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Abstract

In this work, we study the generation of a negative refractive index based on
electromagnetically induced transparency (EIT) in a Rb four-level N-type atomic gas
medium. We derive analytic expressions for the relative permittivity and relative permeability
of the medium according to the parameters of the probe, pump, and signal laser fields. We
then investigate the variation of the real parts of the relative permittivity and relative
permeability with respect to the intensity and frequency of the pump and signal laser fields.
In the presence of the pump laser beam, the medium becomes transparent to the probe laser
beam even in the resonant region. At the same time, the real parts of the relative permittivity
and relative permeability are simultaneously negative (i.e., the medium exhibits a negative
refractive index) in the EIT spectral domain. In the presence of the signal laser beam, the
EIT effect occurs over two different frequency domains of the probe beam, so a negative
refractive index is also generated in these two frequency domains. The investigation of the
real parts of the relative permittivity and relative permeability with intensity and frequency
of the pump and signal laser fields allowed us to find the laser parameters for the appearance
of the negative refractive index, which can be useful for experimental observations.
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1. INTRODUCTION

The propagation of electromagnetic waves in a medium is characterized by the
relative permittivity & and relative permeability xr of the medium; that is, it depends on
the refractive index of the material n? = &,.u,.. The refractive index is a complex quantity,
but usually only the positive refractive index is used, i.e., both the relative permittivity
and relative permeability are simultaneously positive (n =+/e,u, > 0). However,
Veselago (1968) proposed a theory of materials with negative refractive index, i.e., both
the relative permittivity and relative permeability are simultaneously negative at a definite
frequency. These are called left-handed materials or negative index materials. This type
of material has opened up a new research area in material technology and has many
practical applications, such as reversals of Doppler shift and Cherenkov radiation
(Veselago, 1968), amplification of evanescent waves (Pendry, 2000), subwavelength
focusing (Aydin et al., 2007), negative Goos-Hanchen shift (Berman, 2002), perfect lens
(Williams, 2001), etc.

Currently, there are several methods to create negative refractive index materials,
including artificial composite metamaterials (Pendry, 2003), photonic crystal structures
(Cubukcu et al., 2003), chiral materials (Yannopapas, 2006), etc. In these artificial left-
handed materials, the achieved negative refractive index is often accompanied by strong
absorption, especially in the resonant frequency domain. Therefore, the study and
fabrication of negative refractive index materials in the optical frequency domain without
absorption are of great significance.

In the past few decades, the discovery of electromagnetically induced
transparency (EIT) has provided a breakthrough method to reduce or even completely
eliminate resonance absorption (Boller et al., 1991). EIT is a quantum interference
phenomenon that occurs between probability amplitudes within an atomic system when
excited by laser fields. This interference can lead to either an enhancement (constructive
interference) or a complete cancellation (destructive interference) in the total transition
probability. The consequence of this interference can lead to a profound change in linear
and nonlinear optical properties of a medium (Nguyen et al., 2019). The basic
configurations for the EIT effect are three-level atomic systems consisting of lambda,
ladder, and V-type configurations. However, in three-level atomic systems, we can only
create one narrow wavelength domain at which light becomes transparent (called the EIT
window) (Nguyen et al., 2019). Therefore, the extension of the transparent spectral
domain is of great interest to research groups. This can be done in four-, five-, and even
six-level atomic systems. Indeed, McGloin et al. (2001) investigated an atomic system
consisting of N-levels excited by (N-1) laser fields to produce (N-2) EIT windows. To
date, many applications of the EIT effect have been reported, such as lasing without
inversion (Le & Vo, 2020), giant Kerr nonlinearity (Le & Dinh, 2021), slow light
(Nguyén et al., 2017), low threshold optical bistability (Phan et al., 2016), optical soliton
(Dong et al., 2016), all-optical switching (Jafarzadeh, 2017), etc.

The discovery of the EIT effect opens up a simple way to achieve a negative
refractive index for an atomic gas medium in the optical domain with a very significant
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reduction in absorption. At the same time, the negative refractive index range is easily
changed toward short or long wavelengths. Indeed, Oktel and Miistecaplioglu (2004) and
Shen et al. (2004) first proposed a scheme for realization of the negative refractive index
in a three-level lambda-type atomic medium under the EIT condition. Later, Liu et al.
(2009) showed that left-handed properties can be electromagnetically induced in a A-type
four-level scheme in Er**:YAIO; crystal. Zhang et al. (2008) obtained a negative
refractive index in a four-level atomic medium and showed that it is possible to switch
between positive and negative refractive indices by changing the relative phase of the
applied fields. Recently, Krowne and Shen (2009) realized a negative refractive index
using dressed-state mixed parity transitions of atoms, and Dutta and Dastidar (2010) used
interference of spontaneous emissions to obtain a negative refractive index in a three-
level lambda atomic configuration. Negative refractive indices have also been reported in
four-level V-type (Zhang et al., 2007), four-level Y-type (Zhao et al., 2010), four-level
E+V (Zhao et al., 2013), and four-level cascade (Fang et al., 2016) atomic systems as
well as in a five-level atomic system (Othman & Yevick, 2016). In addition to the atomic
medium, a negative refractive index was also obtained in a molecular medium under EIT
conditions (Sardar et al., 2021). More recently, the influence of Doppler broadening on
the negative refractive index in three-level lambda (Nguyen et al., 2022) and four-level
inverted Y configurations (Nguyen et al., 2021) has also been considered.

In this work, we study the negative refractive index in a four-level N-type atomic
system based on electromagnetically induced transparency. By solving the density matrix
equations, we derive the expressions of relative permittivity and relative permeability
according to the laser parameters. The influence of the laser parameters on the negative
refractive index are investigated.

2. THEORETICAL MODEL

[4)

Ry

Figure 1. The four-level N-type atomic configuration excited by the probe, pump,
and signal laser fields

We consider an N-level four-level atomic configuration interacting with three
laser fields, as depicted in Figure 1. In which, the transitions |1)«<|3), |2)<>|3), and
|2)<|4) are electric dipole allowed, while the transition |1)«»|2) is magnetic dipole
allowed. Therefore, the electric field of the probe laser beam can excite the transition
|1)<|3), while the magnetic field of the probe beam induces the transition |1)«»|2). The
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transition |2)«<>|3) is excited by the pump laser beam, and the transition |2)«[4) is excited
by the signal laser beam. We denote ay, ax, and s as the angular frequencies of the probe,
pump, and signal laser beams, respectively.

The evolution of the quantum states of the atomic system in the laser fields is
represented by the Liouville density matrix equation, as follows (Nguyen et al., 2019):

p=—1H.pl+Ap (1)

where H = Hp + H; is the total Hamiltonian, Ho is the Hamiltonian of the free atom, H; is

the interaction Hamiltonian, and A represents decay processes in the atomic system. We
have

H, :Z::ha),|i><i| @)

Hy =222 () afe ™ +oo) "2 (2)(alet +oo) - "2 (|2 (afe voc) (@

where c.c. describes the complex conjugate term. From Equations (1) — (3), we have
derived a set of density matrix equations for the population and atomic coherence, as
follows:

P =L + 31055 + T g1 pas + %Q o (P21 = P13) (4)
P22 =L 2Pas + U205 =Ty + %Qc (P2 = P23) + IE Qi (Psz = P24) )
P33 =T ssPas —Tpp33 —Tgps + iZQs (P23 = P3a) + %Q P (P13 = Pa1) (6)
Pa = —(F43 +0,+ F41)p44 + lZQs (P24 = Paz) (7)
/521=—[i(Ap—Ac)+721]p21+i%p31—i%pza+i%p41 (8)
p3l:_(iAp +731)931+m7p(p11_p33)+i%1721 ©)
pu=-[i(4, —Ac+As)+741]p41+i3p21—i&p43 (10)

2 2
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' ) i [} i

Pr2 =—(1Ac +732) P3a +%(Pzz — P33) +Tp,012 —%,034 (11)
) : [ [

Pi =10 = V42| Paz +%(Pzz ~ Pas) _%/%3 (12)
‘ ) i iQ i
p43=—[I(As—AC)+;/43]p43+%p23—7pp41—%,042 (13)

where Ay =aw, -y, A, =a,—oy, aNd A =a, —ay,, are the frequency detunings of the
probe, pump, and signal fields, respectively; Qp = d31Ep/7i, Qc = da2Ec/7, and Qs = da2Es/7
are the Rabi frequencies of the probe, pump, and signal fields, respectively; and di s the
electric-dipole matrix element. We denote y; as the decay rate of the atomic coherences
pik and Ik as the decay rate of the population from the |i) level to the |k) level.

Now, we solve the set of density matrix Equations (4) — (13) in the steady-state
condition (Jp/ ot =0) to find the solutions for p31 and p21, which are related to the electric
and magnetic responses of the medium for the probe light. Under the condition that the

probe laser field is much weaker than the pump and signal laser fields, we obtain from
Equation (10)

Dy = 10
41 — .
2[|(Ap —A, +AS)+;/41]

Py - (14)

Substituting (14) into Equation (8), we have

i i
Doy = & P31 _ e Pa1 (15)

2
. /4 2 A
I(Ap_Ac)+721+- Q
I(Ap _Ac +As)+741

2
. . 4
with A=i(A, —A.) + 7y +- &/ .
I(Ap _Ac +As)+74l

By substituting (15) into Equation (9) we find the solution of p3:1 as follows:

B iQ, /2 _iQ, /2 (16)
Pa = 2 =
. Q?/4 B
IAp+}/3l+ 932/4
i(Ap _Ac)+721+ :
I(Ap _Ac +As)+741
. _ Q%14 . O’ /4
with B=iA +ys + =iA )+ +—— .

A

2
. /4
I(Ap_Ac)+7/21+- Q
|(Ap A, +A)+ Vg
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The solution of p»1 can be found by substituting (16) into (15) as follows:

-0.Q,

IAB (17)

P21 =

According to classical electrodynamic theory, for an atomic gas medium, the
electric susceptibility (ye) and magnetic susceptibility (ym) are related to the density
matrix elements, p31 and p1, by the following relations (Shen et al., 2004):

_ 2Ndy, py (18)
T gE,
2Nm
Ko = H21,021 (19)

p

where N denotes the atomic density, d>1 and ma; are respectively the electric and magnetic
dipole matrix elements, and E, and H, denote the electric and magnetic field envelopes
of the probe field.

On the other hand, the relative permittivity & and relative permeability z of the
medium are related to the electric and magnetic susceptibilities according to the following
relationships:

g =1+7, (20)

e =1+ 2 (21)

Substituting expression (16) into (18) we get the expression of electric
susceptibility as

_iNgg 1

. 22
Ze o B (22)

To find the expression of the magnetic susceptibility ym, we use the relationship
between the electric and magnetic fields of the light field, as follows:

H, = &8 [ 11y E, (23)

where & is the dielectric constant and o is the permeability of vacuum. Therefore,
expression (19) can be written in the following form:
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2Nm
P 21P21 (24)
\/grgo [ a1 B,
_2Nmy, gy o 2NMy, (A ) Eak (25)
= oy =
8r80 50Ep (1+Ze)
2N 1+
1= (2 @)
C‘C"O (1+;(e)

Here, we have substituted ¢ =1/./g,4, , which is the speed of light in a vacuum.

Substituting expression (15) into (26), we obtain

im, Q 1+ .,
PO (LTS Ry o 2099 (27)
2cd, A J\ 1+ x)
— : B e ..
In the derivation of expression (27), we used p,, = >Nd , Which is derived from
31
Equation (18). Squaring both sides of Equation (27), we have
m, Q) @+z)
2 _ 21 "% Xm 2 28
A (ZCdSl AJ L+ z) % (28)
2 (m. Y m, Q
PN A (L= ) P o (. (29)
1+ .\ 2cd,, A 1+ .\ 2cd,, A
We set
m,, Q
F: Ze 21 “%c ) (30)
J1+ 7, 2cdy, A

Therefore, Equation (29) is rewritten as
72+F?y +F?=0. (31)

Equation (29) has the following solutions:

. —F2+JF*-4F’ (32)

Am = 2
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Thus, the relative permeability has the corresponding solutions:

+—F2i\/F4—4F2. (33)

2

+

# =1

We note that, to ensure the relative permeability can be negative, the negative root
4 in Equation (33) will be used for the following investigations.

With the expressions for relative permittivity & and relative permeability r, the
refractive index of the left-handed medium can be determined by (Veselago, 1968)

n=-— Lo (34)

3. RESULTS AND DISCUSSION

We apply the analytical model to the 8Rb atom, where |1) and |2) are two
hyperfine levels of the ground state, |1) = |5S1/2, F = 1) and |2) = |5S12, F = 2), and |3) and
|4) are two hyperfine levels of the excited state, |3) = |5P3;2, F' = 2) and |[4) = |5P3p, F' =
3). The atomic parameters (Steck, 2019) are N = 3.5x10% atoms/m®, 732 = /32 = [31 =6
MHz, ds1 = 1.6x10"%° C-m, ma1= 7.26x102% A-m?, and wp = 3.77x10% MHz.

200+

—
W
D

_]
=
?

Absorption probe

Figure 2. Simulation of the EIT spectrum of the probe laser beam in the absence
(solid line) and presence (dashed line) of the signal laser beam

Note: The parameters of the pump laser are 4. = 0 and £ = 4 MHz, while the parameters of the signal
laser are A; = 0, £2 = 0 (solid line) and £ = 5 MHz (dashed line).

52



Nguyen Huy Bang, Le Nguyen Mai Anh, Le Thi Minh Phuong, Ho Hai Quang, and Le Van Doai

With the arrangement of laser beams that excite atomic transitions in a four-level
N-type configuration, as shown in Figure 1, the pump laser beam (£2) can induce the EIT
effect for the probe beam (), while the signal laser beam can alter the EIT effect. To
see this, in Figure 2 we plot the absorption coefficient of the probe beam Im(&) in the
absence (solid line) and the presence (dashed line) of the signal laser beam (£). The
parameters of the pump laser beam are chosen as (% =4 MHz and 4. = 0.

From the solid line in Figure 2, we see that in the absence of the signal laser beam
(i.e., intensity or Rabi frequency (X = 0), a transparent spectral region appears on the
absorption profile of the probe beam (i.e., the absorption coefficient is completely
suppressed) at the resonant frequency A4, = 0. This phenomenon is known as
electromagnetically induced transparency, and the transparent spectral region is called the
EIT window (Nguyen et al., 2019). This EIT effect is produced by the induction of the
pump laser beam. For a deeper understanding of the EIT effect, readers can see the
reference (Nguyen et al., 2019).

In the presence of a signal laser beam with intensity (% =5 MHz (see dashed line
in Figure 2), we see two EIT windows appear on the absorption profile of the probe beam.
These two EIT windows are symmetric around the atomic resonance frequency 4, = 0.
This leads to the resonance domain becoming the maximum absorption domain.

200

Q. =0.5MHz

1007

—Re(e,)
== =Im(g,) !.f
- - Re(,) == Re(u,)

=-==Im(g,)

-100~+ T T T T =100~ T T T
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
A[MHz] A,[MHz]

Figure 3. Plots of Re(&) (solid line) and Re(ur) (dash-dotted line) versus probe
frequency detuning 4, in the absence (a) and presence (b) of the signal laser beam

Note: The parameters of the pump laser are 4. =0 and % = 4 MHz, while the parameters of the signal
laser are 4= 0, €2 =0 (a) and % = 0.5 MHz (b). The dashed line is the absorption of the probe laser
beam Im(&).

The occurrence of EIT windows is the basis for achieving a negative refractive
index with simultaneously negative permittivity and permeability. Indeed, as in Figure 3,
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we plot Re(&r) and Re(ur) in the absence (a) and the presence (b) of the signal laser beam
with the pump laser parameters chosen as £x = 4 MHz and 4, = 0. Figure 3(a) shows that
the real parts of the relative permittivity Re(s) and relative permeability Re(ur) are
simultaneously negative in the probe frequency detuning range 0 < 4, < 0.3 MHz, which
means that the medium exhibits a negative refractive index in the spectral domain 0 < A4p
< 0.3 MHz. This spectral domain is also in the EIT spectral domain, as we see in Figure 2.
On the other hand, the appearance of two EIT windows in the presence of the signal laser
beam also leads to the appearance of two negative refractive index ranges, as shown in
Figure 3(b). That is, the real parts of the relative permittivity Re(s) and relative
permeability Re(ur) are simultaneously negative in the two frequency detuning ranges
—0.25 MHz < 4, < -0.15 MHz and 0.25 MHz < 4p < 0.35 MHz. These two negative
refractive index ranges are also in the EIT spectral domains, which means that the
negative refractive index is produced with very small absorption and even complete
suppression. This is the outstanding advantage of negative refractive index materials
using the EIT technique.

201

Hr

=20

&r

—401

=601 —Refz,)

-~ Re(p)
0 10 20 30 40 50
Q.[MHz]

Figure 4. Variations of Re(&) (solid line) and Re(ur) (dash-dotted line) with pump

frequency Rabi £2: when the signal laser intensity is fixed at £ = 0.5 MHz
Note: Other parameters are 4, = 0.3 MHz and 4s = 4. = 0.

Next, in Figure 4 we investigate the variation of the real parts of the relative
permittivity Re(s) and relative permeability Re(ur) with respect to the pump laser
intensity when the signal laser intensity is fixed at €% = 0.5 MHz. Here, we choose the
probe laser frequency at the frequency detuning A, = 0.3 MHz, which is in the negative
refractive index region, as investigated in Figure 3. The investigation in Figure 4 shows
that both Re(&) and Re(ur) vary from positive to negative and vice versa as the pump
laser Rabi frequency (or intensity) increases from 0 to 50 MHz. However, Re(&) and
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Re(ur) are simultaneously negative (or the medium exhibits negative refractive index)
when the pump laser intensity is in the range 2 MHz < (2 < 10 MHz.

100

507

-501

-~ Re(w)

0.5 1

_100_| T
-1 -0.5

0
AJ[MHz]

Figure 5. Variations of Re(&) (solid line) and Re(ur) (dash-dotted line) with respect
to pump frequency detuning Ac when other parameters are fixed at £ =4 MHz,
£2=05MHz,and 4 =4s=0

Finally, in Figure 5 we investigate the variation of the real parts of the relative
permittivity Re(e) and relative permeability Re(ur) with respect to the pump laser
frequency detuning when other laser parameters are fixed at £ =4 MHz, £ = 0.5 MHz,
and 4, = 4s = 0. Figure 5 shows that at a specified probe frequency (with 4, = 0), the
medium has a negative refractive index (Re(&) and Re(r) are simultaneously negative)
and the two frequency domains of the pump laser are —0.35 MHz < 4. < -0.25 MHz and
0.15 MHz < A; < 0.25 MHz. That is, there is a similarity, as shown in Figure 3(b). This
is because the EIT effect appears to satisfy the two-photon resonance condition A, + Ac =
0 (Nguyen et al., 2019).

4. CONCLUSION

By solving the set of density matrix equations in the weak probe field
approximation, we have found expressions for the relative permittivity and relative
permeability of a four-level N-type atomic medium. Thereby, we investigated the
variation of the real parts of the relative permittivity and relative permeability with respect
to the intensity and frequency of the pump and signal laser fields. In the presence of the
pump laser beam, the medium becomes transparent to the probe laser beam even in the
resonant region, and the real parts of the relative permittivity and permeability are
simultaneously negative (i.e., the medium exhibits negative refractive index) in the EIT
spectral domain. In the presence of the signal laser beam, the EIT effect occurs over two
different frequency domains of the probe beam, so a negative refractive index is also
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generated in these two frequency domains. The investigation of the real parts of the
relative permittivity and relative permeability with respect to the intensity and frequency
of the laser fields allowed us to find the laser parameters for achieving a negative
refractive index. Our analytical model can be useful for experimental observations and
related applications.
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