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Abstract

In this paper, we propose and prove an identity on symmetric polynomials. In order to obtain
this identity, we use the interpolation theory, in particular, the Lagrange interpolation
formula. In the proof of the identity, we propose two different proofs. The second proof will
be the first step for our further studies related to identities on symmetric polynomials.
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Ping Tuén Hiép va Lé Van Vinh
1. GIOI THIEU VA KET QUA CHINH

Trong toan bo bai béo, chiing ta ludn gia sir ring céc da thirc voi hé s6 trén mot
truong dac so khong (chang han truong so thuc R). Tuy nhién khi ap dung ket qua cua
bai bao nay vao cac bai toan trong hinh hoc dai so thi chung ta can phai xét cac da thuc
V6i hé so trén treong so phuc C.

Cho P(x) 1a da thirc mét bién bac khong 16n honn — 1 va A4, 4,, ..., A, lan gia
tri khac nhau timg d6i mot, tac la A; # A; véi moi i # j. Theo cong thic noi suy
Lagrange, ta c6 Cong thuc I.

[T (x = %) 0
i (A = %)

So sanh hé s cao nhat hai vé cia dang thic trén, ta thu duoc Dong nhat thire 1.

PG =) PO
i=1

PA)
L i)

Trong d6 a,,_; 1a hé s6 cia x™ ! trong da thirc P(x).

€y

Muc tiéu chinh cua bai bao nay 1a tong quat Bong nhit thirc 1 cho trudng hop da
thirc di xting k bién bac khdng I6n hon k(n — k). Dé thuan tién cho phan trinh bay cong
thuc, ta sé sir dung ky hiéu [n] = {1, ...,n}. Vi mdi tap con I = {iy, ..., i} € [n] thi
At = (Aiy, s Ag) VI = [n]\L. Nhdc lai rang mot da thic P(xy, ..., x;) duoc goi 1a doi
Xl:fng néu P(xl,xz, ...,xk) = P(xg(l),xa(z), ...,xa(k)),
v6i moi hoan vi o € S, cua tap chi sé {1,2, ..., k}. Két qua chinh ciia bai bao 1a Binh Iy 1.

Dinh 1y 1. Cho P(xy, ..., x,) 1a mot da thire doi xung c6 bac khang I6n hon
k(n — k), trong d6 k, n la céc s6 nguyén sao cho 0 < k < n. Khi d6, ta c6 Dong nhat thuc 2.

PA) ek

= ’ (2)
Ic[n],|l|=k HiEI,jelc (Al — A}) Xl
Trong d6 c(k, ) 12 hé sé caa don thic x°%, ..., x2~1 trong khai trién cua da thic
doi Xﬁng:
P(xq, .., Xx) 1—[ (i — )
i#]

Dong nhét thire 2 1a ddc biét thi vi boi nhitng ang dung cia né vao hinh hoc cia
da tap Grassmann. Cu thé, Dang (2019) da sur dung DPdng nhat thirc 2 dé biéu dién céc sd
giao trén da tap Grassmann va tir 46 dan dén mot chimg minh dai s6 cho céng thirc Martin
cho da tap Grassmann.

Thém maét ly do nira dé thay rang Pong nhit thic 2 1a dic biét tha vi boi diéu sau
day: Neu P(xy, ..., x;) la mot da thirc d6i xirng ma cac bac riéng theo tirng bién khong
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I6n hon n — k, thi ta c6 cong thac ndi suy (Cong thic 1) dugce dua ra va chirng minh bai
Chen & Louck (1996).

e (x — As
P(Xl, ..-,xk) = z P(AI) HXEX,jEI ( ]). (11)
Ic[n]|1|=k HiEI,jEIC (li — /1]-)
So sanh hé s cao nhit cua da thic P, ta thu dugc Dong nhét thuc 3.
P(A

[Lier,jerc (i — 4j)

Chay rang, d(k,n) la hé s6 ciia don thic 27X, ..., x2~¥ trong da thirc P. That ra,
Pong nhat thire 3 chi 1a mot truong hop dac biét cia ddng nhat thire trong Dinh Iy 1. That
vay, Zeilberger (1982) d chi ra rang k! la hé s6 cia x¥~1, ..., xX~1 trong khai trién coa
da thirc [T, (x; — x;). Néu cac bac riéng theo timg bién ciia da thirc P khong 16n hon
n—k, thi ta c6 c(k,n) = (kV)d(k,n), trong d6 c(k,n) 1a hé sé cua don thic
xP1, ., x 1 trong khai trién cia da thuc:

P(xl, ...,xk) 1_[ (Xi - Xj)
J#i

2. CHUNG MINH KET QUA CHINH

Ic[n]ll|=k

Trong phan nay, ching tdi s& trinh bay hai cach 14p luan khac nhau dé chitng minh
két qua chinh. Chting minh thi nhat dira vao mét két qua co ban cho da thtic nhiéu bién,
d6 1a dinh 1y chia da thirc nhiéu bién. Trong khi d6, chizng minh thi hai cia chiing toi dya
vao nhirng lap luan giai tich.

2.1 Chitng minh thir nhat
pit
Fty, ) = POy, ) | | G =),
ji
Theo gia thict, bac ciia da thuc F khdng Ion hon k(n — k) + k(k = 1) = k(n = 1). Vi
da thuc P la doi xung, nén da thuc F ciing 1a doi xung. Theo dinh 1y chia da thac nhicu

bién (xem Cox, Little, & O’Shea, 2007), ton tai cac da thuc F;(xy, ..., xx),i = 1, ..., k va
R(x4, ..., x;) Sao cho

k n
R(xy, X)) = F(Xp, o) %) — Z Fy(xy, o 20) 1_[ (i — A)
i=1 j=1

va tat ca cac bac riéng theo ting bién cua da thirc R khong 16n hon n — 1. Theo céng thirc
ndi suy Lagrange, ta co:

n
R(xy, ... %) = z R(Ai,, %30 o 330 Li, (1)

i1=1
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Dung cong thirc ndi suy Lagrange cho cac da thuc R(4;,, x7, ..., xi), ta cO

n

R(xy, .., %) = z Z R(Ai., Az, oy xi)Li (X)L, (3).

i1=1 i2

Tuong tu, 14p lai qué trinh trén k lan, ta thu duoc

R(x1, ) = Z R(M]—[L”(xl)

Wig=1
Véimditap I = {ij, ...,lk},ta c6 R(A;) = F(A,). N&u i, = i, Vc’yi moi s % t thi R(4,) = 0.

Vi bac cua F khéng qué k(n — 1), nén hé sb cua x 7% .., xg"" trong R ciing bang véi
hé s6 cua x771, ..., x? ! trong F. Diéu nay suy ra hé sé cua x” L xpttrong F la
" F(4p)

ST [lierj=i (di —4))

Vé6i mdi I c [n], taco

Fan =Py || @i-2)

i,j€l,j#i
va
[ a-m=]] a-» ]| a-
i€l j#1 i€l,jeI¢ i,jELj*1

Diéu nay chi ra rang hé sb cua xI*~1 ... x~1 trong F bang Vi
P(Ar)

k! :
HiEI,jEIC (Ai - Aj)

Ic[n]|I|=k

2.2.  Ching minh thi hai
Truéc hét, chling tdi chirng minh hai b6 dé sau day:

B dé 1. Cho Q(x) la mot da thirc bac d + 1 v6i hé s cao nhét bing 1 va c6 cac
nghiém (c6 thé la nghiém phic) phan biét. Khi do, ta co Cong thuec 111,

0 néu 0<r<d

(a)OQ(a) 1 néu r=d

Chizng minh

(11

Goi Yo, 1, -» ¥a 12 d + 1 nghiém phan biét cia Q(x). Khi dé, ta c6
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r d

z a’ Yi
Q'(a) e [liej i —vj)

Q(@)=0

Ap dung cong thirc ndi suy Lagrange cho x™ tai cac diém ndi suy o, ¥4, ..., ¥4, chling ta
thu duoc

_ 3 Virl_[i:tj (X—Yj)
[Lizj ri—v)

r

i=0
Diéu nay kéo theo
d
Y
e Hi:tj (vi — Vj)

:hésficﬁaxd:{o nfu 0<r<d
' 1 néu r=d

Bo dé 2. Cho F(xy, ..., xi) la mot da thuc k bien véi bac khong lon hon dy + -+ +
dy va Q1 (x), ..., Qk(X) twong tng la cac da thac bac d; + 1, ..., dy + 1 voi hé s6 cao nhat
bang 1 va cé cac nghiém phan biét. Khi do, Biéu thac a:

F(aq,...,ag)
Q'1(ay) - Q'k(ax)

Qu(a1)="=Qk(ar)=0

(a)
la dgc \gp Véi cac da thirc Q; va bang véi hé s ciia don thirc x™ -+ x ¥ trong da thirc
F(xq1, o) Xg)-

Chizng minh.
Do tinh chét tuyén tinh, ching ta chi can xem xét cac don thirc

F(xg, oo, X)) = X100 X5,

Trong d6 7y + -+ + 13, < dy + - + d. Biéu thirc a phan tich nhu sau:

1 1
a4 a Kk

Q"1 (a1) Q'x(ar) |

Q1(a1)=0 Qi (ar)=0

Theo B6 dé 1, néu r; = d; véi moi i, thi biéu thirc trén bang 1, trong cac trudng hop con
lai thi biéu thuc trén bang 0. B6 dé duoc chirng minh.

Pé ching minh Binh ly 1, chiing ta st dung B dé 2 cho cac da thic sau day:
F(xq1, ., X)) = P(Xq1, o) Xi) 1_[ (x; — x;j)
i%]j

va
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n

0w =-=0m=0w=|[@-w.

i=1

That vay, ta co 14, ..., 4,, la n nghiém phan biét cua Q (x) va dao ham

Q) = Z [[e-»

i=1 j#i

Khi do6, ta co

e =] | -2,
Jj#i
Voimditap I = {iy, ..., i}, tacd F(A;) = 0 néu co is = i, v6i s # t. Vi F la da thirc dOi
xung, nén Biéu thuc a tré thanh Biéu thic b

ST [lierj=i (di —4))

V&imoi I c [n], tacd

Fan =P || @i-2)

i,jElj#i
va
[ @-2m=]] @a-3» ][] @a-»
i€l,j#i i€l jeIC i,j€l,j#i

Do vay, Biéu thuc b tro thanh

P(A)

k! :
Hiel,jelc (Ai - Aj)

Ic[n]|l|=k
B6 dé 2 noi rang d6 chinh 1a hé s6 cua don thirc xP72, ..., x2~ ! trong da thirc

P(xy, ) %) 1_[ (X — %))

i#j

3. KET LUAN

Két qua chinh (Pinh ly 1) va ching minh thtr nhit di duoc trinh bay trong bai béo
(Dang, 2019). Dong gop chinh trong bai bao nay 1a mét cach chirng minh hoan toan khac
dé thu duoc Bong nhét thirc 2. Cach ching minh nay vé co ban ciing st sung ly thuyét
noi suy cu thé 1a cdng thic ndi suy Lagrange, ching ta cé thé xem cach chirg minh nay
nhu 14 mét sy tong quét cua nhitng 1ap luan trong chiing minh thi nhat. Biéu nay cho
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phép chiing ta & tim thém duoc nhiing 4p dung xa hon dé thu dwoc nhing dong nhét thirc
khac. Day sé la diém khoi dau cho nhitng két qua nghién ctru xa hon cua ching toi lién
quan dén cac ddng nhit thirc trén cac da thie ddi xang.
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