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Toém tit

Cho G la do thi cé n dinh. Gia sir véi méi dinh v cia G, ton tai mét danh sach L(v) gom k
mau, sao cho ¢6 duy nhdt mér 16 mau cho do thi G tir cdc danh sach mau nay, khi dé G
duot goi la do thi duy nhdt k-td mau danh sach. Pé thi G duoc goi la do thj tach cuc néu
ton tai phan hoach V = | U K sao cho dé thi con cia G cam sinh trén | la do thj rong va do
thi con cua G cam sinh trén K la do thi ddy du. Khai niém do thi tach cuc dwoc dinh nghia
bsi Foldes va Hammer (1977). Cdc do thi nay dwoc nghién cizu nhiéu trong ly thuyér do th;.
Bai b4o nay sé nghién ciu tinh chat ciia do thi tach cuwe day dii khi né 1a duy nhdt k-td mau
danh sach.
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Abstract

Let G be a graph with n vertices. Suppose that for each vertex v in G there exists a list L(v)
of k colors, such that there is a unique proper coloring for G from this collection of lists,
then G is called a uniquely k-list colorable graph. A graph G is called a split graph if there
exists a partition V = I U K such that the subgraphs of G induced by | and K are empty and
complete, respectively. The notion of split graphs was introduced in 1977 by S. Foldes and
P. L. Hammer, and these graphs have since received much attention in graph theory. In this
paper, we characterize the properties of complete split graphs that are uniquely k-list
colorable graphs.
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1. PAT VAN PE

Tat ca cac do thi duoc ndi téi trong bai bao nay 1a nhitng don d6 thi hitu han, v
hudng, khong cé khuyén, va khdng cé canh boi. Néu G 1a mot do thi, thi V(G) (hoic V)
duoc goi 1a tdp dinh va E(G) (hoic E) duoc goi 12 tdp canh. Tap hop tit ca cac dinh 1a
hang x6m cua tap con S < NG) dugc ky hiéu 1a Ng(S) (hoic N(S)). V&i mdi dinh
ve UG), ta goi [Ng(v)| 1a bac cua dinh v, ky hiéu 1a dege(v) (hoic deg(v)). B thi con
cua G cam sinh trén tap Uc M(G) duogc ky hiéu 1a G[U]. Ngoai ra, mot s6 khai niém va
ky hiéu khac dugc dinh nghia boi Behazad va Chartrand (1971).

o DO thi G=(VE) c6 cip |[V(G)|=n va ¢& |E(G)| =0 dugc goi 1a do thi
rong, ky hiéu la On;

e Do thi G=(V,E)co cap |V(G)| =nva c& |E(G) |= duoc goi la do

n(n-1)
1 r 2
thi day du cap n, ky hiéu l1a Kp;

e Do thiG=(V,E) goi la d thi bu cua d6 thi G=(V,E) néu V=V va voi
moiu,v eVtacouv e E< uv ¢ E;

e D) thi G=(V,E) dugc goi 1a @6 thi hai phan néu c6 mot phan hoach
V=V,UV,sao cho G[V,] va G[V,] 14 cac do thi rong;

e Db thi G=(V,E) dugc goi la do thi thch cuc néu tdn tai mot phan hoach
V=1 UK sao cho db thi con G[I] 1a db thi rng va db thi con G[K] Ia dd
thi ddy du.

Db thi tach cuc duoc ky hiéu 1a S(/ UK,E). Trong d6 thi tach cuc thi
G = S(I U K,E), néu deg(v) = |K| véi moi v e | thi d6 thi G duoc goi 1a do thj tach cuc
day du, ky hiéu 12 S(|I],|K]). Khai niém d6 thi tach cuc dugc dinh nghia dau tién vao nim
1977 boi Foldes va Hammer (1977, tr. 311). Cac do thi nay di va dang duoc nghién ctu
nhiéu bai vi ching co lién quan nhiéu dén cac van dé vé to hop va khoa hoc may tinh
nhu: Bai todn dong gbi va xép ba 16 trong quy hoach nguyén (Chvatal & Hammer,
1977); Ly thuyét Matroid (Foldes & Hammer, 1978); Nghién ctzu ham Boolean (Peled,
1975); Giai quyét viéc xu ly song song trong cac chuong trinh may tinh (Henderson &
Zalcstein, 1977); Xac dinh cong viéc trong hé phan tan (Hesham & Hesham, 1993); va
Sy ton tai chu trinh Hamilton (L&, 2018; Ngo & Le, 2004; Ngo & Le, 2005).

Gia st G la mot do thi va A la mot sé nguyén dwong. Mot anh xa
fE(G) — {1,2,...,A} dwoc goi la A-t6 mau (A-coloring) cia dd thi G néu véi mi cip
dinh u,v ké nhau trong G ta ludn co f(u) #Av).

Van d& t6 mau danh sach duge dé cap lan dau tién bai Erdos, Rubin, va Taylor
(1979). Cho @6 thi G = (V,E), v&i mdi dinh v € ¥ ta cho mot danh sach cac mau L(v).
Néu ¢ la t6 mau dinh caa G thoa mén ¢(v) € L(v) vai moi v € V'thi ta goi ¢ la t6 mau
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danh sdch dinh (hay t6 mau danh séch) tir cac danh séch L(v). D6 thi G duoc goi 1a k-td
mau danh sach (k-list colorable) néu véi moi ho (L(v)), ., thoa man |L(v)|= k véi moi
v € V, ta lubn c6 mot t6 mau dinh tir cac danh séch L(v). S6 nguyén dwong k nho nhat
dé dd thi G 1a k-t6 mau danh sach duoc goi 1a sdc sé danh sach (list-chromatic number)
cua G, ky hiéu 1a ch(G). Néu c6 mot ho (L(v)),_,, thoa man [L(v)|=kVvéi moiv e V,
sao cho ton tai duy nhit mot k-td mau danh sach cho dd thi G thi d6 thi G dugc goi la
duy nhat k-t6 mau danh sach (uniquely k-list colorable), ky hiéu 1a UKLC. Khai niém d6
thi duy nhit k-t6 mau danh sach duoc dua ra bai Mahmoodian va Mahdian (1997), day
1a bai toan kho, d3 va dang duoc nghién ctiu nhiéu, tuy nhién cac két qua mai chi dat
dugc cho ting 16p db thi cu thé. Vi vy, ddy 1a van dé rat can duoc tiép tuc nghién cuu.

Db vai l6p do thi tach cuc, van dé tinh duy nhat t6 mau da duoc giai quyet triét
dé (L&, 2014), xac dinh dugc sac so danh sach (L&, 2016) cua lop do thi nay. Bai bao nay
s& dua ra mét so tinh chat cua do thi tach cuc khi ching la duy nhat k-t6 mau danh séch.

2. CAC KET QUA LIEN QUAN

Tur cac van dé néu & Muc 1, ta co:

Bo dé 1 (Mahmoodian & Mahdian, 1997, tr. 2): Néu G 1a do thj UKLC thi G
cling 1a do thi U(&1)LC.

Chiing ta n6i rang d6 thi G ¢6 tinh chat M(k) néu va chi néu G khong la do thi
duy nhat k-t6 mau danh sach. Dudi day la mét so 16p do thi dac biét co tinh chat M(2).

Bo d@é 2 (Mahmoodian & Mahdian, 1997, tr. 3): Chu trinh, do thj day du, va do
thi hai phan day du la nhimg do thi c6 tinh chat M(2) (nghia la, cac do thi nay khong la
do thj U2LC).

~S6 k nho nhat sao cho G ¢6 tinh chat M(k) dugc ky hiéu 1a m(G). Duéi day 1a
mot so tinh chat caa m(G).

B dé 3 (Mahmoodian & Mahdian, 1997, tr. 3): Néu G 1a d6 thi UKLC thi & < m(G).

B6 dé 4 (Mahmoodian & Mahdian, 1997, tr. 4): Vi moi db thi G ta ludn c6
m(G) < |E(G)| +2.

Bé dé 5 (Mahmoodian & Mahdian 1997, tr. 6): Néu G 1a d6 thi UKLC thi ta ludn
o |V(G)| > 3k-2.

Duéi day 1a ménh dé minh hoa cho cac khai niém trén:

Ménh dé 6: Cho do thi tach cuc ddy du G =S5(2,2). Khi do: i) G 1a do thj U2LC;
ii) G c0 tinh chat M(3); va iii) m(G)=3.
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Chizng minh: i) Gia sir d6 thj tach cuc ddy du G =S(2,2) c6 tap dinh la JUK,
trong 6 1= {u;u,}, K ={v;,v,}. Ta thiét 1ap danh sach cac mau cho moi dinh nhu sau:

L(uy) = {1,3}, L (u2) = 12,3}, L(v) = {1.3}, L (v2) = {2,3}.

Tir cic danh séch mau trén, rd rang ton tai duy nhit mot t6 mau f cho do thi
S(2,2) nhu sau: f(v) =1, f(v)) =2, f(u) =3, f (1) = 3.Vdy, db thi 5(2,2) 1a U2LC;

ii) Gia sir 1a d6 thi USLC, theo Bo @é 5 ta ¢6:|V(G)| = 3.3 -2 =7, diéu nay Ia vo
ly vi |[V(G)| = 4. Do d6 G c6 tinh chit M(3);

iii) Tir i) va Bo dé 3 ta co: m(G) > 2, tix (ii) ta c6 m(G) < 3. Do d6 m(G) =3.
3. KET QUA CHINH
Tir cac két qua di c6 ta suy ra mot s6 tinh chat don gian dudi day:
Ménh d@é 7: Gia sir do thi tach cuc day du G = S(m,n) 1a d6 thi UKLC véi k > 2.

2_
Khi do: i) m 2 2; i) k<me+4;vaiii) ks{erTnJer.

Ching minh: i) Gia sit m=1. Khi d6 G 1a d6 thi ddy du Kn+1. Theo Bd dé 2,
G c6 tinh chat M(2), dieu nay tréi vai gia thiét G la do thi UKLC vai k> 2;

i) D& dang nhan thay ‘E(C_S)‘ = M . T Bo dé 4 suy ra

m(G)s‘E((_s)‘+2:m(mT_l)+2=w.

¢ s , m?>—m+4
Theo Bo dé 3 ta co k<T+;

iii) Suy ra tryc tiép tir Bo dé 5.

Phan con lai cua bai bao nay gia st dd thi tach cuc day du G =S(m,n) 1a d6 thi
UKLC cotap dinhla 7w Kvéim>2,n>1, k>3, trong do:

I1={u;u,,...u,}, K={v;,v,,....,v, }.

Gia str voi ho cac danh sach mau cuia céac dinh dudi day:
L(u;) = {c;1,¢;2,....cixy VOIiMoi 1 = 1,2,...,m,
L(v;)={d;\.d;5,....d;;} voimoii=1.2,...n.
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D6 thi G co6 dung mot t& mau danh sach f sao cho: f(u;) =c;; V6 moi
i=12,...m,f(v;))=d;; véimoi i=12,...n.

ChG y rang, ¢;1,¢i...cix 1a d6i mot khac nhau véi moi i = 1,2,...,m,
d;1,d;»,....d; 1a d61 mét kKhac nhau véi moi i = 1,2,...,n. Véi cac ky hi¢u da néu ta co
céc tinh chat sau:

binh ly 8: 1) d; | #d;, v6i moi i, j thoa man 1 <i, j<nvai#j, ii)c; #d;, V6i
moi i, jthoaman 1 <i<m, 1 <j<m;vaiii) ¢;; €{c;».¢;3,....c;; Voimoii, j=12,....m.

Chizng minh: i) Vi G[K] 1a do thi day du nén d;, =f(v,) A(v;) =d; véi moi i,
jthoamén 1<i,j<nvai#j,

i) VI GIKU{u.}] 1a do thi day du véi moi i=1,2,...m nénc;, =fTu) #/(v;) =
d;, véimoi i, jthoaman 1<i<m, 1 <j<n;

iif) Néu i = j thi hién nhién ta c0 ¢;, & {c;,¢j3,....c;x} Vi Moi i, j = 1,2,...,m.
Bay gio ta xét truong hop i # /. Gia St ton tai io, jo sao cho io, jo = 1,2,....m, o # jo
vac;, € {€),2:Cjy 3 -Gk §- DE dang thay rang c;, |# Cjy 1- Xeét td mau /"' cua G nhu sau:
Su) = cig 13 /') = ¢ voi moi ie {1,2,....m}, i # jo;f'(v;) =d;v6i moi i = 1,2,....n.
RO rang /' 1a k-t6 mau danh séch ctua G va /' # f, diéu nay 1a vo 1y vi G 1a d6 thi UKLC.

Tiép theo ta dat Av)=L()\{f(v)} voi moi ve IUK. Ching ta cé tinh chat
dudi day:

pinh 1y 9: D2<|anlsm-2; i) |J f(v)e U {f(v)}; ii) Ton tai
i € {1,2,...,n} sao cho £ (v;) c f). h -

Chitng minh: i) Trudc hét ta ching minh |A7)| > 2. Bang phan ching, gia st
IAD] = 1, khi d6 ta c6 ¢; ;= ¢y 1=...= ¢, ;= a. Dat H = G — |, d€ dang nhan thiy H chinh
1a @6 thi day du K. Ta thiét 1ap ho cac danh sach mau L'(v) cua cac dinh cua H nhu sau:
Vé6i v e V(H): néu a e L(v) thi L'(v) =L(»)\{a}; Néu a ¢ L(v) thi L'(v) = L(v)\{b},
trong do b € L(v) vab #f (v).

RO rang ta cO|L'(v)| =k—1>2 véi moi v e V(H). Theo Bé ¢ 2, d6 thi H ¢4 tinh
chat M(2), do d6 theo Bo @é 1 thi H ciing co tinh chat M(k — 1). Vi vay, tir cac danh séch
mau L'(v) ton tai it nhit hai cach t6 mau cho cac dinh cua H. Tir hai cach t6 mau nay
chlng ta dé dang m& rong thanh hai cach t6 mau cho cac dinh ctia G tir ho cac danh
sach L(v), v e V(G), diéu nay mau thuin véi gia thiét G 1a d6 thi UKLC.

Bay gio ta s€¢ chang minh |f(])] <m -2. Gia st |{/)| >m — 1. Ta xét hai truong
hop dudi day:
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e  Truong hop 1: [{1)| = m. Trong truong hop nay ta cé ¢, ;,¢; 1,..., ¢y S€ d61
moét  phan  biét. Xét a6 thi G=(V,E) , trong d6
V'=1UK, E'=E(G) U{uu, | ij=12,...,m;i#j}. D& dang nhan thdy G'
1a d thi ddy dii Km+n. Theo Bo dé 2, do thi G' ¢6 tinh chat M(2), do d6 ¢o it
nhét hai cach t6 mau cho cac dinh cia G' tir ho cac danh sach L(v), veV(G)
(chu y rang f ciing 13 mot cach t6 mau cho db thi G"). Hai cach td mau nay
ciing chinh 1a hai cach t6 mau cho db thi G, diéu nay mau thuin véi gia
thiét G 1a d6 thi UKLC.

o  Truong hop 2: |i1)| =m— 1.KhGng mat tinh tong quét, ta gia st rang ¢, ; =
21 VA Cy 5.y Cpy 1 SE 01 MOt phan bigt. Xét dd thi G" = (V", E"), trong do:
M=T1UK, E"=(EG) Dy | i,j=1,2,....,m ;i #j)\ujuy}.

D& dang nhan thiy G" chinh 13 d6 thi tach cuc ddy du S (2, m + n — 2) Vi tap
dinh la 1" U K", trong d6 1" = {uy,uy}, K" = {u3, tg,... .y, V1, V2.,V }.Vicy ) =cpq NEN
bang 1ap luan twong ty nhu trong chiing minh trudng hop [A)| > 2, ta ciing nhan dugc
mau thuan;

i) Tase changminh | J f(v)< |J {f(v)}bing phuong phap phan ching.

veluK vel UK

Gia st QKT\,)Q« L.JK{f (v)}- Khi do ton tai io, jo sao cho ¢, " L.JK{ (v)} véi

1 <ig<m,2<j,<k(hoac g e U {f( }vm 1<ip<n,2<j,<k). Ta xét tung truong
velUK

hop dudi day:

e Truong hop 1: Ton tai io, jo sao cho ¢, ¢ U [f(v)} voi 1<ig<m,2<

veluK

Jo<k.

Gia suf'la t6 mau cia G nhu sau: f'(u;) =c, joo S =ci v&oi moi
ie{l,2,...m}\{ig}, f'(v;)=c;1 v6i moiie{l2 .. n}. RO rangf'la mot to6 mau danh
sach mai cuia G tir ho céc danh sach L(v), v e V(G), diéu ndy méau thuan vai gia thiét G
la d6 thi UKLC.

e Truong hop 2: Ton tai io, jo sa0 cho d, - U{ }ch|1<10<n 2<j,<k

vel UK

Gia st /" la to mau cua G nhu sau: f"(u;) = ¢;;v6i moii e{l,2,...m}, f"(v;) =
iy, Vaf"(vi) = d;y voi moiie{l,2,...n} \ {ip}. RO rang /™" 1a mot to mau danh sach
méi cua G tir ho cac danh sach L(v), veV(G), diéu nay mau thuan vai gia thiét G 1a do
thi UKLC;

iii) Ta chirng minh khang dinh nay bang phuong phap phan chang.
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Gia st véi moi i e{1,2,...,n} ta co £ (v;)  fl), suy ra |[f(v;) \f ()| > 1. Do dé, ta
cO |Lw)\f (D) =2 véi moiie{l2,..n}. Xét @ thi H=G—-I=G[K]=K,. V&i mdi
Vi(i €{1,2,...,n}), ta chon danh sach mau L '(v;) nhu sau: L '(v;) < L(v;)\ fil) sao cho
|L'(v;)|=2. Theo B6 dé 2, @6 thi H c6 tinh chat M(2), vi vy tir cac danh sach
mau L '(v) ton tai it nhat hai cach t6 mau cho cac dinh caa H. Tir hai cach t& mau nay
ching ta dé dang mé rong thanh hai cach t6 mau cho cac dinh cua G tir ho cac danh
sach L(v), veV(G), diéu nay mau thuin vai gia thiét G 1a db thi UKLC.

4. KET LUAN

Nhitng bai toan t6 mau do thi luén la vin dé& kho va thoi su trong ly thuyét dd
thi. Cho dén nay da c6 loai t6 mau khac nhau (t6 mau dinh, t6 mau canh, t& mau tong
the, t0 mau danh sach, dd thi duy nhat to mau...) duoc nghién ciu trén nhidu lop do thi,
cac két qua dat duogc rat phong phu va sau sac. Tuy vay, nhiing van dé dat ra van chua
duoc giai quyét tron ven, van 1a nhitng van dé mé, can duoc tlep tuc quan tam nghién
ctru. Vé6i xu hudng dé, trong bai bao nay ching toi dé cap dén van dé do thi duy nhat to
mau danh sach, cac Két qua dat duogc 1a da chi ra mot s6 tinh chat caa db thi tach cuc day
du khi d6 thi nay 1a duy nhat t6 mau danh sach (tiéu biéu l1a cac Pinh Iy 8 va Dinh ly 9).
Tur cac két qua ndy, ching tdi hy vong trong thoi gian t6i s& c6 nhiing két qua sau sac
hon trong viéc nghién ciru van dé do thi duy nhat t6 mau danh sach cho I6p db thi tach
cuc day du.
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