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Abstract

We study the dynamics of a population with an age structure whose population range
expands with time, where the adult population is assumed to satisfy a reaction—
diffusion equation over a changing interval determined by a Stefan type free boundary
condition, while the juvenile population satisfies a reaction—diffusion equation whose
evolving domain is determined by the adult population. The interactions between the
adult and juvenile populations involve a fixed time-delay, which renders the model
nonlocal in nature. After establishing the well-posedness of the model, we obtain a
rather complete description of its long-time dynamical behaviour, which is shown to
follow a spreading—vanishing dichotomy. When spreading persists, we show that the
population range expands with an asymptotic speed, which is uniquely determined
by an associated nonlocal elliptic problem over the half line. We hope this work will
inspire further research on age-structured population models with an evolving popu-
lation range.
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1 Introduction

This paper concerns the following nonlocal reaction—diffusion problem with Stefan
type free boundary conditions:

U = Uy —ou +w(r,x;t), t >0, x € (g(t), h(1)),
u(t,g@®) =u(t, h(@)=0, t>0,

g/(t)z_l“lx(t»g(t))v [>O, (P)
h'(t) = —pux (1, h(1)), t>0,
M(Q,x) = ¢(97x)1 0 € [_t’ O]» X € [g(@),h(@)],

where w(z, x; t) is the solution w(s, x), evaluated at s = t, of the following initial
boundary value problem

ws = Dwyy — Bw, seO, 7], xe(gls+t—1),h(s+1t—1)),
w(s,x) =0, seO, 1], x=g(s+t—1)orh(s+t—1), (Q)
w0,x) = f(u(t —rt,x)), x €glt —1),h(t — 1)].

Here «, B, i, D and 7 are positive constants and f is a nonlinear function. Clearly
w(t, x; 1) depends on u(t — 7, -) and g(s), h(s) with s € [t — 7, t]. Therefore (P) is
highly nonlocal.

Such a problem is used here to model the biological invasion of an age-structured
species when the juveniles diffuse in an expanding habitat whose expansion is deter-
mined by the diffusive adults. More precisely, u represents the density of the adult
population, 7 is the time length for a newborn to grow to an adult, f is the birth
function and w(z, x; t) is the density of the newly added adult at time 7. A derivation
of problem (P) with the aforementioned biological assumptions will be presented in
the next section.

Problem (P) reduces to some existing problems in the literature when some of the
parametersin {t, i, D} are sent to certain limiting values. If t — 0, then w(z, x; 1) —
f(u(t, x)) and the model is reduced to

Uy = Uxx —aU + f(M), r> Os X € (g(l),h(l)),
u(t,g) =u(, h)=0,t>0,

g'(t) = —puy(t, g(1)), t>0, (1.1
W (t) = —puy(t, h(t)), t>0,
u(0,x) = ¢ (x), x €[g(0), h(0)],

which was introduced by Du and Lin [9] in 2010, where they revealed a vanishing—
spreading dichotomy when the nonlinearity f is of KPP type. Problem (1.1) has been
extended in several directions (e.g. [7, 10]), and we mention in particular that very
recently, a new phenomenon was found in [5, 8] for (1.1) when the local diffusion term
uyy is replaced by a suitable nonlocal diffusion operator. Our problem (P), however,
is a very different nonlocal problem.

If t — oo, then w(r, x; ) — 0 and the model reduces to a linear problem with
the Stefan free boundary condition.
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A delay induced nonlocal free boundary problem 2063

If D — 0, then w(z, x;t) — ¢ A7 f(u(r — 7, x)) and the model becomes a local
free boundary problem with time delay, which was studied recently by Sun and Fang
[22].

If © — o0, then the free boundary condition disappears and the model becomes a
nonlocal Cauchy problem in the whole line with time delay:

M(G,x) = d)(evx)v 0 e [_T, O],x € R,
(1.2)

{u, = Uy, —au+ e PT fRG(r,y)f(u(t —T,x—y)dy, t >0, x e R,

where

1 2
G('L', y) = We_fﬁ.

Model (1.2) was introduced by So et al. [21] in 2001. Further studies on (1.2) can be
found in [2, 11, 16, 17, 19, 28] when f has a monostable structure and in [1, 3, 12,
19, 20, 24, 25, 27] when f is bistable.

If © — 0, then the expanding domain reduces to a fixed one and the model becomes
a nonlocal problem with zero Dirichlet boundary condition and time delay:

U = Uyxy — QU +e Pt ffe Ke(t,x —y)fu(t —7,y))dy, t >0, x € (¢, ),

u(t,££) =0, t >0,
u@,x)=¢@,x), 0 e[—1,0],x € (—¢£,0),
(1.3)
where

Ki(t,x) = Z(—l)"G(r, x —2nt).

nez

We refer to a survey by Gourely and Wu [13] in 2006 for more details on the research
of (1.3). With f(u) = pue™ 9", p,q > 0, problems (1.2) and (1.3) are often called the
diffusive Nicholson blowfly models. For early work on the classical (ODE) Nicholson
blowfly model we refer to [14, 18].

From the above discussions we see that the nonlocal terms in (1.2) and (1.3) are
induced by the joint effect of diffusion (i.e., D > 0) and time delay (i.e., T > 0).
For our problem (P), except for these two factors, the nonlocal term w(z, x; t) also
involves the to-be-determined varying domain over a time period of length 7. This is
a main distinct feature of (P).

The first result of this paper is the well-posedness of the problem.

Theorem 1.1 (Well-posedness) Assume that f satisfies

f@) € CH([0,00)), f(0)=0, f(0)> aelT;
H) f (u) is monotonically increasing in u > 0,

b(u) = % is monotonically decreasing in u > 0 and
b(00) := lim,_ o b(u) € [0, wefT),
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2064 Y.Duetal.

and the initial data (¢ (0, x), g(09), h(0)) satisfy

g heCl(—7,0D), ¢ € C'2([—7,0] x [g, ),
¢0,x) >0 for (@,x) € [—1,0] x (g, h), (1.4)
¢0,x) =0 for0 € [—1,0], x = g(0) or h(0),

as well as the compatibility condition
[8(0), h(8)] C [g(0), h(0)] for 6 € [—7,0]. (1.5)
Then for any y € (0, 1), problem (P) admits a unique solution
(u, g, h) € CHV2ITY([0, 00) x [g, h) x CH772([0, 00)) x CHV72([0, 00)).

Here and throughout this paper, for constants a < b and functions g(¢) < h(t), we
define

[a,b] x [g,h] :={(t,x):t €a,b], x €[gQ), h(t)]}.

The sets (a, b) x [g, h], [a, b] x (g, h), etc., are defined similarly.
It follows from (H) that f(s) — @efs = 0 has a unique positive root s = u*. A
simple example of such a nonlinearity is f(s) = 1 ﬁf] — with p > aef" and ¢ > 0.
The second result is on the long-time behaviour of the solution, which is determined

by a dichotomy of spreading and vanishing.

Theorem 1.2 Assume that (H) holds. For any given triple (¢ (0, x), g(6), h(0)) satis-
fying (1.4) and (1.5), let (u, g, h) be the solution of (P) withu(0,x) = o¢ (0, x) in
[—7,0] x [g, h] for some o > 0. Then there exists c* € [0, 00], depending on the
initial data, with the following properties:

(i) Spreading happens when o > o* in the sense that (geo, hoo) = R and
lim u(t, x) = u™ locally uniformly in R;
—00

(i1) Vanishing happens when o < o™ in the sense that (g, hoo) Is a finite interval
and

lim max u(t,x) =0.
1= 00 g()<x<h(r)

(iii) There exists a unique £* > 0 independent of the initial data such that o™ = 0 if
and only if h(0) — g(0) > 2£*. Moreover, ™ < o0 if b(co) > 0.

When spreading happens, we will determine the spreading speed of the fronts, by
making use of the nonlinear and nonlocal semi-wave problem

Uss + cUs —aU + [ K(c,&,x) f(Ux)dx =0, & <0,
U©0) =0, U(—oo)=u* UE)>O0, £ <0, (1.6)
—Ue(0) = c,
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where

1.‘2 C
K(e,§,x):=e P I[G(r, £ —x) = G(xr,§ + 1), & x <0,

with G(z, y) as given before. It follows from Sect. 4 that problem (1.6) admits a
unique solution pair (¢, U) = (¢*, U "), With the semi-wave established above, we
can construct various super- and subsolutions to estimate the spreading fronts 4 (¢) and
g (1), and obtain the third result of this paper.

Theorem 1.3 (Spreading speed) Assume that (H) holds. Let (u, g, h) be a solution
satisfying Theorem 1.2 (i). Then

— lim =— = lim — = ¢¥, (L.7)

where (c*, UC*) is the unique solution of (1.6).

The rest of the paper is organised as follows. In Sect. 2, we first explain how
problem (P) can be deduced from some reasonable biological assumptions, and then
we give a few comparison results for (P) to be used later in the paper. The main
technical part of this section is the proof of the well-posedness of (P) (Theorem 1.1),
which follows existing strategies but with considerable changes. Section 3 examines
the long-time behaviour of the solution of (P), which relies on a good understanding
of the corresponding problem over a fixed interval and involves a nonlocal eigenvalue
problem. The latter is treated in Sect. 3.1 while the former is the main task of Sect. 3.2.
Based on these preparations we obtain sufficient conditions for the solution of (P) to
vanish in Sect. 3.3, and obtain sufficient conditions for the spreading to persists in Sect.
3.4, where the spreading—vanishing dichotomy (Theorem 3.6) is also proved. These
pave the way to complete the proof of Theorem 1.2 in Sect. 3.5. The approach in Sect. 3
is based mainly on comparison arguments involving various innovative constructions
of sub- and super-solutions. Section 4 is devoted to finding the spreading speed when
spreading is successful, and is perhaps one of the most innovative parts of the paper.
We first introduce a semi-wave problem based on a heuristic analysis, and we then
prove that the semi-wave problem has a unique solution, namely a semi-wave with
profile U™ and speed c*. This is the content of Sect. 4.1, where a completely new
approach is used; in particular, it involves the introduction of a sequence of bistable
problems which converge to the monostable problem at hand, and the traveling waves
of these auxiliary bistable problems are used to construct sub-solutions of our semi-
wave problem. In Sect. 4.2, we show that the semi-wave profile U¢" can be suitably
modified to produce super- and sub-solutions of problem (P) to eventually give the
spreading speed, which is precisely ¢*, as stated in Theorem 1.3.
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2 Model formulation, comparison principle and well-posedness

2.1 Model formulation

To formulate problem (P), we start from the age-structured population growth law
Pt + pa = D(a)pxx —d(a)p, 2.1

where p = p(t, x; a) denotes the density of the concerned species of age a at time ¢
and location x, D(a) and d(a) denote the diffusion rate and death rate of the species
of age a, respectively.

We assume that the species has the following biological characteristics:

(A1) The species can be classified into two stages according to age: mature and
immature. An individual at time ¢ belongs to the mature class if and only if its
age exceeds the maturation time v > 0. Within each stage, all individuals have
the same diffusion rate and death rate.

(A2) The immature population moves in space within the habitat of the mature pop-
ulation, but does not contribute to the expansion of the habitat.

The total mature population u at time ¢ and location x can be represented by the integral

u(t,x) = foo p(t,x;a)da. 2.2)

We assume that the mature population u lives in the habitat [g(¢), A(¢)], vanishes
outside the habitat, and so

u(t,x) =0, t>0, x ¢ (g(t), h(t)); (2.3)

moreover, the habitat expands according to the Stefan type moving boundary condi-
tions:

B () = —pux(t, (1)), §'(t) = —pux(t, g(1), >0, 2.4

where p is a given positive constant. The equations in (2.4) can be deduced from some
reasonable biological assumptions as in [4], where it is assumed that certain sacrifices
(in terms of population loss at the range boundary) is made by the species in order to
have the population range expanded, with 1/u proportional to this loss.

By (A2), the immature population also lives in [g(¢), ()] and vanishes outside of
it. However, the immature population disperses over the population range of the adult
population passively, with no contribution to the expansion of [g(¢), 2 (¢)]. Considering
that in many species, the sacrifices made by the species to expand the population
range are mostly for raising/protecting the young by the adults, it appears reasonable
to assume that the young do not contribute to the expansion of the population range.

According to (A1) we may assume tha

1, a>r, _Ja,azrT,
D(a)z{D,0<a<r, d(a)_{ﬂ,0§a<r,
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where D, o and B are three positive constants. Differentiating both sides of (2.2) in
time yields

o0 o0
U = / prda = / [—Pa + pxx —aplda
T T

= Uuyy —ou + p(t,x; ) — p(t, x; 00). 2.5)

Since no individual lives forever, it is natural to assume that

p(t, x;00) =0. (2.6)

To obtain a closed form of the model, one then needs to express p(¢, x; T) in terms
of u. Note that p(z, x; 7) represents the newly matured population at time ¢, from the
newborns at ¢ — 7. In other words, there is an evolution relation between the quantities
p(t,x; t) and p(t — 7, x; 0). Such a relation is governed by the growth law (2.1) for
0 < a < 7, and hence it is the time-7 solution map of the following problem
wy = Dw,y — Bw, se0, 7], xe(gs+t—1),h(s+1t—1)),
w(s,x) =0, seO, 1], x=g(s+t—1)orh(s+t—1), (2.7
w(,x)=pt—1,x;0), x € [glt — 1), h(t — 7T)].

Further, if b(u«) is the birth rate function of the mature population and f (1) = b(u)u,

then
pt —7,x;0) = f(u(t —1,x)).

Thus problem (2.7) can be formulated as an initial boundary value problem

ws = Dwyy — Bw, se0,7], xe(gls+1t—1),h(s+1t—1)),
w(s,x) =0, seO, 1], xe{gs+t—1),h(s+t—1)}, (2.8)
w0,x) = f(u(t—rt,x)), x €glt —1),h(t — 7)].

If we regard (u, g, h) as given and denote the unique solution of (2.8) by w(s, x; t),
then
p(t,x; 1) = w(T, x5 1). (2.9)

Combining (2.3)-(2.6) and (2.9), we are led to the following:

Uy = Uyy —au +w(r,x;t),t >0, x € (g(t), h(1)),
u(t,x) =0, t >0, x e{g),h®)}, (2.10)
u(0, x) = ¢(0, x), x € [g(0), h(0)],

and

§(1) = —pux(t, g(1)), h'(1) = —pux(t, h(1)), t >0,
u@,x) =¢@0,x), 6 €[—1,0), x € [gO), h(0)].

which are equivalent to problem (P).
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2068 Y.Duetal.

By the maximum principle it is easily seen from (2.10) that g’(r) < 0 < h'(z) for
t > 0, namely the habitat is expanding for # > 0. Therefore it is natural to assume
that

[g(©). h(6)] C [(0), h(0)] for 6 € [—7,0],
which is the aforementioned compatibility condition (1.5).

2.2 Comparison principle

In this subsection, we give some comparison principles, which will be used in the rest
of this paper.

Lemma 2.1 Suppose that (H) holds, T € (0,00), g.h € C'([—7.T]), u.w €
C(Dr) N CY2(Dy) with Dy := (=7, T] x (g, h),

U >l —aui+w(t,x),0<t<T, gt) <x <h(t),
u=0, g <—puy, 0<t<T, x=3(@),
=0, H(t)>—pity, 0<t<T, x=h(),

where w(t, x) = v(t, x;t) with v(s, x; t) = v(s, x) satisfying
vs 2 Duyy — B, s€(,7], xe (gt —r +s),_ﬁ(t —T+5s)),
v =0, seO, 7], x=g(t—14+5),h(t —7+5),
v(0,x) = fu(@ —1,x)), x € [g(t — t),ﬁ(l —17)].

If (u, g, h) is a solution to (P) with

[g(6), h(6)] S [8(6), h(®)] and u(0,x) <u(6,x) for 6 €[—t,0] x € [g(6), h(O)],
then
[¢(0). k()] € (B(1), h(t)) and u(t,x) <u(t,x) for 1€(0,T], xe(g(t), h()).

Lenlma 2.2 Suppose that (H) holds, T € (0,_c>o), g, h e Cl([—‘l,', T, u,w €
C(Dr) N CY2(Dy) with Dy = (—t, T1 x (g, h), and

U >l —au+w(t,x),0<t<T, g(t) <x <h(),
u>u, 0<t<T, x=3(0),
=0, W(t)>—piiy, 0<t<T, x=h),
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where w(t, x) = v(t, x;t) with v(s, x; t) = v(s, x) satisfying

vy = Duyy — B, s€0, 7], x € @t —1+5),h(t —T+5)),
v(s, x) > w(s, x; 1), s€ O, 7], x =80 —1+5),
v >0, s€(0,1], x=h(t —1 +5),

v(0,x) > f@(t —7,x)), x € (gt — 1), h(t — 1)),
and

gt) = gt)in[—7,T1, h(®) < h(®)in[—1,0],
u@,x) <u(,x)ford e[—1,0],x € [g(0), h(0)],

where (u, g, h) solves (P) and w solves (Q). Then
h(t) <h@)in (0, T], u(x,t) <ulx, t)fort € (0,T]and g(t) < x < h(t).

The proof of Lemma 2.1 is a simple modification of those of Lemma 5.7 in [9] and
Lemma 2.3 in [22], and with some further minor changes of this proof, one obtains
Lemma 2.2.

Remark 2.3 The functionu, or the triple (u, g, 1), in Lemmas 2.1 and 2.2 is often called
an upper solution to (P). A lower solution can be defined analogously by reversing all
the inequalities. There is a symmetric version of Lemma 2.2, where the conditions on
the left and right boundaries are interchanged. We also have corresponding comparison
results for lower solutions in each case.

2.3 Well-posedness

We employ the Banach and the Schauder fixed point theorems to establish the local
existence of a solution to (P), and prove its uniqueness, we then extend the solution
to all time by an estimate on the free boundaries.

Theorem 2.4 (Local existence) Assume that (H) holds. Then for any y € (0, 1), there

exists a T > 0 such that problem (P) with the initial data (¢ (0, x), g(0), h(6))
satisfying (1.4) and (1.5), admits a unique solution (u, g, h) fort € [0, T] with

we W20, 71 x [g, A N C 2147 ([0, T] x [g, A, g.h € C'F5 (0, TD),

for some p > 1.
Proof We use a change of variable argument to transform problem (P) into a problem

with straight boundaries but a more complicated differential operator as in [6, 9].
Denote go := g(0) and ho := h(0) for convenience, and set [y := %(ho — go). Let

@ Springer



2070 Y.Duetal.

£1(y) and & (y) be two nonnegative functions in C3(R) such that
) lo ) lo 6
§i(y) =11if|y—gol < 7 §1(y) =0 if |y — gol > R [ECRIIES Efory €R;
. lo . lo 6
&(y)=11if |y —hol| < 7 &(y) =0 if [y — ho| > 7 16,0 < I fory € R.

For0 < T < min { , we define

ho—go T}
16(1+uex (0,80) — 1 (0,h0)) °

DS = (g€ C' (0, 7] : g(0) = g0, &'(0) = —ux (0, g0). llg' — &' Ollco.ry < 1),
Dh = (h e C'(0,T]) : h(O0) = ho, h'(0) = —uex (0, ho), Ih' =K' Ol cqo.ry < 1)

Clearly, Dr = D§ X D}T’ is a bounded and closed convex set of C1([0, T]) x
cl((o, 7).

For each pair (g, h) € D7, we can define y = y(t, x) for t € [0, T] through the
identity

x=x(t,y) =y +E&O)(EE) — go) + &) (h() — ho), (2.11)
which clearly changes the set [0, T'] x [g, /] in the (¢, x) plane to [0, T'] X [go, ko] in

the (¢, y) plane.
If (u(z, x), g(t), h(t)) solves (P), then with the above defined transformation,

ut,y) :=u(t,x,y)) =u(t,x)
satisfies

ﬁl - A(ta y)ﬁyy + B(ta )’)ﬁy = IZ)(T, Y5 t) - C”:ia re (07 T]v y € (gOa hO)’

u(t, go) = u(t, hg) =0, te€(0,T],
u(0,y) = ¢(0,y), y € [go, hol,
(2.12)
and
g =—n iy (1, o), W) = — ity (t, ho) fort € (0, T1], (2.13)
where

At,y) : = [1+E ()W) — go) + E, () (h(t) — ho)] 72,
B(t,y) : =[5/ (" (&) — go) Jr1 &/ (y)(h(t) — ho)1A(t, NI —EE 1)
+E (R (D]A(, y)2,
w(t, y; 1) : = w(r, x(t,y); ful—r1,))) =w,x; ful—r1,-))).

To straighten the boundaries in (Q), we need to extend y (¢, x) tot € [—t, 0). Note
that for # in this range, g(¢) and h(¢) are given as part of the initial data. Since no free
boundary conditions are involved for ¢ in this range, we simply define

x —g()

)+ e o = ) for 1 € [=.0). x € [(). D)

y(t,x) =g
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A delay induced nonlocal free boundary problem 2071

whose inverse is given by

x=x(,y):=g@) + [h(t) g@®)]. (2.14)

We define

u(t,y) :==¢(t, x(t,y)) forr € [-7,0), y € [go, hol,

2
Az, y) = [_h(}:é—}g;(t)] fortr € [, 0)

B(t }’) - h(t) g(t) [h (t) 8 (t)] + h(t) g(,)g (t) forz € [_Ta O)a
w(s,y;t) :=wis,x(s+t—1,y); fult—r,-))) fors € [0,7], t € [0, T].
(2.15)
Then w(s, y; t) satisfies, for every ¢ € [0, T],

- DA(S+t_ T, y)a)yy + B(S +t—-7, )’)wy = _ﬁﬁ)v s € (O’ t]s y € (g07h0)s
w(s, go;t) = w(s, hg;t) =0, s € (0, ],

(2.16)

Let us note that A(z, y) is Liptschitz continuous in [—7, T] X [go, hol, B(¢, y) is
continuous and bounded in ([—t, 7]\ {0}) X [go, ko] with a jumping discontinuity at
t=0.

Forany giveny € (0, 1)and U (¢, y) in C ([0, T']1x[go, hol),extendedtot € [, 0)
by

U@©.y) =¢0,x(,y)) for0 € [-7,0], y € [go, hol,

problem (2.16) With f@(t—r1,y)) replaced by f(U(t — 7, y)) has a unique solution
W(s y;t) in Wp ([0 7] X [go, ho]) — C 2 1+7’([0 7] X [go, hol), provided that
p is sufficiently large.

With W obtained above (2.12) with w(z, y; t) replaced by W(r y; t) has a unique
solution T/ (1, y) in Wy (10, T] x [0, hol) = C* " 0,71  [go. o))

This defines an operator K : C([0, T'] x [go, ho]) — C 1J”’([O T1 x [go, hol)
by

KU1, y) :==U(t, y).

Using the extension trick in [26], the L? estimate, Sobolev embedding theorem and the
Banach fixed point theorem, it can be shown (as in [26]) that IC has a unique fixed point
in a suitable subset of C ([0, T'] x [go, ho]), provided that T > 0 is sufficiently small,
say T € (0, Tp]. We denote this fixed point by (¢, y), and extend it to t € [—17, 0] by

u®,y) =¢0,x@,y)) for0 € [-7,0], y € [go, hol.
Let us note that with U = u, the above obtained W(s, y; t) solves the original

(2.16) and so if we denote this special W (s, y; t) by (s, y; t), then the pair (i, )
solves (2.12) (for ¢t € [0, T']) and (2.16) simultaneously. Moreover,
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lwC: Ol 1 < Co (2.17)
C 2

1 (10,71% [g0,ho )

and
< Cy, (2.18)

lall 14y
Cc 2 " (=1, TIxIg0.hol)

where Cy and C| are positive constants dependent on g|[—¢ 0], /|[—z,0], ¥ and ¢, but
independent of t, T € (0, To~] and (g, h) € Dr.
We now define g(¢) and h(¢) for ¢ € [0, T] by

8(1) 1= go — Jy mity(s. go)ds.
h(t) == ho — [ wiiy(s, ho)ds.

Then clearly
g/(t) = _Mﬁ}(t’ 80)7 g(o) = 80, g/(o) = _H/(by(os 80),
and thus §' € C2 ([0, T]) and

||§/||C%([ < uCp =: Ca. (2.19)

Similarly, 7’ € CZ ([0, T]) and

17| Cs. (2.20)

Y <
C2([0,7])

Therefore, for any 7' € (0, Tp] and any given pair (g, h) € Dr, we can define an
operator F by

F(g. h) = (&, h).

From the above discussions, it is easily seen that F is completely continuous in Dr,
and (g, h) € Dr isafixed point of F if and only if (&, g, h) solves (2.12) fort € [0, T1.
We will show that if T > 0 is small enough, then F has a fixed point by using the
Schauder fixed point theorem.

Firstly, it follows from (2.19) and (2.20) that

~ ~ Y ~ ~ Y
I —h O)llcqo.rn < C2T2, 18— & O)llcqory < CaT 2.

2
Thus if we choose T < 77 := min {To, (0% 4 }, then F maps the closed convex set Dy
into itself. Consequently, F has at least one fixed point by the Schauder fixed point
theorem, which implies that (2.12) has at least one solution (i, g, fz) defined in [0, T].
We now prove the uniqueness of such a solution. Let (u;, g;, ;) (i = 1,2) be two
solutions of (P) (for ¢ € [0, T]), and let w; be the corresponding solutions of (Q), and
set
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uit, y) :=uit,y +&(y)(gi () — go) + &2(y) (hi(t) — ho)),
wi(s, yi 1) == wils, y + 51 @&i(s +1 — 1) — go) +&(y)(hi(s +1 — 1) — ho)).

Then it follows from (2.17)—(2.20) that, fori = 1,2 and ¢t € [0, T],

GOl gy, < Gy
([0,7]x[g0,ho])
ll; || 1t < C,
e (0, Tixlg0.hoD
h; < Oy, < Cy.
I l||C7([0,T]) 2 ||gl”C7(OT]) 2

Set
W=y — iy, @i=i — iy, §(t) 1= g1(t) — ga(t), and h(t) :=hi(t) — ha(2).
Then we find that for any ¢ € [0, T'] (noting that T < T1 < 1),

Ws — DA(s +1t — 7, )Wy, + Ba(s +1 — 7, Y)Wy

:FI(S‘H—T,)’)_,BUA), SE(O»T]»ye(gO,hO),
w(s, go) = W(s, ho) =0, s € (0, 7],
w(0,y) =0, y € [go, hol,

where
Fi = D(A; — A2)(W1)yy — (B1 — B2)(W1)y,

A; and B; are the coefficients of problem (2.16) with (g;, h;) in place of (g, h). We
can apply the L? estimates for parabolic equations to deduce that, for ¢ € [0, T],

(- l)||W117,2([0,r]X[g0’h0]) < C4(||§||c1([0,7]) + ||h||cl([o,T])) (2.21)

with C4 depending on Cp, C and C».
It is easy to see that i (¢, y) satisfies

— Ax(t, y)ityy + Bo(t, )ity = Fa(t, y) —ait, y € (g0, ho), t € (0, T,

u(t, go) = u(t, hg) =0, te (0,711,
u(0,y) =0, y € [go, hol,
where

Fy = (A1 — A2)(it1)yy — (B — B2) (i) y + .

Thanks to (2.21), we can apply the extension trick of [26], the L? estimates for
parabolic equations, and the Sobolev embedding theorem much as before, to deduce
that

||M|| < CsUglero.ry + Ihllergo,rn) (2.22)

S5 (10, T )< g0.ho])

@ Springer



2074 Y.Duetal.

with Cs dAepending on Cyp, C1, C3 and Cy, but independent of T € (0, T1].
Since 1'(0) = 1 (0) — h5(0) = 0, we have

I’Al/ u h X
l ||C%([O’T]) wliiy (., 0)||C2([0TD i || Y2 1y (0. Tx oo

This, together with (2.22), implies that

A Z N A
Iallero,ry < 2T A I3 @0.TD < CeT2(lIglicrqo.ry + Ihllerqo,r)

where C¢ = 2uCs. Similarly, we have

18llctqo.ry < C6T2(||g||c1 0T1)+||h||c1([07))

As a consequence, we deduce that

~ N Yoo ~
Igllcrqo.rpll + llcrgo.ryy < 2C6T 2 (18llcrqo.77) + 1l cr o, 77)-

Hence for
. _2
T<T = mln{Tl, (4Cq) "7 }
we have
8llcrqo.rpll + ||h||cl([o a)) —(||g||c1 .7 + ||h||cl([0 )

This shows that g = 0 = h for 0 <t < T;thus F; = 0 and F, = 0, which imply
w = 0 and hence & = 0. Consequently, the local solution of (P) is unique, which
ends the proof of this theorem.

Theorem 2.5 Assume that (H) holds. Then the local solution (u, g, h) of problem (P)
can be extended to all t € (0, oo).]

Proof Fix ay € (0, 1) and let [0, T},4,) be the maximal time interval in which the
solution as described in Theorem 2.4 exists. In view of Theorem 2.4, we have T, > O.
Using an indirect argument, we assume that 7,,,,, < 00.

Thanks to the choice of the initial data, we can use the comparison principle to
bound the solution by the corresponding ODE problems to obtain

ut,x) < K :=u* + ||l Lo —r,01x1g,h7) fort € [0, Tinax), x € [g(1), h(1)],

! The uniqueness and regularity of the solution can be easily used to show that the solution over any
bounded time interval [0, 7] depends continuously on the initial data. This fact will be used later in the

paper.
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and for fixed t € (0, Tpyax),
wis, x; fu@ —1,)) < f/OK fors e[0,7], x e [gls +t —1),h(s +1 —1)].
To bound g(¢) and h(t), we construct two auxiliary functions

{ﬁ(t,x) = K2M((0) = x) = M*(h(t) = )*] 1) € [=7. Tomas) X [6 — M= ]

w(t,x) = 0K

where

M= max ) [T © 2 2 max 16l
= max 2 7 h(-1)—g(-1)" 3K —rgexgo AR HORONY

Clearly

K > ii(t,x) = KM(h(t) — x) for x € [h(t) — M~ h()], 1 € [—T, Tpax)-

and

(0, x)< néagx<0 [l (O, ')”Cl([g(e),h(e)])(h(’)_x) for x € [h(0) — Mfl, h@)], 6 € [—7,0].

—TRVx

It thus follows from the definition of M that
(0, x) > ¢, x) forx € [h(@) — M~ h(0)], 0 € [, 0].
After a simple calculation we obtain

iy — lixy + it —w(t, x) = KQM?* — f/(0)) >0, 1> 0, x € [h(t) — M~ h(1)),

At h() =M Y=K>u@,h(t) — M), t>0,
it h(t)) = 0 = u(t, h(t)), t>0,
a6, x) > u,x), 0 e[—7,0], x € [h©®) — M~L, L)1,

and for r > 0, w(t, x) = v(z, x) with v(s, x) := #T=9 f/(0)K satisfying

vy — Duyy + Bv =0, s € (0, 1], xe[h(s+t—r)—?,h(s+z—r)),
v(s, x) = w(s, x; f(u(t —1,x))), s€O,7], x=h(s+t—1)— p0rh(s +1 — 1),

v(0, %) = F(OKeP™ > flat —t,x)), x € [h(t —7) — &, h(t — D).
So we can apply the comparison principle to deduce that u(z, x) < u(t,x) fort €
(0, Thax) and x € [h(z) — M~ h(r)]. It follows that u, (¢, h(1)) > i, (¢, h(t)) =
—2M K, and hence
W (1) = —puy(t, h(1)) < Co :=2uMK.
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We can similarly prove —g’(1) < Co fort € (0, Tpax).
With the above estimate on /'(¢) and g’(¢), and the bounds

0<u<K,0<w< fl0O)K,

we are able to show that the solution (u, g, &) can be defined beyond t = T}y
To do so, we straighten the boundaries of (2.10) via the transformation

u(t,y) :==u(t, x(,y))
fort € [0, Tyuax), ¥ € [g0, hol, with x(¢, y) given by (2.14). Then u satisfies

uy — A@)ityy + B(t, y)iy = w(t, y; t) —ait, t € (0, Tiax), ¥ € (g0, ho),
u(t, 80) =u(t, ho) =0, t € (0, Tinax),
u(0,y) = ¢(0, y), y € [go, hol,
(2.23)
with A and B given by the formulas in (2.15), and w(z, y; t) := w(z, x(s, y); f(u(t—
7,4))).
Applying the L? theory to (2.23) we obtain u € W,%’Z([O, T x [go, ho]) for any
p>land T € (Tyax/2, Tinax), and by the Sobolev embedding theorem we obtain,
for any y € (0, 1) and some large enough p > 1 depending on y,

belhwio.rixtsoon ¥ W0 5210 6 1t S €77 @29

for some C) ,, > 0independent of T € (Tinax /2, Tinax)-

Choose t, € (0, T4y ) satisfying #,  Tpax, and regard (u(t, — 0, x), g(t, —
0), h(t, —0)) for 6 € [0, 7] as the initial data. Due to (2.24) and the properties of g
and h proved earlier, we can repeat the proof of Theorem 2.4 2 to conclude that there
exists so > 0 depending on Cp, ,, and f but independent of n such that problem (P)
has a unique solution (u, g, h) for t € [t,, t, + so]. This gives a solution (u, g, i) of
(P) defined for ¢ € [0, #,, + so]. Since t, + 5o > T4 When n is large, this contradicts
the definition of 7., and hence we must have 7,,, = 0o, as desired. The proof is
complete.

3 Long time behavior of the solutions

In this section we study the asymptotic behavior of the solutions of (P).

2 Note that in the proof of Theorem 2.4, for the initial function ¢(0,x), we only require

”(b”Wpl‘z([—r,O]x[g,h]) < Cq for some Cy > 0 independent of p > 1.
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3.1 A nonlocal eigenvalue problem

For any given £ > 0, we consider the following eigenvalue problem:

{ ~¢" +ap — [P [ K x = y)eidy =hp. x € (L0, 5
p(£l) =0, '

where
Ki(z,x) = Z(—l)"G(r, x —2nl), xeR,
nez
with
1 _ 2
G(t,y) = ﬁe ipr, yelR
TOT

We note that

J4
Y, x;h, @) = e“/g Ke(t, x — y)o(y)dy

satisfies

Y = DYy + 2%, t >0, x € (=L, 0),
Y(t, ££) =0, t >0,
¥ (0, x) = p(x), x €[4, 2]

Therefore the first equation in (3.1) can be rewritten as
—¢" +ap — fOe Ty x; k) = ho.

By the Krein—Rutman theorem and the spectral mapping theorems for semigroups,
it follows from [23] that (3.1) possesses a unique principal eigenvalue, namely a real
eigenvalue A = )\f with a positive eigenfunction ¢,, which is unique upon normaliza-
tion such as ||¢¢|lco = 1:

—g] +agp — /0BT [ Koz, x — poe(dy = Ay, x € (=L, 0),
@e(X€) = 0.
(3.2)
We have the following conclusions for (Af, ©e).

Lemma 3.1 Assume that (H) holds. The principal eigen-pair ()L/f, @¢) of (3.1) has the
following properties:
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() @e(x) = cos(F;x).
(i) )»’f is decreasing and continuous in £ > 0, with )‘(1) = limy_ )\f = 00 and
APC = limy_, o0 Af < 0.
(iii) There exists a unique constant £* = £*(f’(0), D, a, B, 7) > 0 such that the
principal eigenvalue )\f is negative (resp. 0, or positive) when € > £* (resp.
L=1L% ort < €*)

Proof Let ¢¢(x) := cos(g—ex). Clearly ¢¢(x) > 0 in (—¢, £) and ¢¢(££) = 0. More-

over, since the unique solution of

Yy = Dryy, t>0, x e (=410,
Y(t,+0) =0, t >0,
W(O,X) = ¢f(x)v X € [_ev e]

is given by
Vo(t, x) =e 4 ¢y(x),
we obtain
A Dn2

Yt x; 0, ) = Mot x) = € 47 gy (),

and thus
" / -t n? ’ —ﬁT—LHQZT AT
—¢, +ape — f(O)e P Y (T, x; 4, ¢p¢) = erOl—f(O)e 4 e | .
Therefore (A, @) = (A, ¢¢) will solve (3.1) if
2 D2
47117 o — [0 Tz T =y,
or, equivalently, if
7'[2 / —ﬂr—D—nzz‘r AT
a=FQ):= vyl + A+ f(0)e 402 "ttt 3.3)

Clearly Fy is strictly increasing and continuous on R with Fy(—00) =—o00, Fy(+00) =
+o00, Therefore there exists a unique A = A(¢) € R satisfying

o = Fy(A(0)).
By the uniqueness of the principal eigen-pair (Af, ¢¢), we necessarily have
00 = e, A = 1(0).
This proves part (i).
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For any fixed 1o > 0,

lim Fy(Ag) = —00 < a.
{—0

It follows that A(£) > A for all small £ > 0, which implies lim;_, o A(£) = +o00.
On the other hand, from

lim F;(0) = f'(0)e " > a,
{— 00

we see that for all large € > 0, L(£) < 0. Moreover, as Foo(X) 1= limy_ 00 Fr(X) =
A+ f1(0)e PTe?T | the limit A(00) := limy_, oo A(£) exists, and is the unique solution
of @« = Fs(A), which is negative. The conclusions in part (ii) are now proved.

Let us observe that the uniqueness of A(£) and the continuous dependence of Fy (1)
on ¢ imply that £ — A(¢) is continuous. Moreover, the facts that A — Fy()) is
strictly increasing and £ — F; (1) is strictly decreasing imply that £ — A (€) is strictly
decreasing. Therefore the conclusions in part (ii) guarantee the existence of a unique
constant £* = £*(f’(0), D, «, B, t) > 0 such that the principal eigenvalue A(£) is
negative (resp. 0, or positive) when £ > £* (resp. £ = £*, or £ < £*). Part (iii) is now
proved.

3.2 Positive solutions on bounded intervals
Using Lemma 3.1, we can obtain the asymptotic behavior of the solutions to

V= Upy —av e FT ffz Ke(r,x —y) f(v(@ —1,y)dy, t >0, x € (¢, 1),

v(t, £0) =0, t>0,

v(@,x) =¥, x) 2, #0, 0 €[—7,0], x € (—¢,0).
3.4)

Lemma 3.2 Suppose (H) holds and let £* be given in Lemma 3.1. Then for £ > (¥,
the unique solution v(t, x) of problem (3.4) satisfies

lim |v(t, x) — Up(x; £)] =0 uniformly in (—¢, £), 3.5)
11— 00

where Uy(x; £) is the unique positive solution of the following problem
Vee —aV +e7 7 [L Kt x =) f(VODdy =0, x € (=00, 50
V(+e) =0, '

which can be shown to satisfy 0 < Ug(x; £) < u*. Moreover, Uy(x; £) is strictly
increasing in £ and Uo(x; £) — u* as £ — oo in Ly, (R). When £ < £¥, the unique
solution v(t, x) of problem (3.4) satisfies v(t, x) — 0 uniformly in (—£, £) ast — oo.

Proof We first prove that when £ > £* the problem (3.6) admits a unique positive
solution. We shall use the sub-supersolution argument to establish its existence. Obvi-
ously, v = u™* is a supersolution to (3.6). To construct a positive subsolution, we recall
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from Lemma 3.1 that if £ > £*, the principal eigenvalue )\f of (3.1) is negative, whose
corresponding positive eigenfunction is ¢ = cos(3;x). Set

v=234¢p for x € [—¢, ],
where § > 0 is small such that
f(s) = f’(O)e)‘gfs fors € [0,68], v < u™. 3.7

A simple calculation yields that for x € (—¢, £),

l
v, —av+e T / Ke(tr, x — y) f(w(y)dy
)
14
=—My+eFT /Z Ke(z, x — W[ f @) — £/ O v ]dy >0,

thus v is a positive subsolution. Thus, by a standard iteration technique, problem (3.6)
with £ > ¢* admits a positive solution.

We then verify the uniqueness of the positive solution to (3.6). Fix £ > ¢* and
suppose that problem (3.6) has two different positive solutions vy and v,. With the
help of the Hopf boundary lemma, we can find My > 1 such that

My v <vp < Moup in (=, 0).

It is easily seen that Movy is a supersolution of (3.6) and My Ly 1 1s a subsolution. As
a result, there exist a minimal and a maximal solution to (3.6) in the order interval
[Mofl v1, Mov1], which we denote by v, and v*, respectively. Thus v, < v; < v* < u*
fori = 1, 2. Hence it suffices to show that v, = v*.

To achieve this goal, let us define

o :=sup{o € R: ov* < vy).

Clearly 0 < o* < 1 and o*v* < v,. We next prove o* = 1, which will yield v, = v*.
Suppose for contradiction that o* < 1. Then for

N = vy — 0" V¥,
it is easy to check that n >, # 0, n(££) = 0, and n satisfies
¢
n' —an=e P / Ke(z, x = »)e* f0* () — fx(yNldy
—L

£
<e /e Ke(r, x = )If (@) = fu(y)]dy <0,
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where the sub-linearity and monotonicity of f(z) for z > 0 are used. Hence we can
use the strong maximum principle and Hopf boundary lemma to deduce that > 0 in
(—=£,0),and n'(—£) > 0 > n'(£). It follows that n > €ev, for some € > 0 small, and
hence v, > (1 — €)' p*v*, which contradicts the definition of o*. Consequently, we
must have 0* = 1, and the uniqueness conclusion is proved.

In what follows, let us denote by Up(x; £) the unique positive solution of (3.6) for
£ > £*. It follows from the strong maximum principle and Hopf boundary lemma that

0<Up(x;£) <u® in(—£,£) and (Up)x(—¢;£) > 0.

Observe that Up(x; £1) is a supersolution of (3.6) provided that £; > €. On the other
hand, we can choose a small 0 < § < 1 so that (3.7) holds and §¢ < Upy(x; £1) in
(—¢, £), where ¢ is the unique positive eigenfunction of (3.1). Furthermore, §¢ is a
subsolution of (3.6). Thus, due to the uniqueness, Uy(x; £) < Up(x; £1) in (—¢, €).
Hence Uy(x; €) is increasing in £ for any £ > £*, and U*(x) := limy_, o0 Up(x; £) <
u* is well defined on R. Furthermore, by standard regularity considerations, we see
that v = U™ satisfies

Uyy — QU + e Pr / Grt,x—y)fwy)dy =0, x e R. (3.8)
R

As U*(x) > Up(x; ) > 0in (—£,¢) for each £ > £*, we know that U*(x) is a
positive solution of (3.8).

We claim that U*(x) is a constant function. Indeed, the above argument leading
to Up(x; €) < Up(x; £y) for £ < £ can also be used to show that for any xg € R,
Up(x + x0;¢) < U*(x) for x € [—€ — xp, £ — xp]. Letting £ — o0 we obtain
U*(x + x9) < U*(x) for all x,xp € R, which implies that U*(x) is a constant
function. Thus we must have U*(x) = u*, which yields that Uyp(x; £) — u™ as
£ — ooin L (R).

loc

Next, we prove (3.5). Fix £ > £*. We have
v(t,x) > 0in (—¢,£) and vy (7, ) < 0 < vy (T, —¥4).
Therefore we can find M > 1 such that
v(x) = M_on(x; ) <v(r,x) <v(x):= MUp(x; €) in [—£, £].

Let vi(¢, x) and v (¢, x) be the solution of (3.4) with ¥ (0, x) replaced by v(x) and
by v(x), respectively. It then follows from the comparison principle that

vi(t,x) <v(it+rt,x) <, x) for (7, x) € (0,00) x [—£, £]. 3.9)
M > 1 implies that v is a lower solution of (3.6), and v is an upper solution.
It follows that vy (¢, x) is increasing in ¢ and vy(f, x) is decreasing in t. There-

fore lim;— o v1(t,x) = V(x) exists and V(x) is a positive solution of (3.6). As
Up(x; £) is the unique positive solution to this problem, we obtain V = Uj.
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Hence lim;_, o v1 (¢, x) = Up(x; £). Similarly lim,_, o v2(¢, x) = Up(x; £). More-
over, a compactness consideration indicates that these convergences are uniform for
x € [—£, £]. Hence (3.5) follows from (3.9).

Finally, it follows from [29, Theorem 2.2] that when ¢ < £*, the unique solution
v(t, x) of problem (3.4) satisfies v (¢, x) — O uniformly in (—¢, £) as t — oo.

3.3 Vanishing phenomenon

In this subsection, we study the vanishing phenomenon of (P). First, we give the
following equivalence result.

Lemma 3.3 Assume that (H) holds and let £* be given in Lemma 3.1. Then the following
three assertions are equivalent:

(i) hoo 0OF goo is finite; (i) hoo — goo < 2€%;  (iii) ||u(z, Mgy, n@yy — 0ast — oo.

Proof “(i)=(ii)”. Without loss of generality we assume go, > —oo and prove (ii) by
contradiction. Assume that ho — goo > 2£%, then for sufficiently large 11 > 7, we
have h(t;y — t) — g(t; — ) > 20*.

Now we consider an auxiliary problem:

u, =u,, —au+w(x; ful-—r,x))), t>1, x € k@),l),

uw(t, k() =0, k)= —pu,(, k()), t>1,

1(t) = h(t1), u(t,l(t)) =0, t>1,

k(@) =g®@), 1(®) =h(@), u@ x) =u@,x), ¥ €[ty —7,11], x € [k(@), [(D)],

(3.10)
where for any r > 11, w(z, x; f(u(t — 7, x))) is given by the following problem:

wy = Dw,, — fw, s € (0, 7], x € (k(w), l[(w)),
w(s, k(w) =0 = w(s, [(w), s € (0, 7], (3.11)
w(0,x) = fut —7,x)), x¢ek@—1)lt~-71),

with w := s + ¢t — 1. Clearly, u is a lower solution of (P). So k(t) > g(¢) and
k(00) > —oo by our assumption. Using a similar argument as in [7, Lemma 2.2] by
straightening the free boundary one can show that

1(00)—k(o0) h(t)—k(11)
2 2

where Up(x; €) is the positive solution of (3.6) with £ :=
> {*. Therefore,

>

Jim K(t) = m [—pu (8 k()] = —pUo)x (=6 6) < 0.

This contradicts the assumption k(c0) > —o0.
“@i1))=(1)”. When (ii) holds, (i) is obvious.
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“(i1)=(iii)”. By the assumption and Lemma 3.2 we see that the unique positive
solution of the following problem

Uy = gy — il + e PT fngZ(r, x—y)fG@ —t,y)dy, t >0, x € [—L, {],

a(t, £0) =0, t>0,

10, x) =, £ 0, x €[4, 0],

(3.12)

with € 1=l p¥ (0, x — Meetgeey > (0, x) in [(0), h(0)), satisfies @ — O
uniformly for x € [—¢,¢] as t — oo. The conclusion (iii) now follows from the
comparison principle.

“(ii1)=>(i1)”: We proceed by a contradiction argument. Assume that, for some small
& > 0 there exists a large number #; such that 2 (1) — g(¢t) > 2€*+4e forallt > t, — .
It is known that the eigenvalue problem (3.1), with £ = £* + ¢, admits a negative
principal eigenvalue, denoted by A., whose corresponding positive eigenfunction is

Qe = cos(%x). Set
v(x) := 8. (x) forx € [—£* — g, £* + €],
with § > 0 small such that
f(s) = f/(0)e’Ts fors € [0, 8].

A direct calculation yields that for x € [—£* — ¢, £* 4 ¢],
*+e
Vr — Uyx + OV — e bt / Kpeqe(t,x —y) f(v( — 7, y))dy

—{*—¢

*+e
— vt e / Kpre(z.x = 0] ©)*T0(y) — fFw(y)]dy <0.

—l*—¢
Furthermore, one can choose § sufficiently small such that for x € [—£* — ¢, £* + €],

0<dge(r) < ]u(t2+9,x+€*+g(t2+9)+28),

—r,O]x[TiP—a,e*Jrs
since the last function is positive for x € [—£* — ¢, £* + €], which implies that
v(x) Sulty+0,x + 05+ g(tr +0) +2s) forf € [—7,0], x € [-£" — ¢, £* +¢].
By the comparison principle we have, for all # > 0,

u(t + 0, £ + g(2) +2¢) = v(0) = 8¢:(0) > 0,

contradicting (iii).
This proves the lemma.
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Next, we give a sufficient condition for vanishing, which indicates that if the initial
domain and the initial function are both small, then the species dies out eventually.

Lemma 3.4 Suppose (H) holds and let £* be given in Lemma 3.1. If h(0) — g(0) < 2¢*
and if | @l Loo ((—1,01x[g,n]) IS sufficiently small, then vanishing happens for the solution
(u,8,h)of (P).

Proof 1t suffices to construct an appropriate super solution that converges to 0 as
t — oo. Without loss of generality, we may assume that g(0) 4+ 2(0) = 0.
Set £y := M. For § > 0 sufficiently small, we define

8
k(t) i=Lo(1+68 — Ee_&), r>—t. (3.13)

Clearly, k() is increasing and
§ 8§t
bo<lo[1+68— Ee <k() <1+, t=>-—1. (3.14)

For fixed ¢t > 0, it is easily checked that

Dr?

— —\ B+ )s T
(s, x):=e (ﬁ w20 /" cos

2k(t)

X

satisfies
Vs = Doy — Bo, s >0, x € (—k(1), k(1)),
v(s,x) =0, s >0, x = £k(1),
0(0, x) = cos #(t)x, x € [—k(®), k®)].

Since k() is increasing, we thus obtain

vy = Dvyy — B, seO,t], xe(—k(t —1t+5),k(t —T+5)),
v(s,x) =0, s€(0,7], x ==xk(t — 1t + ),
v(0, x) > cos ﬁx, x €[—k(t—1),k(t —1)].

For € > 0, define

O cos

u(t,x) =e€e X. (3.15)

2k(1)

Next we verify that u is a super solution of (P) when § is small enough and € is
suitably chosen. Indeed, in view of assumption (H) and (3.15), we have

fh —1,2) < flOi —7,x) < f(0)ee V50, x)
forx € [—k(t — t), k(t — t)]. Thus
w(s, x;1) = f(0)ee 2" 5(s, x)
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satisfies
Wy = Dwyy — Bw, se0,t], xe(—k(t—1+5),k(t—T+5)),
w(s, x) >0, s€(0,7], x =%kt — T+ ),

w(0,x) > fu(t —1,x)), x € [kt — 1), k(t —7)].

Moreover, using x tan x > 0 for |x| < 5, k'(¢) > 0, (3.3) and (3.14), we can infer
that for (¢, x) € (0, +00) x (—k(-), k(-)),

T —1
(it; — fxx + it — W(T, X3 1)) <ee5’ cos Zk(t)x>
2 D 2 /
—Br—=F—< wxk'(t) b4
Sy R an
(“ e O T2 M uo”
2 D2
St—Br—-—F—1
>a—-8+—0 — (0 421
@0t e SO
2 _Br__Dr*
Sa— —f/(O)ear pr u%(ws)zr

T
sS4 ——
403(1 +6)2
2
1
_ ‘f‘)—a—”—z(1__2>
4¢5 (148)
D;'r2 j.[2 !

_f/(o)eﬁr—ﬁr—ﬁf (e?w(z)rx(l—ma)z) _ e(AfOS)t> 7

which is positive for all small § > 0 as )Lfo > 0.

Furthermore, for t > 0 we have it (¢, £k(¢)) = 0 and —pit, (¢, k(¢)) = gf(rt[)e“” <

JUETT 5t / _ ﬁ —dt : _ 5052 :
50 € and k'(t) = 5 e . Thus, choosing € = e yields

— pity (1, k(1)) < k'(1), t>0. (3.16)

Similarly, — ity (¢, —k(t)) > —k'(¢). Therefore, such a u is a super solution for (P).
Consequently, for initial data (¢, g, i) satisfying the extra condition

082
0<¢0,x) < L—¢cos
T

g
2k(9)x’ @,x) e[—1,0] x [g, hl, (3.17)

the corresponding solution (u, g, h) of (P) satisfiesu < u and —£o(14+38) < —k(t) <
g(t) < h() < k() <Lo(1+9).

3.4 Spreading phenomenon

In this subsection, we study the spreading phenomenon of (P) and give some sufficient
conditions for spreading to happen.
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Lemma 3.5 Assume that (H) holds and let * be given in Lemma 3.1. If h(0) — g(0)
> 20*, then spreading always happens for the solution (u, g, h) of (P), i.e., —gco =
hoo = 00 and

t1—1>Igo u(t, x) = u* locally uniformly in R, (3.18)

where u* is the unique positive root of f(v) — aePTv = 0.

Proof Since h(0) — g(0) > 2£*, from g'(t) < 0 < K'(¢r) for t > 0 we deduce
h(t) — g(t) > 2£* for any ¢t > 0. So the conclusion —go, = heo = 00 follows from
Lemma 3.3. In what follows we prove (3.18).

First, we choose an increasing sequence of positive numbers ¢, such that ¢,, — oo
asm — ooand £, > £* forallm > 1. As —gso = he = 00, we can find ¢, large
such that [—¢,,, £,,] C (g(t), h(z)) for ¢t > t,, — 7. It follows from Lemma 3.2 that
the following problem

u =, — ot e P[0 Ky, (rx = y) ft =T, 0))dy, >ty X € (—ln, L),
u(t,x€,) =0, t > ty,
u(ty +0,x) =u(ty, +6,x), 0 e€[—1,0], x € [—Ln,Lnl,

admits a unique positive solution u,, (¢, x), which satisfies
u,, (t,x) — Uo(x; £y) uniformly for x € [—£;,, €] ast — o0,

where Ug(x; £,,) is the unique positive solution of (3.6) with £ = ¢,,. Moreover, as

Ly — 00, Up(x; £y) — u* in L7 (R). By the comparison principle we have

u, (t,x) <u(t,x) fort >t,, x € [—Ly, byl

—m

Thus
litm inf u(z, x) > u* locally uniformly for x € R. 3.19)

— 00

On the other hand, consider the problem

u; = —au + w(t;t), t >0,
1(0) = u* + ||pll Lo ((—7,01x[g,h])> 0 € [—T7, 0],

where for any ¢ > 0, w(s; t) = w(s) is the unique solution of

{ws = —pw, s € (0, 7],
w(0) = f(u(t —1)).

It follows from [15, chap. 4, Theorem 9.4] that the above problem has a unique
solution () and

u(t) - u™ ast — oo.
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It thus follows from the comparison principle that

limsup u(#, x) < u™ locally uniformly for x € R.
—00

Combining this with (3.19) we obtain

lim u(t, x) = u™ locally uniformly for x € R.
—0o0

The proof is complete.

Using (3.18) and —goo = hoo = 00, it is also easy to show that the corresponding
solution w(s, x; 1) to (Q) satisfies

lim w(s,x; t) = f(u*)eiﬁs (3.20)

11— 00
locally uniformly for (s, x) € [0, 7] x R.

We are now in a position to prove the following spreading—vanishing dichotomy
result.

Theorem 3.6 (Spreading—vanishing dichotomy) Assume that (H) holds and €* is
given in Lemma 3.1. Let (u, g, h) be the solution of (P) with the initial data
(@O, x), g0), h(0)) satisfying (1.4) and (1.5). Then one of the following alterna-
tives holds:

(i) Spreading: (goo, hoo) = R and

tlim u(t, x) = u™ locally uniformly in R,
—00

(i1) Vanishing: (go0, hoo) is a finite interval with hoo — goo < 20* and

lim max u(t,x) =0.
100 g(N<x<h(r)

Proof 1Tt is easy to see that there are two possibilities: (i) oo — goo < 2€%; (i1) hoo —
8oo > 20*.Incase (i), it follows from Lemma 3.3 that lim; _, oo [|u(2, )|l oo ([¢(1),h (1)) =
0, i.e. vanishing happens. For case (ii), it follows from Lemma 3.5 and its proof that
(800> hoo) = R, u(t,:) — u* ast — oo locally uniformly in R, i.e. spreading
happens, which ends the proof.

Under an additional condition on f, namely
b(oo) = lim f(u)/u >0, (3.21)
u— 00

we can show that spreading happens if the initial function ¢ (6, x) is large enough, as
described in the following result.
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Lemma 3.7 Assume that (H) holds. For any given triple (¢ (0, x), g(0), h(0)) satis-
fying (1.4) and (1.5), let (u, g, h) be the solution of (P) withu(0,x) = o¢ (0, x) in
[—7,0] x [g, k] for some o > 0. If (3.21) holds, then there exists oy > 0 such that
spreading happens when o > oy.

Proof To stress the dependence of the solution (u, g, h) on o, we will denote it by
(s, 8o, ho). Recall that

ug(t,x) =o¢(t,x), gs(t) = g(t), ho() = h()fort € [—7,0].
By the comparison principle we easily see that u, (¢, x), hs(t) and —g, () are all
increasing in o for fixedt > O and x € (g, (¢), hy (2)). Therefore if spreading happens
for o = o1, then spreading happens for all o > o7.

Assume by way of contradiction the desired conclusion is false; then by Theorem
3.6 vanishing happens for all o > 0, and hence

ho(t) — go(t) < 2£*forallt > 0and o > 0. (3.22)
We now let g..(¢) and &, (¢) be continuous extensions of g(¢) and A (¢) from [—7, 0]
to [—7, 7], respectively, with the following properties: g«|[0,7], f«|[0,7] € cl(o, 1),
they are constant in [0, €] for some small € > 0, and
g, (1) SO <AL (r)in (0, 7], hy(r) — gulr) > 207
By the monotonicity of f(u)/u and (3.21), we have

fw)/u > o0 := Elim f(&)/& > O0forany u > 0.

Then for ¢ € [0, 7], let wy(s, x; ¢) denote the unique solution of the initial boundary
value problem

ws = Dwyy — Bw, s€(0,7], x € (gs(s +1 —1), hie(s +1 — 1)),
w(s,x) =0, s€0,7], x e {gu(s+1t —1), he(s +1 — 1)},
w(0, x) = 00cp(t — 7, %), x € [t — T), hu(t — T)],
(3.23)
and let u.. (¢, x) be the unique solution of
U = uxxy —ou +wi(t,x51), £ € (0, 7], x € (8«(2), hi (1)),
u(t,x) =0, t€(0,7], x € {g«(t), hse(1)}, (3.24)

u@,x) =¢@,x), 0 €[—1,0], x € [g«(0), h.(0)].
We now define, forany k > 1,¢ € [0, t] and s € [0, 7],
up(t, x) == kuy(t, x), wi(s,x;1) :=kws(s, x;1).
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Then
(Zk)l = (lk)xx _aﬁk +wk(‘c’x: t)? re (Ov T]’ X € (g*(t)a h*(t))s
Ek(tvx) = O’ re (07 r]’ X € {g*(t)a h*(t)}a
u, (0, x) = k¢ (0, x), x € [£+(0), h(0)],

and

(wp)s = Dwy)xx — Bwy, s€0,7], x € (guls +1 — 1), hu(s +1 — 7)),

wi(s,x) =0, se€0,7], xe{g«(s+1t—71), he(s+1—1)},

wy (0, x) = kowop(t — 7, %)

S [kt — 7, %)) = flku(t —7,x)), x €[gs(t —7T), hs(t — T)].
Since w, > 0, we can apply the parabolic Hopf boundary lemma to (3.24) to obtain

Oxux(t, hy (1)) < 0 < Oyus(t, g (1)) fort € (0, 7].
Thus we can find § > 0 such that
Oxti(t, hy (1)) < —8 and O, u, (2, g«(1)) = S fort € [e, T].

It follows that, for all large k,
— Oy iy (t, hye()) = ks > hiy(t) and — pdcuy (t, g«(1)) < —pks < gi (1) fort € [e, 7).
Since Al (1) = g, (t) = 0 for r € [0, €], the above inequalities also hold for ¢ €
[0, €]. Thus we see that (u;, g«, i+) forms a lower solution to the problem satisfied
by (4, 8o, he) (for t < t) with o = k, for all large k. It follows that

he(T) — g0 (1) = hy(t) — gi(T) > 2¢* for all large o,

which contradicts (3.22). Therefore the desired conclusion holds.

3.5 Proof of Theorem 1.2
With the preparation of the previous subsections, we are now ready to complete the
proof of Theorem 1.2.

By Lemma 3.5, we find that spreading happens when 2 (0) — g(0) > 2¢*, where
¢* is given in Lemma 3.1. Hence in this case we have o* = 0 for any given
(¢, x), g(), h(0)) satisfying (1.4) and (1.5).

In what follows we consider the remaining case 2(0) — g(0) < 2¢*. Define

Y= {O’() : vanishing happens for o € (0, O’()]}.
By Lemma 3.4, we see that vanishing happens for all small o > 0, thus ¥ # &, and
o :=sup ¥ € (0, +o0].
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If 0* = o0, then there is nothing left to prove. Suppose o* € (0, co). Then by
definition vanishing happens when o € (0, 0*). By the comparison principle we see
that spreading happens for o > o*.

It remains to prove that vanishing happens when o = o*. Otherwise it follows
from Theorem 3.6 that spreading must happen when o = o* and we can find 7y > 0
such that h(f9) — g(t9) > 2€* + 1. By the continuous dependence of the solution of
(P) on its initial values, we find that if € > 0 is sufficiently small, then the solution
of (P) with u(0,x) = (¢* — €)¢(0, x) in [—7, 0] x [g, h], denoted by (u}, g¥, h}),
satisfies

hi(to) — gk (19) > 207,
But by Lemma 3.5, this implies that spreading happens to (u}, g¥, h¥), a contradiction
to the definition of o *.
Finally, if (3.21) holds, then by Lemma 3.7 we have 6* < oo. m|
4 Asymptotic spreading speed

Throughout this section we assume that (H) holds and (u, g, /) is a solution of (P)
for which spreading happens.

4.1 A semi-wave problem

Let ¢ > 0. Introducing the transform
(t,x) —> (t,&) with &€ =&(¢t,x) =x — h(t)
and writing
u(t, &) =ult,x), w(r,§) =w, x),
then problem (P) is changed into the following form:

iy = dgg + 0 (Dilg —ai +w(r,&1),t >0, § € (gt) —h(1),0),
Ut &) =0, g'(t) = —piuc(t,§), 1>0,§=g(@)—h@),
i(t,0) =0, h'(t) = —pig(t,0), t >0,
u@®,8)=¢0,8), 0 €[—7,0], & € (g(0) — h(9),0),
4.1
where w(s, &; 1) = w(s, ) is the solution to

Wy = Dgg +h' (s +1 —1)Wg — B0, s € (0,7], § € (g(s +t —1) —h(s+1—1),0),
w(s,0) =0=w(,§E), se0,7], E=gs+t—1)—h(s+1t—1),
w(0,§) = fu(t —1,%)), §e(glt—1)—h(—r1),0).

4.2)
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Since spreading happens, we have
lim [g(¢) — h(2)] = —o0.
—>00

If we heuristically assume that lim;_, o, #’(f) = ¢ and there exists U € CZ((—oo, 0],
[0, 00)) with U (—o0) = u* such that

lim u(t, &) = U(&) locally uniformly in & € (—o0, 0],
11— 00

then letting t — oo in (4.1) and (4.2), we obtain a limiting elliptic problem for U in
(=00, 0]:

4.3)

Usg +cUs —aU +W =0, & <0,
UW0)=0, U(—00)=u",

where W (&) = v(z, &) and v(s, £) satisfies
vy = Dvgg +cve — B, s € (0, 7], § <0,
v(s,0) =0, s € (0, 7], 4.4)
v(0,8) = fWUE)), §<0.

Using the reflection method, we can solve v(t, &) explicitly to obtain

0
v(t, &) :/ K, & x)f(Ux)dx, &€ <0, 4.5)
where

K(c, &, x) := e—ﬁf—%f—ﬁ@—x)[c(r,g —x)—G(r,E+x)], £ x<0, (4.6)

and
2

G(t,y) == e~7, yeR. A.7)

1
vV4Drmt
Substituting (4.5) into (4.3), we obtain a nonlocal elliptic problem
Uge +cUs —aU + [0 Kie. 6.0 fUNdx =0, <0. 4o

U0)=0, U(—o0)=u* '

Lemma 4.1 The following statements are valid:

(i) Foranyc >0, K(c,&,x) < e PTG(1,€ + ct — x) for £ <0and x < 0.
@ii) Foranyc > 0, K(c,&,x) > 0for&§ < 0and x < 0, and K(c, &, x) = 0 when
x& =0.
@iii) If ¢ € L*°((—o0,0]) is non-increasing, then fi)oo K(c, &, x)p(x)dx is non-
increasing in & < 0andc > 0.
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Proof Items (i) and (ii) follow directly from the definition of K. As for item (iii), fix
0 < ¢ < ¢3. Note that fi)oo K(ci, &, x)p(x)dx fori = 1, 2 are the time-t solutions
vi(z, &) of the following problems, respectively:

vl = Dol + ¢l — poi, s € (0.7, & <0,
v'(s,0) =0, s € (0, 1], (4.9)
v'(0,8) = ¢(&), §<0.

Noting that ¢ is non-increasing in & < 0, so are vi(r, £),i = 1,2, thanks to the
parabolic comparison principle. Hence, v := v! — v? satisfies

vy — Dugg + v = clvé —czvé2 > cjvg, s € (0, 7], § <0,
v(s,0) =0, s e (0, ],
v(0,8) =0, £§<0.

The parabolic comparison principle then infers that v(z, §) > 0, i.e., f? o K(c, &, x)
@ (x)dx is non-increasing in ¢ > 0. The proof is complete.

Define A
co := inf ﬁ, (4.10)
y>0 y
where A = A(y) is the unique positive root of the following equation
A=y —a+ [PV —BNT 4.11)

It follows from (4.11) and (H) that A(y) is positive at y = 0 and greater than y> — «
for all large y. Therefore,

. Ay) . AY)

lim — =00 = lim —.

ryi0 y ytoo Yy
Hence, ¢p :=inf, -¢ @ is attained at some y*.

Theorem 4.2 Assume that (H) holds. Let co be given in (4.10). Then problem (4.8)
admits a unique positive solution (denoted by U°) if and only if 0 < ¢ < cq. Further,
U*€ is continuous in ¢ € [0, ¢g) and Ug(é) <0for& <0 . For0<c) < < oo,
Ut(E)>U2E) forE <0,0 < Ug‘(O) < ng(O) and lim4¢, U;(O) =0.

Proof Assume that U°(§) > 0 for & < 0 is a solution of (4.8), then by the strong
maximum principle we can infer that U(§) > 0 for £ < 0. The rest of the proof is
divided into five parts.

Fart 1. Existence of a positive and decreasing solution when c € [0, cop).

We assume that ¢ € [0, cg) and employ the super and subsolution method. For this
purpose, we first construct a monotone operator.
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Let
M := {all non-increasing functions from (—o0, 0] to [0, u*]}.

Let A1 < A be the two distinct roots of A2 + cA —a = 0 for ¢ € [0, o). Clearly,
A1 < 0 < Xy. Define

& 0
Qlpl() : =A—(e“é—e*2$) f e / K(c.s,x) f(p(x))dxds

— Al
1 0 0
+7e’\2§/ (e_’\” —e_)‘”)/ K(c, s, x)f(px))dxds, & <0.
A2 — Al 3 —0
Since f(0) = 0, we have Q[0](§) = 0 for £ < 0. In view of Lemma 4.1 (i), we have

§ 0
Qlu*1(§) < ﬁ[(ehg — M%) /700 e M3 ds —l—e)‘zg‘/é. (e — e’k”)ds]efﬂrf(u*).

After a simple calculation, we obtain

1 1 1
* < ( o ) —Bt Y —Bt * ;
Olu™1(¢) s e "t f(u”) Alkze f@w™)
which, combined with AjAy; = —« and e_ﬁff(u*) = au*, yields

Qu*1(§) <u* for £ <0

Hence, it follows from Lemma 4.1 that @ : M — M satisfies

> Olu*] > Qlgi] = Qlea] = Q01 =0 for u™ > ¢ > @2 > 0.

Moreover, it is not difficult to check that

= (QleD)" (&) + c(Qlel) (§) — a(QleD(€) + f?oo K(c, &, x) f(p(x)dx =0, § <0,
Qlpl(0) = 0.
(4.12)
Therefore, a fixed point of Q satisfies the first equation of (4.8).
Next, we construct a lower fixed point for Q. We introduce a family of bistable
problems, the unique traveling wave solutions of which will be used. For ¢ > 0, we
define

(1—g)f(1—), >0,
Let
s L SO
0= 57 7 webt
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Since f/(0) > aeP?, we have 8y > 0. Consider the following problem

uf =uf, —au® + e~ (B+doe)T /1; G, y) few® (@t —1,x—y)dy, t>0, x eR.

(4.13)
Claim: The following statements are valid:

(i) For e € (0, 1), e~ B+%097 £ (1) = qu admits exactly three roots u® < 0 < ué
with the properties that u®, 1t u* andu® 1 Oase | 0,45 | Oandu® | —uj <0
as ¢ 1 1, where ] is the unique positive root of the equation

) — aePHooT, =,

whose existence is guaranteed by the choice of §y and (H).
(i1) There exist a unique ¢ and a unique monotone function U® € C 2(R, R) with

Uf(—o0) =uf, U’(+o0) =u’, U*(0)=0
such that u®(¢, x) := U®(x — ¢®t) = U®(&) solves (4.13), that is

Uge + ¢ Uf —aU* e P00 f G, Nfe(U (E —y+c)dy =0, § €R.
R

(4.14)
(iii) ¢® is continuous in ¢ € (0, 1), ¢® < co, limg_,9c® = co and there exists g €
(0, 1) such that ¢® < O for € € (g1, 1).

Let us postpone the proofs of the claim to Part 5. In the following we construct a
lower fixed point of Q. For [® > 0 to be specified later, we define

ey . | USEHID), & <=1,
Lery= {0, £ e [1°,0].

By the claim we know that for any ¢ € [0, co) there exists ¢ € (0, 1) such that
¢ =c.

Then with such an ¢ we show that U? (£) is a sub-solution of (4.8) provided that /* is
sufficiently large. Set

0
LIUCNE) = Uge + *US — aU® + / K(c®, €. %) f (US (x))dx.

For & > —I¢, clearly LI[U®](&§) = f?oo K(c?, &, x)f(U%(x))dx > 0.For § < —[°,
LIUCNE) = Ugg (6 +1°) + FUL(E +1°) —aU (€ +1°)

e
+/ IC(CS,E,x)f(UE(x—l—lg))dx. (4.15)

oo
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In view of (4.14), and due to U?(¢) < O for £ > 0 and the concavity of f,(u) for
u > 0, we have

Uge (6 +1°) + FUL(E +1°) —aU(E +1°)
= —e (BFdoo)T / G, N fe(US(E+1°—y+cT))dy
R

= —¢~ (PHdoe)T / G(t, 6 +1F+ 1t — y) £ (U (y))dy
R

> = (B+here / G(r,& + T — ) fo(US (3 + I))dy
—00

&

> _em(B+he)t / G(t.€ + "t = y) f(US(y + [))dy.
—0Q

This, together with (4.15), implies that L[U?](¢) > 0 for € < —I° provided that
K(ct, &, x) > ef(ﬂwos)rG(t,E +cfr — x) for&, x < 1%,
which, in view of the definitions of C in (4.6) and G in (4.7), is equivalent to

_()? _ (E—x)? _ (+0? _ _(E+r i r)
B¢ )[ TiDr — ¢~ 4Dt ]>e SoeT for&, x < —I°.

The above inequality can be simplified into the form

_ Ex (E+cfr— x)
(1—6 80ET _ Dr)e D >0 for&, x < —[°,

L . )’ .
which is true provided that 1 — %87 _ o= "pr >0, that is

> \/—Dr In (1 — 6—50”).

Now we are ready to verify that U® is a lower fixed point of Q. In view of
LIU?1(E) = 0 for & € (—o00,0) \ {—I°}, and gg(—lf -0 <0= Qg(—lg + 0),
we can easily deduce

QIUFI(§) > U*(§) for § <0

Define the iterative scheme

U"(&) = QIU"1(§) (n > 1), with U%(€) = U (€) for& <0

Then {U"} is non-decreasing in n and non-increasing in £ < 0 with U° < U” < u*
for n > 1. By the monotonicity of U" in n, U" is convergent. Let U € M be the
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limit. Then U° < U® < u*. By Lebesgue’s dominated convergence theorem, we
infer that

QIU™I(E) =U™(§) for &£ <O,

from which we can further infer that U®(0) = 0 and U® € C%((—o00, 0)) with
Ug?o(—oo) =0= Ug’g(—oo). By (4.12) we see that U ®° (—o00) solves the first equation
in (4.8), that is,

0
—aUOO(—oo)—i—ElirIl/ K(c,& x)f(U®(x))dx =0. (4.16)

Using the explicit form of ', we compute to have

0
eﬁf/ K(c, & x) (U (x))dx

0 0 :
= / G(r,& +ct —x) f(UF (x))dx —/ G(1,& + et +x)eD* f(U™ (x))dx
oo o0

§ c
= /Oo G(t,x +c1) f(U®(E — x))dx — / G(t, x +c1)eD "8 F(UX(x — £))dx
& 00

=1(E)—11(®).

By Lebesgue’s dominated convergence theorem, we obtain, for any &y < 0,

f(UOO(—OO))/Oo G(t,x)dx > limsup I (£)

E——00

> lsim_inf 1(§) > f(U™(—00))

o0
X / G(t,x)dx,
&

0

and

&
0 <limsup/I(¢) < f(u*)lim sup/ G(t,x +c1)dx =0,
—00

£——o00 E——00

and hence, (4.16) becomes —aU>(—00) + ¢ PT f(U>®(—00)) = 0, from which
we see that U®(—o0) = 0 or u*. However, U®(—00) > U%(—o0) = uf > 0.
Therefore, U (—00) = u*.

Thus we have shown that U is a solution of (4.8). By the elliptic strong maximum
principle, we infer that U°° (&) is decreasing in & < 0, and positive for & < 0.

Part 2. Non-existence when ¢ > cy.
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We employ asliding argument. It follows from (4.10) and (4.11) that for any ¢ > ¢y,
there exists y; > 0 such that ¢ = % Consequently,

yE— eyt —a+ [l Pri—FemT =g,

Next we show that for any € > 0, U* &) := ce M isa supersolution of (4.8). Indeed,
thanks to the inequalities

fu) < f/(O)u foru >0, K(c&,x) < ef‘%G(r,é —x+ct) foré <0Oandx <0,

we have

0
Uge +cUg —alU' + / K(c. & x) f (U (x))dx

0
<Uge +cU; —alU + / Ke, &, x) £ (O)U (x)dx
—00
< ﬁ; + cﬁg —aU + eiﬁrf/(O)/ G(t, € — x4+ cn)U  (x)dx
R
=T @[ri - cn —a+ f©ePri-Perr] <o, @.17)

To employ the sliding method, we assume for the sake of contradiction that U is a
solution of (4.8). Define W€ (&) := U (€§) — U (&) for & < 0. Since W¢(—00) = 0o
and W€(0) = € > 0, we may choose ¢ appropriately such that W€ > 0 and vanishes
at some &, < 0. Hence, by (4.17) we can infer that for £ < 0,

0
W, + cWE —aWe < —fooiC(c, £0)[f(U ) — FWUE)]dx <0,
where the monotonicity of f(s) in s > 0 and Lemma 4.1 (iii) are used. By the
elliptic strong maximum principle, we infer that W€ (£) = 0 for £ < 0, leading to a
contradiction. The non-existence is thus proved.

Part 3. Uniqueness when c € [0, cp).

Fix ¢ € [0, ¢p). Assume that U! and U? are two positive solutions of (4.8). Then
Ué(é) < 0for & < 0 with U'(—o0) = u* and U'(0) = 0 fori = 1, 2. Hence, we
can define the number

p* =1inf{p > 1: pUE) > U*(), V& <O0).

We show that ,of = 1. Otherwise, p* > 1. Define Vo= ,o*U1 — U2 Then V > 0,
V(0) = 0and V(—00) = (p* — )u* > 0. By the concavity of f and p* > 1, we
have p* f(U") > f(p*U'), and hence

_ B _ 0

Vee +cVe —aV < / K, & 0)[f(U*) — f(p*U'(x))]dx <0, & <O0.

—00
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We may now use the elliptic strong maximum principle and Hopf’s boundary lemma
to deduce that V > §U? in (—o0, 0] for some 8 > 0 small, and this infers that

p* 2
mU ) =2 U"(§) V& <0,

which contradicts the definition of p*. Therefore, p* = 1 and U'(¢) > U?(&) for
& < 0. Exchange the roles of U! and U?, we obtain that Uz(é) > UI(E) for & < 0.
Therefore, U! = U? for £ < 0, and the uniqueness is proved.
Part 4. Monotonicity and continuity of U in ¢ € [0, co) with lim4¢, Uéf ) =0.
First, we prove the monotonicity of U¢ in ¢ € [0, ¢p). Let 0 < ¢1 < ¢2 < ¢g. We
see that Ugi (&) < Oforé < Owith U (—o00) = u*and U (0) = 0,i = 1, 2. Hence,
we may define

M*:=inf{M > 1: MU (§) > U?(§), V& <O0)}.

We show that M* = 1. Otherwise, M* > 1. Define ¥ := M*U!' —U.Then ¥ > 0,
Y(0) =0and ¥(—o0) = (M* — 1)u™ > 0. By direct computations, we have
Weg + 01 Wg —aV

0 0

= (2 —eDUE + f K(e2, & %) f (U (x))dx — / K(er, & x)M* (U (x))dx
—0 —00
0 0

< (2 —enUS + / K(e2, & ) f (U2 (x))dx - f K(er, & 2) f(M*U! (x))dx
—0o0 —00

0
<l —eDUZ + f K(et, £, 0[f (U2 () — f(M*U (x))]dx <0,
—0o0

where the concavity of f(s)ins > 0, the monotonicity of U2(£) in & < 0 and Lemma
4.1 (iii) are used. By a similar argument as in Part 3, we can obtain a contradiction
with the definition of M*. Thus M* = 1 and U (§) > U2 (&) for & < 0. Repeating
the above argument with M* = 1, by the uniqueness of solution to (4.8), the strong
elliptic maximum principle and Hopf boundary lemma, we have

U(E) > UR(E) foréE <0 and U(0) =0 = U2(0) with Ug‘ ) < ng(O),

which completes the proof of the monotonicity of U€ in ¢ € [0, cp).

Next, we employ a contradiction argument to show that limg, U%? 0) = 0. So
we assume that lim4, UEC (0) < 0. Then, as ¢ 1 cg, U(§) converges to some non-
increasing function U*(§), and U* satisfies

U, + coUf —aU* + [° K(co, §.x) f(U*x)dx =0, & <0,
Uz (0) <0=U*(0).
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By the monotonicity of U* we can infer that U*(—o0) = u™ as in Part 1. Therefore,
U* is a solution of (4.8) with ¢ = cg, a contradiction to the nonexistence of solution
when ¢ > c¢y.

Finally, let us prove the continuity of U¢ in ¢ € [0, cp). Fix ¢ € (0, cg) and
choose a sequence {c,} C (0, cp) with ¢, / ¢ as n — oo. It follows from Part
3 that U, the unique positive solution of (4.8) with ¢ = ¢,, is decreasing in n
and U¢(¢§) < U (&) < u* for & < 0. Using standard regularity theory for elliptic
equations (up to the boundary), we see that

U — Z locally uniformly in C*((—00,0]) as n — oo,

where Z is a positive solution of (4.8) with ¢ = ¢and Z > U€. The proved uniqueness
of positive solution to (4.8) in Part 3 yields that Z = U°®.

Similarly, fix ¢ € [0, ¢g) and choose a sequence {¢,} C (0, co) with ¢, \ ¢ as
n — oo. We can obtain that

Ut — ye locally uniformly in CZ((—oo, 0]) asn — oo,

where U and U< are, respectively, the unique positive solution of (4.8) with ¢ = &,
and ¢ = ¢. Thus the continuity of U in ¢ € [0, ¢p) is proved.

Part 5. Proof of the claim.

Statement (i) follows from direct computations. Statement (ii) follows from [27].
As for statement (iii), the continuity of ¢ follows from [3]. It then remains to show
that

c® <cop, limc® =cp, limcf <O.
e—0 e—>1

Indeed, by the definition of ¢y, we see that there exists y* > 0 such that for any
M > 0, the function i(z, x) := Me" ©0'—%) gatisfies

—Uy + Uyy — U —I—e_ﬁrf’(O)/ G, y)ut—t,x—y)dy =0
R

forall (¢, x). Choose appropriate M such that (0, x) > U®(x) and iz(0, x9) = U®(xp)
for some xg. Since f:(s) < f(s) < f/(0)s fors > 0, we can infer by the comparison
principle that U® (x — ¢®t) < u(t,x) fort > 0 and x € R, and hence, ¢® < ¢o and
the limit ¢? := limy_¢ ¢* satisfies ¢® < ¢p. Next, we show that ¢ > ¢(. Denote the
limit (up to subsequence) of U® as ¢ — 0 by U 0 then u 0 cO) satisfies (4.14) with
e = 0. Since U%(0) = %, we have U%(—o00) = u* and U°(0) = 0. This implies that
U%%x —cY%%)isa traveling wave solution of u; = u,, — ou + Pt fR G(t,y) f(ult —
7,x — y))dy, for which the minimal wave speed had been shown to be ¢y (see e.g.
[11]). Hence, ¢ > ¢p. Finally, we show that lim,_, | ¢® < 0. By [3], we know that ¢*

has the same sign as the integral f:f [e_(ﬂ”()'s)’ fe(s) — ozs] ds. Due to the choice of

8o and f'(0) > aePT, we see that f(u)/u = aePT%07 has a unique positive root ui.
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Moreover, it is easily seen that, as ¢ — 1, we have ui — 0,u® — —u} and

T o) G B
/ [e 08T f (5) — as] ds — / [—e 0T £(s) + as] ds.
0

u®
Therefore, ¢¢ < 0 when ¢ is close to 1 as —e~ #1307 £(5) 4 as < 0 for s € (0, up).

Based on Lemma 4.1 and Theorem 4.2, we obtain the following result.

Proposition 4.3 Assume that (H) holds. Let cy be given in (4.10) and U€ be the unique
positive solution of problem (4.8) with c € [0, cg). Set

0
W) i=/ K(c, &, x) f(U (x))dx;

then WE(£) is non-increasing in & < 0, We(—o00) = f(u*)e 7, W) = 0 >
WS"(O). Further, W€ (&) = v(t, &), where v(s, &) satisfies

vy = Dvgg +cvg — Bv, s € (0, 7], § <O,
v(s,0) =0, s € (0, 7],
v(0,8) = f(U¢E)), £&<0.

Theorem 4.4 Assume that (H) holds. Let ¢y be given in (4.10). For each . > 0, there
exists a unique c* = c;‘; € (0, co) such that —pUE " (0) = ¢*, where US" is the unique
positive solution of (4.8) with c replaced by c*. Moreover, c}, is increasing in p and

lim c;i = cp.
L—>00

Proof By Theorem 4.2, for each ¢ € [0, ¢p), problem (4.8) admits a unique solution
U¢E) > 0foré < 0and Uif (0) < 0. Let us consider the following function

j@:@@:@@+£%mem@.

It follows from Theorem 4.2 again that 7 (c) is continuous and strictly increasing in
¢ €10, cp), and lim¢4¢y J(c) = %0 > 0. Moreover, 7 (0) = U€0(0) < 0. Thus there
exists a unique ¢* = c; € (0, ¢p) such that 7 (c*) = 0, which means that

*

—Ug o) =<
m

Next, let us view (c;, %) as the unique intersection point of the decreasing curve
y = —Ug(O) with the increasing line y = ;% in the cy-plane, then it is clear that c),
increases to cg as u increases to oo. The proof is complete.
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4.2 Asymptotic spreading speed

In order to determine the spreading speed, we will construct some suitable sub- and
supersolutions based on the semi-waves.

Theorem 4.5 (Spreading speed) Assume that (H) holds and that spreading happens
forasolution (u, g, h) of (P) as in Theorem 3.6 (i). Let (c*, UC*) be the unique solution
of (4.8) with —ng* (0) = ¢* and W€ (§) := ffoo K(c*, &, x)f (U (x))dx. Then

h(t t
fim O i 89 _
t—oo f t—oo f

(4.18)

Proof We will prove (4.18) for A(t) only, since the proof for g(¢) is parallel.
For any given small € > 0, we define

h(t) == (1 +2€e)c*t + L fort >0,
i(t, x) ;= (1 +26)UC (x — h(t)) fort >0, x € (—o0, h(1)],
W(t, x) = (1 +20)W (x — h(t)) fort >0, x € (—o0, h(1)],

where L > 0 is a constant to be determined.
Recall that W< (&) = V (1, &) where V (s, &) is the solution of

Ve =DVeg +c*Ve — BV, 5 € (0, 7], £ <0,
V(s,0) =0, s € (0, 7], 4.19)
V(0,8 = fU ), &<0.

Thanks to the monotonicity of U c* (()in& < 0and f(u) inu > 0, respectively, the
parabolic comparison principle implies that the solution V (s, &) of (4.19) satisfies

Ve(s, &) <0 for £ <0,5 € (0, 7]. (4.20)
Moreover, it follows from U c* (—0o0) = u* and (4.19) that
V(s, —00) = fu*)e P for s €0, 7]. 4.21)
Define, for any fixed ¢ > 0,
(s, x;0) =1 +26)V(s,x —h(s +1—1)).

Then clearly w(z, x) = v(t, x; ), and for x < h(s+1—1)ands € (0, 7], 0(s, x; 1) =
v(s, x) satisfies

Oy — Dy + B = (1 4 2€) (Vs — i’ Vi — DVig + BV)
= (1426)(Vs — (1 +2€)c* Ve — DVgg + BV)
= —2¢(1+2€)Ve > 0.
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Moreover,
U(s,x) > 0forx <h(s+1—r1), s € (0, 1],
and

500, x) = (1 +26)V(O,x —h(t —1) = (1 4+ 26) fF(U (x — h(t — 1))
> (1 +20)U (x — h(t — 1))
= f(i(t — 7, x)) forx < h(t — 7).

As before, a comparison argument involving the corresponding ODE problem
shows that there is 77 > t large enough such that

ut+ Ty, x) <A +eu* for 1 >0, x € [g(Th + 1), h(TH +1)].

As U (—00) = u*, there exists L > 0 large such that hO0) =L > h(T) + 1) —
g(Ty + ), and for s € [0, 7], x € [g(T1 + 5), h(T1 + 5)],

14+26)U (x — L)

14 26) U (W(T1 + 1) — L)
1+ e)u*

(T + s, x).

u(s, x)

2 (
= (
Z (
> u

Fort > 0, we have ii(z, h(1)) = 0, ii(t, g(Ty + 1)) > 0 = u(t + Ty, g(Ty + 1)), and
W) =0+2€e)c* = —u(l+ 2e)Ug*(0) = —piiy(t, h(1)).

A direct calculation shows, for ¢t > t and x € (g(T7 + 1), fz(t)),

Uy — Uyy +ou — w(t,x)
= (1426)[ — (1 +26)c*Uf — Uf +aU — W]
= —2¢(1 —|—2€)C*U§k > 0.

We may now use the comparison principle to conclude that
ut +Ti,x) <ii(t,x), h(t +T)) <h(t) for t > 1, x € [gt + T1), h(t + T1)].

As a consequence, we have

h(t h(t =T
lim supﬁ < lim sup % = (1+2e)c™.

t—>o0 I t—00
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Letting ¢ — 0, we immediately obtain

h(t
lim sup h®) <. (4.22)

t—00 t

To obtain a lower bound for /() /t, we define, for small € > 0,

h(t) = (1 —2e)c*t + h(0) fort > 0,
u(t, x) = (1 =2e)U" (x — h(1)) fort >0, x € [g(0), h(1)],
w(t, x) == (1 = 26)W (x — h(1)) forr >0, x € [g(0), h(1)].

Since W¢” (&) = V(z, &), where V (s, §) is the solution of problem (4.19), if we define
(s, x;1) == (1 =2€)V(s,x —h(s +1 —1)),

then w(t, x) = v(z, x;t) and v(s, x; 1) = v(s, x) satisfies, for s € (0, 7] and x <
h(s+1t—r1),

v, — D+ Bv = (1 =26)(Vy — h'Ve — DV + BV)
=(1—-2€)(Vs — (1 —2€)c*Vg — DVeg + BV)
=2e(l —2¢)Ve <0.

Moreover, due to the definition of v, (4.20) and (4.21),
v(s,h(s+t—1)) =0, vis,20) <A —-2¢)V(s,—00) = (1 — 2€)f(u*)e_’35 for s € (0, t].
and

p(0,x) = (1 =20)V(0.x —h(t —7) = (1 = 26) f(U" (x — h(t — 7))

< f((1=20)U (x = h(t — 7))
= f(u(t — 7, x)) forx <h(r — 7).

Since spreading happens, there is 7> > 1 such that 2(T>) > (1 — 2¢)c*t + h(0),
u(t+ Ty, x) = (1 —e)u* forr > 0,x €[g(0), ()],
and for t > T, due to (3.20),
w(s,x;1) = (1 —e) f(u)e P fors e[0, 1], x € [g(0), h(1)].
Clearly h(T>» + s) = h(T2) > h(t) = h(s) for s € [0, T]. Moreover, we have that
u(Tr +s,x) = (1 —2e)u™ > u(s, x) fors € [0, 7], x € [g(0), A(T)].
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Fort > 0, we have u(t, h(t)) = 0, u(r + T2, g(0)) > (1 — €)u* > u(t, g(0)), and

w(s, g0t +T) > (1 —€)f(uHe
> v(s, g(0)) fors € [0, T].

Moreover,
H(0) = (1 =26)c* = —p(1 =26)U§ (0) = —put, (1, h(1)) for 1 > 0.
A direct calculation shows that for t > t and x € [g(0), (7)),

Uy — Uy +a£—w(l,x)
=(1-26)[— (-2 V¢ — UG +aU — W]
= 2¢(1 —2e)c*Uf <0.

Thus we can use the comparison principle to obtain
u(t +Tr,x) 2 u(t,x), h(t+T2) > h(t) for t > 7, x € [g(0), A(?)].

Consequently, we have

h(t T,
hmlnfﬁ>l 1f¥ (1 —2e)c*.

t—00 t
Letting ¢ — 0, we immediately obtain

lim inf @
t—00 t

*

This, together with (4.22), yields that

h(t)

lim — =

t—oo t

*
’

which ends the proof.
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