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Let V be an algebraic variety in R" or C". Then SingV/, the singular or nonregular
part of V is an algebraic subvariety (Whitney, 1957). Thus, we derive the singular filtration
by algebraic subvarieties

V D SingV D Sing(SingV) D ....

The difference between two elements of the filtration is a smooth submanifold. We
wish to impose conditions on the filtration so that these smooth pieces fit together well.

In 1965 Whitney (1965a, 1965b) proposed a certain condition (a) : suppose given
two disjoint submanifolds X and Y such that yy € ¥ NX. Then one says that the pair (X,Y)
satisfies condition (a), or that (X,Y) is (a)-regular, if:

(a) given a sequence of points x; in X that tends to yg as i tends to infinity, such
that the sequence of tangent spaces 7, X tends to 7 in the appropriate Grassmannian, then
I;Y C 7.

This ensures a certain continuity of tangent spaces.

Example. Let V = {y? = 2x> + x*} C R3. Then SingV = {x =y = 0}. The resulting
filtration has the property that (V — SingV,SingV') satisfies condition (a). However, the
local topology of V at points of SingV' changes as one passes through (0,0,0). Notice that
tangent spaces to V at points near SingV different from (0,0,0) nearly contain the secant
xm(x) where (x,y,t) =t is a projection. But near (0,0,0) this is no longer true.

To avoid such a phenomenon, Whitney introduced a second condition (b) on a pair
of disjoint submanifolds (X,Y) at a point yo € Y NX :

(b) Given sequences x; € X and y; € Y both tending to yg as i tends to infinity, and
such that the tangent spaces 7, X tend to 7 and the secant lines X;y; tend to A, then A C 7.

In particular, as a special case, limx;(x;) C 7 : this is called condition (b7).

Exercise. (b) implies (a). Choose y; “far" from 7(x;) such that X;y; tends to A C Ty,)Y for
agiven line A in 7)Y

Using condition (b) we get the notion of a Whitney stratification.

Definition. A closed set Z of a C¥ (1 <k < oo, or k= w) manifold M is said to have a Cck
Whitney stratification if there is a filtration by closed subsets

Z=757415...07'572°>0

such that each Z — Z/~! is either empty or is a C¥ submanifold of dimension #, and the
connected components of the Z/ — Z~! (called the strata of dimension i) satisfy Whitney’s
condition (b). (If X and Y are strata with yy € ¥ NX, then (X,Y) satisfies condition (b) at

Y0-)

For a detailed survey of the properties of Whitney stratifications and those satisfy-
ing other regularity conditions, see Trotman (2020).
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Proposition (Thom-Mather). If X and Y are distinct strata of a Whitney stratification
andY NX # 0, then Y C X — X (the frontier condition).

Theorem (Whitney). Every analytic variety admits a C® Whitney stratification.

This existence theorem remains true for semianalytic sets (Lojasiewicz, 1965),
subanalytic sets (Denkowska et al., 1985; Hironaka, 1973; Lojasiewicz et al., 1986;
Verdier, 1976), and also definable sets in o-minimal structures (Nguyen et al., 2014; Ta,
1998).

There are, however, simple examples of stratified sets occurring in dynamical sys-
tems that are not Whitney stratified; for example, the closure of the logarithmic spiral

{r=e¢" t=0(mod2r)}

does not admit a Whitney stratification.

Although condition (a) is weaker than condition (b) it is often useful, as illustrated
by the following characterization (Trotman, 1978/79).

Theorem (Trotman). Let Z be a closed subset of a C' manifold M, with a stratification
Y. Then the following are equivalent :

(1) X is (a)-regular (i.e. pairs of strata satisfy Whitney’s condition (a)).

(2) For every C' manifold N, {f € C'(N,M)|f is transverse to the strata of L} is
open in C' (N, M) with the Whitney C" topology.

See the book by Hirsch for the definition of the Whitney C! topology (Hirsch,
1976).

This theorem is useful for proving stability of classes of maps. The first proof that
(1) implies (2) is due to Feldman (1965) while the proof that (2) implies (1) was in my
1977 PhD thesis (Trotman, 1978/79). A new, simpler proof may be found in the 2013
PhD thesis of Trivedi (see Trivedi & Trotman, 2014).

The most striking application of condition (b) is the Thom-Mather isotopy theo-
rem (Mather, 2012; Thom, 1969).

Theorem (Thom-Mather). Every Whitney stratified set is locally topologically trivial
along strata: if (Z,X) C M is Whitney stratified and x € X where X is a stratum, then
there are an open neighborhood U of x in M and a stratified homeomorphism

h:(U,UNZ,UNX)— (UNX) x (R¥,cL, %)
such that pyoh(z) = n(z) € UNX where p) is projection to the first factor, Tt is the pro-
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jection of a C' tubular neighborhood of U NX, k = dimM — dimX and L is a compact
Whitney stratified set in the sphere S*= called the link of Z at x, with cL the cone with
base L and vertex *.

One might hope to find a C' diffeomorphism. However this is not possible in gen-
eral.

Example. Consider V = {xy(x —y)(x —ty) =0} C R3. The cross-ratio of four lines
through the origin in a plane is a C' invariant and cannot change. Hence there does not
exist a C! diffeomorphism transforming V to a product even though V is Whitney strati-
fied along the 7-axis.

However, there is a partial result due to Pawtucki (1985) that can sometimes be
useful.

Theorem (Pawlucki). Ler X,Y be disjoint subanalytic submanifolds such that dimX =
dimY + 1. Then (X,Y) is Whitney (b)-regular at every point y of Y if and only if there
is a neighborhood N of y such that N N (X UY) is a finite union of C' manifolds-with-
boundary, and the common boundary is NNY.

The equivalence remains true for definable sets in polynomially bounded o-minimal
structures (Trotman & Valette, 2017). However, in the non-polynomially bounded case it
fails as shown by the next example.

Example. Let Z = {y=z"*"!,z>0} C R3. Let Y be the x-axis and X = Z—Y. Then
the pair of strata (X,Y) is (b)-regular, but does not form a C' manifold-with-boundary.
Adding the half-plane {y = 0} and filling in, we also obtain a 3-dimensional example of a
(b)-regular definable stratified set for which the density is not continuous along a stratum
whereas the density is always continuous along strata of a (b)-regular definable stratified
set if the o-minimal structure is polynomially bounded (Nguyen & Valette, 2016).

What lies between homeomorphisms and C! diffeomorphisms ?

One answer is bi-lipschitz homeomorphisms (Parusinski, 1994). Here we have an
analogue of the Thom-Mather isotopy theorem.

Theorem (Parusinski). Subanalytic sets admit (Whitney) stratifications which are locally
bilipschitz trivial along strata.

This result is also true for definable sets in polynomially bounded o-minimal struc-
tures (Halupczok & Yin, 2018; Nguyen & Valette, 2016).

These stratifications have a rather strong regularity property due to T. Mostowski.
He called them Lipschitz stratifications. They are characterized by the possibility of ex-
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tending Lipschitz vector fields on (the closure of a stratum) to neighbouring strata, with
control of the Lipschitz constants.

In the non-polynomially bounded case, Parusinski’s theorem of generic bilipschitz
triviality fails: the previous example shows this. Or, more simply, consider Z = {y =

0}U{y =2*,z > 0} C R>. The Lipschitz type varies continuously.

Even for semialgebraic sets, (b)-regularity does not imply bi-lipschitz triviality.

Example (Koike). Let Z = {y2 = r2x2 +x3,x > 0} C R>. Setting Y to be the z-axis, and
X =Z—Y, one finds easily that (X,Y) is Whitney (b)-regular, but the bilipschitz type of
the slice {# = constant} with Z at t = 0 is distinct from the bilipschitz type for 7 # 0.

Question. How strong can one make the conclusion to the Thom-Mather isotopy theo-
rem?

Using the conclusion to the Thom-Mather isotopy theorem, let us write
h(z) = (7(2),[p(2),0(2)]) € (UNX) x (R, cL,%),

where 7 : Ty — X is the projection/retraction of a tubular neighborhood Ty and p : Ty —
[0,€) is a tubular function (or distance to X) such that p~!(0) = X.

The proof of the isotopy theorem involves integrating stratified controlled lifts of
vector fields on X. A controlled lift of a vector field vy on X is the assignment of a vector
field vy on each stratum Y of X in a tubular neighbourhood Ty of X such that w,vy = vy
and p,vy = 0.

Saying m.vy = vx means that the differential of 7 maps vy to vy.
Saying p.vy = 0 means that vy is tangent to the level hypersurfaces of p.
Saying that v = {vy} is stratified means that each vy = v|y is tangent to Y.

Question. Can the lifts {vy }ycy be made continuous as we change strata? This question
was posed already in 1969 by Thom (1969) and later by Mather (2012).

Answer. Yes (Shiota, 1996; and independently, du Plessis, 1999).

Knowing that the controlled vector fields can be chosen to be continuous suggests
asking for continuity of the tangent spaces to the leaves {z|60(z) = 6,p(z) = p} for fixed
0 and p (each of which is diffeomorphic to U N X), as we change strata. This was proved
by Murolo, du Plessis and myself in 2017 (Murolo et al., 2017), resolving the smooth
Whitney fibering conjecture, and giving a new proof of the Thom-Mather isotopy theo-
rem. The proof works in fact for the weaker regularity condition called (c)-regularity due
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to Karim Bekka and thus also provides a new proof of Bekka’s theorem (1991) stating
that (c)-regular stratified sets are locally topologically trivial.

Theorem (Murolo-du Plessis-Trotman). In the proof of the Thom-Mather isotopy the-
orem, h can be chosen to ensure continuity of tangent spaces to the leaves {z|0(z) =

0,p(z) =p}

Whitney’s 1965 holomorphic fibering conjecture (Whitney, 1965a) asks for a strat-
ification of a given analytic variety such that the leaves defined by a trivializing homeo-
morphism be holomorphic submanifolds with their tangent spaces varying continuously
as one approaches a given stratum. This was proven in 2017 with many extra conditions
(including 4 subanalytic and arc-analytic) by Parusinski and Paunescu (2017) in the local
analytic and global algebraic, real and complex cases.

Open problem. Prove the semi-algebraic (or subanalytic or definable) version of the
Whitney fibering conjecture.

Triangulations.

Conjecture (Thom). Every Whitney stratified set admits a Whitney triangulation (i.e.,
the open simplexes are the strata of a Whitney stratification refining the given one).

One reason for the interest in this conjecture is that it would imply that the homol-
ogy of a Whitney stratified set is supported by Whitney stratified cycles (a conjecture of
Goresky (1981)).

Shiota (2005) has proved that every semialgebraic set admits a semialgebraic Whit-
ney triangulation, while the case of definable sets in o-minimal structures was proved by
Czapla (2012) in her thesis at the Jagellonian University in Cracow.

Weak Conjecture. Every Whitney stratified set admits a Whitney cellulation, i.e. the
open cells are the strata of a Whitney stratification.

This would also imply Goresky’s conjecture.
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