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Abstract

Algebra and geometry are important components of mathematics that are often considered
gatekeepers for future success. However, most studies that have researched the cognitive
skills required for success in mathematics have only considered the domain of arithmetic.
We extended models of mathematical skills to consider how executive function skills play
both a direct role in secondary-school-level mathematical achievement as well as an indirect
role via algebra and geometry, alongside arithmetic. We found that verbal and visuospatial
working memory were indirectly associated with mathematical achievement via number fact
knowledge, calculation skills, algebra and geometry. Inhibition was also indirectly associ-
ated with mathematical achievement via number fact knowledge and calculation skills.
These findings highlight that there are multiple mechanisms by which executive function
skills may be involved in mathematics outcomes. Therefore, using specific measures of
mathematical processes as well as context-rich assessments of mathematical achievement
is important to understand these mechanisms.

1. Introduction

Learning mathematics is important. Individuals with poor mathematics skills at age 21 are
twice as likely to be unemployed at age 30 compared with individuals with sufficient mathe-
matical skills [1]. It is therefore crucial to understand what skills contribute to success in math-
ematics. Recently, considerable attention has been paid to the role of domain-general skills,
and specifically executive function skills, in explaining individual differences in mathematics
outcomes.

To understand the role of domain-general skills on mathematics it is crucial to consider the
multi-componential nature of mathematics. Mathematics is not a unitary skill, but
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Fig 1. The multi-level framework of mathematics (adapted from Gilmore, 2023 [2]) indicating the specific
components of mathematics and domain-general skills assessed in this study.

https://doi.org/10.1371/journal.pone.0291796.9001

encompasses multiple specific skills and components of knowledge. The multi-level frame-
work [2] (Fig 1) proposes that overall achievement in mathematics, i.e. as measured by curric-
ulum assessments or broad standardised tests, arises out of proficiency with specific
components of mathematics (e.g., calculation skills, number fact knowledge, algebra). These
specific components in turn draw on basic mathematical processes such as symbolic compari-
son skills or numerical order processing. According to this framework, domain-general skills
play a direct role in basic mathematical processes and specific components of mathematics [2,
3]. The relationship between domain-general skills and overall mathematical achievement
may be fully explained by the role of domain-general skills in these specific components and
basic processes, or domain-general skills may play an additional direct role in mathematics
achievement. Here we investigate this framework with a broader range of specific components
of mathematics skills than have been previously assessed.

Below we first consider the importance of EF skills in overall mathematical achievement
(section 1.1) and arithmetic (1.2) before considering how these may be associated via direct
and indirect relationships through specific components of mathematics (1.3). We then outline
evidence about the relationship between executive function skills and algebra and geometry
(1.4), and finally describe the current study (1.5).

1.1 EF skills and overall mathematical achievement

Throughout this paper, we use the term EF, which according to Miyake et al (2000)’s [3]
model can be divided into three components. These are: updating or working memory (WM),
the ability to hold information in mind and manipulate it; inhibition, the ability to suppress
irrelevant or incorrect stimuli; and shifting, the ability to think flexibly in problem solving and
shift attention between different stimuli.
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Of the three components of EF, empirical evidence is strongest for the relationship between
WM and mathematical achievement [4]. Syntheses of evidence show that both verbal and
visuospatial WM are associated with mathematical achievement [4, 5], although the strength
of the relationships with mathematical achievement may differ, with higher zero order correla-
tions for measures of visuospatial WM (r = .60) and mathematics achievement, compared with
verbal WM (r = .47) [6].

The roles of inhibition and shifting in mathematics achievement are less clear. In studies of
adolescents and adults, inhibition tasks that involve non-numerical stimuli have a smaller or
no significant association with mathematical achievement compared with inhibition tasks
involving numerical stimuli. This was evidenced when the assessment of mathematics achieve-
ment focused on single and multi-digit arithmetic in children aged 6-8 years [7] or broader
mathematical reasoning in individuals aged 8-25 years [8]. However, when included in a
broader model of domain-general skills that also included visuospatial processing, non-
numerical inhibition was an independent predictor of mathematical reasoning scores [9]. The
literature is mixed as to whether inhibition is a predictor of mathematical achievement inde-
pendent of WM [7, 10, 11] and shifting [10, 11]. These studies assessed mathematical achieve-
ment across a range of mathematical topics using the Group Mathematics Test [7], the
Woodcock Johnson revised test (WJRT) [10] or the Cito mathematics test [11].

Moderate correlations between shifting and mathematical performance have been found in
meta-analyses [4, 12] without controlling for WM, with some evidence that there are stronger
correlations for younger children and those with mathematical difficulties [4]. However, shift-
ing was not a predictor of mathematical achievement independent of WM and inhibition in
another study [8]. Some of the mixed findings could be explained by age, as it is suggested that
the involvement of inhibition and shifting may increase with increasing complexity of the
mathematical tasks [13]. The majority of studies have focused on children in primary educa-
tion. It is thus important to explore the role of these EF skills in mathematical achievement in
secondary education where mathematical tasks become increasingly complex.

The mixed findings between EF component skills and mathematical achievement may be
due to differences between tasks used across studies, especially for inhibition see [8]. EF tasks
often draw upon multiple components of EF, such as when participants are required to hold a
specific rule in WM when engaging in a switching task [14]. Therefore, different tasks may
draw upon different constellations of skills. EF components are intercorrelated, so it is impor-
tant to control for other components of EF when examining independent relationships
between components of EF and mathematical achievement [3, 11].

1.2 EF skills and specific components of mathematics

The studies outlined above consider broad measures of overall mathematics achievement.
However, to understand the role of executive function skills we must also consider the rela-
tionship with specific components of mathematics. The specific components of mathematics
that have been the focus of previous research include calculation skills, number fact knowl-
edge, word problem solving and understanding of arithmetic concepts. These different com-
ponents of mathematics may draw on EF skills to different extents. For example, domain-
general skills (which include measures of attention, language, phonological processing, pro-
cessing speed, concept formation and WM) collectively explain more variance in procedural
calculation skills compared with fact retrieval and conceptual understanding [15].

The specific relationships between individual EF skills (WM, inhibition, shifting) and indi-
vidual components of mathematics may also differ, reflecting the different mechanisms
involved. For example, WM may be used to hold interim solutions in mind during
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computation, problem representation and when accessing information stored in long-term
memory [16]. Inhibition may be implicated through the suppression of unwanted number
facts during retrieval. Finally, shifting may be involved through switching between different
arithmetic procedures and representations of number, such as verbal numbers and written
Arabic numerals [14, 17].

WM has been associated with number fact knowledge [8, 18, 19]. For example, measures of
WM were associated with accuracy of addition and multiplication problems in children aged
6-8 years [18] and retrieval of addition and subtraction with totals less than 20 in children
aged 7 to 9 years [19]. Cragg, Keeble, et al., 2017 measured fact retrieval using addition for pri-
mary-school aged participants, both addition and subtraction for secondary school-aged par-
ticipants addition, subtraction, multiplication and division problems for undergraduate
students (age range 8-25 years) and found associations with working memory in all age groups
[8]. WM is also associated with calculation skills assessed using accuracy with written arithme-
tic in children aged 8-10 years [19] or assessed using the response time on mental arithmetic
[8]. Conceptual understanding, assessed by asking the participant to identify and explain rela-
tionships between arithmetic problems was also associated with WM [8]. Mixed evidence has
been found for an association between inhibition, shifting and number fact knowledge [8, 18].

1.3 Direct and indirect relationships between EF and mathematical
achievement

In summary, evidence to date has demonstrated that EF skills (most strongly WM) are related
to both overall mathematics achievement as well as some specific components of mathematics.
This raises the question of whether and to what extent the relationship between EF skills and
overall mathematical achievement can be explained by the role of these skills in specific com-
ponents of mathematics. Previous research using cross-sectional data in children aged 8-10
years has identified that verbal working memory has a direct effect on arithmetic word prob-
lem solving, but no indirect effect via calculation skills. This study by Tréff and colleagues used
path analysis to test an a priori model where domain general skills are associated with one or
more of symbolic number processing, number fact knowledge, procedural skills and arithme-
tic word problem solving [20]. This model also included measures of mental rotation, non-
symbolic number comparison speed and language comprehension as additional variables [20].
Cragg, Keeble et al. (2017) also used cross-sectional data to examine direct and indirect effects
of executive function skills [8]. Like Triff and colleagues, they found that in addition to an
indirect association between executive function skills and mathematical achievement via spe-
cific components, a direct relationship between WM and mathematics achievement remained
after controlling for the role of WM in number fact knowledge, procedural skills and concep-
tual understanding.

Why might a relationship between EF skills and mathematics achievement remain after
controlling for the role of these skills in specific components of mathematics? It might be that
EF skills are involved in more general processes such as problem representation and strategy
selection [21]. These processes may be involved in problems that tap into ‘real-word’ use of
mathematics that vary mathematical content across problems, typical of standardised assess-
ments of mathematical achievement. Alternatively, EF skills might have a direct relationship
with mathematics achievement over and above specific components because this reflects the
role of EF skills in children’s learning in the classroom and their ability to integrate new
knowledge with existing knowledge and skills. These roles for EF skills would not be captured
by assessments of specific mathematical skills which typically involve repeated application of a
particular procedures.
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Alternatively, these studies may have found direct effects of executive function skills on
mathematical achievement over and above the relationship with specific mathematics skills
because they only consider a restricted set of components of mathematics. To date this
research has only considered arithmetic-based specific mathematical skills [8]. However, there
is a broader range of mathematics components, including geometry and algebra skills. These
are a core part of the secondary school curriculum which are included in assessments of math-
ematical achievement at this level. Understanding how basic cognitive skills and specific com-
ponents of mathematics combine and give rise to individual differences in overall
mathematics achievement requires a broad perspective on mathematical skills beyond arith-
metic. Below we consider the potential role of EF skills in algebra and geometry.

1.4 EF skills and algebra and geometry

1.4.1 Algebra. Algebra is recognised as an important element of mathematics beyond
arithmetic and is often considered a “gatekeeper” topic for more advanced mathematics and
STEM subjects [22]. Students build their understanding of algebra on earlier arithmetical
knowledge. For example, students transition from using predominantly concrete strategies to
solve simple algebraic equations (e.g. inserting numbers) at age 13-14 years to more abstract
rule-based strategies at older ages [23]. Success in algebra is dependent upon multiple skills,
such as understanding of key concepts of pattern, function, equivalence and generalisation
[24] and the correct application of procedural skills learnt using arithmetic such as relations,
operations and their inverses [25]. However, if students have developed restricted conceptions
of certain arithmetical principles (e.g. equivalence) this may need to be inhibited to allow
appropriate use in algebra [26]. It is therefore possible that EF skills influence how easily stu-
dents move from proficiency with arithmetic to understanding algebra.

There is some existing evidence that EF skills are associated with success in algebra. Specifi-
cally, studies have found an association between achievement in algebra and WM in students
aged 11 and 15 years using verbal [27] or composite WM tasks [28]. Visuospatial but not ver-
bal WM was significantly associated with performance on algebra and fraction tests in adoles-
cents [29]. However, both verbal and visuospatial WM were associated with algebra
performance in children aged 10 [30]. A meta-analysis including 27 correlations between alge-
bra skills and WM found a small overall correlation (r =.27) [5].

Fewer studies have explored the association of other EF skills with algebra, yet it is plausible
that the ability to shift attention and think flexibly could be associated with the accuracy of
solving algebraic problems. However, no significant association was found between measures
of inhibition and shifting and the ability to solve algebraic word problems in students aged 11
years [28]. When a latent measure of EF (with manifest variables of shifting and inhibition)
was included in a model with WM and performance IQ, WM but not latent EF was signifi-
cantly associated with performance on algebra word problems [31]. Further research is needed
to identify the variance in algebra explained by different EF skills.

1.4.2 Geometry. Geometry is related to higher order logical reasoning and judgement
skills and thus may foster reasoning skills necessary for overall achievement in mathematics
[32]. Again, there is less evidence regarding the involvement of EF skills in geometry compared
with arithmetic. Visuospatial WM explained 20% of the variance in geometry skills, such as
calculating the area of a figure [33]. Verbal WM, in addition to visuospatial WM, was associ-
ated with geometry skills in another study [34]. According to a meta-analysis, WM is signifi-
cantly correlated with geometry, with no significant difference in the strength of the
relationship between verbal and visuospatial WM [5]. However, the relationship between WM
and geometry (r = .23) was weaker than the relationship between WM and whole number
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calculation (r = .35) or word-problem solving (r = .37) [5]. The relationship between WM and
geometry appears to be stronger in younger, rather than older, individuals [5]. However, one
recent study demonstrated that the ability to process spatial information, as opposed to visuo-
spatial WM, is the unique predictor of geometry in children [35]. Given these inconsistencies,
further research into the role of EF skills and the nature of the relationship between geometry
and mathematical achievement is needed.

1.5 The Present study

This study sought to understand how EF skills, including WM, inhibition and shifting, are
associated with specific components of mathematics as well as overall mathematical achieve-
ment. We extended the set of mathematical components investigated beyond arithmetic, typi-
cally the focus of research on this topic. We first tested the associations between measures of
EF skills and calculation skills, number fact knowledge, understanding of arithmetic concepts,
algebra and geometry in adolescents aged 12 to 14 years. Based on the existing literature, we
hypothesised that WM would be significantly associated with each of these specific compo-
nents of mathematics and also be directly associated with overall mathematical achievement.
Given the mixed evidence for the association of inhibition and shifting with specific mathe-
matical skills we did not specify directional hypotheses for these relationships. We hypothe-
sised that each of the specific components of mathematics would be positively associated with
overall mathematical achievement and would explain additional variance through this indirect
relationship between EF skills and mathematics achievement. In doing so we aimed to further
extend existing models of mathematics achievement [8, 36].

2. Method
2.1 Participants

The participants were 95 adolescents (48, 51% male) who attended mainstream secondary
schools in the United Kingdom. Their mean age was 13.70 years (SD 0.74, range 11.82 to 15.10
years). Participants were spread across four academic years: Year 7 (6%), Year 8 (36%), Year 9
(45%) and Year 10 (13%). Pupils across all year groups had received instruction in algebra and
geometry. The measures used were designed to capture variance in scores across these years.
Participants comprised the control group for a study of mathematical skills in adolescents
born <32 weeks of gestation. These between group comparisons have been published [37]. A
sensitivity analysis using G*Power version 3.1.9.7 demonstrated that 95 participants gave 80%
power to detect an effect size of f > = 0.14 in a multiple regression with 5 predictors and one
covariate. Following the guidelines provided by Fritz and MacKinnon (2007) our sample is
sufficient to identify indirect paths with combinations of medium and large effect sizes using a
percentile bootstrap approach [38].

2.2 Tasks

Participants completed a battery of measures spread throughout a school day. Regular breaks
were given. In addition to the measures listed below, participants completed additional tasks
that were not related to the questions investigated here. The study received ethical approval
from the Derbyshire NHS Research Ethics Committee (Ref 15/EM/0284). Parental consent
and participant assent were obtained.

2.2.1 Mathematics achievement. Mathematics achievement was assessed using the math-
ematical reasoning subtest of the Wechsler Individual Achievement Test 2nd UK edition
(WIAT-IIYY, [39]). Problems were context-based and were read aloud and presented visually.
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Participants could use paper for working but needed to give their answer verbally. The first 40
items from the starting point for this age group (item 21) included items on the following top-
ics: arithmetic (9 items; mostly word problems), fractions (9), data handling (7), number pat-
terns (5), time/date (4), geometry (4) and money (2). In this section of the WIAT there are no
algebra items. Some problems included illustrations and many items involved multiple
computational steps. Raw scores were used in the analysis.

2.2.2 EF Skills. 2.2.2.1 Verbal WM. A backwards word recall task was used to assess verbal
WM. Participants had to verbally recall one syllable animal names in reverse order to that pre-
sented verbally by the experimenter. The list of animals increased from two to nine (4 trials of
each span). Testing stopped when 3 trials in the same span were incorrect. Total correct num-
ber of trials were used.

2.2.2.2 Visuospatial WM. Visuospatial WM was assessed using the Mr X WM task from the
standardized Automated Working Memory Assessment [40]. Participants were shown a series
of pairs of rotated figures and asked to identify whether or not the figures were holding a ball
in the same or different hand to one another. At the end of the sequence, they were asked to
identify the locations of the ball held by one of the figures in the consecutive, correct order.
Raw scores were used.

2.2.2.3 Inhibition. Inhibition was assessed using the inhibition subtest of the NEPSY-II [41].
Participants were asked to provide opposite names for shapes and arrows as quickly as possible
(e.g. respond up for an arrow pointing down). The combined scaled score combines both
accuracy and speed. The reliability score for the combined scaled score for age 13-16 was .73
as reported in the NEPSY-II manual.

2.2.2.4 Shifting. Shifting was assessed using the animal sorting subtest of the NEPSY-II. Par-
ticipants were asked to sort eight animal cards into two categories with four cards in each. Par-
ticipants had six minutes to identify as many categories as possible based on the characteristics
of the card. The combined scaled score incorporates both the number of novel sorts and errors.
The reliability score for the combined scaled score for age 13-16 was .96 as reported in the
NEPSY-II manual.

2.2.3 Specific Components of Mathematics. 2.2.3.1 Number Fact Knowledge. Number
fact knowledge was assessed using the age 13-14 version of the number fact knowledge task
from Cragg, Keeble et al. (2017) [8]. Sixteen addition and subtraction problems (e.g. 11 + 4)
were read aloud to participants. Participants were required to respond with the answer as
quickly as possible without performing any mental calculation and to respond with 'T don’t
know’ if they couldn’t recall the answer. The percentage of known number facts, i.e. facts
recalled within three seconds, was recorded. McDonald’s Omega was .87 excluding trial 12
where there was no variance in the scores.

2.2.3.2 Calculation skills. Calculation skills were assessed using a composite of performance
on mental and written arithmetic tasks. Mental calculation efficiency was assessed using the
age 13-14 version of the procedural skills task from Cragg, Keeble et al. (2017) [8]. This task
comprised 12 arithmetic problems presented on a computer screen and read aloud by the
experimenter. Participants were instructed to solve the problem using any mental strategy they
wished (retrieval, decomposition, counting, fingers). A verbal response was provided by partic-
ipants and this answer and response time was recorded by the experimenter. The median
response time for all correct trials for each participant was computed and standardised using z
scores. Z scores were reversed by multiplying by -1 so that a higher z score indicated better
performance.

Written calculation was assessed with a task based on the multi-digit arithmetic task used
by Delazer et al. (2003) [42]. To avoid ceiling effects seven additional trials were added follow-
ing pilot testing. Participants completed 16 problems on a worksheet (four each of addition,
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subtraction, multiplication and division), which were presented in a fixed order. Participants
were asked to record their answer and working on the sheet. Addition and subtraction prob-
lems included two-, three- or four-digit numbers. Multiplication and division problems
included one-, two- or three-digit numbers. The problems were presented horizontally on the
worksheet, not in column format (e.g. 315 x 60 =). This task was untimed. Percentage accuracy
was recorded and z scores computed. McDonald’s Omega was .80.

A composite calculation measure was calculated by summing the z scores across the mental
and written arithmetic tests.

2.2.3.3 Understanding of arithmetic concepts. Conceptual understanding was assessed using
the age 13-14 version of the conceptual knowledge task from Cragg, Keeble et al. (2017) [8]. A
completed arithmetic problem with the answer was presented on a computer screen and read
aloud by the researcher followed by a second problem with the answer missing. Participants
were asked if they could use the first problem to help solve the second problem. They were not
required to provide the answer, but to explain whether or not the first problem could be used
to derive the answer to the second problem. Eighteen pairs of related trials, where the first
problem could be used to solve the second problem, and twelve unrelated trial pairs were pre-
sented. The related trials were related by the principles of subtraction-complement principle
(e.g. 148-73 = 75; 148-75 =), inverse operations (e.g. 15 x 6 = 90; 90 +6 =), and associative
operations (e.g. 94-35-15 = 44; 94-50 =). The problems included addition and subtraction of
two or three double-digit numbers, and multiplication and division of double-digit and single-
digit numbers to prevent participants from attempting to solve them by computation. Out of
the 12 unrelated trials, six were excluded as some participants identified alternative relation-
ships. Twenty-four trials were included in the analysis. Percentage accuracy was recorded.
McDonald’s Omega was .70.

2.2.3.4 Algebra. Algebra was assessed using 15 items (numbered 2a; 2b; 3; 4a; 4b; 4c; 5a; 5b;
5¢; 6a; 11a; 11b; 16; 18b and 20) from the Concepts in Secondary Mathematics and Science
algebra test [43]. The test was designed to evaluate pupils’ understanding and use of symbols
in algebra, specifically to measure students reasoning about the use of letters in expressions
(e.g. ignoring letters, evaluating letters, treating as a specific unknown, treating as a generalised
unknown or treating as a variable) [44, 45]. The items involve comparing, manipulating and
reasoning about algebraic expressions. This paper-based task had no time limit. Percentage
accuracy was recorded. McDonald’s Omega was .79.

2.2.3.5 Geometry. Geometry was assessed using the first 15 items from the Van Hiele-
Revised geometry test [46]. Items included identifying squares, triangles, rectangles, parallelo-
grams and answering questions about the properties of squares, rectangles, rhombuses and
intersecting circles. Questions were multiple choice from four options. This paper-based task
had no time limit. Percentage accuracy was recorded. McDonald’s Omega was .52.

2.3. Data analysis

First, regression analyses were used to compare the variance in mathematical achievement
explained by specific components of mathematics. Given that previous research has typically
not included measures of algebra and geometry we were interested in identifying the variance
in mathematical achievememnt explained when algebra and geometry were added to a model
including calculation skills, number fact knowledge and understanding of arithmetic concepts.
Second, regression analyses assessed the association between EF skills and overall mathemati-
cal achievement, number fact knowledge, calculation skills, conceptual understanding, algebra
and geometry. Finally, mediation models were used to ascertain if the relationship between
individual EF skills and overall mathematical achievement included indirect paths via the
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Table 1. Descriptive statistics.

measures of specific mathematical skills, thereby explaining additional variance in mathemati-
cal achievement. All analyses were conducted in SPSS version 25. Age was included a covari-
ate/predictor in all analyses.

3. Results

Descriptive statistics of mathematical achievement, EF and specific mathematical skills are pre-
sented in Table 1. The mean score on the conceptual knowledge task indicates ceiling effects
may be present for this task.

All EF and mathematical skills were significantly correlated with mathematical achievement
(r=.27tor =.73; Table 2) when age was controlled for.

3.1 Role of specific mathematical skills in mathematics achievement

A hierarchical regression analysis using age, number fact knowledge, composite calculation
skills, and understanding of arithmetic concepts as predictors (model 1) explained 56% of the
variance in mathematics achievement. Including algebra and geometry as additional predic-
tors explained 71% of the variance, an additional 15% (Table 3). For model 2, number fact
knowledge, composite calculation skills, algebra and geometry but not conceptual understand-
ing were significant unique predictors of mathematics achievement. Age was not a significant
predictor in the regression models. This suggests that the inter-individual variance in mathe-
matical skill proficiency within ages masks any age differences across the sample.

3.2 Role of EF skills in mathematics achievement and specific mathematical
skills

Hierarchical regressions were conducted using age, verbal WM, visuospatial WM, inhibition
and shifting as predictors of overall mathematics achievement, number fact knowledge, calcu-
lation skills, conceptual understanding, algebra and geometry (Table 4). Verbal WM was a sig-
nificant independent predictor of overall mathematics achievement and algebra. Visuospatial

N |Mean SD Minimum | Maximum | Skew | Kurtosis

Mathematical achievement (WIAT-II mathematical reasoning raw score) 95| 53.80 | 5.78 40.0 66.0 -.19 -.45
EF skills

Verbal WM (backwards word recall total correct) * 94 | 14.55 | 4.49 6.0 27.0 .53 .29

Visuospatial WM (AWMA Mr X raw memory score) b 94| 16.25 | 5.63 6.0 34.0 .83 49

Inhibition (NEPSY-II inhibition combined scaled score) 95| 8.87 | 3.42 1.0 16.0 -.15 -.66

Shifting (NEPSY-II animal sorting combined scaled score) 95| 9.95| 3.42 1.0 17.0 -.06 -.51
Mathematical skills

Number fact knowledge (% correct <3s) 95 | 77.43 | 20.97 27.0 100.0 -.54 -.94

Mental calculation skills (mental arithmetic median RT for all correct trials) 95| 7.49 | 3.27 2.96 19.67 1.09 1.48

Written calculation skills (% correct on written arithmetic) 95| 76.78 | 18.77 25.0 100.0 -.89 31

Composite of calculation skills (z scores of reversed mental arithmetic RT + z scores of written 95| 0.0 1.69 -6.15 2.52 -.80 .62

arithmetic % correct)

Conceptual knowledge (% correct) 95 92.24 | 10.33 38.0 100.0 -2.53 8.29

Algebra (% correct) 95| 66.11 | 19.39 7.0 100.0 -.37 -.16

Geometry (% correct) 95 | 48.98 | 15.0 13.0 87.0 49 .08

* One score missing due to experimenter error,

® one score missing due to a technology issue

https://doi.org/10.1371/journal.pone.0291796.t001
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Table 2. Correlations between EF, mathematical skills and mathematical achievement (n = 93).

Mathematical achievement 1 2 3 4 5 6 7 8 10 11 12
Mathematical achievement (1) - 0.50** 0.55%* 0.33%* 0.27** 0.61** 0.55** 0.61** 0.70** 0.44** 0.73** 0.58™*
Verbal WM (2) - 0.30* 0.19 0.40** 0.25* 0.25* 0.30** 0.33** 0.19 0.45** 0.28**
Visuospatial WM (3) - 0.07 0.14 0.45** 0.37%* 0.37** 0.44** 0.32** 0.39** 0.37**
Inhibition (4) - 0.24* 0.21* 0.21* 0.27** 0.29** 0.02 0.18 0.44**
Shifting (5) - 0.29** 0.19 0.24* 0.26* 0.28** 0.23* 0.27*
Number fact knowledge (6) - 0.64** 0.41** 0.63** 0.54** 0.47** 0.35**
Mental calculation skills (7) - 0.40™* 0.84** 0.59** 0.50™* 0.32%*
Written calculation skills (8) - 0.83** 0.35%* 0.51** 0.47**
Calculation skills composite (9) - 0.57** 0.61** 0.47**
Conceptual skills (10) - 0.51** 0.31**
Algebra (11) - 0.52**
Geometry (12) -
Age (13) .07 .08 .14 25% -<.01 11 -<.01 -.01 -.01 .01 11 .14

Correlations are partial correlations controlling for age.

*p <.05,
*p <.01

https://doi.org/10.1371/journal.pone.0291796.t002

WM was a significant independent predictor of overall mathematics achievement, number
fact knowledge, calculation skills, conceptual understanding, algebra and geometry. Inhibition
was a significant independent predictor of mathematics achievement, calculation skills and
geometry. Shifting was a significant independent predictor of conceptual understanding only.
The model including all the EF skills explained a significant amount of variance for overall
mathematics achievement and for all the specific mathematical skills. EF skills explained the
greatest variance in overall mathematics achievement (48%).

3.3 Indirect relationships between EF skills and mathematics achievement

Finally, because three of the EF skills (verbal WM, visuospatial WM and inhibition) and four
of the specific mathematical skills (number fact knowledge, calculation skills, geometry and

Table 3. Hierarchical linear regression predicting mathematical achievement by specific mathematical skills.

B Model 1 B Model 2
Age .05 -.01
Number fact knowledge (%A) 27 24
Calculation skills (composite of z scores) 56%* 31%*
Conceptual understanding (%A) -.01 -12
Algebra (%A) - 42%*
Geometry (%A) - .16*
1§ 56 71
F Change 38.22** 22.17**
N=95
*p <.01,
*p <.05

% A: percentage of items answered correctly, composite of z scores of reversed mental calculation reaction time and z

scores of total correct items for written calculation

https://doi.org/10.1371/journal.pone.0291796.t003
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Table 4. Hierarchical linear regression predicting overall mathematical achievement and specific mathematical skills by EF skills.

Mathematics achievement | Number fact knowledge p | Calculation | Conceptual understanding p | Algebrap |Geometry p

Age -.08 .02 -12 -.02 .03 .<.01
Verbal WM (TC) 325 .02 14 01 33%* 07
Visuospatial WM (raw) 446 T 38 29 28** 30**
Inhibition (SS) 247 14 20%* -.07 .09 38%*
Shifting (SS) .03 19 .10 25* 04 11

R? 48 28 30 .16 28 34

F Change 20.34** 8.23** 9.08** 4.26** 8.42** 10.39**
*p <01,

*p <.05

N = 93, missing data were excluded pairwise

TC- total items correct, raw = raw score, SS = Scaled score

https://doi.org/10.1371/journal.pone.0291796.t004

algebra) were significant independent predictors of mathematics achievement, three separate
mediation models were run (using the PROCESS macro, [47]) to test whether the relationship
between each of the EF skills and overall mathematics achievement included significant indi-
rect paths via the specific mathematical skills. Number fact knowledge, calculation skills, alge-
bra and geometry were entered as mediators for each model. The dependent variable was
overall mathematics achievement. Age was entered as a covariate in all models (Table 5).

For visuospatial WM, there were significant indirect effects on mathematics achievement
through all four specific mathematical skills (number fact knowledge, calculation skills, algebra
and geometry). The indirect path via algebra was the strongest. There remained a significant
direct effect of visuospatial WM on mathematics achievement once the mediators were con-
trolled for (see Fig 2a).

For verbal WM, there were significant indirect effects on mathematics achievement
through all four specific mathematical skills. The indirect path via algebra was again the stron-
gest. A significant direct effect of verbal WM on mathematics achievement remained after con-
trolling for the mediators (see Fig 2b).

For inhibition, there were significant indirect effects on mathematics achievement through
number fact knowledge and calculation skills. The indirect paths through algebra and geome-
try were not significant. After controlling for the mediators, there was no longer a direct effect
of inhibition on mathematics achievement (see Fig 2c).

4. Discussion

Our results confirm and extend existing models of mathematics [8, 36] through the inclusion
of a broader range of specific mathematical skills including algebra and geometry. In support
of our hypothesis, we found that both visuospatial and verbal WM was associated with number
fact knowledge, calculation skills, algebra and geometry performance Only visuospatial WM
was associated with understanding of arithmetic concepts. We found that visuospatial WM,
verbal WM and inhibition were indirectly associated with mathematics achievement via spe-
cific mathematical component skills. Our findings provide further evidence for relationships
between specific EF and specific mathematical skills, which are in turn associated with overall
mathematics achievement. In other words, the well-established association between EF skills
and mathematics achievement is somewhat, in the case of WM, or substantially, in the case of
inhibition, explained by the association between these EF skills and specific components of
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Table 5. Age added as a covariate for all models. Parallel mediation analysis between predictors visuospatial WM, verbal WM and inhibition, with mathematics achieve-
ment as the outcome and mathematical component skills as mediators.

Predictor Completely standardised point SE® P 95% Confidence Interval > | R?
estimate ™" Lower Upper
interval interval
Domain specific mediators of the relationship between visuospatial WM and mathematics achievement (n = 94)
Total effect (c) (X to Y) Visuospatial .55 .09 | <.001 .38 .73 31
WM
Direct effect (¢’) (X to Y controlling for M, M2 Visuospatial 18 .07 .012 .04 31 71
M, M%) WM
Indirect effects
Total .38 .06 25 49
Number fact knowledge a;b,* .08 04 <.01 17
Calculation skills ayb,* 11 .04 .04 20
Algebra a;bs* .14 .04 .06 22
Geometry asbs* .06 .03 .01 12
Domain specific mediators of the relationship between verbal WM and mathematics achievement (n = 94)
Total effect (c) (X to Y) Verbal WM .52 .09 | <.001 34 .70 27
Direct effect (c’) (X to Y controlling for M', M?, Verbal WM 18 06| 005 .06 31 73
M?, M%)
Indirect effects
Total 34 .06 21 .46
Number fact knowledge a,b,* .05 .03 <.01 11
Calculation skills a,b,* .09 .04 .03 17
Algebra a,b,* .16 .04 .08 24
Geometry asbs* .05 .03 <.01 .10
Domain specific mediators of the relationship between inhibition and mathematics achievement (n = 95)
Total effect (c) (X to Y) Inhibition .35 .10 .001 .15 .55 12
Direct effect (¢’) (X to Y controlling for M, M2, Inhibition .09 .07 173 -.04 23 71
M3, M%)
Indirect effects
Total .25 .09 .08 43
Number fact knowledge a,b,* .05 .03 <.01 12
Calculations skills a,b,* .08 .04 .02 .18
Algebra asby .07 .05 -.02 17
Geometry asbs .05 .04 -.02 .12

*Significant independent mediator as confidence interval does not straddle zero.

* Completely standardised point estimate calculated according to the following formula S;%;Z) z = effect coefficient (e.g. a'b’ c). Used PROCESS generated completed

standardised estimates and SE for all indirect effects.
b Completely standardised point estimate, SE and confidence interval calculated manually for total effect (c) and direct effect (c’).

 Bootstrapped confidence intervals for indirect effects.

https://doi.org/10.1371/journal.pone.0291796.t005

mathematics. Our findings shed light on the role of EF skills in mathematics achievement, tak-
ing a multi-componential view of the nature of mathematics, with implications for under-
standing the challenges of learning mathematics. Below we first consider the importance of
different components of mathematics for overall achievement in mathematics and the role
that EF skills may play in each of these components before discussing the mechanisms which
may underpin the direct and indirect relationships that exist between these skills.
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Fig 2. a. Mediation model between visuospatial working memory, mathematical component skills and mathematics
achievement. b. Mediation model between verbal working memory, mathematical component skills and mathematics
achievement. c. Mediation model between inhibition, mathematical component skills and mathematics achievement.

https://doi.org/10.1371/journal.pone.0291796.9002
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4.1 Relationships with mathematics achievement

4.1.1 Algebra and geometry. Our study included a broader range of specific mathemati-
cal skills than most previous research. The inclusion of algebra and geometry tasks explained
an additional 15% of variance in mathematical achievement compared with that explained by
number fact knowledge, conceptual understanding of arithmetic, and calculation skills. This
demonstrates the importance of broad assessments of the mathematics curriculum to under-
stand what contributes to individual differences in mathematical outcomes. Our finding that
algebra performance was the strongest predictor of WIAT mathematics, despite this measure
including no algebra items, achievement measure supports the hypothesis that algebra is cru-
cial component of mathematics achievement. However, it is important to note that our find-
ings are correlational and so it is possible that proficiency with a broad measure of
mathematics achievement may also predict competency in algebra. Therefore, further longitu-
dinal research is needed to understand the directional relationship between algebra and math-
ematics achievement. Compared with algebra, geometry performance explained less variance
in mathematics achievement. It has been shown that geometry and mathematical reasoning
share higher order logical reasoning and judgement skills [32]. Therefore, like for algebra, the
direction of the relationship with overall achievement is unclear.

4.1.2 Arithmetic skills. It is important to note that, even in secondary school, basic arith-
metic skills (calculation skills, number fact knowledge and understanding of arithmetic con-
cepts) were significantly associated with mathematics achievement, explaining 56% of the
variance. Previous research has shown that arithmetic skills are foundational for later mathe-
matics achievement: arithmetic proficiency assessed at age 8 was an independent predictor of
mathematics achievement assessed at ages 11 and 14 [48] and poor foundational skills can
result in a persistent gap in achievement [49]. This highlights the importance of consolidating
basic arithmetic skills throughout primary and into secondary school.

Basic arithmetic skills comprise knowledge of number facts, the ability to carry out calcula-
tion procedures, and understanding of arithmetical concepts. Consistent with the findings of
Cragg, Keeble et al. (2017) factual knowledge and calculation skills each explained unique vari-
ance in mathematical achievement. However, in contrast to Cragg, Keeble et al. (2017) under-
standing of arithmetic concepts was not a significant independent predictor of mathematics
achievement in the current study. Previous research has highlighted the importance of concep-
tual knowledge for success in mathematics, and procedural and conceptual skills are mutually
co-dependent [50]. In line with this we found strong correlations between understanding of
arithmetic concepts, factual knowledge and calculation skills in the present study (see Table 2).
It is possible that the lack of a unique relationship between conceptual understanding and
mathematics achievement in our study was because our conceptual measure failed to provide a
valid measure of students’ understanding in this sample due to ceiling effects. The mean accu-
racy in the present sample was 92% compared with mean accuracy of 76-81% for 11 to
14-year-olds in Cragg, Keeble et al.’s (2017) study.

4.1.3 EF skills. Commensurate with previous research, verbal WM, visuospatial WM and
inhibition were associated with overall mathematics achievement [4]. Shifting did not signifi-
cantly independently contribute towards mathematics achievement and it was only associated
with conceptual understanding. This aligns with mixed evidence for the role of shifting in
mathematics achievement [4, 7, 10, 11]. It is important that studies include tasks which mea-
sure all components of EF, to enable the comparison of their relative predictive power. This is
illustrated in the present study, as whilst the correlations with mathematics achievement were
of comparable size for inhibition and shifting, inhibition remained a unique predictor of math-
ematics achievement independent of other components of EF, whereas shifting did not.
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4.2 Relationships between EF and mathematical component skills

Few studies have considered the role of EF skills beyond components of arithmetic. We found
that EF skills explained similar proportions of variance in geometry (34%) and algebra (28%)
performance. In accordance with previous studies, we found a relationship between algebra
performance and both visuospatial and verbal WM [29, 30] but not inhibition or shifting [28,
30]. These findings suggest that solving simple algebraic equations might draw upon both ver-
bal and visuospatial resources, for example items such as "What can you say about m if m = 3n
+1 and n = 4?" might draw on visuo-spatial strategies to manipulate the structure of the prob-
lem and verbal strategies to retrieve number facts from long term memory and hold interim
solutions in mind.

Visuospatial WM, but not verbal WM was associated with geometry performance. This is
to be expected given that identifying and evaluating the properties of shapes draws upon visuo-
spatial processes. The role of inhibition in geometry to our knowledge has not been previously
studied, but we found that inhibition was significantly associated with geometry performance.
However, this association may have arisen due to the visuospatial processing required in the
inhibition task by responding to shapes or the direction of an arrow. EF skills cannot be mea-
sured independently of the specific content (e.g. verbal or visuospatial information) to be pro-
cessed. Using alternative measures of inhibition skills, or a latent factor across multiple
measures of this construct would demonstrate if inhibition skills are indeed associated with
geometry performance independently of visuospatial processing.

Our measures of mathematics skills were assessed at a single time-point. Therefore, we can-
not distinguish between the executive function skills involved in the process of learning mathe-
matics with those involved in mathematics performance. Other research is beginning to
unpick these different roles for executive functions and has found different roles in learning
vs. task performance [51]. Further longitudinal research that is embedded in learning contexts
is required to further understanding these different roles.

4.3 Direct and indirect pathways of mathematics achievement

One of the main aims of the current study was to replicate and extend models of mathematics
achievement [2, 8, 36]. We found that both verbal and visuospatial WM were indirectly associ-
ated with mathematics achievement via factual knowledge, calculation skills, algebra and
geometry performance. There are two potential mechanisms via which these indirect relation-
ships may operate. First, EF skills may be actively required for performing specific mathemati-
cal processes and mathematical achievement is subsequently built upon these specific skills.
For example, WM may be required to retrieve number facts from long term memory, hold
interim solutions in mind while performing arithmetic operations, rearrange algebraic equa-
tions and manipulate spatial representations. Secondly, EF skills may also be foundational for
learning mathematical skills in the classroom. To learn and understand mathematical ideas
and procedures children need to process a large amount of new material. Therefore, children
with lower WM capacity may develop gaps in their understanding of concepts, procedures,
and number facts and this may impact on overall mathematics achievement. Studies have
shown that WM capacity is not only associated with performance of mathematics but also
growth in mathematics over time [52]. These two mechanisms are not mutually exclusive, and
both may contribute to the relationship between WM and mathematics achievement.
Consistent with previous findings [53], a direct association between WM (verbal and visuo-
spatial) and mathematics achievement remained after accounting for the indirect paths. There-
fore, WM plays an additional role in measures of mathematics achievement that is not
captured by measures of specific skills. WM may be involved in more general processes of
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problem representation and strategy selection that are particularly important in context-rich
or word problems [8, 21] or this may reflect the role of WM in classroom learning and chil-
dren’s ability to combine new knowledge with existing knowledge and skills. Use of contextu-
ally-rich problems when assessing mathematics achievement provides valuable insight into the
skills involved, as this reflects the application of mathematics to real life, and skills and knowl-
edge important to further education in STEM [54].

In contrast to WM, we found that inhibition was only indirectly associated with mathematics
achievement via number fact knowledge and calculation skills. This is in line with previous cor-
relational studies [8], as well as evidence from experimental studies showing that children with
poorer number fact knowledge were more sensitive to interference [55]. It is possible that chil-
dren who are less able to inhibit prepotent responses may struggle to retrieve facts quickly due
to interference from associative neighbouring facts [56]. For calculation skills, inhibition may be
required to suppress the use of a previously learnt but now superseded strategy, such as decom-
position as opposed to retrieval [57]. The present study found that inhibition was not associated
with mathematics achievement over and above its involvement in specific arithmetic skills.

4.4 Limitations

A limitation to the present study is the lack of confirmatory factor analysis for a three-factor
model of executive functioning. As this study included an extensive battery of measures as part
of a larger study of numerical processing following very preterm birth, it was not possible to
include additional tasks necessary to create a latent measure of each EF component. Neverthe-
less, the moderate correlations among the EF skills and the differential relationships we found
between components of EF and mathematics achievement provide support for three dissocia-
ble components [58]. Similarly, due to the breadth of the mathematical skills we wished to
include we were only able to include a single measure per component (e.g. calculation, algebra)
and therefore we cannot distinguish between the task measure and the underlying construct.
Future research should incorporate multiple measures per construct and so the skills specific
to the measure and those specific to the construct can be distinguished.

According to published guidance [38], our sample was sufficient to run hierarchical regres-
sion models and to investigate indirect effects. Although, the size of our sample was small for
the complexity of our analyses. However, our analyses were theoretically-driven and replicated
(and extended) previous findings which we believe adds weight to these findings. Future
research should replicate these findings in a larger sample.

In addition, these data were cross-sectional, and limit the interpretation of causality. Whilst
we acknowledge that there are concerns with inferring the temporal ordering of variables in
the mediation model from cross-sectional data, there is substantial existing evidence for longi-
tudinal relationships between EF skills and specific mathematical skills, between EF skills and
overall mathematics achievement, and between specific mathematical skills and mathematics
achievement. For example, it has been shown that teacher-rated EF is a longitudinal predictor
of mathematics grade point average in adolescents [59]. Similarly, proficiency in specific arith-
metic skills is a longitudinal predictor of mathematics achievement several years later [60, 61].
Whilst there may be a bidirectional relationship between executive function skills and mathe-
matics achievement from preschool to kindergarten [62] and from kindergarten to second
grade in the USA [63], there is a paucity of research on whether mathematical skills longitudi-
nally predict executive function skills during adolescence. Further studies with multiple assess-
ment time points should investigate whether bidirectionality between mathematics
achievement and executive function skills is evidenced using cross-lagged models across years
of secondary education.
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4.5 Conclusion

In conclusion, algebra and geometry performance are important predictors of mathematics
achievement, each accounting for unique variance in mathematics achievement in secondary
school pupils. We replicated existing models of mathematics skills in which the role of WM
and inhibition are indirectly related to mathematics achievement via arithmetic factual knowl-
edge and procedural skills [8] as well as extending this model to include algebra and geometry
performance as alternative indirect pathways. Studies that include both performance and
learning measures of specific mathematical processes as well as context-rich assessments of
mathematics achievement and mathematical problem solving are needed to differentiate the
multiple mechanisms by which EF skills may be involved in mathematics outcomes.
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