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Abstract

Flagellated microswimmers are ubiquitous in natural habitats. Understanding the hydro-
dynamic behavior of these cells is of paramount interest, owing to their applications in
bio-medical engineering and disease spreading. Since the last two decades, computational
efforts have been continuously improved to accurately capture the complex hydrodynamic
behavior of these model systems. However, modeling the dynamics of such swimmers with
fine details is computationally expensive due to the large number of unknowns and the small
time-steps required to solve the equations. In this work we propose a method to map fully
resolved flagellated microswimmers to coarse, active slip driven swimmers which can be sim-
ulated at a reduced computational cost. Using the new method, the slip driven swimmers
move with the same velocity, to machine precision, as the flagellated swimmers and gener-
ate a similar flow field with a controlled accuracy. The method is validated for swimming
patterns near a no-slip boundary, interactions between swimmers and scattering with large
obstacles.
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1. Introduction

An assortment of microbes have evolved to use cilia and flagella for swimming. For
example, Paramecia are covered by a carpet of cilia that beat with an asymmetric stroke
that propel the organisms forward [1]; many bacteria rotate a small number of flagella to use
them as a screw and advance in the fluid [2, 3]; Protists show an incredible diversity in the
morphology and arrangement of flagella that they use to swim and generate feeding currents
[4]. The taxis of all these organisms can be studied with computational fluid dynamics (CFD)
methods. However, there is always a trade-off between accuracy and computational cost
which makes it difficult to determine the best numerical method to study a given problem.

Well-resolved models to simulate microswimmers require solving the hydrodynamic in-
teractions between the swimmers body and the flagella or cilia while enforcing the attach-
ment constraints to the body. As the Reynolds number at the relevant scales is small the
schemes can use the Stokes equations to describe the hydrodynamic interactions. The Stokes
equations are an elliptic PDE, therefore, the flow is uniquely determined by the boundary
conditions [5, 6]. Such property is a numerical advantage as it allows to use approaches
like the boundary integral method that only discretizes the swimmer surface but not the
fluid domain, since the flow can be computed by the action of the Green’s functions of the
Stokes equation [7, 8]. However, when the discretization includes the flagella and cilia the
number of unknowns in the equations grow fast [9, 10, 11, 12, 13]. Therefore, performing
many body simulations can be expensive. An additional challenge for well-resolved models
is the time step size limitation. The time step has to be, at least, smaller than the charac-
teristic beating period of the cilia and flagella. For many organisms that time scale is on
the order of 0.01 s while their swimming speeds can be around 10µm/s. Therefore, at least
a 100 steps are required for a swimmer to move one body length (∼ 10µm) [14]. When
the flexibility of the appendages is modeled additional care and time steps restrictions are
necessary [15, 16, 17, 18].

To reduce the computational cost more simplified models have been used. The most
commons are the ones based on multipole expansions and those including an active slip on
the swimmers surface. Both approaches require less unknowns than well-resolved methods
and they can use much larger time steps. The models based on multipole expansions describe
the flow field generated by the microswimmers as a sum of Stokes multipoles. For force-free
microswimmers the lowest relevant multipole is the force dipole [19], which is enough to
distinguish between pushers as the bacteria e. coli [2] and pullers as some choanoflagellates
[20] or algae [21]. Most minimal models do not include higher order multipoles but some of
them include torque-dipoles or stresslets [22, 23]. These models have been very successful
to explain the instability of suspensions of pushers [24, 25, 26] and even the scattering of
swimmers with obstacles [27, 28, 29]. However, they present important limitations. First, it
is generally difficult to improve them by including higher order multipoles; and perhaps, a
bigger problem is that the flow they generate is usually pairwise additive. In particular, the
flow does not obey the boundary condition on the swimmers surfaces. This limitation restrict
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the use of these methods to study suspensions in the dilute regime or the scattering with
obstacles with only simple geometries for which the image system of the Stokes equations is
known.

The other common approach is to model microswimmers as rigid particles with an active
slip on their surfaces. The effective slip models the thrust that is generated by a carpet of
underresolved cilia, as introduced in the squirmer model by Blake in the 1970s [30]. The
slip can be time-dependent [31] although most models use constant slips. This approach
has been used in multitude of works to study different phenomena like interactions between
swimmers [32], sedimentation [33], swimming near walls [34, 35] or interfaces [36]. However,
the optimum choice of the slip to match a specific swimmer has not been explored in detail.
Most works consider axisymmetric slips expanded as a Legendre polynomial truncated at
the second order; but a generalization where a rotlet term is included was presented in Ref.
[37], very nice work exploring the optimal time-dependent slip for propulsion was presented
in Ref. [31] and a comparison between ciliated and squirmer swimmers was provided in Ref.
[38].

In the present work we propose a novel scheme, inspired by the method of fundamental
solutions [39, 40, 41], to generate an active slip to match the flow field generated by any
force-free swimmer. Our scheme guarantees that the mapped swimmer generates a similar
flow field, with a controllable accuracy, as the original swimmer and that it swims with the
same velocity, to machine precision, in bulk. At the same time the computational is cost is
much lower than in fully resolved methods as it is not necessary to resolve the time scale
associated with the stroke of cilia and flagella. Thus, this numerical method could be useful
in parametric, optimization or uncertainty quantification problems. Any method can be
used to simulate the original swimmer. Our mapping scheme only requires the swimming
velocity and the flow generated on a shell bounding the swimmer. To simulate the active slip
swimmer any boundary-integral-like method can be used and we choose the rigid multiblob
method as described in Sec. 2. In section 3 we describe our mapping scheme and present
numerical results in Sec. 4. Finally, the conclusions are presented in Sec. 5.

2. Hydrodynamic equations

In this section we present our model for simulating the motion of rigid bodies in inertialess
viscous flows governed by the Stokes equations

−∇π + η∇2v = 0, (1)

∇ · v = 0, (2)

where π and v are the fluid pressure and velocity and η its viscosity. The configuration
of a rigid body p, Bp, is represented using two parts: 1) the location of the tracking point
qp and 2) the orientation of the body θp. The linear and angular velocities are denoted
by up and ωp. Externally applied forces and torques are represented by f p and τ p. In a
compact notation we can write as U p = (up,ωp) and F p = (f p, τ p). The fluid obeys the
no-slip boundary condition at the bodies surface. In the case of particles with an active slip,
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(eg. phoretic particles or squirmers) an additional slip is accounted for. We write the slip
boundary condition on one body as,

v(r) = up + ωp × (r − qp) + us(r) for r ∈ ∂Bp (3)

where ∂Bp is the surface of body p and us is the active slip. We can write the above equation
in short form as

v(r) = KpU p + us(r) for r ∈ ∂Bp, (4)

where the linear operator Kp transforms rigid body velocity into surface velocities. For body
p the balance between the hydrodynamic traction, λ, and the external forces and torques is
given by ∫

∂Bp

λ(r) dSr = f p, (5)∫
∂Bp

(r − qp) × λ(r) dSr = τ p. (6)

2.1. Rigid multiblob method

We use the rigid multiblob method to discretize and solve the hydrodynamic equations
[42]. In this method the rigid bodies surfaces are discretized with a finite number of blobs,
Nb, with position ri as in Fig. 1. Once the body p is discretized, the balance of force and
torque becomes ∑

i∈Bp

λi = f p, (7)

∑
i∈Bp

(ri − qp) × λi = τ p, (8)

where λi is the hydrodynamic traction acting on the blob i. The slip condition is evaluated
at each blob i,

v(ri) =
∑
j

M ijλj = up + ωp × (ri − qp) + us,i for i ∈ Bp. (9)

The mobility matrix M ij gives the hydrodynamic interaction between any two blobs, i and
j, of radius ai and aj. The rigid multiblob method uses as mobility the Rotne-Prager-
Yamakawa (RPY) tensor, a regularization of the Stokes kernel. It can be written as [43]

M ij =
1

(4πaiaj)2

∫
δ(|r′ − ri| − ai)G(r′, r′′)δ(|r′′ − rj| − aj) d3r′d3r′′, (10)

where G(r, r′) is the Green’s function of the Stokes equation and δ(r) the Dirac delta
function. The RPY mobility is always positive definite which makes the rigid multiblob
method very robust and easy to use. There are fast methods to compute the action of the
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RPY mobility in bulk [44], near an infinite flat wall [45] and in periodic domains [46].
The equations (7)-(9) form a linear system. We can write it in a compact form by

first defining the 3Nb × 6 matrix Kp, a discretization of the linear operator Kp, with block
elements

Kp,i =
{[

I3×3 − (ri − qp)
×] (11)

where I3×3 is the 3 × 3 identity matrix and (ri − qp)
×x = (ri − qp)×x for any vector x.

Then, the system of equations for a suspension of N bodies can be written as[
M −K

−KT 0

] [
λ
U

]
=

[
us

−F

]
, (12)

where unscripted vectors refer to the composite vector formed by the variables of all the
bodies, e.g. U = {U p}Np=1, and the matrix K is block-diagonal, i.e. K = Diag{Kp}Np=1.
Note that all bodies in a suspension are hydrodynamically coupled through the dense matrix
M . The linear system (12) can be solved with a Krylov method such as GMRES [42]. Once
the velocity U has been found the equations of motion can be integrated in time [47]. Also,
once the force on the blobs, λ, has been found it is possible to compute the flow anywhere
in the fluid as

v(ri) =
∑
j

M ijλj, (13)

where the sum runs over all the blobs in the system. The test blob at ri is taken to have
radius ai = 0 in (10) to measure the pointwise velocity of the flow. The rigid multiblob
method has been extended to simulate flagellated swimmers and we will use it in Sec. 4. A
detailed description can be found elsewhere [13].

3. Swimmer map algorithm

We describe here our algorithm to determine the optimum slip to map flagellated swim-
mers to coarse surface slip driven swimmers. Our algorithm guarantees that the swimming
velocity of the flagellated swimmer will be matched to machine precision while the flow field
will be matched with a controllable accuracy. For simplicity, in this section we label the
first and second swimmers as A and B respectively. Swimmer A should be force-torque free
during calculations. After the slip is determined the swimmers can be subject to external
forces such as gravity or steric interactions with obstacles. Unless otherwise stated, swimmer
A will be a flagellated organism like a bacterium or a paramecium but the same scheme can
be used for other kinds of swimmers such as self-propelled phoretic particles.

The inputs to the scheme are the swimming velocity of swimmer A, UA, the flow that
generates on a shell centered on the swimmer, vS, and a discretization of swimmer B see Fig.
1b. Any numerical method that solves the Stokes equation can be used for this step. The
flow on the shell should be well resolved, thus, we compute the flow on a Chebyshev-Fourier
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Figure 1: (a,b) Sketch of the mapping scheme: the flow generated by the swimmer A is computed on the
blue shell. Then an optimum slip is computed for swimmer B, discretized with blobs, to generate the same
flow and swimming speed as for swimmer A. (c) Flow convergence for the squirmer case. We map a squirmer
discretized with Nb = 2562 blobs with lower resolution discretizations with Nb = 12, 42, 162 and 642 blobs.
We compute the relative velocity error on a well resolved shell (n = 32) for slips calculated with the flow on
shells with different number of points, 2(n + 1)2. The error decreases with n while the linear system (14)
is underdetermined, around that point the error reaches a plateau. The plateau error can be decreased by
using a higher number of blobs, Nb, to discretize the squirmer.

grid of order n with 2(n+1)2 points [48]. If we are interested in determining a time dependent
slip, the swimming velocity and the surrounding flow are instantaneous. If we aim at the
average dynamics, they are time-averaged values in the body frame of reference. The only
difference for the scheme is that with time-dependent slips the optimization problem must
be solved several times. Average slips allow much larger step sizes in the simulation of active
slip driven swimmers and therefore we will consider them in the examples in Sec. 4. Some
swimmers, like the algae Chlamydomonas reinhardtii, generate time-dependent flows [49]
and the time variation can be crucial to reproduce the dynamics of some systems [22, 50].
Our algorithm can tackle both situations.

Given the inputs we compute the surface density force on the swimmer B that generates
the same flow on the shell, vS, as the swimmer A. In the Stokes equations the flow is
completely determined by the boundary conditions, therefore, if the flow on the shell is
matched, the exterior flow will be the same for both swimmers [5, 6]. For the rigid multiblob
method the inverse problem to find the blobs’ forces reduces to solving the following linear
problem [

MSB

w1K
T
B

]
λB =

[
vS

0

]
. (14)

In the first equation of the linear system (14) the mobility MSB couples the force acting on
the blobs to the flow on the shell as defined by (13). The second equation is a constraint
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to guarantee that the swimmer B is indeed force and torque free. This constraint is not
necessary if the flow on the shell is well resolved and the swimmer B is well discretized.
However, we have found that when the swimmer B is only discretized with a small number
of blobs the constraint is necessary. The weight w1 controls the importance given to the
constraint; we use

w1 =
1

ηa|λ̃B|
|KT

Bλ̃B|
ϵ

, (15)

where the blob forces λ̃B are the solution to the unconstrained resistance problem MSBλ̃B =
vS, the prefactor 1/(ηa|λ̃B|) sets the units and ϵ is a tight tolerance. We typically use
ϵ ∈ [10−14, 10−6]. Therefore, the constraint in (14) is only important if the solution of the
unconstrained resistance problem was not force-torque free to the desired accuracy. The
linear system (14) and the unconstrained resistance problem are not necessarily square, as
in general, the number of blobs in swimmer B and the number of points on the shell can be
different. Therefore, we solve these systems in the least square sense using a singular value
decomposition (SVD). The SVD is also backward stable solver which allow us to find an
accurate solution to (14) even when the condition number of the linear system is very large
(∼ 1017) [51, 41].

Once the force on the blobs is determined we compute the active slip directly from the
slip condition (3)

us = −KBUA + MλB. (16)

The operators KB and M are defined for the swimmer B but we use the known swimming
velocity of swimmer A, UA. This trivial equation guarantees that the swimmer B will have
the same velocity, to machine precision, as swimmer A.

3.1. Validation

To validate our scheme we show here a simple example and study more physical inter-
esting problems in Sec. 4. In this test we show how a low resolution model can recover the
flow generated by a swimmer and how the accuracy depends on the resolution. We use as
swimmer A a spherical squirmer of radius R = 1 with tangential slip [30, 33]

us,θ = B1 sin θ +
B2

2
sin 2θ, (17)

where θ is the polar angle defined on the surface and we set B1 = B2 = 1. We discretize
the squirmer with Nb = 2562 blobs and compute its velocity and the flow on a grid of order
n and 2(n + 1)2 points defined on a shell of radius Rshell = 4. As coarser swimmer B we
use lower resolution discretizations with Nb = 12, 42, 162 and 642 blobs. For the four cases
we compute the optimum slip using grids of different order n to discretize the shell. By
construction the mapped swimmer recover the swimming velocity of swimmer A to machine
precision. To quantify the accuracy of the flow, once the optimum slip is computed, we
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compute the flow generated by the swimmer B on a shell discretized with a high-order
grid (n = 32 and 2(n + 1)2 = 2178) and compare with the flow generated by swimmer A.
We show the relative errors in Fig. 1c. We can see that while the linear system (14) is
underdetermined the error decreases with n. For overdetermined systems the error reaches
a plateau whose magnitude depends on the resolution used to discretized swimmer B.

The rigid multiblob has a slow convergence with the number of blobs, thus, the near flow
will always have a large error, as we will show in Sec. 4, unless a very large number of blobs
is used. However, although we have delineated our algorithm for the rigid multiblob method
it can be trivially adapted to use any boundary integral method that allows for surface slips
[52, 8]. With a spectrally accurate boundary method it should be possible to match also the
near field to an arbitrary precision with a reasonable number of points. In fact, Stein et al.
used similar ideas to develop a near field quadrature scheme for boundary integral methods
that could be adapted to solve for the optimum slip [41, 53].

4. Numerical results

To validate our numerical method we conduct several tests on microswimmer locomotion
and flows in bulk and near boundaries. First, we compare the flow generated by two nearby
squirmers using a multipole expansion approximation and our method in Sec. 4.1. Then, we
validate the flow field generated by a slip driven swimmer that maps a flagellated bacterium
in Sec. 4.2. We also compare the trajectories of flagellated swimmers near obstacles; near
an infinite wall in Sec. 4.3 and near a spherical obstacle in Sec. 4.4. Finally, we compare
the trajectory of two flagellated swimmers with the trajectory of two slip driven swimmers
in Sec. 4.5. In all cases we obtain a good agreement between the dynamics of the mapped
and original microswimmers.

4.1. Nearby squirmers

Here we compare the flow generated by one or two squirmers modeled as slip driven
swimmers or as a multipole expansion of fundamental solutions [34]. This example shows
that the multipole method fails to model the suspension of swimmers beyond the dilute
regime accurately; whereas our method is accurate at the flow around the swimmers even
when hydrodynamic reflections are important. First, we compute the flow around a single
squirmer as the one in the previous section (B1 = B2 = 1 and Nb = 2562). Then, we
compare the difference in the flow generated by a squirmer modeled as a slip driven swimmer
with Nb = 162 blobs or with a multipole method up to the octupole order [34]. The top
panels of Fig. 2 show that in both cases the error is below 10−3 one radius away from the
swimmer. Thus, the multipole method is as accurate, at a lower computational cost, than
the slip driven swimmer model to simulate single swimmers in bulk. However, the results are
different when considering multiple swimmers. In the bottom panels of Fig. 2 we compare
the flow difference for two nearby squirmers modeled as the same slip driven swimmers
and multipole expansion as before. For the slip driven swimmers the error decays again
below 10−3 one radius away from the swimmers. However, the multipole expansion gives
much larger errors in the whole domain. This is expected as the flow generated with the
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Figure 2: Flow around one or two nearby squirmers (a,d) simulated with a discretization with Nb = 2562
blobs. The maximum flow speed is vflow ≈ 1 and decays like ∼ 1/r2 with the distance to the swimmers. The
panels (b,e) show the flow difference between the high resolution simulation and other with a lower resolution
of Nb = 162 blobs. The panels (c,f) show the flow difference between the high resolution simulation and a
simulation using a multipole expansion up to the octupole order.

multipole expansion is purely additive, thus, the flow does not obey any boundary conditions
on the squirmers surface. In the slip driven swimmer case, however, the flow obeys the slip
condition on their surface, which renders a more accurate flow.

The computational cost of the slip driven swimmers can be made linear in the number
of blobs using fast methods. Thus, reducing the number of blobs by a factor 2562/162 ≈
16 speeds up the low resolution simulations in the same proportion without a significant
error increase in the flow one radius away from the swimmers. The multipole expansion
method is the least computational expensive method, as it does not need to solve any linear
system to apply boundary conditions. However, as shown in the last panel of Fig. 2, that
efficiency comes with a drop on the accuracy. This example shows the advantages of the
slip driven swimmer method to study suspensions of swimmers beyond the dilute regime, or
near obstacles, where hydrodynamic reflections play a role.

4.2. Flow around a bacterium

Here, we compare the flow field generated by a flagellated bacterium and a slip driven
swimmer. This test shows how our method allows to simulate the average flow generates by
complex shaped swimmers. We consider a bacterium with a spherical body of radius R =
1µm and a flagellum of length L = 10µm, see Fig. 3a. The flagellum is modeled as a rigid
body with an helical shape, with wavenumber k = 2.86µm−1 and amplitude α = 0.35µm,
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Figure 3: Velocity field around microswimmers with swimming speed U = 2.55µm/s. (a) Instantaneous flow
field around a flagellated swimmer. Note that the flow velocity near the rotating bacterium is much larger
than the swimming speed because the flagellum rotates fast. (b) Time averaged flow field of a flagellated
swimmer in the swimmer frame of reference. (c) Time averaged flow field around a mapped swimmer. (d)
The flow field difference between flagellated and mapped swimmers. The black circle represents the shell of
radius Rshell = 12µm used in the optimization problem.
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attached to the body so it can only rotate along its axis [9]. These geometric parameters
are fixed throughout the paper unless otherwise mentioned. We apply equal but opposite
torques to the body and flagellum so they rotate in opposite directions and the bacterium
swim forward. We set the magnitude of the torque so their relative angular velocity is
ω = 63.46 rad/s and the swimming speed is u = 2.55µm/s. To solve the hydrodynamic
equations we use the rigid multiblob method for articulated bodies [13]. The slip driven
swimmer is modeled as a rigid body with the same spherical body as the bacterium and a
tail that would envelope the flagellum, see Fig. 3c. The active slip, still to be determined,
acts on all the blobs belonging to the spherical body and tail.

The instantaneous flow field around the flagellated swimmer is shown in Fig. 3a. As
explained before, matching the average flow allows to map the flagellated swimmer with
a constant slip and therefore use large time steps in simulations of slip driven swimmers.
For this reason, we compute the average flow during one flagellum rotation, see Fig. 3b.
We also compute the average flow on a Chebyshev-Fourier grid of order n = 16 (i.e. with
2(n+1)2 = 578 points) defined on a shell of radius Rshell = 12µm surrounding the swimmer.
It is important that the average flows are computed in the body frame of reference and
not the laboratory frame of reference as the swimmer will translate and rotate during one
period. The average velocity of the bacterium is also computed, which can be done from
the instantaneous velocity as explained by Higdon [9].

Using the average flow and the average velocity we calculate the optimum slip with the
algorithm described in Sec. 3. The flow generated by the slip driven swimmer is shown in
Fig. 3c. The difference between the two average flows is shown in Fig. 3d. It is evident
from the figure that the near field error is of order O(1), however, the error decays fast
with the distance. At one body diameter away from the swimmer the error decays to about
10−3, one flagellum length away below 10−6 and in the far field the error is of the order
O(10−12). The high accuracy of the flow at medium distances suggest that our scheme could
be used to model bacterial suspensions beyond the dilute limit, a regime where hydrodynamic
interactions are not pairwise additive and therefore, where multipole expansion methods are
inaccurate.

4.3. Bacterium above a wall

In test we validate the active slip driven swimmers moving close to boundaries where hy-
drodynamic interactions are very important. Our algorithm to determine the optimum slip,
us, is designed to guarantee that the slip driven swimmer has the same average velocity as
the flagellated swimmer. However, as the computations to determine us are done in bulk the
swimmer velocity could be different near boundaries, where other hydrodynamic interactions
affect the dynamics. One could compute an optimum slip near a boundary but the result
would depend on the relative position and orientation between the swimmer and the bound-
ary. Thus, such approach will not be flexible to study suspensions of swimmers or swimmers
near complex shaped obstacles. Therefore, we prefer to use always the slip computed in bulk
and study if our mapped swimmers can reproduce the dynamics of the flagellated ones near
obstacles. As microswimmers are very sensitive to confining environments, this is a hard
test for our method.
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Figure 4: (a) Circular trajectories, of radius Rflag = 17.0µm and Rmap = 22.4µm, of a flagellated bacterium
and a mapped swimmer near a wall. (b) Temporal evolution of the height from the wall. The inset figure
shows the zoomed temporal data when the swimmer reaches the wall and attains a steady height.

It is well known that flagellated microswimmers follow circular trajectories in the counter-
clockwise direction near a no-slip boundary [54]. For this reason, we study here the dynamics
of the bacterium from Sec. 4.2 near an infinite flat wall. The bacterium is initialized
swimming parallel to the wall at height Z = 5.6µm. In Fig. 4a we show that both the
flagellated and the slip driven swimmer approach the wall and then move along circular
trajectories. Furthermore, the steady state vertical distance from the wall in the case of
mapped swimmer is in good agreement with the flagellated swimmer, see Fig. 4b. However,
the radius of the circular trajectory is 30% larger for the slip driven swimmer. As the flow
error near the swimmer was of order one it reasonable that the trajectory of our mapped
swimmer is not exactly the same. However, we consider the agreement reasonable good. It
is important to keep in mind that the trajectories are very sensitive to flagellar parameters
such as its length, helical radius or pitch [55, 56]. For instance, a 50% decrease in the
flagellar length shows a > 80% decrease in the radius of the circular trajectory [55]. Thus,
it is difficult to obtain a perfect agreement with any simplify model.

4.4. Bacteria scattering

We continue the study of interaction with boundaries by looking at the swimmer scat-
tering with a fixed spherical obstacle of radius Robst = 10.73µm. Without hydrodynamic
interactions a swimmer moving towards an obstacle, with an impact parameter b, will col-
lide whenever b ≤ Robst + R, where R is the swimmer radius. However, the hydrodynamic
interactions can modify the critical impact parameter, b∗, i.e. the distance below which the
microswimmer hits the obstacle and above which it avoids the collision [57]. Here, we mea-
sure b∗ for flagellated and slip driven swimmers. We use flagellated swimmers as the one
from Sec. 4.2 but with several flagellum lengths, Lflagella. For each bacterium we compute
the optimum slip in bulk. Then, we simulate the swimmers moving towards the obstacle
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Figure 5: Critical impact distance with error bars, b∗, versus flagellum length, Lflagella. The results for
flagellated swimmers, red circles, and mapped swimmers, green stars, show a good agreement.

from a distance h = 90µm and with impact parameter b to determine if they collide or avoid
the impact. We try several values of b for each case to bound the value of the critical impact
parameter b∗. Figure 5 shows the variation of b∗ with Lflagella. The comparison between
flagellated microswimmer and mapped surface slip swimmer agrees very well for several flag-
ellar lengths. Thus, the simplified slip model can be used to study the interactions between
obstacles and swimmers at a reduced computational cost.

4.5. Two bacteria trajectory

We carry out one more test to validate our scheme in situations where the hydrody-
namic interactions with nearby objects are important. We investigate here if the slip driven
swimmers can recover the trajectory of two swimmers moving next to each other. In this
test we set two flagellated bacteria, initially parallel and at distance d (see inset in Fig. 6),
and let them swim for 300 flagellum rotations during which time they move about 30 body
radius. Then, we repeat the simulation but using two slip driven swimmers. We compare
the final position and define an error as the difference between the position of one of the
flagellated swimmers with one of the mapped swimmer. We show the error, normalized with
the swimmer displacement and for several initial distances d, as red circles in Fig. 6. When
the initial distance between the swimmers is small, d = 3µm, the error is of order one as
expected. Then, it decays for large distances to a relative error of about 10−3. Although
the error at large distances is small it is much larger than the error of the flow at large dis-
tances, O (10−12), or the average swimming velocity error for a single swimmer, O (10−15).
To understand these large cumulative errors it is important to note that the trajectories
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Figure 6: Error in the position of one swimmer normalized with the its displacement versus the initial center
to center separation distance, d, to a second swimmer. Results for flagellated versus mapped, red circles,
and flagellated versus flagellated rotated 180◦, green stars.

are very sensitive to the details of the flagellum and also that we are matching the average
velocity but not the instantaneous velocity. This second detail makes difficult to compare
the trajectories pointwise in time and can even affect the overall dynamics [50].

To verify the possibility of improvement, we run a second simulation with two flagellated
swimmers where the flagella of one of them is initially turned half a rotation around its
axis. As consequence, the initial configuration is only slightly different than in the first
case. The difference between the final position of one bacterium from the first case and one
from this simulation is shown as green stars in Fig. 6. One can see that the error is of the
same magnitude when comparing with the slip driven swimmers. We conclude that it is not
feasible to significantly improve the accuracy, since the trajectories are so sensitive that a
simple rotation of the flagella leads to observable differences.

5. Conclusions

CFD is a well suited tool to study the swimming of microorganisms. As different prob-
lems require a different balance between accuracy and computational cost there is not a
single best numerical method to study these problems. Here, we have presented a method
that approximates the flow generated by flagellated swimmers with mapping their complex
dynamics to slip velocity. We have shown that mapping a swimmer in bulk is enough to
recover its characteristic dynamics near obstacles. Not only the number of unknowns is
usually lower for slip driven swimmers than for flagellated swimmers but also the time step
sizes that can be used are much larger. The proposed method can be used in a reduced order
model for studying practical applications such as design optimization of artificial swimmers.
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The state-of-the-art high-fidelity models for those swimmers are computationally expensive
even for single simulation, let alone optimization. There are many interesting applications
for our scheme like the interaction of swimmers with obstacles and other swimmers, guided
taxis and more. We have shown a few examples here to showcase the flexibility and accuracy
of the new method. Our scheme allows to model specific flagellated swimmers at a much
reduced cost.

The algorithm delineated in this paper can be adapted or extended in several ways.
The most immediate one is to employ a boundary integral method with spectral accuracy
to simulate the slip driven swimmer. This would allow to match the near field to a high
accuracy at a reasonable computational cost [41]. Another possible extension using the rigid
multiblob method is to optimize the blobs’ location, and not only their slip, to minimize
the flow error. Such idea has been used to match the mobility of rigid bodies to a high
accuracy and it could be used here [58]. Also, it is possible to include additional constraints
in the linear system (14). For example, we could add a constraint to force the slip to be
tangential to the swimmers surface. We explored this idea but we did not find any relevant
improvement in the accuracy of the flow. Another interesting possibility is to model some
parts of swimmer B as a porous material [59, 42]. A porous media could be a better model,
for example, for the envelop around a bacteria flagellum since the rotating flagellum is not
really a rigid body where the flow obeys the no-slip condition.

Our implementation of the inverse problem and the utilities to compute flows generated
by swimmers are publicly available on GitHub (https://github.com/stochasticHydroTools/
RigidMultiblobsWall/tree/master/multi_bodies/examples/mapping).
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