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Abstract. Age-structured processes are well-established in population biology,
where birth and death rates often depend on the age of the underlying populations.
Recently, however, different examples of age-structured processes have been
considered in the context of cell motility or certain types of stochastically gated
ion channels, where the state of the system is determined by a switching process
with age-dependent transition rates. In this paper we consider the particular
problem of diffusion on a finite interval, with randomly switching boundary
conditions due to the presence of an age-structured stochastic gate at one end of
the interval. When the gate is closed the particles are reflected, whereas when it
is open the domain is in contact with a particle bath. We use a moments method
to derive a partial differential equation for the expectations of the stochastic
concentration, conditioned on the state of the gate. We then use transform
methods to eliminate the residence time of the age-structured switching, resulting
in non-Markovian equations for the expectations, and determine the effective
steady-state concentration gradient. Our analytical results are shown to match
those obtained using Monte Carlo simulations.



Diffusion in an age-structured randomly switching environment 2
1. Introduction

This paper is a continuation of a sequence of recent mathematical studies of diffusion
processes in randomly switching environments [18, 3, 4, 5, 20]. The environment is
taken to be a bounded domain with either randomly switching exterior boundary
conditions or stochastically-gated internal barriers such as gap junctions. The
stochastic switching is modeled by a Markov chain whose transition rates are
independent of the population density. The fact that the diffusing particles are all
subject to the same fluctuating environment means that statistical correlations arise at
the population level. That is, solving the diffusion equation for a particular realization
of the stochastically switching boundary conditions yields a population density that
depends on the particular realization. Hence, the density is a random field whose
moments evolve according to a hierarchy of deterministic PDEs [3, 20]. This new type
of model has applications to a variety of problem domains in biology and biophysics,
including diffusion-limited reactions [6], insect physiology [8], stochastically-gated
signaling between cells [7, 9], and volume neurotransmission [19, 21].

Probably the simplest example of the above type of process is the one-dimensional
diffusion equation on a bounded interval [18, 3]. Suppose that the left-hand
end satisfies a Dirichlet boundary condition, whereas the right-hand end switches
between inhomogeneous Dirichlet and Neumann boundary conditions. The switching
is represented by a two-state Markov chain. One finds that the solution of the
stochastic diffusion equation converges in distribution to a random concentration
whose expectation satisfies a deterministic system of partial differential equations
(PDEs). The solution of the latter is a linear function of z, with the underlying
stochastic process reflected by the non-trivial dependence of the concentration gradient
on model parameters.

In this paper we extend the one-dimensional problem to the case of age-structured
switching. Age-structured processes are well known in population biology, where
birth and death rates often depend on the age of the underlying population element
[10, 15], which could be a cell undergoing differentiation or proliferation [26, 24, 23],
or a whole organism undergoing reproduction [17]. Recently, however, a different
example of an age-structured process has been considered within the context of cell
motility [11, 12, 13]. The latter authors develop a stochastic two-state velocity jump
model of cell motility, in which the switching rate depends upon the residence or
running time the cell has spent moving in one direction. (This time is reset to
zero each time a reversal of direction occurs.) If the switching rate is taken to be
a decreasing function of the residence time, then one obtains a power law for the
velocity switching time distribution. In particular, the cell undergoes a persistent
random walk, whereby the longer the cell moves in a particular direction, the smaller
the switching probability for reversing direction becomes. The resulting cell motility
on mesoscopic time scales exhibits non-Markovian superdiffusive behavior consistent
with some recent experimental studies [1, 16].

We adapt the analysis of Fedotov et al [11, 12, 13] in order to consider an age-
structured switching process that controls the opening and closing of a stochastic
gate at the right-hand end of a bounded interval containing a population of diffusing
particles. When the gate is closed the particles are reflected, whereas when it is open
the domain is in contact with a particle bath. After formulating the model in section
2, we extend the moments method of Ref. [3] to derive PDEs for the expectation of the
stochastic concentration, conditioned on the age-structured state of the gate (section
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Figure 1: Outline of the steps in the calculation process for finding steady-state
solutions to the first moment of equation (2.1).

3). We then use transform methods to eliminate the residence time, resulting in non-
Markovian equations for the expectations, which are solved using Fourier/Laplace
transforms and the method of characteristics (section 4). Finally, in section 5 we
determine the effective steady-state concentration gradient. The logical flow of the
calculations is outlined in Figure 1.

2. Piecewise deterministic diffusion equation with age-structured
switching

Consider the following diffusion equation for the density u(z,t) of particles moving in
a one-dimensional bounded domain with position z € [0, L] and time ¢ > 0:

ou 0%u

—=D_— L)t 2.1

5 52 x€[0,L],t>0 (2.1)
supplemented by the boundary conditions

u(0,t) =0, wu(L,t)=mno >0 for n(t) =0, (2.2q)

w(0,t) =0 xOzu(L,t) + (1 — x)[u(L,t) —m] =0 for n(t) = 1,(2.2b)
with x = 0,1. Here n(¢) € {0,1} denotes the current state of a stochastic gate at the
end x = L. If n(t) = 0 then the gate is open and the domain is in contact with a
particle bath of fixed concentration rg, whereas if n(¢) = 1 then the gate is closed and
particles are either partially exposed to the bath (y = 0, 71 < 19) or reflected (xy = 1).
In previous work [18, 3], we assumed that the state n(t) of the gate evolves according
to a two-state Markov chain: 0 = 1. Let Po(t) = 3,01 Pln(t) = nn(0) = m]p?,

[e %) ’

be the probability distribution for the current state of the gate given that the initial
state n(0) is distributed according to p°. We then have the master equation

—d]::;t(t) = Z Anmpm(t) (23)

m=0,1
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where A is the matrix generator

A= [ a1 } . (2.4)
&y T

The left nullspace of the matrix A is spanned by the vector 1 = (1,1)T and the right

nullspace is spanned by

= ()= aiam () -

A simple application of the Perron-Frobenius theorem shows that the two state Markov
process is ergodic with lim;_, o, P,,(t) = pn. One can view a solution of equation (2.1)
up to some time ¢ as determining the probability density u(x,t) conditioned on a single
realization {n(s),0 < s < t} of the stochastic gate. Thus the conditional probability
density u(z,t) can be interpreted as determining the density of multiple particles
moving in the same random environment. Each realization of the gate will typically
generate a different solution u(z,t) so that u(z,t) is a random field variable. Taking
expectations with respect to these different realizations, conditioned on the current
state of the gate, we define the first moments

Vi(z,t) = Elu(z,t)1,4)=n], n=0,1, (2.6)

where 1,,4)—, denotes the indicator function on the event n(t) = n. It can be shown
using the method outlined in section 3 that V,, evolves according to the equations
[18, 3]

Vo 0%V
o :DW —apVp +anVi, (2.7a)
oy 0%V,
ot :Dw‘f'aovo — a1V, (2-7b)
with
Vo(0,t) = V1(0,t) = 0, Vo(L, 1) = poto, X0z Vi (L, t) + (1 — x)[Vi(L,t) — p1m] = 0.
(2.8)

If x = 0 then the resulting steady-state solution for V = V5 + V; is [18, 4]

V(z) = %[00770 + p1ml, (2.9)

whereas for y =1

— E 770 = (67 1. .
YO LT G Ty © T Vet 20

In the latter case, although one has the expected linear gradient in concentration, the
dependence of the slope on model parameters is non-trivial. However, one recovers
the classical result in the fast switching limit & — oo:

X
V(LU) = an

In this paper, we replace the simple two-state Markov chain by an age-structured
model. That is, we introduce an additional time variable 7, which is the residence time
between successive switches in the state of the gate, such that 7 is reset to zero each
time there is a state transition. We further assume that the switching rates depend on
7 by setting a1 = a1 (7), a0 = ap(7). Let A, (¢, 7) denote the probability density that
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n(t) = n and the last transition was at time ¢ — 7. We then have the age-structured
master equation

8AO(t7 T) + aAO(tv T)

=— A 2.11
ot or Oéo(T) 0(t77-)a ( a)
6A1(t,T) 8A1(t,7-)
= — A . 2.11
o T T or ay(T)Aq(t,7) (2.11b)
This pair of equations is supplemented by the boundary conditions
tt tt
Ao(t,0) = / o (M)A (£, 7)dr, Ai(£,0) = / ao(r)Ao(t, 7)dr, (2.11¢)
0 0

and the initial conditions A, (0,7) = p,(7)d(7) with p,(7) given by equation (2.5) for
T-dependent ., (7). Here £+ mean the limit as ¢ — 0 of ¢ + ¢, so that we capture
the behavior of any singularities at 7 = ¢ resulting from the initial conditions. The
marginal distribution A, (¢) is then obtained by integrating with respect to 7:

tt

An(t) = /O An(t, 7)dr (2.12)

One possible choice for age-dependent transition rates is (see Refs. [11, 12, 13])

21 2u
= = 1 —
a1<T) (bTO . 040(7') ( ¢>7_0 T
for 0 < ¢ < 1. Note that equations (2.11a)—(2.11¢) are similar to the classical
McKendrik-von Foerster equations in age-structured population dynamics [22, 25].
One question that quickly arises is what form the age-dependent rates «(7)
and «ao(7) should take (we will focus on a,,(7) = a(7) for now). Define the random
variable T' to be the time until the next transition from n = 1 to n = 0 occurs.
To investigate the relationship between T' and «(7), we note that by definition of
conditional probability, T, and a(7), we have that
P(T > 71+ A7)
P(T > 7)
Upon rearranging this equation, we have that
P(T>7+ A7) —P(T >71)
AT N
Taking A7 — 0 then yields that the survival probability Ps(7) := P(T > 1) satisfies
the ordinary differential equation (ODE)
dP;
dr

P(T>74+A7|T >71)= =1—a(r)AT + o(AT).

—a(T)P(T > 1) + o(1).

—a(T1)Ps.

Hence,
Py(1) = N exp ( — /T a(s)ds),

where N is such that the probability density function (pdf) of T,
p(1) = —Pl(1) = Na(T) exp ( - /T a(s)ds).

integrates to one, [;° p(7)dr = 1.
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It follows that, given a survival probability distribution Ps(7), we can construct
the appropriate switching rate by
/
Py(r)
As an informal example, consider the general class of transition rates given by
a(r) = u(1 + 7)k. The resulting survival distribution is

Py(1) = Nexp (k%fl(l + T)k“) if k# -1, (2.14)

(2.13)

1
P(r)=N—+— ifk=-1. 2.15
() =N (215)
Note that if ¥ < —1, we do not have a finite mean. Since in that case on average
it takes an infinite amount of time for the system to change states, we will generally
assume that our survival distribution has a finite mean.

3. First moment equations

We now extend our previous work on diffusion in switching environments to derive
moment equations for the piecewise deterministic diffusion equation [3]. The first step
is to spatially discretize the equation (2.1) using a finite-difference scheme. Introduce
the lattice spacing a such that (IV + 1)a = L for integer N, and let u; = u(ayj) for
7=0,..., N+ 1. We then obtain the piecewise deterministic ODE

N
du; . .
(Z; :ZA;Zuj+nn61,N7 l:17"'aNa n:0717 (31)
=1
with
. D mD
f = ’%%D ’;—25”,1.

Away from the boundaries (i # 1, N), A} is given by the discrete Laplacian

D
Afj = 501 +0ig-1 = 20,4 (3.2a)

On the left-hand absorbing boundary we have ug = 0, whereas on the right-hand
boundary we have
unt1 =1 forn =0, x(uny1—un—1)+ (1 —x)[uny1 =m]=0forn=1.

These can be implemented by taking
D

AYj = 31052 = 285]; (3.20)
0 D
Ay; = ;[5N71,j — 20N,], (3:2¢)

Ayj = X%[éN—lxj — Nyl + (1= X)%[élv—l,j — 20N 4]- (3.2d)
Let u(t) = (u1(t),...,un(t)) and let 7(¢) > 0 be the time since the last switch
7(t) :=sup{s < t:n(t) =n(t — &) for all s’ < s}.
Introduce the probability density
P{u(t) € (w,u+du),n(t) =n,7(t) € (r,7 +dr)} = Po(u,t,7)dudr, (3.3)
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where we have dropped the explicit dependence on initial conditions. The probability
density evolves according to the following differential Chapman-Kolmogorov (CK)
equation for the stochastic hybrid system (3.1):

ot tor T ; ou, Z: Aluj +Mni N | Po(u,t, )
— an(7)Pr(u, t, 7). (3.4)

Equation (3.4) is supplemented by the boundary conditions

Po(u,t,0) = /o

and the initial condition P, (u,0,7) = p,(0)6(7) f(u) with [ f(u)du = 1. Integrating
equation (3.4) with respect to u and setting

Ay (t,7) = /Pn(u,t,r)du

we recover (2.11a)-(2.11¢).

Since the drift terms in the CK equation (3.4) are linear in the u;, it follows
that we can obtain a closed set of equations for the moments of P,. Introduce the
first-order moments

Vio(t, ) = / P (w, £, 7 g () dudr. (3.6)

tt tt

a1(T)P1(u,t, 7)dr, Pl(u,t,O):/O ao(T)Po(u,t, 7)dr. (3.5)

Multiplying both sides of the CK equation (3.4) by wg(¢) and integrating with respect
to u gives (after integrating by parts and using that P, (u,¢,7) — 0 as u — co by the
maximum principle)

8Vn’k 8Vn k
ot

ZA Vi + i An (6, 70k 8 — (T Vi i (E, 7). (3.7)

If we now retake the continuum limit ¢ — 0, we obtain the moment equations for
Vi (x, t, 7), namely,

OV (z,t,7) n OV (x,t,7) D82 w(x,t,7)

— ap(7)Vp(z,t,7). (3.8)

ot or Ox?
This is supplemented by the boundary conditions
Vn(07ta7-) = 07 ‘/O(L7ta7—) = T’OAO(t7T)7 (390‘)

X0 Vi(L; t,7) + (L= X)[Vi(L, t,7) = mAs (¢, 7)] = 0, (3.99)
with A,, evolving according to equations (2.11a) and (2.110),

++ o+
Vo(z,t,0) :/ ar (T)Vi(x,t,7)dr, Vi(x,t,0) :/ ao(T)Vo(x, t, 7)dT, (3.9¢)
0 0
and with the initial conditions
Viu(2,0,7) = VO (2)5(7) (3.9d)

for some initial spatial distribution V,SO)(:E).
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4. Eliminating the residence time

In the previous section we derived equations for the 7-dependent first moments
Vi(x,t, 7). The next step is to derive a non-Markovian master equation for the 7-
independent moments

t+
Mn(x,t)z/ Vi, t,7)dr, (4.1a)
0

where we have integrated out the residence time 7. Note that we will need to be
careful about the singularity at 7 = ¢ coming from the factor of §(7) in the initial
conditions. At this point it is convenient to define several additional variables. First,
recall that the probability the gate is in state n at time ¢ is given by

)\n(t)z/o Ay (t,7)dT, (4.1b)

analogous to the definition of M, (x,t). Now define
tT
Np(z,t) = / an (T)Vo(x, t, 7)dT, (4.1¢)
0
¢+t

rn(t)E/O an (T)A (L, 7)dT. (4.1d)

These new variables are integral terms describing the transfer of probability between
Mo(x,t), My(z,t) and Ao(t), A1 (t) respectively. We will proceed along analogous lines
to Fedotov et al [12]. Given the boundary conditions (2.11¢) (3.90), and (3.9¢) we also
have to be able to solve for N,,(z,t), as well as the variables A,,(t) and 7, (t) through a
similar process, since the marginal distribution A, (¢, 7), the 7-dependent probability
density that the system is currently in state n at time ¢, is not known.

We can find the general form of the differential equation for M, (z,t) in a fairly

straightforward manner. Integrating (3.8) from 7 = 0 to 7 = T, interchanging
differentiation with integration, and using the fundamental theorem of calculus yields
OM,, (2, t 02 M, (x,t ¢
PO Vitott4) = V(1. 0) = DZED [ ity

x 0

N
Using the boundary condition V,,(z,t,0) = fot a—n(T)Vi_p(z,t, 7)dT = Ni_p(z,1),
and the fact that V,,(x,t,0) = 0 if o > ¢, we obtain

OM,(z,t) 0?M,,(z,1)
ot =D 92 — Np(z,t) + N1_p(a,t), (4.50)
with boundary conditions
M, (0,t) =0, Moy(L,t) = noXo(t), (4.5b)
Xali(L7 t) + (1 - X) [Ml(L, t) - ’171A1(t)] =0. (450)

In section 4.2 below, we use transform methods to rederive (4.5a) and write N,, in
terms of M,,.

We note that the initial condition V,,(x,0,7) = VTEO)(SU)(s(T) could be replaced
by a smooth distribution of initial residence times g, (7), with fooo gn(T)dT = 1. In
this case, we integrate 7 over [0,00) in order to eliminate the residence time. This
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simplifies the derivation of equation (4.5a), since there is no longer a singularity at

T =t, so that
< OV (w,t,
[T
0 87—

For concreteness, we will use the point distribution §(7) throughout the rest of the
paper.

As in our previous studies, we are ultimately interested in the steady-state solution
M (z) = limy—y o0 [Mo(z,t) + My (z,t)], under the assumption that the following limits
exist:

A= tlirgo An(2). (4.6)
Adding the steady-state equations for My(z) and M (x) together yields
d*M (x)
D———==0 4.7
Moy, (4.7)

which indicates that M (z) is a straight line through the origin, M(z) = Az, with A
to be determined from the boundary conditions at x = L. In the Dirichlet-Dirichlet
case (x = 0), one simply has
x
Jim M (z,t) = T Jm (Moo (t) +mAx(t)] - (4.8)
Thus, it is only necessary to calculate A,(t). The difficulty lies in the Dirichlet-
Neumann case, where M;(L,t) is not known explicitly. This means that one has to
solve equations (4.5a) directly, and thus deal with the fact that the integral terms
N,, are currently expressed in terms of V,,, rather that M,,. In order to rewrite N,, in
terms of M,,, and to solve the resulting equation for M,,, we will make use of transform
techniques. First, however, we show how to calculate A, ().

4.1. Calculation of A\, (t)

The first step is to decompose the right-hand sides of equations (4.1b) and (4.1d) into
two parts, one of which contains the singularity at 7 = ¢*:

t tt
An(t) = /0 Ay (t, T)dT + . A, (t, 7)dr (4.9)
_ o

7 (1) :/0 an (T)A (2, T)dT+/t o (T)Ay (t, T)dT. (4.10)

Note that A, (¢) is simply the probability that the system is in state n at time ¢t. Using
the method of characteristics (see Fig. 2) we can write

A (t,7) = Ap(t — 7,0)e Jo an (¢ 45 7 (4.11a)

A(t,7) = Ap (0,7 — t)e™ Jreom 5 4 < (4.11b)
Note that

W, (r) = e~ Jo ) (4.12)

is the survival probability that the system has not switched after residing in state n
for time 7. We also define
- N dv
wn(T) = Oén(T)e_fo an(t)dt” _ _771(7-)

4.1
dr ’ (4.13)
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the pdf for the probability that the system has exited state n before reaching residence
time 7. We can then write

/ Ap(t—71,0)0, (7 )dT—i—/tt An(O’T_t)de

. (r —
/ A W, (r)dr + /t pa(0)6(r t)mm
A (t,0) % Wn(t) + pn(0)Wn ()
= (rl,n # W) (1) + pu(0) T (1), (4.14)
where we have used equation (2.11¢). Similarly,
rn(t) = /0 A (t —7,0)0, (7)dT + /ti an (T)An(t, T)dT
= (r1—n * ¥n)(t) £ pn(0)¢hn (1) (4.15)

What is convenient about these forms is that we now have either linear terms or
convolutions, making the Laplace transform ideal to use. Denoting L{f(t)} = f(s),
after applying the Laplace transform to both 7, (t) and \,(t), we arrive at the system
of equations

X (8) = F1n ()W () + pn(0) Ty (s) (4.16a)
Tn(8) = F1_n(8)Yn(s) + pn(0)y(s). (4.160)
Solving (4.16a) for 71—, (s) gives
Xn(s) - pn(o)@n(s)

e N
This implies that
rs_%”(S)X s) — 0)¥ _1;/;n(8)>\
t
characteristics
f ()
<z
<
® (tv)
An(O,T‘t) T

Figure 2: Characteristics used to determine A, (f,7) in terms of the initial data
A (t—7,0) for t > 7 and A, (0,7 —¢t) for 7 > ¢.
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and therefore

Rols) = mxl_n<s>@n<s> + Pu(O)Tn(s).
Rewriting this as
M) o Bals)s
\Iln(s) pn( ) \111 n( ) n( )
we can subtract (wn(s)/\fln(s)))\n(s) from both sides, yielding
)‘n(S)L 1Zn(s)] — 0 (0) = %17n(5)x s) — %n(s)x s
W (s) PO e Y T
Using the fact that ¢, (s) = —sW,(s) + 1, we arrive at the equation
5 Dronls) 3 Un(8)5 - N
sAn(s) — pn(0) = = s) — = An(8) =7rp_1(s) —Tp(s 4.17
(s) — pn(0) \Ifln() —n(s) (o) (s) (s) = 7u(s) (4.17)

Since L{An(t)} = sAn(8) — An(0) = sAn(s) — pn(0), we can convert back from the
Laplace domain to the time domain to obtain the integro-differential equation

d\,(t
L;Lt( ) = _Tn(t) + Tl—n(t)v (418)
where we have rewritten the transition rates as
t+
rn(t) = K, (t — 1)\ (7)dT (4.19)

0
with the integral kernel K, (t) defined by

-1 QZn(S)
K,(t)=L — 5. 4.20
(t) { (o) } (4.20)

In the Markovian case a,(7) = «, constant, this formulation recovers the standard
master equation for the two-state Markov chain. To see this, note that L{¥(¢)} =
L{e "t} = (s + a,) 7!, so the integral kernel is

1— sV
Ko(t) = -1 2280 U o v s,
This means the rate functions are given by

tt

r(t) = /O and(t — TV An(F)dT = ann(t),

and the resulting system of equations is
dha(t)

da

Our next intermediate step is to find the steady-state behavior of A, (t) as t — oo.

For now we will simply assume such a limit exists, i.e. the proportion of time spent
in each discrete state approaches a constant value. Since the right hand side of (4.18)
is non-autonomous, this is a non-trivial task. The main tool we use is the final value

—Otn)\n(t) + Otl_n/\l_n(t), n=0,1. (421)
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theorem of Laplace transforms. The idea is that, assuming lim;_, o, f(t) exists, we can
use the identity

/ et dJ;( )it = sF(s) — £(0) (4.22)
0
to equate lim,_,q+ sF(s) — f(0) with

< .d d

Therefore, we have
Slir& sF(s) = tll)rgo f(%). (4.23)

In Laplace space, we can write the transform of the differential equations given
by (4.18) as a system

Yo (s) P1(s) ~
TRe e | (Re6)) Z (po(0) (4.24)
Dols) oo i) |\ Xy (s) p1(0))’
o (s) T (s)

which we can use to solve for s\, (s), obtaining

3 h() B

<350(5)> _ 1 TG T (pO(O)) (4.25)
i) | dols) Go(s) 0)) "
sh(s)) s+ 2n=0,1 %Es)) T ST T o

Taking the limit s — 0" yields the solution

lim (Aﬂ(t)> — lim S?‘VO('S) _ <a;l-‘:b>\ aAZ‘E\bk) <PO(O)> = (ak}sz) , (426)
t—o00 )\1(t) s—0t S>\1(8) ax+bx  ar+tbx p1(0) ax—+bx

where we have used po(0) + p1(0) = 1, and defined

Climg o i(s)  fy ¢a(t)dt 1 —Wi(o0) 1 )
T limor Ui(s) o Wa(0dt [T (0dt fT (4.270)
im0t Wo(s) fooo Yo(t)dt  1—Tg(c0) 1
Climos Wo(s)  Jo olt)dt [T Wo(t)dt [T Wo(t)dt’ (4.27h)

assuming the limit of each integral exists on its own. The last equalities follow from
the fact that the survival probability approaches 0 as t — oo, assuming we have a
reasonable holding time distribution. Enforcing that ¢, (7) has a finite mean is one
way of ensuring this. In the Markovian case, we arrive at ay = a1, by = ag, which
results in steady-state boundary conditions «,/(ag + a1) = pn(0), identical to the
Markovian boundary conditions one would normally obtain.

4.2. Calculation of Ny (x,t).

We now wish to perform a similar calculation to determine the functions N, (z,t)
appearing in the PDE (4.5a) for M, (z,t). We will proceed by applying transform
methods and the method of characteristics to the moment equations (3.8). First, note
that we can take V, Vi and V = Vi + V4 to be in the same Fourier space by taking
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them to be odd, periodic functions on the domain [—L, L]. These periodic functions
will be discontinuous at = +L. Introduce the sine series

(x,t,7) Z 1(t,7)sin(lra /L), n=0,1, (4.28)
with
N 1 L
Voa(t,m) = Z/ Vi(z, t,7)sin(lra/L)dx. (4.29)
-L
Fourier transforming the moment equations (3.8) gives
Wy OV ) ~ 2Dk,
ot + or == [Dkl + O‘n(T)] Vn,l + T(*l) +1Vn(Lat77—)a (4'30)

where k; = Im/L. We have used the fact that the sine transform of second derivatives
picks up a boundary term. We also have the initial conditions

Voa(0,7) = V,a(r), (4.31a)

Vou(t,0) = / ay (T)Va,(t, 7)dT = N (t), (4.31b)
0

714(4,0) = / ao(F) Vo (t, 7)dr = Nou(t). (4.310)
0

Here M,, ;(t) and N, ;(t) denote the sine transforms of M(z,t) and N(xz,t). For the
moment, leave the boundary conditions for V,,(L, t,7) unspecified.

The method of characteristics can now be used to find a solution along analogous
lines to the analysis of A, (¢, 7), see also Fig. 2. For ¢t > 7, we have

?n,l(ta T) = ?n,l(t -7, O)\Ijn (T)G_DklzT + Bn,l(t7 T)7 (432)
where
2Dk T gDkt
Bu(t,7) = Wa(r)e™ D7 S22 (1)t /0 “;n(;,) Va(L,t =7+ 7 7)dr'. (4.33)
Similarly, for ¢ < 7 we have
Vaa(t,7) = Vot (0,7 — )W, (r)e™PHE 4 Ot 7), (4.34)
where
Qk D t Dk
Chalt, 1) = U, (r)e PRT L ()it / V(L7 —t )t (4.35)
’ L o n(t)

The functions B,, ;(¢, 7) and By, ;(t, T) are specified in terms of the boundary conditions
for Vi, (L, t, 7).

The next step is to decompose the right-hand sides of equations (4.1a) and (4.1¢)
into two parts, one of which contains the singularity at 7 = tT. After Fourier
transforming we have

M, / anm)dw/j Vot 7)dr (4.360)

Noalt) = /0 (¥, / (FValt,7)dr.  (4.360)
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Substituting the characteristic solution into this pair of equations and using equations
(4.31a)—(4.31¢), yields

M) = Nin * @) (1) + V)@ i(8) + Rua(t), (4.37a)
and
Noua(t) = (N1 % 60,) (1) + VD b () + Sna(t), (4.37b)
where
t~ tt
R, (%) :/ Bn7l(t,7')d7'+/ Cy i (t, T)dr, (4.38a)
0 t—

tT

Spa(t) = /0 " (7 Bas(t, ) + /t an(F)Cos(t, 7)dr,  (4.380)

and we have set

O, (1) = U, (E)e PR 1 (E) = o (t)e PR,
The terms R have a complicated form, but a simple interpretation. They describe the
propagation of the memory of the gate at the right boundary into the interior of the

domain along characteristics. Laplace transforming the above equations leads to the
following algebraic system:

M i(8) = Ni—n(5)¥n(s + D7)

+ VO, (s + DE?) + Ry i(s), (4.39a)
Noi(s) = Nini(s)tn(s + Dk}) + V!
(s

Vi On(s + DAP) + 8(s), (4.390)
Finally, solving (4.394) for Nl—nl ) gives
Mo i(s) = VW (s + DEZ) — Ry a(s)

/\N/,n s) = =
1-ni(9) U, (s + Dk?)
Combining this with (4.390), we have that
~ ¢n(s + Dk2) )z 2 )7 2
Noa(s 7./\/1 =V, ¥a(s+Dk;) —Rpu(s)) +V,  ¥n(s + Dk
1o)== (s+Dl<;2)( 1(8) = Vi, Wi ) 1(8)) + Vi v )
+ Sna(s)
Un(s+ DE2) [~ ~ .
== IM, 1(8) — Rug(s)| + Snals), 4.40
To(s + DR?) { 1(s) a( )} 1(s) (4.40)

Equation (4.40) thus determines the Fourier-Laplace transform of N,,(z,t) in terms of
the corresponding transform of M, (z,t) and the boundary conditions at = L.
It is also now possible to recover the PDE (4.5a). From equation (4.39a) we have

St e Dioals+ D)
\1’17n(8 + DkQ)
+ VTE,OZ)\TI"(S + Dk?) + gl—n,l(S)\I’n(s + Dk?)

My_pi(s) - ﬁl,n,l(s)} T, (s + Dk?)

Rewriting this as
Mii(8) = R y(s)
W, (s + Dk?)

wl n(s + DkQ)
\Ill_n(s + Dkz)

- V,Ef)l) —Si_p(s) = [/\/h ni(8) — El—n,l(s)] )
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we can subtract

(n(s + Dk}) /W (s + DE})) Mo i(s) = Roi(s)]
from both sides, yielding

Mua(s) = But @l = Unls + DRD] _ yo) 5

Dnl T DR) o E - G DRD R
\Tfl—n(SJer'lz)[Ml_n’l( )~ Bina(s)] @n(S+Dkl2)[Mn,l( ) = R (s)).

Using the fact that ¢, (s) = —sW,(s) + 1, we arrive at the equation
SMo () = i ()] = V) = S1na(s) = =Dh7 [Maa(s) = Bua(s)]

b1—n(s + DE2) —~ ~ Jn(s + DE2)  ~ -
Lonle 2 D) R () = Racna()] = 2B PR (R 6) = Ra())
Uy (s + Dk2) U, (s + Dk?)
Combining this with equation (4.40), we find
sMi(s) = V) = —DkF M a(5) + Ni—na(s) = Noa(s) (4.41)

+ [Dk? + 5] Rpi() + Sni(s).

It is worth noting at this point that if the switching at the gate is given by an
exponential distribution, which is memoryless, the dependence of the above equation
on the memory terms R, ;(s) and S, ;(s) disappears, as the term [Dk? + s|R,(s) +
§n,l(s) cancels with the Enwl(s) terms present in /\71,71,1(5) and /\~fnl(s) Finally,
inverting the Fourier-Laplace transform recovers equation (4.5a) with boundary
conditions

Mn(0,8) =0, My(L,t) = Fu(t). (4.42)
The Fourier-Laplace transform of the function F,(t) is given

2Dk ~ ~ =

(1) Fa(s) = [DE? + 8] Rua(s) + Sna(s). (4.43)

In order to determine the functions ﬁnl(s) and gn’l(s)7 we need to impose the
explicit boundary conditions at z = L for B, ;(¢t,7) and C, ;(¢t,7). The details of
these calculations can be found in the appendix for both Dirchlet-Dirichlet (y = 0)
and Dirchlet-Neumann (y = 1) boundary conditions. In the former case, we recover
from equation (4.43) the expected result that F,,(t) = n, A, (f), which is a useful self-
consistency check. The Dirchlet-Neumann case is more involved, since Fy(t) = oMo (t)
but Fj(t) is unknown. The basic steps of the calculation are as follows. First, we
express the steady-state version of R, ;(t) in terms of F,f := lim;_, o F},(¢). Second,
we express Mo and N, ;,n = 0,1 in terms of M, and F;;. It then follows that
equation (A.8) can be used to determine My ; in terms of the coefficients F. Since
E§ = noAg, there is only one unknown constant F}. In the case of identical transition
rates a, (7) = a1, (7) = a(71), it is fairly straightforward to find a relatively compact
form for the Fourier coefficients M ;. In particular, after some algebra, we find that
(see appendix),

2 a1 (DR 1 W(DK}) .
M= 75 \TI(O)l—i—zZ(DkZQ)FO—i_(l \TJ(O)I—HZ(Dle))FI]' (4.44)
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for Dirichlet-Neumann. Finally, the unknown constant F} = M;(L) can be found by
enforcing the Neumann boundary condition at x = L.

We are now in a position to determine the slope of the steady-state mean
concentration for the Dirichlet-Neumann case. In order to calculate the spatial
derivative of M;(z), it is convenient to be able to differentiate the Fourier series
term by term. To do this, we must first homogenize the steady-state solution so that
the values at * = L and ©* = —L are identical, then find the Fourier coefficients for
the homogenized solution. This can be accomplished by simply subtracting the linear
function xFy/L from M (x). Using linearity of Fourier series, the Fourier coefficients
of M} (z) = My(z) — zF} /L are given by

U 2 U 2
My, = i(—l)l+1 L YD) Fy — L WD) Frl. (4.45)
Lk, U(0) 1+ ¢(Dk?) U(0) 1+ ¢(Dk?)
Setting
U 2
a; = i(—1 1 \I/(Pkl) , (4.46)
Lk ¥(0) 1+ ¢(Dk?)

we can then write

M (z) — %Ff = Fy Zal sin(kjx) — FY Zal sin(kjx). (4.47)

1=1 1=1
Taking derivatives and enforcing the Neumann boundary condition at x = L gives the
following expression for the unknown boundary value

Ey Zoi (—1)lalkl wl
My(L) = F} = —=2-52=1 k= —. 4.4
() = S (—Dlak —1/L° T L (4.48)
Now A§ = 1/2 since oy = aq. Thus, setting
T 2 o 2

| = ~ - ~ ;
1+ ¢(DE)  DEP(1+$(Dk))
we have that the slope of the steady state first moment M (x) simplifies to

1 7o oo b
M@= LR+ Fp) = 10 (1 )
z ASS S0

where U(0) is the mean time between switches.

5. Examples of rate functions

5.1. Markovian transition rates

The first example we will look at is the Markovian case «;,(7) = a;,. This has already
been studied in [18, 3], and we will show our formulation yields the same results.
In the case of constant transition rate functions «,,, it is a straightforward
calculation to show that
1 Un(DE?)

U, (Dk?) = . = =an, A= .
( ) Dk? + o, U, (DE2) “ ag + ag

A1—n
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Define £ = y/ap + a3 and set D = 1. Substituting this into equation (A.8) yields
2 2k

ki Muy = ao |2 (“)THE + Fi] = Muy = Rog| = ki Roy + = (=1)"'Fy
1
2%k . 2k N
— o [Myy — Ry + kR, — Tl(—l)l“ﬂ + Tl(_l)lﬂﬂ ; (5.1)
where we have used
2
Moy = —(=1)F[F; + Ff] — My (5.2)
kL
After some algebra,
2a * *
(kf + €My = = (=)' [Fy + Fy]
kL
2k
— (0 + k) Roq + (a1 + k) Ry + Tl(*l)lHF& (5.3)
Equation (A.10) implies
1 2%k,
Ryj= ———5 — (1) Ex 5.4
=y LR (5.4)
so that
(K + €)My = 20 ()L 4 B+ ——(-)F. (55)
> k'lL 0 1 Lkl 1

From here we can find M;; in terms of linear and hyperbolic functions. Enforcing
0, Mi; =0 at = L allows us to solve for the unknown value Fy. This yields

1 — (£L)~'tanh(£L)
Ay + Af(EL)~ ! tanh(¢L)’
with Af, A} defined according to equation (4.6).

Comparison with Monte Carlo simulations in Figure 3(a), we can see that the
numerical and analytical results match. For identical transition rates a; = ag = «,

we can also plot the slope of M(x) as a function of a. The resulting curve approaches
n/L as « grows, matching the result from taking a fast switching limit in (5.6), and

Fi' = MAgmo (5.6)

0.7,
(@) 097
0.6
S
£ 05 — Monte Carlo 08!
S Theoretical S
o 04/ S
©
z 03! % 0.7
%)
R 02 3>
% S 0.6
0.1 2
0 : : : : : 0.5 ‘ : : :
0 0.2 04 , 06 0.8 1 0 10 20 30 40
a

Figure 3: (a) Analytical and Monte Carlo steady-state solutions in the case of constant
switching rates ap = a3 = a with a = 2. (b) Steady-state slope as a function of the
constant switching rate a. We have set n = L = 1 for simplicity.
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drops exponentially to /2L as « grows (see Figure 3(b)). This comes from the fact
that as the switching rate slows down, the original switching system spends longer
periods of time in the state n = 1, where u(z,t) = 0 is an exponentially attracting
steady-sate solution. The contributions to the first moment then mainly come from
the state n = 0 with a Dirichlet boundary condition u(L,t) = 1, which is enforced
half the time on average with identical switching rates.

5.2. Non-Markovian transition rates

We will illustrate the non-Markovian case using a gamma distribution
1 k=1 _—2
e — 7 .7

for both transition rate probabilities. This distribution has the advantage that both
the mean, given by k3, and the variance, given by k32, can both be easily controlled.
In this case, the Laplace transform of ¢(7) is given by

~ 1
)= ——. 5.8
Y(s) (L Bs)F (5.8)

09, )
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Figure 4: Comparison of the analytical and Monte Carlo steady-state solutions for
the gamma distribution with (a) ¢ = 15 and (c¢) ¢ = 1500. The corresponding error
differences are plotted as a function of z in (b) and (d), respectively. Parameters of
the gamma distribution are k =2, § = 0.1, and we have set n =L = 1.
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Figure 5: Steady-state slope for the gamma distribution as a function of g for various
shape parameters: k£ = 0.005, £k = 0.05, £ = 0.5, and k = 5.

Using the relation ¢ = 1 — sW¥(s), we can find the Laplace transform of ¥(r) as

= o (14 Bs)k—1
(s) = s(1+ Bs)k

For this distribution, the value \I/(O) does not exist, but lim,_,q+ \I'(s) does exist and
is equal to kS, the first moment of the distribution (7). This is true in general for
distributions with a finite mean, and we will interpret W(0) as lim,_,q+ ¥(s) = (1)) as
needed.

Comparing the analytical steady state M (x) to Monte Carlo simulations using
identical transition rates, we can see that they match to a high degree of accuracy,
although the rate of convergence can be slow, see Fig. 4. Similar to the Markovian
case, we can also see how the slope is predicted to change based on the the scale
parameter  for fixed values of the shape parameter k, see Fig. 5. Note that as
k — oo the slope approaches

(5.9)

5.8. Sub-exponential Transition Rates with Finite First Moments

One advantage of our solution method is that it can predict what the first moment is
even if the transition probability pdf ¢ (7) does not have finite variance. In these cases,
it is not computationally feasible to calculate the mean steady-state using Monte Carlo
simulations. However, from the analytical viewpoint developed in previous sections,
as long as the mean time to transition to another state is finite, the calculations for
M () still hold and we can predict what the mean steady-state will be.
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Figure 6: Steady-state slope for a switching rate based on a Pareto distribution with
shape parameter v varying from 1 to 4, and the scale parameter 7y set to 0.001, 0.01,
0.1, 1, and 10 (from top to bottom curves). Here we have set L =7 = 1.

To illustrate this, consider a Pareto distribution given by

Y(r) = { % 0z7<m (5.10)

1
yr9 /T, T>T1

with the shape parameter 7 restricted to be in the interval (1,2) so that the mean
of the distribution, given by y79/(y — 1), is finite, but the variance is infinite. The
Laplace transforms for both ¢(7) and ¥(7) do not have closed forms, but can be
expressed in terms of a generalized exponential integral

En(s):/1 eTn dr (5.11)

or an incomplete gamma function
I'(a,s) = / T e Tdr. (5.12)

The results for the slope with various scale parameters 7y are shown in Figure 6.
There are several interesting features here. the slope seems to reach a saturating
value, mimicking the behavior on the mean y7y/(y — 1) as v approaches infinity. We
also see that the curves approach a fast switching limit as 7y approaches 0 for for
fixed values of 7, but all the curves approach 0.5 as v goes to 1. A value of v close
to 1 can be interpreted as a slow switching limit, as the mean time for the system to
switch states will be large. M (x,t) will either be near identically 0 if n = 1, or be
close to nz/L = x if n = 0 for long periods of time, nearly wiping out any transitional
behavior. Hence the average slope will approach 0.5 for our chosen parameter values
n=1and L=1.
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Figure 7: (a) Steady-state and Monte Carlo solution for deterministic switching
occurring at time intervals 79 = 0.1. (b) Steady-state slope as a function of switching
interval 9.

5.4. Deterministic Transition Times

Our approach can also handle the case of deterministic switching times. In order for a
switch out of state n € {0,1} to occur at a fixed deterministic residence time 7,, > 0,
we take the rate functions to be delta functions, a,, = 0(7 — 7,). In this case we
have U,,(7) = H(1, — 7), ¥n(s) = e ™, and ¥,(s) = (1 — e *™)/s. For simplicity,
let 71 = 79, so that A} = A\§ = 1/2. Substituting this into (4.45) gives, after some
simplification
1 — ¢—Dkimo

ToDkZ(1 + e~ PHi0)
While using this to find an analytical expression for M(x), we can compare the

theoretical solution to Monte Carlo simulations (see Figure 7(a)).
If we now take a fast switching limit 79 — 0, note that

2
h (—1)t+1 [F§ — FY) (5.13)

Ml,l = Tkl

. 1
T{]lgloMl’l = iMl, (5.14)
so we have the solution
1
lim M, (L) = Z[F§ + lim M;(L)], (5.15)
T()*)O 2 TOA)O

so lim,_,0 M1(L) = F. The solution for the first moment is then

M(z) = %x (5.16)
This says that in the fast switching limit, the deterministic switching results in the
system effectively being in an open state n = 1, which matches the known result that
at rapidly switching system is equivalent to a system always in an open state. We can
also see this from the plot of the slope as a a function of 79 shown in Figure 7(b). As

7o — 0, the slope approaches n/L = 1.
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Figure 8: (a) Theoretical steady-state slope plotted against the mean switching time
(1) for the four example distributions. For the gamma distribution and the Pareto
distribution, we fix k£ = 0.05 and v = 1.1 respectively. n and L are again set to unity.
(b) Convergence of the gamma distribution curve to the deterministic curve in the
large k limit.

5.5. Comparison of different switching time distributions

Finally, we compare the four different types of switching, Markovian, deterministic,
gamma, and Pareto, by plotting the steady state slope, M’'(z), against the mean
switching time. As is illustrated in Figure 8(a), the deterministic and Markovian
cases produce the most similar results, while the Pareto case has a more rapid change
for small mean switching times. The most pronounced variation occurs for the gamma
distribution, which takes the form of a sharp sigmoidal-like function. Nevertheless, all
four distributions share the following features: a fast switching limit (Fg + Fy)/L =1
as the mean switching time approaches 0, and a slow switching limit (Fif+F})/L = 0.5
as the mean time to transition to another state approaches infinity. Note that in the
limits £ — oo and v — oo, the gamma and Pareto distributions respectively approach
the deterministic switching curve. This is illustrated in Fig. 8(b) for the gamma dis-
tribution. In addition, the sharper dependence on the mean switching time in the case
of the gamma distribution can be explained as follows. Since the mean and variance
of the gamma distribution are given by kS and k32 respectively, if we fix the mean
and take k small, since § is inversely proportional to k, 5 must be large. The variance
is dependent on /32, so the variance increases as k~2 when k approaches 0, leading to
much greater variance in the waiting times for the gate to switch states. As the sup-
port for the gamma distribution is [0, c0), this leads to longer switching times being
more common. This phenomenon can be counteracted by taking the mean switching
time to be very small, leading to the sharper dependence seen in Fig. 8.

6. Discussion

In this paper we have investigated the one-dimensional diffusion equation with
randomly switching boundaries. In particular, we have extended the results of [3]
for the slope of the steady-state solution in the Neumann-Dirichlet case to situations
where there is an age-based memory to the switching rates, introduced through the
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residence time variable 7. Using the discretization approach from [3], we derive a
system of linear PDEs for the moment equations. However, the introduction of age
structure to the system brings with it several technicalities to deal with, namely a
delta singularity in the initial conditions, and non-trivial integral boundary conditions
at 7 = 0. To reformulate the problem without the residence time variable 7, we
integrate out 7 to obtain a system of integro-differential equations with integral terms
depending on the 7-dependent moments V,,. To re-express these terms as function
of the T-independent moments M,,, we utilize transformation techniques. By sine-
Fourier transforming the linear PDEs for V;, and using the method of characteristics
on the resulting first-order system, we can rewrite M, in terms of convolutions in
time. Using the Laplace transform, we can solve the resulting algebraic system for
the integral terms independent of V;, provided that the mean time to switch between
states is finite.

We carry through with the calculations in transform space to find and solve
transformed steady-state equations. Due to the switching between Neumann and
Dirichlet boundary conditions, there is an unknown boundary value M; (L) that must
be solved for by enforcing the no-flux boundary condition at x = L. The final results
from the analysis match numerical results from Monte Carlo simulations in all the
cases that we tested.

Due to the relationship between the transition rates «, and the survival
distribution ¥(7), age structured switching can be used to model phenomena where
the switching is observed to follow a non-exponential distribution, even if the source of
this age-structure is not explicitly known. One particularly relevant example concerns
the non-exponential residence time intervals observed in ion channel gating dynamics,
see [14] and references therein. Although a nonexponential distribution could be
approximately fitted by a sum of exponentials, often the number of required terms
can be large and may change with experimental conditions. This has motivated the
development of anomalous diffusion-like models of ion-channel gating.

Finally, another natural question is whether or not our analysis can be extended to
the case where the switching rates depend on some spatial structure or on the density
u. Specific cases have been investigated already [12, 13], but a general approach seems
at the very least to be extremely technical.

Appendix

Case x = 0. As a self-consistency check, we show that equation (4.43) yields
F,(t) = nuAn(t) when x = 0. The explicit boundary conditions for V,, are
V(L t,7) = 9o Ay (¢, 7) with A, (¢, 7) having the characteristic solutions (4.11a) and
(4.11b). Substituting these solutions into equations (4.33) and (4.35), respectively,
gives

26D, an 1— e Dki7
Bua(t,r) = U (r) 2P gy gl T o (A1)
L Dk?
and
2k D .
Calt,7) = kl%(—l)l"'lpn(O)\I’n(t) (1 - e—D’“lt) S(r—t), Telt,tT]. (A2

It follows that

.
21
| Buttnar = ) [0, - @,
0 1
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/0 () By (t,7)dr = %’;(—n“lm_n [ — Sua]) (0,

t+
_ 2y Dkt
[ ontmar = TN () (1)
t+

/f, on(7)Ca(t, T)dr = %(—1)”%(0)%&) (1-ePHir).

We have used the fact that r_,(t) = A, (¢,0), which follows from (2.11¢) and (4.1d)
The Laplace transforms of equations (4.39a) and (4.390) thus yield

Roa(s) = T2 (1)1 Froas) + pa(0)] [B(5) = Tu(s + DIP)L (A3
and
51(8) = To (-1 o (5) + pn(0)] () ~ Dnls + D)

— sRua(s) + Dk%i%(—nlﬂ F1n(s) + pu(0)] T (s + DE2). (A.4)

Again we have used 9, (s) = —sU,,(s) + 1. Equations (4.16a), (A.3) and (A.4) imply
that

Spa(s) = 225 (1) (7 () + pu(0)] F(s)

(DK} + 8] Rn(s) + Sna(s) = =
= 2R )
Case x = 1. 1In this case we do not have an explicit formula for F}(t), since we have
to determine V4 (L,t,7) given that 0,V1(L,¢,7) = 0. (The analysis for x = 0 carries
over for n = 0, that is, Fo(t) = noAo(t).) The steady-state version of equation (4.5a)
takes the form
d*M,, ()
0x?
with boundary conditions

M,(0) =0, My(L)=mnoAs, Mi(L)=Fy, 0,Mi(L)=0, (A.6)

0=D — Np(z) + Ni_n(2), (A.5)

assuming the following limits exist
N, (z) = tlggo Ny (z,t), Fy = tll>nolo Fi(t).

Adding equations (A.5) for n = 0,1, the straight line solution for M (z) = My(x) +
M (z) is given by

M(x) = T 05 + F7]. (A7)
In Fourier space, we have

0= =Dk M+ Nog — Ny + @El)”lﬂ*, (A.8)
and

M = Mo+ My = (=1 [N + Fy (A.9)

ki L
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Adapting the analysis of the y = 0 case, we require

~ 2

Rn(s) = Lkl( DM Fa(s) 4+ Ay (s)0na] [1—

U, (s + Dk?)
\in(s)

with Fo(t) = noAo(t) and lim,_,o+ sA1,(s) = 0. The intuition here is that the method

of characteristics propagates information about the value of V,, at the boundary

directly, with information about 0,V,, being included indirectly through V,,. This
suggests that the form for R;; should match the form for Ry ;. It follows that

2 ) ~ U, (s + Dk?)
Ry = —(=1)"1 1 . A Ona] |1 - 22—
1 Lkl( ) Jim s[Fn(s) + A1,(5)0n,1] o (s) :
2 U, (Dk?)
= (1)t |- 2l , A.10
Lkl( ) 7.0) n (A.10)

Similarly, from equation (4.43)

DEF Ry + Spg = lim_s [DR? + 8] Rt (5) + Si(s)

)

s—0t
= %kl(—l)l“Fi;, (A.11)
and
b (s + DE?) [~ - ~
Npg= lim s w {Mnl(s) —Rnl(s)} + Sna(s)
0t | W, (s + DE?)
k
( ) [Mn,l - Rn,l] + Sn,l (A12)
U, (Dk?)
wn(Dk?) 2 2Dk, 141
Moy — Rui] — DE2 Ry + ~1)EE (A3
\Ifn(Dk:f) Mo 1 i Bng +——(=1) (A.13)
V¥ (DE?) 1 2Dk,

(-1)Es (A14)

n,l

7./\/1 . ~7Rn,l +
Tu0k2) T (D) L
where the last equality follows from the relation
o (DE2 1
YDk | ppa L
U, (Dk?) U, (Dk?)
We now make a number of observations. First R,; can be expressed in terms of
F. Second, we can express Mg, and N, ;,n = 0,1 in terms of My, and F}. It
follows that equation (A.8) can be used to determine M ; in terms of the coefficients

Ey. Since F§ = noA§, there is only one unknown constant Fy". The latter can be
determined by imposing the remaining boundary condition 9, M; (L) = 0.
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