U;) = (d(Vpw), V;) — €)Bm
and dg(v(v),U;) = (d(Vj, Vi) — €)Bm. Suppose, for contradiction, that s < r. If

= 0, then let y € Y; be arbitrary and set Z; = Ug). If instead we have s > 0,
then let x € V(1s), y € Ys41 and ¢ € {4, —} be such that y € N3(x), and set Z;41 =
N&(W(x),Uyyy). In either case, we find that |Zs1q| > Bum/2 and Zg C Uyy). For
each j € [{] such that (V,,V;) is an e-regular pair, all but at most em vertices z of
Zgir satisty df(z,U;) = (d(Viy), Vj) — €)Bm and all but at most em vertices z of Z,4y
satisfy dg(z,U;) = (d(V;, Vi) — €)pm. Therefore, as e < 5, p, 1/¢, there is a subset
Ziy C Zea \Y(V(Ty)) with |Z,,| > Bum/4, such that, for every z € Z] | and j € [{]
for which (V,(),V;) is an e-regular pair, we have df(z,U;) = (d(Vy), V;) — €)fm and
de(z,U;) = (d(V;, Vo)) — €)Bm. But then, by Theorem , there is a copy of T'[Yyi1]
in G[Z,,,], and so we can extend v to cover Y, a contradiction to the maximality of

s. O
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As is common, given an e-regular partition V3 U... UV, of a tournament G, we will
consider the reduced digraph R for the partition which has V(R) = [r], and ij € E(R)
exactly when (V;,V;) is an e-regular pair with density comfortably larger than e. We will
sometimes delete edges arbitrarily from R so that there is at most 1 edge between any
pair of vertices. As a small proportion of pairs of clusters in an e-regular partition may

not form an e-regular pair, this will not necessarily result in a tournament. For this, we

define an e-almost tournament, as follows.

Definition 3.7. An e-almost tournament R is an oriented graph in which, for each

v € V(R), there are at most ¢|R| vertices u € V(R) with vu ¢ E(R) and uv ¢ E(R).

We will use the following simple property of e-almost tournaments, which shows they

each have some vertex with a good number of both in- and out-neighbours.

Proposition 3.8. Let R be an e-almost tournament on r vertices. Then, there exists a

vertez v € V(R) such that df(v),dg(v) > 54 —er.

Proof. Let H be any tournament with V(H) = V(R) such that R C H, and let m = L.
Any set of 2m + 1 vertices in H contains a vertex with out-degree at least m and a vertex
with in-degree at least m. Therefore, all but at most 2m vertices of H have out-degree
at least m, and all but at most 2m vertices of H have in-degree at least m. Therefore,

as n > 4m, there is some v € V(H) with dj;(v),dy(v) > "%, Then, v € V(R) satisfies

df(v),dg(v) = =L —er. O

3.4 Theorem [1.4; embedding the core and attached
small trees

In this section, following the proof outline in Section [3.1, we embed T}, and 7 for The-
orem . In the embeddings we may assume that 7T} is connected (i.e., that it is a tree
not just a forest), and so our embedding of Ty and T} will follow by identifying 77 with T’

in the following theorem.
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Theorem 3.9. Let 1/n < n << a < 1. Suppose T is an n-vertex k-leaf oriented tree with
a subtree Ty C T, such that |Ty| < nn and every component of T —V (Ty) has size at most

nn. Then, any ((1 4+ @)n + k)-vertex tournament contains a copy of T'.

Note that, within this section, T" will refer to trees satisfying the hypotheses of Theo-
rem (i.e., those usually denoted as T7 elsewhere in this chapter).

We require, for Theorem , the components of T'— V(Tp) to be bounded above by
nn, for some appropriately small n. This is not required for its application, where these
components will have constant size (see earlier), but this small linear bound follows
at no additional cost. As discussed in Section to embed the core Ty and extend
this embedding to T', we will first allocate the vertices of the tree to regularity clusters.
This allocation requires care beyond that in previous embeddings of trees in tournaments
(see [211, 22, 25]) as the large degree of some vertices in the tree require edges not just
to have sufficient density for regularity embedding techniques to be effective (i.e., e < u
in Proposition , but sufficient density for potentially linearly many neighbours of a
vertex to be embedded within the same regularity cluster. For this, we find it convenient
to consider an e-regular partition of clusters V3 U ... UV, as a weighted complete looped
digraph D with vertex set [r] and edge weights d(e) € [0, 1], e € E(D), indicating the edge
density between e-regular pairs of clusters. We call the sets of edge weights we typically

encounter e-complete, as follows.

Definition 3.10. Given a complete looped digraph D on vertex set [r], we say edge weights

d(e) € [0,1], e € E(D), are e-complete if the following holds.

E For each j € [r], d(j,j) = 1 and, for all but at most er values of i € [r] \ {j},
d(i, j) + d(j,1) = 1.

From this perspective, an allocation of the vertices of an oriented tree T' to the regu-
larity clusters is a map from V(7') to the vertices of a complete looped digraph D with
edge weights representing the density of edges between regularity clusters. Considering

the role of p in Proposition [3.6] it is important that whenever endpoints of an edge of
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T are allocated to different clusters, those clusters form an e-regular pair of density at
least . When D is introduced in the proof later, we will adjust the weights on some
edges to ensure that d(i,7) = 0 whenever d(V;,V;) < u. Thus, a valid allocation will be a

)

homomorphism from 7" to D, defined as follows.

Definition 3.11. Given a digraph H and a complete looped digraph D with associated
edge-weights d(e) € [0,1], e € E(D), we say that a function ¢ : V(H) — V(D) is a
homomorphism from H to D if d(¢(v), p(w)) > 0 whenever vw € E(H).

We need to find such a homomorphism from 7" to D satisfying additional properties,
such as a limit to how many vertices are assigned to each cluster. The allocation we find for
Theorem [3.9) will always assign the vertices of Tj to a single cluster, whose index we call j;,
and then distribute the vertices of the components of T'—V (T}) across the other regularity
clusters. Rather than considering the components of T'— V(Ty) directly, we will work
with a small vertex-weighted digraph H, which represents an average of the components
of T'—T(Vp). We will find a probability distribution D on the set of homomorphisms from
H to D so that when we assign vertices of each component of T' — V(Tj) according to
an independent sampling of D, then, with high probability, the resulting homomorphism
from T to D has the required properties. Working in this randomised setting allows us to
obtain this homomorphism concisely and without the need to consider the many distinct
oriented trees which may appear as components of T'— V' (Tj).

The existence of the probability distribution D is asserted by Theorem below,
which is used in this section as a starting point for Theorem [3.9. The proof of Theo-
rem [3.13]itself is the most involved part of this chapter, and so we defer this to Section |3.7]
Before stating Theorem [3.13] and also explaining the statement in more detail, we first
define the digraph H used to represent the components of T'— V(1) (see also Figure .

To simplify the notation relating to H, we make use of the following definition.
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Figure 3.3: The fully-looped oriented forest H (with looped edges omitted).

Definition 3.12. Say that a digraph F is a fully-looped oriented forest if F' has a looped

edge on every vertex, and the deletion of all looped edges from F' leaves an oriented forest.

Let H be the fully-looped oriented forest with vertex and edge sets given by

{x+ ot ut wt T et at, ot LY L2 U W, T2 ,U ,w—},

atyt et stut wtet, 2t rat wt et (3.2)
E(H) = U{vv:veV(H)}
Y xrT, T2, U2 2w, TR ,u
For each o € {4, —}, let X° = {2°,7°}. Let X = Xt U X".
We are now ready to state Theorem [3.13] Note that, for the function g : V(H) — [0, 1],

if A C V(H) we will often write 3(A) to mean ), _, 3(v) and B(vy,...,v) to mean

/6({1)1, e ,Uk}).

Theorem 3.13. Let 1/r < ¢ €« p < a < 1. Let H be the fully-looped oriented forest
with vertex and edge sets given by . For each o € {+,—}, set X® = {z°,z°}, and
set X = XTUX". Let B:V(H) — [0,1] be a function satisfying 3_,cy gy B(v) =1 with
ByT) = Blat) and B(y~) = B(x7), and, for every v € V(H), B(v) = p. Let D be a
complete looped digraph on vertex set [r] with e-complete edge weights d(e) for e € E(D).
Let

v=max{B(z",7"), 8", 2"} + max {B(z~,z7),8(z",z7)}. (3.3)

Then, there is a fized j, € [r] and a probability distribution D on the set of functions from
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V(H) to V(D), such that, if ¢ is sampled according to D, then the following properties
hold.

F1 With probability 1, ¢ is a homomorphism from H to D, and j; ¢ ¢({z, %, 27,27 }).

F2 For each j € [r], B(B(¢~1(j))) < 2o,

T

F3 For each j € [r], either

F3.1 E(3(6™(j) N X)) < d(j. ) - 522 and B(B(67(7) N X)) < d(j.ji) - 2

T

or

F3.2 E(5(67'() N X7)) <d(j i) - 2 and B(3(67(7) 0 X)) < d(ji. ) - 222

T

F4 With probability 1, we have |¢(e)| = 2 for every non-looped edge e of H.

The technical nature of Theorem [3.13] is a result of the complications involved in
finding an appropriate allocation of the vertices of T' — V(T}) to the regularity clusters
represented by D. Having chosen a single cluster (indexed by j;) for the embedding of Ty,
the restriction on where a vertex u in 7' — V(7j) can be embedded depends on the path
from T to w in T, and its edge directions. However, it will turn out that all we need to
consider is what proportion of the vertices in 7" — V(Tj) have paths from Ty beginning
with any given oriented path of length at most 3. Accordingly, in the application of
Theorem each vertex u of T'— V (T}) will be associated to a vertex of H depending
on the orientation of the first few edges on the path from 7y to w. Then, each vertex v
of H will be given weight 5(v) roughly equal to the proportion of vertices of T'— V(Tj)
associated to v. It is in this sense that the digraph H together with the weight function
[ represents an average of the components of T'— V(Tj). Vertices in X represent the
vertices connected by an edge to Ty in 7', which may therefore be neighbours of any very
high degree vertices in Ty, and so we need to pay particular attention to how often they
are assigned to each regularity cluster.

Identifying H and S in this way helps contextualise the statement of Theorem [3.13|

Suppose j; is fixed as the index corresponding to the image of Tp, and ¢ is sampled
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according to D. By [F1] we will have with probability 1 that ¢ is a homomorphism,
so that the regularity properties can be used to embed any edges assigned between two
regularity clusters, and, for convenience, no vertex in X is assigned to j;. ensures
that (on average) not too much weight is allocated to a single cluster. ensures that
(on average) the weight of vertices in X (i.e., those which need to be attached by an
out-edge to Tp, which is allocated to j;), or X, allocated to each cluster is not too much,
where the limit is dictated by the appropriate density from that cluster to j;, or from
Ji to that cluster. Finally, is present to later ensure that vertices of Np(V (1)) are
allocated to a different cluster to their neighbours, which will assist with the embedding
process.

We use the parameter 7 (see in Theorem to control the total size of com-
ponents we can embed using ¢ relative to the size of the tournament from which D is
derived. As we use this for Theorem [1.4] it should be related to the number of leaves. In
the application of Theorem [3.13] the weight on the vertices with base label ‘@’ or ‘2’ is
distributed so that it can be bounded based on the number of leaves of the original tree
(and in certain cases uses a lower bound than that required for Theorem [1.4)).

We now sketch the proof of Theorem from Theorem [3.13] In this proof, we first
define a homomorphism f from T'— V' (Tp) to H, and then use f to define an appropriate
weight function § : V(H) — [0, 1]. Then, taking an e-regular partition of a tournament G
with vertex classes Vi,...,V,, we choose the appropriate edge-weighted complete looped
digraph D. Applying Theorem , we obtain j; € [r] and the probability distribution D.
We then embed T} into a subset of good vertices inside Vj,. By independently sampling
¢ according to D for each component of T'— V(T), we then get a homomorphism ¢ from
T — V(Ty) to D. We will see later (in Claim that ¢ is a good guide for assigning
vertices of T'— V(1) to the clusters Vi,..., V.

Because T may have vertices with high degree, we need to allocate room in the clusters
for vertices in Np(V (Tp)) before embedding the rest of T'— V(1}). However, if we fix the

images of Nr(V(Tp)), then the embedding of the components of Ny (V' (1)) is restricted in
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a way that possibly prevents us from being able to exactly follow the allocation given by ¢.
To handle this, we consider large components and small components separately. Precisely,
using S, to denote the component of T — V(1) containing x € Np(V(1})), we partition
Nr(V(Ty)) = XoUY, such that S, is at most constant-sized whenever x € X (and larger
than constant-sized whenever x € Y;). We then embed as much of U,ex,uv,V(Sz) as
possible. Given x € X, if it is not possible to embed S, according to ¢, then we may
still be able to find an embedding for S, by switching its allocation with an identical
component. Indeed, if a significant number of z € X are yet to have their corresponding
component embedded, then the bound on |S,| for x € X; helps to find a suitable identical
pair. Thus, we can extend the embedding to cover most of U,ecx,V(S;). On the other
hand, Y is small, and so the corresponding larger components can be all be embedded
greedily using specially reserved sets for their roots. Finally, any remaining components
of T'— V(Ty) that are not embedded can then be handled by greedily embedding them to

a random subset U C V(G) reserved at the beginning of the proof.

Proof of Theorem[3.9. Let o = @/35 and introduce constants p,e,r1, 2 such that n <
I/ro € 1/r; € ¢ € p < «. For each z € Np(V(Ty)), let S, be the component of
T — V(Tp) containing .

Let G be a ((1 + 35a)n + k)-vertex tournament, and note that n < |G| < 3n. Let
U C V(G) be arandom subset, with elements from V(G) chosen independently at random
with probability 2a, and let V' be the set of vertices v € V(G)\ U with d5(v,U) > 4a’n.
By Proposition [1.20, we may proceed assuming that |U| > an and [V'| > ((1+11a)n+k).

Define fo : Np(V(To)) — {xT, 27, 27,2} as follows. For each ¢ € {+,—} and v €
N3(V(Ty)), set fo(v) = x® if Ng(v) \ V(To) # 0, and set fo(v) = z° if No(v) \ V(Tp) = 0.
Then, let f: V(T)\V(Ty) — V(H) be the homomorphism from 7'—V (1) to H extending
fo such that f=({z*, 2%, 27,27}) = Nr(V(To)), [~ ({=",27}) = Ny (Nf (V(Th))) \
V(Ty), and f~*({z7,z7}) = Nf(N;(V(Tp))) \ V(Tp). (Note that this homomorphism
is unique, as each vertex in (Ny (N (V(Tp))) U N (N7 (V(Ty)))) \ V(Tp) has only one

viable candidate for its image among {z%,Z", 27,27}, and once those vertices have their
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images fixed, each remaining vertex has only one viable candidate for its image among
+ ot ot at ot o = A= G
{y 7u 7w 7u 7w ’y ’/U/ 7w 7u 7w }‘)

Let §: V(H) — [0,1] be given by setting, for each v € V/(H),

|f ()| + 2un

\V(T)\ V(To)| + 36un’ (3.4)

plv) =

and note that, because |V(H)| = 18, 8 is a function satisfying > .y S(v) = 1, and

B(v) = p for every v € V(H). Set
5 = max {B(z*, ), (=", )} + max {Bz~,7), Bz, )}, (3.5)

We remark that, for each o € {+,—}, if v € f~1(2°), then there is some v/ € N3(v) \
V(Ty) with f(v') = y°. Therefore, S(y*) > B(z1) and B(y~) = B(x~). We also remark
that, for each x € Np(V(T})), the number of leaves of T appearing in S, is at least
max {1, |f({z*,z%,27,27}) N V(S,)|}, and hence

k> Z max {1, [f({z", 2%, 27,27 }) NV (S,)|}

CEENT(V(TQ))

> max {|N7 (V(To))|, [/ ({=", 2" DI} + max {|Ng (V(To)|, 1f " ({z". 27 DI}

= max {|f 7 ({z", 2" YL If {2 2D+ max{[f {27 2 DL {2 DI

Therefore, by and (3.5)), v < @+ k/n and hence |[V'| > (1 + v + 10a) - n.

By Corollary [3.4], there is some r with r; < r < ry and disjoint subsets Vi, ..., V, C V/,
with |[Vi| = ... = V.| = (14+~v+9a)-n/r, such that V; U...UV, is an e-regular partition
of GIVi U...UV,]. Let D be a complete looped digraph on vertex set [r] with edge
weights d(e), e € E(D) given by setting d(j,7) = 1 for every 5 € [r], d(j,j') = 0 for

every jj' € E(D) for which j # j' and (V},V}/) is not an e-regular pair, and, for every
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jj’ € E(D) for which (V},V}/) forms an e-regular pair, setting

/

1 lfd(‘/b‘/}’)>1_y“7

d(G,') = § d(V;, Vi) if p < d(V;, Vi) < 1—p,

0 it d(V, Vy) < po.

\

We remark that the edge weights d(e), e € E(D) are y/e-complete, and, for j # j', if
d(j,7') > 0, then (V;,V}) is an e-regular pair with density satisfying d(V},V;) > p and
AV Vi) = (1= ) - dj. 7).

By Theorem [3.13|applied to 3 and D, there is some j; € [r] and probability distribution
D on the set of functions from V(H) to V (D), such that, if ¢ is sampled according to D,
then[F1}[F4 hold. Let J; be the set of j € [r] for which we have[F3.1] and let J, = [r]\ Ji,
so that holds for every j € J,. For j € [r], let U;, W; C V; be disjoint subsets with
\Uj| = (1 +7v+4a)-n/r and |W,| = 3a- n/r. Let Z be the set of z € V, \ (U;, UW},)

such that the following holds for ¢ with probability at least 1 — /2.

A (2, Ugary) 2 (e, (@) - (L4 v +3a) -nfr, dg(z, Woan) > 2ap-nfr,
(2, Usa)) 2 d(e, 6(z7)) - (L+ 7+ 3a) - n/r, & (2, Wo+)) 2 2ap-n/r, (36)
(2, Upa-)) 2 d(d(x7), gi) - (1 +7 4 3a) - n/r, de (2, W) 2 2ap-n/r,
de(2,Upz—y) = d(o(x7), ji) - (1 4+~ + 3a) - n/r, de (2, Wyz-y) = 2ap-n/r.

Claim 3.14. |Z| > a-n/r.

Proof of Claim[3.1. Let Z be the set of z € Vj, such that fails with probability at
least /2. If |Z| < a-n/r, then, as |V, \ (U;, UW,,)| = 2« - n/r, the claim follows. So
assume for contradiction that |Z| > a - n/r.

Let © be the set of homomorphisms ¢ : H — D such that j; ¢ ¢({z*, 2%, 27,27})
and d(j;, p(z 1)), d(j;, o(z)), d(d(z7),5:)), and d(¢(Z7),j;) are all positive, and hence,
by our choice of d(e), e € E(D), are all at least p. Note that, by [F1 P(¢ € Q) = 1.

Given ¢ € , let Bg be the set of z € Vj, such that (3.6) fails for ¢ = ¢. We claim that
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|Bg| < 24¢ - n/r for every ¢ € Q. Indeed, if ¢ € Q, then (V},, V3(z+)) is an e-regular pair
of density d(V},, Vj+)) = min{d(j,, p(«™)),1 —pu} > p, and so the number of z € V},
for which we do not have df(z, Us,+y) = d(ji, (zT)) - (1 + v + 3a) - n/r is at most
elV;,| < 3e-n/r (using, for example, Proposmon with ' = 1 and p' = d(V},, V,+))-
More generally, if ¢ € €, then Vies Vo)), Vi, Vaa))s (Vi) Vi), and (V- Vj,) all
form e-regular pairs (of density at least u), and thus each one of the inequalities of
fails for at most 3¢ - n/r many z € Vj,. Hence we have |Bj| < 8 -3¢ -n/r = 24e - n/r for

every ¢ € ), as claimed. But then

ave-n/r <|Z]-VELD P(¢p=¢)-|Bs| < 24e-nfr,

$eQ
a contradiction as € < . L]

Note that, by Claim and as 1 < a,1/ra, |Z] = 3nn = 3|Ty|. Therefore, using
Theorem [1.8 let ¢ : Ty — G be an embedding so that ¢(V (1)) € Z. For each = €
Nr(V(Tp)), let z, € Z be the image under 9 of the unique neighbour of x in V(7j). Our
aim now is to extend 1 to cover the components S,, x € Np(V(Tp)), with each ¢(x) in
the appropriate in- or out-neighbourhood of z,.

Given v € V(T') \ V(Tp), let z(v) € Np(V(Tpy)) be the unique vertex such that v €
V(Sz@w)). For each x € Np(V(Ty)), choose a homomorphism ¢, : H — D by sampling ¢,
conditioned on the event that holds for z = z,. Define a function ¢ : V(T)\V(1p) —
[r] by setting G(v) = ¢y (f(v)). We remark that ¢ is a homomorphism from 7" — V(T;)
to D, with |p(V(S,:))| < |H| for every x € Np(V(Tp)).

Let X, be the set of z € Ny(V(Tp)) with |S,| < 1/p?, and let Yy = Np(V(Tp)) \ Xo, so
that |S;| > 1/u® whenever x € Yj. Note that |Yy| < g®n. Roughly speaking, we will try to
embed each v € V(T) \ V(Tp) into Vi), with each v € Yy embedded into W,y and each
veV(T)\ (V(Ty) UYy) embedded into Uysy. This motivates the following claim, which
we will prove later. For this, for each j € [r] and o € {+, —}, let X7 (respectively, ;) be

the set of vertices in X (respectively, Yy) which are ¢-neighbours of V(7j) and allocated
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to V; by ¢. That is, for each j € [r] and o € {+, —}, let X7 = XoN fHYX)Np~1(j) and
YVP=Yon f7H(X°) g7l ()).

Claim 3.15. With probability at least 3/4, the following properties hold.
G1 For every j € [r], [¢71(j)] < (1 + 7+ 3a) - n/r.
G2 For every j € [r] and v € X7 U X7,

G2.1 if j € Ji, then di(z,U;) > |X[| if v € X and dg(z,U;) > | X7 UXS| if
re X
G2.2 if j € Jo, then dg(z,,U;) > |X; | if v € X5 and di(z,U;) > | X7 UX7| if

e X
+ — .
G3 [Y;"UY | <au-n/r for every j € [r].

We therefore proceed with the assumption that properties hold. Extend v to

cover X, as follows.

e For each j € Jy, using greedily extend 1 to first cover X", and then to cover
X7, so that (XU X)) C Uj.

e For each j € J,, using greedily extend ) to first cover X, and then to cover
X7, so that (XU X)) C Uj.

Next, let X' C Xy U Y, be a maximal set such that there exists a homomorphism ¢
from T — V(Tp) to D and an extension of ¢ covering U,cx/V(S,) such that the following

properties hold.
H1 ¢(v) = ¢(v) for every v € Xo U (Uzey, V(Sz)).
H2 |p(V(S,))| < |H| for every z € Xy U Y.
H3 [o7'(j)] = [¢7'(j)] for every j € [r].
H4 If 2 € X' NY, then ¢(z) € Wi, and if v € (Uzex/V(S:)) \ Yo then ¥(v) € Uyw.
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We remark that this is well-defined, as we may take X’ = () and ¢ = .
For this maximal X’ take (¢,%) so that hold, and let A = ¢(V(Tp) U Xy U

(Uzex'V(Sz))). Note that, by (G1], [H3| and [H4] we have

U\ Al = a-n/r (3.7)

for every j € [r]. We now show that X’ includes all of Y and almost all of Xj.

Claim 3.16. Y, C X",
Proof of Claim[3.16. For any o € {+,—} and x € N(V(Tp)) N Yy, we have

. I
INE (2 W) VAl = 20p-n/r = [V} UY; | S ap-n/r.

So if x € Yy \ X', then, by Proposition and (3.7)), ¥ can be extended to cover V(S,)
with ¢(z) € W@ \ A and ¥(v) € Uy \ A whenever v € V(S;) \ {2}, contradicting the

maximality of X’. So we must have Yy C X'. ]
Claim 3.17. | X, \ X'| < p'n.

Proof of Claim[3.17. For each m € N, let g(m) denote the number of rooted oriented
trees with at most m vertices. Suppose, for contradiction, that | Xy \ X’| > p'n. Then
there is some j € [r] with [(X;"U X))\ X'| > u* - n/r. Therefore, there is some rooted
oriented tree S such that, if X7 is the set of z € (X;7UX ;")\ X’ for which S, is isomorphic
to S, then [X?| = (u*/g([1/1*])) - n/r.

Choose 1 € X ]S arbitrarily. By Proposition and , there is a copy of S, in G,
with each v € V/(S,,) \ {1} copied to Uy \ A and x; copied to 1 (X7), and let 2, € X7
be such that ¢ (z) is the image of z; in this copy. Because S, and S,, are isomorphic,

we may regard this as a copy of S,,, and use this copy to extend v to cover V(S,,).
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Let p be an automorphism of 7' — V(Ty) with p(S.,) = Sz,, p(Sz,) = S.,, and
p(v) = v whenever v ¢ V(S5,,) U V(S,,). Note that ¢(v) € Ugyw)) Whenever v €
(Uzex'ufas}V (S2)) \ Yo, and so ¢ o p is a homomorphism from 7" — V(Tp) to D also satis-
fying [HIjH4] So using this extension of ¢» and the homomorphism ¢ o p, we may add

to X', a contradiction. ]

We now have an embedding of a subtree T[¢p"!(A)] C T into G[V’], where, using

Claims [3.16] and [3.17],

VONG A< D IS <pm

{L‘G(X()UY())\X/

Recall that we also have d5(v,U) > 4a’n > 3un for every v € V’'. Therefore, by
Corollary [1.9] this embedding can be extended to an embedding of 7" into G with the
vertices of V(T)\ ¥ "}(A) embedded into U. All that remains now is to prove Claim [3.15]

Proof of Claim[3.15. We will prove that each of the properties fails with proba-
bility at most 1/16, and so the claim then follows.
[G1} As each ¢, was chosen previously by sampling ¢ conditioned on an event which

holds with probability at least (1 — 1/2), we have that for any v € V(T') \ V(Tp), j € [r],

P(¢a)(f(v) = ) < (1 = V) 'P(6(f(v)) = j). (3.8)

Thus, we find that, for any w € V(H), j € [r],

E(l¢7'(j) N Z MM) (v)) = J)

vef-1
< Z (1— VA 'B(6(f(1)) = j)
vef~H(w)
(13-4)
< (1+ i) - E(B(671(7) N {w})) . (3.9)
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For any j € [r], we have

E(e~' (D= > E(e'G)n S (w))

weV (H)
B9) L F2
< EB@ () n+ta-n/r<(1+v+2a) -n/r (3.10)
Therefore, as
2 2
D ISP D0 IS max [So] <, (3.11)
z€XoUYy z€XoUYy

we find that

3.10)

B(~ ()] > (147 + 30) - n/r) 2 B~ ()] — B¢~ ()]

>

Theorem L9 20% - n?/r? 202

< 2exp | — 5] S 2exp|—— |,
ZxEXoUYO |S$’

and so the probability that fails is at most 2r - exp (—2a?/nr?) < 1/16.
[G2} We first note that, for any j € [r] and o € {+, -},

E(X;) =Y E(e7' )N/ (w)) < 1+ va)-EB(eT ()N X)) -n. (3.12)

weX®

Also,

Theorem [I.19 2#4 5 n2/r2 2#4
2
PO - B > i) 8 2oy () < 2o (<20,

Therefore, with probability at least 1 — 47 - exp (—(2u*/r?) - n) > 15/16, we have
IX7] —E(X))| < p?-nfr forevery j € [r], o € {+,—}. (3.13)

Thus, it is enough to show that follows from (3.13)). Indeed, for j € Jy, if P(| X ]+ | >

0),P(|X;| > 0) > 0, then d(j¢, j), d(j, j:) > p, and so for any = € X~ we have

ET)FET . €9
(XH < BOXS )+pPn/r < (I d(e, §) (4y+a) n/r+p?n/r < di(z,Uj),
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and for any = € X, we have

IXFUXT| < E(XSUXS|)+2u® - n/r

B FET - .
< (+vmdG, i)+ +a)-nfr+2u*-n/r < dg(z,U;),

and so holds. If instead |X;"| = 0 with probability 1 or |X;| = 0 with probability
1, then the same conclusion holds. Similarly, if j € J; then (3.13]) implies |G2.2
[G3} Note that if z € Ny(V(T)) and j € [r], then, because 8(f(z)) > p,

B3)

P(ple) = ) = B6u(7(x)) = ) S (1— V) "B(/(x)) = )
— (1= VB gy BB G) N (@) < 6/

and so, for any j € [r], we have E(|Y;" UY]7[) < 64 - n/r. Therefore, for any j € [r],

B(Y; UY;| > ap-n/r) < E(Y; UY;| —E(Y; UY, )] > i nfr)

Theorem [L.19] 2 4,2 /0.2 2 4
S e (2N o (S L),
Yol r?

and so, the probability that fails is at most 7 - exp (—(2u*/r?) - n) < 1/16. 00O

3.5 Theorem [1.5; embedding the core and attached
small trees

In this section, following the proof outline in Section [3.1, we embed Ty and T} for The-
orem , doing so in the form of the following result, Theorem m (This compares to
our work in Section for Theorem , proving Theorem )

Theorem 3.18. Let 1/n < n < a. Suppose T is an n-vertex oriented tree with a subtree
To C T, such that |To| < qn and T is formed from Ty by attaching to each vertex v of Ty

a tree S, with |S,| < nn. Then, any (1 4+ a)n-vertex tournament contains a copy of T
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Note that there is no direct maximum degree imposed on 7" in Theorem [3.18] but as
(exactly) one tree is attached to each vertex in Ty to get T, it follows that A(T) < 2nn.
As with Theorem the proof of Theorem [3.18| is broken into two main parts — in
Section [3.5.1] we allocate the vertices of T' to regularity clusters, before embedding the

vertices according to this allocation in Section [3.5.2]

3.5.1 Allocating vertices for Theorem [3.18

To allocate the vertices of an oriented tree T' from Theorem to regularity clusters in
some e-regular partition Vi U. ..UV, we first find an assignment of the vertices of T" to the
vertices of a simpler ‘caterpillar-like’ digraph (see Figure . This assignment maps the
vertices of the core Ty C T into a small transitive tournament, with the components of
T — V(Tp) assigned to an in- or out-leaf from this transitive tournament according to the
direction of the edge from T to the component. The number of in- and out-leaves from
each transitive tournament vertex is chosen so that the number of vertices of V(17')\ V (1))
mapped onto each one is approximately even.

We ultimately find the ‘caterpillar-like’ digraph within the reduced digraph R for
an e-regular partition V3 U ... UV, (see Section , and therefore we wish to find the
‘caterpillar-like’ digraph in any e-almost tournament R. The method for finding such a
‘caterpillar-like’ digraph is presented in Lemma [3.19, which is then applied, to a weight
function naturally arising from the simplification of T" discussed above, to produce a full
description of the ‘caterpillar-like’ digraph in Corollary [3.20f The transitive tournament
of the ‘caterpillar-like’ digraph is found with vertex set {j1, jo, ..., js} (where condition
in Corollary guarantees it is a transitive tournament), with sets of out-leaves I and
in-leaves I; of j;, for each ¢ € [s]. The condition [J3|in Corollary ensures there are
enough in- and out-leaves to allow the approximately even distribution of V(T') \ V(Tj)

in the simplification of T
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Lemma 3.19. Let ¢ > 0 and 5,m,r € N. Let n;/,n; € N, i € [5], be such that m <

n +mn; < 4m for each i € [3]. Suppose that R is an oriented graph on [r] in which, for

each j € [r],
df(j) + dg(j) = |R| —m > (25 + 10001og §)m + Y _(n + n; ). (3.14)
1€]3]
Then, there is some s € [8] for which there exists 0 = ig < iy < ... < is_1 < is =5, and

subsets {jo}, 1,7, I, C [r] for € € [s], all disjoint, with the following properties.
11 j,, =R Ju, whenever {1 < {s.

I2 For each { € [s| and o € {+, =}, we have I} C N§(ji), and

17| = Zg n;-
i=ig_1+1
Proof. Fix m € N and ¢ > 0. We will show, by strong induction on s, that the lemma
holds for each s > 1.

First, suppose § = 1. It follows from that R is a (1/25)-almost tournament
with |R| > 25m, and therefore, by Proposition [3.8] there is some j; € [r] such that
dr(1),dg(j1) = |R|/5 = 4m. If we set I? C N5(j1) with |I7| = n$ for o € {+,—}, then
all the required properties are satisfied.

Suppose then that s > 1. It follows from that R is an (1/25)-almost tournament
with |R| > 25m, and therefore, by Proposition there is some j € [r] such that
d(7), dg(j) = |R|/5. Now, by (3.14), we have df(j)+dp(j) = 3,cq(nf +n; ). Therefore,
at least one of 37, n < dk(j)or > icis ™ < dp(j) holds. If both inequalities hold, then
the desired result follows by taking s = 1, j; = j, and I C Ny(j) with [I7]| = >

iz T for

each ¢ € {4, —}. Otherwise, by directional duality, we may assume that Zie[g] n < dh(j)

and > _icrgny > dg(j)-
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Then, let s € [ — 1] be maximal such that

Note that, as

and n; < (nf +n;) < 4m for each i € [5], we have s’ > 5§/20. Furthermore, by the

maximality of s, we have

> 0y = dg(j) — 4m. (3.15)

Let 4o = 0 and i1 = 5. Let I C dp(j) have size >, ,yn; . Using that dh(j) =

i€[s

Dieg M let I C dp(5) have size 37, n; and let I = Ng(j) \ 17

Now, § — s’ < 5—5/20 = 195/20 so that 1000log(s — s') < —5+ 1000 log 5, and hence

| | .
1| = dp(G) = 1| = dp() = ||+ dg(5) = [I| — 4m

> (25+1000log s)m + > (nf +n;) — || = |I; | — 4m

1€(3]
= (21 +1000logH)m+ > (nf +n;)
i€ls)\[s'
> (26 + 10001og(s — s'))m + Z (nf +n;).
ielsI\[o'

Let R’ = R[], and note that, for each j € V(R'), by (3.14) we have d},(j) + dgp(j) =

|R'| —m = |I| — m, so that, in combination with the above calculation,
b () + dp (j) = [R| —m > (25+1000log(5 — ))m+ > (nf +n;),
i€[5]\[s']

for each j € V(R'). Therefore, by the inductive hypothesis for § — &', there is (with
relabelling) some s € [s] for which there exists s’ = iy < ip < ... < iy = § and subsets

{4e}, I, I; C V(R') = NE(j) \ I} for ¢ € [s]\ [1], all disjoint, such that j,, —r je
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%/—/H/_/

1_ 1_ Iy Iy

Figure 3.4: A ‘caterpillar-like’ digraph, as appearing in Lemma and Corollary [3.20]
While the other edges are omitted for legibility, j,, — je, — ... — Js is the underlying
directed path of a transitive tournament.

whenever ¢, < £y, and, for each ¢ € [s] and o € {+,—}, we have |Ig| = 3% iy i1 T

Thus, the required properties are satisfied, completing the proof. O

Corollary 3.20. Let 1/n < e,n,1/r < a < 1. Suppose T is an n-vertex oriented tree
with a subtree Ty C T, such that |To| < nn and T is formed from Ty by attaching to each
vertex v of Ty a tree S} in which v only has out-neighbours and a tree S, in which v only
has in-neighbours, so that |S;|,|S, | < nn. Let R be an e-almost tournament with vertex
set [r].

Then, there is some s < «/100¢e for which there ezists a partition V(Ty) = X;U. . .UX,

and subsets {jo}, 1,5, I; C [r] for € € [s], all disjoint, with the following properties.
J1 There are no edges of Ty directed from X; to X; with i,j € [s] and i > j.
J2 j4, — R Ju, whenever {1 < (5.

J3 For each l € [s] and o € {+,—}, we have Ij C N3 (je), and

1] = 1+a/4 Z [0l

Proof. Pick ¢ > 2n such that ¢,1/r < ¢ < «o. Let m = cn. Let ng = |Tj| and let
U1, ..., U, order V(7)) such that i < j whenever v; =1 v;. Let 5 be the largest integer

for which there are integers 0 = ko < k1 < ... < ks < ng such that m < ZZ‘:MAHGSJL |+
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1S, ) < 2m for each £ € [5]. Now, as | |+ |5, | < m for each k € [ng], we must have by
this maximality that Y7, . (S} | 4 [S,,|) < m, and therefore, as T has n vertices, we
have that 5§ > n/3m = 1/3c > 1. Furthermore, setting Wy, = {vg,_,41,..., vk, } for each

te[s—1)and Wi = {vg._,+1,---,Vn,}, Wwe have, for each ¢ € [5], that

m< Y (18714 157]) < 3m

veW,
Finally, note that
n 2n
— <S5 — 3.16
3m § m ( )

Now, for each i € [3], let

Let m = rm/n(1+a/4), so that cr/2 < m < cr and, for each i € [3], m < nf +n; < 4m.

From (3.16]), we have r/4m < § < 2r/m. Therefore, as 5 > 1/3c and 1/r < ¢ < «, we

have
4 10°log 5 8
25 + (26 + 1000log H)m < — + [ ——=2 ) r < S+ L < 2 (3.17)
m S c 16 8
Note that
> (nf4ny) <28+ ———— "> (ISF+18,]) < s Em <25+ (1—a/8)r,
e k ’ (1+ 04/4 n e (1 +a/4)

as n,1/r < a, so that, by (3.17)), we have

r > (26 +1000log 5)m + » (n +n;).

i€(3]

Finally, we have m > ¢r/2 > er, so that, as R is an e-almost tournament, for each
v € V(R), we have dj(v) + dp(v) > |R| — ¢|R| > |R| —

Thus, by Lemma [3.19] there is some s € [s] for which there exists 0 =iy < i; < ... <
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is—1 < is = §, and subsets {j,}, I,7, I, C [r] for £ € [s], all disjoint, such that [I1] and
hold. Letting X, = U’

1=jo—1

W; for each ¢ € [s] then gives the required partition. O

3.5.2 Embedding vertices for Theorem 3.18

We can now prove Theorem [3.18 using Corollary [3.20 We first prove Lemma [3.21] which
can embed the vertices of T' that have been mapped to a single vertex of the small
transitive tournament and its in- and out-neighbours in the ‘caterpillar-like’ digraph (here
corresponding to Vp, with in-neighbours corresponding to V;", ..., V," and out-neighbours
corresponding to V7, ..., V), before using this repeatedly for each vertex of the small

transitive tournament produced by Corollary to prove Theorem

Lemma 3.21. Fix a > 8 > 0, p > 0 and let 1/m < n <€ 1/r € ¢ € v <K
w, 8. Let G be a tournament. Suppose, for some k,{ < r, there are disjoint subsets
Vo, Vit, . VRV, VT of VI(G), all of size (1 + a)m, such that (Vo, V") is an e-
regular pair of density at least u for i € [k], and (V,7,Vp) is an e-regular pair of density
at least p fori € [(].

Suppose T is an oriented tree with a subtree Ty C T, such that |Ty| < nm, and T
is formed from Ty by attaching to each vertex v of Ty trees Sf, S, with d;;r (v) =0,
d;fv,(v) =0, and |S}],1S;] < nm.

Let W C Vj be a set with |W| = ym, and let U, C V;*, i € [k], and U, C V", i € [{] be
sets such that 32,y (U] = 32 cpmy) 1S5 |+ KkBm and 3210 U7 | = 2 ey S0 [+ £8m.

Then, there is a copy of T in G, with Ty copied to W and T — V(1y) copied to

Ufu...uUfuU; JU...uU, .

Proof. For the smallest possible p, take a partition V (7;) = X;U...UX,, such that, for each
j € [p), TolXqu. . .UXjlisatree, 3 o [S)] < kBum/4, and 3, |5, | < (Bum/4. This
is possible for p = |Tg|, so a smallest such p will exist. We in fact claim that p < 32/5pu.

Indeed, for this smallest possible p, take a partition that minimises > ] J|X;|. Suppose

JEP

there is some j" < p for which both > _ |Sf| < kBum/8 and Y _y |S,| < £Bum/8.
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Figure 3.5: The sets W; C ... C W, in the proof of Lemma . The sets are chosen so
that each vertex w € W; has sufficiently many in- and out-neighbours in W;,;.

Let x € X;/41 be such that To[X;U...UX U{x}] is a tree. Then moving « from X4 to

X produces a partition which contradicts the minimality of } ;. j|X;[. Thus we have

ZvEV(TO) S| ZUEV(TO) S5 ] <1+ 8Zie[k] U] n 82,@[5] Uy |
(kBum/8) ((Bpm/8) kBum (Bum

p<1+ < 32/Bp.

Now find vertex sets Wy C Wy C ... C W, = W such that |W;| > |W;,,|/8 for each
j € p—1], and d*(w, Wj;1) = |[Wj41|/8 for each j € [p — 1], w € W,. This is possible
by starting with W), and iteratively using that fact that at most |W;;|/4 vertices w
of W41 have d*(w, W;i1) < |W;41]/8, and at most |W;1|/4 vertices w of Wj4q have
d™(w, W) < [Wjial/8.

We will now embed T in p stages as follows. At stage j, suppose we have already
embedded T[Ug,_:l1 Usex,, (V(S7)UV(S,))]. For each v € X1U...UX;_; in turn, consider
the forest F,f consisting of trees of Tp[X;] attached to v by out-neighbours of v, and
suppose v has already been copied to some w € W;_; (for the case j = 1, regard all of

Ty[X;] as components attached to a single auxiliary vertex v by out-neighbours, where
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v has already been copied to an auxiliary vertex w satisfying Wy C NZ(w)). Let Z;;J
be the set of unoccupied out-neighbours of w in W, which each have at least 3kSpum/4
unoccupied out-neighbours in U U;™ as well as 3¢8um/4 unoccupied in-neighbours in
UieiqU; . Because there are always at least k3m unoccupied vertices in U;e[ U and {fm
unoccupied vertices in U;ejqU;”, Proposition implies |Z,| > [NT(w, W)| — [To| -
2em > |W1|/8 — 3em > |[W|/87*! > 3ym. Therefore, by Theorem [L.§] there is a copy of
Ff in Z;fv. Then, for each v' € V(F,), if v" has now been copied to w’, find a copy of

S, —v' in the unoccupied vertices of N*(w', UijeiU;"). Because v’ € Z7,

v, and only at

most Y, e X 0! |Sf,| additional vertices of N (w’, UjepU;") may become occupied since
choosing Z}/,, at least 3kBum/4 — 37 e, i [Son| = 3|S| vertices of N*(w', Uiy U;")
remain unoccupied, allowing the copy of S}, —v' to be found using Theorem . Similarly,
find a copy of S, —v’ in the unoccupied vertices of N~ (w', Uijc[qU; ). We then do the same
for the forest F,~ consisting of trees of Tj[.X;] attached to X;U...UX,_; by in-neighbours.
Performing this process for each v € X; U... U X;_; completes stage j of the embedding
procedure. Upon the completion of stage p, we obtain a copy of T" in GG, with Tj copied

to W and T — V(Ty) copied to Uy U...UUS UU; U...UU, . O
We now combine Lemma [3.19 and Lemma to prove Theorem [3.18

Proof of Theorem[3.18, Set = «/4, u = 1/2, and introduce constants €, 71, o such that
n<1/ry < 1/ry < &< . Let G be a (1 + a)n-vertex tournament. By Corollary [3.4]
there is a subtournament G’ C G with |G'| > (1 + 38)n, and an e-regular partition
V(G") =ViU...UV, with r; <7 < re. Let R be a \/z-almost tournament with vertex
set [r], such that (V;,V}) is an e-regular pair of density at least y whenever i —x j. Fix
disjoint subsets U;, W; C V; for each j € [r] with |U;| = (14+26) -n/r and |W;| = 8-n/r.

For each v € V(Ty), let S;- C S, be the subtree of S, induced by the vertices whose
path from v begins with an out-edge, and let S, C S, be the subtree of S, induced by
the vertices whose path from v begins with an in-edge. Note that we have | S|, [S; | < nn

for every v € V(7). By Corollary there is some s < a/100¢ for which there exists
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a partition V(Ty) = X; U ... U X, and subsets {j,}, I, I, C [r] for £ € [s], all disjoint,

satisfying properties In particular, for each ¢ € [s] and ¢ € {+, —}, we have

> <& m <& &
SIS 118 - n/r < || (1428) -n/r =Y |U;] (3.18)
veXy ]'EIZ>
Set v = Bu/8r. Using [J2| Proposition [3.5] and s < «/100e, for each ¢ € [s] at most
se(14a)-n/r < 2yn vertices w of W), have either some ¢ > ¢ for which d* (w, W, ) < 4vn,
or some " < £ for which d~(w, W}, ) < 4yn. Therefore, we may take subsets W, C Wj, for

¢ € [s] such that, d*(w, Wi,.) = 2yn whenever { > and w € W,

and d~(w, W](ZZ) >
2yn whenever {y < £, and w € W,

Now obtain a partition V(7p) = Y7 U...UY; such that
e for each t € [7], T[Y:] is a connected component of Ty[X,] for some ¢ € [s], and
o for each t € [7], TH[Y1 U... U Y]] is a tree.

We will now embed T into G' so that X, is copied to Wj, for each ¢ € [s], and
Uvex, V' (Sy) is copied to UjereUs for each £ € [s] and o € {+, —}. The embedding is given
in 7 stages as follows. Let C be the empty graph. Suppose after stage ¢ — 1, we have
embedded T'[Uyey,u...uy, .,V (Sy)] to get Cy_y. Let £ € [s] be such that ¥; C X,. If t = 1,
set A; = WJ(Z. Otherwise, if t > 1, let 3; be the unique vertex of Y7 U ... UY; ; with a
neighbour in Y;, let ¢ € {+, —} be such that the neighbour in Y; is a ¢-neighbour, let z
be the image of y; in C;_1, and set A; = N°(z, W} )\ V(C;_1). Note that in both cases

we find |A;] > yn. Also, we find for ¢ € {4, —} that

< > <
DNUAV(C = ) IS5+ 11 Bn/r

JEI} vEY;

Therefore, by [I2{and Lemma there is a copy of T'[Y; U (Uyey; Sy)] in G with Y; copied
to Ay C Wi, and (Upey,V(S5)) \ Y; copied to (UjereUS) \ V(Cyy) for o € {+,—}. Thus

we obtain a copy of T after stage 7. O
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3.6 Proof of Theorem [1.4] and Theorem 1.5l

Recall the decomposition of our tree T' from Section3.1las Ty C Ty C T, C T3 C Ty =1T.
In Sections 3.4 and [3.5 respectively, we showed how to embed Tj and extend this to T} for
both Theorems [I.4 and In this section, we will show how a copy of 77 can be extended
to a copy of T', completing the proof of both theorems. As noted in the proof outline, the
main challenge here is to embed the vertices in V(73) \ V(T2), where these vertices form
paths with constant length between vertices in T5. Indeed, firstly, 7o — V(77) is a forest
of constant-sized components not directly connected to T} (see in Lemma , which
can be embedded greedily using, for example, Theorem [I.§ Secondly, to reach T, from
T3 we add small tree components on to T3, which is already connected. This can be done
by reserving a small random subset of vertices U (using Proposition and carrying
out the rest of the embedding in the vertices with sufficient out- and in-degree to U. Such
an embedding can then be completed greedily, giving an embedding of Ty = T.

Thus, most of this section will be dedicated to showing how we can extend a copy
of Ty to a copy of Tj (using a method effective for both Theorems and . Recall
that T3 is obtained from T3 by attaching paths of fixed length by their endpoints (see
in Lemma , but such that the total number of vertices contained in such paths
is only a small proportion of the resulting tree (see in Lemma . Thus, with a
copy of Ty already found, we will often wish to find paths of a fixed length between
certain attachment points. By ensuring these attachment points have plenty of out- and
in-neighbours, we need only to be able to connect linear-sized sets with paths of fixed but
small length, while avoiding some small set of vertices already used in some paths. As
we will see, paths with changes of direction are comparatively easy to find, so we only
consider whether we can find such paths so that they are directed paths. We will call

tournaments with this connection property well-connected, as follows.

Definition 3.22. We say a tournament G is (a, b, {)-well-connected if, for every Ay, As C
V(G) with |A1],|A2| = a and B C V(G) with |B| < b, there is a directed path in V(G)\ B
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from Ay to Ay with length (.

In Lemma [3.28, we will see that both of our main theorems hold if the tournament G
is well-connected. Of course, not every tournament is well-connected, but, in Lemma |3.26
we will see that any tournament that is not well-connected contains a bipartition of most
of its vertices, so that all the relevant edges are directed in the same direction across the
bipartition. Through the repeated application of Lemma [3.26] we can then decompose
the vertices of any tournament as V(G) = BUW; U... U W,, so that B is small, all
possible edges are directed from W; to W; for 1 < i < j < r, and each G[W,] is either
small or well-connected (see Lemma [3.27). We then assign the vertices of T to the sets
Wi, ..., W,, so that any edge of T" assigned between some W; and W; with 7 < j is to be
embedded as directed from W; into W;. Thus, we can embed the vertices of T" assigned to
W; into G[W;] independently for each i € [r]|, while knowing the other edges of T can then
be embedded. As noted in the proof sketch, this is a streamlined version of techniques
by Kiihn, Mycroft and Osthus [21], 22]. In [21) 22], a notion of robust out-expansion is
used, from which our well-connected property can be derived. As we do not need any
other results of robust out-expansion (most notably, we do not use a Hamilton, or almost-
spanning, cycle in the reduced digraph), we use the well-connected property directly. This
allows the decomposition of [22, Lemma 5.2] to be simplified to find bipartitions with all
the edges directed from one side to another, rather than just most of the edges.

In Section [3.6.1], we will prove a number of results on well-connected tournaments,
including the tournament decomposition discussed above. Then, in Section |3.6.2 after
showing our main results hold for well-connected tournaments (i.e., Lemma , we

prove both Theorems and [L.5]

3.6.1 Well-connected tournaments

We start by proving two simple properties of well-connected tournaments in Lemma [3.23]

The first is that removing a small number of vertices from a well-connected tournament

88



maintains some (potentially slightly weaker) connection property. The second shows that
(a, b, £)-well-connected tournaments robustly contain paths of length ¢, regardless of the
desired orientation of the paths’ edges. While Definition [3.22| only refers to directed paths,
the results of Section [I.3] show that a path with at least one change of direction can be

found between two sufficiently large subsets of any tournament, covering all other cases.
Lemma 3.23. Let a,b,¢ > 0, and suppose G is a (a,b, {)-well-connected tournament.
(i) If C CV(Q) has size ¢ < b, then G — C is (a,b — ¢, {)-well-connected.

(ii) Suppose P is an oriented path of length £, and Ay, As, B C V(G) satisfy |A1], |Ag| >
a, |B| <b. Ifa > b+{+3, then there is a copy of P in G — B, with its first vertex

m Ay and its last vertex in A,.

Proof. First, fix a subset C' C V(G) with size ¢. Then, if A;, Ay, B C V(G) satisfy
|A1],|A2] > a and |B| < b — ¢, then, because G is (a,b, ¢)-well-connected, there is a
directed path in V(G) \ (B UC) from A; to Ay with length ¢. Therefore, G — C is
(a,b — ¢, £)-well-connected and |(i)| holds.

Next, suppose P is an oriented path of length ¢, and A;, Ay, B C V(G) satisfy
|A|,|A2| = a, |B| < b. If P is a directed path, then, because G is (a, b, £)-well-connected
there is a copy of P in G — B with first vertex in A; and last vertex in A,. On the
other hand, if P has at least two blocks, then by Corollary [1.14] there is a copy of P in
G[(A; U Ap) \ B], with first vertex in A; and last vertex in As. Therefore, holds. 0O

We will need to set aside a random subset of vertices to use to attach paths to T to
obtain 73. We need therefore to show that random subsets of well-connected tournaments
can be used to find connecting paths of this sort. To do this, we use median orders,
the main embedding tool of Chapter 2 We recall that a median order is an ordering
vy, ..., U, of the vertices of a tournament that maximises the number of pairs ¢ < j with
v; — v;. While median orders have several useful properties applicable to embedding
trees in tournaments (see Section , here we only require Lemma which is restated

below with slightly different notation.
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Lemma 3.24. Suppose G is a tournament with a median order vy, ...,v,. Then, for any
I1<i<j<nwithj—i>7, and A CV(G)\{vi,v;} with |A| < (j—i—7)/6, there is a

directed v;, v;-path in G — A with length 3.

We are now ready to state and prove our lemma, showing that, with high probability,
a random subset of vertices in a well-connected tournament induces a well-connected

tournament, as follows.

Lemma 3.25. Let 1/n < n < 1/l < ¢ < p. Suppose G is a (en,nn, {)-well-connected
tournament with |G| < 3n, and that U C V(G) is a random subset with vertices included
uniformly at random with probability p. Then, with high probability, G[U] is (6en, n’n, £+

6)-well-connected.

Proof. Let vq,...,v, be a median order for G. Let W; and W, respectively denote the
first and last en vertices of the median order. Let V' be the middle m — 4en vertices of
the median order.

It is enough to show that, with high probability, for every v,w € V', there are at least
2n*n internally vertex-disjoint directed v, w-paths with length ¢ 4 6 and with all internal
vertices in U. Indeed, then for any A;, Ay C U with |A;],|A2| = 6en and B C U with
|B] < n’n, there is some v € (V' N A;)\ Band w € (V' N Ay) \ (BU {v}), and hence at
least 2n*n internally vertex-disjoint directed paths from A; \ B to Ay \ B in G[U] with
length ¢+ 6. Of these paths, at most n?n contain some internal vertex in B, and so there
is some directed path in U\ B from A; to Ay of length ¢+ 6, thus demonstrating G[U] is
(6en, n’n, £ + 6)-well-connected.

Fix v,w € V'. Because G is (en,nn, {)-well-connected, and |W;|,|Ws| > en, we can
greedily find at least nn/2¢ disjoint directed paths in V(G) \ {v,w} from W5 to W, with
length ¢. Using Lemma [3.24] we can greedily and disjointly connect v to the first vertex
of each path by a directed path of length 3, while avoiding all other vertices used so far.
Indeed, at least en vertices in the median order lie between v and the first vertex of each

path, while the total number of vertices to be avoided each time is at most nn < (en—7)/6.
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Similarly, we can also disjointly connect the last vertex of each path to w by a directed
path of length 3, also avoiding any vertex used previously. Therefore, we have at least
nn/2¢ internally disjoint directed paths in V' (G) from v to w, each with length ¢ + 6.
Let X, ., be the number of these directed v, w-paths which additionally have all internal
vertices in U, and note that X, ,, is a binomial variable with EX,, ., > p**5nn/2¢ > 3n*n.

From Lemma |1.18] we have

P(Xyw < 20°0) < P(| Xy — EXyo| = EX,0/3) < 2exp (—EX,,.,/27) < 2exp (—1°n/9).

Thus, the probability that the desired property fails is at most 18n2exp (—n?n/9), and

so, as 1/n < n, the conclusion of the lemma holds with high probability. O

Next we will show that, if a tournament is not well-connected, then, except for a small
subset of vertices, we may partition the vertices in two so that all the edges between the

parts are directed into the same part.

Lemma 3.26. Let ¢ >0, { € N, and n < g,1/{. Suppose G is a tournament with |G| <
3n that is not (en,nn, £)-well-connected. Then, there is a partition V(G) = Wy UW,U B

so that [Wi|,|Ws| = en/2, |B| < 47 n, and x — y for every x € Wy, y € Wh.

Proof. Using that G is not (en, nn, £)-well-connected, let Ay, Ay, By C V(G) be sets such
that |Ay|, |A2| = en, |By| < nn, and there is no directed path in V(G) \ B from A; to
Ay with length ¢. Construct a chain of subsets Uy C U; C ... C U, as follows. Let
Up = Ay \ Bo, and, for i € [{], let U; be the set of vertices x € V(G) such that there
is a directed path from A; to z in V(G) \ By with length at most i. We remark that
(U \U,_1) N Ay] < £+ 1 for any r < ¢, else, by taking a directed path of length ¢ — r
in (U, \ Uy—1) N Ag together with a path of length r from A; to that path’s initial vertex,
we would be able to find a directed path in V(G) \ By from A; to A of length ¢. In
particular, we have |U, N Ay| < (£ + 1) for any r < /.

Let r € [(] be minimal such that |U, \ U,_1| < 3¢"'n. Set Wy = U,_;, B = By U
(U, \U,—1), and Wy = V(G) \ (U, U By), so that W, U W,y U B is a partition of V(G).
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Because A; \ By € Ws,, we have |[Ws| > en/2. Because Ay \ (U, U By) C W, we have
|W1| > en—(£+1)*—nn > en/2. From the choice of r, we have |B| < 3("'n+nn < 407'n

Finally, the fact that x — y for every x € Wy, y € W, follows from the definition of U,
and U,_;. O

Using a repeated application of Lemma [3.26, we are now ready to state and prove the

tournament decomposition referred to at the start of this section.

Lemma 3.27. Suppose n < € and let £ = [¢73]. Suppose G is a tournament with
|G| < 3n. Then, there is a partition V(G) = BUWU...UW, so that |B| < en and the

following properties hold.
K1l Ifi<i<j<randzeW;,yecW;, thenx —y.
K2 Fori € [r], if |[Wi] = Ven, then G[W] is (en,nn, £)-well-connected.

Proof. Initially, set B®) = ) and I/V1 = V(G). Then, for r > 1, do the following. We
are given a partition V(G) = B U VV1 .U W) with |BM| < 5redn, such that
|Wi(r)\ > en/2 for each i € [r], and, if 1 < i < j < randaz € VVZ»T, y € VV]-T, then
x — y. If we have that G[W\"] is (en,nn, £) well-connected whenever [W."”| > \/en,

then set B = B and W; = I/VZ-(T) for ¢ € [r]. Otherwise, let j € [r] be such that Wj(r) is

not (en, nn, £)-well-connected, with \Wj(r)| maximal (so \Wj(r)| > /en). By Lemma [3.26]

there is a partition Wj( = U, UUy U B, so that |Uyl|,|Us| = en/2, |B,| < 407'n < 5&3n,

and z — y for every x € Uy and y € U,. We then set

BU+Y) = My B,
(
W if1<i<j
U, ifi=j

W'(r—&—l) —

(2

Uy  ifi=j+1

W¢(1)1 ifj+l<i<r+1

\
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We remark that V(G) = BCD uwl™u ..U W s a partition with |BCH)| <
5(r + 1)2n, such that |W" ™| > en/2 for each i € [r], and, if 1 < i < j < r+1 and
NS VVZ-(TH), Yy € VVj(rH), then x — y, and so the procedure may continue.

On the ' iteration of this procedure, the largest |VVZ»(T)| that is not (en,nn, £)-well-

connected has size at most 3n — (r — 1) - en/2, and so the procedure will terminate after

at most 6! iterations, at which point we find |B™| < 30e?n < en. O

3.6.2 Proof of Theorem [1.4l and Theorem [1.5]

We first prove that our two main theorems hold when the tournament is well-connected.

Lemma 3.28. Suppose 1/n < n < e < aandlet { = [e73]. Suppose G is a tournament

which is (en, 5n'/4n, £)-well-connected, and that T is an n-vertex oriented tree.

(1) Suppose that |G| = ((1 + a)n + k) where k is the number of leaves of T. Then, G

contains a copy of T.

(2) Suppose that c is a constant such that 1/n < ¢ < 0, that |G| = (1 4+ a)n, and that

A(T) < en. Then, G contains a copy of T.

Proof. The proof for each statement of this theorem is nearly identical, so here we will
present a proof for , and explain in the footnotes any places where the proof for
differs.

Fix @ > 0 and introduce a constant m such that 1/n < 1/m < n < ¢ < «. Fix an
n-vertex k-leaf oriented tree 7" and let G be a ((1 + a)n + k)-vertex tournament which
is (en, 5n'/*n, £)-well-connected. We will show that G' contains a copy of T, thus proving
o

Let Uy C V(G) be a random subset, with elements from V(G) chosen independently

at random with probability 2,/7, and let Wy be the set of vertices v in V(G) \ Uy with

For fix & > 0 and introduce a constant m such that 1/n < ¢ € 1/m < n < ¢ < «a. Fix
an n-vertex oriented tree T with A(T) < cn and let G be a (1 + a)n-vertex tournament which is
(en, 50/ *n, £)-well-connected. We will show that G contains a copy of 7', thus proving
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d*(v,Uy) > 4nn. By Proposition [1.20] we have that [V(G) \ Wy| < 24/fn with high
probability. V(G)\ Uy may be regarded as a random subset of V' (G) with elements chosen
independently at random with probability 1—2,/7, and so, by Lemma we have that
G[V(G) \ Uy) is (6en, 25,/mn, £ + 6)-well-connected with high probability. Therefore, we
may proceed assuming that [V (G)\ Wo| < 24,/7n, and, using Lemma 3.23)[(i)}, that G[Wj]
is (6en, \/nn, £ + 6)-well-connected.

Let Uy € Wy be a random subset, with elements from W, chosen independently
at random with probability /36, and let W; be the set of vertices v in Wy \ U; with
d*(v,U;) > 36en. By Proposition we have that |W; \ Wy| < an/3 with high
probability, and, by Lemma [3.25 we have that G[U] is (36en, nn, £ + 12)-well-connected
with high probability. Therefore, we may proceed assuming that |[W;| > ((1+«/2)n+k),
and that G[U,] is (36en, nn, € + 12)-well-connected. []

Let ¢ = ¢ + 14. By Lemma [3.1] there exist forests To C 77y C To C T3 C Ty = T,
such that T3 is a tree and properties hold. By Theorem G[W;] contains a
copy, C say, of T; 1E| By Theorem applied iteratively to the components of T, — V' (17),
G[W,] — V(C}) then contains a copy of Ty — V(T7), which, taken together with Cy, gives
a copy, Cy say, of T5.

Let Py, ..., P, be the paths of length ¢+ 14 attached to T3 to obtain T3. For i € [r], let
x;, y; be the endvertices of P;, let P/ = P; — x; — y; (so that P! has length ¢+ 12), and let
z;, yi be the images of z;,y; in Cy. For each i € [r] in turn, using Lemma , there
is a copy @; of P/ in the unoccupied vertices of G[U;], with first vertex in N°' (2}, U;) and
last vertex in N°2(y}, U;), where ¢1,09 € {+, —} are taken so that 2;Q;y. gives a copy of
P;. We remark that we may always proceed as, by the total number of vertices being
embedded into U; is at most |13\ Ty| < nn, and G[U4]| is (36en, nn, £ + 12)-well-connected
with d*(v,U;) > 36en for every v € W;. Thus, we obtain a copy, Cs say, of Ty in G[W;].

Finally, using Corollary [1.9] C5 can be extended to a copy of T, = T in G, with the

1For we may proceed assuming that |[Wi| > (1 + a/2)n, and that G[Ui] is (36en, nn, £ 4 12)-well-
connected.

2For as A(T) < cn, each tree S, of satisfies |S,| < emn + 1 < nn. By Theorem G[W1]
contains a copy, C; say, of Tj.
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vertices of V(T}) \ V(T3) copied to Up. O

To finish the proof of both our main results simultaneously we will use superadditive
set functions. In the proof of each case, we define a function fr : P(V(T)) — Ny on
the power set of V(T'), where, for A C V(T), fr(A) may be interpreted as representing
a rough upper bound on the number of vertices required to guarantee a copy of T[A],
according to each of the theorems. The only limitation on f7 required for the proof to

work is for it to be superadditive.

Definition 3.29. Given a set X, we say that a set function f :P(X) — Ny is superad-
ditive if f(AUB) = f(A) + f(B) for any disjoint sets A, B C X.

In particular, we will use the property that, if f : P(X) — Ny is a superadditive set

function and X = A; U...U A, is a partition, then

FX) = Y F(A). (3.19)

i€[r]

We also remark that superadditive set functions are increasing, in the sense that if A C B,
then f(A) < f(B).

Given a tree T, we will have one particular superadditive set function fr : P(V(T)) —
Np for each main theorem. For Theorem [1.4] we take fr(A) = |A] + k(A) — 2s(A), where
k(A) denotes the number of leaves of the forest T[A] (and isolated vertices count as two
leaves), and s(A) denotes the number of components of the forest T'[A]. For Theorem[L.F]
we take fr(A) = |A|. To see that the first function is superadditive, let A, B C V(T') be
disjoint sets, and compare the forest T[A U B] to the forest T[A] U T[B]. T[A] UT[B]
can be reached from T[A U B| by removing the edges with one endpoint in each of A and
B one at a time. Each time an edge is removed, the total number of vertices remains
the same, the total number of leaves increases by at most 2, and the total number of
components increases by 1. Thus we find that fr(AU B) > fr(A) + fr(B).

We are now ready to prove Theorems and using Lemma [3.28] The proof for

each theorem is nearly identical, so we will present a proof for Theorem [1.4] and explain
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in the footnotes any places where the proof for Theorem differs. In each case, using
Lemma [3.27, we will have a partition of most of the vertex set of the tournament G into
sets Wi,..., W, such that, if w € W; and v € W; with i < j, then wv € E(G), and
such that each G[W;] is well-connected if W; is not too small (i.e., and hold). It
remains to find a good way to partition the tree 7" to embed it across this decomposition.

For each i € [r], if [W;| = /en, then let w; = (1 — «/4)|W;|, and otherwise let
w; = |W;]. For each i € [r], we want to assign a set U; C V(T') satisfying fr(U;) < w; to
embed in W;. First, if |WW,| > /en, then we order the vertices of T" as vy, ..., v, so that
all edges of T' go forward in this ordering, and let U, be a set of vertices at the end of the
ordering satisfying (1 — e)w; < fr(U;) < w; (in this case, we will be able to embed T[U, ]
into G[W,] by and Lemma . If |W,| < v/en, then, if possible, we let U, be w,
out-leaves of T', and if it is not possible then we stop. If we have not stopped, then we
remove U, from T and repeat this procedure to find U,_;, and so on. Note that if this
stops then either we have assigned vertices for each W;, or the remaining forest has at
most \/en out-leaves. In the latter case we carry out a similar assignment for Wy, Wi, . . ..
When this stops either all the vertices have been assigned or the remaining forest has at

most y/en in-leaves as well as at most y/en out-leaves — such a forest we can embed with

O(y/en) spare vertices using Theorem [1.2]

Proof of Theorem (with appropriate alterations for Theorem indicated). Fix a >
0, and note that we may additionally assume that o < 1. Introduce constants €, 7, ng such
that 1/ng < n < ¢ < a. Given a tree T, let fr : P(V(T)) — Ny be the superadditive
set function defined by fr(A) = |A| + k(A) — 2s(A), where k(A) denotes the number of
leaves of the forest T'[A] (and isolated vertices count as two leaves), and s(A) denotes the
number of components of the forest T[A][l]

Let n > ng. Fix an n-vertex k-leaf oriented tree T and let G be a ((1+«)n+ k)-vertex

tournament, so that fr(V (7)) + an < |G| < 3n. We will show that G contains a copy of

IFor fix @ > 0 and introduce constants €, 7, ¢, ng such that 1/ng < ¢ K n < ¢ < a. Given a tree
T, let fr: P(V(T)) — Ny be the superadditive set function defined by fr(A4) = |A].
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T, thus proving the theoremﬂ

By Lemma [3.27] there is a partition V(G) = BUW;U...UW, so that | B| < en and the
properties [K1] and [K2| hold. For each i € [r], if [W;| > \/en, then let w; = (1 —a/4)|W;],
and otherwise let w; = |W;|. Partition [r] into intervals I~, I, I"™ (in that order), so that
I is minimal subject to there being disjoint sets U; C V(T'), i € I~ U IT, for which the

following hold.
L1 Foreachie I-UIT, (1 —¢c)w; < fr(U;) < w;.
L2 There are no edges from U;c;+U; to V(T') \ (User+U;) in T
L3 There are no edges from V(7T') \ (Ujer-U;) to Uijer-U; in T
L4 If [W;| < \/en, then there are no edges in T[U;].

L5 Ifi,j € I~ UI" with i < j, then there are no edges from U; to U; in T

Note that this is possible as I = [r] is a valid partition. Let 7" =T — U;c+yr-U; and
W = Uje;W;. We will show that, for each i € I~ U I, G[W;] contains a copy of T[U],
and G[W] contains a copy of T". Putting these together then gives a copy of T, by ,

L3} L3} and K1}

For each i € I- U I, if |W;| > /en, then
L1l

and

fr(Ui) + (a/4) - U] < (1 +a/4) - fr(U;) < (1 +a/d)w; < [Wil,

and so G[W;| contains a copy of T'[U;] by and Lemma [3.28 (noting that gives
the required lower bound on |T'[Uj]| for the application of Lemma [3.28). On the other
hand, if [W;| < v/en, then by [L4] G[W,;] contains a copy of T[U;], noting that we have
fr(U;) = |U;| in this case.

For fix an n-vertex oriented tree T with A(T) < ¢n and let G be a (1 4 a)n-vertex tournament,
so that fr(V(T))+an = |G| < 3n. We will show that G contains a copy of T', thus proving the theorem.
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It is left to show that G[W] contains a copy of T". Note that this is trivial if I = (),
and so we can assume [ # () and label ji, jo € [r] so that I is the interval from j; to js.

Also, note that, because Y .-+ fr(U;) < 2n,

Wi=1G-|Bl = > Wi

iel-ur+
L1
> fr(V(T)+an—en— (1 —a/4) (1 —¢)" Z fr(U
iel—ult
> f — Y fU)van/d S fo(VT) +an/d > T + an/d.
iel—ult

If [W;,| > ven, then we must have fr(V(T")) < (1 — €)w,,, otherwise we could order
V(T') as vq,..., v so that all edges of 7" go forward in this ordering, and define Uj, =
{vs, ..., vyp} for some s chosen such that (1 —¢)w;, < fr(Uj,) < wj,, a contradiction to
the minimality of /. Thus, if |[Wj,| > v/en, then G[W,], and hence G[W], contains a copy
of 7" by Lemma [3.28) Similarly, if |W},| > v/n, then G[W},], and hence G[W], contains
a copy of T". We must have then that |Wj,| < v/en and |Wj,| < y/en. Thus, by the
minimality of I, 7" has at most w;, < /en out-leaves and at most w;, < y/en in-leaves.

As [W| = |T'| + an/4, G[W] then contains a copy of 7" by Theorem as required. [

3.7 Proof of Theorem [3.13

In this section we prove Theorem [3.13], which, in the notation in Section finds an index
J¢ for a regularity cluster for the core T of a tree, and a random homomorphism of a fixed
digraph H with vertex weight function f representing an average component of T} — V' (7})
(where here, and throughout this section, we use the term random homomorphism to refer
to any random variable taking values in the set of all possible homomorphisms, in the
sense of Theorem [3.13). For convenience, we restate the definition of H (see Figure

and Theorem Let H be the fully-looped oriented forest with vertex and edge sets
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given by

={at,y" 2wt 0tz 2 et ot Ty e e T 2, o )

eyt ztat ctut wtet 2t ztat ot T (3-2)
E(H) = U{vv:veV(H)}.

Yy xro, Tz U2,z w L, 2,
For each ¢ € {4, —}, let X® = {2°,2°}. Let X = X+t U X"

Theorem 3.13. Let 1/r < e K p < o < 1. Let H be the fully-looped oriented forest
with vertex and edge sets given by (3.2). For each o € {+,—}, set X° = {2°,z°}, and
set X = XTUX™. Let 5:V(H) — [0,1] be a function satisfying EUGV(H) B(v) =1 with
ByT) = B(xt) and B(y~) = B(x7), and, for every v € V(H), B(v) = p. Let D be a
complete looped digraph on vertex set [r] with e-complete edge weights d(e) for e € E(D).
Let

v=max{f(z",27),8(z", 2")} + max {B(z",27), B(=7, 27)}. (3-3)
Then, there is a fized j; € [r] and a probability distribution D on the set of functions from

V(H) to V(D), such that, if ¢ is sampled according to D, then the following properties
hold.

F1 With probability 1, ¢ is a homomorphism from H to D, and j, ¢ ¢({z", 27, 27,27 }).

F2 For each j € [r], E(B(¢7'(j))) < H22.

T

F3 For each j € [r], either

F3.1 E(8(6~(j) N X*)) < d(jinJ) - 22 and E(B(67(j) N X)) < d(j. ji) - 22,

or

F3.2 E(B(67'(j) N X7)) < d(.jo) - 257 and E(B(¢7'(j) N X)) < d(Gi, ) - =57

T

F4 With probability 1, we have |¢(e)| = 2 for every non-looped edge e of H.

To prove Theorem [3.13] we first make two key simplifications before dividing into three

critical cases. Our first simplification is to work only with the vertices of H representing
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components attached by an out-edge from Tj (see Figure . Let H* and H~ be the
subdigraphs of H induced on the vertices with + and — in the superscript, respectively
(i.e., the right and the left parts of H in Figure . Considering each possible location
j € [r] for ji in Theorem [3.13] either a) j has enough weight on its out-edges that a random
embedding of H~ can be extended relatively easily (with perhaps some modification) to
one of H satisfying our requirements, or b) j has enough weight on its in-edges to similarly
extend a random embedding of H*. If many j € [r| satisfy a), then we may randomly
embed H™ into the weighted looped digraph D induced on these j. If not, then enough
J € [r] satisfy b), so that we may randomly embed H* into the weighted looped digraph
D induced on these j. By appealing to directional duality if necessary, this allows us to
prove a simplified version of Theorem with weight only on H* (see Section [3.7.4)).
Our second simplification to Theorem [3.13]is to drop the condition [F4} we later show
this condition can be recovered without undue difficulty. These two simplifications of
Theorem [3.13] result in Theorem [3.34] which we state in Section [3.7.2] after introducing
a notational framework of ‘distillations’ in Section [3.7.1] in order to have a concise and
consistent language for the proofs in this section. The proof of Theorem |3.34] varies
depending on the weight distribution # on the vertices in H. This falls into three main

cases, which we also state in Section [3.7.2] in the form of Lemmas |3.35| |3.37] and |3.38],

before deducing Theorem from these cases. We then prove the lemma for each of
these cases in Section before finally deducing Theorem from Theorem in
Section [3.7.4l

3.7.1 Distillations

We prove Theorem from three specific cases where, roughly speaking, H is replaced
by simpler subgraphs of H. In order to have a concise and consistent language for proving

these cases, we will use the notion of a distillation, as follows.
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Definition 3.30. A distillation is a triple F = (F, X, 3), where F is a fully-looped ori-

ented forest, X C V(F') is a set containing precisely one vertex in each component of F,

and B : V(F) = [0,1] satisfies 3, cy ) B(v) = 1.

In Theorem we have a distillation (H, X, ) which we used to represent the
average component of 7' — V(T) for Theorem [3.9] There is some flexibility in how we
could have chosen this distillation — for example we could move all the weight from y™ to
a2t or from u™ to 2T and still have a useful distillation of the average component if we can
find a matching random homomorphism. However, H is the smallest digraph that records
enough structure in the average component to allow every relevant distillation to have a
matching random homomorphism. The construction of the random homomorphism falls
into three cases depending on the distribution of the weight — in each case we can move
weight off some vertices (different in each case) to simplify the digraph in the distillation
for which we find a random homomorphism.

To describe which simplifications of distillations are valid in this way formally, and
prove this validity, we will define a transitive relation — between distillations. Very
roughly, given two distillations Fy and Fi, if Fy < Fi, then we can move weight in J;
(and possibly delete vertices) to transform it into Fy. Formally, we define the relation as

follows.

Definition 3.31. Given distillations F; = (F;, X;, 5;) fori € {0,1}, say Fo < Fi if there

s a random homomorphism p : Fy — Fy with the following properties.
M1 With probability 1, p(Xo) C X;.
M2 E(By(p~"(v))) = Bi(v) for every v € V().

Finally, we need a notion of which distillations are useful — i.e., which distillations
have a matching random homomorphism with properties like those in Theorem |3.13| It
will be convenient to consider a small collection of distillations and allow a sampling of

the random homomorphism to take any one of them as its domain, and so we define the
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following notion of y-goodness on sets of distillations. Roughly speaking, v corresponds to

the extra proportion of vertices we need to embed the tree, as in the use of Theorem [3.13]

Definition 3.32. Given v > 0, and distillations F; = (F;, X;, 5;), i € [m], we say {F;} 14
is y-good if the following holds for any fired o > 0: if 1/r < ¢ < a and D is a complete
looped digraph on vertex set [r] with e-complete edge weights d(e), e € E(D), then there

exists some j; € [r] and a random (¢,i(¢)) with the following properties.

N1 With probability 1, we have that i(¢) € [m], that ¢ is a homomorphism from Fj)

to D, and that j, & ¢(Xi(e))-

N2 For each j € [r], E(ﬁi(¢)(¢_l(j))) g Hate

T

N3 For each j € [r], E(Bis) (67 (5) N Xiwg))) < d(ji, j) - 2212,

Note that if {F;}™, is y-good for some v > 0, then {F;}7, is v'-good for every v > 7.
In addition, a set of distillations is y-good if and only if it contains a non-empty subset
which is v-good.

Finally here, we prove the following key lemma that confirms that if a distillation
can be simplified via the relation < to each one of a family of distillations which are

collectively v-good, then that original distillation is y-good, as follows.

Lemma 3.33. Let v > 0, and suppose F and Gy,...,G, are distillations such that

F < G, for every i € Im]. If {G;}™, is y-good, then {F} is y-good.

Proof. Let F = (F,X,[) and G; = (G;, X;, ;) for each i € [m]. For each i € [m], let
pi + ' — G; be a random homomorphism realising F — G;.

Take 1/r < ¢ < a, and let D be a complete looped digraph on vertex set [r] with
e-complete edge weights d(e), e € E(D). Let j;, € [r] and (¢,i(¢)) realise that {G,;}, is
~v-good in the case of D. Define (¢, k(1)) as follows. First, sample (¢,i(¢)). Then, with

i(¢) now fixed, sample p;4), and set 1) = ¢ o p;4). Let k(¢)) = 1 with probability 1, and
note that holds for (¢, k(¢)).
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For i € [m] let A; be the event {i(¢) =i}. Then, by the law of total expectation,

E(BW()) = Y P(A) - BB () | A) = Y B(A)-E(B(p; (671 (1)) | A)

i€[m] i€[m]

S B(A) - E(Bi(67(0)) | As) = EBis) (67" (),
i€[m]

SO holds for (v, k(¢)), and

E(BW ()N X)) = > P(A)-E@w () NX)|A)

i€[m]

= 3P B (@67 G) N X) | 4)

1€[m)]

SO holds for (v, k(v))). O

3.7.2 Statement of overarching theorem and subcases

Let Hy be the fully-looped oriented forest with vertices {x,y, z,u,w, Z, Z, 4, w} and non-
looped edges {zy, zx, zu, wz, 2%, Zu, Wz}, noting that this is the subdigraph of H defined
at the start of this section restricted to the vertices with + in the superscript, and with
vertices labelled more concisely (see also Figure . As noted at the start of this section,
we will first prove a version of Theorem for this subdigraph of H, without the
condition [F'4] before deducing Theorem [3.13|from this in Section[3.7.4] Having introduced

our relevant notation, we can now state this version of Theorem [3.13| concisely, as follows.
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Theorem 3.34. Let fy : V(Ho) — [0,1] be a function with 3 cy g, Bo(v) = 1 and
Bo(y) = Po(x), and set Xo = {x,z}. Set v = max{Bo(x,7),lo(z,2)}. Let Hy =
(Ho, X0, Bo0). Then, {Ho} is vy-good.

As mentioned before, the proof of Theorem depends on the weight distribution
Bo on Hy. Dividing into cases, solving them, and showing they combine to prove this
theorem is no easy task. Doing so while additionally motivating the choice of these cases
is more difficult still. However, while we do concentrate on giving as clear and concise
a proof of Theorem [3.34] as possible, we will give some motivation behind the cases by
relating them to an embedding of a tree T" into a tournament G.

In particular, our notation is designed to make the cases as efficient as possible to
check, rather than explain the larger understanding that is necessary to produce these
cases. To motivate the cases more directly, we now recall the discussion in Section |3.1]
Our aim is to use Theorem to embed a tree T" with a small core Tp, where T'— V (Tj)
is a collection of small components. To do this we take the tournament G and find a
regularity partition V3 U...UV,. We then want to make a careful choice of j; € [r| and
embed Tj into Vj, before distributing the components of 7' — V(1) across the clusters
of the regularity partition. The choice of j; restricts which component any vertex in
v e V(T)\ V(Ty) can be embedded to. For example, if the path from T to v in T is a
directed path towards v, and v € V;, then there must be a directed path from Vj, to V; of
edges with positive weight in the reduced digraph obtained from the regularity partition.
Fortunately, for our cases we need to consider at most the direction of the first three edges
on the path from Tj to v (and the first edge will always be directed away from Tp).

Very roughly, we first divide into two cases corresponding to the following situations,
where, for example, we use the notation of a (++)-path from u to v to be a length two
path from u to v comprised of two edges directed forward from u to v, with other notation

used similarly.

e For most of the vertices v € V(1) \ V (1), if Tp is embedded to Vj,, i € [r], and

there is a (+4)-path from Vj, to V; in D, then we could embed v to V;.
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e For most of the vertices v € V(1) \ V(Tp), if Tp is embedded to V},, i € [r], and

there is a (+—)-path from V}, to V; in D then we could embed v to V;.

These cases correspond roughly to Lemma |3.35 and Lemma [3.36] respectively. We
then further subdivide the latter case into two cases, essentially replacing the (+—)-path
with a (+—+4)-path and a (+——)-path, respectively. This gives us cases 1, 2, and 3 which,
in terms of the weight distribution 5 on H correspond to the following roughly-defined

three cases:
1. Most of the weight not on {z,z} is on y.
2. Most of the weight not on {z,z} is on {y,u,u} (but Case 1 does not apply).
3. Most of the weight not on {z,z} is on {z,w, z,w}.

We now use our concept of distillations and the relation < to state the lemmas
corresponding to these cases and combine them to prove Theorem [3.34 We first divide
Theorem [3.34] into two lemmas — based on the distribution of Sy, we distill Hy into Hy or
Hy, where for the former we remove the vertices {u, w, @, w} and in the latter we remove
{z,z, u,w}. This gives Lemma3.35] (corresponding to Case 1 above) and Lemma/[3.36, We
then break Lemma [3.36] into two further lemmas, Lemma [3.37] and which correspond
respectively to Case 2 and 3 above, where in each case we have a set of distillations rather
than simplifying to just one distillation. The structure of this division is depicted in
Figure |3.7]

Let H; be the fully-looped oriented forest with vertices {z,y, z, %, z} and non-looped

edges {zy, zx, 2T }.

Lemma 3.35. Let H = (Hy,{z,z}, ) be a distillation with 5(y) = 5(z, 2), B(x). Then,
{#H} is B(z,T)-good.

Let Hj be the fully-looped oriented forest with vertices {z, vy, z,u, w} and non-looped

edges {xy, zz, zu, wz}.
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Figure 3.6: The underlying digraphs of the distillations described in this section (with
looped edges omitted).

Lemma 3.36. Let H = (Hs,{z}, ) be a distillation with B(y) < [(z,u,w). Then, {H}
is (max {8 (z), B(2)})-good.

Let Hs; be the fully-looped oriented forest with vertices {x,y} and non-looped edges
{zy}. Let Hss be the fully-looped oriented forest with vertices {z, z} and non-looped

edges {zx}.

Lemma 3.37. Let 5, € [0,1] and, set B1(z) = Ba(z) = (1 + £)/2 and B1(y) = Pa(z) =
(1—8.)/2. Fori€ [2], set H; = (Hs;,{x}, Bi). Then, {H;}?_, is B.-good.

Let Hy be the fully-looped oriented forest with vertices {x,y, 2} and non-looped edges
{zy, zz}. Let Hys be the fully-looped oriented forest with vertices {z, y} and non-looped
edges {zy}. Let Hys be the fully-looped oriented forest with vertices {x,z} and non-
looped edges {zz}. Let Hy 4 be the fully-looped oriented forest with vertices {z, z,w} and

non-looped edges {zz,wz}. Let Hy5 = Hygs.

Lemma 3.38. Let f;, By, Bz, Bu, Bw € [0,1] have sum 1 and B, + By, < B, + Pu. Let
v =max{f,, 5.}. Take the following weight functions B; : V(Hy;) — [0, 1] fori € [5].

B1(y) = max{B,+3,—~,0} Bi(z) = min{By,+5.,1-5.} Bi(r) = 1=51(y) —Bi(2),
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Bo(x) = B3(x) = B+ B+ B Baly) = Bs(2) = By + Bu,
Bu(x) = min{ B+ By +Pu, max{Bo+8y, B:}}  Bu(w) =Pu  Pa(z) = 1=Pa(a)—Ba(w),
Bs(x) = Ba+ By Bs(2) = Bo+ Bu+ Bu-
Fori € [5], set H; = (Hyz, {x}, B)). Then, {H:}>_, is y-good.

We remark that each set of weights defined in Lemma [3.38 sum to 1, either by the
choice of f1(x) or f4(z) or as B, + By + B + Bu + Bw = 1. Furthermore, from the choices
they can all immediately be seen to be non-negative except for f;(z) and S4(2), but this
we can also show, as follows.

First note that

54(2) =1- min{ﬁx + By + Bu + ﬁwa max{ﬂx + By + ﬁw’ Bz + ﬁw}}
= max{f,, min{B, + B, B + By + Bu}}. (3.21)

Therefore, 54(z) > 0. For use later, we will show that £;(x) > B4(z), which also then
confirms that f(x) > 0.

First suppose that 3, < 8, + 8,. Then, 1 — 3, = B, + B, + 8. + Buw = Buw + B2, so that
p1(z) = Bw + B, and hence

ﬁ1<x>:1_ﬁl(y)_61(z):1_(ﬁ$+6y_7)_(ﬁw+ﬁz):ﬁu+7>ﬁu+6z

On the other hand, if 8, > 8, + B,, then 51(y) = 0, so that

61(17) =1- 61(2) = maX{l - (ﬂw + /Bz)a ﬁz} = maX{Bu + ﬁy + Bacyﬂz}

Therefore, in both cases, we have f;(z) > (., and either fgi(x) > 5, + B, or Bi(x) >

ﬁu + ﬁy + ﬁx ThUS, by ‘ , We have

Bi(r) = Ba(2). (3.22)
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Figure 3.7: An overview of how the results of this section combine to prove Theorem [3.13]
Each implication denoted by == indicates a suitable application of Lemma [3.33]

We will now outline how Lemmas [3.35], [3.36], [3.37, and [3.3§ together imply Theo-

rem [3.34] (see Figure[3.7)). First, we will show that Theorem 3.34]follows from Lemmas|3.35]
and [3.36 We will then show that Lemma [3.36] follows from Lemmas [3.37 and [3.38 The
proof of each of these implications is a straightforward case of verifying certain < rela-
tions between the relevant distillations hold according to the different values 8 may take,
and applying Lemma to deduce v-goodness. All that will remain then is to prove
Lemmas [3.35] [3.37], and [3.38] which we do in Section [3.7.3] and then deduce Theorem [3.13

from Theorem [3.34] which we do in Section [3.7.4]

3.7.2.1 Proof of Theorem [3.34] using Lemmas [3.33}, |3.35}, and |3.36|

Using Lemma [3.33] it is simple to deduce Theorem from Lemmas and

Proof of Theorem[3.34. Define py : Hy — H; by setting p1(x) = z, p1(y) = vy, p1(z, u, w) =

z, p1(Z) = T and p1(Z,u,w) = z. Define py : Hy — Hj by setting ps(x,z) = z, p2(y) = v,
p2(z,2) = z, po(u, @) = u and po(w,w) = w.

For each i € [2], let §; : V(H;) — [0,1] be given by Bi(v) = Bo(p; '(v)). Let Hy =
(Hy,{z,z},01) and Hy = (Ha, {x},B2). Note that, for each i € [2], the homomorphism
pi » Hy — H; realises Hy — H,;.

If Boly) = PBo(z,u,w,z,u,w), then, by Lemma [3.35] {Hi} is Bo(,Z)-good.
On the other hand, if By(y) < Bo(z,u,w,z @ @), then, by Lemma [3.36] {H.} is
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(max {fo(z, ), Bo(z, 2)})-good. In either case we find {H,} is v-good, by Lemma d

3.7.2.2 Proof of Lemma [3.36] using Lemmas and

To prove Lemma follows from Lemmas and using Lemma [3.33| requires more

checking due to the larger sets of distillations, but this is straightforward, as follows.

Proof of Lemma[3.36, Forv € V(H,), let 8, = 5(v). Note that we have 58, < 3.+ fu+ Buw-
Define Hs;, i € [2] and Hy;, @ € [5] as described in Lemmas and [3.38

We will later prove the following two claims.
Claim 3.39. If B, + 5, = (. + Buw, then H — Hs,; fori € [2].
Claim 3.40. If B, + By < B: + Buw, then H — Hy,; fori € [5].

If B, + By = B. + Bu, then H is y-good by Lemma Lemma and Claim [3.39|
Otherwise, if 8, + B, < 5. + By, then H is y-good by Lemma [3.38, Lemma and
Claim [3.40. Therefore, it remains only to prove Claims and [3.40]

Proof of Claim[3.39. For i € [2], let B; : V(Hs;) — [0,1] be defined as in Lemma [3.37
To realise H — Hsq: If B, + B, = 0 (and hence, B;(y) = 0) then let p; = 0, and

otherwise let
D= Bl(y) _ 1_5z :5y+ﬁu+ﬁz+ﬁw<1
LB+ B 2(B,+B) 206, B)

Define p; : Hy — Hs; by p1(x, z,w) = x and setting p;(y, u) = y with probability p;, and
otherwise setting pi(x,y, z,u, w) = x.
To realise H < Hso: If 5, + Bu + Bw = 0 (and hence, [2(z) = 0) then let p, = 0, and

otherwise let

EZ(Z) 1_550 :ﬁy+5z+6u+5w<1

T Bot ButBo 2B+ ButBu) 208+ But Bu)

b2

Define py : Hy — Hs o by pa(x,y) = z and setting pa(z, u, w) = z with probability ps, and

otherwise setting ps(x,y, 2z, u, w) = x. ]
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Proof of Claim[340. For i € [5], let B; : V/(Hy;) — [0,1] be defined as in Lemma [3.38
To realise H < Hyq: If B, = 0 (and hence, 5;(y) = 0) then let p; = 0, and otherwise

let
_ ﬁl(y) _ max{ﬁx + ﬁy - max{ﬁzaﬂz}ao} < & _

By 53% 59

If B, + By + Bw = 0 (and hence, p;(z) = 0) then let p| = 0, and otherwise let

1.

Y4

;) Bl(z) < ﬂw—i_ﬁz
pl - X AN .
B+ ButBu Bt But Pu

Define py : Hy — Hy; by pi(z) = x, and independently at random with probability p;
setting p1(y) = y and otherwise setting p;(y) = =z, and independently at random with
probability p} setting p;(z,u,w) = z and otherwise setting p;(z, u, w) = .

To realise H < Hao: Define py : Hy — Hyo by po(z, 2, w) = x and pa(y,u) = y.

To realise H — Has: If B, + By + Bu = 0 (and hence, (3(z) = 0) then let p3 = 0, and

otherwise let
_ 63(2) _ ﬁy + Bu <1
BedBu+Bu Bt ButBu

p3

Define ps : Hy — Hy3 by ps(x,y) = = and setting ps(z, w,u) = z with probability ps, and
otherwise setting ps(z, w,u) = x.
To realise H < Ha44: From (3.21)) we have 8, < f4(z) < . + By. Using this, if 5, =0
(and hence, f4(z) = B,) then let py = 0, and otherwise let
6 Z) = Pz
Py = 4( ) 6 )
Bu
so that 0 < py < 1 and pyf, + B. = Pa(z). Define py : Hy — Hyy by pa(z,y) = z,
pa(z) = z, ps(w) = w, and setting ps(u) = 2z with probability ps, and otherwise setting

pa(u) = .

To realise H — Has: Define ps : Hy — Hyp by ps(z,y) = x and ps(z,u,w) = z.

L]

O
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3.7.3 Proofs of the three cases

We are now ready to prove Lemmas [3.35] [3.37, and [3.38], thus completing the proof of

Theorem [3.34. We give these in order of difficulty, first proving Lemma [3.37], followed by
Lemma [3.35 and finally Lemma [3.38] with an informal motivating discussion preceding

each proof.

3.7.3.1 Proof of Lemma

In the following proof of Lemma [3.37] we describe the random (¢,i(¢)) realising the
Be-goodness of the set {H;}?_,. We assume (by relabelling) that j; = r has at least
average out-edge weight, and describe a simple random homomorphism based on these
edge weights. As this proof is relatively easy to check we do not motivate this further,
but comment on it in the motivation for the other two cases. In the proof, we will use

Np(7) to denote the set of j* € V(D) with d(j,j") + d(j,j) > 0.

Proof of Lemma[3.37. Let v = f,. Let 1/r < ¢ < a, and let D be a complete looped
digraph on vertex set [r] with e-complete edge weights d(e), e € E(D). We will find a
random (¢, i(¢)) satisfying IN3| By relabelling, we can assume that

Z d(r,j) = (5 —2¢) .
jelr—1]
For j € [r — 1], choose 0 < d; < d(r,j) so that >, d; = (3 —2)-r.

Define (¢,i(¢)) randomly as follows. First, choose ¢(z) € [r — 1] at random, so that
¢(x) = j with probability d;/(3 — 2¢) - . Then choose j' € Np(¢(z)) at random so that
j" = j with probability (1 —d;)/ > ;cn, @) (1 —dj)- If d(é(x), 5') > 0, then set i(¢) = 1
and ¢(y) = j'. Otherwise, set i(¢) = 2 and ¢(z) = j'. Note that, in either case, ¢ is a

homomorphism from Hj 4 to D. By identifying j, = r, holds. We now note that,
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for j € [r —1],

Y (148 d; 14+v+a
B(Bao ™ 0) 0 ) = 2 e <
and, because >,y (1 —d;) = (3 —3¢) - rfor any j' € [r — 1],
1. 1 -5, 1—d; 1+~v+
B(Be™ ) 0 o)) < C5P - ot < S
Thus, we deduce [N2] and [N3] hold. O

3.7.3.2 Proof of Lemma [3.35]

Describing our proofs of the two remaining cases directly is difficult, in part because we are
finding homomorphisms to a weighted digraph so we can apply our results to a regularity
partition. What we do instead is describe an embedding of a tree T into a tournament G
that follows all the major steps in our proof in an analogous, but more comprehensible,
way. The embedding we describe is plausible but lacks detail and ignores several subtleties
that influence the formal proof — our aim is to give a step by step embedding (see steps
1 to 8 below, and also Figure in a simplified set-up that, by comparison, makes the
proof of Lemma [3.35| easier to follow.

For this simplified set-up, assume that we have a tree T' containing a vertex t with
only out-neighbours in T, such that T'—{t} consists of small components. Assume further
we have a tournament G, which is larger than 7T, into which we are attempting to find
an embedding ¢ of T. As t has many out-neighbours in 7', an obvious choice for 1 (t) is
a vertex in G with maximal out-degree — say v, is such a vertex and set ¥ (t) = v;. Let
A= N/ (v) and B=V(G)\ (AU{v:}). Any component of T'—{t} can be embedded into
G[A] to extend the embedding to cover that component (using, for example, Theorem ,
but there is not necessarily enough room in A to embed all of the components at once,
and so the challenge is to embed components so that many vertices in B are also used.

Let H; have vertex set {z,y, z} and edge set {zy, zz}. For each component of T — {t},
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map the out-neighbour of ¢ to x, any vertex whose path in T from t begins with two
out-edges to y, and any vertex whose path in T' from ¢ begins with an out-edge then an
in-edge to z. Thus, all vertices are mapped to V(ﬁl). We always want to embed the
vertices of T" mapped to x into A, so that they are out-neighbours of v;. If all the edges
between A and B in G are directed from A to B then, given a component of T — {t}
we could embed vertices mapped to y into B and vertices mapped to z into A. On the
other hand, if all the edges between A and B in G are directed from B to A then, given a
component, we could embed vertices mapped to z into B and vertices mapped to y into
A. In practice, we expect the edges between A and B to meet neither extreme, and that
some components can be embedded with vertices in B using edges directed from A to B
and some using edges directed from B to A.

It may be be that all, or almost all, the edges between A and B in G are directed from
A to B. Here, it is crucial that Lemma [3.35| covers the case corresponding to components
having enough vertices mapped to y in order to place plenty of vertices into B. The other
extreme, where almost all the edges between A and B in G are directed from B to A,
cannot occur unless B is very small, otherwise we can find a vertex in B with high enough
out-degree, both in G[B] and into A, so that it has higher out-degree than v;.

In trees corresponding to Case 1 (i.e., those for which we use Lemma , more
vertices are mapped to y than z, so we prefer to embed components with the vertices
mapped to y embedded in B. Our embedding is then via the following steps (where we
first recap the embedding of t), and also sketched in Figure .

1. Embed ¢ to a vertex v, with a largest out-neighbourhood in G, and let A = NJ (v)
and B=V(G)\ (AU {uv}).

2. Embed as many components of 7' — {t} mapped to {z,y,z} C V(H;) as possible
with the vertex mapped to x € V(H;) in A and either a) all other vertices embedded
into B or b) the vertices mapped to y embedded into B and the vertices mapped

to z embedded into A.
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3. Subject to this, choose the embedding maximising the number of components sat-

isfying a).
4. Let Ag be the unused vertices in A and By be the unused vertices in B.

5. If By is small (smaller than the number of leaves of T', say), then we do not need to
use these vertices and can greedily find the remaining components within Ay. Thus,

we assume By is not too small and that we have not found all our components.

6. Ap then cannot be too small as we always embedded enough vertices in B compared

to A.

7. There cannot be many edges directed from Ag to By, for otherwise another compo-

nent could be embedded with vertices mapped to y embedded in By.

8. Using a sequence of deductions from the maximality of our component embeddings,
we can then find large sets A; and B; with Ag C A; C A and By C B; C B so that
the edges in G are mostly directed from B; into A;, before concluding there is some
vertex in By with out-degree approximately |A;|+|B1|/2, which will be higher than

the out-degree of v;, |A|, giving a contradiction.

An example deduction is the following: for components satisfying b), the image of the
vertex mapped to z must have few in-neighbours in By, for otherwise the vertices mapped
to z could be embedded into By to increase the number of embedded components satisfying
a). Consequently, there cannot be many edges from Ay to the images of vertices mapped
to y in components satisfying b), else we could move the images of such vertices into By
and embed a new component using the freed up space. Thus we can add the images of
vertices mapped to y in components satisfying b) to Bj.

We now describe the proof of Lemma3.35|in comparison to these steps. For the lemma,
T contains a small core Ty C T (corresponding to t above) and we have a distillation
(Hy,{z,z}, B) representing an average component of 7" — V(Tj), where H; is the fully-

looped oriented forest with vertex set {z, vy, z,Z, z} and edge set {xy, zz, Zx}. We have a
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Figure 3.8: An example of how we aim to embed components of 7' — {t} into the sets A
and B in the simplified set-up. For this case, where more vertices in the components are
mapped to y, we at first aim to embed these vertices mapped to y in B. Once this is no
longer possible, we find that edges between the leftover vertices are mostly directed from
By towards Aj.

complete looped weighted digraph D which represents a regularity partition, and choose
Ji to maximise the weight on the out-edges from j; in D (cf. 1. above). By relabelling, we
assume j; = 7. Instead of having a partition AU B of the other vertices j € V (D), each
vertex is duplicated and lies in both A and B with a weight, representing the proportion of
that vertex that is in the out- and in-neighbourhood of j; respectively (i.e., the proportions
d(ji.§) and d(j. 3,)).

Instead of embedding components, we find homomorphisms ¢, ..., ¢, (for some ap-
propriate s) from Hp, before ultimately picking at random from these homomorphisms
to get our required random homomorphism. These homomorphisms effectively allocate
space within regularity clusters (represented by vertices of D) to embed a batch of compo-
nents of T'—V(Tj), and we similarly aim to allocate as much space in B as possible. To do
this, we first find as many as many homomorphisms ¢, . . . ,gzgso from H; = Hi[{x,y, z}]
as possible so that, ideally, y and z are both embedded into B (see condition in the
proof), and, failing this, at least y is embedded into B (see , while z is always em-

bedded to A (cf. 2. and 3. above). In doing so, we always ensure that the total weight
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assigned to any one vertex of D is not too much (see . Maximising the number of
such homomorphisms (sg), and then the number for which is relevant, in fact will
allow us to find the remaining homomorphisms (;BSOH, e ,(ZABS before extending them to
homomorphisms from H; (cf. 5. above). We prove this by assuming it cannot be done
and steadily deducing a series of claimed properties of D that ultimately allow us to find

a vertex with more weight on its out-edges in D than j;, a contradiction.

Proof of Lemma([3.35, Let v = B(z,Z). Let 1/r < ¢ < a. We remark that v < 1, and
we may also assume that o < 1, so we have (1 +v+ «a) < 3.

Let D be a complete looped digraph on vertex set [r] with e-complete edge weights
d(e), e € E(D). We will find a random (¢,i(¢)) satisfying N3l By relabelling, we

can assume that

> d(r,j) = max d(i,j) = (2 —2¢) - (3.23)
j€[r—1] Jelr\a}

Take two new disjoint vertex sets A = {ay,...,a,_1} and B = {by,...,b,_1}. Let D
be the weighted complete looped digraph on AU B in which the edges a;b;, a;a;, b;b; and
b;a; have weight d(i, j).

Let s be such that 1/s < 1/r. For each i € [r — 1], let w,, = d(r,i) - (1 +~v+a)-s/r

and wy, = (1 —d(r,7)) - (1 +7v + «) - s/r. Note that

> wy = (14 B(x,7) + Taf8) -5, (3.24)
veEAUB
and
dwy= Y (1=d(ri) (I+y+a)-s/r < (3+38(x,7)+3a/4) 5. (3.25)
vEB i€[r—1]

We aim to find homomorphisms ¢, ..., ¢, : Hy — D, with ¢;(z), ¢;(Z) € A for each
i € [s] and X0y Ble;t(v)) < w, for every v € V(D). Then if ¢ : H; — D is the natural

116



homomorphism induced by a uniform random selection from {¢1, ..., ¢s}, the conclusion

of the theorem will hold.
Let Hy = Hy[{z,y,2}]. Let sy < s be the largest integer for which there exist homo-

morphisms 61, ..., ngSSO . H, — D and indicators 7, ..., Jso € [2] such that the following

properties hold.
O1 For cach i € [so] with j; = 1, we have ¢;(z) € A, ¢:(y) € B, and ¢;(z) € B.
02 For cach i € [so] with j; = 2, we have ¢;(z) € A, ¢;(y) € B, and ¢;(z) € A
O3 For eachv € AUB, 3, B B(d;7 1 (v)) < w,.

Subject to this, maximise the number of i € [so] with j; = 1. Let I; be the set of i € [sq]

with j; = 1, and let I be the set of i € [so] with j; = 2. For each v € AU B, let

Wy = D ieso) B(¢: (v)), so that, by [03] we have 0, < w,.

Note that

d = > ) Bew) =Y B (AUB)) = B(x,y,2) - s0. (3.26)

vEAUB vEAUB 1,6[501 ZE[SO}

Let By be the set of v € B with w, — w, > 1. Let Ay be the set of v € A with
w, — W, = 2, noting that we are placing a slightly stronger condition on the definition of
Ap to enable a switching argument later on (see the end of the proof of Claim [3.45]).

We now show that we are done, unless ), _p(w, — ,) is not too small.

Claim 3.41. FEither there ezists a random (¢,1(¢)) satisfying -. or

> (w, —by) > (B(x, T) + 30/4) - s. (3.27)

veEB
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Proof of Claim[3.41 Suppose that Y _(w, —w,) < (B(z,Z) 4+ 3a/4) - s. Then

Z(wv - IDU) = Z (wv - wv) - Z(wv - wv)

veEA veEAUB vEB

> (14 B(z,z) + 7 /8) - s — B(x,y,2) - so — (B(x, &) + 3a/4) - s
= (1+a/8) -s—ﬁ(m,y,z) * S0

=06(z,2) - so+ B(x,y,2,%,2) - (s — s0) + (a/8) - s. (3.28)

Greedily extend the homomorphisms gzgl, ceey QASSO . H, = D to homomorphisms ¢, ..., ¢s, :
H; — D, so that, for every i € [so], @slpyar = i, and ¢;(Z), ¢;(Z) € A. Then, greedily
choose homomorphisms ¢, 11, - . . , @5 so that, for every i € [s]\ [so], ¢:(V (H1)) = {a;} for

some a; € A. These steps are possible, while also ensuring that >, 3 (¢; ' (v)) < w, for

(2

every v € V(D), due to (3.28)). Then, by defining (¢,i(¢)) by sampling ¢ from ¢y, ..., ¢,

uniformly at random (identifying the result as a map V(H;) — V(D) in the natural way)
and setting i(¢) = 1, we obtain a random (¢, i(¢)) satisfying N 3| o

Thus, we may now assume that (3.27) holds, and hence also |By| > 2er. In particular,

as ¢;(y) € B for each i € [so], we have

5050 < Y0 2 Y w — (B ) 4 30/4) -5 2 L1~ 5, 2)) 5 < Bly) -,

veEB vEB

and so we have that sy < s.

Claim 3.42. Ifi € I, and v € By, then d(v, ¢;(z)) = 0. Hence, by given i € Iy, there

is some v € By with d(¢;(x),v) = 1.

Proof of Claim[3.73. Let i € I, v € By, and suppose that d(v, ¢;(z)) > 0. Then we may
instead set ¢;(z) = v and j; = 1 and observe that still hold. As this increases

|I;], this is a contradiction. o
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Given v € B, let w, = 8(y) - |{i € L1 : ¢i(y) = v}|. We remark that w, < 1, and

Z wy, = Z Wq, — - S. (3.29)

jE[r—1] j€r—1]
Let B, be the set of v € B for which w, > 2.

Claim 3.43. Ifi,7 € I, are such thati # i, then d(¢y (y), ¢;(x)) = 0. Hence, d(v, d;(z)) =

0 whenever i € I and v € B,,.

Proof of Claim [3.73. Let i,i’ € I, be such that i # ', and suppose that d(¢y(y), ¢:(z)) >
0. Let v/ = ¢y(y). By Claim [3.42] there is some v € By such that d(¢y(x),v) = 1. Then,
because [(y) = [(z), we may instead set qgl(z) =, @/(y) = v, and j; = 1, increasing

|I1], a contradiction. K
Claim 3.44. Ifi € I, then d(v, ¢;(x)) > 0 for at least er many v € A,.

Proof of Claim[3.44 Let i € I,. Suppose that there are fewer than er many v € A, for
which d(v, ¢;(z)) > 0. So, using Claim and Claim [3.43] d(v, ¢;(z)) = 0 for all but at
most er many v € AgUByUB,. Then, by @, for all but at most 2er many v € AgUByUB,,
we have d(¢;(x),v) = 1.

Let j' be such that ¢;(z) = aj. Let J be the set of j € [r — 1] such that (wa; — a,) +
(wy, — y,;) + Wy, = 5. If j € J, then either a; € Ay or b; € By U B,. So d(j’,j) =1 for
all but at most 2er many j € J, and hence >,y ;4 d(j',7) = |J| — 3er. Noting that

(Wa; — Wq;) + (wy, — s, ) +Wp, < Wa, +wp, = (1 +7v+4a)-s/r for any j € [r — 1], we have

Z dij',7) - A+~v+a)-s/r=|J-1+v4+a) -s/r—3(1+~v+a)-s
Jelr\i'}

> ) [(wa, — tha,) + (wy, — thy,) + @y, ] — 5r — 9es
Jjelr—1]
B.27]
’ Z W, + Z - — W) + (B2, T) +af2) s
Jj€Elr—1] jelr—1]
B29)
> Z we, + (B(Z) +/2) -5 > Z d(r,j)-(14+~v+a)-s/r,
jelr—1] j€lr—1]
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contradicting (3.23)). ]

Let Iy be the set of ¢ € [sg] such that there exist distinct i, ..., i, € [so] with ig = i,

such that

d(¢s, . (x), s (y)) > 0 for k € [(], and
d(¢s,(x),v) > 0 for some v € By.

We remark that d(¢;(z),v) = 0 whenever i ¢ Iy, v € By, and also that d(¢;(z), ¢ (y)) =
whenever i ¢ Iy i’ € Iy.
Let A; be the set of v € A with w, — >, 8 (Afl(v) N{z}) > 1, and let B; be the

set of v € B with w, — w, + ZZGIY ( ( )N {y}) =

Claim 3.45. Ifu € Ay and v € By, then d(u,v) = 0.

Proof of Claim[3.43. Letu € A; and v € By, and suppose for contradiction that d(u,v) >
0.

If ¢;(z) = u for some i ¢ Iy, then we must have d(u,v') = 0 for every v/ € By, else
i € Iy. So in particular, we would have v € By \ By, and hence éi/ (y) = v for some ¢’ € Iy.
But then d(¢; (), ¢y (y)) > 0 for some i ¢ Iy, i € Iy, a contradiction.

Therefore, we may assume that >, 1, B(d7 (w) N {x}) = 0, and hence

—y+ > BT () N{z}) =w, — Y Bl (w) N {zx}) > (3.30)

i€l 1€[s0]

Set Qgso-f-l('r)? QASSO-I—l(z) = u and QASS()-H(y) =1, and set j50+1 =2.

Let I, C I, be a minimal set such that gzgl(z) = y for i € I; and w, — W, +

Y ict, B(gzgi_l(u) N{z}) > 1, noting that (3.30) shows such a choice is possible. By mini-

mality of Iz, we have )., B( o7 (u) N {z}) < 2. Using Claim [3.44] choose u; € Ay \ {u}

fori e [Z with d(uz,u) > 0.
If w, —w, = B(y), then set £ =0, iy = so + 1, and v* = v. Otherwise, we find there is

some i € Iy with ¢;(y) = v, and so let 4, . . . , iy € [so] be distinct with ig = i, and v* € By
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be such that d(¢;, ,(z), s, (y)) > 0 for k € [¢] and d(¢;,(z),v*) > 0. In either case, set
Vi, = 0i, (y) for k € [¢], and set v;, = v*,
Now, setting ¢;(z) = u; for i € I, and ¢;, (y) = v;, for k € {0} U [{] yields a contra-

diction to the maximality of sg, proving the claim. ]

Let Ja be the set of j € [r — 1] with a; € A; and Jp be the set of j € [r — 1] with
b; € B;. By Clalmu Ja and Jp are disjoint. Let j' € Jp be such that > ., d(j', j)

is maximised. So by Claim [3.45

[% }d(jﬁj) > 1Tl + 518l — 27 (3.31)
jelr\’
Also, because A(y) > B(x),
ZB (wv—wﬁz;@ ﬂ{y})) B2 (8(2,7) + 30/4) - s + Bly) - 1Ty
> 2B(z) - [Iy| + (3a/4) - s = ZA;ZI:ﬁ V)N {z)) + (3a/4) s, (3.32)
Therefore,

331
Z dij,7)- 1+~ +a)- s/r > (|Jal+ 3|l —2er) - (1 +v+a)-s/r
JelrN\i'}

1
= Al (147 +a) - s/r+ Sal- (L4 +a) - sfr—22(1+7+a) s

> (o= Y B ()N {a}) + Z (wv Wy + Y B (v) N {y})) — 10es

vEA i€ly UEB i€ly
Zwv (3a/8) - s > Z d(r,j)- (1 +~v+a)-s/r,
vEA jE€[r—1]
contradicting (3.23)). O
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3.7.3.3 Proof of Lemma [3.3§]

In this section, we will prove Lemma[3.38] Similarly as in Section [3.7.3.2 we will outline
our strategy in a simplified setting, along with a depiction in Figure 3.9 so that this
outline may guide the reader through the technical proof. For this, let T" again be a tree
containing a vertex t with only out-neighbours in T', such that 7' — {t} consists of small
components. Furthermore, let G be a tournament with more vertices than 7" into which
we are attempting to find an embedding v of T. We proceed initially with a very similar
strategy to that described at the start of Section |3.7.3.2 as follows.

Let v; be a vertex in G with maximal out-degree and set ¥ (t) = v;. Let A = N1 (v)
and B =V(G)\ (AU{v:}). Just as before, we now aim to embed components of 7" — {t}
so that they can be attached correctly to v; but so that as many vertices as possible lie
in B. For the trees relevant for Lemma [3.35] if we carefully maximised the number of
components we embedded, then we covered enough vertices in B that we were able to
finish the embedding by embedding the remaining components into the unused vertices
in A. The problem here is that Lemma [3.38] covers trees for which this might not be
possible. To see this, consider again H; with vertex set {z,y, 2z} and edge set {zy, zz},
and, for each component of T'— {t}, map the out-neighbour of ¢ to x, and map the other
vertices to y or z according to the direction of the first edge of their path from ¢ in the
component as before. If all edges between A and B in G are directed from A to B then
the only vertices we can embed into B are those mapped to y, and in the trees relevant
to Lemma there may be few or even none of these! That is, it simply may not be
the case that we can embed T with ¢t embedded to v; as before.

Nevertheless, with ¢ embedded to v;, we attempt to embed as many components
as possible subject to a careful maximisation as before. In particular, we always have
the vertex mapped to x embedded into A and vertices mapped to z embedded into B.
Previously, we then made a sequence of deductions that led us to find sets A; C A and
B; C B such that almost all the edges of G were directed from B; to A;, and this led
to a contradiction (see step 8 in Section . For Lemma we again make a
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(here, simpler) sequence of deductions. Roughly, if Ay and By are the vertices in A and
B respectively which are not in the image of any component we have embedded, then
G must have almost all the possible edges directed from Ay into By as well as certain
other properties. The vertices in By are then the vertices we struggled to cover when
embedding components of the tree. However, if we pick a typical vertex v; in Ay and try
instead to embed the tree starting with embedding ¢ to v}, then it is easy to cover vertices
in By with components in T'— {¢} as most of these vertices are in the out-neighbourhood
of v;. Even better, the vertices in Ay \ {v;} can also be used relatively easily as there
are many edges from Ay to By and, now the embedding of ¢ is changed, components of
T — {t} can be embedded with vertices mapped to {z,y} embedded into By and vertices
mapped to z embedded into Ay (and for the trees covered by Lemma significantly
many vertices are mapped to z). Of course, the remaining vertices of G — those which had
components embedded to them — may now be hard to cover, but, from our maximised
component embedding and subsequent deductions, we will have information about how
we can adjust the embedded components to attach them instead to the new image, v,
of t while still using roughly the same vertices for that component. This is not always
simple, and we allocate some additional vertices in By to each embedded component
before finding a new version of that component using the old vertices for that component
and possibly also the additional vertices allocated from Bjy. That we can allocate some
additional vertices in this fashion relies on the fact that G is larger than 7', so we can
afford not to use every vertex in G in the final embedding.

The portioning of the vertices in By to allow the rearrangement and reattachment
of the components requires quite some delicacy, resulting ultimately in the choice of the
functions fi,...,Hs in Lemma [3.38 This choice can be motivated, but only at some
length and difficulty, so instead we concentrate on writing a proof that can be directly
verified. As in Section [3.7.3.2] in the actual setting, with a tree T" with small core Tj
in mind, given a distillation of an average component, we find homomorphisms to a

weighted looped digraph which will represent a regularity partition. We then pick from
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Ut

Figure 3.9: In our simplified set-up, for the case corresponding to Lemma , we may
instead begin by aiming to embed vertices of T'— {¢} mapped to z in B. The component
in the lower half of the diagram illustrates how leftover space in Ag and By may be used
efficiently via a new embedding v; for t.

these homomorphisms randomly to get a random homomorphism. These homomorphisms
again essentially allocate room for components of T'— V(Tj) in the regularity clusters
corresponding to the weighted digraph D.

To find these homomorphisms, we begin by selecting a vertex j; € V(D) with at least
the average amount of weight on its out-edges. By relabelling, we assume j; = r. Similarly
to the proof of Lemma|3.35] we again duplicate vertices of D to get weighted vertex sets A
and B representing the proportion of each vertex that is in the out- and in-neighbourhood
of j; respectively, and aim to find homomorphisms which allocate plenty of space in B.
To do this, we find maximally many homomorphisms from H,; to D satisfying certain
conditions in the proof), and further optimising over two additional conditions
(stated just after , to get homomorphisms ¢1,...,¢s,. Assuming we do not have
enough homomorphisms to easily find the remaining ones we wanted (see Claim [3.47]), we
make a sequence of deductions based on this assumption and the maximality (Claim m
and Claim about the weight distribution on D. Letting Ay C A and By C B be
the sets of vertices with unallocated weight, an example deduction is that almost all of

the weight on the edges of D between Ay and By is on edges directed from Ay to By (for
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otherwise we would have found at least one more homomorphism). We then choose a
new vertex j; € [r], with aj € Ay, to use instead of j, = r by selecting it so that aj has
sufficient out-weight to certain vertices in the image of the homomorphisms we have found
(just before Claim — this will allow us later to rearrange these homomorphisms to
embed z into the out-neighbourhood of j; instead of j;. While it may not necessarily be
possible to ensure the desired conditions on j; hold with respect to every homomorphism
chosen so far, Claim confirms that there is a choice of j; with the required conditions
for rearrangement holding with respect to most of them — by relabelling, these will be the
homomorphisms ¢y, . .., ¢s,. We add a dummy vertex ¢ with weight 51(q) = max {8., 5.}
to Hy 1, and then extend ¢y,..., ¢s, to homomorphisms 1)1, ...,1,, also covering ¢ (see
, and Claim . The role played by ¢ is to reserve additional weight in the
out-neighbourhood of j;, which may be required for the desired rearrangement. Each 1;
then represents some allocated space, for which we then find homomorphisms ¢; ; from
Hy 5, Hy 3 or Hyy which use a proportion of this space (in either Claim or Claim
— a proportion matching the space a tree must cover in the tournament following an
eventual application of the lemma (that is, the proportion |T'|/|G|). The homomorphisms
¢i; potentially leave plenty of weight remaining on vertices in Ay and By, but, as noted
above in the simplified setting, these vertices are easiest to use for new homomorphisms
as there is a lot of weight on edges from j; to By and from By to Ap in D. We therefore
find more homomorphisms, this time from Hyjs, to use enough of this weight (that is,
so that the proportion of the weight used is at least the matching proportion |T'|/|G]).
Finally, then, we have a collection of homomorphisms from which to pick our random

homomorphism to complete the proof.

Proof of Lemma([3.38 Let v = max{f,, 3.} Let 1/r < ¢ < a. We remark that v < 1,
and we may also assume that o < 1, so we have (1 4+ v+ «a) < 3.

Let D be a complete looped digraph on vertex set [r] with e-complete edge weights
d(e), e € E(D). We will find a random (¢,i(¢)) satisfying N3l By relabelling, we
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can assume that

Z d(r,j) = (5 —2¢) - r. (3.33)

Take two new disjoint vertex sets A = {ai,...,a,_1} and B = {by,...,b,_1}. Let D
be the weighted complete looped digraph on AU B in which the edges a;b;, a;a;, b;b; and
bia; have weight d(i, j).

Let s be such that 1/s < 1/r. For each i € [r — 1], let w,, = d(r,i) - (1 +v+ «) - s/r

and wy, = (1 —d(r,7))(1 + v+ «) - s/r. Note that

Z wy, = (1+v+a/2)-s, (3.34)
veEAUB
and
333 B33 1
dowe= ) dri)-(I+y+a)s/r > S(l+v+0a/2) s (3.35)
veA i€lr—1]
Let sop < s be the largest integer for which there exist homomorphisms ¢y, ..., ¢, :

Hyy — D and indicators ji, ..., js, € [2] such that the following properties hold.
P1 For each i € [so], d(¢i(y), ¢:i(2)) + d(¢i(2), ¢i(y)) > 0
P2 For each i € [sg] with j; = 1, we have ¢;(x) € A, ¢;(y) € B, and ¢;(z) € B
P3 For each i € [sg] with j; = 2, we have ¢;(x) € A, ¢;(y) € A, and ¢;(z) € B
P4 For eachv e AUB, 3, (., Bi(p; () < w,.

Given sg, take ¢1,... ¢, and ji,...,Js, such that the number of i € [so] with j; = 1 is
maximised. For each v € AU B, let w, = Zie[SO] Bi(¢; 1 (v)), so that, by , we have
Wy < Wy

Note that

Z w, = Z Z Bi(e Z Bi(¢; (AUB)) = (3.36)

veEAUB vEAUB i€[s0] i€[s0)
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Let Ay be the set of v € A with w, — w, > 1. Let By be the set of v € B with

w, — W, = 1. Subject to the value of s, and the value of |{i € [sq] : j; = 1}|, assume that

{(i,v) : i € [so], v € Ao, d(¢i(y), v) > 0} (3.37)

is minimised.
Suppose that so < s, for otherwise we are done by letting i(¢) = 1 and picking ¢ from
{¢i : i € [s]} uniformly at random. Note that, as 1 —v <1 — 3, = B, + fu + 8. + bu <

2(8. + Bu), we have

1+ 1+ . 1—
77 — bilz,y) = 77 — (1= p1(2)) = min{By, + B.,1 — .} — TV
1-— 1-—
> min —7,1—7 S ') (3.38)
2 2
Therefore,

Z(wv_wv) > Z(wv_wv>_r:Zwv_T_Zﬁl(x)_Zﬂl(xay)

vEAQ vEA vEA i€l i€ls
1

>ZMU—T—51($,y)‘SO > 5(1+’7+Oj/4)8—51(I,y)80

vEA

1+ 1+

~(5) em s (57 Aen) sk )
1
- (%) (5= s0) + (f8) - 5, (3.39)

and hence, |Ap| > («/32) - r. In addition, we have

(3-34),(3.36)

> o(we =) = Y (wy—ty) =20 > (I+y+a/2)-s—s—2r
veAgUDByg veAUB
> (s—so)+ (y+a/d)-s. (3.40)

We now show there are few pairs from By to Ay with positive weight.

Claim 3.46. Ifu € Ay and v € By, then d(v,u) = 0.
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Proof of Claim[3.46. If w € Ay, v € By, are such that d(v,u) > 0, then we may
set Ggg11(T), Psgr1(y) = u, ¢Psyi1(2) = v, and iz = 2, contradicting the maximality

of sg. B

We now show that we are done unless > _, (w, — ,) is not too small.

vE By

Claim 3.47. Either there exists a random (¢,i(p)) satisfying or

S (wy — ) = (7 +a/16) - s + Bily) - (5 — 0)- (3.41)

vE By

Proof of Claim[3.47 Suppose that (3.41]) does not hold. If 3 _p (w,—w,) < (v+a/8)-s,

then set s; = s9. Otherwise, let s; € [s] \ [so] be maximal such that )_ g (w, —w,) >

(v 4+ a/16) - s+ P1(y) - (s1 — sp). Note that s; < s, else (3.41)) holds. By considering the

cases s1 = S and s; > sq separately (using the maximality of s; in the latter), we deduce

that
Z (wy — Wy) < (v +/8) - s+ Si(y) - (51— s0), (3.42)
and hence,
S (e —) 2 Bl 2) (51— s0) + (5 — 1) + (a/8) - 5.

vEAQ

Therefore, using Claim [3.46], we may greedily choose homomorphisms ¢g,41,...,0s :

Hyp — D such that the following properties hold.
Q1 For each i € [s1] \ [so], we have ¢;(z) € A, ¢;(y) € B, and ¢;(z) € A.
Q2 For each i € [s] \ [s1] we have ¢;(z) € A, ¢;(y) € A, and ¢;(2) € A.
Q3 Foreach v € AUB, } .y Bl (v)) < w,.

Thus, by defining (¢, i(¢)) by sampling ¢ from ¢4, . .., ¢ uniformly at random (identifying

the result as a map V(H, ;) — V(D) in the natural way) and setting i(¢) = 1, we obtain

a random (¢,i(¢)) satisfying N 3| a

128



Thus, we may now assume that (3.41)) holds, and hence also |By| > («/64) - r. Next
we show that each i € [sg] satisfies (at least) one of two properties, or[R2]

Claim 3.48. For each i € [sq], at least one of the following holds.
R1 d(¢i(z),v) =0 for every v € Ay.
R2 d(v, ¢;(x)) =0 for every v € By, d(¢;(y),v) =0 for every v € Ay, and j; = 1.

Proof of Claim[3.48. Let i € [so]. Assume there is some u € Ay with d(¢;(2),u) > 0, for
otherwise [R1] holds.

Now, if there is some v € By with d(v, ¢;(x)) > 0, set ¢sy+1(x), Pso+1(y) = uw and
Gsor1(2) = ¢i(2), and then switch ¢;(z) = v. This contradicts the maximality of s.

Thus, d(v, ¢;(z)) = 0 for every v € By. As |By| > («/64) - r, we may now fix some
v € By with d(¢;(z),v) > 0 and d(v, ¢;(2)) + d(¢i(z),v) > 0, by [El Then we must have
that j; = 1, else we could switch ¢;(y) = v and j; = 1, contradicting the maximality of
i € [so] : i = 1}

Now, note that, by Claim [3.46] [{«' € Ao : d(v,u') > 0}| = 0. Therefore, if |{u' €

Ao ¢ d(¢i(y),u') > 0} > 0, we could switch ¢;(y) = v to reduce » {u € Ay :

i/E[SQ] |

d(¢i(y),u’) > 0}] while leaving Ay unmodified, a contradiction to the minimisation of

(3.37). Thus, [{v' € Ag: d(¢;(y),u’) > 0} =0, and hence holds. [

Given u € Ay, let I;(u) be the set of i € [so] which satisfy and are such that
d(u, ¢i(2)) = 1 and ¢; *(u) = 0, and let Ir(u) be the set of i € [so]\ [;(u) which satisfy
and are such that d(u, ¢;(y)) = 1 and ¢; ' (u) = 0. Pick j, € {j € [r — 1] : a; € A} such
that |I1(aj)| + [I2(a;)| is maximised, and set Iy = I1(ay), I = I2(ay). By relabelling,

we may assume that I; U Iy = [s1] for some s; < sp.
Claim 3.49. s; > (1 — 1/€)so.
Proof of Claim[3.49. 1f i € [so] satisfies then, by [E] d(u, ¢;(z)) = 1 holds for all but

at most er many u € Ay. Similarly, if i € [so] satisfies [R2] then d(u, ¢;(y)) = 1 holds for

all but at most er many u € Ay. In addition, for each i € [sq], we have ¢; ' (u) # () for at
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most three u € Ag. Therefore, for every i € [sq], we have i € I1(u) U I(u) for all but at

most 2er + 3 many u € Ag. In particular,

> (L) + a(w)]) = so - (|Ao| = 3er).

u€Agp

Noting that |[I;]| + |I5] > \Aol Y uea, (i(u)] + [Io(u)]) and |Ag| = (a/32) - 7, we deduce
so — |I1]| — | I2| < v/2s0, and hence the claim. [

Let B; C By be the subset of vertices v € By with d(aj;,v) = 1, and note, by Claim@
and [E] that |By \ Bi| < er. Let ¢ be a new vertex disjoint from V(Hy;) and add it to
Hyy to get Hy,. Let £1(q) = 7. Let s < 51 be maximal for which, for each i € [s], we
can define 1;(q) € By such that the following hold.

S1 For each i € [s}] and u € {,y, 2}, d(¢i(q), pi(w)) + d(Pi(u), ¥i(q)) > 0

S2 For each v € B,

W, + - |{i € [s1] 1 vi(g) = v} < wy. (3.43)

Let v; : Hy; — D be defined by this choice of 1;(¢q) and by setting 1;(v) = ¢;(v) for each
NS V(H471).

Claim 3.50. s = s;.

Proof of Claim[3.50. Suppose for contradiction that s} < s;. Let B be the set of v € By
such that d(v, ¢y 41(u)) + d(dy41(u),v) > 0 for every u € {z,y,2}. Because the edge
weights d(e), e € E(D), are e-complete and |By \ B;| < er, we have |By \ B}| < 4er.

Therefore, we have

Z(wv_wv_7'|{i€[si]:wi()_U}D Z _wv Z Wy — 7~ Sl

vEB] vEBy vEB\Bo

B41)
> (y+a/16)-s—12e-s—7v-s) > (a/32) - s =~-r
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Thus, there is some v € B] such that @, +v - [{i € [s]] : ¢¥i(q) = v}| + v < w,. But then

setting 1y 11(¢q) = v contradicts the maximality of s. [

Let m satisfy ¢ < 1/m < .

Claim 3.51. For each i € I, there are homomorphisms ¢; ; and indicators k; j € {2,3},
j € [m — 1], such that, for each j € [m — 1], ¢;; is a homomorphism from Hyy, , to

D[;(V(Hy,))], and the following hold.
T1 d(ay, ¢i,(x)) = 1.
T2 For each v € $i(V(H ), Bi(v; ' (v) 2 X jepmon B, (87 () /m.

Proof of Claim[3.51. Fixing ¢ € I, for each 7/ = 1,...,m — 1 in turn, choose a
homomorphism ¢; j from Hyy or Hys to D[y;(V(H},))] such that the following prop-

erties hold.
(i) Bi(i () = 3 e Bra, (07 (v)/m for each v € y(Hy ).
(ii) @iy (w) € {¥i(2),v%i(q)}

(iii) (a) ¢ (y) € {¢i(x),¥i(y)} if ¢; j is a homomorphism from Hy .

(b) ¢i5(2) € {¢i(z),¥i(y)} if ¢5j is a homomorphism from Hy 3.

Then holds, through the definition of either Iy (if ¢, /() = ¢i(z)) or By (if ¢ j(z) =
vi(q))-

Note that this is possible because, as

51(27 Q) = min {ﬁw + Bm 1 - 5Z}+max {ﬁxa ﬂz} 2 min {Bw + Bz + ﬁxa 1} = 52(1’) = 53(1')7

there is enough room in {v;(2),¢i(q)} for ¢; y(z), and, as

51(1’,2/) =1- 51(2) 2 1—- (ﬁw +ﬁz) = ﬁx +Bu +By 2 52(3/) = B3(Z)~
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there is enough room in {¢;(z),v;(y)} for ¢;;(y). We also use that there is weight in
at least one direction between any pair from {v;(z),v;(q)} and {¢;(z),;(y)}, where the

direction of the edge gives whether we embed Hyo or Hy 3. [

Claim 3.52. For each i € I, there are homomorphisms ¢; j, j € [m — 1], such that, for
each j € [m —1], ¢;; is a homomorphism from Hyy to D[tp;(V (H},))], and the following
holds.

U1l d(ajé, gzﬁw(x)) =1.
U2 For each v € v;(V(H,)), Bi(¥; " (v)) 2 X jepmy Ba(47; () /m.

Proof of Claim[3.53 Fixing i € I, for each ;' =1,...,m —1 in turn, choose a homomor-
phism ¢; j from Hyy to D[t;(V (H},))] such that 8y (¢; ' (v)) = > el Ba(;} (v))/m for
each v € ¥;(Hy,), ¢iy(x) € {vi(y), vi(@)}, di,57(2) = ¥i(x) and ¢ j(w) = 1;(2). Then
[U1]holds, through the definition of either I (if ¢; 5 () = ¥i(y)) or By (if ¢4 5 (z) = ti(q)).

Note that this is possible using the following. As £;(y)+81(q) = fi(y)+~y = max{3,+
By, v} = max{B, + By, 5.} = Pa(x), there is enough room in {1;(y),vi(q)} for ¢,y (z).
As Bi1(z) = min{f,,1 — 8.} = B = Pa(w), there is enough room in v;(2) for ¢; ;s (w).
Finally, recall from ([3.22)), that 84(z) < f1(), so there is enough room in () for ¢; j(2).
Because d(v;(x), ¥i(y)), d(¥i(2),¥s(x)) > 0 (as ¢; : Hy; — D is a homomorphism) and
d(ti(x),i(q)) > 0 (by [R2|and [S1), we also have that ¢;;r : Hya — D[wi(V (Hj,))] is a

homomorphism, as required. L]

For each i € I, and j € [m — 1], let k; ; = 4. For each v € AU B, let

S Y Ao S Y el

ze[sl} j€Mm—1] i€[s1]
= > Bile W)+ [{i € [s1] : ilg) = v}
1€[s1]
B43)
=W, +v-{i € [s1] : i(q) = v} < w,. (3.44)
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We note that

Z (wy — Wy) = Z (wy — W) —3e+ s

vEAQUB, vEAQUBg

B3 ~ .

> > (wy—iy) —3e-s— Y y-|{i€lsi]: vilg) = v}
vEAQUDBg vEAQUBg

(3-40)

> s—so+(y+a/8)-s—7y-s
Claim [3.49]
> (147 (s—s1)+ (a/16) - s. (3.45)
Furthermore,

D (wy—iby) =Y (wy — ) — 3-8

D (w,—by,) =3e-5— Y y-|{i € [s1] : ¢i(q) = v}
3; Bi(y) - (s —s0) + (v +/32) -5 —v-5
Claim [3.49
> (v+AW) - (s —s1)+ (a/64)s. (3.46)

Take a maximal set J C ([s] x [m])\ ([s1] X [m—1]) for which there are homomorphisms

¢ij: Hyis — D[AgU By], (i,j) € J such that the following hold.

V1 For each (i,7) € J, ¢ j(x) € By.

V2 For each v € AUB, > ; 5vc; Bs(d; ) (v)/m < wy — .

Subject this choice of J, maximise

{(i,5) € J: ¢i(2) € Ao}l (3.47)

Claim 3.53. J = ([s] x [m]) \ ([s:] x [m — 1]).

Proof of Claim[3.53. Suppose, for contradiction, that there is some (7', j") € (([s] x [m])\
([s1] x [m —1])) \ J. We must then have, for each v € By, that > ;s &(qﬁ;}(v))/m >

w, — W, — 1/m, for otherwise we can take the homomorphism ¢, ; sending Hy 5 to v.
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Therefore, we have

> (.- o= 2 A fm) S (s )+ 0f16) s - el - 12

vEAQ (3,9)€J

> (a/32) - s

Thus, there must be at least 2er vertices v € Ay with >, . ; B5(¢;, S(0)/m < wy — 1y —
1/m. Therefore, by Claim [3.46] if there is some (i, j) € J with ¢; ;(z) ¢ Ay, then we could
move ¢; ;(z) into Ay, and increase the value of (3.47). Thus, we must have ¢; ;(z) € Ay
for each (7,7) € J\ ([s1] X [m — 1]).

Therefore, using that fs5(x) < v+ f1(y) and |J| < (s — s1)m + s,

022(%—%———255 i ( )

vEB] (i,5)eJ
> Y (wy =) = [Bul/m — ((s — s1)m + 5) - B () /m
> 3w, — ) = (s — s1) - (v + Ba(y)) — s/m — | Byl jm = 0,
a contradiction. Therefore, J = ([s] x [m]) \ ([s1] x [m — 1]). &

For each (i, j) € ([s] x [m]) \ ([s1] x [m —1]), let k; ; = 5. Select (¢,i(¢)) uniformly at

random from (¢; ;, ki ;), (i,7) € [s] x [m]. O

3.7.4 Proof of Theorem [3.13

We are now ready to complete this section by proving Theorem [3.13 To give a brief
overview of this proof, we again turn to our simplified situation: assume we are trying
to embed a tree 7' in a tournament G and suppose we have t € V(T so that 7' — {t}
consists of small components. Unlike in Sections [3.7.3.2] and [3.7.3.3], ¢ can have both in-

and out-neighbours in T'. Let T and T~ be the trees covering the edges of T, intersecting

only on t, so that ¢ has only out-neighbours in 7" and only in-neighbours in T~. As G is a
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tournament with distinctly more vertices than T', each vertex v € V(G) either has enough
out-neighbours in G that we can embed the components of T+ —{t} greedily into N/ (v) or
the components of T~ — {t} greedily into N (v). If we partition V(G) = VTUV ™ so that
the former holds for vertices in V' and the latter holds for vertices in V', then, from this
partition, either G[V '] will be large enough to embed 7~ (using our previous methods)
or G[V~] will be large enough to embed TF. By directional duality, we can assume that
the latter case holds. This allows us to find a copy of T in G with ¢ embedded to vy,
a vertex of G which has enough in-neighbours for us to greedily embed the components
of T~ — {t}. Of course, some of these in-neighbours may be occupied already by the
embedding of T, but, by embedding T in such a way to cover minimally many of these
in-neighbours we will have there are enough in-neighbours to embed the components of
~— — {t}, and complete the embedding.

For Theorem [3.13], we do this in the setting of distillations, random homomorphisms
and a weighted looped digraph D. We ultimately wish to find a random homorphism

from H, where H is the fully-looped oriented forest with vertex and edge sets given by

{x+ Tttt w2 at, ot ,y_,z_,u_,w_,f_,é_,H_,w_},
erer’ Z+ZL’+, ZJrqu’ erZJr’ 2+fi‘+’ ng,aJr’ 2DJrZJr’

E(H) = U{ww:veV(H)}.
(T N N A A 1 AN A VA AN A T

For each o € {4, —}, let X° = {2°,z°}, and let X = XT U X ".

Note that Hy = H[{zT,y", 2z, uT,w™, 2", z" at w'}|. Therefore, we will assume
equality here by letting, for example, z* = z. In addition, let H), = H — V(H,), and
note that HY is itself isomorphic to a copy of Hy with all edges reversed. Here Hy and H|,
correspond to T and T~ in the sketch above.

Instead of partitioning V(G) as V* UV~ we partition V(D) as J* U J~ in a similar
manner, and assume, by directional duality, that J~ is large enough that we can apply
Theorem [3.34] to get a random homomorphism of Hy into D[.J ] satisfying[W1{W3|below

(comparable to the embedding of T into G[V ] in the sketch above) before minimising a
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certain property (comparable to the embedding of 7" using minimally many in-neighbours
of v; above). We then use the minimisation of the random homomorphism to extend it
to cover H|, so that we have a random homorphism of H into D. Finally, we adjust
this random homomorphism to get the additional condition which we dropped for

Theorem |3.34} completing the proof.

Proof of Theorem|[3.13 For o € {4+, —}, let

o O L0 O 0 0 20 =0 =0 =0
A :6(x7y7z7u7w,x727u,w)

so that AT + A~ =1, and let

~v° = max {B(x°,z°), B(2°,2°) } /A°.

For o € {+, —}, define

o [X(t+r+a/16)
B l+v+a/d ’

sothat r* +r= < (1 —¢)-7.
Let K be an e-almost tournament with vertex set [r], such that d(i, j) > 1/2 whenever
i — g j. Partition [r] as J* U J~ such that d(j) > r® whenever j € J°. Note that we
either have |JT| = r~ or |J~| = r*. By directional duality, we may assume that |J~| > rT.
Let B : V(Ho) — [0,1] be given by fy(v) = B(v)/A", and note that 3 vy, Bo(v) =
1 and Bo(y™) = Bo(z"). By Theorem [3.34] if Ho = (Ho, X, By), then {Ho} is vF-good.

+ + . .
Therefore, because § = A\t - 3y and AT - 12 Tio‘/ 10 <ty fa/ 1 there exists some j; € J~

and random 1 : Hy — D[J~] such that the following hold.

W1 With probability 1, we have that ¢ is a homomorphism from Hy to D, and that

Je & Y(XT).
W2 For each j € [r], E(B(¥1(j))) < 1+++a/4.

W3 For each j € [r], E(B8(¢ 1 (5) N X)) < d(ji, j) - HVTM-
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Fix such a j, € J=. Let A = N/(j;) and B = Ng(j;). Take a random ¢ : Hy — D
satisfying so that E(B(x»"1(B))) is minimised.

Claim 3.54. |B| - HVTJFO‘M —EB@HB))) —EBW B NXT)) =\ +8(X")+a/s.

Proof of Claim[3.5 First, if |A|- X2 _E(B(yp~1(A)) —E(B(y " (A)N X)) <0, then

|B| - FEEA-E(B(0 (B)) — E(B( 7 (B) N X)) > D] - HEEE — 32 — A — H(X7)

>14+y+a/8— AT =B(XT) >N +8(X7) +a/s.

So we may assume that |A| - 224 _E(B(y1(A))) — E(B((A) N XT)) > 0, else the

claim is proven. In particular, we may assume there is some 7 € A such that, if

pm g (B0 B ) - B (0) 0 X))

l4+y+a/d

g d(]tu?) r

BBy~ (7) n X)),

then 0 < p < 1. In addition, we may assume that E(3(x»"1(B))) > 0, else the claim
follows immediately from the definition of J~. Then, however, if we define Qﬂ :Hy — D
by setting 1 (V (Hy)) = j with probability p and sampling ¢ otherwise, we find ¢ satisfies
, but E(3(¢p~*(B))) = (1 — p) - E(8(»"*(B))), a contradiction to the minimality
of E(8(¢v~1(B)))- ]

Consider the random gg : H — D defined by sampling ¢ to determine ng5|V(HO), and

independently choosing ¢(V (H})) € B at random so that

el g(5(p1(5) — E(B(471() N X))

P(o(V(H})) = j) = p; == Ty ra/d '
(o(V(Hp)) =j)=p Bl +7:ra/ —E(B(y~1(B))) —E(B(¥~1(B)N X+))

We remark that for every j € B, we have

pi - max{A7, 26(X7)} <p;- (A" +B(X7))

Clairrglm 1+++a/4 _ E(ﬁ(¢_1(]))) _ E(6(¢—1(]) N X+)) (348)
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Therefore, if j € B, we have

1+’y+a/4
T

E(3(67())) = E(BW™ (7)) +p; - A
1—|—’y—|—a/4

EB(¢'(G)NXT) < d(ji.j) - —

)

T r

B 1 /[1+~+a/4 oo 1+ yv+a/d
(L) Ly e

E(3(671()) = E(B@ () © /4

r

E(3(31(j) N X)) = 0 < d(j, j) - 2 E0/

r

E(3(61() N X)) = E(3@() N X ) 'S d(i ) - HEO

r

Take ¢ : H = D with >,y B(H (|¢( )| = 1) minimal, such that the following proper-
ties hold.

X1 With probability 1, we have that ¢ is a homomorphism from H to D, and that
jt ¢ é({x+7j+7x_7j_})'

- 2

X2 For each j € [r], E(B(671(j))) < B2 — 2. 50 i P(lo(e)] = 1).
X3 For each j € [r], either

X3.1 E(3(67(j)N X)) < d(ji. ) 1222 and B(5(57(j) N X)) < d(j. jn)- 4222,

T

or

X3.2 E(B(61())NX ")) < d(j, jo)- F222 and E(B(61(j) N X)) < d(j, j)- H2L2,

T

¢ is well-defined, as we may take ¢ = $

We will shortly prove the following claim.

Claim 3.55. P(|¢(e)| = 1) < e'/*/|E(H)| for every non-looped edge e of H.
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From Claim it follows that P(|¢(e)| = 2 for every non-looped edge e of H) < e'/4.
Then, if we take ¢ to be ¢ conditioned on the event that |¢(e)| = 2 for every non-looped

edge e of H, we have

E(B(¢™"(5) N {v}) < (1 =)™ -E(B(¢7 () N {v})

for every j € [r],v € V(H), thus ¢ satisfies the conclusion of the theorem. So it only

remains to prove Claim [3.55|

Proof of Claim[3.55. Suppose for contradiction that there is some non-looped edge e of
H with P(|p(e)| = 1) > e¥/4/|E(H)|. Let e = v1v,. For i € [2], let H; be the component
of H — e containing v;. Assume, by directional duality, that X NV (Hy) = 0.

Note that, because §(v1,v2) = 2u, implies that P(¢(e) = {j}) < % for every
j € [r]. So, if J is the set of j € [r] for which P(¢(e) = {j}) > % then [J| > /e - r, else
we find P(|g(e)| = 1) = ¥,y P(Ble) = {j}) < 2E + V& < £V/4/|B(H))|.

Let m be the number of possible homomorphisms H — D. Choose homomorphisms
¢j,j € J such that ¢;(e) = {j} and P(¢ = ¢;) > % for every j € J (these can be found
as the edge weights of D are e-complete).

Set s = [1/a®]. Let ji,...,js41 € J be distinct such that d(j;,ji.1) > 0 for every
i € [s] Let k € [2] be random, with distribution coupled with ¢ such that P(k = 2) =
(s+1 , and that P(¢ = ¢;, | k =2) = ‘/ for every i € [s + 1].

Define a random ¢ : H — D as follows. Sample (¢, k), choose i € [s + 1] uniformly at

random, and set

o) k=1,
o, (v) k=2 i=s+1,

¢;,(v)  ifk=2i€]s],veV(H),

\¢ji+1(v> ifhk=21¢€ [3], Ve V(HQ)
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CHAPTER 4

UNAVOIDABLE SUBGRAPHS OF INFINITE
TOURNAMENTS

In this chapter we extend the study of oriented subgraphs of tournaments to an infinite

setting. First, recall from Chapter [1| the discussion of the following theorem.
Theorem 1.7. Let H be a countably-infinite oriented graph. The following are equivalent:
(i) H is acyclic, locally-finite, and has no infinite directed paths.
(ii) H is contained in every countably-infinite tournament.
(iii) H is a spanning subgraph of every countably-infinite tournament.

Of course, [(ii)| follows from trivially, and [(i)| follows easily from [(ii)| by considering

tournaments on N with all edges oriented forward (or with all edges oriented backward).
Thus, the proof of Theorem [1.7| will mostly consist of showing implies After
stating some further notation required for the results of this chapter, we sketch and prove
the theorem in Section We then take the infinite setting further in Section [4.3] where
we consider whether certain oriented graphs which are not contained in every countably-
infinite tournament can still be guaranteed to appear in a tournament on N if we impose
a condition on the lower density of the tournament’s forward edges (i.e., those edges (i, j)

such that i < j).
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4.1 Notation

An (oriented) graph is locally-finite if every vertex is incident with finitely many edges.
The infinite directed path with exactly one vertex of in-degree 0 is called the infinite
forward directed path and the infinite directed path with exactly one vertex of out-degree
0 is called the infinite backward directed path.

Say that an oriented graph H is weakly-connected if the underlying graph is connected.
Given oriented graphs H and G, say that H is a spanning subgraph of G if there exists a
bijective embedding ¢ : H — G. For each ¢ € {+, —}, the common o-neighbourhood of a
set X CV(G) is N°(X) = ,ex N°(v).

Given an acyclic oriented graph H and u € V(H), let
' (u) = {v € V(H) : there exists a directed path from u to v}

and let

I'"(u) = {v € V(H) : there exists a directed path from v to u}

(equivalently, I'*(u) is the ¢-neighbourhood of w in the transitive, reflexive closure of H).

Given a strict total order 7 = (V, <), let K, be the tournament on V' where (u,v) €
E(K,) if and only if u < v. We write 7* to be the converse of 7; that is, 7* = (V, >). We
say that K, and K« are the transitive tournaments of type-7.

We use the von Neumann definition of ordinals where an ordinal is the strictly well-
ordered set of all smaller ordinals. Thus, given an ordinal A, the definition of K and K-
is given in the previous paragraph. As is standard, we let w be the first infinite ordinal
and w; be the first uncountable ordinal. Given ordinals «, 3, we define 5 - « to be the

order type of (5 X a, <), where (i1, 1) < (i2, j2) if either j; < js or j; = o and iy < .
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4.2 Proof of Theorem [1.7

The most involved part of the proof of Theorem is showing that, for any countably-
infinite acyclic locally-finite graph H that has no infinite directed paths, and any countably-
infinite tournament K on N, there is a bijective embedding ¢ : H — K. To construct this
¢, we first partition V/(K) = VT UV~ so that, for any finite non-empty subsets X C V+
and Y C V-, N*(X) N N~(Y) is infinite. The aim then is to extend an embedding of
H finitely many vertices at a time, each time covering at least the next vertex of K (see
later), while requiring that whenever v € V(H) is embedded to some v € V7, then
Ny (v) is embedded at the same time as v (and whenever v € V(H) is embedded to some
u € V7, then N} (v) is embedded at the same time as v). It is therefore useful to partition
V(H) into finite sets, with each set having only out-edges or only in-edges to the rest of
H, so that each set can be embedded simultaneously to ensure the above requirement

holds. This motivates the following definition.

Definition 4.1. Given a countably-infinite acyclic weakly-connected oriented graph H, a
+-partition of H is a partition {C; : i € N} of V(H) such that the following properties
hold:

Y1 Foralli € N, C; is finite and non-empty.
Y2 For all (u,v) € E(H), there exists i € N such that {u,v} C C; U Ciyq.

Y3 Ifi is odd, then every vertex in C; has in-degree 0 to C;_1 U Cyyq, and if i is even,

then every vertex in C; has out-degree 0 to C;_y U Ciyq.

Y4 If i is odd, then there exists a vertex in C; with in-degree 0 in H, and if © is even

there exists a vertex in C; with out-degree 0 in H.
If v is odd, we say that C; has type +, and if i is odd, we say that C; has type —.

Likewise one can define a F-partition by switching every instance of in/out in the
above definition. We note that a similar definition for finite oriented trees was given by

Dross and Havet [10].

143



Lemma 4.2. Let H be a countably-infinite oriented graph. If H is weakly-connected,
acyclic, locally-finite, and has no infinite directed paths, then for every vertex v of in-
degree 0, H has a %-partition with C; = {v}, and for every vertex v of out-degree 0, H

has a F-partition with Cy = {v}.

Proof. Since H is acyclic and has no infinite directed paths, the set of vertices with in-
degree 0 is non-empty; let v be a vertex of in-degree 0 and set C; = {v}. For even i > 1,
let C; = (Uveci,l r+(v)) \ (Cs_1 U C;_s), and for odd i > 1, let C; = (Uveci,l F_(v)) \
(Ci—1UC;_s). Note that since H is locally-finite, and has no infinite directed paths, each
C; is finite. In addition, because H is weakly-connected, {C; : i € N} is a partition of
V(H), and each C; is non-empty. Therefore, holds.

Suppose, for some i < j, that (u,v) € E(H) with v € C; and v € C;. Then, we must
have that 7 is odd (else v € C;) and j = i+ 1. On the other hand, if (v,u) € E(H) is such
that uw € C; and v € C; for some 7 < j, then we must have that i is even (else v € C;)
and j =i + 1. Therefore, we deduce that and hold.

Finally, note that since C; is finite and H is acyclic, H[C;] has a vertex u; of in-degree
0in H[C;] and a vertex v; of out-degree 0 in H|[C;]. Thus, by if 7 is even, then v; has
out-degree 0 in H, and if 7 is odd, then u; has in-degree 0 in H. Therefore, holds, and
{C; i € N} is a £-partition with C; = {v}.

Likewise, by directional duality, for every vertex v of out-degree 0, H has a F-partition

We are now ready to prove Theorem [1.7]

Proof of Theorem[1.7. First note that if H has a cycle, then H € K, and H € K.
If H has a vertex of infinite in-degree, then H ¢ K, and if H has a vertex of infinite
out-degree, then H € K. If H has an infinite directed path with the first vertex having
out-degree 0, then H ¢ K, and if H has an infinite directed path with the first vertex
having in-degree 0, then H ¢ K,«. Therefore, implies . In addition, implies
trivially. Therefore, all that remains is to show |(i)| implies .
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So suppose H is acyclic, locally-finite, and has no infinite directed paths. If H is
not weakly-connected, we can make it so while maintaining the three properties (say by
choosing a vertex v; from each component H; of H and adding an antidirected path on
V1,09, ... ). Let K be a countably-infinite tournament and let (u;);eny be an enumeration
of V(K). Define *y, x9, *3, ... inductively by

+ if (ﬂ;;ll N*i (uj)> N N7 (u;) is infinite,

X, =

— otherwise.

Let Vt ={u; € V(K) : %, = +} and let V— = {u; € V(K) : x; = —}. The key property
is that for all o,% € {4, —} and all finite non-empty subsets X C V¢ and Y C V*
N°(X) N N*(Y) is infinite. (A more standard approach to assigning the %; would have
been to choose a non-principal ultrafilter on N and let *; = ¢ if and only if N°®(u;) is in
the ultrafilter. We note that our assignment of x; without the use of ultrafilters is inspired
by the proof of [23, Lemma 1].)

If x; = +, then we choose a vertex v; € V(H) with in-degree 0 and apply Lemma
to get a +-partition {C; : i € N} of H with Cy = {v;}. If x; = —, then we choose a vertex
vy € V(H) with out-degree 0 and apply Lemma to get a F-partition {C; : i € N}
of H with C} = {v;}. We may suppose by directional duality that %; = 4+ and thus we
choose a vertex vy, € V(H) with in-degree 0 and apply Lemma to get a £-partition
{C; :i € N} of H with C} = {v;}. Finally, define

+ ifi is odd,
0 =
— ifi is even
and note that ¢; simply describes the type of the set C;.
We construct a sequence i; < iy < ..., growing an embedding ¢ : H([Uc;;)Ci] — K as

we do so, such that following properties hold for every j € N.
71 {ul, c. 7Uj} g QS(UZe[lJ]CZ)
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Z2 ¢(Ci;) C V.

If such a sequence exists, then by [Z1] the resulting embedding ¢ : H — K proves the
theorem.

We initially set i; = 1 and ¢(v1) = u1. Then, given 4;_; and ¢ : H[Ujcp,_,1C] — K
satisfying [Z1] and [Z2] we proceed as follows.

If uj € ¢(Uics,_,1Ci), then set i; = i;_1 (trivially, and are satisfied). Otherwise,
by@we have that U;_; := N*i (u;) N N1 (¢(Cy,_,)) is infinite. If U;_; NV* is infinite,
set i; to be the smallest integer at least i;_; + 5 with ¢;; = + (i.e., the smallest odd
integer at least i;_; +5). Otherwise, U;_1 NV~ is infinite and we set i; to be the smallest
integer at least i;_; +5 with o;;, = — (i.e., the smallest even integer at least 7;_; +5). We
now embed the acyclic finite subgraph H[C;,_, ;1 U...UC; ] into the infinite tournament
K[{u;} U (Uj—y N V)] in such a way that if x; = o; _,, then we will choose a vertex
v; € Cj;_ 42 which only has *;-neighbours and embed v; to u;, and if x; # o;,_,, then we
will choose a vertex v; € Cy,_ 3 which only has *;-neighbours and embed v; to u;. Thus
is satisfied. Also note that by construction, every vertex in C;; is embedded into Vi,
so [Z2] is satisfied.

(In the above paragraph, it is instructive to have a specific example, so suppose
¢(Cy, ) € V* (ie., ij_1 is odd), u; € V=, and (N~ (u;) N N*(¢(Ci, ,)) NV~ is infi-
nite. In this case we would set i; = i;_; + 5 (note that i; is even), embed a vertex from
Ci,_,+3 (ij-1+3 is also even) with in-degree 0 to u; and embed the rest of Cj,_, ;1 U---UC;,
into (N~ (u;) N N*(¢(C;,_,)) N V™. Note that since i; is even and p(Cy;) €V, is

j—1

satisfied.) O

4.3 Forward edge density

By Theorem [1.7] if we are given a countably-infinite oriented graph H such that H is
acyclic, locally-finite, and has no infinite directed paths, then for every countably-infinite

tournament K, we have H C K. However, if we drop one or more of these conditions on
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H, what conditions could we impose on the tournament K to still ensure H C K? One
approach to this question is to consider the density of the forward (or backward) edges
in the tournament K.

For an infinite tournament K on N, define, for each n,

d*(K[n]) =

Y

{0, ) € E(K) :1<i<j<n}
()

and define the forward density of K to be

d*(K) = liminf d*(K|n)).

n—oo

Given an oriented graph H, define 7/ (H) to be the smallest p € [0,1] such every tourna-
ment K on N with d*(K) > p contains a copy of H. By Theorem , we know that if
H is acyclic, locally-finite, and has no infinite directed paths, then 77/ (H) = 0. On the
other hand, if H contains a cycle, a vertex of infinite in-degree, or an infinite backward
directed path, then H does not appear in K,,, and so we have ?(H ) = 1. In addition, if H
contains a vertex of infinite out-degree, then we also have 7(H ) = 1, due to the existence
of tournaments with forward density 1 in which every vertex has finite out-degree (such
as the tournament on N with forward edges given by {(i,j) : 7 < 2'}).

The only oriented graphs then left to consider are those which are acyclic, locally-
finite, and contain an infinite forward directed path (but no infinite backward directed
path). A natural case to consider then is to determine the value of 7' (P), where P is the

infinite forward directed path. Notably, we have 7(P) strictly between 0 and 1.
Theorem 4.3. Let P be the infinite forward directed path. Then, 7(13) = 3/4.

Note that obtaining a lower bound of 7' (P) > 1/2 is easy. Let I = [k!]\ [(k — 1)!]
for £ > 2, and let K be the tournament on N with all edges with both endpoints some
I, oriented forward and all other edges oriented backward. Then, d*(K) = 1/2, but,

because K = K, K contains no copy of P.
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Proving an upper bound strictly below 1, and also sharpening the lower bound, is
more involved. To do this, we will reduce the problem to finding the smallest possible
forward density of a large class of P-free tournaments on N, defined as follows. Given an

ordinal A and an injection f : N — A, define K- to be the tournament on N with

E(Kg) ={(i,7) : f(i) > f(5)}-

Because A is well ordered, no tournament defined in this way contains a copy of P. In
addition, the forward density of K- can be easily related to the density of inversions of

f. Precisely, if we define, for sets A, B C N,
If[A, Bl = [{(i,j) € Ax B :i<j and f(i) > f(j)}]
and also If[A] = I;[A, A] and I¢[n] = I¢[[n]], then we have

d*(Kp+) = liminf I¢[n]/(}). (4.1)

n—o0

The quantity lim inf, ., I;[n]/(}) can be thought of as an infinite analogue of the inversion
number of a permutation (see, for example, [20]), especially if we consider a bijection
f N — w, which may be regarded as a permutation of N.

We note that the earlier P-free tournament showing 7/ (P) > 1/2 can be realised as
K- for some appropriate f : N — w. In fact, given any P-free tournament K on N, we
can construct an injection h : N — wy such that d*(Kj+) > d*(K). From this we obtain

the following correspondence.

Lemma 4.4. Define
C = sup {lim inf I;[n]/(5) : f:N—=w; is an z'njection}.
n—oo
Then 7 (P) = C.
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Proof. Because 7(P) > dt(Ky+) for any injection f : N — wy, we have, by (4.1)), that
7(P) > (. Therefore it is enough to show that for any P-free tournament K on N there

is an injection f: N — wy with d*(K+) > d*(K), and hence

7 (P) =sup {d*(K) : K is P-free}

<sup{d"(K): f:N— w is an injection} C.

So suppose K is a P-free tournament on N. For i, 5 € N, say that j is a forward out-
neighbour of 7 if 4 < j and i —x j. Define Ag = (). Given an ordinal «, define A,; 2 A,
to be the set of x € N such that every forward out-neighbour of x is in A,. If « is a limit
ordinal, define A, = UgcnAps. Define 0A, = Ayi1 \ Aa. Let A be the smallest ordinal
with A, = (), and note that A is well-defined and A < w; (because we can inject A — N
by sending o < A to the smallest z € N with x € 0A,). If Ay # N, then K contains a
copy of P (any x; ¢ A, has a forward out-neighbour z;; ¢ A,). Therefore, we have a
partition N = U,<x\0A,. Given i € N, let a(i) < A be the unique ordinal with 7 € 9A,).
Define an injection f : N — w- A < wy by f(i) = (i, (7). Note that, if i < j and i —f j,
then (i) > a(j), and hence f(i) > f(j). Therefore, d*(K) < dt(Ky+). O

With Lemma determining the value of 7 (P) is now equivalent to this natural
question of what is the maximum ‘inversion density’ that can be attained by an injection

f N — w;. Thus, Theorem is now an immediate consequence of the following result.

Theorem 4.5.

(i) If f : N = wy is an injection, then liminf,_, I¢[n]/(}) < 3/4.
(ii) There is an injection g : N — w such that liminf, o I,[n]/(5) = 3/4.

To prove Theorem , for the sake of convenience we will actually describe an
injection g : N — w?; however, because each set of the form w x {n} will only be hit by g
finitely many times, the order type of g(N) will be w, and so we could have equivalently

constructed (with some added technicalities) an injection g : N — w.
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Proof of Theorem . Given n € N, let a, be the smallest odd number such that
n € [(a, + 2)?!] and let b, be the smallest even number such that n € [(b, + 2)?!]. Define
functions gg, g1 : N — w? as follows. (We recall here that for (ny,ns), (my, ms) € w? we

have (n1,ns) < (my, ma) if ny < my, or if ny = my and ny < my.)

go(n) = ((an +2)*! — n,a,) g1(n) = ((by +2)*! —n,b,)

We note that liminf,,_,o Ig,[n]/(;) = liminf, o Iy, [n]/(5) = 1/2 (Kg and Ky are both
similar to the P-free tournament realizing 7 (P) > 1/2 that was described earlier); how-
ever, we can selectively choose values from either gq or g; to construct an injection g with
lim inf,, o0 Iy[n]/(5) > 3/4.

Let ¢, = max {a,,b,} so that n € [(c, + 1)?!], and let ¢, € [2¢, + 1] be minimal such

that n € [(2 + ¢,)!]. Finally, let 7, € [2¢,] be such that n = r, mod 2c,. Then set

go(n) if ¢, is odd and r, < ¢y,
gi(n) if ¢, is odd and r,, > ¢,
gi1(n) if ¢, is even and r,, < q,,

go(n) if ¢, is even and r,, > ¢,.

The specific details of this technical definition are not very important, and it is perhaps
most useful to understand g by referring to Figures and [4.2]
We will now show liminf, . Iy[n]/(}) = 3/4. Given sets A, B C N, define

TIAB) = |{(i.d) € Ax B:i < j and g(i) < g(j)}],

and for integers ny,ny € N, define 1,[ny,no] = I,[[n1], [n2]]. Suppose n € N is sufficiently

large so that ¢, > 2. If ¢,, = 1, then

Em:zw14»m<ci;§)“< s (4.2)

| 3
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Figure 4.1: A representation of the values taken by ¢ for n up to 42!, with the blue region
indicating points where g(n) = go(n) and the orange region indicating points where
g(n) = ¢g1(n). While the columns are here shown as equal width, each corresponding
interval of N is of course actually much larger than everything coming before, and so
I,[n]/ (”) may be approximated using local behaviour only. Thus, if g, is close to 1 or

2
2¢,+1 we have Ij[n]/(}) ~ 1, whereas if ¢, is close to (2c,+1)/2 we have I;[n]/(}) ~ 3/4.
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Figure 4.2: A representation of the values taken by g for n up to 112!, with the blue
region indicating points where g(n) = go(n) and the orange region indicating points
where g(n) = ¢1(n). Here, the opacity of the black lines on the right hand axis is in
correspondence with density of the points in Figure
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On the other hand, if ¢, > 1, then, letting A,, be the set of n’ € [n]\ [(¢2 + ¢, — 2)!] such

that 7; < ¢; and B,, be the set of n’ € [n] \ [(¢? + ¢, — 2)!] such that ; > ¢;, we have

n' €A,
noen, n
(o2
Therefore, we have
ligrig)lf I,[n]/(5) =1 —limsup,_, I4[n]/(}) " 3/4,
as required. 0

Finally, to prove Theorem we must show that every injection f : N — w; has

n

2) < 3/4. To do this, given an injection f : N — w; we will define a

lim inf, o I¢[n]/(
sequence of ordinals aq, as, ... in {0, 1} - w, where «,, can be considered to be the median
of the set f([n]). The key property is that every time we find «,, > a,,—1, we have that
f(n') > f(n) for fewer than (n — 1)/2 many n’ < n; that is, at every n where the median
increases, there are more non-inversions ending with n than there are inversions. We then
identify a large finite interval [nq]\[no] with nq > ng in which for every n € [n;]\ [no] where
the median decreases, there is some n’ € [n;]\ [no] with n’ > n where the median increases
back to the same value. From this, we deduce at least (n; — ng)/2 of the n € [nq] \ [no]

give rise to an increase of the median, and also that these median increases are not skewed

towards the beginning of [n;]\ [rg], thus the number of inversions satisfies I¢[ni] < 3("%}).

Proof of Theorem[{.5[()} Let f : N — w; be an injection. Note that, for each n, f([n])
is a subset of w; of size n. Given n, define the median «, to be the unique element
of {0,1} x f([n]) € {0,1} x w; such that |n/2] elements of {1} x f([n]) are greater

than «a,, and |n/2] elements of {0} x f([n]) are less than «,, (where here, {0,1} x w; is
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ordered according to the ordinal product {0, 1} - w;). Note that {0, 1} essentially acts as
a tiebreaker here, as it will later be important that «,, 1 # «,, holds for every n € N.
Let N € N and € > 0. We will show that there exists ny > N such that I;[n;] <

(3 +¢)("), thus proving liminf,_, I;[n]/(5) < 3/4.

Claim 4.6. There exists ng,n1 € N with N < ny < eng, Such that o, =

max{ Wy, Mgty - - -5 Oy b

Proof of Claim[{.0. For j > 0, define m; = [(g)] (N +1)]. For j > 0, define v; =
max{amj,amjﬂ, o ,amjﬂ,l}. We must have v; < ;41 for some j, otherwise the set
{71,72, ...} contains no minimal element. For this j, let np =m; > N, and let n; > m;4;
be minimal such that a,, > 7;. We then have ng = m; < em;j;1 < eny and a,,, =

max{ g, ng+1, - - -5 Oy - o

Let A be the set of n € [ny] \ [ng] such that a,, > a,_1, and let B be the set of
n € [n1] \ [no] such that o, < 1. Because a,, # ;1 for every n € N, AUB is a
partition of [n4] \ [ng]. We note that for any n € B, there exists n’ € [n4] \ [n] with
Q= au_1. Given n € B, we define o(n) to be the smallest such n’. We remark that

o(n) € A for any n € B. We also note that 0 : B — A is an injection. Therefore, we have

(1-@(”21) < D> m=1D)=> (m-1)+> (n—1)

nefn\[no] neA neB

<> =1+ (on)-1)<2) (n—1).

neA neB neA

(4.4)

Finally, observe that if n € A, then, because o, > a,,—1, we have [{n’ € [n — 1] : f(n') <

F(m)}| > (n —1). Hence,

il = () = X 10 € b= 103 £0) < £}

n€ln]
<(3)- Sl € =11 1) < i) < () - §Z<n 1)

(4.4)
2 (% —|—5) (7121)’
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as required. O

There are still other interesting questions that can be asked on what forward density

is required to ensure a copy of an infinite oriented graph.

Question 4.7. Let H be a countably-infinite acyclic oriented graph such that H is locally-
finite, has no infinite backward directed path, but does have an infinite forward directed

path.
(i) Determine 7 (H).

(i) For which d € [2,1] does there exist such an oriented graph H with T(H)=d?
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