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Abstract

We are concerned with a global existence theory for finite-
energy solutions of the multidimensional Euler-Poisson
equations for both compressible gaseous stars and plas-
mas with large initial data of spherical symmetry. One
of the main challenges is the strengthening of waves as
they move radially inward towards the origin, especially
under the self-consistent gravitational field for gaseous
stars. A fundamental unsolved problem is whether the
density of the global solution forms a delta measure
(i.e., concentration) at the origin. To solve this prob-
lem, we develop a new approach for the construction of
approximate solutions as the solutions of an appropriately
formulated free boundary problem for the compressible
Navier-Stokes-Poisson equations with a carefully adapted
class of degenerate density-dependent viscosity terms, so
that a rigorous convergence proof of the approximate
solutions to the corresponding global solution of the com-
pressible Euler-Poisson equations with large initial data
of spherical symmetry can be obtained. Even though the
density may blow up near the origin at a certain time,
it is proved that no delta measure (i.e., concentration)
in space-time is formed in the vanishing viscosity limit
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2 CHEN ET AL.

for the finite-energy solutions of the compressible Euler-
Poisson equations for both gaseous stars and plasmas in the
physical regimes under consideration.
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1 | INTRODUCTION

We are concerned with the global existence theory for spherically symmetric solutions of the
multidimensional (M-D) compressible Euler-Poisson equations (CEPEs) with large initial data.
CEPEs govern the motion of compressible gaseous stars or plasmas under a self-consistent
gravitational field or an electric field, which take the form:

0,0 + divMm = 0,
oM + div(@) +Vp+pVd =0, (1.1)
AP = xp,

for t > 0, x € R", and n > 3, where p is the density, p is the pressure, M € R” represents the
momentum, and ® represents the gravitational potential of gaseous stars if ¥ > 0 and the plasma
electric field potential if x < 0. Whenp > 0,U = M e R isthe velocity. By scaling, we always fix
x = +1 throughout this paper; that is, ¥ = 1 for tlfe gaseous star and ¥ = —1 for the plasma. The
pressure-density relation is

p = p(p) = ayp?,

where y > 1 is the adiabatic exponent. Again, by scaling, constant a, > 0 may be chosen to be

_1\2
aoz(y D

4y ’
We consider the Cauchy problem for (1.1) with the Cauchy data:

(P, M)li=o = (o, Mo)(x) — (0,0) as x| — oo, 1.2)
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subject to the asymptotic condition:
d(t,x) — 0 as |[x| - oo. (1.3)

In (1.2), the initial far-field velocity has been assumed to be zero in (1.2) without loss of gen-
erality, owing to the Galilean invariance of system (1.1). Since a global solution of CEPEs (1.1)
normally contains the vacuum states {(¢,x) : p(t,x) = 0} where the fluid velocity U(t,x) is not
M(t,x) .
(which

Vet x)

will be shown to be always well-defined globally), instead of U(t, x), when the vacuum states
are involved.

The global existence for problem (1.1)-(1.3) is challenging, mainly owing to the possi-
ble appearance of cavitation and concentration, besides the formation of shock waves, in
the solutions, which leads to the lack of higher order regularity of the solutions, so that
our main focus has to be finite-energy solutions for CEPEs (1.1). To solve this existence
problem, we consider the vanishing viscosity limit of the solutions of the compressible Navier-
Stokes-Poisson equations (CNSPEs) with carefully adapted density-dependent viscosity terms
in R"™:

well-defined, we use the physical variables such as the momentum M(¢,x), or

0o + div = 0,
oM+ div( M‘fM> +Vp+pVd = EdiV(#(p)D(%)) +¢eV (A(p) diV(%)), (1.4)
AD = xp,

where D(%) = %(V(M) + (V(%))T) is the stress tensor, the Lamé (shear and bulk) viscos-

ity coefficients u(p) and A(p) depend on the density (that may vanish on the vacuum) and
satisfy

up) 20, u(p)+ni(p) =20 for p > 0,

and parameter € > 0 is the inverse of the Reynolds number. Formally, as ¢ — 0+, CNSPEs (1.4)
converge to CEPEs (1.1). However, its rigorous mathematical proof has been one of the most chal-
lenging open problems in mathematical fluid dynamics; see Chen-Feldman [7], Dafermos [15],
and the references cited therein.

Many efforts have been made in the analysis of CEPEs (1.1). We focus mainly on some relevant
time-dependent problems. Some important progress has been made on the M-D CEPEs with ¥ =
—1 (plasmas) in Guo [26], Guo-Ionescu-Pausader [29], Guo-Pausader [30], and Ionescu-Pausader
[38], in which they proved the global existence of smooth solutions around a constant neutral
background under irrotational, smooth, and localized perturbations of the background with small
amplitude. For the 3-D gaseous stars problem (x = 1), a compactly supported expanding classi-
cal solution was discovered by Goldreich-Weber [24] in 1980; see also [22, 59]. Hadzic-Jang [32]
proved the nonlinear stability of the Goldreich-Weber solution under small spherically symmetric
perturbations for the adiabatic exponent y = g, while the problem for y # 2 isstill widely open.
When the initial density is small and has compact support, Hadzic-Jang [33] constructed a class
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4 | CHEN ET AL.

of global-in-time solutions of the 3-D CEPEs in the Lagrangian coordinates for y =1 + % with
ke N\{1},ory € (1, g). More recently, Guo-Hadzic-Jang [27] constructed an infinite-D family

of spherically symmetric collapsing solutions of the 3-D CEPEs (1.1) for y € (1, é—;), that is, the gas
star continuously shrinks to be one point (i.e., delta measure); see ref. [28] for the case thaty = 1.
We also refer [46, 56, 58] for the local well-posedness of smooth solutions.

On the other hand, owing to the strong hyperbolicity and nonlinearity, the smooth solutions of
(1.1) may break down in finite time, especially when the initial data are large (cf. [11, 59]). There-
fore, the weak solutions have to be considered for the Cauchy problem with large initial data. For
gaseous stars (i.e., ¥ = 1) surrounding a solid ball, Makino [60] proved the local existence of weak
solutions for y € (1, ;] with spherical symmetry; also see Xiao [74] for global weak solutions for
a class of initial data. For the compressible Euler equations, we refer to refs. [6, 8, 10, 12, 13, 16-18,
34, 40, 45, 52, 53] and the references therein.

For CNSPEs (1.4), many efforts have also been made regarding the global existence of solu-
tions. For CNSPEs (1.4) with constant viscosity, some global existence results for weak solutions
for viscous gaseous stars (i.e., x = 1) have been obtained; see also [20, 39, 42, 43, 57] and the
references cited therein. For CNSPEs with density-dependent viscosity terms, Zhang-Fang [76]
obtained a unique global weak solution for a spherically symmetric vacuum free boundary
problem with y > 1 for a small perturbation around some steady solution; the global existence of
spherically symmetric weak solutions was proved by Duan-Li [19] for the 3-D problem for x = 1
and y € (g, g] with stress free boundary condition and nonzero initial density for arbitrarily
large initial data. Recently, Luo-Xin-Zeng [54, 55] proved the existence and large-time stability
of spherically symmetric smooth solutions of the 3-D viscous problem (with x = 1) for a small
perturbation around the Lane-Emden solution for y € (g, 2). For the global existence of solutions
of the compressible Navier-Stokes equations, we refer to refs. [21, 35, 41, 51, 61] for the case with
constant viscosity, [47, 72] for the case with density-dependent viscosity, and the references
cited therein. In particular, we remark that the BD entropy estimate developed in ref. [4] for the
derivative estimate of the density plays a key role in refs. [47, 72]. Such an estimate is based on
the new mathematical entropy - the BD entropy, first discovered by Bresch-Desjardins [1] for
the particular case (i, 1) = (p,0), and later generalized by Bresch-Desjardins [2] to include any
viscosity coefficients (u, 1) satisfying the BD relation: A(p) = pu’(p) — u(p); also see ref. [3]. The
BD-type entropy will also be used in this paper.

The idea of regarding inviscid gases as viscous gases with vanishing physical viscosity can date
back to the seminal paper by Stokes [70]; see also the important contributions in refs. [15, 37,
65, 66]. Most of the known results are for the vanishing viscosity limit from the compressible
Navier-Stokes to Euler equations. The first rigorous convergence analysis of the vanishing phys-
ical viscosity limit from the barotropic Navier-Stokes to Euler equations was made by Gilbarg
[23], in which he established the mathematical existence and vanishing viscosity limit of the
Navier-Stokes shock layers. For the convergence analysis confined in the framework of piece-
wise smooth solutions; see refs. [25, 36, 75] and the references cited therein. For general data, due
to the lack of L* uniform estimate, the L* compensated compactness framework [16-18, 52, 53]
does not apply directly for the vanishing viscosity limit of the compressible Navier-Stokes equa-
tions. LeFloch-Westdickenberg [45] first developed an LP compensated compactness framework
for approximate solutions of the isentropic Euler equations for the adiabatic exponent y € (1, g).
In order to establish the vanishing viscosity limit as discussed above, Chen-Perepelitsa [8] gen-
eralized the LP compensated compactness framework, especially including the whole physical
range of adiabatic exponent y > 1, by further developing/simplifying the proof arguments and
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then applied it to establish rigorously the vanishing viscosity limit of the solutions of the 1-D
compressible Navier-Stokes equations to the corresponding relative finite-energy solutions of the
Euler equations for large initial data. Most recently, Chen-Wang [12] established the vanishing vis-
cosity limit of the compressible Navier-Stokes equations with general data of spherical symmetry
and obtained the global existence of spherically symmetric solutions of the compressible Euler
equations with large initial data, in which it was proved that no delta measure is formed for the
density function at the origin.

For problem (1.1)—(1.3), owing to the additional difficulties arisen from the possible appearance
of concentration and cavitation, besides the involvement of shock waves, it has been a longstand-
ing open problem to construct global finite-energy solutions with large initial data of spherical
symmetry. The key objective of this paper is to solve this problem and establish the global existence
of spherically symmetric finite-energy solutions of (1.1):

Pt = (7). ML) =m(t,P)T, (t,X) = (L) forr= x|, (15)
subject to the initial condition:

(o, M)(0, %) = (9, Mo)(X) = (o (7), mo(r)}—:) —(0,0)  asr— oo, (1.6)

and the asymptotic boundary condition:
d(t,x) = d(t,r) — 0 asr — oo. 1.7)

Since ®(0, x) can be determined by the initial density in (1.6) and the boundary condition in (1.7),
there is no need to impose initial data for ®.

To achieve this, we establish the vanishing viscosity limit of the corresponding spherically sym-
metric solutions of CNSPEs (1.4) with the adapted class of degenerate density-dependent viscosity
terms and approximate initial data of similar form to (1.6). For spherically symmetric solutions of
form (1.5), systems (1.1) and (1.4) become

pt+mr+nT_1m=0,

<mt+<m—2+p> +n—_1m—2+pd>,=0, (1.8)
P v rp

n—1

r

D, + Q. = xp,

and

-

n—1
pt+mr+Tm=O,

m? n—1m? m n—1m n—1m
2 ph - = hd i — = 1.9
m;+< o +p>r+ r p + p®, E((/"+/1)<<p >r+ r p>>r € r p:ur: (1.9)

-1
®,, + HTQJ, =xp,

L

respectively.
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6 | CHEN ET AL.

The study of spherically symmetric solutions can date back to the 1950s and has been moti-
vated by many important physical problems such as stellar dynamics including gaseous stars and
supernova formation [5, 67, 73]. In fact, the most famous solutions of CEPEs (1.1) are the Lane-
Emden steady solutions [5, 50], which describe spherically symmetric gaseous stars in equilibrium
and minimize the energy among all possible configurations. More precisely, for the 3-D case,
there exists a compactly supported and spherically symmetric steady solution with finite mass
fory € (g, 2). For the time-dependent system, the central feature is the strengthening of waves as
they move radially inward near the origin, especially under the self-gravitational force for gaseous
stars. The spherically symmetric solutions of the compressible Euler equations may blow up near
the origin [14, 48, 63, 73] at a certain time in some situations. However, it has not been well under-
stood how the spherically symmetric solutions of CEPEs (1.1) with self-gravitational force (which
drags the gas particles to the origin) blow up when the initial total-energy is finite. A fundamental
unsolved problem is whether a concentration is formed at the origin; that is, the density becomes a
delta measure at the origin, especially when a focusing spherical shock is moving inward towards
the origin under self-consistent gravitational field.

In this paper, we establish the global existence of finite-energy solutions of problem (1.1)—(1.3)
for CEPEs with spherical symmetry as the vanishing viscosity limits of global weak solutions of
CNSPEs (1.4) with corresponding initial and asymptotic conditions, which indicates that no delta
measure is formed for the density of the solution of problem (1.1)-(1.3) in the limit indeed. To
achieve these, the main point is to establish appropriate uniform estimates in L” and the H, i
compactness of the entropy dissipation measures for the solutions of CNSPEs (1.9) subject to the
corresponding initial and asymptotic conditions. Owing to the possible appearance of cavitation,
the singularity of geometric source terms at the origin, as well as the gravitational force for the
gaseous star case, the global solutions of CNSPEs (1.9) with large initial data are not smooth in
general. Thus, we start with the construction of approximate smooth solutions of the truncated
approximate problem (3.1)—(3.6) for CNSPEs (1.4), where the origin and the far-field are cut off,
and a stress-free boundary condition is imposed.

In general, we have two basic candidates for the boundary conditions of the approximate prob-
lem (3.1)—(3.6): One is to use the Dirichlet boundary conditions: u(t,a) = u(t,b) = 0 as in ref.
[12], in which case it is difficult to obtain the higher integrability on the velocity (see Lemma 3.7)
due to the far-field vacuum (since the total mass is finite). Another choice is to use the vacuum
free boundary condition; however the global existence of smooth solutions with the vacuum
free boundary condition and large initial data is still an important open problem. One of our
main observations is that the stress-free boundary conditions (3.3)-(3.4) we have adapted in Sec-
tion 3 serve our purpose to avoid the difficulties mentioned above. Even though, we still have to
overcome the following additional difficulties:

(i) Owing to the effect of self-gravitational force for ¥ = 1, we need condition (2.8) in Section 2
2(n—1)

to close the basic energy estimate for y € (z—n, ], which implies that the initial total

n+2
mass can not be too large when the total initial-energy is fixed. The lower bound condition
y > 2— is essentially used when we deal with the gravitational potential.
+n

(ii) To obtain the derivative estimate of the density, we use the BD entropy introduced in refs. [1,
4]; also see refs. [2, 3]. To close the bound, we need to control the boundary term involving

p(pE’b(b))b” for the approximate initial data; see (3.56). To solve this problem, we construct

the approximate initial data (,o0 , ,ogbu‘E b) so that p(p (b))b” are uniformly bounded; see
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(3.12). The details of constructing the approximate initial data are given in the Appendix; see
Lemmas A.2-A.10.

(iii) For the free boundary problem (3.1)-(3.6) below, a follow-up point is whether the free bound-
ary domain Qg (see (3.2)) will expand to the whole space as b — oo; otherwise, it would not
be a good approximation to the original Cauchy problem. We deal with this difficulty by
proving that

b(t) >

NS

for ¢t € [0, T], (1.10)

provided b > 1 for any given T. Property (3.12) of the constructed approximate initial density
is crucial to prove (1.10); see Lemma 3.4 for details.

(iv) To utilize the LP compensated compactness framework [8], we still need to have the higher
velocity integrability. We use the entropy pairs (y*, g*) generated by ¥(s) = %slsl. Then we

have to deal with the boundary term (g* — un™)(t, b(t))b(¢)*~. In general, it is impossible
to have a uniform bound for both g* (¢, b(¢))b(t)" ! and (un*)(t, b(¢))b(t)"~'. One of our key
observations is the cancelation between g (¢, b(t)) and (un™)(t, b(t)) via observing that

lg* —un*| < C(p7ul + p7*9). (1L11)

With the help of the trace estimates in the basic estimates and the BD entropy estimate, it
serves perfectly to obtain the uniform trace estimate for the terms on the right-hand side
of (1.11). On the other hand, the trace of u, can be handled by using (3.4); see (3.106) for
details.

This paper is organized as follows: In Section 2, we first introduce the notion of finite-
energy solutions of problem (1.1)-(1.3) for CEPEs and then state the main theorems of this
paper and several remarks. In Section 3, we first derive some uniform estimates of the solu-
tions of the free boundary problem (3.1)-(3.6) for the approximate CNSPEs. In Section 4, we
establish the global existence of weak finite-energy solutions of (1.4) with large initial data of
spherical symmetry and finite-energy. Moreover, some uniform estimates in L? and the H, i—
compactness of entropy dissipation measures for the weak solutions of CNSPEs (1.9) are also
obtained. In Section 5, the vanishing viscosity limit of weak solutions of CNSPEs (1.9) is proved by
using the compensated compactness framework [8], which leads to a global finite-energy solu-
tion of CEPEs (1.1). In the Appendix, we construct the approximate initial data with desired
properties.

Throughout this paper, we denote LP(Q), W*P(Q), and H*(Q) as the standard Sobolev space on
domain Q for p € [1, co]. We also use LP(I; r"~'dr) or LP([0, T) X I; r"~'drdt) for open interval
I c R, with measure r"~'dr or r"~'drdt correspondingly, and L}’ ([0, c0);r"~'dr) to represent
LP([0,R); r"~1dr) for any fixed R > 0.

2 | MATHEMATICAL PROBLEM AND MAIN THEOREMS

In this section, we first introduce the notion of finite-energy solutions of problem (1.1)-(1.3) for
CEPEsin R := R, x R" = [0,0) X R" for n > 3.
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8 | CHEN ET AL.

We assume that the initial data (p,, M, )(x) and corresponding initial potential function ®(x)
have both finite initial total-energy:

/ <2| \/_| + poe(po) + = IV (130|2>(x) dx < o0 for x = —1 (plasmas),
/ < | | + poe(p0)> x)dx < o0 for x = 1 (gaseous stars),

and finite initial total-mass:

M = / Po(x)dx = con/ eo(r) r=tdr < oo, (2.2)
Rn 0

n

where e(p) := a—(’l,o}"1 represents the internal energy, and w,, := % denotes the surface area
y— [

2
of the unit sphere in R".

Definition 2.1. A measurable vector function (o, M, ®) is said to be a finite-energy solution of
the Cauchy problem (1.1)-(1.3) if the following conditions hold:

(i) p(t,x)>0 ae., and (M, %)(t,x) =0 a.e. on the vacuum states {(t,x) : p(¢,x) = 0}.

(ii) For a.e.t > 0, the total energy is finite:
* For x = —1 (plasmas),

/ ( | | +pe(p)+—|v q>|2>(t x)dx < E; (2.3)

+ For x = 1 (gaseous stars),

-

/ <2|\/—| +P€(P)+—|V d>|2>(t x)dx < C(Ey, M),

A

/ ( Ea \ +pe(p) = 51V <I>|2>(t x) dx @2.4)

1) Mg |2 1
s/ <5|—°| +Poe(Po)—§|Vx‘D0|2>dX
R7 VPo
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(iii) Forany ¢(t,x) € CH(R),
/RTI (PS: + M- V¢) dxdt + [, po () ¢(0,x)dx = 0. (2.5)

(iv) Forany $(t,%) = (%1, -, $,)(t, %) € (Co(RY )",

M (M _
/RK“ <M v <% V) + p(e) dlv¢>(t,x) dxdt

+ Mp(x) - P(0,x)dx = / (V4@ - P)(t,x)dxdt. (2.6)
Rn R:l_+1

(v) Forall é(x) € Cj(R™),

/ Vi ®(t,x) - Vié(x)dx = —K/ p(t,x) E(x)dx fora.e. t > 0. 2.7)
R~ Rn

For the case that ¥ = 1 (gaseous stars), denote M_.(y) as the critical mass given by

-2 2(n—1)
B, fory = —
M(y) := S 2An-1)-n (2.8)
¢ (n— Z)Bn,y (n+2)y=2n (n—2)E, _m 2n 2(n-1)
<—) fory € (—, ),
n(y —1) @(n=1)=ny)w, n+2’  n
ne2 2(n—1)—ny 2
. 2 -—— .- . .
with B, := n(n—Z)(%) -1 @, =D w, ', depending only on (1, ).

‘We now state the main theorem of this paper.

Theorem 2.2 (Main Theorem I: Existence of spherically symmetric solutions of CEPEs). Consider
problem (1.1)-(1.3) for CEPEs with large initial data of spherical symmetry of form (1.6)—(1.7). Let
(g, Mg, @) (x) satisfy (2.1)-(2.2). In addition,

2n
(a) whenx = —1 (plasmas), assume thaty > 1, and p, € Ln+2(R") wheny € (1, nz—");

+2
2(n—1)

,orM < M.(y) wheny € (2=, An1)
n n+2

n

(b) when x = 1 (gaseous stars), assume thaty > ].
Then there exists a global finite-energy solution (p, M, ®)(t, x) of problem (1.1)-(1.3) and (1.6)-(1.7)
with spherical symmetry of form (1.5) in the sense of Definition 2.1, where (p, m, ®)(t,r) is deter-
mined by the corresponding system (1.8) with initial data (py, my, ®y)(r) given in (1.6) subject to the
asymptotic condition (1.7).

Remark 2.3. By the Poisson equation, the initial condition on V,®, is indeed a condition on
the initial density p,. In fact, to make the Poisson equation solvable and sense, we need the
2n

additional condition p, € (L»+> N LY)(R") for case x = —1 (plasmas) if y > 1 as required in
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Theorem 2.2. However, for case ¥ = 1 (gaseous stars), such an additional condition is not required
2n
fory > —

Remark 2.4. To the best of our knowledge, Theorem 2.2 provides the first global-in-time solution
of the M-D CEPEs (1.1) with large initial data. For ¥ = 1 (gaseous stars), condition y > % (e.g.
n

Yy > g for n = 3) is necessary to ensure the global existence of finite-energy solutions with finite
total mass, which corresponds to the one for the Lane-Emden solutions (cf. [5, 50]). Moreover, it
has been shown in refs. [5, 50] that there is no spherically symmetric steady solution of gas-stars
for the 3-D CEPEs when y € (1, g) with finite total mass; thus it has been conjectured that there
is no global-in-time solution even in the weak sense in general.

Remark 2.5. For the steady gaseous star problem, it is well-known that there exists no steady
white dwarf star with total mass larger than the Chandrasekhar limit M, when y € (g, %]; see
ref. [5]. In this paper, for the 3-D time-dependent gaseous star problem with y € (g, g], we also
need the restriction on the total mass of the gaseous star: M < M.(y) with M.(y) defined in (2.8),
which is consistent with the phenomenon observed by Chandrasekhar [5]. It is interesting to clar-
ify whether the delta measure could be formed at some time when M < M_.(y) is violated. Indeed,
when y € (1, %), Guo-Hadzic-Jang [27] recently constructed an infinite-D family of spherically
symmetric collapsing solutions of the 3-D CEPEs (1.1); that is, the gas star continuously shrinks
to be one point (i.e., delta measure); see ref. [28] for the case thaty = 1.

To establish Theorem 2.2, we first construct global weak solutions for CNSPEs (1.4) with
appropriately adapted degenerate density-dependent viscosity terms and approximate initial data:

(P’ M’ (D)IIZO = (PS’ MS! (Df))(x) — (;009 MO! (DO)(X) ase — 09 (29)
constructed as in the Appendix satisfying Lemmas A.2-A.10, subject to the asymptotic boundary
condition:

PE(t,x) — 0 as |x| - oo. (2.10)

For clarity, we adapt the viscosity terms with (i, 1) = (p, 0) in (1.4) and focus on the case when
¢ € (0,1] without loss of generality throughout this paper.

Definition 2.6. A vector function (of, M¢, ®°) is said to be a weak solution of problem (1.4) and
(2.9)-(2.10) with (u, 1) = (p, 0) if the following conditions hold:

(i) pf(t,x) >0 a.e., and (MF, \A/A—p_i)(t,x) = 0 a.e. on the vacuum states {(t,x) : p°(t,x) = 0},
p° € L=([0, T]; L'(R™),  V4/p¢ € L=([0, T]; LAR™)),
ME
N
V& € L*([0, T]; L2(RM));

€ L=([0,T]; LAR™), @ € L=([0, T]; Ln3(R)),
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(ii) For any t, >t; >0 and any ¢(¢,x) € Cé([RTl), the mass equation (1.4); holds in the
sense:

5]
/R () dx - /[R () dx = / /R (B4 M VO3 s

1

(ili) For any % = (¥;,...,¥,) € (Cg([R’}r“))”, the momentum equations (1.4), hold in the
sense:

E <ME

Y £)di dxdt ME(x) - (0,x)d
V) i) axdi+ [ a0 900

E

S vy o)

s/ { ~ME .
R +1
+Vy/pe ( ) }dxdt+ / Tl(pgvxd)g-d))(t,x)dxdt;

(iv) Forany t > 0 and ¢(x) € Cj(R"),
/ VOi(t,x) - Vop(x)dx = —x/ PE(t,x) p(x) dx.
Rn R?

Consider spherically symmetric solutions of form (1.5). Then systems (1.1) and (1.4) for such
solutions become (1.8) and (1.9), respectively.

A pair (n(p, m), g(p, m)) of functions of (p, m) is called an entropy pair of the 1-D Euler sys-
tem (i.e., consisting of the first two equations of system (1.8) with n = 1 and ® = 0) if the pair

(n(p, m), q(p, m)) satisfies
dm(p(t,r), m(t,r)) + 3.q(p(t,r), m(t,r)) = 0

for any smooth solution (p, m)(t, r) of the 1-D Euler system; see Lax [44]. Furthermore, 7(p, m) is
called a weak entropy if

Nlp=0 =0 for any fixed u = %,

From [53], it is known (cf. [8, 9, 53]) that any weak entropy (7, q) can be represented by

n¥ (o, m) = n(p, pu) = / x(p5s —u)h(s)ds,
R
(2.11)
q¥ (o, m) = q(p, pu) = / ©@s+ 1 —0)u)x(p;s —uyp(s)ds,
R
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7 5 _lando="11m partic-
2(y-1) 2 2
ular, when ¥(s) = %sz, the entropy pair is the pair of the mechanical energy and the associated

energy flux:

) 26 b “h b —
where x(p;s —u) = [p* — (s — u)?]} is the kernel with b =

2 3
n*(p,m) = ':—p + pe(p), q*(p,m) = % + m(pe(p))'. (212)

Theorem 2.7 (Main Theorem II: Existence and inviscid limit for CNSPEs). Consider
CNSPEs (1.4) with n > 3 and the spherically symmetric approximate initial data (2.9) satisfying
that

(p5, mE)(r) — (oo, mo)(r)  in LI([0, 00); ¥ ~1dr) x L'([0, 00); ¥~ dr), (2.13)

(EZ, ES) — (Eo, 0), (2.14)

as ¢ — 0+ for ¢ = max{y, %}, and
n

® M
/ pf)(r)r”_ldr = E; <C(1+ M), (2.15)
0

n

o] £
1 m 2 1
wn/ <§| 0 | + pf)e(pg) + §|®Er|2>(r)r"‘1dr <oo forx=-1,
0

/P

ES 1= (2.16)
0 © /1, mE o2
con/ <§| OE | + pée(pé))(r)r"‘ldr < o forx =1,
0 /po
[+ 2
ES = consz/ '( pg) | rtdr. (2.17)
0 r
In addition,
(a) when x = —1 (plasmas), assume thaty > 1;
(b) when x = 1 (gaseous stars), assume that y > Anzl) or that there exists g, € (0, 1] such that, for
n
£ € (0,5,
2n 2(n-1)

M < M(y) wheny € (—, I, (2.18)

n

where M (y) is the critical mass defined by replacing E in (2.8) with E;.

Then the following results hold:
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Part I (Existence of global solutions of CNSPEs). For each fixed ¢ € (0,¢,], there exists a
globally-defined spherically symmetric weak solution:

(0%, ME,@)(E,X) = (p°(2. ). m¥ (1, ) 7 (1. 7)
= (o°(t. 1) (L (L) T (1. 7)

of problem (1.4) and (2.9)-(2.10) for CNSPEs in the sense of Definition 2.6, where

me(t,r)
pE(t, 1)

uf(t,r)=0 a.e.on{(t,r) : p(t,r) =0}

us(t,r) = a.e.on{(t,r) : pf(t,r) # 0},

Moreover, (0f, m®, ®°)(t, r) satisfies the following:

(i) Forany fixed T € (0, o), the following uniform bounds hold for any t € [0,T]:

/ o5(t, r)r"dr =/ ps(Hrtdr = coM’ (2.19)
0 0

n

.
OE(t,r) = / 05(t,z) z"1dz, (2.20)
0

rn—l

[ retmxenrarse [ e pen
0 R2

[e] r
N / ( / pE(uz)z”*dz) (6P rdr + 10O 20
0 0 L7=2 (R1)

FIVOOllp2r) < COM Eo), )
00 2 T 00 ¥
52/ |(Veet.n), r"—ldr+s/ / ((09)?) [r"drde < C(M, Eo. T), (2.22)
0 T b 0 0
/ / (05(t, MIs(t, PI? + (05(t, 1)) +0) drdt < C(d, D, M, E,, T), (2.23)
0 d r b
/ / (6(t, )+ drdt < C(d, D, M, Eo, T), (2.24)
0 d

for any compact subset [d, D] € (0, o), where and whereafter C(M, E,) > 0, C(M, E,, T) > 0,
and C(d,D,M, E,,T) > 0 are three universal constants independent of ¢, but may depend on
(y,n) and (d, D, M, Ey, T), respectively.

(i) The following energy inequality holds for both x = +1:

LGl
o \2
M 2
S/ <l|_0| +p8e(pg)—g|vxd)(g)|2> dx fort>o0. (2.25)
Rl’l

2
\/Po

2
+ phe(e) — §|Vx<bs|2)<r, %) dx
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(iii) Let (n¥,q¥) be an entropy pair defined in (2.11) for a smooth function {(s) of compact support
on R. Then, for e € (0, g],

3% (0, m®) + 8,q% (0%, m®) is compact in H(R?%), (2.26)

loc

where ngi(lRi) represents H=1((0, T] X I) for any T > 0 and bounded open subset I € (0, ),
and R2 :={(t,r) : t €(0,00), r € (0,0)}.

Part II (Inviscid limit and existence of global solutions of CEPEs). For the global weak solu-
tions (p¢, M&, ®#)(t,x) = (p°(t,r), m*(t, r))r—(, ®E(t, 7)) of problem (1.4) and (2.9)—(2.10) for CNSPEs
established in Part I, there exist both a subsequence (still denoted) (p¢, m®, ®¢)(t,r) and a vector
function (p, m, ®)(t,r) such that, ase — 0,

(0%, me)(t,r) — (o, m)(t,r)  inL"

loc

(R X L” (R3)

+ loc

3(y+1)
y+3

withq; € [1,y + 1) and q, € [1, ), and

®° —~ & weakly in L>(0,T; H! (R™)),

loc

r r
(L, r)r! = K/ 0%(t,z) 2" 1dz — @,(t,r)r"! = K/ o(t,z)z" 'dz a.e. (t,r) € R2,
0 0

/ |O5(t,r) — @,(6, )2 ldr - 0 ify > ==
0

n+2’

with (o, M, ®)(t,x) := (p(t,r), m(t, r)=, o(t,r)) to bea global spherically symmetric finite-energy
r

solution of problem (1.1)-(1.3) for CEPEs in the sense of Definition 2.1.

Remark 2.8. In Theorem 2.7, the approximate initial data functions (og, Mg, @) satisfying con-

ditions (2.13)-(2.18) are constructed in Lemmas A.2-A.10 in the Appendix. The restriction, € €

(0, &), for the gaseous star case x = 1 with y € (z—n, An1)
n

] is mainly due to the construction
of approximate initial data in the Appendix. Then Theorem 2.2 is a direct corollary of Theo-
rem 2.7. From now on, we always assume ¢ € (0, gy] without loss of our main objectives for the
inviscid limit.

3 | CONSTRUCTION AND UNIFORM ESTIMATES OF
APPROXIMATE SOLUTIONS

In order to deal with the difficulties for the appearance of cavitation and the singularity at the
origin, besides shock waves, as well as uniform estimates of approximate solutions, we construct
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our approximate solutions via the following approximate free boundary problem for CNSPEs:

( n—1
pr + (pu), + pu =0,

r
2 n-1 ,, 6 Xp -1
Jow, + (o2 4 plon, + "L pu + 2, / olt, 22" dz G

=¢(pw + = w) —eup,,
r r r

for (¢,r) € Qr with moving domain:
Qr={(t,r) : a<r<b{),0<t<T} (3.2)

where {r = b(t) : 0 < t < T}is a free boundary determined by

(3.3)

b'(t) = u(t, b(t)) fort > 0,
b(0) = b,

and a = b~! with b > 1. On the free boundary r = b(t), the stress-free boundary condition is
chosen:

n

(p(p) — ep(u, + ;lu))(t,b(t))zo for ¢ > 0. (.4)

On the fixed boundary r = a = b, we impose the Dirichlet boundary condition:
Ulpeqg =0 fort > 0. (3.5)
The initial condition is
(p pWli=0 = (05", o5 u5")(r)  forr € [a,b]. (36)
We always assume that the initial data functions (pf)’b, uf)’b)(r) are smooth and compatible with

the boundary conditions (3.4)-(3.5), and 0 < CE_; < pg’b (r) < Cp < 0.
For later use, we define

b r 2
&b l eb2 &b 1 eb n—1 n—1
/a {po <2|u0 |“ + e(p, )) + 220D </a py (2)z"'dz w, " tdr

0 =3 for x = —1, (3.7)
b

1
/ pf)’b <§|ug’b|2 + e(pf)’b)> w,r"tdr forx =1,
a

-

w, " dr. (3.8)
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When x = 1, for the given total energy Eg’b > 0, similar to (2.8), we define the critical mass:

-

B

3 _ 2n-1)
; fory = —

n,

M () =1

2(n—1)—ny

n(y—1) -

_ = b n —2n

(n—2)B,,\ @r-a [ (n—2)E; T o e (2L, 2Dy
) Q(n—1) — ny)e, PN T

(3.9

For the initial data (pf, m() imposed in (2.9) satisfying (2.13)~(2.18), it follows from Lemma A.10

in the Appendix that there exists a sequence of smooth functions (pg’b, ug’b) defined on [a, b] such
that,as b — oo,

(" p5"ug") — (pfyms) in Li(la, bl;r"~1dr) x L' ([a, bl; r~'dr),

o (3.10)
&, g,
(E aEl ) — (EE,E;:),
with § € {1, y} when k¥ = 1 (gaseous stars) and § € {1, 7, n2—+n2} when x = —1 (plasmas), and
b M
/ pg’b(r) rldr = —> 0, Ei”’ +E <C(1+ M), (3.11)
a n
&b ~ h—(n—a) : . i 1 1
p, (b)=b witha 1= mln{z, Q- ;)n}. (3.12)

Moreover, for each fixed € € (0, 4], there exists a large constant B(e) > 0 such that, when x = 1

withy € (nz—fz, An)y

M<M*P@y)  forb > B(). (3.13)

Property (3.12) is important for us to close the BD-type entropy estimate in Lemma 3.3 below.
Once problem (3.1)-(3.6) is solved, we define the potential function @ to be the solution of the
Poisson equation:

A® =xplg, lim & =0, (3.14)

[x[—e0

with Q; = {x € R" : a < [x| < b(¢)}, for which we have extended p to be zero outside Q,, where
1, is the indicator function of Q; (which is 1 when x € Q; and 0 otherwise). In fact, we can show
that ®(¢t,x) = ®(t,r) with

0 for0<r<a,
r
K n—1
®,(t,r) =4 ut /a p(t,z)z"dz fora <r < b(t), (3.15)
M for r > b(t).
w, rn-1
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In this section, parameters (g, b) are fixed such that € € (0,¢,] and b > B(¢). For n = 3, the
existence of global smooth solutions (o5?, u¢?) of problem (3.1)-(3.6) has been proved by Duan-
Li[19] fory € (g, ‘—;] and x = 1 with 0 < p*P(t,r) < co. In fact, for n > 3, the global existence of

smooth solutions of our approximate problem (3.1)-(3.6) can be obtained by using similar argu-
2(n—1)

n

ments as in ref. [19, Sec. 3] for k = —1 withy € (1, ), and for x = 1 with y € ( , ), or with

2n 2(n—1)
y € (n_+25

Notice that the upper and lower bound of p%? in ref. [19] depend on parameters (g, b). Therefore,
some careful uniform estimates, independent of b, are required so that we can take the limit:
b — oo to obtain the global weak solutions of problem (1.4) and (2.9)-(2.10) in Section 4 below
as approximate solutions of problem (1.1)-(1.3). Throughout this section, for simplicity, we drop
the superscript in both the approximate solutions (o>, u¢?)(t, r) and the approximate initial data
(pg’b, ug’b) when no confusion arises.

For strong solutions, it is convenient to deal with IBVP (3.1)-(3.6) in the Lagrangian coordinates.
It follows from (3.3) that

]Jand M < Mg’b()/), so we omit the details here.

b(t) b(t)
= / p(t, ) P"1dr = (ou)(t, b(E)b()™! — / (our™),(t,r) dr = 0,

which yields that

b(t) b M
/ o(t,r)rdr = / co(M)r"ldr = o for any t > 0. (3.16)
a a

n

Forr € [a,b(t)] and t € [0, T], we define the Lagrangian coordinates (7, x) as
r
xtn = [ pyy iy o=t
a

which translates domain [0, T] X [a, b(t)] into a fixed domain [0, T] X [0, wﬂ]. A direct calculation

n

shows that
Vinx = (=pur™, pr"™™1), Vi 7 =(1,0),
V(T,x)}" = (u,p_lrl_"), V(r,x)t = (1, 0).

Applying the Euler-Lagrange transformation, IBVP (3.1)—(3.3) becomes

Pz + Pz(rn_lu)x =0,
-1 X —1( 2(pn—1 -2 (3.17)
u, +r'"p, = —x +er" 1 (p?(r" ), ) — (n— Der"2up,,
yhn—1 x
for (7,x) € [0,T] x [0, wM], and
2(,.n—1 M
w0 =0, (p-ep (" w)(r, —=)=0  forr €[0,T], (3.18)
n
where r = r(t, x) is defined by
d M
al"(‘[, x) = u(r, x) for x € [0, w—] and 7 € [0,T], (3.19)
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and the fixed boundary x = wM corresponds to the free boundary b(7) = r(z, wﬂ) in the Eulerian

coordinates.

Lemma 3.1 (Basic energy estimate). Any smooth solution (p, u)(t,r) of problem (3.1)-(3.6) satisfies
the following energy identity:

2

b /4 . [ 1 r
/ <—pu2 + pe(p)) t,r)rtdr — = / (/ o(t, z)z”_ldz> dr
a 2 2 a rn-t a

t .b(s) t
+ E/ / <puf +(n-— 1)p1:—22> (s, r)r*ldrds + (n — 1)5/ (ou?)(s, b(s))b(s)" *ds
0 a 0

b o r 2
1 x 1
= / <§Po”§ + Poe(Po)> (rr*ldr — 5/ ey </ po(z)z"‘ldz> dr, (3.20)
a a a

where p(t,r) is understood to be 0 for r € [0, a] U (b(t), o) in the second term of the right-hand side
(RHS) and the second term of the left-hand side (LHS). In particular, the following estimates hold:

Case 1. If x = —1 (plasmas) with y > 1, then

2

b(t) 1 1 © 1 r
/ <—pu2 + pe(p)) (t,r)rtdr + —/ </ ,o(t,z)z”‘ldz> dr
a 2 2, m\J,

t .b(s) 5 t
; ~ o= n-1 - 2 n—2
+ E/O /a <,Our +(n—-1p ) > (s,)r"~tdrds + (n 1)5/0 (pu?)(s, b(s))b(s)" *ds

b ) ) r 2 Es,b
_ 2 . “1qp =: 2
= /a <<5Pou0 + Poe(,oo)> (r)+ 272D (/a po(2)z" 1dZ> )V" ldr =: o (3.21)

2(n—1)

n

b(t) 1 t rb(s) u?
/ <§pu2 + Cype(p)> (t,r)r*~tdr + E/ / <puf +(n— 1)p—2> (s, r)r*~ldrds
a 0 a r

e,b

t b E
+((n-— 1)£/ (ou?)(s, b(s))b(s)" *ds < / <%Pou(2) + Poe(Po)> (rr*tdr =: cj ,
0 a

n

land M < M50(y), then

Case 2. If x = 1 (gaseous stars) with y € (%,
n

(3.22)
where the positive constant C, > 0 is defined as
2 2(n—1)

1-B,,Mn fory = -

C, = (3.23)
/4
2(n—1)—ny 2n 2(n—-1)
Tz orreGE )
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2(n—1)
n

Case 3. If « = 1 (gaseous stars) with y > , then

b(®) t pb(s) u?
/ 5 (pu? + pe(p)) (¢, r)r*—tdr + zs/ / <puf +(n- 1)‘0;'_2) (s, r)r'*~drds
a 0 a

t
+(n—1)e / (pu?)(s, b(s)b(s)"*ds
0

c,b
<2 1o, (3.24)
wn

where C(M) > 0 is some positive constant depending only on the total initial-mass M.

Proof. We divide the proof into four steps.
1. Multiplying (3.17), by u and then integrating the resultant equation over x € [0, K] yield
Wp

that

M M
1d [o wn _ _
EE/O uzdx+/0 (p—ep?(r" ')y ) ur"'dx
M M
=—¢e(n— 1)/w,, u?p, " 2dx —x /w" rni_lu dx. (3.25)
0 0

For the second term of (3.25)-LHS (i.e., the left-hand side of (3.25)), it follows from (3.17); and
(3.18)-(3.19) and integration by parts that

M

[ ()=o) rtax
0

- / (Do) = 02 (1), ) (), dx
0

= —/w" p(e)(r*u), dJH—zs/wrZ pz((r”_lu)x)zdx
0 0

M M
@n

= ao/ o’ 2p,dx +¢ / o % (r"tuy + (n— 1)r”_2rxu)2 dx
0 0
M

M
wn wn 2
= dir / e(p)dx + a/ (pz(r”‘lux)2 +((n-— 1)21:—2 +2(n— 1)r"‘2puux>dx. (3.26)
0 0
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For the first term of (3.25)-RHS (i.e., the right-hand side of (3.25)), a direct calculation shows
that

M M
@n on 2
(n— 1)5/ o ulr"2dx = —(n — 1)5/ <2r"‘2puux +(n— 2)u_2> dx
0 0 r
2,.n—2 M
+ (n — De(pur"—=)(t, w—). (3.27)
n

For the last term of (3.25)-RHS, it follows from (3.19) that

M M
on X on X x d [fen x
—K/O rn—_lu dx = —K/O rn—_lrf dx = p— = dx. (3.28)
Substituting (3.26)-(3.28) into (3.25), we have

M M
d wp 1 5 X on X
E{A <§u +e(p)> dx—m/o 2 dx}

M

+e /a </°2(r”—1ux)2 +(n— 1)1:_22> dx + (n = Delpur™)r, wM)
o n

=0. (3.29)

Plugging (3.29) back to the Eulerian coordinates, we obtain

d OIS . b(t) r
- - 2 n—1 o~ n—1
m {/a <2pu + pe(p)> r"=tdr =y </a oz dz>prdr}

b(t) w2
+e ou? + (n—1p— | r"1dr + (n — De(ou?)(t, b(t))b(t)" 2
a r
—0. (3.30)

Then integrating (3.30) over [0, t] leads to

OIS . b(t) , pr
/ <§pu2 + pe(p)> r"ldr — — / </ o(t, z) z”‘ldz>p rdr
a a a

t b(s) u2 . t .
+ E/O /a <puf +(n-— l)pr—2> r"~ldrds + (n — 1)5/0 (ou?)(s, b(s))b(s)* 2 ds

b b r
= [ (Geo+eoeton) rar = 25 [ [ so@zrtaz Jorrar. G
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2. To close the estimates, we need to control the terms involving potential ®. Noting (3.15), a
direct calculation shows that

x b(t) r
e z”_ldz>p rdr
=TV

_ 1
T (n-2x

1 b(t) 1 b(t) 2
= — o 1214 - - / n—-1q
ZK{/a o ”(n—z)b(t)"—z( . Z) }

v o M\ 1
= ﬂ {’/a |q)r| r dr + <0J_n) W . (332)

On the other hand, it follows from (3.15) that

b(1) 0
IV gy = @ {/a A /b«) |, 1> rn_ldr}
b(6) 2 e
= wy, / |®, |2 r*1dr + <£> / gy
a @n /) Jb@)
b(t) 2
M 1
=w &, |12 r1dr +[(= s ,
’ {/a ol @n) (n—2)b(t)"2

which, together with (3.32), yields that

x b(t) r 1
n—1 — 2
" _2/a </a oz dz)p rdr = 2, ”VCDHLZ(R")
2

=L T r z"ldz ) dr (3.33)
T2 f, i\, p ’ '

where we need to understand p to be zero for r € [0, a) U (b(t), o) in the last equality of (3.33).
3. Substituting (3.33) into (3.31), we conclude (3.20). When x = —1 (plasmas), (3.21) follows
directly from (3.20).
4. When x = 1 (gaseous stars), from (3.31) and (3.33), the gravitational potential part has to be
carefully controlled. Multiplying (3.14) by @ and integrating by parts yield

b(t)
/ " 1®,),®, rdr
a

IIV¢IIiz(W)S Pl 2o ol 20 < AALIV®ll2we NIl 20 (3.34)
Ln=2(Rn) Ln+2(Q;) Ln+2(Qy)
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2

PR
n(n—2) n+1
which is given in Lemma A.1. Then it follows directly from (3.34) that

where the positive constant A4,, = > 0 is the sharp constant for the Sobolev inequality

||V‘D||L2(R,,) < An||P||i%(Q)
n t
2(1-9
< Anllel o) 1Pl
n—-2
n—2 (n+2)y—2n b(t) n(y-1)
< Ana);:(y_l)M n(y-1) / o’ rldr , (3.35)
a

where § = =27
2n(y-1)°

Substltutlng (3.35) into (3.33) and using (A.2), we have

5 b(t) r
o z"‘ldz> prdr
=/ ()
2 2(n—1)—ny n-2

il il & n —2n b(t) o
P iy <y -1 > nGgon  (w2y—an / .
S — W n w —_— M n(y-1) pe(p) rn dr
nn—2) nin @ a

n—2

(n+2)y—2n b(t) n(y-1)
:=B,,M "0~V / pe(p)r"~ldr , (3.36)
a

where B, , is the constant defined in (2.8).
Noting (3.36), we use the internal energy to control the gravitational part. It follows from (3.36)

that
b(t) x b(t) r
/ pe(p) r"~1dr — / </ 0 Z"‘ldz>p rdr
a n—=2J, a
n—2

b(t) (n+2)y—2n b(t) n(y-1)
> / pe(p)r"~tdr — B, ,M G-V / pe(p) r"~tdr ) (3.37)
a a

2(n—
n

, and we have used the condition that y > ?
n

n—2

) < 1. Then it follows from
(3.37) and the Holder inequality that

b(1) » b(t) r
/ pe(o)r"ldr — / </ 0 z”‘ldz>p rdr
a n-2 a a

1 b(t)
> / pe(p)r"~tdr — C(n, M),
a

which, together with (3.31), yields (3.24).
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(n D) , that is,

For the case that x = 1 with y = = 1, we use (3.31) and (3.37) to obtain

(y 1)

b(t) x b(t) r
/ pe(p) r"~1dr — / (/ 0 z”‘ldz> prdr
a n—=2J, a

2 b(t) b(t)
> <1 - Bn,yMn> / ece(p)r™ldr := Cy/ ce(p) r*~1dr, (3.38)
a a

provided that M < MZ"(y) := B,

For the case thatx = 1 withy € ( 2" 2(n D

), we define

(n+2)y—2n n-2

F(s) =s—B,,M =D gsno-1 fors > 0.

A direct calculation shows that

n—2 (n+2)y—2n  2(n—1)—ny
F'(s)=1— ———=B,,M "0-) s n-» |
n(y —1)
_ _ _ (n+2)y—-2n  3n—2-2ny
F//(S) — _(2(n 12)( n);;gn 2) B, }’M ny=1) g n@-1
n«\y — ?
2(n 1)

which yields that F”'(s) < Oforany s > 0ify < , so that F(s) is concave for s > 0. We denote

n(y—1)

(n—-2)B "Dy _(n+2)y-2n
S, = —n,y M 20m-D-ny , (339)
n(y — 1)

which is the critical point of F(s) so that F’(s,) = 0. The maximum of F(s) for s > 0 is

n(y—1)

2n—1)—n (n — Z)B " 2(n=1)=ny _ (n+2)y-2n
( ) —ny o M -D-m >0  fory < =—— 2D,
-2 \ -1 .

F(S*) =

Now we claim that, under condition (3.13),

b(t)
/ pe(p) r"ldr < s,. (3.40)
a
2(n—1)—n 2n 2(n 1)
Noting that —+2) >0fory € (— ), it follows from (3.9), (3.13), and (3.39) that
y—
&b
0
F 41
(S*) > W, (3 )
and
__n=1
—2)B 2n—1)-n (n+2)y—2n
S, > <u> yMEb(y) 2(n—1)—ny
ny —1)
_ Es,b ZEE’b
. >, (3.42)

=2(n—1)—n)/ Wy Wy
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2n  2(n—1)

where we have used —" 2> > 1 + % > 2fory € (:, ——). Then it follows from (3.31), (3.37),
n n

2(h—1)—ny
and (3.41)—(3.42) that

b(t) Ee,b
F( / pe(p)r"1dr) < = < F(s,), (3.43)
a

Wy
e,b

b

E

/ poe(po)r™1dr < a? <s,. (3.44)
a n

Thus, due to the continuity of fab(l)(pe(p))(t, r)r"~1dr with respect to t, (3.40) must hold.

. . . b . .
Otherwise, there exists some time ¢, > 0 such that ]a (‘o) pe(p) r"~1dr = s, which yields
b(tp) EE’b
RO/ peloran = Fs) >
a wl’l

which contradicts (3.43). Therefore, (3.40) always holds under condition (3.13).
Now, under condition (3.13), it follows from (3.40) that

5®) (e2y—2n 2n=Domr b
a a
b(t)
2n—1)—
-Xr-Dom / pe(p)r"~dr. (3.45)
n-—2 a
Thus, (3.22) follows directly from (3.38) and (3.45). This completes the proof. O

Using (3.15), (3.21)—(3.22), (3.24), (3.33), and (A.1), we have the following estimates for the
potential function ®.

Corollary 3.2. Under the conditions of Lemma 3.1,

=1, (1, )| < wﬂ for (t,r) € [0,0) X [0, o),

n

b(t) r
/ </ P(t,Z)Z"_le>P(t, rrdr+ [ @O 2+ V(O r2(wn)
a a Ln-2(Rn")
<C(M,Ey) fort>D0.

For later use, we analyze the behavior of density p on the free boundary. It follows from (3.17);
and (3.18) that

a M

M
pelt, ) = =1 (1, 7). (3.46)
n n

Then we obtain

1

P ) = po%l)(l + @e(po(%»r) '
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In the Eulerian coordinates, it is equivalent to the form:

—1)2 y
-1 e(po(b»r> < oo(b). (3.47)

€

p(t, b(1)) = po(b) <1 +
The density behavior on the free boundary (3.47) is important, which will be used frequently later.

Lemma 3.3 (BD-type entropy estimate). Under the conditions of Lemma 3.1, for any given T > 0,
the following holds for any t € [0, T]:

2

b(t) 5 3ae 10O
52/ |(Ve(.1),| r"‘ldr+70/ / (2) | r"'drds
a 0 Ja

t
1 1
+ EP(P(L b(£)))b()" + s / p(p(s, b(s))p'(p(s, b(s))b(s)" ds
0
< C(Ep, M, b"p}(b),T) < C(Eo, M, T). (3.48)
Proof. We divide the proof into four steps.
1. For convenience, we start with the solution in the Lagrangian coordinates (z, x). It follows

from (3.17), that

Pxr = _(pZ(rn—lu)x)x’

which, together with (3.17),, yields that

U + 1" pe = —er"p —e(n = Dr*Pup, —x——. (3.49)
=
Then (3.49) can be rewritten by using (3.19) as
w+er™ o), +r"lp, = —x V:C_l ) (3.50)
Multiplying (3.50) by u + er" ! p, yields
M M M
1d [en n—-1, y2 “n 2n-2 “n n-1
3% (u+er""p,) dx +e P(P)xpx r™""2dx + p(p)ur" " dx
0 0 0
M M
X d wn X wp
=3 /0 rn—_zdx - KE/O Pyxdx, (3.51)

where we have used (3.28). Using (3.17);, (3.19), and (3.46), we have

M

/ " (o) rldx

0

M

== [ Bl ) v + (powar (e 2
0

n
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=& |7 e+ per e, g 5

— i |7 conar s (Fotete o)

T

Lot Xyyp. e Loy

-2 /0 " e(p)dx + <%p(p<r, %))b(rf‘)

T

1 M., M n
+%p(p(f,w—n))p (p(r,w—n))b(r) , (3.52)
M M

/w" Xpdx = —/w" pdx + M,o(r, M). (3.53)
0 0 Wy Wy

Substituting (3.52)-(3.53) into (3.51) yields

M M M
d wp 1 n—1 2 @n X op X
E A E(u +er px) dx + /0 e(p)dx - m '/0 2 dx
M

+ PP, NP (o ()"

on M M
=¢x dx — ex—p(t, —). (3.54)
/0 P o, P o,

Integrating (3.54) over [0, 7], we have

M

M M
on 1 nel . \2 on x wn X
/0 S +er o) dx + /o e(p)dx — —— /0 L

© 1 M
+£/ / " p(p)p2r*~2dxds + = p(p(r, — )b(x)"
0 0 n C()n
T

1 M ’ M n
N /0 PR, 2EDP (Pl 2D ds

ne
M M M
_ wp 1 n—1 2 wp X wp X
= A z(uo + 870 pOx) dx + /0 e(,oo)dx — m/o rn—_zdx
0
T M T
1 M @n M M
+ =b"p(pe(—)) + EK/ / dxds — ex— / (s, —)ds. (3.55)
0" pleol(Z- A o ), PO
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Plugging (3.55) back to the Eulerian coordinates and using Lemma 3.1, we obtain

Y

b(t) t b(s)
% / |(\/;W)r|2 r=ldr + @ / / |(p2) |” r"drds
a 0 a
t
+ %P(P(t, b(t))b()" + % / p(p(s, b(s))p' (p(s, b(s)))b(s)" ds
0
1 £ .b(s)
< C(Ey, M) + zp(po(b))b” + EK/ / 2 r"~ldrds
0 a

t
— sxﬁ / o(s, b(s)) ds. (3.56)
w, /o
2. For the second term of (3.56)-RHS, it follows from (3.12) that
1 n
—P(po(b)b" < C. (3.57)

For the last term of (3.56)-RHS, by using (3.47), we have

t
aM / o(s, b(s)) ds| < COM)py(BIT < C(M, T). (3.58)
“n Jo

n

3. For ¥ = —1 (plasmas), then (3.48) follows from (3.56) and (3.58).
4. To close the estimates for ¥ = 1 (gaseous stars), we still need to bound the third term of

(3.56)-RHS:
t  ,b(s) £x '
ex / / o rldrds = &5 / 1PNz q,ds:
0 a "o A

We estimate the above term in the following two cases:

Casel. For y > 2, then it is bounded as

t b(s) t b(s)
EK/ / p? r"~ldrds < Cs/ / p(1+e(p)) r"~tdrds
0 Ja 0 Ja

< C(Ep, M, T). (3.59)

Case2. Fory € (%, 2), we notice that n—yz > 2 and use the interpolation inequality to obtain
n n

3 -3 . a 2—
le@ iz < Ie®IF ., lp@IL S, with § = "2, (3.60)
L7=2 () '

For B(0) ¢ R", the following Sobolev inequality holds:

1
n <Cl|V + — . 3.61
”f”L%(BR(o» (Il Fll2@gon + 7 ||f||L2(BR(0))> (3.61)
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It follows from (3.16) that

b(t)
M _ n—1
o, = p(t,r)r*—dr

a

1

1 1
b(t) ¥ b(t) Ty
< / o’ r"~ldr / rldr
a a

1

1 1 b(t) ¥
<n b y)< / pyrn-ldr> ,
a

which yields that

1

17 ﬁ b() n(y-1)
b(t)™' < <n v M") / o’ r"*~ldr < C(M,E,). (3.62)
a

This, together with Lemma 3.1 and (3.61), yields that

2

0 < 30 '
t n = 2(t n

ool oz = (e ||an_2(gt)>

2

Y 4 Y
< C<||V(p2)”L2(Qt) +b(t)Hp2 ||L2(Qt)>

b®») v
< C(M,E0)<1 + (/ |(P5)r|2}’n_1dr> > (3.63)

Substituting (3.63) into (3.60) and using (3.1) and the Holder inequality, we have

t pb(s) t b(s) % 28
EK/ / 0> r"‘ldrdssc(M,Eo)/ £<1+ </ |(P5)r|2r”‘1dr> > ds
0 a 0 a
£, t  pb(s) y
<C(M,E,,T)+ 7/ / |(02),|? r"*drds, (3.64)
0 a

where we have used ? € (0,1) fory > nz_:z Finally, combining (3.56)—(3.57), (3.59), and (3.64), we
obtain (3.48). This completes the proof. O

From (3.62), we know that b(t) has a uniform positive lower bound. However, to take limit
b — o0, we need to make sure that domain Q7 can expand to the whole physical space for fixed
€ > 0; that is, inf,¢[o 1) b(f) — o0 as b — oo.
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Lemma 3.4 (Expanding of domain Q7). Given T > 0 and ¢ € (0, €], there exists a positive constant
Ci(M,E,,T,c) > 0such that, if b > max{C,(M, E,, T, ¢), B(e)},

b(t) > g fort €[0,T], (3.65)

where B(¢) is defined for (A.42).

Proof. Noting the continuity of b(t), we first make the a priori assumption:

b(t) > g (3.66)
Integrating (3.3) over [0, t] yields
t
b(t)=b+ / u(s, b(s)) ds. (3.67)
0
A direct calculation by using (3.47), (3.66), and Lemma 3.1 yields that
1
t C t 2 t 1 2
u(s, b(s))ds| < — / e(pu?r™2)(s, b(s)) ds / — s
/0 Ve < 0 F o P(5.b(s)b(s)"2
1
C(M,E, ! 2
S ( ) O) / 1 dS
Ve o P(s,b(s)b(s)r—2
1
12 o)
C(M, Ey) < / (1 eeoons)
= ds
Ve 0 po(b)b(s)r—2 )
_r_
2(7-1) _l _n=2
< Co(M, Ey) (%) Ol (3.69)
2 Y
We take C;(M,E,,T,¢) := (4C0(M,E0))E(1:T)“<V-1). Then we use (3.12) and (3.68) to conclude
that
' b
/ u(s,b(s))ds| < -, (3.69)
0 4
provided b > C{(M, E,, T, €). Then it follows from (3.67) and (3.69) that
b(t) > % (3.70)

Thus, we have closed our a priori assumption (3.66). Then, using (3.70) and the continuity
arguments, we conclude (3.65). [
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Lemma 3.5 (Higher integrability on the density). Let (o, u) be the smooth solution of (3.1)-(3.6).
Then, under the assumption of Lemma 3.1,

T
/ /py+1(t,r)drdtSC(K,M,EO,T) (3.71)
o Jx

forany K € (a,b(t)) and any t € [0,T].

Proof. We divide the proof into five steps.

1. For given K € (a, b(t)) for any t € [0, T], there exist d and D such that K € (d, D) € [a, b(t)].
Let w(r) be a smooth compact support function with suppw C (d,D) and w(r) =1 for r € K.
Multiplying (3.1), by w(r), we have

(puw); + ((p® + p(pYw) + = — Lor2w

n—1 n—1
:s<p(ur+ p u)w> — e UpW
r

.
+ <,ou2 + p(p) — ep(u, + = ; 1u)>wr _ e / 0z ldz. (3.72)
a

rn—l

Integrating (3.72) over [d, r) to obtain

r
p(p)w :Ep(ur+ n_lu)w—s/ n_lupzwdz
r 4 2

r r
—<</ puwdz) +pu2w>—/ nglpuzwdz
d t d

n—1

+ / <pu2 + p(p) —ep(u; + “)>wz dz
d

r z
- K/ </ ,oy”‘ldy> P 4z, (3.73)
d a Zn—l

Multiplying (3.73) by pw, we have

Z

r r
- <pw</ ouw dz) + p2u2w2> - pw/ n ; 1puzw dz
d t d

n—1

r
o p(p)w? = spz(ur + n;1u>w2 —spw/ n- 1u,ozwdz
d

,,
+pw / <pu2+p(p)—sp<uz+ u))wz dz
d

r z
—pr/ </ py”‘ldy> PL 42 (3.74)
d a Zl’l—l
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Notice that

r r r
pw(/ puwdz> + p*ulw? = (pw/ puwdz) + <puw/ puwdz>
d t d t d

n—1 /r
ouw puwdz.
r d

r

,
— puw,/ puwdz +
d

Then it following from (3.74) that

-1 "n-1
ep(p)w? = £p2<ur + 2 p u)w2 —epw/ nZ up,wdz
d

r r
— <pw/ puwdz> — (puw/ puwdz>
d t d r

n—1
r

r r
+ puw, / puwdz — puw/ puwdz
d d

n

,
+ puw / (pu2+p<p>—sp(uz+ ;1u>>wz dz
d

r r z
—pw/ nglpuzwdz—pr/ </ py"‘ldy>%dz
d d a z

9
=31, (3.75)

i=1

2. To estimate I;,i = 1,...,9, in (3.75), we first notice that

D D
/ (o +plupdr < % / (o + pu?) r"~ldr < C(d, M, E,). (3.76)
d d

Then it follows from (3.76) that

T D
/ / I3 drdt
0 d

<

D r
/ (pw)(T, 1) </ (puw)(T, z) dz) dr
d d
D r
/ (pw)(0,r) </ (puw)(0, 2) dz) dr
d d
D D
<C teSE)PT] {/d p(t,r)dr /d (plul)(t,z)dz}

+

< C(d, M, E,, T), (3.77)
T D T D r
/ / (Is + I + Ig)drdt| < C(d)/ </ (p+p|u|2)(t,r)dr> (/ (p+p|u|2)(t,z)dz> dt
0 d 0 d d
< C(d, M, E,, T), (3.78)
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and

/OT /leg drdt| < C(d)/OT (/dD p(t,r)dr> </dr,o(t,z)dz> </dzp(l‘,y)y"_1 dy>dt

3

T D
< C(d)/ </ o(t,r)rt dr> dt
0 d

<C(d,M,E,,T). (3.79)
T D T D r
/ / I,drdt / / <puw/ puw dz) drdt
0 Jd 0 Jd d r
3. Next, we estimate I;. Noting that
T D r
/ / pw/ (pu® + p(p))w, dzdrdt
0o Jd d
T D r
n—1
/ / pw/ p<uz+ u) w, dzdrdt
o Jd d z
T D
SC(d,M,EO)<£/ / (z”‘1p|uZ|2+z”‘1pu2)dzdt)
0 Jd

S C(dyMa EO! T)s

T D
/ / I, drdt
o Jd

4. For I,, integrating by parts, we have

"n-1
/d ~ up,w dz

Since suppw C (d, D), it is clear that

= 0. (3.80)

S C(da M, EO’ T)a

€

we have

< C(d,M,E,,T). (3.81)

I\

L Gpuw)(t, ) +

.
/ 1 <puzw + puw, — l,ouw)(t,z)dz
4 Z z

n—1
r

T D rl’l—l
//Epw/ up,w dzdrdt
o Jd da Z
T .D T .D
sC(d,M,EO,T)<1+/ / spufr”‘ldrdt>+£/ / p3w? drdt
o Jd o Ja

T D
<C(d,M,E,,T)+¢ / / e w? drdt. (3.82)
0 d

IA

D
[(ouw)(t, )| + C(d)/ pou r"~1dr + C(d,M, E,, T),
d

which yields that

T D
/ / I, drdt
0o Jd
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For I, notice that

/ / I, drdt

<s// u| w? drdt
T .D 1\

SE/ / p<p2+C<ur+ u) >w2drdt
o Jd

T D
< C(d,M,E,,T) + 5/ / o3w? drdt. (3.83)
o Jd

To close the estimates for I; and I,, we need to bound the last term of both (3.82)-RHS and (3.83)-
RHS. There are three cases:

Casel. y € (1,2]. Notice that

T .D T / D
8/ / e w? drdt < s/ / p’dr | sup (p*7w?)dt
o Jd 0 d reld,D]

<C(d,M, Eo)/ e sup (o> 7w?)dt
reld,D]

T D
< C(d, M, Ey) / / e|(p*7w?) (11| drde
0 d

D
< Cz(d,M,EO)/ / e(p* 7o lw? + > T wlw,|) drdt. (3.84)
0 d

A direct calculation shows that

T .D T .D e TP
/ / > |, |lw? drdt < / / ep’ 22 drdt + 5 / / 3@ w2 drdt
o Jd o Jd o Jd

D
1
<Cd,M,E),T)+ ———— 3w? drdt, 3.85
< Cla. M., T) 4cz(d,M,Eo)/0 /d s (3.85)

and
T D T D

/ / ep>Tw|w, | drdt S/ (s sup (pw)(t,r) pz‘ylwrldr>dt
0 d 0 reld,D]

<Ccd,M EO)/ € sup (pw)(t,r)dt
reld,D]

T D
<c@ME) [ [ <o+ pluyl) dare
0 d

T D T D
< C(d,M,E0)</ / e’ 2p2 drdt + / / (p+p*7Tw) drdt)
0 d 0 d

< C(d,M,E,,T). (3.86)
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Combining (3.84)-(3.86), we have

T D
E/ / pw?drdt < C(d,M,E,, T) fory €(1,2]. (3.87)
o Ja

Case 2. y € [2,3]. We have

T .D T D
E/ / p3w2drdt§£/ sup (p*w)(t,r) powdr |dt
0 Jd 0 \reld.D] d
T .D
<cdME) [ [ elplpw+ o)) drde
0 d

T D
<CAME) [ [ (&0 lw+ Pl + ) dre
0 d
< C(d, M, Ey, T). (3.88)

Case 3. y € (3, ). It is direct to see that

T D T D
z-:/ / odw?drdt < C/ / (o +p")drdt < C(d, M, E,,T). (3.89)
o Jda o Ja

Now substituting (3.87)-(3.89) into (3.82)-(3.83) yields that

T /D
/ / (Il +Iz)drdt
0 d

5. Integrating (3.75) over [0,T] X [d, D] and then using (3.77)—(3.81) and (3.90), we conclude
(3.70). m

< C(d,M, E,, T). (3.90)

To use the compensated compactness framework in ref. [8], we still need to obtain the higher
integrability on the velocity. For this, we require to exploit several important properties of some
special entropy pairs.

First, taking ¢(s) = %slsl in (2.11), then the corresponding entropy and entropy flux are
represented as

1
1
n* (o, pu) = Ep/ (u+ p%9)lu + p%s|[1 — 5?18 ds,
-1

. (3.91)
1
q"(o.pu) = 3p / (u +6p%s)(u + p°9)u + p%s|[1 — 5711 ds.
-1
A direct calculation shows that
In* (e, pw)l < Cy (plul?> +07),  q*(o.pu) > C;* (plul® + p7*9), (3.92)
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where and whereafter C, > 0 is a universal constant depending only on y > 1. We regard n* asa
function of (p, m) to obtain

1

1 1
nl = /_1 (- Su+@©+ E)pes) lu + ps|[1 — s?]%ds,

1
ni = / lu+ ps|[1 — s?]%ds.
-1
It is direct to check that
il < Cy (lul + %), Ingl < C,y(Jul* + p*). (3.93)
From [8, 9], we know that
b
pudn® + pu®d,n" —q* = gp”@ /_ll(u — p%s)slu + p%|[1 — s?],ds < 0. (3.94)
The following lemma is crucial to control the trace estimates for the higher integrability on the
velocity. In fact, we have the boundary parts (un™)(t, b(t)) and g*(t, b(t)), and it is impossible to
have the uniform trace bound (independent of €) for each of them. Our key point is to identify the
cancelation between these two boundary parts.
Lemma 3.6. For the entropy pair defined in (3.91),

lq* —un®| < C, (o ul + p7*9). (3.95)

Proof. 1t follows from (3.91) that

1
q* —un* = %6,0“29 / s2|u+ p°%|[1 - sz]f’rds
-1

+ %Gp”eu/

1
slu+ p%s|[1 - s*15ds
1

=1 +1,. (3.96)
A direct calculation shows that
1] < Cy (o7 ul +p7*°). (3.97)

For I,, we note that I, = 0if u = 0. Thus, it suffices to consider u # 0. We divide the proof into
three cases.

Casel. Ifu > 0and u + p° > 0 for all s € [—1, 1], then it follows that
1 1 1

/ slu+p°s|[1 5]} ds = u/ s[1 - 715 ds + pe/ s2[1 — 2% ds
-1 1 -1

1

= pe/ s?[1— sz]fjr ds,
-1
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which yields that
L] < Cppt*ul = C\p" |ul. (3.98)

Case?2. Ifu > 0 and u + p°sy = 0 for some s, € [—1,1], then s, = —ie € [—1,1] so that
P
lul < 0%,

which yields that
L] < Cyp*Clul(lul + %) < C,p'*3° = C,p7*°. (3.99)

Case 3. If u < 0, by similar arguments as in Cases 1-2,
L] < C, (o lul + p7*9),

which, together with (3.96)—(3.99) yields (3.95). O

Lemma 3.7 (Higher integrability on the velocity). Let (o, u) be the smooth solution of (3.1)—(3.3).
Then, under the assumption of Lemma 3.1,

/ / (plul® + p7*9)(t,r)r"~1drdt < C(d,D, M, E,, T) (3.100)
o Jd
forany (d,D) € [a,b(t)].
Proof. Multiplying (3.1); by r"~'7% and (3.1), by r"~!n/, we have
M*r" ), + (@* ), + (n— 1) (g% + punff + puPnfy) r"=2
u r
=enl <(pur)r +(n— 1)p<7> > el — an:lp/ pz" 1dz. (3.101)
r a

Using (3.3), a direct calculation shows that
4 o

b()
= n¥ 2" 1dz = n*(t, b())b(t)" b (t) + / n¥(t,z)z"'dz
r

b(t)
= (un™)(t, b())b(t)" ' + / nt#(t,z)z"‘ldz. (3.102)

Integrating (3.101) over [r, b(t)), then using (3.94) and (3.102), we have

b(t) b(z)
u
g, rrmt < —E/ ni(t, z)(puy), 2"tz — (n — l)s/ ni(t, z)p(E)Z z"ldz
r r

b(t)
+ ( / n#(t,z)z"_ldz) + (g — un®) (6, b(t)b()" ™

t

b(t) y
+ K/ (/ ,oz"‘ldz> onidy. (3.103)
r a
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We now bound each term of (3.103)-RHS. First, for the term involving the trace estimates in
(3.103), it follows from (3.47) and Lemmas 3.1, 3.3, and 3.6 that

T

[ 1" —un* e, be] b

0
T

<c / (0728, b(0) + (o7 [ul)(t, b)) ()" de
0

1

T % T 2
SC< / e(plulz)(t,b(t))b(t)”‘zdt> ( / %p”‘l(t,b(t))b(t)”dt>
0 0

T
v
e BT [ pr b
0
< C(M,E,,T). (3.104)
Observe from (3.104) that the free boundary approximation is ideal for the existence of solutions

of CEPEs with finite mass.
To estimate the first term of (3.103)-RHS, we integrate by parts to obtain

b(t)
€ / i (puy), 2" 1dz
,
= &0 b(0) (ou ). BB = nfh(t,P)(ou, )t PP )
b(t) b(t)
= [ whpwa—e [ b 4 e 2z (2109
r r

where we have regarded nﬁl as a function of (p, u). Using (3.4) and (3.93), we have

[enin (6, () Goup (e, b)Y |

n—
r

a6, b0 (£ (1 + =2) (1 b(0) = (n = Deb(©)™ (ou)(e, () )b(e)*™!

= |agmii (e, b)) p7 (2, BB = (n = Denji(t, b)) (pu)(t, b))
< C{(" [ul)(t, b(£)) + p7*O(t, b(£)) } b()*!
+ Ce {(plul*)(t, b(1)) + (" *Cul)(t, b(t)) } b()"
< C{(" |ul)(t, b(®) + p"*o(t, b()) } b(£)"!
+ Ce {(plul®)(t, b(t) + p7 (¢, b(1)) } b(£)" 2. (3.106)

Thus, using (3.106), by similar arguments as in (3.104), we have

T
/ |Eb”_1(t)77;fl(t,b(t))(Pur)(t, b(t))| dt < C(M, Ep, T). (3.107)
0
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A direct calculation shows that
il + 08Il < C. (3.108)

Integrating (3.105) over [0, T] X [d, D] and then using (3.93) and (3.107)—(3.108) lead to
T D
5
T D
<C(D,M,E,,T)+ Cs/ / plu.l(lul + %) r*-tdrdt
o Jd

T ,D b(t)
+ C/ / / epluzl(lul + p°) 2" 2dzdrdt
0 d r

T D b(t)
+ C/ / / epluzl (luz| + 0% tp,|) 2" 'dzdrdt
0 d r

T b(t)
<COMETI+CAD) [ [ elplwl’ + o/ 1p.17) 2 dds
0 d

b(t)
5/ ni (ouy), z"'dz| drdt
r

T bt
+ C(d,D)/ / e(plul® + p7) z"dzdt
o Ja
<C(d,D,M,E,,T), (3.109)

where we have used Lemmas 3.1-3.5.
For the second term of (3.103)-RHS, we have

T D
L
T | Jul
< C(D)/ / e(plul + p1*9) <—Z + —> z"1dzdt,
o Jd z z2

T b(t)
sC(d,D)/ / e(plul® + pluy|* + o) z"'dzde
o Jda

b(1)
/ eni(t, z) p(%)z zZ"1dz| drdt
.

<C(d,D,M,E,,T). (3.110)

For the third term of (3.103)-RHS,

T ,D b(t)
/ / / " (o, pu) z"1dz | drdt
0 d r ¢

<

D b(T)
/ / n* (o, pu)T, 2) 2~ dzdr
d r

D b
/ / 1*(Pos potio) 2"~ dzdr
d r

< C(D, M, Ey). (3.111)

+
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For the last term of (3.103)-RHS, it follows from (3.92) that

T D b(t) y
/ / K/ niiip</ pZ"‘le>dy
0 d r a

T b(t)
< C(D,M)/ / (plul + p*+9) drdt
0 d

drdt

T b(t)
< C(D,M)/ / (plul® + p + p?) drdt < C(d, D, M, E). (3.112)
0 d

Integrating (3.103) over [0,T] X [d, D], then using (3.92), (3.104), and (3.109)—(3.112), we
conclude that

T D T D
/ / (plul® + p7*8) r=1drdt < C/ / q*(t,r)r"'drdt < C(d,D,M, E,, T).
o Ja o Ja

4 | EXISTENCE OF GLOBAL FINITE-ENERGY SOLUTIONS

In this section, for fixed € > 0, we take limit b — oo to obtain global weak solutions of CNSPEs
with some uniform bounds, which are essential for applying the compensated compactness frame-
work in Section 5 below. We often denote the solutions of (3.1)-(3.6) as (o*?, u®?) for simplicity of
presentation in this section, since p>? > 0 on [0, T] X [a, b(t)] for fixed b > 0.

To take the limit, we have to be careful, since the weak solutions may involve the vacuum.
We use the similar compactness arguments as in refs. [31, 62] to handle the limit: b — oo. First
of all, we understand our solutions (0%, u®?) to be the zero extension of (0%, u*?) on ([0, T] X
[0, )\ Q7. It follows from Lemma 3.4 that

lim sup b(t) = oo, (4.1)
b—co tg(0,T]

which implies that domain [0, T] X [a, b(t)] expands to [0, T] X (0, c0) as b — oo. That is, for any
compact set K € (0, c0), when b > 1,K € (a, b(t)) forall t € [0,T].
Now we define

ME(ER) 1= mEb(, )T = (e ), )2 (4.2)

Then it is direct to check that the corresponding vector function (o%?, M%?, ®%?) is a classical
solution of CNSPEs for (¢,x) € [0, ) X Q;:

9,050 + divm&b =0,

ME,b ®M£,b
ps,b

eb
8, M= + div( ) + V() = —p=0 V@D + ediv( D) ), (4.3)

ps,b
A(I)E’b — sz,b’

with ME’b|XeaBa(0) =0.
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4.1 | Takinglimitbh —

Lemma 4.1. For fixed € > 0, there exists a function p*(t,r) such that, as b - o (up to a
subsequence),

( ,Os’b,pg*b) — (\/E, o) a.e. and strongly in C(0, T; LIOC) (4.4)

forany q € [1, ), where quoc denotes L4(K) for K € (0, o).

Proof. 1t follows from Lemmas 3.1 and 3.3 that

\/ PP € L®(0,T; H ) < L¥(0,T;L®)  uniformlyin b > 0. (4.5)

Using the mass equation (3.1); and Lemma 3.1, we have

_at pe,b: <1/P5’b) Eb 1/,05 Eb ‘/pe &b
_ sb b 2
= <\/ > \/psb \/pE us? € L*(0,T; H;|

uniformly in b > 0, which, together with the Aubin-Lions lemma, yields that

A/ p&b s compact in C(0,T; quoc) for any q € [1, o).

Notice that, for any K € (0, o) and by, b, € (1, ),

1 [‘oE,bl — 1 /pE,bz

where Cr ¢ > 0is a constant independent of b; and b,. Then there exists a function p*(¢, r) such

|e%b1(t, ) — p=b2(t,1)| < Crx for any (t,r) € [0,T] X K,

that, as b — oo (up to a subsequence), (1/p?, o) — (\/_ pf) a.e. and strongly in C(0, T; Lloc)
for any g € [1, o0). Then (4.4) follows. O

Corollary 4.2. For fixed € > 0, the pressure function sequence p(p®P) is uniformly bounded in
L*®(0,T;L; )forallq € [1, ] and, as b — oo (up to a subsequence),

’ loc

p(pP) — p(p°)  stronglyin LI(0,T; L ) forall q € [1, ).

loc

Lemma 4.3. For fixed € > 0, as b — oo (up to a subsequence), the momentum function sequence
b .= pebusb converges strongly in L(0, T;Lfoc) to some function mt(t,r) for all q € [1, ). In
particular, we have

b= pebyst — mé(t,r) a.e.in[0,T] x (0, 00).
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Proof. Notice that \/pE is uniformly bounded in L*(0,T;L>
bounded in L*(0,T; L )in b > 0, which imply that

loc

’ loc

byeb _ ./ / b
p=Pust = pE’b< osbuf ) is uniformly bounded in L*(0, T; 1Oc)

A direct calculation shows that

(pPus?), = ppPust + pbup® = <\/pf"’> (\/pf*bus”’> +/peh <\/pE Eb)
r

is uniformly bounded in L(0, T; Llloc). Then it follows from (4.6)—(4.7) that

pSbusb is uniformly bounded in L?(0, T; whh.

loc

It follows from (4.5) and Lemma 3.1 that

( 2 -
5,((y/petus)) e 1=, T 1,
no1( Joebuen) e Lo, 110 ),
r ‘O u ’ IOC

8,p(p*?) € L*(0, T; H,)),

ps,b r
x / %0(t,z)z"1dz € L®(0,T; L
a

o)

rn—1 > “loc””?

and

b n—1
S () + L () st

uniformly in b > 0.
Therefore, it follows from (4.10) that

-1 . .
o, (,og'b(ui’b + nTug’b)> S LZ(O,T;H;)i) uniformly in b.

Also, using Lemmas 3.1 and 3.3, we have

- 2(n—1
nTluf’barpE’b = #(\/p&l) (\/pg-buf’b> € L*(0,T;L;.) uniformly in b.

r

) and \/psbul is uniformly

(4.6)

4.7

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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Thus, substituting (4.9) and (4.11)-(4.12) into (3.1), yields that

3,(pPusb) e L*(0, T; W_l’l) uniformly in b > 0,

loc
which, together with (4.8) and the Aubin-Lions lemma, implies that

eb,,Eb

pEPus is compact in L?(0, T; L; ) for all q € [1, c0).

’ loc
This completes the proof. O
Lemma 4.4. The limit function m®(t,r) in Lemma 4.3 satisfies that m*(t,r) = 0 a.e. on {(t,r) :

pE(t,r) = 0}. Furthermore, there exists a function u®(t, r) such that m*(t,r) = p*(t,r)ut(t,r) a.e., and
ut(t,r) =0a.e.on{(t,r) : p(t,r) = 0}. Moreover, as b — oo (up to a subsequence),

met — mf = pfu®  strongly in L*(0,T; L] ) for g € [1, 00),

— Ut = strongly in L*(0, T; L

SLE -
= 'V |

Proof. We divide the proof into three steps.
1. We first claim that m®(t,r) = 0 a.e.on {(t,r) : p*(t,r) =0}
To prove this claim, for any given T > 0and 0 < d < D < oo, we define

V :={(t,r) €[0,T]x[d,D] : pt(t,r) = 0 and m(t,r) # 0} \ N,

where N is the set where the subsequence (still denoted) (0°?, m*?) does not converge to (¢, m°)
so that the Lebesgue measure of A" must be zero: | N'| = 0, since (o, m®?) converges to (o¢, m®)
ae.asb - .

If |[V| = 0, then we have done. If || > 0, then it is clear that

&b 2 &b 2
(L, . (L,
lim inf M = lim M = 00 for (t,r) e V. (4.13)
b—oo Pg’b(t’ r) b—co Pg’b(t’ r)

1

ra s uniformly bounded in L*(0, T; L?).

n—1 eb

On the other hand, notice that \/pebuslr =2 =
p A /ps,b

Then Fatou’s lemma implies that

Eb 2
//hmlnf (.r)l rldrdt
b—eo  p=0(2,1)
e,b
t
<11rn1nf// LaClols r=ldrdt < C(T, Ey, M) < oo. (4.14)
Cpsb(t,r)

Combining (4.13) with (4.14) yields

&b 2
0 = //hmlnf m* (@, 1,(¢,r) " tdrdt
oo p&b(t,r)

e,b 2
< / / lignmf%r"‘ldrdtSC(T,EO,M)<oo, (4.15)
o Ja b pRALT
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which is impossible, where 1y,(¢, r) is the indicator function of set V. Therefore, it must be that
|V| = 0, which leads to the claim.
2. Now we can define velocity u®(¢,r) as

m(t, 1) a.e. on {(t,r) : p(t,r) # 0},
us(t,r) 1= PE(LT)
0, a.e. on {(t,r) : p°(t,r) =0},
and define
me(t,r)

=0 a.e.on {(t,r) : p(t,r) = O}

VeE(t,r)

Then it is clear that

me(t,r)
me(t,r) = pi(t,r)uf(t,r) ae., ———= =/ pe(t,rus(t,r) a.e. (4.16)
VeE(L,r)

It follows from (4.14), (4.16), and Lemmas 4.1 and 4.3 that

T D ; .
/ / p5|u5|2 " ldrdt = / / p£|u£|2 l{pe(t,r)>0} gy
0 d . ]
T D 5
|me| )
] /0 /d = Lipe(esop " drdt

sb 2
t
// hmlnf @)l Lipe(r rysop P Hdrdt

b=eo  pb(Lr)
sb 2
/ / lim 1nf &)l r"—ldrdt
b= pP(t, 1)
< C(T, Ep, M) < o, 417)

where 1y, )0} is the indicator function of set {o*(¢, r) > 0}. Similarly, it follows from Lemma 3.7
and Fatou’s lemma that

T D T D
/ / of|uf|? drdt < lim / / 5P [usb |3 drdt
o Jd b=oo Jo Jyg

<C(d,D,M,E,,T) < co. (4.18)

&b

3. Next, since (o, m®P) converges a.e., it is direct to know that sequence /p&but = \7?
p s

converges a.e. to \/pfuf = mT on{(t,r) : p%(t,r) # 0}. Moreover, for any given positive constant
of

k > 1, we have

A PEPUEP Ly — VP U e <ky e (4.19)
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It is direct to know that

T D
[ (e
0 d

T D
< C/ / (pa,blus,b|3 + (ps,b)y+1 +p5|u5|3 + (pz)y+1) drdt
0 d

12
5

12
+ |\/Eu£|?> drdt

S C(d5D5Ms EO’ T)’

which, together with (4.19), yields that

T D
/ / VP U L en <ig = VAU e i
0 d

For k > 1, using (4.18) and Lemma 3.7, we have

T D
[ [ (e
o Jd
L T P
S—/ / (P2 usP |3 + pf|uf)3) drdt
kJo Ja

< C(d’D’MyEO’ T)

T D

/ / /pg,buE,b _ /pgu&'
0 d
T D
> / / V o5 U et g = VOTU L e i
0 d

T D

+ 2-/0 A \/ pg’bug’bl{|us,b|2k}

T D 2
+2 / / |\/Eu£1{|us|2k}| drdt. (4.22)
0 d

Substituting (4.20)—(4.21) into (4.22), we obtain

T D
lim / / \/ psbust — \/orus
b—oo J d

2
drdt — 0 asb — oo. (4.20)

2 2
+ '\/Eugl{|us|2k}| > drdt

(4.21)

Notice that

2
drdt

2
drdt

2
drdt

2
C(d,D,M,E,,T
drdt < % forall k > 1.

e,b €
Thus, by taking k — co, we have proved that % — Vpru = % strongly in L*(0,T; L} ).
Therefore, the proof of Lemma 4.4 is complete. [

Let (p°, m®) be the limit obtained above. First, using (3.16), (4.1), Lemmas 3.1, 3.3, 3.5, 3.7, 4.1,
and 4.4, Corollary 3.2, Fatou’s lemma, and the lower semicontinuity, we have
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Proposition 4.5. Under assumptions (3.11)-(3.12), for any fixed € and T > 0, the limit functions

(%, m*) = (p%, p°u®) satisfy

pft,r) >0 a.e.,
ut(t,r) =0, (t r)= \/_(t rut(t,r) = a.e.on{(t,x) : p(t,r) =0},

/ pe(t,r)r"~ldr < wﬂ forallt > 0,
0

n

2

/ <%p5|u5|2+(p8)7>(t,r)r”_1dr+/ pntl (/ pg(t,z)z”_ldz> dr
0 0 0
0 r t [+
+/ </ pgz”‘ldz>p5(t,r) rdr+s/ / (0% |uf|?)(s, r) r*~3drds
0 0 o Jo

<C(M,E,) forallt >0,

o [l e [0 went,|

< C(M7E05T) fort € [07 T]y

r"~ldrds

/ / (P% 1l + ()0 + (0 *1) (¢, r) r"~tdrdt < C(d,D, M, E,, T),
o Jd
where [d,D] € (0, ).

The following lemma is devoted to the convergence of the potential functions ®%°.

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Lemma 4.6. For fixed € > 0, there exists a function ®*(t,x) = ®*(¢t,r) such that, as b — oo (up to

a subsequence),

0 — &°  weak-+ in L*(0,T; H,\ (R")) and weakly in L*(0, T; H,. (R™)),

,
(6, )r ! — (L, =« / p(t,2) 2" tdz  in Ciee([0, T] % [0, 00)),
0
and

IICDE(I)HL%(R") + IIVOEDllr2rny < C(M, Eg)  fort 2 0.

. 2n
Moreover, ify > —,
n+2

[c)
/ (@52 — @5)(t,r)|2r"~1dr — 0 asb — oo (up to a subsequence).
0

(4.29)

(4.30)

(4.31)

(4.32)
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Proof. The proof of (4.29) and (4.31) are direct by using Corollary 3.2.
We now prove (4.30). For any D > 0 and (¢,r) € [0,T] X [0, D], taking b sufficiently large, then
it follows from (3.15) that

.
(¢, ryrnt — K/ 0°(t,z) z"1dz
0

D

K/ (P50 — p°)(t,2) 2" 1dz
0

D o
<cC &b _ of)(t,z) 2" 1dz| + C P — pf)(t,z) 2" dz|. (4.33)
el
g 0
Using (4.4), we see that, for any fixed g > 0,
D
lim sup / (P50 — p°)(t,2) 2" 1dz| = 0. (4.34)
b—co o] |/ o
It follows from (4.23) and Lemma 3.1 that
g g }1_, g 1_%
/ (ps,b _ pE)(t,Z) z"1dz| < C</ ((pa,b)y + (ps)}') Z"_ldr> </ Z”_ldr>
0 0 0
n(1-1)
<C(M,Ey)o Y — 0 aso — 0,
which, together with (4.33)-(4.34), yields that
r
sup  |@P(t, ryrnt — ‘K/ 0°(t,z)z" 1dz| — 0  asb — oo,
[0,T]x[0,D] 0
which leads to (4.30).
For (4.32), we first notice that
1 ' ’
— / (00 — po)(t,2) 2" 1dz| < C(M)r—"+1 forr > 0,
= 1Jo
which yields that
o0 1 r 2
/ — / (0P — po)(t,2) 2" 1dz| dr < C(M)k—"*2, (4.35)
k 0
Using the Holder inequality, we have
1 ’ ? r 5 2n(1-1)
s / (0P — po)(t,2) 2" 1dz| < Crt! </ ((e=by + (,Og)y)zn_ldz> r v
0 0
n+1—2—n
<C(E,,M)r 7. (4.36)
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Since n+1— 2 > —1 for y > %, it follows from (4.4), (4.36), and Lebesgue’s dominated
n

/4
convergence theorem that, for any given k > 0,
k

1
o rn—l

which, together with (4.35), yields that

dr — 0 asb — oo,

2
.
/ (00 — p°)(t,2) 2" dz
0

()
. ,b _
lim (D5 — ®E)(t, r)|? r"dr
0

b— o

oo r 2
= lim / 1 / (0P — po)(t,z) 2" 'dz| dr
b—oo Jo L/,
k 1 r 2
< C(M)k™™2 + lim / (0P — po)(t,z) 2" 'dz| dr
b—oo J rn—1 0
< C(M)k™"*2,
Then (4.32) follows by taking k — oo. [l

Remark 4.7. The convergence result (4.32) is essential to prove the energy inequality for the case
that x = 1 (gaseous stars). Moreover, from (4.30), it is direct to know that ®° satisfies the Poisson
equation in the classical sense except the origin:

ADE(t, x) = xp°(t,x) for (¢,x) € [0, o) x R™\{0}.

Lemma 4.8. Lety > 1 for x = —1 (plasmas) and y > %fork = 1 (gaseous stars). Then
n

© e 2 ®©
/ <l|i] +p5e(p5)>(t,r)r"‘1dr—5/ |DE(t, )2 P dr
0 2 \/E 2 Jy
[o+] € o0
1, m; 2 x
S/O <§|—0 | +P8€(P8)>(r)r"‘1dr—5/0 |5 (r)|? r~dr. (4.37)

VPo

Proof. For x = —1 (plasmas), (4.37) follows directly from (3.20), (3.33), and Fatou’s lemma.
For x = 1 (gaseous stars), (4.37) follows from (3.20), (3.33), (4.32), and Fatou’s lemma, where
the strong convergence of the gravitational potentials (4.32) plays a key role. O

Denote
(6%, ME, @)1, %) 1= (p°(L, ), et 1), @F(2, 7).

We show that (pf, ME, ®F) is a global weak solution of the Cauchy problem for CNSPEs (1.4) in
R" in the sense of Definition 2.6.
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Lemma 4.9. Let0<t, <t, <T, and let {(t,x) € C'([0,T] x R") be any smooth function with
compact support. Then

1)
(t,, t,,x)dx = £(ty, t;,x)d € ME - VE)dxds. 4.38
/Rnpux);(zx)x /Rnp(lxx(lx) x+//(p§z+ Odxdr.  (4.38)

n JRn

Moreover, the total mass is conserved:

/ PE(t,x)dx = / p(x)dx =M fort > 0. (4.39)
R}’l Rn

Proof. Using (3.65), we can choose sufficiently large b > 1 so that supp {(t,) C By /»(0) for ¢t €
[0, T]. Then it follows from (4.3); and a direct calculation that

1)
0= / / ((p=2), + div MEP)¢ (1, x) dxdt
tl Rn\Ba(O)

t th
= / eobedx| — / / (P90, + MEP - V¢) dxde
R"\B,(0) t t R"\B,(0)
t, ty
= / PP dx| - / / (p50¢; + MEP - V¢) dxdt, (4.40)
R I n JRn

where we have used the fact that (o>?, m®?) is extended by zero in [0, T] X [0, a).
Notice that, fori =1, 2,

/ (PP = p°) (1, x)¢ (11, %) dx| < / (P — %) (1, x)¢ (1, x) dx
R7 R7\B,(0)
H[ (-t @ay
B;(0)
We denote
#(t,r) 1= / ¢(t,rw)dw € C,([0,T] X [0, ), (4.42)
9B,(0)
which, together with (4.4), yields that, for any fixed o > 0,
fim | [ (= ) 08 0
b=e | Jrn\B,(0)
= blim / W, (050 — pf) (t;, NP(t;, r) r*~tdr| = 0. (4.43)
-0 o
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Using Lemma 3.1 and (4.23), we have

/ (00 = o) (1, )¢ (1;, x) dx
B+(0)

1

< CliSllze {/ ((p‘g’b)y + (%)) r"—ldr}y {/ rn—ldr}
0 0

1
1—=
<CM B¢l 7 — 0 aso -0,

1

which, together with (4.41) and (4.43), leads to

lim 050 (t, x)¢(t;,x) dx = / PE(t, x)¢ (¢, x) dx fori=1,2.

— 00 Rn Rn

From (4.42), it is direct to show that

o, (t,r) = / w - V¢(t, rw)dw,
0B,(0)
which, together with (4.4) and Lemma 4.4, implies that

)
lim / (P90, + MEP - V¢) dxde
R"\B,(0)

b—co ¢

ty (o]
= lim / / (0°0¢; + m*P¢, ) w,r"1drdt
1 ag

b— ¢

ty o)
- / / (0%, + m) opr"=1drdt
ty g

1)
=/ / (p%¢; + ME - V) dxdt.
t1  JR™\B;(0)

Similar to those as in (4.44), we have

L2 =1y
< CE)DIS o 77,

(PP — pf)¢, dxdt

B5(0)

)

(M0 — MF) - V¢ dxdt

B;(0)
1
1) 2
< CIV¢ e {/ / b + pf (t,r)r”‘ldrdt}
1
tr g 2
X {/ / (pg’blug’blz+p5|u5|2)(t,r)r”_1drdt}
n Jo

n 1
< C(M, By, T)IV¢ w027,

(4.44)

(4.45)

(4.46)

(4.47)
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which, together with (4.47), yields that

ty 1)
lim / (pg’bé', + MEP. V{) dxdt = / / (P%¢; + ME - VE)dxdt. (4.48)
b—oo f Rn ty Rn
Combining (4.40) with (4.45) and (4.48), we conclude (4.38).
Finally, we prove the conservation of mass (4.39). We take smooth test functions {(¢,x) = ¢,(r)
in (4.38) with

1 for r € [0, k],
¢x(r) = {smooth forr € [k, k + 1], (4.49)
0 forr € [k + 1, ),
(NI <C  forallr € [0, ), (4.50)

where C > 0 is a constant independent of k. Now it follows from (4.38) and (4.49)-(4.50) that

t
/ PE(t, X)) dx = / P (X)) dx + / / ME - V¢, dxds. (4.51)
R Rn 0 Jk<|x|<k+1

From (2.2), (4.25), and Lebesgue’s dominated convergence theorem, we have
Jim (P, %), (XN dx = [ (p°(t, %), pj(x)) dx. (4.52)
— 00 R" R"

Since

T
/ / ME - Ve, dxdt
0 Jk<x|<k+1
T

k+1
psugqb;{(r) w, r"~1drdt

k+1 k+1 2
<C{// E”1drdt} {// p|u|2”1drdt} — 0 ask — oo,

together with (4.51)—(4.52), we conclude (4.39). O

Lemma 4.10. Let $(t,x) € (C(Z)([O, T] x R™)" be any smooth function with compact support so
that P(T,x) = 0. Then

ME ME
ME -0 . -V )+ p(pf)divep — pfVEE - 9 » dxdt
/RTI{ = () }

+ - Mf) - (0, x) dx

:—E/RTI{ ME - (A¢+Vd1vz,b)+7 (VVEE- V) + Ve (\/—_-v>¢} dxdt

_ e \/—{ XOX {:}“i( —X;‘i’x)} . Vipdxdt, (4.53)
R:l—+1 £
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where VE(t,r) € L*(0,T; L>(R")) is a function such that
T
/ / |VE(t,x)|? dxdt < C(Ey, M) for some C(Ey, M) > 0 independent of T > 0.
o Jrn
Proof. For any given o € (0, 1], let y,(r) € C*(R) be a cut-off function satisfying
Xo(r)=0 forr <o; y,(r)=1 forr>20; |x.(r)|+olxlr) < g forr € R. (4.54)

Denote W, (t,x) = $(t,X) x,(|x|). Taking b > 1 large enough so that a = b~! < g, then it follows
from (4.3), and integration by parts that

e,b eb
/ {Ma,b v, + M ( M v)tpa + p(pg’b)div‘l’a} dxdt
Ri+1

+ / MEP - w,(0,%) dx
Rn

= / bV . W dxdt + RSP,
R1+1

where

b 1 . . MED )
R&b = —¢ FMEP - (A + VdivW) + —— - (Vq/psb - V ¥,
Rn+1

A /p&',b

e,b
+ V4/psb - ( MEb -V)‘PG} dxdt
py

Me,b
— / ./ pg,b< pebD( )) : VW, dxdt.
R+ pz,b

For the term involving the potentials, using (4.4) and (4.29), we have

+

lim PPV@ED . W dxdt = / PE V@ - W dxdt. (4.55)

b—o0 n+1 n+1
R R™

For the convergence of the viscous term, it follows from (4.2) and a direct calculation that
&b
3 M e XXy ueh 5 X%
() ==+ (8- =7)
Thus, using Lemma 3.1, there exists a function V*(t,r) so that
eb

M :
VeypeD( ) — VR EE + \/T—W?uf <Im -8 X) (4.56)

2
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in L2(0, T; (L*(B,-1(0)\B,(0)))™") as b — oo for any given ¢ > 0, and
T
/ [VE)2dxdt < C(Ey, M). (4.57)
o Jmrn

Denote

b1o(t, 1) i= / {w- (A¥,)(t,rw) + w - (Vdiv¥,)(t, rw)} dw.
9B1(0)
Then ¢, € Cy([0,T] X (0, 0)). Hence, using Lemma 4.4, we find that, as b — oo,

/ MEP AW+ VdivW,} dxdt = / m&b g, w,r"drdt
R”+1 R‘Z'-

— / mée,, w,r"ldrdt = ME - {AY, + VdivW,} dxdt. (4.58)
R

n+1
RY

Similarly, using Lemmas 4.1 and 4.4, we see that, as b — oo,

Ms,b ) ) Ms,b
/Rz“{\/ﬂ.(w/p& -V>wg+v pe .<\/ﬁ V), ¢ dxde
ME
_>/ \/_ )1110+v\/5~< -v)lpg dxdt. (4.59)
n+1 € pE

Combining (4.56) and (4.58)-(4.59), we obtain that, as b — oo,

1
Reb — — E/ {—ME - (A¥Y, + Vdiv¥,)
RN+ 2

N <y_p;€.<w;.v) LV (%.v))%}dxdt

:\/g/ \/‘;{ X®X \/_\/_u ( nxn_x;—%)()} : VU, dxdt.  (4.60)
R1+1

Also, by similar arguments as in (4.58), using Lemma 4.1, Corollary 4.2, and Lemma 4.4, we
have

&b &b
/ {ME’b -0, ¥, + M . ( M : V>lpcr + P(Pg’b) divlpa} dxdt
RYH—I

A/ pz,b \/ ps,b
+ / Mg’b - P,(0,x)dx
[Rn

£ £
— / Meaw, + M ( M v)lpg + p(p9) div®, b dxdt
RVH-I A /pE A /pE

+

+/ M - ¥, (0,x) dx
Rn
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as b — oo, which, together with (4.55) and (4.60), yields that

£ 14
/ {Ms.a»m M -(M -v)%+p<p€)div%—psw-%}dxdt
RnJrl

VE Ve

+/ M - ¥ (0,x) dx
Rn

+

- —s/ {lME (A, + Vdiv,)
Ri+1 2

+ (:\//l_p_z.(v\/‘?.v).pv\/ﬁ. <j//l—p_iv>)\llc} dxdt

= \/;/ lﬁ{vs%Jrg\/p_suf(Inxn—X@z’X)} : VW, dxdt. (4.61)
R™*

r

Next, we consider the limit: ¢ — 0 in (4.61). First, we define

otr)i= [ wprede= - [ wopeydsy = o [ divgeydy,
3B, (0) r 3B,(0) r B(0)
(4.62)
which implies that
(.1 < Bl (463

also see refs. [41, 68]. For the term involving the potential, we notice from (4.30) and (4.63) that

r
Iof (@51 | < C(llllen )2 P / p5(t,2) 2" \dz
0

for (t,r) € [0, ) X [0, 00), Which, together with Lebesgue’s dominated convergence theorem and
(4.26), yields that

=0

lim/ PEVOE - ¥ dxdt = li_r)r(l) P°DE @y, (r) w,rtdrde
Rﬁ"’l g Ri
:/ PEDE @ w,, r"1drdt

RZ

= / PEVDE - 3 dxdt. (4.64)
R"+l

+

Using (4.62), Lebesgue’s dominated convergence theorem, and Proposition 4.5, we have

g—0

lim ME - 3,9, dxdt +
Ri+l Rn

Mg - ¥5(0,x) dx}

g—0

= lim { / m 0,9 x5 (r) w,r"'drdt + / mg (0, r)xa(r)wnr”‘ldr}
R2 0
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6]
= / me0,¢ w,r"tdrdt + / m¢ @(0,r) w,r"dr
R2 0

= ME - d,pdxdt + / MG - (0, %) dx. (4.65)
Rn

n+1
RY

Employing (4.63) and Proposition 4.5, we have

me|? x
/ < | sl + p(ﬁ)) P = x5(r)dxdt
R1+1 P r

20 E
<c / / ( +p(p€)> Ip(t, VL (r)| P drds

2 me|
< C/ / < + p(p5)> r"~ldrdt — 0 aso — 0, (4.66)

m® X
— (Ve - = xl(r)dxde
es/R}1+1 _pg( P -~ Xo(r) dx

scof [

T 20 12
< C/O /U <% + Ezl(\/E)rF) r“ldrdt — 0  aso — 0, (4.67)

r"ldrdt

and

- X® X \/E . X®x . X
Xé(")\/P_{VE—rz +7\/?u5<fnxn—r—z>} (o) dxa

Ve

+

T
/ PAGNAG R
Rn

20

\/EVE r"ldrdt

<C —0 asog — 0. (4.68)

Using (4.66)—(4.68), Lebesgue’s dominated convergence theorem, and Proposition 4.5, we
obtain

€ €
ling)/ { M ( M V)‘I’g + p(p°) div‘I’g} dxdt
g— Rn+l p&' pE
+ \% Y

ME ME
= . -V )Y+ p(p®)divey p dxdt, (4.69)
L2 () }

n
+
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€ 12
llrI(l)E/ { y_ (VVEE V) + VP <\J>4_ : v)lpa} dxdt
g— Rn+1 pE pE
E €
- s/ : (V\/E- v)¢+ v/ - (ﬂ : v)¢ dxdt, (4.70)
LV V&
lim s/ \/E VEX®X \/_\/_u<n><n X®X> V¥, dxdt
g—0 RT—I 2
= s/ \/E{VE \/_\/_u ( o LQ;")} Vi dxdt (4.71)
R:l_+1 r
We notice that
AMW,); = xo(NAY; + 2V, - Vxo(r) + ;A x (7)),
9;(div¥;) = xo(r)d;(divep) + divpd; x5 (r) + ;% - Vx5(r)
Vx; XX
+ I X+ 2L )<¢ — ¢ rr;) (4.72)

It follows from (4.63) and Proposition 4.5 that

n

Yef ml {2% Vit + Bibb e +div 0,0 + 0 - V(1)

: n+1
i=1 JRY

+ 2o e (9 -9 ”‘)}dxdt

20
< C(lgler) / / s|m|<|xa<r>|+ Lol + pIx? (r)|>r"—1drdt

T 20
< c(lgllen) / / elme| r2drdt
0 o

1

SC(||¢||C1){/T /Zapgr"‘ldrdt} { / /2(7 m] r- 3drdt}2 —0 (4.73)
o Jo

as 0 — 0. Thus, using (4.72)—(4.73), Lebesgue’s dominated convergence theorem, and Proposi-

tion 4.5, we have

-0

Substituting (4.64)—(4.65), (4.69)-(4.71), and (4.74) into (4.61) leads to (4.53).

lim / ME - {A¥, + Vdiv¥,} dxdf = / ME - {Atp + Vdivep} dxdr.
R"+1 R:i+1

(4.74)

O
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Lemma 4.11. Let £(x) € Cé(IR") be any smooth function with compact support. Then

/ VOi(t,x) - VEX)dx = —K/ Pf(t, x)E(x) dx fort > 0. (4.75)
Rn Rn

The proof is direct by using (4.3)s, (4.30), and (4.45), so we omit the details here.

4.2 | H_-Compactness

To use the compensated compactness framework in ref. [8], we need the H, i-compactness of
entropy dissipation measures.

Lemma 4.12 (H, i —compactness). Let (1, q) be a weak entropy pair defined in (2.11) for any smooth
compact supported function (s) on R. Then, for e € (0, €],

3,m(p%, m®) + 0,q(p%, mt) is compact in H; }(R?). (4.76)

Proof. To obtain (4.76), we have to make the argument in the weak sense, since (p?, M¢, ®F) is
a weak solution of CNSPEs (1.4). In fact, we first have to study the equation for d,n(p¢, m®) +
3,q(p%, m®) in the distributional sense, which is more complicated than that in refs. [8, 9]. We
divide the proof into five steps.

1. Since

1
n(p, pu) = p/ P(u+ p%s)[1 - 5?18 ds,
-1

1
ato.ow) =p [ et 6%+ pP1 - 12 s,
-1

then it follows from [8, Lemma 2.1] that

[n(p, pu)| + |q(p, pu)| < Cyp  fory €(1,3], (4.77)
In(e, pw)| < Cyp, 1q(p, pw)] < Cy(p +p'*¢)  fory € (3,00), (4.78)
19,100, p)| < Cy (14 0°),  18mn(p, pu)| < Cy. (4.79)

On the other hand, if we regard d,,n(p, m) as a function of (o, u), then
18menl < Cyp®ts 18punl < Cy. (4.80)

2. Denote (n°P, &%) := (9, Q)(p*?, m&P) and (0%, ¢°) := (1, 9)(0%, m®) for simplicity. Multiply-
ing (3.1); by np(ps’b, m&b), (3.1), by ,,(0?, m&P), and add them together to obtain

n—1 ebo ot
aﬂ)s,b + arqs,b - _ . mE’b<}7;’b + us,bn;:lb> _ Kn}a:r,lb }i_l / pE’b(t,Z) Zn—1dz
0

n—1 n—-1
+enyy { <P€’b(uf’b + Tus’b)> - Tug’bpi’b} : (4.81)
r
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where p®" is understood to be zero in domain [0, T] X [0, a) so that far p%P(t, z) 2" 1dz can be
rewritten as /Or &P(t,z) z"~1dz in the potential term.

Let ¢(t,r) € C°°(R ) and b > 1 so that supp ¢(t, -) € (a, b(t)). Then multiplying (4.81) by ¢
and integrating by parts yield that

/ i (8:m°P + 8,q°0) ¢ drdt
R+
=_/ n-t, b (ng" +usbni ) g drdt
r2 T
2
—s/ pe (s ),< uf "_1u&b>¢drdt
R2 r
2
g,b,,&b -1 us-b
- esbn (uy + ¢, drdt
R2 r
2

—E/ nm 1u ebpt g drdr
RZ

eb r
- K/ neb d —~ </ %0(t, 2) z”‘ldz)qﬁ drdt
R rt 0

5
= I, (4.82)

3. It is direct to see that
b — 9t aein{(t,r) : p°(t,r) # 0} ash - co. (4.83)
In{(t,r) : p(t,r) = 0}, it follows from (4.77)-(4.78) that
In°b] < Cyp™® — 0=7n"  asb — co. (4.84)

Combining (4.83)-(4.84) together, we have

&b €

N — a.e.asb — oo. (4.85)

Similarly, we also have

e,b €

q*°* —q a.e.asb — oo. (4.86)

Let K € (0, o) be any compact subset. For y € (1, 3], it follows from (3.71) and (4.77) that

T T
/ / (1n?) +|qz,b|)7+1drdtsc¢ / / lo=P|7+1drdt < Cy(K, M, E,, T). (4.87)
0 K 0 K
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For y € (3, ), it follows from (4.78) and (3.100) that

T ﬂ T y+6
/ / (In=b| + 1g=b|) +edrds < c¢/ / <|p5’b|1+_9 + |pf’b|y+9) drdr < Cy(K, M, E, T).
0 K 0 K

(4.88)
We take p; =y +1>2wheny € (1,3],and p; = — > 2when y € (3, ). Then it follows from
(4.87)-(4.88) that
P, g=b) is uniformly bounded in Lp ! (R ),
which, together with (4.85) and (4.86), yields that, up to a subsequence,
b, ") = (i, ¢)  inL] (R})asbh — co.
Thus, for any ¢ € Cé(lRf_), we see that, as b — oo (up to a subsequence),
/ (3m™ + 8,47 )¢ drdt = — / (n°08,¢ + q*°3,¢) drdt
R2 R2
— —/ (n®0;¢ + q°0,¢) drdt. (4.89)
R2

Furthermore, (3¢, ¢°) is uniformly bounded in Lf; L(Ri) for some p; > 2, which implies that
Om° +0,q° is uniformly bounded in € > 0 in W i’p H(R3). (4.90)

4. Now we estimate the terms of (4.82)-RHS. For I i’b, a direct calculation shows that

|77p + unml < Czp(l + Pe)
which, together with Lemma 4.4 and similar arguments in (4.83)—(4.85), yields that

L ; 1 <77 +u® bnfnb) — nT_lmE(nZ +uns,) aeasb— co. (4.91)

Then it follows from (4.28) that

SN

drdt

77 +u5bn5b>

7
6 drdt

Sc/ /( sblus,b|2+ps,b+(ps,b)y)
0 K

7

T 9 T 9
C 1+/ /pf’blu&derdt / /(1+|p&b|y+1)drdr fory € (1,3],
0 K 0 K
7 2

T

T 9 9
c<1+/ /ps’blu&b|3drdt> (/ /(1+|p5'b|7+9)drdt> fory € (3, )
0 K 0 K

< C(K,M,E,,T). (4.92)

IA
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Using (4.91)-(4.92), up to a subsequence, we have
- / n- np +unS, )¢ drdt ash — o, (4.93)
T n-—1 2
/ / m®(n5 +un;,)| drdt < C(K,M, E,T). (4.94)
o JK

For I

) 4 , b and I , it follows from Lemmas 3.1 and 3.3, and (4.79)-(4.80) that

/]

T
-2
< Cy(K) / / (et s + (o) " 16F P + p Pl 2 ) dr
0 K

g0 (), (i’ + —— L) drdt

S C¢(K’ Ms E()7 T)’

[/
sC¢(K)<62 / ' JAL p&b)rﬁdrdt)E( /

S C¢(K’ Ms EO? T)’

r
Ufnb P / E’b([, Z) =145

ens? L= pebyeb| drde

1

2
/ PSP [usb |2drdt
K

T

drdt

rn—1

T
§C¢(K,M)/ /ps’bdrdthlp(K,M,Eo,T).
o JK

Thus, there exist local bounded Radon measures ,ui, ,ug, and /,t'; on IR%r so that,as b — oo (up to a

subsequence),

b 1
—ep"P (D), (ul® + Tug’b)—‘ i

e,b
—eni B L eyt s,

,
nfn”’ L[ ezt s
0

pn—1
In addition,
K ((0,T) X O) < Cy(K, T, Ep) fori=1,2,3,
for each open subset @ C K. Then, up to a subsequence, we have

Ig’b +Ij’b +I§’b — (U] + K5+ 5, 9) asb — oo.

(4.95)

(4.96)
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For Ig’b, we notice from Lemma 3.1 that
[

4
<C¢(K>/ /Npgbuur |+ e[ ara

2
3 T
§C¢(K)<£/ /(ps’blui’blz+p5’b|u5’b|2>drdt> (/ /|p5’b|2drdt>
o Jk o Jk

< Cy(K, M, E,, T).

S UNE
bpob e + —r ush)|” drdt

1
T 3

Then there exists a function f¢ such that,asb — oo (up to a subsequence)
€,b,,&b n—1:» € 3
- \/—p < Tu , > — f weakly 1nL ([R{ ), (4.97)
T 4
/ / | f¢15 drdt < Cy(K, M, Ey, T). (4.98)
0o Jk
Thus, it follows from (4.97) that

T
b, \/g / / fE¢, drdt as b — oo (up to a subsequence). (4.99)
0o Jx

5. Taking b — oo (up to a subsequence) on both sides of (4.82), then it follows from (4.89), (4.93),
(4.96), and (4.99) that

-1
81 +0,q° = —"— Ul (1 + un5,) + S Ve

in the sense of distributions. Noting (4.94)-(4.95), we know that

£ (ni7 +ung,) + & + pS + 15 is alocal bounded Radon measure, (4.100)

and the bound is uniform in € > 0. From (4.98), we know that

4

-1,=
\/Efﬁ —0 inw, 3(Ri) ase — 0+. (4.101)

Then it follows from (4.100)-(4.101) that
0;m° +9,q° are confined in a compact subset of W, _ i’p 2(R%) (4.102)

for some p, € (1, 2).
The interpolation compactness theorem (cf. [6, 16]) indicates that, for p, > 1, p; € (p,, ], and

Po € [Pz, p1),

(compact set of W i’p *(R3)) N (bounded set of W, i’p H(R2))

C (compact set of W, i,p "(R%)),
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which is a generalization of Murat’s lemma in refs. [64, 71]. Combining this theorem for 1 < p, <
2, p1 > 2, and p, = 2 with the facts in (4.90) and (4.102), we conclude (4.76). O

Remark 4.13. Since (pf, m®) are the weak solutions of CNSPEs, it is not convenient to use the
weak formulation to prove the H|_ —compactness directly. Therefore, in this section above, we
first study the equation satisfied by 3,50 + 3,q°P, then take limit b — oo to obtain the equa-
tion satisfied by 9;7° + 9,q° in the distributional sense, and finally use the equation to establish
the H,_!-compactness.

Combining Proposition 4.5 with Lemmas 4.6 and 4.8-4.12, we have

Theorem 4.14. Let (pg, mf)) be the initial data satisfying (2.13)—(2.18). Then, for each € > 0, there
exists a global spherically symmetric weak solution

(0%, ME, D)1, %) 1= (p°(t, 1), mz(t,i’);qﬁ(t,r))

of CNSPEs (1.4) in the sense of Definition 2.6. Moreover, mt(t,r) = p°(t,r)u(t,r), with ut(t,r) :=

—ma((;’r)) ae.on{(t,r) : p(t,r) # 0tandu®(t,r) :=0 a.e.on{(t,r) : p(t,r) = 0 or r = 0}, satisfies
pELr
the following properties:

pE(t,r) >0 ae., (4.103)

ué(t,r) =0, (m—\/’_;> (t,r) = \/E(t,r)u‘f(t, r)=0 a.e.on{(t,x) : pt(t,r) =0}, (4.104)

,
Pi(t,7) = — / 0°(t,z)z"'dz  for (t,r) € R2, (4.105)
0

n

[e5) t [e5)
/ <%P€|“E|2+(P5)y>(l‘,")r”_ldr+5/ / (P |uf|?)(s,r) r"~3drds
0 o Jo
o0 (o] r
+/ |<I>§(t,r)|2r”_1dr+/ </ ,oE(t,z)Z"_ldz>p€(t,r)rdr
0 0 0

/ ps(t,r)r"-ldr=wM forallt >0, (4.106)
0

< C(M,E) forallt >0, (4.107)
(s y 2
52/ 1 ( 05(t, 1) dr + s/ / <(p5(s, r))5> drds

0 r

<C(M,E,,T) fort €0,T], (4.108)
T D
/ / (RS 1l + ()0 + (o) *1) (¢, r) r"~1drdt < C(d,D, M, E,, T), (4.109)
0o Jd

3SUSD | SUOWIWIOD AAIISID 3(qedl(dde auy Ag pausenob afe saaie YO ‘asn JO SajnJ 10} AkeiqiauljuQ A3]1M UO (SUO R IPUOD-PUe-SWLB)AL0" A3 |IM AR BUTUO//SANY) SUORIPUOD PUe SWB | 8Y1 39S *[7202/20/ET] o ArlqiauliuQ A(im ‘AiseAlun pIoxO Ad 6712z edo/200T OT/I0p/Wod A IM Afeiq 1 pulUO//SdNy WOy pepeojumoq ‘0 ‘ZTE0L60T



62 | CHEN ET AL.

for any fixed T >0 and any compact subset [d,D] € (0, ). Moreover, the following energy

inequality holds:
|Gl
o \21 /57
ME
<[ Gl
R~ 0

Furthermore, let (n?, q¥) be an entropy pair defined in (2.11) for a smooth function 1(s) with compact
support on R. Then, for € € (0, €],

2
+pe(pf) — §|V<P5|2>(t,X)dx

2
+ pgelog) — §|V©8|2>(x) dx  fort>0. (4.110)

3% (0f, m®) + 8,q% (0%, m®) is compact in H,_}(R3).

5 | PROOF OF THE MAIN THEOREMS

In this section, we give a complete proof of Main Theorem II: Theorem 2.7, which leads to Main
Theorem I: Theorem 2.2, as indicated in Remark 2.8. We divide the proof into four steps.

1. The uniform estimates and compactness properties obtained in Theorem 4.14 imply that the
weak solutions

(6, M7, ) = (°, mF 2, @)

of CNSPEs (1.4) satisfy the compensated compactness framework in ref. [8]. Then the compactness
theorem in ref. [8] for the whole range y > 1 implies that there exists a vector function (o, m)(t,r)
such that

(pf,m*) — (p,m) a.e. (t,r) € Ri as € - 0+ (up to a subsequence). (5.1)

By similar arguments as in the proof of Lemma 4.4, we find that m(t,r) = 0 a.e. on {(t,7) :
m(t,r)
p(t,r)
p(t,r) #0}and u(t,r) :=0a.e.on{(t,r) : p(t,r) =0 orr = 0}. Then we have

p(t,r) = 0}. We can define the limit velocity u(¢,r) by setting u(t,r) := a.e. on {(t,r) :

m(t,r) = p(t,rult,r).

We can also define (%)(t, r) :=+/p(t,r)u(t,r),whichisOa.e.on {(t,r) : p(t,r) = 0}. Moreover,

we obtain that, as € — 0+,

mé m
= \/p'u* — — = +/ou strongly in L*([0,T] x [d, D], r"~'drd¢)

VP Ve

for any given T and [d, D] € (0, o).

3(y+1)

Notice that |m| 73 < C(p|u|® + p’*') which, together with (4.109), yields that

(R?)x L? (R?) (5.2)

P
(0%, m®) — (o, m) inL ' (RY o

loc
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3(y+1) pj .
for p; € [1,y +1) and p, € [1, ny)’ where Llojc(lRi) represents LPi([0,T] x K) for any T > 0
and K € (0, ), j = 1,2.
From the same estimates, we also obtain the convergence of the mechanical energy ase — 0+ :

n*(pf,m?) — n*(p,m)  inL! (R?).

loc

Since n*(p, m) is a convex function, by passing limit in (4.23) and (4.25), we have

ty [+S)
/ / m*(o, m)(t,r) + p(t,r)} r"~ldrdt < C(M, Ey)(t, — t1), (5.3)
which indicates that
(o]
sup / {n*(o, m)(t,r) + p(t,r)} r"~'dr < C(M, Ey). (5.4)
0<t<T Jo

That is, p(t,r) € L®([0, T]; L”(R; r"~'dr)), since 5*(p, m) contains a term: o’. This indicates that
p(t,x) is a function in L*([0,T]; L”(R™)) for y > 1 (rather than a measure in space-time), so
that no delta measure (i.e., concentration) is formed in the density p in the time interval [0, T,
especially at the origin r = 0.

2. A direct calculation shows that

T D
lim//
e—0+ 0 0

)

T D
<D lim / / |p%(t, z) — p(t, z)| z"*~1dzdt + C(D, T,M,Eo)an(l_;
0 o

e—=0+

,
/ 0%(t,z) 2" 1dz — / o(t,z) z" 1dz|drdt
0

r
0

n(1-1)
<Cc(D,T,M,E)o = 7,

which, as € — 0+ (up to a subsequence), yields that
r r
(L, r)r! = K/ 0%(t,z) z" 1dz — K/ p(t,z)z"ldz ae (t,r) € R2. (5.5)
0 0

Then, using Fatou’s lemma, (4.23), (5.1), (5.5), and similar arguments as in (5.3)-(5.4), we have

o] r
/ (/ o(t,z) z”‘ldz>p(t, r)rdr < C(M,E,) forae.t>0. (5.6)
0 0

Estimate (4.31) implies that there exists a function ®(t, x) = ®(t, r) such that, as ¢ — 0+ (up to
a subsequence),

®°— @ weak-* in L°(0, T; H, (R")) and weakly in L*(0, T; H,, (R")), (5.7)
19O 2+ VOOl S COLE)  ae.t20 (5.8)

It follows from the uniqueness of limit and (5.5) that

.
@,(t,r)r" ! = K/ p(t,z2)z"ldz  ae (t,r) € RI. (5.9)
0
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To prove the energy inequality for the case that x = 1 (gaseous stars), we need the strong
convergence of the potential functions. Notice that

2
r
rnl_l / (0f — p)(t,2)z"1dz| < C(M)r—"*! forr >0anda.e t >0,
0
which yields that
(o] 1 r 2
/ —— / (0f — p)(t,2) z"1dz| dr < C(M)k—"+2 ae t>0. (5.10)
k 0
Using the Holder inequality,
1 " 2 r ; m(1-1)
-1 / (0 = p)(t,2) 2" dz| < CrH! </ () + Py)zn_ldz> r v
0 0
n+1—2—n
<C(Ey,M)r v a.et>0. (5.11)

Since n+1 — 2 > —1 for y > %, then it follows from (5.1), (5.11), and Lebesgue’s dominated
V4 n
convergence theorem that, for any given k > 0,

[[7
0 0 rn—l

which, together with (5.10), yields that

2
drdt - 0 ase — 0+,

/ (6 - P)(t,2) 2"z
0

T 9
lim / / |(®S — @,)(¢,r)|? r"~1drdt
o Jo

e—0+
i T | I
= Jim /0 /O — /0 (o = p)(t, 2) 2"~ 1dz| drdt
T ko r 2
sC(M)Tk_”+2+El_i>r(g_/0 /o — /O(pg—p)(t,z)z"_ldz drdt
<CM,T) k"2,
Then (4.32) follows by taking k — oo to obtain
rore 2
lim /O /0 [(@5 — @,)(t,r)|2r"~tdrdt = 0 ify>n—+"2. (5.12)

3. Now we define

(o, M. O)(t,3) = (p(t, ) (t,1) 7, (L, 1),
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Using (4.110), Fatou’s lemma, and (5.12), we have

15}
1) M 2 x
//<5|—‘ +pe(p)—5|V<I>|2>(t,X)dde
2 e 21

<(t,—t) | + poe(po) — —|V¢’0|2>(X)dx

Rn <2‘\/_

which implies that, for a.e. t > 0,

/‘(] ]+pdm——nmﬁ)axmx</‘(] ]+p¢@@——W@#)@Mx

This leads to (2.3)—(2.4).

4. In the following, we prove that (o, M, ®)(t,x) is indeed a global weak solution of problem
(1.1)-(1.3) in R".

Let ¢(t,x) € Cé([R X R™) be a smooth function with compact support. Then it follows from
(4.38) that

/ (¢, + ME - V¢) dxdt + / pe(x)$(0,x) dx = 0. (5.13)
RTA Rn

Without loss of generality, we assume that supp ¢ C [T, T] X Bp(0) for some T, D > 0. Let ¢(t,r)
be the corresponding function defined in (4.42). Using (4.46), (5.2), and similar arguments as in
the proof of Lemma 4.9, we see that, for any fixed o > 0,

lim / / (P%¢ + ME - V) dxdt = lim / / (0P, + mte,) w,r*~'drdt
=0+ J R™\B,(0) =0+ /o =

/'/'w@+m@MMWMMt
0 o

= / / (6¢,+ M-V dxdt.  (514)
"\Bo(0)

Using (5.4) and similar arguments as in (4.44), we have

(p° — p)S; dxdt

B5(0)
T o % e 1_1
< CiSlcr. T) / / (o) +p")r"~drdt {/ r”‘ldr}
o Jo 0
n(1->)
SC(EO’Ma ||§||CI,T)O' v — 0 aSO'—>O’ (515)

and
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T
/ / — M) - V¢ dxdt
o B0

1

<C{/ / (lm |2 >(t P|¢,| = 1drdt}2

1

T o 2
4 n—1
><{/0 /0 0+ P)ED) [, drdt}

nn-t
< C(Ey, M, ||§||C1,T)02( ) —0 aso — 0, (5.16)

which, together with (5.14)-(5.16), yields that

lim (P%¢ + ME - V) dxdt = / / (P + M - V) dxdt. (5.17)
=0+ Jo Jrn 0o Jmn
Taking ¢ — 0+ in (5.13) and using (5.17), we conclude that (p, M) satisfies (2.5).
Next, we consider the momentum equation. Let ¢ = (¢, ..., ¥,,) € (CS([R X R"))" be a smooth
function with compact support, and let y,(r) € C®(R) be a cut-off function satisfying (4.54).
Without loss of generality, we assume that supp C [T, T] X Bp(0) for some T, D > 0. Denote

Y, = ¢yx,. Then we have
v)\pg } dxdt

1 . ME ME
E/MH {EME.(AIPUJFde%Hﬁ-(V pe-v)lpa + Vit - (\/E

nﬂ\/_{VEX@X \/_\/_u<n><n_ gx>}:V‘P0dth

1
<C //|Vf|2dxdt+s/
0 Rn R

<C(0,Ep,D,T)Ve — 0  ase — 0+. (5.18)

1
|m£|2 n—3 ’ © £ 2 :
Tr drdt € P VY, |~ dxdt

0 n

2
+

For the potential term, it follows from (5.2) and (5.7) that
e—>0+

lim / " PEVOE - W dxdt = / N oV - ¥, dxdt. (5.19)
R" R"

Using (5.18)-(5.19) and passing limit ¢ — 0+ (up to a subsequence) in (4.61) yield that

/ {M'at‘l’g+ﬂ~(ﬂ~V>l1‘a+p(p)div‘Pa—de>-‘Pg} dxdt
Rn+1

NN
+ / M, - ¥,(0,x)dx = 0. (5.20)
Rn

In the following, we take limit ¢ — 0 in (5.20). Notice that, for any T > 0 and D > 0,

T D
/ / <m72 + p(p)>(t,r) r"~ldrdt < C(Ey,M,D,T), (521
0 0
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which, together with similar arguments as in (4.65), yields that

g—0+

lim M- 0,¥, dxdt +
R Rn

M - P,(0,%) dx>
= M -0, dxdt + M, - (0, x) dx. (5.22)
Ri+l Rn

Using (4.62)-(4.63) and (5.21), we have

m? X,
/Riﬂ <7 + P(p)) ¢ ’ 7 Xa(r) dxdt

e8] 20 m2
< / / <? + P(p)) lp(t, o () "~ drdt
0 o

T 20 m2
< C/ / <7 + p(p)> r"“ldrdt — 0  aso — 0+,
0o Jo

which, together with (5.21) and Lebesgue’s dominated convergence theorem, yields that
lim / {M . <M . V)‘PU + p(p) diV‘I’a} dxdt
o—0+ R+ \/E \/ﬁ

- Mo (M :
_/Ri“{\/ﬁ <\/5 V>¢+p(p)dlv¢} dxdt. (5.23)

For the term involving the potential, using (4.62)-(4.63), we see that

P<f”>< / P(f,z>z”‘1dz> (1. 1)Xs()| < CIPllcr) p(t.P)r / p(t,2) 2" 1dz,
0 0

which, together with (5.6), (5.9), and Lebesgue’s dominated convergence theorem, yields that

lim oV® - ¥, dxdt = lim @, ¢(t, 1) xs(r) w,r"1drdt
2

g—0+ n+1 g—0+
R” R2

oc—0+

— n—1
= 1</R2+ o(t, r)(/0 o(t,z)w,z dz>cp(t,r) drdt

= / pV® - 1 dxdt. (5.24)
R1+1

=x lim / p(t,r)(/ o(t, 2) conz”‘ldz)go(t,r))(g(r) drdt
R2 0

Substituting (5.22)—(5.24) into (5.20), we conclude that (o, M, ®) satisfies (2.6). By the Lebesgue
theorem, we can weaken the assumption that 1 € (C})" as € (Cy)".
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Finally, we consider the Poisson equation. Let £(x) € Cé(IR") be any smooth function with com-
pact support. For any ¢, > t; > 0, we use (4.75), (5.7), and similar arguments as in (5.17), and then
pass limit ¢ — 0+ (up to a subsequence) to obtain

t 15}
—/ / V&(s,x) - VE(x)dxds = K/ / (s, x)€(x) dxds. (5.25)
n JRn

1 . JR"

Applying the Lebesgue point theorem, we obtain that, for a.e. t > 0,

lim
ty,t1—>t

1)
5 1 0 /t1 /Rn V&(s,x) - V&) dxds = /Rn Vo(t,x) - VEX) dx, (5.26)

. 1
lim
thti—=t Iy — 1

5]
/ / p(s, x)&(x) dxds = / p(t, x)é(x) dx. (5.27)
n JRe Rn
Combining (5.25)-(5.27) together, we conclude that (o, M, ®) satisfies (2.7).
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APPENDIX: SOBOLEV’S INEQUALITY AND CONSTRUCTION OF THE
APPROXIMATE INITIAL DATA SEQUENCES

In this appendix, we first state Sobolev’s inequality used in Section 3-Section 4; see for example
[49, Sec. 8.3].

Lemma A.1 (Sobolev’s Inequality). Forn > 3, let Vf € L*(R") and limy|_,, f(X) = 0. Then

1117 5, < ANV, (A1)

Ln=—2
where A,, is the best constant which is given by

2

4 —=
=——w, A2
" nn—-2) A2

n+l
2

27
n+1
(=)

with w, 1 = as the surface area of unit sphere in R"*1,

We now construct the approximate initial data sequences (og, mg) and (pf)’b, ug’b) with desired
estimates, regularity, and boundary compatibility.

To keep the LP—properties of mollification, it is more convenient to smooth out the initial data
in the original coordinates in R"; so we do not distinguish functions (o, m,)(r) from (o, my)(x) =
(g, mp)(|x]) for simplicity below.

For the initial data (p,, m,), we assume that

2n 2
/ <p0 + ,og + pg’” + |ﬂ ) dx < o forx = —1 (plasmas) withy > 1,
R" VPo
(A.3)
2

2
/ <p0 + pg + |ﬂ ) dx < oo for x = 1 (gaseous stars) with y >
R /po n+2
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and denote
A\ = xpo,
which is well-defined, under assumption (A.3).

From now on, we denote C > 0 is a universal constant independent of €, §, and b.

Let J(x) be the standard mollification function and J5(x) : = ainJ (?) for 8 € (0,1). For later use,
1
we take § = ¢2 and define 5{(x) as

2
gy (x) 1= < /R Veox —y)J (y)dy + Ee""'2> : (A.4)

Then g (x) is still a spherzically symmetric function, that is, §;(x) = f;(|x|). It is also direct to
know that 55(x) > e?e2*I" > 0.
2n

LemmaA.2. Letq € {1,y}forx = 1(gaseousstars), and q € {1,7, n+2}for1< = —1(plasmas). Then

155llze < llpolla +Ce  ase € (0,1], (A.5)
El_i)%l { 185 — pollza + 4/ 25 — \/Po||L2q} =0, (A.6)
2
@ [ |vey/oi
Rn

dx < Ce(llpgllzr +1) — 0 ase — 0+. (A7)
Proof. 1t is direct to see that (A.5)-(A.6) follow from the standard property of mollifier operator.
For (A.7), we notice that
2
dx < Cé? /
Rn

= /R RV

2
[ Vw3V iy dx+ce
RVI

< Cllpollpe +Ce* — 0 ase — 0+.
]
In general, since /Rn po(x) dx # /R" 0o(x) dx = M, we define
M
PE(X) 1= ————pE(X). (A8)
Jan (%) dx

Combining Lemma A.2 and (A.8), we have

Lemma A.3. Let q =1 and y > 1 for x = 1 (gaseous stars), and q = 1,y, and % forx = -1
n
(plasmas). Then

/ po(x)dx =M, llogliza < Cllpolla +1)  foralle € (0,1], (A9)
Rn
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sl—i}(l)l+ { lleg — pollza + lly/ g — \/p_O“LZ‘I} =0,
2
VX\/,O(E)(X)

dx < Ce(llpgllzr +1) — 0 ase — 0+.

2 /
Rn

We define
AD] = xpj.
Then a direct calculation yields that
Lemma A.4. @ satisfy

195(@5 = @0)ll2 < Cllo§ —poll 2 — 0 ase— 0.

(A.10)

(A1)

(A12)

(A.13)

From (A.4), we know that p (x) is a good approximation. However, we don’t know yet whether

1 1
€ ~ h—h+a ; - — minf = i
po(b) = b with a : mln{z,(l J/)n}»

(A14)

is satisfied. In fact, (A.14) (which agrees with condition (3.12)) is required in the proof of
Lemmas 3.3-3.4. To solve this problem, we denote S = S(z) € C*(R) to be a cut-off function

satisfying

S(z)=0 ifz e (—,0],

S(z)=1 ifze|l,0),

S(z) is monotonic increasing in [0,1].
Now we define ﬁg’b (r) by

—a 2
5P = {\/pg(x){l = SQ(IxI = (b= 1)} + b2 SQIxI = (b - 1”)} -

It is direct to check that ﬁg’b(b) = b~("=%) which clearly satisfies (A.14).

Lemma A.5. The smooth functions ﬁg’b (x) defined in (A.16) satisfy (3.12) and
q <
/ <|p§;b(x> — i) + ‘ po” () — /P
[x|<b
2
g /
[x|<b
2n

dx < C(1+ llpollr) e,
where q € {1,y} for x = 1 (gaseous stars), and q € {1, y, n+2}for1c = —1 (plasmas).

2q
)dx—>0 asb — oo,

VA ()

(A15)

(A.16)

(A.17)

(A.18)
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Proof. Using (A.16), a direct calculation shows that

b
[ isteraxsc [ g co [ tdr <ol +14+57)
|x|<b [x|<b b-1
< C(llpollza + 1). (A.19)

Using (A.5) and (A.19), we have

2q
pe(x)| dx

/IXISb ﬁg’b(X) - pg(x)|q er /IXISb
(N ) (]

1
b 2
< C(lpollza +1) / |lpE(%)]9 dx + b—n+cc/ =1y
b-1<[x|<b b1

< Clpolls + 1 | (1Po@1e +¢7 ) rrotdr 45745 ) — 0 (A20)
b—2<|x|<b+1

Po(x)

dx>

1

as b —» oo, which implies (A.17).
For (A.18), a direct calculation shows that

VA/BE"(0) = V/p5(x) (1 — S(2(1x] — (b — 1))))

/ A€ \/ p—n+a 4 — (b — x
— 2< po(x — Vbt > S (2(|X| (b 1))) |X| >

which, together with (A.7), yields that

b 2
[ eb
52/0 ‘V Jo (x)’ dx < C¢?

< Cllloollz1 + e 0

2
pi(x)| dx + Ce? / (P5(x) + b™"*%) dx
1<|x|<b

~£b

In general, since /b_l <x<b P o (x)dx # M, we define

M
~£ b
(x)dx

Py () 1= 55" (). (A21)

fb 1<|x|<b

Combining (A.22) and Lemma A.5, we have
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Lemma A.6. The smooth function pf)’b(x) defined in (A.22) satisfies (3.12) and

/ pgvb(x) dx=M  foralle € (0,1]and b > 1, (A.22)
b=1<|x|<b
2q
q
/ ( p5 () — P + ‘\/pé”kx — /P )dx —0asb — oo, (A-23)
|x|<b

2
dx < C(llpollrr + 1), (A.24)

e[ [veveie
[x]<b
B

where q € {1,y} for x = 1 (gaseous stars), and q € {1,7, n+2}for1< = —1 (plasmas).
We define
b
ACD(E)' = Kpg’b l{b—lslxlsb}(x)’ (A.25)

where 1y,-1x|<py(X) is the indicator function of set {b~! < |x| < b}. Using (A.23) and by a direct
calculation yield

Lemma A.7. fbf]’b satisfy
,b b
IVx(®;” — @)1z < Cllog 1gp-1<jxj<by(X) — ,OSHL% -0 asb— . (A.26)

Next, we construct the approximate initial data for the velocity. We denote 145-1_5) to be the
indicator function of {x € R" : 4b™' < |x| < b — 2} and define uj(x) and ﬁg’b(x) as

1 mg
ut(x) := — (%), (A.27)
’ \/pg<x><\/% )
141
2P (x) 1= —— T 020 (4 — 3y Ty (y) dy, (A28)
O VA5 @) /R Vo )

where pg is the function defined in (A.8). Clearly, ag’b (x) is a spherically symmetric function, that
is, 5 (%) = a5 ().

Lemma A.8. uj(x) defined in (A.27) satisfies

2
/ pg(x)|ug(x)|2dx = / de foranye € (0,1], (A.29)

n n Po(X)
Tim 11055 = mollpa ) = 0. (A.30)

Moreover, ag’b(x) defined in (A.28) is in C°*(R") and satisfies

suppﬂf)’b c{xeR":2b7' <|x|<b-1}, (A.31)
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lim / PSP (015" (%17 dx = / p5 (30U, (%) dx, (A.32)
b—oo R R
: b ~e,b
bh_)nc}o oy iy — pgus Il = O. (A.33)

Proof. (A.29) follows directly from (A.27). Using (A.10) and (A.27), we have
Ak%%ﬂmmﬂm

=A$¢%—ﬁﬂ@%%ym
(L) (,

which leads to (A.30).
From (A.28), it is clear that ag’b(x) € C(R™) and supp ﬁg’b ci{xeR":2b7 ' <|x|<b-1}
For any given small constant € > 0, there exists small o = o(e) > 0 and large N = N(¢) > 1 such

that

dx

1

2 2
dx> —> 0 ase - 0+,

(v/#6 = Voo ®

2
/ [mo(x)] dx <. (A3
By (@ufx|zN}  Po(X)

Taking b > 0 large enough so that o > 6b~!, then it follows from (A.28) that

2
m
/ (\/ pstut — —0>(x) dx —0  asb— . (A35)
o<|X|<N+2 V Po
Since o > 6b~!, we use (A.34) to obtain
2
/ VoS @Es (x| dx
By (0)U{|x|>N+1}

<

2
m
/ (_01[4b*1,b—2] )(X —y)lp-1(y)dy| dx

\/P_o

/BU(O)U{IXIZNH}

2
s/ ImGOP -
By (0)Ulx|zN}  Po(X)

It follows from (A.27)—(A.28) and (A.35)-(A.36) that
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2 2
eb~cb . € _ eb~c,b my
<\/p0 i, —\/pou()) dx = (\/po i, —— dx
Rn Rn VFo
2
< / ( / ot &b P b Mo > dx
o<[x|<N+2 V Po
lmy(x)|?
e / 1@ 4
By (@ufxi>N}  Po(X)
-0 (A.37)

as b —» oo, which yields (A.32).
Using (A.23), (A.31), and (A.37), we see that, as b — oo,

[l = pipppoo) ex

(L) (L[5 o
LR (e

which implies (A.33). O

>i

dx — 0,

We still need to modify af)’b(x) so that it satisfies the stress-free boundary condition (3.4) at
r = b. Let S(-) be the function in (A.15). Then we define

(A.38)

) . L1 P ee@)
uob(X) = b(X) - _S(4(|X| ( _))) |X|n_1 -/|| Eb(z)

It is direct to check that u (x) € C*([b~!, b)) satisfies the following boundary conditions:

_ -1
uS’ (b =0, { P> —ep%? <u + 2= gb> } =0. (A.39)
r=b
A direct calculation shows from (A.16) that
[ Ve oous e - eioom?
|x|<b
b 2
oot | [ @y 2 ar
r
< Ce2p2r-Dn—a) _, o asb — 0. (A.40)

Therefore, combining (A.31), (A.37), and (A.40), we conclude
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Lemma A.9. For fixed ¢ > 0,

Ve oou o] ax= | |/feiouseo

Veg @u" () — /o5 (us(x) in L2({|x| < b}) asb — .

2 2

lim dx,

b—o0 x|<b

With pf(x), pg’b(x), u§(x), and uf)’b(x) defined respectively in (A.8), (A.22), (A.27), and (A.38),

we can construct the approximate initial data (pg’b, mg’b)(r) = (pf)’b, pg’bug’b)(r) for (3.1)-(3.6): For

0
b > 1, define
(5" 145") (1) = (P G0 5" (0) 11y 1 (- (aan

Then, collecting all the above estimates, we have the following results.

Lemma A.10. Let (pg’b,ug’b)(r) be the functions defined in (A.41) so that (pg’b,ug’b ) is in

C®([b~1, b)) and satisfies the boundary condition (A.39). Let q € {1,y} for x = 1 (gaseous stars),
2n

and q € {1,7, n—ﬂ}fork = —1 (plasmas). Then

(i) Foralle € (0,1],

/o p(r) w,r"tdr = M, EZ/O |ar\/P8(")|2 rTldr < Ce(M + 1),

Moreover, as € = 0+,
(S, ES) — (Eo,0),
(P M) — (o, me)(r)  in LI([0, 00); 7"~ 1dr) x L([0, c0); 7"~ 'dr),
®f, — Dy, in L*([0, 00); " 1dr),

where Eg,Ei, and E are defined in (2.16), (2.17), and (2.1), respectively. Moreover, there exists a
small constant g, > 0 such that

2(n—-1)

n

M < Mi(y) foralle € (0,gp] andy € (:—J’:Z, 1,

where M(y) is defined in (3.26).
(ii) Fore € (0,1]and b > 1,

) b
/ P (1) w,r"~ldr = M, 82/ 10:/£5" ()] - dr < Ce(M +1).
b1 0

Moreover, for any fixed € € (0,1], as b - oo,
(Ez,b Ez,b) N (EE E&)
0 ™1 B/
e,b eb . L on— L on—
oy my )r) — (05, mg)(r) in L4([0, b];r"~dr) x L'([0, b]; "~ 'dr),

o’ — @ in L*([0, c0); "~ dr),
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where Eé’b and Ei’b are defined in (3.7) and (3.8), respectively. Furthermore, there exists a
constant B(e) > 1 such that

2n  2(n—1)

M <M%(y)  fore €(0,5], b>B), andy € . 1, (A.42)

n

where MEP(y) is defined in (3.9).
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