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High harmonic generation (HHG) has developed in recent years as a promising tool for ultrafast
materials spectroscopy. At the forefront of these advancements, several works proposed using HHG as an
all-optical probe for topology of quantum matter by identifying its signatures in the emission spectra.
However, it remains unclear if such spectral signatures are indeed a robust and general approach for probing
topology. To address this point, we perform a fully ab initio study of HHG from prototypical two-
dimensional topological insulators in the Kane-Mele quantum spin-Hall and anomalous-Hall phases. We
analyze the spectra and previously proposed topological signatures by comparing HHG from the
topological and trivial phases and across the phase transition. We demonstrate and provide detailed
microscopic explanations of why, in these systems, none of the observables proposed thus far uniquely and
universally probes material topology. Specifically, we find that the (i) HHG helicity, (ii) anomalous HHG
ellipticity, (iii) HHG elliptical dichroism, and (iv) temporal delays in HHG emission are all unreliable
signatures of topological phases. Our results suggest that extreme care must be taken when interpreting
HHG spectra for topological signatures and that contributions from the crystal symmetries and chemical
nature might be dominant over those from topology. They hint that a truly universal topological signature in
nonlinear optics is unlikely and raise important questions regarding possible utilization and detection of
topology in out-of-equilibrium systems.

DOI: 10.1103/PhysRevX.13.031011 Subject Areas: Condensed Matter Physics, Optics,
Topological Insulators

I. INTRODUCTION

High harmonic generation (HHG) is a nonperturbative,
nonlinear, optical process that occurs when intense laser
fields interact with matter, causing the emission of high
energy photons [1–3]. This process was discovered in the
gas phase and has been extensively applied to condensed
phases of matter over the last decade [3–10]. One of the
great promises of HHG from solids that has been driving
the field is its ability to provide accurate time-resolved data

about the driven material properties, including ultrafast
electron dynamics [11–14], band structures and Berry
curvatures [15–18], symmetries [19–26], electron density
information [27,28], information about light-driven phases
of matter [27,29–32], ultrafast correlations [31,33], phonon
dynamics [34–36], etc. Since high-harmonic spectroscopy
(HHS) is inherently all-optical, available on a table-top, and
can theoretically reach a temporal resolution of few
hundreds of attoseconds, it is a very appealing technique.
On the other hand, it is often limited by the need to
extensively compare experimental data with theoretical
simulations in order to pinpoint the exact effects and
physical interpretation. The fact that the underlying micro-
scopic mechanism and physical picture for HHG in solids
remain somewhat controversial and not fully understood
[37–40] makes such analyses even more difficult, espe-
cially for simplified models that employ approximations
(e.g., neglecting electron-electron interactions, utilizing
only few active bands, employing tight-binding approx-
imations, employing low-dimensionality models, neglect-
ing spin-orbit interactions, etc.). Moreover, it remains
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unclear if the strong laser field changes the electronic
properties of matter in a way that affects their potential
observation in HHG spectra (e.g., via Floquet physics [30–
32]). Overall, there is a vital and growing need for unbiased
ab initio predictions of HHG from quantum materials to
establish which properties can or cannot be extracted from
this nonlinear spectroscopy tool.
One potentially appealing application of HHS is to

extract information about material topology. In this frame-
work, one should drive and measure HHG from materials
with nontrivial topological bands, such as topological
insulators (TI) [41], Dirac or Weyl semimetals [42,43],
quantum-Hall systems, or other states of matter [44–47]. In
practical terms, such topological phases can arise when the
Berry curvature integrated over the full Brillouin zone (BZ)
for a given band is nonzero, leading to nonzero Chern
numbers. The hope for HHS is that the Chern numbers and/
or other topological invariants are (i) imprinted onto the
HHG spectrum, and (ii) imprinted in a manner that allows
their extraction in postanalysis. Notably, measuring such
topological invariants is an extremely challenging task that
is often only accomplished by a combination of optical and
electronic techniques such as angle-resolved photoelectron
spectroscopy [48–52], low-temperature transport measure-
ments [53], and nonlinear currents [54], and is an active
area of research [55–61].
Using HHS, it was predicted that harmonic emission

from TI should be elliptically polarized even when driven
by linearly polarized light along high-symmetry axes [62–
64]. The helicity of the HHG emission was predicted to
flip sign in the Haldane model at the phase transition,
thus imprinting topological phase information onto the
HHG spectra. Alternatively, several works utilized HHG
measurements vs the driving ellipticity and proposed
topological features in the HHG yield when it maximized
for nonzero or circular ellipticities [65–67], and in its
elliptical dichroic response [67]. In Ref. [67], for instance,
by comparing to theoretical simulations, the topological
contribution to the “anomalous” (i.e., nonatomiclike) HHG
ellipticity dependence could be traced to the presence of
topological surface states (while the bulk did not exhibit
any anomalous behavior), and an elliptical dichroic
response was reported to be much stronger in the topo-
logical phase. There have also been other studies reporting
possible HHG signatures of topology, including enhanced
carrier-envelope-phase sensitivity [68] (which was shown
to arise from chirp [69]), symmetry-forbidden harmonics
[70] (which have been established to originate from broken
inversion symmetry at the surface [65]), resonant harmonic
peaks [71], half-cycle temporal delays in the HHG emis-
sion [72], and HHG yield enhancements [73]. In all of these
examples, the theoretical predictions were at the heart of the
interpretation process that allows one to extract spectro-
scopic information, making it even more crucial to obtain
ab initio predictions for HHG from topological systems.

Notably, all of the studies above employed some degree of
approximations, either using model Hamiltonians by
design or by neglecting potentially important terms.
Here, we perform ab initio simulations of HHG in

quasi-two-dimensional (2D) TI with state-of-the-art time-
dependent spin density functional theory (TDSDFT). Our
approach naturally incorporates the system’s complete
band and crystal structures, electron-electron interactions,
spin-orbit coupling (SOC), and electron-ion interactions,
which allows us to draw conclusions for phenomena in
realistic systems [74]. In this work, we focus on the HHG
emission from bismuthumane (BiH) [75], a material exem-
plary of the quantum spin-Hall TI phase [76], and a
monolayer of Na3Bi, which is exemplary of the quantum
anomalous-Hall TI phase [77]. We explore the HHG
dependence (yield, polarization, and temporal character-
istics) in the driving ellipticity and angle, and test possible
topological signatures proposed in the literature. These
results are compared to those from the topologically trivial
phases with SOC switched off, and across the phase
transition. From this extensive numerical study, we draw
several main conclusions: (i) The HHG helicity generally
does not map the topological phase diagram. (ii) An anoma-
lous ellipticity dependence for the HHG yield is not
necessarily connected to topological surface states. (iii) HHG
elliptical dichroism can arise in both trivial and topological
phases with a similar magnitude and is largely a result of
crystal structure (rather than carrying unique topological
information). (iv) Temporal delays in HHG emission are a
poor indicator of the topological phase. Our results stress that
caution must be taken when analyzing HHG spectra for
topological fingerprints and when attempting to extract the
material topological nature from measurements.

II. METHODOLOGY

We begin by outlining our methodological approach and
chosen material systems. Calculations for an exemplary
quantum spin-Hall TI were performed in the 2D bismu-
thumane (BiH). BiH exhibits a honeycomb lattice, where
each bismuth atom is bonded to an additional hydrogen
atom in a staggered configuration that preserves inversion
symmetry [75] [see Fig. 1(a)]. We further note that the
lattice structure exhibits three mirror planes transverse to
the monolayer, three twofold rotational axes that are
transverse to the bismuth-bismuth bonds, a threefold rota-
tional axis transverse to the monolayer plane, and a sixfold
improper-rotational axis transverse to the monolayer plane
[see Fig. 1(a)]. In the absence of SOC, BiH is a topologi-
cally trivial semimetal with linearly dispersing Dirac bands
with degenerate band touching points at K and K’, similar
to graphene [see Fig. 1(b)]. With SOC, it enters through a
Kane-Mele mechanism into a TI phase with an indirect
topological gap of about 1 eV and a minimal direct gap of
about 1.35 eV at the K and K’ points [within the local spin
density approximation (LSDA)]. This system preserves
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inversion and time-reversal symmetries such that each state
is spin degenerate, with spin-degenerate bands carrying
opposite Berry curvatures and Chern numbers. It thus
inherently differs from the Haldane model [62–64].
Calculations for an exemplary quantum anomalous-Hall

TI were performed in a monolayer of Na3Bi [77], which
exhibits a hexagonal lattice with broken inversion sym-
metry, and threefold rotational symmetry along with three
mirror planes [see Figs. 1(c) and 1(d)]. In the absence of
SOC, Na3Bi is a topologically trivial insulator with a direct
gap of about 0.1 eV at the Γ point. SOC induces band
inversion, creating a direct topological gap of about 0.4 eV
at Γ (within the LSDA). Since each spin channel supports
distinct topological bands in 2D, this system is a physically
close realization to the TI phase in the Haldane model
(although with time-reversal symmetry preserved).
The ground states (GS) are obtained with noncollinear

spin density functional theory (SDFT) [78], with the
LSDA for the exchange-correlation (XC) functional,
and incorporating semirelativistic corrections including
SOC. The Kohn-Sham-Bloch (KSB) states are obtained
by employing periodic boundary conditions in the two in-
plane dimensions (xy plane) with a discretized Γ-centered
k grid for sampling the 2D BZ while allowing a non-
periodic z axis with additional vacuum spacing above and
below the monolayer. All calculations are performed with
the open-access, real-space, real-time code Octopus [79–
81]. Further technical details are delegated to Appendix A.

The interaction of the systemwith an intense classical laser
pulse is modeled within TDSDFT [78] in the velocity gauge
and dipole approximation. We neglect ionic motion and
assume frozen nuclei. The KSB states are self-consistently
propagated starting from the GS initial configuration at t ¼ 0
with the following time-dependent equations of motion
(given in atomic units, used throughout):

i∂tjψKS
n;kðtÞi ¼

�
1

2

�
−i∇þAðtÞ

c

�
2

σ0 þ vKSðtÞ
�
jψKS

n;kðtÞi;

ð1Þ

where jψKS
n;kðtÞi is the KSB state at k-point k and band index

n, which is a Pauli spinor:

jψKS
n;kðtÞi ¼

" jφKS
n;k;↑ðtÞi

jφKS
n;k;↓ðtÞi

#
; ð2Þ

with jφKS
n;k;αðtÞi the spin-up or spin-down part of the spinor

states with spin index α. In Eq. (1), σ0 is a 2 × 2 identity
matrix, AðtÞ is the vector potential of the driving laser pulse
such that −∂tAðtÞ ¼ cEðtÞ (with c the speed of light), and
vKSðtÞ is the time-dependent KS potential given by

vKSðr; tÞ ¼
Z

d3r0
nðr0; tÞ
jr − r0j σ0 þ vXC½ρðr; tÞ� þ V ion: ð3Þ

(b)

E
n
er

g
y
 (

eV
)

(a)

M K

Bismuth Hydrogen

Unoccupied Occupied

x-axis

y-
ax

is
With SOC -

Topological

Without SOC -

Trivial 

E
n
er

g
y
 (

eV
)

(c)

M K

Bismuth Sodium

(d)

Unoccupied Occupied

x-axis

y-
ax

is

With SOC -

Topological

Without SOC -

Trivial 

Monolayer BiH – quantum spin Hall TI

Monolayer Na3Bi – quantum anomalous Hall TI

FIG. 1. Geometry and band structure of monolayers of BiH and Na3Bi. (a) Illustration of the hexagonal BiH lattice. (c) Band structure
of BiH with and without SOC, where for the SOC case, each band is twice degenerate. Zero energy is set to the highest occupied level in
the SOC-free system. (c,d) Same as panels (a,b) but for Na3Bi.

ARE THERE UNIVERSAL SIGNATURES OF TOPOLOGICAL … PHYS. REV. X 13, 031011 (2023)

031011-3



Here, the first term in Eq. (3) is the classical Hartree
term (representing the mean-field Coulombic interaction
between electrons), with nðr;tÞ¼P

n;k;αwkjhrjφKS
n;k;αðtÞij2

the time-dependent electron density and wk the k-point
weights, and the sum runs over all occupied bands. Note
that vXC is the XC potential, which is a functional of the time-
dependent spin density matrix:

ρðr; tÞ ¼ 1

2
nðr; tÞσ0 þ

1

2
mðr; tÞ · σ; ð4Þ

where σ is a vector of Pauli matrices andmðr; tÞ is the time-
dependent magnetization vector:

mðr; tÞ ¼
X
n;k

wkhψKS
n;kðtÞjriσhrjψKS

n;kðtÞi: ð5Þ

In Eq. (3), Vion represents the interactions of electrons with
the lattice ions and core electrons (through a nonlocal
pseudopotential), and incorporates scalar relativistic correc-
tion terms as well as the SOC term, resulting in nondiagonal
contributions in spin space that couple the different spin
channels. Note that the temporal dependence of vKSðr; tÞ
(which arises as the electron density evolves in timewhen the
system interacts with the laser field) effectively couples the
different band and k-point indices of the KSB states and their
equations of motion through electron-electron interactions
(including both classical Coulombic repulsion and quantum-
mechanical effects incorporated in theXC functional). For the
temporal propagation, an additional complex absorbing
potential (CAP) is added along the edges of the z axis to
avoid spurious reflection of electrons. Note that in this
approach, phenomenological dephasing terms are not
included in the equations of motion. All other technical
details of the numerical procedures are found in Appendix A.
The driving dipolar laser field is modeled with the

following elliptically polarized vector potential:

AðtÞ ¼ fðtÞ cE0

ω

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ε2

p R̂ðθÞ · ½cosðωtÞx̂þ ε sinðωtÞŷ�;

ð6Þ

where fðtÞ is an envelope function (see the Appendix A for
details), E0 is the field amplitude, ω is the carrier frequency,
ε is the laser ellipticity, and R̂ðθÞ is a 2D rotation matrix
acting on the polarization degrees of freedom which rotates
the main elliptical laser axis in the xy plane (such that
for θ ¼ 0, the laser is polarized along the x axis, and for
θ ¼ 90°, it is polarized along the y axis (see Fig. 1 for
orientation schematics).
To calculate the HHG spectra, we first obtain the total

electronic current in the system, JðtÞ ¼ R
Ω d

3rjðr; tÞ,
which is obtained by integrating the microscopic time-
dependent electronic current density, jðr; tÞ, over the unit

cell, with Ω the unit cell volume, and with jðr; tÞ obtained
by integrating the current operator over the full BZ:

jðr; tÞ¼
X
n;k;α

�
wkφ

�KS
n;k;αðr; tÞ

�
1

2

�
−i∇þAðtÞ

c

�
− i½V ion;r�

�

×φKS
n;k;αðr; tÞþ c:c:

�
þjmðr; tÞ; ð7Þ

where jmðr; tÞ in Eq. (7) is the magnetization current
density that vanishes after spatial integration. The HHG
spectra are calculated from JðtÞ by a discrete Fourier
transform after a temporal derivative and multiplying by
a temporal window similar to the pulse envelope:

IðΩÞ ¼
����
Z

fðtÞ∂tJðtÞe−iΩtdt
����
2

: ð8Þ

Note that Eq. (8) is evaluated only for the xy-polarized
components of the HHG emission because z-polarized
emission is not phase matched and does not propagate to
the far field. From Eq. (8), we also evaluate the ellipticity-
helicity of the emitted harmonics through calculations of
the Stokes parameters and separate emission contributions
that are polarized along or transversely to the main
driving angle.
Importantly, all numerical calculations are performed

twice—once for the system with SOC and once without
SOC. For calculations where the SOC term is switched off,
the XC functional is taken as the standard LDA with
unpolarized KSB states (each state is twice degenerate and
occupied by two electrons). In certain cases, we also
artificially tune the strength of the SOC term (where the
SOC scale runs from zero for the standard LDA case up to
one for the physical system with full SOC).

III. RESULTS

A. Linearly polarized driving—parallel
and transverse responses

We begin by exploring the nonlinear optical responses
of both materials and phases to intense linearly polarized
pulses. Before addressing the deviations in the HHG
response between the topological and trivial phases, let
us first analyze their similarities and general properties
that are undoubtably independent of the topology. In
Appendixes B and D, we present the full data set of HHG
spectra vs driving angle in both materials and phases (both
unprocessed spectra in Appendix B, Figs. 7 and 8, and the
integrated yields per harmonic order in Appendix D,
Figs. 10–13). From these spectra, we observe several
characteristic features. First, HHG from BiH and Na3Bi
systems emits roughly similar strengths of harmonics in
both the trivial and topological phases. Second, the
spectra in BiH exhibit sharp odd-only harmonic peaks,
with a first dominant plateau ranging up to about the 21st
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harmonic order (∼9 eV) and a weaker second plateau
ranging up to about the 31st harmonic order (∼13 eV).
The odd-only harmonic structure is attributed to the
dynamical inversion symmetry of the lattice and the
monochromatic laser [25]. One might initially wonder
if such a symmetry should be broken by the presence
of spin-orbit interactions in the topological phase. To
better understand the observed selection rule, we analyze
the symmetries of the SOC term under inversion. In
periodic solids, spin-orbit interactions take the form
Hso ¼ ð−i=4c2Þð∇VðrÞ × ∇Þ · σ, with VðrÞ representing
the mean-field potential felt by electrons in the lattice
(equivalent to vKS above) [82]. If VðrÞ is inversion
symmetric (as is the case for BiH), ∇VðrÞ is inversion
odd; since ∇ is also inversion odd, Hso is overall inversion
symmetric. A similar analysis holds for any of the point-
group symmetries of the lattice, such that SOC never
induces a symmetry breaking (it also preserves time-
reversal and time-translation symmetries crucial for
dynamical symmetries [25]). Consequently, any nonlinear
optical selection rule that arises from the full electronic
current applies to both the system with and that without
SOC. On the other hand, it is important to note that with
SOC, the responses from each individual spin channel
(i.e., the spin currents) do not necessarily respect the
symmetries of the Hamiltonian and thus might not uphold
the expected selection rules. In other words, the character-
istic response cannot be described by a single spin
component state (this is analogous to symmetry breaking
in atomic systems where the response from pþ orbitals
might break a certain symmetry, but the full ensemble
averaged response does not [83]). Nevertheless, after
summing all occupied states and spin channels, and
assuming that the system was initially in its ground state,
the selection rules are upheld (see further discussion in
Appendix C). We recently showed that a similar notion of
symmetry affected magnetization dynamics in SOC sys-
tems [84].
Third, we note that the HHG emission from monolayer

Na3Bi in both phases similarly respects material sym-
metries, but here, even harmonics are also emitted due to
the absence of inversion symmetry (see Fig. 2 and
Appendixes B and D for full data set). We find that the
even harmonics are generally weaker than the odd har-
monics emission, and they arise in a roughly similar
magnitude in both the trivial and topological phases, such
that their presence does not provide information about any
topological character.
Fourth, by analyzing the polarization-resolved HHG

yield (presented in Fig. 2 and Appendix D, Figs. 11–14),
we find that the parallel emission components form the
dominant HHG response—the transverse components
account for only about 10% of the yield in both material
systems. Moreover, the transverse emission has a largely
similar magnitude in both the topological and trivial phases

(with slight variations depending on the harmonic order).
This points towards a dominant role of the lattice structure
in inducing the transverse response, and not so much of the
SOC or Berry curvature terms [85].
Fifth, the transverse HHG emission in both materials and

phases complies with the fundamental laser-matter sys-
tem’s symmetries: In BiH, it vanishes when driving along
the high-symmetry axes. For θ ¼ 0°, 60°, this arises from
twofold rotational axes [25]. For θ ¼ 30°, 90°, in both
Na3Bi and BiH, it vanishes due to mirror planes [25,83,86].
Note again that the HHG emission from each individual
spin channel does not respect these symmetries and emits a
transverse component (see Appendix C). However, as
expected, in BiH, both spin channels have opposite signs
for the transverse response in the quantum spin-Hall phase,
and they vanish after summation (which corresponds to the
full observable electronic current in HHG). In Na3Bi, the
two spin channels have a chiral-like emission profile that
differs, and the overall transverse current does not vanish
(as in the driven Haldane model).
At this stage, let us analyze potential deviations and

topological signatures in the HHG spectra in both materi-
als. Figures 2(c) and 2(f) present the harmonic-order-
resolved HHG ellipticity in both materials and phases
upon driving along the x axis. Most importantly, our
ab initio results highlight the following: (i) In BiH, since
a transverse response is absent along the high-symmetry
axes, harmonics are emitted with linear polarization rather
than elliptical [Fig. 2(c)]. This result differs from that
obtained in previous works predicting elliptical harmonics
from TIs with a helicity that flips sign at every topological
phase transition, which is a result of inherent symmetry
breaking in the Haldane model [65–67]. Notwithstanding,
elliptical harmonics are indeed emitted when driving along
non-high-symmetry axes, but we stress that this is not a
topological feature, and it arises from the crystal structure
itself (similar features were also observed from nontopo-
logical materials [87]). In our analysis, we could not find a
substantial and robust deviation between ellipticities or
helicities of harmonics emitted by both phases in this
regime (not presented). (ii) In Na3Bi, where a transverse
response does not vanish, the harmonic ellipticity is still not
a good indicator of a phase transition [Fig. 2(f)]. In other
words, some harmonic orders flip helicity between phases
(e.g. the 2nd or 4th harmonics), and some do not (e.g., the
8th–10th harmonics), and there is no sequence rule that
determines which harmonics change sign. Overall, there is
no consistent flip in the harmonic ellipticity across the
phase transition as predicted in the Haldane model [65–67].
Physically, this arises simply because the two phases have
distinct band structures (which probably carries a much
stronger contribution to the harmonic ellipticity than top-
ology) and because the mechanism that opens a topological
gap in the Haldane model differs from that in Na3Bi.
Moreover, we note that the HHG ellipticity is, in general,
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quite weak and on the order of about 0.1, such that it would
be difficult to detect.
To further search for potential signatures of topology in

the HHG yield and ellipticity, we artificially modify the
strength of the SOC term in Na3Bi. Monolayer Na3Bi
undergoes a topological phase transition at a SOC strength
of about 0.175, where the gap closes and the bands invert
[see Fig. 3(a)]. Figure 3(b) shows the integrated HHG yield
across the transition for select harmonics, showing that the
HHG yield is smooth and continuous across the transition
(for the full data set see Appendix D, Fig. 26). We do not
observe any unique or universal topological effects—some

harmonic yields remain constant across the transition (e.g.,
harmonic #2) while others change more drastically (e.g.
harmonic #7). Some drastic yield changes also occur in
different regions of the phase diagram (e.g., in harmonics
#6 and #7 at a SOC strength of about 0.8), meaning that
these are, in any case, not directly connected with topology.
Figure 3(c) further plots the harmonic ellipticity for select
harmonics across the transition [where the two edge points
at zero and unity SOC connect with the data in Fig. 2(f); for
full data, see Appendix D, Fig. 27]. In general, the
harmonic ellipticity is quite weak throughout the diagram
(e.g., for harmonic #3), but for certain harmonics and SOC
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FIG. 2. Parallel and transverse HHG yield vs crystal orientation from monolayers of BiH and Na3Bi driven by a linearly polarized
laser, and resulting deviation between the topological phases in yield and ellipticity. (a) Emission from both topologically trivial BiH
without SOC (red) and the TI phase (blue), for HHG components parallel to the driving axis (top) and transverse (bottom). Only two
exemplary harmonic orders are shown (for the full data set, see Appendix D, Figs. 10–14). The yields are normalized to the peak HHG
emission for each harmonic order. (b) Normalized deviation between the topological phases in the angle-integrated HHG yield, resolved
for each polarization component. (c) HHG ellipticity per harmonic order. The emission is linearly polarized (zero ellipticity) in BiH
driven along the x axis (θ ¼ 0) due to symmetries. The ellipticity per harmonic order is calculated by weighting the spectrally resolved
ellipticity with the HHG intensity for x-axis driving. (d)–(f) Same as panels (a)–(c) but for the Na3Bi material system, and where the
emission ellipticity is nonzero in panel (f). Plots calculated for a driving wavelength of 3000 nm and peak intensity of 2 × 1011 W=cm2

for BiH and 1011 W=cm2 for Na3Bi.
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strengths, the ellipticity can be as high as about 0.5. Our
investigation across the transition clarifies that potential
flipping of HHG helicities as observed at the edge points [in
Fig. 2(f)] can occur in several regions in the phase diagram,
meaning that they are not connected with the transition. For
instance, harmonic #2 in Fig. 3(c) indeed flips its helicity
when SOC is turned on or off; however, this flipping does
not happen at the transition point, and it happens twice
more in other SOC strengths. We only observe one
harmonic order (#12) flipping helicity exactly at the
transition, but the same harmonic flips its helicity twice
more at other points along the diagram. Hence, we
conclude that no special effects occur in the HHG yield
or ellipticity driven across the phase transition. Let us
further clarify that it is not always experimentally possible
to scan HHG across a phase transition (or while avoiding
other unwanted effects such as lattice structural changes,
defects, etc.); additionally, this is not achieved by tuning the
SOC strength. Moreover, we expect robust universal
signatures of topology to also be valid when comparing
signals from two singular points in the diagram. For these
reasons, and for the absence of additional insight from
scanning the SOC strength, for the remainder of this work
we only consider the edge points of the diagram with and
without SOC (where the system with full SOC corresponds
to the actual physical system).
One potentially important and notable feature in the

HHG spectra is that it shows a very strong angular
dependence that can be strikingly different in the topo-
logical and trivial phases. Interestingly, we find that the
transverse HHG components [Figs. 2(a) and 2(d), bottom
rows] display a very similar angular dependence for the two
phases. In that respect, this component does not seem to

strongly depend on the topological nature nor the band
structure, despite it carrying anomalous contributions
from the Berry curvature [88]. We can quantitatively
evaluate the degree to which the angular dispersions in the
trivial and topological phases differ by defining a normal-
ized deviation between the two that takes into account the
shape and phase of the HHG yield vs driving angle (see
Appendix A for details). Essentially, this deviation esti-
mates the extent to which each harmonic order’s angular
dispersion differs in its qualitative form between the phases,
which can be performed for the polarization-resolved
components. Figures 2(b) and 2(e) present the normalized
deviation, showing that it is indeed very small for the
transverse components in both materials. Practically, the
insensitivity of the transverse emission to topology comes
about because this component is exceedingly sensitive to
crystal symmetries.
The angular dependence of the parallel HHG compo-

nent, on the other hand, can vary greatly between the phases
[Figs. 2(a) and 2(d), top rows]. Figures 2(b) and 2(e) show
the normalized deviations that reach about 40% in BiH and
about 20% in Na3Bi. For instance, the 7

th harmonic in the
topological phase in BiH shows a very strong angular
dependence, while in the trivial phase, it is almost inde-
pendent of θ. In some other cases (e.g., harmonics 13, 15,
21, and 23; see Appendix D, Fig. 11), the yield can be
maximized at a given angle for one phase but at another
angle for the other. Since the lattice structure in both phases
is identical, this result might hint that the HHG spectrum
contains potentially useful information for the spectroscopy
of topology, as has been suggested in previous works. It
would be especially appealing here because the information
is embedded in the intense parallel component of the
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emission. However, we stress that care must be taken before
interpreting this effect as a unique fingerprint of material
topology. Four main factors prevent a direct connection:
(i) The band structure of the two phases is substantially
different [see Figs. 1(b) and 1(d)] and plays a dominant role
in determining the nonlinear optical response. Indeed, the
normalized deviation is bigger in BiH than in Na3Bi,
probably because the band structures there differ more
greatly between the trivial and topological phases. (ii) SOC
also affects the electron dynamics [85]. (iii) One can also
obtain similar angular distributions in other systems,
such that one measurement does not provide a unique
signature. For instance, a sixfold structure for the HHG
spectra may arise due to a sixfold rotational symmetry (e.g.,
as in graphene), a sixfold improper rotational symmetry (as
in BiH), or even a threefold rotational symmetry (e.g., as in
hexagonal-boron-nitride [35] or MoS2 [89]), and one
cannot make a direct connection without performing addi-
tional measurements. Moreover, the angular dispersion can
be highly sensitive to the laser conditions, hampering their
utilization for extracting system-specific information.
(iv) We could not find any straightforward way to extract
topological information from the data. The only currently
available approach is to thoroughly compare measurements
with simulations in various phases, but that already implies
a priori knowledge about topology; in addition it is not
always possible to exclude other effects. Moreover, no clear
prescription exists for cases where simulations and mea-
surements disagree, which could arise due to a multitude of
reasons including macroscopic or microscopic effects not
included in the simulations (e.g., phase-matching, reab-
sorption, phonons, scattering, beyond-dipole contributions,
decoherence, etc.), measurement errors, material defects,
surface contribution, and more.
Overall, while our results show some promise for HHG

spectroscopy of topology using linearly polarized driving,
further research is required to formulate more elaborate,
quantitative, and robust approaches for extracting such
data from spectra. We emphasize that at this stage, we
cannot determine to what extent angular-dependent HHG
spectra contain contributions from the material topology,
rather than being dominated by standard contributions to
the dynamics from the band structure, spin-orbit coupling,
and Berry curvature, which are generically independent of
the topology (in the sense that nonzero Berry curvature
also appears in nontopological materials where it still
influences HHG). Most importantly, it remains unclear
how such contributions could be extracted effectively,
even if they exist.

B. Elliptically polarized driving—anomalous ellipticity

Next, we explore the HHG yield under elliptically
polarized driving. For this purpose, we first fix the main
elliptical axis to either the x or y axis and vary the ellipticity
ε. Figure 4 shows the resulting integrated HHG yield per

harmonic order vs ε in both systems (see Appendix D,
Figs. 15–17, for full data sets). In BiH, we identify odd-
only harmonic peaks throughout the spectra for any value
of ε due to the inversion symmetry, while for circularly
polarized driving, only 6n� 1 harmonic orders are allowed
(for integer n). The appearance of only 6n� 1 harmonic
orders for circularly polarized driving (even though BiH
has a threefold rotational symmetry that usually leads to
3n� 1 harmonic selection rules) is a result of the sixfold
improper-rotational symmetry axis in BiH.
Notably, the spectra show a combination of “regular”

HHG behavior (where the HHG yield reduces with
ellipticity) and “anomalous” behavior (where the yield is
maximized for elliptical driving). For a three-dimensional
(3D) TI, it was recently suggested that anomalous ellipticity
dependence could be a telltale sign of topology because it
was only exhibited by the topological phase and recon-
structed in model calculations from the topological surface
states [67]. Our results show that in the 2D case (both spin-
Hall and anomalous-Hall), this is not necessarily an
effective approach as both phases provide anomalous
contributions in the bulk. Moreover, the functional behav-
ior of the HHG yield strongly depends on the driving axis.
For instance, harmonic #5 in the trivial phase of BiH
behaves anomalously when driven along the y axis but
regularly when driven along the x axis. It also depends on
the material system; when driven along the x axis, the 5th

harmonic shows anomalous behavior in BiH only for the
trivial phase, but in Na3Bi, the behavior flips and an
anomalous behavior is observed only for the topological
phase. Additionally, harmonics can behave similarly in
both phases and carry no direct signature [e.g., harmonic
#11 in Fig. 4(a)]. Such similar behavior in HHG responses
in both phases is generally more prominent in Na3Bi (see
also Appendix D, Fig. 17), where the band structure
differences between phases are relatively small. This again
hints that the band structure plays a dominant role in
determining the HHG characteristics. Overall, we conclude
that the mere existence (or absence) of an anomalous
ellipticity dependence in the HHG yield is not universally
or uniquely connected with any topological feature.

C. Elliptically polarized driving—elliptical dichroism

We next study HHG elliptical dichroism. Heide et al.
recently identified such dichroism for a 3D-TI system as a
potential source for topological HHS [67]. Note that the
elliptical dichroism inherently vanishes when the elliptical
major axis points to a high-symmetry axis. We start by
exploring this effect in BiH and perform line scans for fixed
θ away from the high-symmetry x axis while varying ε
from −1 to 1. The dichroism is defined as

EDnðεÞ ¼ 2
InθðεÞ − In−θðεÞ
InθðεÞ þ In−θðεÞ

; ð9Þ
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where InθðεÞ is the integrated harmonic yield for the n’th
harmonic driven by an elliptically polarized field with a
major axis oriented at θ, with an ellipticity ε, and EDnðεÞ is
the resulting dichroism for the n th harmonic and ellipticity
ε, which is bound from −200% to 200%. Alternatively, one
could replace Eq. (9) with a more natural definition where
the harmonic helicity is inverted:

EDnðεÞ ¼ 2
InθðεÞ − Inθð−εÞ
InθðεÞ þ Inθð−εÞ : ð10Þ

In fact, for BiH (as well as the material probed in Ref. [67]),
the nonlinear optical response respects the symmetry
ε → −ε, θ → −θ, rendering Eqs. (9) and (10) equivalent.
This is a result of the mirror symmetry about θ ¼ 0° here,
but it can also arise due to other symmetries. It is important
to note that due to inversion symmetry, the system does not
exhibit circular dichroism, and in this case, we have that
EDnðε ¼ �1Þ≡ 0. A nonzero circular dichroism would
indicate the absence of mirror symmetries in the driven
crystal plane (e.g., as in quartz [26] or chiral Weyl
semimetals [90]).

Figure 5 presents our main results for exemplary
harmonics for the benchmark case of θ ¼ �15° (see
Appendix D, Figs. 18, 19, 22, 23, for full data). BiH
and Na3Bi both exhibit strong elliptical dichroism in the
trivial and topological phases ranging up to about 75%.
Unlike the 3D-TI case [67], we could not identify a
substantial difference in the robustness or magnitude of
the elliptical dichroism between the phases. One potentially
promising feature is that the finer structure of the dichroism
can vary with the topological phase. Nevertheless, it is
unclear if such data are useful for HHS of topology since
there is no obvious way to deconvolve any potential
topological contributions from the standard contributions
to HHG in both phases. Overall, we conclude that the main
contributor to the presence or absence of elliptical dichro-
ism in the solid HHG response is the crystal structure itself
rather than topology (at least in these cases).
At this point, we discuss a main feature in Fig. 5 that can

be very misleading—the dichroism can flip sign between
both phases of matter, giving an appearance of a topologi-
cal signature. This observable is summarized in Figs. 5(b)
and 5(d), showing sign-flipping harmonics in blue and a
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FIG. 4. HHG yield per harmonic order vs driving ellipticity from monolayers of BiH and Na3Bi. (a) HHG yield for exemplary
harmonics in BiH for trivial (green) and topological (purple) phases (for the full data set, see Appendix D, Figs. 15–17), where the
elliptical major axis is oriented along the x axis. (b) Same as panel (a) but with an elliptical major axis oriented along the y axis. (c) Same
as panel (a) but for Na3Bi. The plot is calculated for similar conditions to Fig. 2. Each plot is normalized to the peak HHG yield for each
harmonic order.
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sign-maintaining harmonics in red. At first glance, the
effect seems reminiscent of the predicted helicity flip
[62–64], though the underlying mechanism that determines
the sign of the elliptical dichroism is completely different
and is connected to the particular shape of the anomalous
ellipticity dependence for each harmonic. Essentially, the
sign is determined by whether a certain harmonic tends to
maximize for right- or left-elliptical polarizations at a given
non-high-symmetry axis. Remarkably, even though the
anomalous ellipticity dependence has very different func-
tional structure between phases, the resulting dichroism is
quite similar up to potential sign flips [Figs. 5(a)
and 5(c), and full data in Appendix D], adding to the
misleading nature of the effect. However, further inspection
shows that only about half of the observed harmonics flip
sign in BiH. Thus, there is almost a uniform distribution of

the number of sign-flipping and sign-maintaining harmon-
ics, and there is no collective effect across all harmonics as
one would expect from a strong topological signature.
Analyzing the harmonic indices, we could not find a
clear sequence rule that determines which harmonics flip
sign or not (e.g., 6n� 1, 12n� 1, etc.), even using
Wolfram MATHEMATICA’s FindSequenceFunction function-
ality [91]. This further suggests a band-structure-based
mechanism in the nonperturbative optical regime (which
would likely change for other driving powers and wave-
lengths). Furthermore, very few harmonics flip sign in
Na3Bi, following trends from other potential topological
signatures that we considered.
It is crucial to elucidate the microscopic origin of this

effect since if one were to perform an experimental
measurement for only a few harmonic orders in one
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FIG. 5. HHG elliptical dichroism in monolayers of BiH and Na3Bi, and resulting sign changes in dichroism between the topological
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material system (say, up to the 9th), it would seem like a
general effect and could be wrongly interpreted. In this
context, we recall that the HHG response is necessarily
asymmetric when driving with elliptical light along non-
high-symmetry axes. In other words, the dichroism must
exist due to the lattice asymmetry, and each harmonic
must “choose” to maximize for either left- or right-
elliptical driving. It also must vanish for ε ¼ �1. These
facts produce roughly similar-looking dichroic structures
in the normalized plots in Figs. 5(a) and 5(c), even if the
anomalous elliptical response is different. Assuming a
highly complex and nonperturbative response with both
interband and intraband emission channels that interfere,
one roughly expects an even distribution of about 50%
of harmonics choosing left- and 50% choosing right-
polarized helicities (though there is still an inherent
connection to the band structure but one that is not
obvious to extract). This is very close to the observed
58%-42% ratio. We also emphasize that this effect is not
observed along high-symmetry axes (as in Fig. 4), further
suggesting a nontopological origin.

D. Elliptically polarized driving—reflection dichroism

To further explore the possible topological character of
the elliptical dichroism sign changes, we study a related
observable that we denote as “reflection dichroism”:

RDnðθÞ ¼ 2
InεðθÞ − Inε ð−θÞ
Inε ðθÞ þ Inε ð−θÞ : ð11Þ

The dichroic response in Eq. (11) is very similar to that in
Eq. (9), but instead of varying ε while fixing θ away from a
high-symmetry axis, θ is varied with ε fixed away from
linear and circular conditions. Moreover, since in BiH the
HHG yield is symmetric under ε → −ε, θ → −θ, the two
equations are mathematically connected. Still, Eqs. (9) and
(11) reflect different observables that do not arise from the
same measurements—the reflection dichroism contains
data for all crystal orientations for a given ellipticity and
not the other way around.
We study this observable by calculating the HHG

response vs θ with a benchmark exemplary ellipticity of
ε ¼ 0.2. Figure 6 presents the corresponding reflection
dichroism for exemplary harmonics (see Appendix D,
Figs. 20, 21, 24, 25, for additional data). Overall, the
results are analogous to the elliptical dichroism case—the
HHG yields show an asymmetric distribution with θ such
that the mirror plane around θ ¼ 60° (apparent under linear
driving in Fig. 2) vanishes. The main difference here
compared to the elliptical dichroism case is that there is
a 60° translational symmetry in the HHG yield due to
additional crystal symmetries.
The reflection dichroisms in Fig. 6 exhibit five inherent

sign changes in BiH for θ ¼ 0°, 30°, 60°, 90°, and 120° that
result from the lattice asymmetry, just as the elliptic

dichroism exhibited an inherent sign change at ε ¼ 0
and vanished at ε ¼ �1. The simple five-node structure
effectively means that all reflection dichroism curves are
very similar up to an overall sign, regardless of the phase of
matter. Just as in the elliptical dichroism case, this presents
a potentially misleading effect where one could wrongfully
interpret sign flips between the trivial and topological
phases as topological signatures. However, the data for
the reflection dichroism further validate that the sign
changes are not inherently topological in nature—only
roughly two-thirds of the harmonics in BiH exhibit a sign
change [Fig. 6(b)], and those harmonic indices are different
than those that exhibited sign changes for the elliptical
dichroism in Fig. 5(b). If the effect is purely topological,
one would expect a consistency. On the other hand,
deviations between the sign-flipping behavior in the ellip-
tical and reflection dichroisms are clear if considering a
structural origin since the mechanism determining the sign
is different in both cases—in Eq. (9), the sign is determined
by a tendency to maximize the HHG yield for positive or
negative driving helicities away from high-symmetry axes,
while in Eq. (11), it is determined by a tendency to
maximize the HHG yield for positive or negative driving
angles away from the high-symmetry axes. In that respect,
the operations of rotating the crystal and changing the
driving helicity are not the same.
For Na3Bi, similar conclusions are obtained [see

Figs. 6(c) and 6(d)], but the dichroism has slightly reduced
symmetry constraints compared to BiH (due to the absence
of the sixfold improper-rotation axis). Moreover, just as in
the case of the elliptical dichroic response, a smaller
number of harmonics change the reflection dichroism sign
between phases. All of these exhaustive analyses lead us to
conclude (at least within the scope of the performed
calculations) that the dichroic response in elliptically driven
solid HHG is not uniquely connected with a topological
invariant, neither its presence or absence, its magnitude, or
its sign.

E. Temporal characteristics

Lastly, we explore the temporal HHG characteristics by
performing a time-frequency analysis (see Appendix A
for details). The analysis is performed for the simplest
case of linearly polarized driving along the x axis.
Notably, recent work predicted that the harmonic emission
time should shift by exactly half a cycle of the driving
period (i.e., by π=ω) across the topological phase tran-
sition collectively for all harmonic orders [72]. This result
was obtained for a model Hamiltonian and was predicted
to be valid for all topological systems that lack inversion
symmetry (as in Na3Bi). We test it here for both systems,
with and without inversion symmetry. Figure 7 shows that
there is indeed some temporal shifting in the harmonic
emission between topological phases in both materials.
However, it is much smaller than a half-cycle and is
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harmonic-order dependent. Low-order perturbative har-
monics shift by about a quarter of a cycle (0.5π=ω) in
Na3Bi and about a tenth of a cycle (0.2π=ω) in BiH.
Higher harmonics above the gap (and in the first plateau)
shift negligibly in both systems. Largely similar results are
obtained along other driving angles (see Appendix D,
Fig. 28). Overall, it is generally difficult to identify delays
in the plateau region between phases since the time-
frequency characteristics of the emission change (which is
expected as the two phases have different bands and
complex electronic structures). This is further complicated
by the presence of multiple contributing k points, bands,
and interference of intraband and interband terms in the
case of complex material systems (where, in this case, the
spectra indicate more dominant intraband terms).
Moreover, it was shown that even in the absence of

topology, SOC can also introduce HHG time delays [85].
Therefore, HHG time delays are not unique or universal;
they are extremely difficult to measure and highly sensi-
tive to the nature of the bands in the system, making them
a poor topological fingerprint. We note that our method-
ology is limited in our ability to explore longer THz
wavelengths (which are well below the gap of Na3Bi). On
the other hand, we simulate the more experimentally
easily accessible conditions, at which phonon dynamics
and picosecond timescale relaxation mechanisms are
likely negligible. Another notable point is that our
calculations describe the purely microscopic response
and neglect focal-averaging and phase-matching effects.
Such effects are generically nontopological and therefore
not expected to induce additional potential topological
structure in the temporal or spectral behavior.
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FIG. 6. HHG reflection dichroism in monolayers of BiH and Na3Bi, and resulting sign changes in dichroism between the topological
phases. (a) Left side: emission from topologically trivial BiH without SOC (brown) and the TI phase (cyan), for two select harmonic
orders (for the full data set, see Appendix D, Figs. 20, 21, 24, 25). The yields are normalized to the peak HHG emission for each
harmonic order. Right side: resulting reflection dichroism obtained according to Eq. (11), either producing a dichroism sign change
between the phases or not. (b) Reflection dichroism sign changes between the topological phases. (c,d) Same as panels (a) and (b) but for
the Na3Bi material system. Plots are calculated for similar conditions to Fig. 2 but with ε ¼ 0.2 and varying elliptical major axis
direction.
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IV. CONCLUSIONS AND DISCUSSION

To summarize, we presented a thorough ab initio study
of HHG from 2D TI in both the quantum spin-Hall and
anomalous-Hall phases. Our results compared various
HHG-related experimentally accessible observables of
trivial and topological phases of matter. The spectra showed
some new potentially promising features that might be
utilized for HHS of topology, such as an angular depend-
ence of the HHG yield driven by linearly or elliptically
polarized lasers, especially in the component parallel to the
driving axis and in higher harmonic orders. Nevertheless,
our results stress that caution must be taken before
interpreting such features as “topological” in origin because
effects that arise from topological invariants are inherently
convoluted with nontopological contributions coming from
the band structure, spin-orbit coupling effects, Berry
curvatures, and population imbalance. These nontopolog-
ical contributions dominated the characteristic HHG emis-
sion in all examined spectral features and conditions that
we analyzed.
We also explicitly showed that some previously

employed measures for HHS of topology are not universal
and require careful interpretation. This was argued by
ruling out the appearance of such signatures in two families
of TI in 2D, providing counterexamples for their univer-
sality and uniqueness. Specifically, the transverse HHG
emission component that was predicted to cause a helicity
flip in the Haldane model does not exist in the quantum
spin-Hall TI and thus cannot map its topological phase

diagram. Moreover, even though it exists in the quantum
anomalous-Hall TI, it does not map the phase diagram. The
anomalous ellipticity dependence of the HHG yield can
also be a problematic topological signature since we found
that it arises both in the gapped bulk of a topological phase
and in topologically trivial states, and strongly depends on
the driving conditions and material system. Elliptic dichroic
responses appeared with similar magnitudes in both trivial
and topological phases, indicating that their presence or
absence is not a unique topological feature. We thoroughly
analyzed the signs of the elliptical dichroism (and reflection
dichroism) since, at first glance, they appeared to be strong
topological indicators. However, our detailed analysis
revealed that such observables are very misleading and
inherently tied to the crystal and electronic structures,
rather than to the Chern number and/or other topological
characteristics. Lastly, we showed that time-frequency
characteristics of HHG are generally a poor and nonuni-
versal topological indicator.
Before concluding, we would like to stress that we do not

rule out the existence of topological signatures in HHG.
Indeed, we expect that the Chern numbers (or other
invariants) do get imprinted onto the response. However,
it is, in our opinion, much more likely that the topological
fingerprints are more subtle and weak compared to the
main contributors to the solid HHG response, which are the
band structure, lattice symmetry (and asymmetry), and
chemical nature of the orbitals. Our lack of success to
faithfully extract any signatures of topology from spectra,
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FIG. 7. Time-frequency analysis of HHG emission from monolayers of BiH and Na3Bi for trivial and topological phases. (a) HHG
emission vs time (in units of the driving temporal period, T ¼ 2π=ω) in BiH for the trivial phase. (b) Same as panel (a) but for the
topological phase with SOC. (c) Same as panel (a) for Na3Bi. (d) Same as panel (b) for Na3Bi. Calculations are performed in similar
conditions to Fig. 2 with driving along the x axis. The white line indicates the laser vector potential. The plots are presented in
logarithmic scale in order to show finer structure also for higher harmonic orders.
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despite great attempts, is evidence of this difficulty. As a
result, universally applicable signatures of topology in
HHG seem highly unlikely at this stage. Looking forward,
our work should motivate research for formulating quanti-
tative ways to extract topological features from nonlinear
spectroscopies in an unambiguous manner and trigger
further studies for developing nonlinear optical spectros-
copies in solids. It also raises important questions regarding
potential utilization of topology for applications beyond
HHG, e.g., in strongly driven and out-of-equilibrium
systems where topology does not seem to be the dominant
contributor to electronic responses. As a potential outlook,
we expect, and hope, that methodologies that perform
multidimensional HHG spectroscopy with multiple degrees
of freedom (e.g., employing CEP sensitivity [35,68,92],
polychromatic driving [13,26,30,93–95], pump-probe
methodologies [34,96–98], etc.), and perhaps even employ-
ing big data techniques and machine learning [99,100], or
combinations of multiple spectroscopic probes, might have
enhanced topological sensitivity.
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APPENDIX A: NUMERICAL DETAILS

Here we report on additional technical details for
numerical calculations, starting with details of the GS
calculations. All DFT calculations were performed with
the Octopus code [79–81]. The KS equations were dis-
cretized on a Cartesian grid of the shape of the primitive
lattice cells with a grid spacing of 0.39 Bohr for BiH and
0.36 Bohr for Na3Bi. Lattice parameters for BiH were taken
from Ref. [75] (a ¼ b ¼ 5.53 Å, and a Bi-H distance of
1.82 Å) and from Ref. [77] for Na3Bi (a ¼ b ¼ 5.448 Å,
u ¼ 0.417). The z axis was described with nonperiodic
boundaries with a total length of 60 Bohr. We employed a
Γ-centered 24 × 24 k-grid for BiH including SOC and
all Na3Bi systems, and a 30 × 30 k-grid for BiH without
SOC (which required a denser sampling around the Dirac
cones at K and K’). Deep core states were replaced by
Hartwigsen-Goedecker-Hutter (HGH) norm-conserving
pseudopotentials [101].
Time propagations employed a time step of 4.83 atto-

seconds, and the propagator was represented by a Lanczos

expansion without any assumed k-point symmetries.
Absorbing boundaries were employed through a CAP
along the z axis with a width of 15 Bohr and a maximal
magnitude of 1 a.u. with a sinusoidal shape [102].
The envelope function of the employed laser pulse, fðtÞ,

was taken to be of the following “super-sine” form [83]:

fðtÞ ¼
�
sin

�
π

t
Tp

���jπð t
Tp

−1
2
Þj

w

	
ðA1Þ

with w ¼ 0.75, Tp the duration of the laser pulse, which
was taken as Tp ¼ 5T for BiH calculations (∼29.3 femto-
seconds, full width at half maximum, for 3000 nm light),
and Tp ¼ 6T for Na3Bi calculations (which required
slightly longer pulses to avoid CEP issues due to the
broken inversion symmetry), where T is a single cycle of
the carrier frequency. This form is roughly equivalent to a
super-Gaussian pulse, but the field starts and ends exactly
at zero amplitude, which is numerically more convenient.
The integrated harmonic yield is calculated by integrat-

ing the spectral power (either for both in-plane components
or polarization-resolved) in a window of one harmonic
order around the harmonic peak in Na3Bi (which also emits
even harmonics) and a window of two harmonic orders
around the harmonic peak in BiH (where there are no even
harmonics).
The calculation of the normalized deviation in HHG

yield vs driving angle in Figs. 2(b) and 2(e) was performed
by subtracting the calculated integrated HHG yield of the
n’th harmonic from the topological phase Itopon ðθÞ and the
trivial phase Itrivn ðθÞ. The subtracted normalized yield was
integrated over the driving angle to define the following
target function: HnðχÞ¼

R
dθ½(Itopon ðθÞ=maxθfItopon ðθÞg)−

χ(Itrivn ðθÞ=maxθfItrivn ðθÞg)�, where χ is a scalar that defines
the relative intensity of the emission between phases. Note
that HnðχÞ was minimized for every separate harmonic
order with respect to χ through a least-squares algorithm,
which provides a measure for the deviation in the general
behavior of the HHG yield between the phases vs θ (i.e.,
accounting only for the shape of the curve and ignoring its
overall power). We repeated this process for both material
systems and also for separating the HHG yield associated
with both transverse and parallel emission components.
The time-frequency analysis in Fig. 7 is performed with a

Gabor analysis [103] of the total current with a Gaussian
window of temporal width of a third of a cycle of the
driving period. The spectral features obtained are stable
with respect to the window width and viewed time window.

APPENDIX B: RADIAL HHG EMISSION
SPECTROGRAMS

Here, we present results complementary to those in the
main text, which presented the integrated HHG yield per
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FIG. 8. Parallel HHG spectra vs crystal orientation from BiH and Na3Bi driven by a linearly polarized laser. (a,b) Results from both
phases of BiH. (c,d) Results from both phases of Na3Bi. The calculation is performed in the same conditions as Fig. 2.

(a) (b)

(c) (d)

FIG. 9. Transverse HHG spectra vs crystal orientation from BiH and Na3Bi driven by a linearly polarized laser. (a,b) Results from both
phases of BiH. (c,d) Results from both phases of Na3Bi. The calculation is performed in the same conditions as Fig. 2. The transverse
components reveal the point group symmetries of the materials, which slightly differ.
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harmonic order for certain harmonics. We give the full
unprocessed data of HHG spectra driven by linearly
polarized light, separated into parallel components
(Fig. 8) and transverse components (Fig. 9), in both
materials and phases. The integrated yields per harmonic
order are presented in Appendix D.

APPENDIX C: HHG EMISSION FROM
INDIVIDUAL SPIN CHANNELS

Figure 10 shows the transverse HHG emission com-
ponents for the linear-driving case vs θ for the topological
phases of BiH and Na3Bi (with SOC). From Fig. 10, we
see that the HHG emission from each separate spin
channel allows nonzero transverse response even
along high-symmetry crystal axes. For BiH, the overall
transverse response vanishes when both spin-channel
contributions are coherently summed (because the
transverse components have opposite signs in the quan-
tum spin-Hall phase). In Na3Bi, each spin channel emits a
chiral-like pattern that lacks mirror symmetries.

The summation of both channels remains nonzero
due to the inversion symmetry breaking in the crystal
structure, allowing elliptical harmonics to be emitted,
and transverse HHG emission even when driven along the
x axis.

APPENDIX D: HARMONIC-RESOLVED DATA

Here, we present all complementary data that supple-
ment and support conclusions drawn in the main text—
specifically, the HHG integrated yield resolved per har-
monic order in all different driving conditions discussed,
compared between topological and trivial phases for
both material systems. This includes linear driving with
varying laser polarization angle (Figs. 11–14,26–28),
elliptical driving with varying ellipticity and main elliptical
axes (Figs. 15–18, 20, 22, 24), and the resulting elliptical
and reflection dichroism data (Figs. 19, 21, 23, 25). Each
figure caption describes the data set and has an inset that
graphically explains which material system and laser
driving condition is considered.
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FIG. 10. Transverse HHG spectra vs crystal orientation from monolayers BiH and Na3Bi driven by a linearly polarized laser for the
topological phase (with SOC). (a,b) Same as panels (a) and (b) in Fig. 9 but for each individual spin channel components. (c,d) Same as
panels (a,b) but in Na3Bi.

OFER NEUFELD et al. PHYS. REV. X 13, 031011 (2023)

031011-16



(deg) (deg) (deg)

H
ar

m
o
n
ic

 y
ie

ld

x-axis

y-
ax

is

FIG. 11. Parallel HHG spectra components (integrated and normalized per harmonic order) vs crystal orientation from monolayer BiH
driven by a linearly polarized laser for the topological phase with SOC (blue) and the trivial phase without SOC (red). Calculations are
for the same driving conditions as in Fig. 2, complementing the two select harmonics presented in Fig. 2(a). Figures 2(b) and 2(c) are
derived from these data.
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FIG. 12. Transverse HHG spectra components (integrated and normalized per harmonic order) vs crystal orientation from monolayer
BiH driven by a linearly polarized laser for the topological phase with SOC (blue) and the trivial phase without SOC (red). Calculations
are for the same driving conditions as in Fig. 2, complementing the two select harmonics presented in Fig. 2(a). Figures 2(b) and 2(c) are
derived from these data.
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FIG. 13. Parallel HHG spectra components (integrated and normalized per harmonic order) vs crystal orientation from monolayer
Na3Bi driven by a linearly polarized laser for the topological phase with SOC (blue) and the trivial phase without SOC (red).
Calculations are for the same driving conditions as in Fig. 2, complementing the two select harmonics presented in Fig. 2(d). Figures 2(e)
and 2(f) are derived from these data.
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FIG. 14. Transverse HHG spectra components (integrated and normalized per harmonic order) vs crystal orientation from monolayer
Na3Bi driven by a linearly polarized laser for the topological phase with SOC (blue) and the trivial phase without SOC (red).
Calculations are for the same driving conditions as in Fig. 2, complementing the two select harmonics presented in Fig. 2(d). Figures 2(e)
and 2(f) are derived from these data.
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FIG. 15. HHG yield (integrated and normalized per harmonic order) vs laser ellipticity from monolayer BiH for the topological phase
with SOC (purple) and the trivial phase without SOC (green). Calculations are for the same driving conditions as in Fig. 4,
complementing the three select harmonics presented in Fig. 4(a).
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FIG. 16. HHG yield (integrated and normalized per harmonic order) vs laser ellipticity from monolayer BiH for the topological phase
with SOC (purple) and the trivial phase without SOC (green). Calculations are for the same driving conditions as in Fig. 4,
complementing the three select harmonics presented in Fig. 4(b).
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FIG. 17. HHG yield (integrated and normalized per harmonic order) vs laser ellipticity from monolayer Na3Bi for the topological
phase with SOC (purple) and the trivial phase without SOC (green). Calculations are for the same driving conditions as in Fig. 4,
complementing the three select harmonics presented in Fig. 4(c).
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FIG. 18. HHG yield (integrated and normalized per harmonic order) vs laser ellipticity from monolayer BiH for the topological phase
with SOC (yellow) and the trivial phase without SOC (purple). Calculations are for the same driving conditions as in Fig. 5,
complementing the two select harmonics presented in Fig. 5(a). Figure 5(b) is derived from these data.
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FIG. 19. HHG elliptical dichroism vs laser ellipticity from monolayer BiH for the topological phase with SOC (yellow) and the trivial
phase without SOC (purple). Calculations are for the same driving conditions as in Fig. 5, complementing the two select harmonics
presented in Fig. 5(a). Figure 5(b) is derived from these data.
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FIG. 20. HHG yield (integrated and normalized per harmonic order) vs laser major elliptical axis angle from monolayer BiH for the
topological phase with SOC (cyan) and the trivial phase without SOC (brown). Calculations are for the same driving conditions as in
Fig. 6, complementing the two select harmonics presented in Fig. 6(a). Figure 6(b) is derived from these data.
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FIG. 21. HHG reflection dichroism vs laser major elliptical axis angle from monolayer BiH for the topological phase with SOC (cyan)
and the trivial phase without SOC (brown). Calculations are for the same driving conditions as in Fig. 6, complementing the two select
harmonics presented in Fig. 6(a). Figure 6(b) is derived from these data.
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FIG. 22. HHG yield (integrated and normalized per harmonic order) vs laser ellipticity from monolayer Na3Bi for the topological
phase with SOC (yellow) and the trivial phase without SOC (purple). Calculations are for the same driving conditions as in Fig. 5,
complementing the two select harmonics presented in Fig. 5(c). Figure 5(d) is derived from these data.
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FIG. 23. HHG elliptical dichroism vs laser ellipticity from monolayer Na3Bi for the topological phase with SOC (yellow) and the
trivial phase without SOC (purple). Calculations are for the same driving conditions as in Fig. 5, complementing the two select
harmonics presented in Fig. 5(c). Figure 5(d) is derived from these data.
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FIG. 24. HHG yield (integrated and normalized per harmonic order) vs laser major elliptical axis angle from monolayer BiH for the
topological phase with SOC (cyan) and the trivial phase without SOC (brown). Calculations are for the same driving conditions as in
Fig. 6, complementing the two select harmonics presented in Fig. 6(c). Figure 6(d) is derived from these data.
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FIG. 25. HHG reflection dichroism vs laser major elliptical axis angle from monolayer Na3Bi for the topological phase with SOC
(cyan) and the trivial phase without SOC (brown). Calculations are for the same driving conditions as in Fig. 6, complementing the two
select harmonics presented in Fig. 6(c). Figure 6(d) is derived from these data.
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FIG. 26. Integrated HHG yield from monolayer Na3Bi driven along the x axis vs the SOC strength across the phase transition.
Conditions are the same as Fig. 3. The vertical line represents the topological transition point.
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FIG. 27. HHG ellipticity frommonolayer Na3Bi driven along the x axis vs the SOC strength across the phase transition. Conditions are
the same as Fig. 3. The vertical line represents the topological transition point.
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FIG. 28. Time-frequency analysis of HHG in the monolayers of BiH and Na3Bi driven along the y axis. Conditions are the same as
Fig. 7 but with the laser driving along the y axis.
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Solid-State Dynamics Using High Harmonic Spectros-
copy, Phys. Rev. Res. 3, 023250 (2021).

[35] O. Neufeld, J. Zhang, U. De Giovannini, H. Hübener, and
A. Rubio, Probing Phonon Dynamics with Multidimen-
sional High Harmonic Carrier-Envelope-Phase Spectros-
copy, Proc. Natl. Acad. Sci. U.S.A. 119, e2204219119
(2022).

[36] N. Rana, M. S. Mrudul, D. Kartashov, M. Ivanov, and G.
Dixit, High-Harmonic Spectroscopy of Coherent Lattice
Dynamics in Graphene, Phys. Rev. B 106, 64303 (2022).

[37] G. Vampa, C. R. McDonald, G. Orlando, D. D. Klug, P. B.
Corkum, and T. Brabec, Theoretical Analysis of High-
Harmonic Generation in Solids, Phys. Rev. Lett. 113,
073901 (2014).

[38] L. Yue andM. B. Gaarde, Expanded View of Electron-Hole
Recollisions in Solid-State High-Order Harmonic Gener-
ation: Full-Brillouin-Zone Tunneling and Imperfect Rec-
ollisions, Phys. Rev. A 103, 063105 (2021).

[39] L. Yue and M. B. Gaarde, Imperfect Recollisions in High-
Harmonic Generation in Solids, Phys. Rev. Lett. 124,
153204 (2020).

[40] L. Li, P. Lan, X. Zhu, and P. Lu, Huygens-Fresnel Picture
for High Harmonic Generation in Solids, Phys. Rev. Lett.
127, 223201 (2021).

[41] M. Z. Hasan and C. L. Kane, Colloquium: Topological
Insulators, Rev. Mod. Phys. 82, 3045 (2010).

[42] M. Z. Hasan, G. Chang, I. Belopolski, G. Bian, S.-Y. Xu,
and J.-X. Yin, Weyl, Dirac and High-Fold Chiral Fer-
mions in Topological Quantum Matter, Nat. Rev. Mater. 6,
784 (2021).

[43] X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov,
Topological Semimetal and Fermi-Arc Surface States in
the Electronic Structure of Pyrochlore Iridates, Phys. Rev.
B 83, 205101 (2011).

[44] N. H. Lindner, G. Refael, and V. Galitski, Floquet Topo-
logical Insulator in Semiconductor Quantum Wells, Nat.
Phys. 7, 490 (2010).

[45] Y. H. Wang, H. Steinberg, P. Jarillo-Herrero, and N. Gedik,
Observation of Floquet-Bloch States on the Surface of a
Topological Insulator, Science 342, 453 (2013).

[46] G. Platero, A. Go, A. Gómez-León, and G. Platero,
Floquet-Bloch Theory and Topology in Periodically
Driven Lattices, Phys. Rev. Lett. 110, 200403 (2013).

[47] H. Hübener, M. A. Sentef, U. De Giovannini, A. F.
Kemper, and A. Rubio, Creating Stable Floquet-Weyl
Semimetals by Laser-Driving of 3D Dirac Materials,
Nat. Commun. 8, 13940 (2017).

ARE THERE UNIVERSAL SIGNATURES OF TOPOLOGICAL … PHYS. REV. X 13, 031011 (2023)

031011-35

https://doi.org/10.1038/s41467-018-03397-4
https://doi.org/10.1038/s41467-021-26766-y
https://doi.org/10.1038/s41467-021-26766-y
https://doi.org/10.1038/nphys3955
https://doi.org/10.1038/nphys3955
https://doi.org/10.1038/nphys3946
https://doi.org/10.1038/s41586-018-0013-6
https://doi.org/10.1038/nphoton.2017.29
https://doi.org/10.1103/PhysRevLett.129.147401
https://doi.org/10.1364/OPTICA.4.001333
https://doi.org/10.1038/s41467-018-07935-y
https://doi.org/10.1038/s41467-021-23999-9
https://doi.org/10.1038/s41467-021-23999-9
https://doi.org/10.1038/s41586-020-2429-z
https://doi.org/10.1038/s41524-020-0275-z
https://doi.org/10.1038/s41566-020-00717-3
https://doi.org/10.1038/s41566-022-01010-1
https://doi.org/10.1038/s41566-022-01010-1
https://doi.org/10.1038/s41566-018-0129-0
https://doi.org/10.1103/PhysRevResearch.4.033101
https://doi.org/10.1103/PhysRevLett.121.097402
https://doi.org/10.1103/PhysRevResearch.3.023250
https://doi.org/10.1073/pnas.2204219119
https://doi.org/10.1073/pnas.2204219119
https://doi.org/10.1103/PhysRevB.106.064303
https://doi.org/10.1103/PhysRevLett.113.073901
https://doi.org/10.1103/PhysRevLett.113.073901
https://doi.org/10.1103/PhysRevA.103.063105
https://doi.org/10.1103/PhysRevLett.124.153204
https://doi.org/10.1103/PhysRevLett.124.153204
https://doi.org/10.1103/PhysRevLett.127.223201
https://doi.org/10.1103/PhysRevLett.127.223201
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1038/s41578-021-00301-3
https://doi.org/10.1038/s41578-021-00301-3
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1103/PhysRevB.83.205101
https://doi.org/10.1038/nphys1926
https://doi.org/10.1038/nphys1926
https://doi.org/10.1126/science.1239834
https://doi.org/10.1103/PhysRevLett.110.200403
https://doi.org/10.1038/ncomms13940


[48] B. Lv, T. Qian, and H. Ding, Angle-Resolved Photoemis-
sion Spectroscopy and Its Application to Topological
Materials, Nat. Rev. Phys. 1, 609 (2019).

[49] H. Soifer, A. Gauthier, A. F. Kemper, C. R. Rotundu, S.-L.
Yang, H. Xiong, D. Lu, M. Hashimoto, P. S. Kirchmann,
J. A. Sobota, and Z.-X. Shen, Band-Resolved Imaging of
Photocurrent in a Topological Insulator, Phys. Rev. Lett.
122, 167401 (2019).

[50] S. Beaulieu, M. Schüler, J. Schusser, S. Dong, T. Pincelli,
J. Maklar, A. Neef, F. Reinert, M. Wolf, L. Rettig, J. Minár,
and R. Ernstorfer, Unveiling the Orbital Texture of 1T-
TiTe2 Using Intrinsic Linear Dichroism in Multidimen-
sional Photoemission Spectroscopy, npj Quantum Mater.
6, 93 (2021).

[51] M. Schüler, U. De Giovannini, H. Hübener, A. Rubio,
M. A. Sentef, and P. Werner, Local Berry Curvature
Signatures in Dichroic Angle-Resolved Photoelectron
Spectroscopy from Two-Dimensional Materials, Sci.
Adv. 6, eaay2730 (2020).

[52] M. Schüler, U. De Giovannini, H. Hübener, A. Rubio,
M. A. Sentef, T. P. Devereaux, and P. Werner, How
Circular Dichroism in Time- and Angle-Resolved Photo-
emission Can Be Used to Spectroscopically Detect Tran-
sient Topological States in Graphene, Phys. Rev. X 10,
041013 (2020).

[53] J. W. McIver, B. Schulte, F.-U. Stein, T. Matsuyama,
G. Jotzu, G. Meier, and A. Cavalleri, Light-Induced
Anomalous Hall Effect in Graphene, Nat. Phys. 16, 38
(2020).

[54] F. de Juan, A. G. Grushin, T. Morimoto, and J. E. Moore,
Quantized Circular Photogalvanic Effect in Weyl Semi-
metals, Nat. Commun. 8, 15995 (2017).

[55] E. Lustig, O. Yair, R. Talmon, and M. Segev, Identifying
Topological Phase Transitions in Experiments Using
Manifold Learning, Phys. Rev. Lett. 125, 127401
(2020).

[56] W. Lian, S.-T. Wang, S. Lu, Y. Huang, F. Wang, X. Yuan,
W. Zhang, X. Ouyang, X. Wang, X. Huang, L. He, X.
Chang, D.-L. Deng, and L. Duan, Machine Learning
Topological Phases with a Solid-State Quantum Simula-
tor, Phys. Rev. Lett. 122, 210503 (2019).

[57] B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory, Z.
Wang, C. Felser, M. I. Aroyo, and B. A. Bernevig, Topo-
logical Quantum Chemistry, Nature (London) 547, 298
(2017).

[58] T. Zhang, Y. Jiang, Z. Song, H. Huang, Y. He, Z. Fang, H.
Weng, and C. Fang, Catalogue of Topological Electronic
Materials, Nature (London) 566, 475 (2019).

[59] M. G. Vergniory, L. Elcoro, C. Felser, N. Regnault, B. A.
Bernevig, and Z. Wang, A Complete Catalogue of High-
Quality Topological Materials, Nature (London) 566, 480
(2019).

[60] S. A. Sato, J. W. McIver, M. Nuske, P. Tang, G. Jotzu, B.
Schulte, H. Hübener, U. De Giovannini, L. Mathey, M. A.
Sentef, A. Cavalleri, and A. Rubio,Microscopic Theory for
the Light-Induced Anomalous Hall Effect in Graphene,
Phys. Rev. B 99, 214302 (2019).

[61] M. S. Scheurer and R.-J. Slager, Unsupervised Machine
Learning and Band Topology, Phys. Rev. Lett. 124,
226401 (2020).

[62] R. E. F. Silva, Á. Jiménez-Galán, B. Amorim, O.
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