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Abstract

A new probe optimization method for contact based (3+2)-axis inspection machines is proposed. Given an inspection
path of a stylus on a free-form surface, an optimal orientation of the stylus is computed such that (i) the inclination
angle of the stylus is within a given angular range with respect to the surface normal, (ii) the motion of the stylus is
globally collision free, and (iii) the stylus remains constant in the coordinate system of the measuring machine. The
last condition guarantees that the inspection motion requires only the involvement of the three translational axes of the
measuring machine. The numerical simulations were validated through physical experiments on a testcase of a tooth of
a bevel gear due to the surface complexity and probe accessibility. This optimized method was compared to 3-axis and
5-axis inspection strategies, showing that the fixed (3+2)-axis stylus returns more accurate inspection results compared
to the traditional 3-axis approach and similar to 5-axis approach.
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1. Introduction & motivation

Fast and accurate inspection algorithms play a key role
in any efficient manufacturing pipeline. The quality in-
spection process is typically realized by a coordinate mea-
suring machine (CMM) that moves in space and measures
the geometry of a 3D manufactured object by sensing a
set of discrete points on its surface, see Fig. 1. Nowa-
days, there is a large number of types of optical and/or
contact probes for 2D and/or 3D measurement that can
be integrated into a CMM: tactile probes, vision systems,
confocal microscopes, laser scanners, roughness probes, or
interferometric probes, to name a few [1]. With multi-
sensor CMMs, 100% of complex component features can
be fully measured on a CMM without the need to move
the part. However, the integration of the sensors requires
a proper software that governs all of them, which is usually
a challenge.

The laser and scanning-based approaches do not re-
quire physical contact with a to-be-inspected workpiece
and the inspection machine, however, these approaches
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Figure 1: A (3+2) contact-based inspection machine Mitutoyo
Crysta Apex S-162012. The frame consists of 3 translational axes
X, Y , and Z, and the orientation of the stylus is controlled by two
additional rotational axes.

are more expensive, more demanding in terms of main-
tenance and have several more disadvantages, like (i) they
show problems with shine surfaces (finishing machined sur-
faces); (ii) are less accurate than tactile systems when
point-to-point is compared; (iii) cannot measure charac-
teristics located where the light cannot access (in shadow
or undercuts with respect to the light direction).

In contrast, tactile sensors are used in CMM from the
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very beginning and are the most popular inspection tools
in industry. The inspection is achieved by a touch probe,
that is composed by a ball (most often made of rubi, zir-
conia, silicon carbide, or diamond), a stylus (metallic, ce-
ramic, or carbon fiber) and a stem (carbon fiber); the stem
is sometimes telescopic to gain accessibility to inner zones
of the workpiece. The probe moves in space and touches
with the ball the manufactured workpiece at a set of 3D
inspection points. The inspection machine can be con-
trolled by a human operator, or automatically by a com-
puter, navigated by a properly designed path-inspection
algorithm.

The inspection machines can be categorized by the
number of degrees of freedom (DoF) they possess. One
of the CMMs configuration used in industry is (3+2) DoF
inspection machine. Such a machine typically consists of
a bridge, which is a large movable frame that controls mo-
tions of three translational axes X, Y , and Z (3 DoFs),
further provided with two rotational axes that control the
rotation and inclination angles of the probe (another 2
DoFs), see Fig. 1. Since the linear axes of the CMM are
much more precise than the rotational ones [2], one of
the main objectives of any inspection process is to min-
imize the involvement of the two rotational axes. The
proposed research belongs to the category of automatic
contact-based approaches where the motion of the inspec-
tion probe is the unknown and one looks for an optimal
orientation of the inspection stylus such that the inspec-
tion time is kept while improving the inspection quality.

The rest of the paper is organized as follows. Section 2
surveys the related research, Section 3 introduces the prob-
lem and the main objectives of the path-inspection algo-
rithm and, in particular, Section 3.2 describes the com-
putation of a set candidate directions and Section 3.3 dis-
cusses numerical computation including the selection of
the best direction. The physical validations of the algo-
rithm are shown in Section 4 and the conclusions are drawn
in Section 5.

2. Previous work

The measurement of three-dimensional objects involves
locating the section of space with the geometry of the ob-
ject measured by means of a coordinate point in a coordi-
nate system used as a reference. To carry out this location,
CMMs have been considered a versatile system since 1956
when Ferranti developed the first machine [3]. Since then,
this equipment has been further evolving, increasing its
measurement capabilities with systems of a different na-
ture.

Measurements of complex components in CMM typi-
cally require several DoFs of movement of the head along
with the accessibility of the probe to the surface to be
measured. The CMMs used in laboratories for these com-
ponents typically have 4 or 5 axes for continuous mea-
surement systems, normally with the rotary-linear-linear-
linear (RLLL) kinematics in the first case and LLLRR in

the latter one. However, according to the component to-
be-measured geometry/dimensional requirements, from a
financial point of view, a (3+2)-axis inspection machine
could be selected instead of 5-axis, i.e., a 3-axis inspec-
tion machine provided by a tilting table with two degrees
of freedom to position the to-be-inspected object. This
reduction in the DoFs offers inspection trajectories that
comply with accessibility restrictions.

CMM measurements of 3D free-form surfaces, and com-
plex geometries, i.e. different types of rotary components
such as blisk or gears, have been the subject of numerous
studies [4, 5, 6, 7, 8, 9, 10]. Although tactile probes are
still the most widely used at an industrial level, the metro-
logical productivity of massive point acquisition systems
based on optical systems is also gaining ground in these
complex components. Vision systems [11] and, above all,
laser scanner systems [12, 13] are the solutions that are
gaining strength due to their multiple subsequent applica-
tions based on obtaining the digital twin.

In the CAD/CAM literature, there are several rele-
vant works inspection path-planning of curved geometries.
[14, 15, 16, 17, 18]. An automatic sweep scan path plan-
ning system that generates a continuous sweep scanning
path for the inspection of a free-form surface using a 5-
axis CMM is presented in [14]. The two rotary axes have
extremely low moment of inertia and the proposed method
outperforms standard inspection algorithms, such as isopara-
metric or zigzag methods.

An isoparamteric inspection method is introduced in
[15]. The method proposes two sampling strategies, one
called automatic, where the sampling points are selected
using the deviation estimation between the inspected sur-
face and the exact CAD model, and curvature-based sam-
pling that aims at higher density of inspection points in
regions that are highly curved. The simulations show
favorable results when compared to an isoplanar inspec-
tion strategy, however, the method is parametrization-
dependent, which may lead to different inspection results
for the same geometries, just differently parameterized.

Given a CAD model of a to-be-inspected surface, a
search-based planning algorithm is proposed to determine
the locations of the sample curves extracted from the CAD
model, selected automatically for inspection path plan-
ning [16]. The algorithm is validated using physical ex-
periments on a variety of machined aircraft metal skins.
An inspection method for free-form surfaces using a CMM
equipped with a contact-based probe is introduced [17].
The proposed algorithm incorporates several steps that
influence the quality of the inspection, namely: registra-
tion, definition of measurement points, probe path genera-
tion, path optimisation and verification, and probe radius
compensation. In terms of registration, a new registration
algorithm is proposed that minimizes, in the least square
sense, the deviation between the measured points and their
counter parts on the nominal model.

An inspection path planning algorithm that looks for
a discrete set of probe orientations is introduced in [18].
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The unit sphere of the probe directions is sampled and
the inspection points that can be approached by a single
probe direction are grouped. The algorithm then looks for
a minimum number of orientations from a given sampled
set to guarantee that all inspection points can be accessed.
The problem of finding the shortest inspection path is con-
verted to the traveling salesman problem (TSP) and solved
using heuristics methods. The algorithm is demonstrated
on benchmark CAD geometries, including those contain-
ing cavities.

3. (3+2)-axis contact-based inspection algorithm

The main aim is to perform a precision measurement
of a machined 3D free-form surface using a (3+2)-axis
contact-based CMM instead of the 5 continuous axes, com-
monly required for these type of complex surfaces ensuring
the machining time and final measuring deviations. Since
the inspection accuracy is correlated with the involvement
of two rotational axes of the CMM, the main aim of this
development consists on minimizing, or fully eliminating,
if possible, inspection motions the involvement of the two
rotational axes.

There are three main objectives on the direction d of
the stylus for every inspection path:

1. Inspection quality. The inclination angle φ of the
stylus in the local coordinate system stays within
the range of 60◦ − 75◦ w.r.t. the surface normal n at
the contact point c⊥, see Fig. 2 .

2. Physical feasibility. The motion of the probe is glob-
ally collision-free.

3. Rotation elimination. The inclination of the sty-
lus remains constant in the coordinate system of the
CMM.
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Figure 2: Stylus inclination. The inclination of the stylus is mea-
sured by the angle φ between the stylus direction d and the surface
normal n at the contact point c⊥ at the to-be-inspected surface Γ.
τ is the tangent plane of Γ at c⊥. A 3D view (a) and a schematic
2D view (b) are shown.

Remark 1. The first requirement (Inspection quality) is
specific to a particular measuring machine. For this pur-
pose, a Mitutoyo Crysta Apex S-162012 CMM was used,
with technical documentation recommended range of 60◦−

75◦ for the inclination angle φ such that the measuring
process is the most reliable. In the presented computa-
tional framework, however, this range is a parameter and
can be flexible changed in to be adapted to another CMM
Machine.

3.1. Assumptions on the input geometry and measuring
process

The aim is to perform a precision measurement of a
machined 3D free-form surface with respect to its ideal
(digital) model O. To this end, it is assumed in the sim-
ulations, and later on with physical validations, that a
probe consists of a stylus model M2STY D2R L20 EWL14
D1.4SS from Renishaw (20 mm length, a ruby ball �2
mm with a stainless steel �1.4 mm stylus, see Fig. 7(a)
and a stem model RSH 350 also from Renishaw (length
126.9 mm). For simplicity of the simulations, the geome-
try of the stem is disregarded under the assumption that
the stylus is long enough (longer than the largest dimen-
sion of the model under inspection). If the stylus is closer
and may collide with the inspected object, the algorithm
is capable of using a bounding primitive (a box, sphere, or
cylinder), that fully contains the stem and is easier for the
global collision detection test.

The to-be-inspected object O is considered as a union
of smooth (at least C1-continuous) and oriented bound-
ary surfaces, Γi, i = 1, . . . , m, connected in at least C0-
continuous fashion, which is a typical boundary represen-
tation (B-rep.) used by commercial CAD software. We are
also provided by a set of inspection paths γj , j = 1, . . . , n.
For the simplicity of the argument, it is further assumed
that each inspection path γj is fully contained in one of
the boundary surfaces Γi, γj ⊂ Γi, i.e., the inspection path
does not cross the creases of O. Therefore the surface nor-
mal field along each inspection path is assumed to be at
least C1-continuous. The orientation of the stylus along
each path is treated separately, therefore the indices of the
path and the boundary surface are omitted from now on,
and the problem-to-be-solved is formulated as follows:

Inclination problem: Given a contact path γ(t),
t ∈ [0, 1], and a to-be-inspected boundary surface patch
Γ, such that γ(t) ∈ Γ for all t ∈ [0, 1]. Find a fixed di-
rection d, d ∈ R

3, such that the constraints (1-3) defined
above hold for any parameter t ∈ [0, 1].

Remark 2. The parametrization of the inspection path
γ(t) can be seen as time (or pseudo-time), i.e., γ(0) is the
start point and γ(1) is the end point in the case of an
open curve, γ(0) = γ(1) in the case of a closed curve. One
can consider other parametrizations (e.g. arc-length) as
well, but as will be seen later in Section 3.3, we set the
number of parameter samples such that we guarantee a
stable computation of the directions.

In the presented discrete setup, γ is given as a very fine
polyline, i.e, an ordered set of measuring points – centers
of the probe ball, shown in Fig. 7, (b) and (c).
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3.2. Admissible stylus orientations

In order to find an admissible stylus orientation, three
main objectives need to be met: inspection quality, phys-
ical feasibility, and rotation elimination. The objectives
are now discussed in more detail.

3.2.1. Inspection quality

A probe stylus direction d, that allows for the best pos-
sible accuracy of the measurements, should span an angle
between 60◦ and 75◦ with respect to the surface normal at
the inspection point. Without loss of generality, one can
assume that d is a unit vector. Then, at a fixed inspection
point c⊥, a locus of admissible directions (seen as points
on a unit sphere) corresponds to a spherical strip S, de-
limited by two circular cones sharing the same symmetry
axis aligned with the surface normal at the point contact,
one with the apex angle 75◦, and the other with 60◦, see
Fig. 3.
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Figure 3: (a) Surface normals of Γ along an inspection path γ

(white) form as a ruled surface (cyan). The inspection path is dis-
cretized by N = 2000 inspection points. At the beginning and the
end of the inspection path, two spherical strips are shown. These
strips (blue and green) represent the admissible stylus directions at
the boundary points of the inspection path. When mapped to a com-
mon unit sphere (b), the intersection of two spherical strips (orange
patch) gives the stylus directions suitable simultaneously for both
measurement points.

Since the alternation of the probe’s tilt is a slow proce-
dure, compared to the movement of the three translational
axes of the CMM’s bridge, and in general is also less ac-
curate, this work aims to find a constant direction of the
stylus, if exists, in the CMM coordinate system along the
whole inspection path. The desired direction d will point
towards the intersection of the spherical strips associated
with the possible stylus directions at every measurement
point. For two inspection points, the corresponding in-
tersection Ω is shown in orange in Fig. 3(b). To get a
direction d that satisfies the first constraint throughout
the inspection path γ, one needs to to intersect all the
spherical strips that correspond to every contact point of
the inspection path, i.e.,

Ω =
⋂

γ

S(c⊥) ≈

N
⋂

i=1

Si. (1)

Since this development works with a discrete set of inspec-
tion points, one considers a finite set of the spherical strips
(right-hand side of Eq. (1)), that approximates the inter-
section of the (theoretically infinitely many) strips along

smooth γ. The resulting intersection is computed numer-
ically, the numerical issues are discussed in Section 3.3.

3.2.2. Physical feasibility

Once a set of candidate directions Ω is computed, global
collisions of the kind stylus–surface need to be tested to se-
lect Ω, Ω ⊂ Ω, which corresponds to the stylus orientations
that are physically feasible, i.e., globally collision-free.

This stage incorporates numerical methods, in partic-
ular, for sampling the domain Ω, for which the libraries
Trimesh [19] and Gmsh [20] are used, alongside with the
standard libraries for Python3.

c
c⊥

pi

p⊥

i

Γ

Figure 4: Sampling
the probe’s axis to
detect collisions

For the collision detection proce-
dure, a simplified geometrical repre-
sentation of the probe was used, a
ball tip with radius r = 1 mm con-
nected to a stem, a cylinder with ra-
dius rs = 0.7 mm and longer than
the longest dimension of the model
(the developed algorithm also allows
for a variable diameter of a stem
along its axis, in case its geometri-
cal configuration is crucial for a par-
ticular workpiece). The collision de-
tection procedures for the ball tip (sphere) and the stem
(cylinder) were separated, see Fig. 4. Since the contact-
based inspection methods require that the ball tip touches
the surface, and the sensors register the touchdown within
some tolerance δr, the event of an unwanted collision of
the ball and the surface is realized when the shortest dis-
tance of the tip center to the model surface is less than
∥

∥c − c⊥
∥

∥ < (r − δr).
On the other hand, the stem should not touch the in-

spected object O under any circumstances.To avoid such a
collision, it is sufficient to sample the stem’s axis and cal-
culate the shortest distances of the sampled points (pi) to
the inspected surface patch Γ, see Fig. 4; the non-colliding
points must fulfill

∥

∥pi − p⊥

i

∥

∥ ≡ dstem,i < rs ∀i; here i refers
to the index of the sampling points on the stem’s axis.
In the developed implementation, stem is considered as a
cylinder, even though its shape is slightly conical. The
radius of the maximum sphere inscribed to the truncated
cone is taken in the collision detection test.

3.3. Numerical computation of Ω

The region of candidates directions Ω is computed by
Eq. 1, and one needs to eliminate colliding directions, i.e.,
to construct Ω. The described procedure can be rather
heavy in terms of computing times, especially with finer
model meshes, that is why, when sampling the admissi-
ble directions for the collision detection, it is needed to
keep balance between the accuracy of the approach and
the speed of calculations.
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Ω

dis – admissible

dis – colliding

dmin

Figure 5: Sampling the admissible
orientationdomain Ω by remesh-
ing it in order to apply the col-
lision detection test. Note that
Ω is a part of a unit sphere,
and has two disconnected com-
ponents here, symmetric with re-
spect to some plane. One compo-
nent returns only colliding direc-
tions (further away, and therefore
smaller, shown in red), while the
second one (closer to the viewer,
and therefore seemingly larger) of-
fers both colliding and collision-
free directions (orange Ω). The
green point is the best orientation
(see Subsection 3.3.1).

After computing Ω
via Eq. (1), Ω is rep-
resented as a spheri-
cal mesh and is sam-
pled via remeshing (with
various max mesh-edge
lengths), taking the ver-
tices as sampling direc-
tions, see Fig. 5. Then,
for each candidate direc-
tion di, di ∈ Ω, the col-
lision detection test at
every point of the in-
spection path was ap-
plied (colliding domain
is shown in red in the
figure). The candidate
directions that pass the
test form Ω (gray ver-
tices in the figure) form
a union of directions that
meet the quality inspec-
tion constraint and guar-
antee positions of the

stylus that are globally collision-free throughout the in-
spection path.

3.3.1. Selection of optimal orientations

By now, the developed algorithm returns a set of direc-
tions that meet the quality inspection constraint along the
whole inspection path and correspond to positions of the
stylus that are globally collision-free throughout the in-
spection path. However, by fixing globally the inclination
of the stylus and moving it along the inspection path, the
angle between the stylus direction and the surface normal
at the contact point varies (but remains within 60◦ to 75◦,
by construction) and one may ask what is the best direc-
tion, in a certain sense, among all the physically possible
solutions.

One option is to look for a direction for which the vari-
ance Ei := E(di) of angles αij along the trajectory is the
lowest. To this end, one can define a total angular variance
in the least square sense, i.e.,

E(di) =
1

N

N
∑

j=1

(αij − ᾱi)
2

, (2)

where N is the number of samples on the inspection path,
di, di ∈ Ω, is a candidate direction, i enumerates the
sampled directions in Ω, ᾱi = 1/N

∑N

j=1 αij is the mean
angle along the path. The best candidate direction, dmin,
that minimizes (2), is shown in green in Fig. 5.

Alternatively, one can look for minimum variance not
from the mean value of the angle, but from the middle
value of the interval that safeguards the inspection quality.
In that case, one just replaces ᾱi = 67.5 in Eq. (2).
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Figure 6: (a) Boxplot (variances) of the stylus – surface normal angles
(in degrees) changes along the inspection path for every sampled
direction i. The best direction (green) has the most narrow box
(smallest angular variation). If the preference is the least deviation
from the center of the angular range, 67.5◦, the best direction would
be #3. (b) Best (lowest) variance achieved in Eq. (2) depending
on the number of vertices of Ω. The computation gets stable for
card(Ω) ≈ 100.

For the example shown in Fig. 5, it was also exper-
imented with various sampling densities of the mesh Ω,
ranging from tens to several thousands of vertices, using
the Python remeshing routine. Fig. 5 shows the coarsest
sampling level, where Ω consisted of 39 vertices (candidate
directions), 21 being globally collision-free with the gear
geometry throughout the inspection path. These points
formed Ω (orange) and the best direction was computed
via Eq. (2).

Fig. 6(a) shows a boxplot of the angular variation for
the top 7 directions, the dark green box being the best one
which corresponds to dmin in Fig. 5. Fig. 6(b) shows the
computation of the minimizer of Eq. (2) as a function of
the number of vertices of Ω. For large number of vertices
(card(Ω) > 100), the value of the minimizer became almost
unchanged, and the same holds also for the corresponding
vector dmin. From this experiment, one concludes that
setting card(Ω) = 100 is sufficient for a stable computation
of dmin and this value was set as default in the developed
algorithm.

4. Physical validations and results

The presented algorithm is developed to be applied to
both simple and complex geometries. In order to be val-
idated, the proposed (3+2)-axis inspection method was
applied to three surfaces on a spiral bevel gear. The ob-
tained measurements were analysed and compared to con-
ventional 3-axis and 5-axis inspection methods.

4.1. Case study: a tooth of spiral bevel gear

The selected case study consists of a tooth of a spiral
bevel gear shown in Fig. 7. The selected geometry meets
two main inspection challenges: surface complexity and
global accessibility. From the complexity point of view,
spiral bevel gear teeth are known as complex surfaces to be
manufactured and inspected. In terms of global collision
detection, the gear geometry is also challenging due to the
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(a) (b) (c)

Figure 7: (a) Probe setup used in the simulations; inspection path,
i.e., the trajectory that the probe tip should move along. A general
view (b) and a zoomed view (c) are shown.

(a) (b) (c)

Figure 8: A to-be-inspected workpiece. (a) A manufactured spiral
bevel gear. The to-be-inspected surfaces are (b) the top land (green)
and right flank (red), and (c) left flank (blue).

proximity of the neighboring tooth, that gives non-trivial
collision constraints. For this case study, three different
inspection methods were performed and the dimensional
deviation results were compared: 3-axis inspection, 5 con-
tinuous axes inspection and (3+2) axis proposed inspec-
tion method.

The real measurements were conducted on a 5-axis
CMM, Mitutoyo Crysta Apex S-162012, recall Fig. 1. The
parameters of the selected machine are shown in Table 1.
The maximum Permissible error (MPE) for this measur-
ing machine is defined as:

MPE = 4.5µm + 5.5 · 10−3L (3)

where L is the length of the measurements in millime-
ters. The MAE is the maximum deviation that the CMM
commits when it measures a path of length L. During
the measurements, the 5-axis inspection head REVO-2 (by
Renishaw) was used.

The tool used consists of the RSH350 stem and the M2
STY DR2 L20 EWL14 D1.4SS stylus. The stem is carbon
fiber with a length of 254.3 mm (without the stylus) while
the stylus has a 2 mm diameter synthetic ruby sphere.
Finally, the probe used is the RSP2, which can measure
continuously in 2D (x, y) and perform 3D contact trigger
measurements (x, y, z). The points have been measured
continuously using a speed of 5 mm/s. The pitch between
points was set to 0.01 mm.

Γ
Figure 9: Sweep

Scan command

In the measurements, the inspec-
tion paths were generated from the
inspection points using the Sweep
Scan command. This command de-
fines a sinusoidal contour on the to-
be-inspected surface Γ (see Fig. 9)
using control points (blue).

Each control point requires two
additional points (green) that define the maximum and

minimum of the amplitude of the sinusoid. For the defini-
tion of the sinusoid, a step of 2 mm has been used.

Table 1: The parameters of Mitutoyo Crysta Apex S-162012.

dx dy dz

Upper land -0.10324 -0.98594 0.13142

Right flank 0.04544 -0.93882 -0.34140

Left flank 0.66224 -0.72842 -0.17561

Table 2: The optimal unit directional vectors (coordinate-wise) for
each flank, computed by our algorithm described in Section 3.

To define the inspection path, one sets a set of control
points that roughly indicate the desired inspection path,
see Fig. 10. These control points were selected such that
the wavelength of the sinusoidal path is 2 mm and a dis-
tance between two neighboring inspection points (red dots
in Fig. 9) is less than 0.1 mm. For the upper land that
is flatter, four set of triplets of inspection points were se-
lected. In the case of curved flanks and the path should
be longer, five sets of points were selected.

With the Sweep Scan command, one generates sinu-
soidal inspection trajectories by setting a few positions
(blue dots) and tangent directions (green dots), see Fig. 9.
Using the inspection software MCOSMOS v4.2R3 by Mi-
tutoyo, one can also specify the number of amplitudes.
The set of points shown in Fig. 10 generates inspection
path later show Fig. 11.

4.2. Results: Comparison of measuring strategies

In order to validate the proposed 3+2 optimized inspec-
tion path, three different physical validations were per-
formed: (1) 5 continuous axes inspection (variable), (2)
3-axis conventional inspection (3-axis) and (3) Optimized
3+2 inspection (3+2 Optimized). On the one hand, ob-
tained results were analyzed to estimate the measuring
deviations related to expected geometry. Considering the
5-axis strategy as the most accurate one, the deviation of
the other ones was calculated.
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Figure 10: Inspection points. On each of the inspected parts of the gear tooth, a set of inspection points was selected; from left to right:
upper land, Right flank, and Left flank. On the flat upper land it was selected n = 3 × 4 inspection points (green), while on the curved parts
of the left and right flanks we increased it to n = 3 × 5 points. Bottom row: the coordinates of the corresponding sets of inspection points.

Performed physical validations analyse three test sur-
faces (upper land and the two flanks) of a tooth of spiral
bevel gear shown in Fig. 8. The first test uses variable
stylus orientations and the second test uses 3+2 strategy
computed by MCOSMOS software. The third one, how-
ever, uses constant stylus orientations computed by the
presented algorithm described in Section 3, see Table 2.
This table shows the coordinates of the unit probe direc-
tion vector d, i.e., the orientation cosines of the CMM.

On each surface, Fig. 11 shows the accuracy of each
measurement and colormaps reflecting the measurement
deviations. Hereafter, the obtained results of the mea-
surements on the three surfaces are discussed in detail:

• Upper land: Variable measurement obtained a max-
imum dimensional deviation related to the nominal
geometry of 0.04 mm, close to the optimized strategy
that presented 0.037 mm of deviation from nominal.
Finally, the 3-axis strategy presented a maximum de-
viation from nominal of 0.03 mm. Nevertheless, in
Fig.11 one can observe that the analysing the vari-
ability along the entire path, for 3-axis the variability
is higher due to the less flexibility presented in the
inspection path. It is worthy to mention that the
magnitude of deviation from nominal is 35-40 mi-
crometers, being the highest differences among the
three strategies up to 10 micrometers. All three per-
formed strategies achieved 100% path without colli-
sions.

• Right flank: Variable measurements obtained a max.

deviation from nominal of -0.425 mm aligned to the
ones obtained using the optimized strategy, whereas
the 3-axis strategy presented a max. deviation from
nominal of -0.46 mm. In this case, the highest dif-
ferences among the three strategies are up to 50 mi-
crometers. Both the variable strategy and the opti-
mized one covered the 100% of the surface, the 3-axis
strategy, however covered only 89.85% of the surface
before suffering a collision.

• Left flank: Variable measurements obtained a max.
deviation from nominal of 0.30 mm aligned to the
ones obtained using the optimized strategy. How-
ever, the 3+2 strategy presented a max. deviation
from nominal of 0.34 mm. In this case, the high-
est differences among the three compared strategies
went up to 40-50 micrometers. Both the variable
strategy and the optimized one covered the again the
whole 100% of the surface, while the 3-axis strategy
covered only 90.72% of the surface before suffering a
collision.

Analyzing obtained results for each strategy, for upper
land geometry, the differences are negligible due to the
simplicity of the surface to be measured. Nevertheless,
the complexity presented on the right and left flanks led
to the necessity of a higher accuracy and flexible strategy.
At this point, 5-axis inspection is the one that presented
optimal deviation results, closely followed by the optimized
strategy. Finally, the 3-axis could not complete the entire
path for right and left flank without a collision.
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Figure 11: Inspection deviations. Each row shows the deviation for the inspected surface; from top to bottom: upper land, right flank, and
left flank. The first column shows the inspection deviation throughout the inspection path, measured in mm, for a variable stylus orientation
(blue) computed by the commercial software MCOSMOS, and the constant orientation computed by the presented algorithm (red). The
middle and right columns show the deviation distribution throughout the 3D inspection path, color-coded by the measurement accuracy. The
accuracy color bar is showed framed. The color-coding represents the deviation (expressed as a percentage) where the minimum deviation
gets mapped to −100% while the maximum deviation to +100%. In the case of undercutting (upper land and right flank, both extremal
values are positive), the most accurate measurements correspond to dark blue color, while for the overcutting (left flank, both extremal values
are negative), the most accurate measurements correspond to red.

In summary, three inspection strategies were applied
along the inspection path on three surfaces of a spiral bevel
gear. The variable strategy and the 3+2 optimized one
performed rather similarly. The 3 axis strategy performed
considerably worse. Considering the 5-axis strategy as a
reference, the dimensional deviation errors committed by
the proposed strategy and the 3-axis strategy were calcu-
lated. For this purpose, an average of obtained results was
performed along the three different surfaces and a relative
error was calculated with respect to the variable strategy
following the expresion (4). The Relative Error (RE) is
defined as:

RE =
1

n

n
∑

i=1

yi − xi

xi

100 (4)

where xi are dimensional deviations from nominal val-
ues using the 5-axis strategy and yi values correspond to
3+2 optimized strategy and 3-axis strategy. For the 3+2
optimized one, the relative errors reached 6.5% for upper
land, 0.64% for the right flank, and 0.15% for the left flank,
respectively. However, for the 3 axis strategy, the relative
errors were up to 23.83% for upper land, 8.27% for the
right flank, and 8.22% for the left flank.

4.3. Discussion & limitations

Global collision detection. In the developed stylus mo-
tion planning algorithm, it was tested the case that the
cylindrical part of the probe collides with the gear geom-
etry. Similarly to the collision test in [21], the tool’s axis
is conceptualized as a cylinder, sampled, and the distance
to the gear geometry (subtracted by the cylinder’s radius)
served as a simple collision test. It was assumed that the
stylus is sufficiently long compared to the reference geom-
etry, which indeed was the case. For a shorter stylus (or
larger geometry) one should consider collision of the upper
(support) part of the inspection machine in the collision
detection test.

Alternative objects to inspect. The proposed algorithm
was demonstrated on a tooth of spiral bevel gear due to
the challenges presented by its geometry, however, major-
ity of the algorithm is generic and could be applied to other
curved geometries as well. The only issue is the existence
of a non-empty Ω that contains the physically feasible di-
rections. If Ω is empty, in order to get some candidate
directions, one could release the angular constraint on sty-
lus orientation with the reference to the surface normal,
and then look for a solution that violates the constraints
the least, in the least squares sense. If the collision test
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fails for all the candidate directions, it would be concluded
that there is no constant probe orientation. Such a sce-
nario can occur, e.g., for surfaces with cavities, where the
existence of a single probe orientation would be hardly
possible. It was intentionally used a tooth of spiral bevel
gear that implies complex surfaces along with accessibility
issues. However, the proposed algorithm is not affected by
the accuracy of the manufacturing and can be used also
for highly-accurate workpieces, e.g. those from [22].

Inspection machines. The presented results show a po-
tential alternative to 3D free-form surfaces inspection us-
ing only 3-axis machines. It should be highlighted that the
accuracy obtained through the (3+2) algorithm is compa-
rable to the 5-axis, offering, at the same time, higher ac-
curacy than conventional 3-axis inspection. Additionally,
it is avoided the use of the two extra rotational axes. The
requirement of the rotary axis is just for initial position-
ing, but not during the measuring process. Consequently,
the measurements can be accomplished on simpler ma-
chines, involving resources minimization (affordable mea-
suring tools) and more user-friendly programming systems
that requires qualification only for 3-axis machines instead
of 5-axis.

Machine inertia. In the performed physical experi-
ments, the speed of the inspection machine was set inten-
tionally low to avoid measurement inaccuracies caused by
the machine inertia. Therefore, the inspection times could
not be assessed, being almost the same for the approach
using a variable probe orientations (5-axis inspection) and
this innovative method with constant probe orientations
(3-axis inspection).

5. Conclusion

A new 3+2 path-planning strategy for inspection of
free-form surfaces has been introduced, and demonstrated
on the test case of a tooth of a spiral bevel gear. The
inspection path is given as an input and the developed
optimization framework looks for an orientation of the in-
spection probe such that the stylus angle is within a given
threshold with respect to surface normal at the inspected
points, the position of the probe is globally collision-free,
and the orientation direction is constant – throughout the
inspection path. The presented algorithm was physically
validated, demonstrating that the approach outperforms
the Mitutoyo’s software MCOSMOS in terms of the in-
spection deviation.

The present work reaches to the following conclusions:

• Comparing the three measuring strategies, the 5-axis
strategy is the most accurate one, followed closely
by the proposed 3+2 algorithm. So, the present
algorithm allows the use of only 3-axis inspections
through 3+2 machines, that implies a financial ad-
vantage compared to more expensive 5-axis inspec-
tion machines.

• Simple surfaces, such as upper land, could be mea-
sured using any of the three strategies accomplishing
the 100% of the programmed surface. Moreover, the
highest differences presented in these results are up
to 10 micrometers.

• Free-form surfaces or complex surfaces with limited
accessibility, such as right and left flanks, presented
some difficulties for 3-axis strategy to accomplish the
entire programmed surfaces, warning a collision error
at 89.85% and 90.72% along the path, respectively.
It is concluded that the 3-axis strategy is not ade-
quate to measure these type or surfaces, due to the
strategy flexibility limitations.

As a future research thread, it is aimed at path opti-
mization as the current setup keeps the given inspection
path, which is suboptimal. One may look for optimized
trajectories that, for example, would be more convenient
for the inspection machine from the kinematics perspective
and, consequently, could further address the challenge of
reducing the inspection time.
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