UNIFORM PROFILE NEAR THE POINT DEFECT
OF LANDAU-DE GENNES MODEL

ZHIYUAN GENG! AND ARGHIR ZARNESCU'23

ABSTRACT. For the Landau-de Gennes functional on 3D domains,
2 2 2
L(Q.9) = / {%\VQ\Q +1 (,‘Ltr(QQ) - Dy + i[m(@?)}?)} dz,

Q € 2 3 4
it is well-known that under suitable boundary conditions, the global minimizer ). converges strong-
ly in H'(2) to a uniaxial minimizer Q. = s;(n. ® n. — 31d) up to some subsequence &, — oo
, where n, € H' (Q,S2) is a minimizing harmonic map. In this paper we further investigate the
structure of Q). near the core of a point defect xo which is a singular point of the map n.. The
main strategy is to study the blow-up profile of Q.,, (xn +€ny) where {z,} are carefully chosen and
converge to xo. We prove that Qe, (z, + €,y) converges in CZ,.(R™) to a tangent map Q(x) which
at infinity behaves like a “hedgehog” solution that coincides with the asymptotic profile of n. near
xo. Moreover, such convergence result implies that the minimizer )., can be well approximated
by the Oseen-Frank minimizer n. outside the O(e,) neighborhood of the point defect.

1. INTRODUCTION

Nematic liquid crystals (NLC) are composed of rigid rod-like molecules which exhibit a locally
preferred direction. Sharp variations in the alignment direction of NLC are known as defects,
which are generally observed, in experiments, to exist as isolated points or disclination lines in
experiments. There are several continuum theories used to describe the local orientation of NLC
molecules at equilibrium. In these theories, NLC materials are assumed to occupy a region {2 €
R (d = 2,3) and their locally preferred directions are described by functions taking values in some
order parameter spaces. The study of variational problems for energy-minimizing configuration of
NLC (especially the configuration near defects) within these theories provides many fascinating
mathematical problems. Readers are referred to survey articles [3, B3], [51] and references therein
for more details.

Among these theories, the simplest one is the Oseen-Frank theory [I8]. In the Oseen-Frank
theory, the local orientation of NLC is represented by a unit-vector field n : Q@ — S?, which
minimizes an elastic energy. In the simplest setting, the free energy reduces to

1
~|Vnl|? dz,
| 519nl

which is the energy functional for harmonic maps. The singular set of a minimizing harmonic map
is very well understood. In particular, in three dimensional space, the singular set contains at most
finitely many points [45]. Near each singularity x, the field n behaves like the rotated “hedgehog”

map +R i:im with some rotation R [7]. We recall that the major limitations of the Oseen-Frank
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2 UNIFORM PROFILE NEAR POINT DEFECTS

model are that it only accounts for uniaxial nematic states and does not allow for line defects of
finite energy (see [24]).

In the physically more realistic Landau-de Gennes theory[14], the order parameter is a 3 x 3
symmetric traceless matrix @ (the so-called Q-tensors), which can be interpreted as the renor-
malized second moment of the (formal) probability distribution of the local molecular orientation.
The total free energy contains two parts, namely the elastic energy and the bulk potential, whose
simplified form reads

1.(Q.0) = /Q (.(Q,V0) + /5(Q)} da

- [{5ver+ S-S u@) - @)+ Sn@)p+ 0} ds
Jal2 g2 2 3 4 ’
where €, a,b,c are material dependent constants, C' is a constant that ensures f,(Q) > 0. The
Landau-de Gennes theory can predict richer and more complicated local behaviors of the NLC
medium because it accounts for both uniaxial and biaxial phases (Q is called biaxial when it has
three distinct eigenvalues, uniaxial when it has only two equal eigenvalues and isotropic when all the
three equal eigenvalues are zero)). In particular it allows biaxiality in the cores of point defects and
disclination lines. Interested readers can refer to [4] 27,28, 22], 8 [1, [15] 29, [30% 9}, 12 25|, 17, 16, 2], [49]
for various studies on solutions and defect patterns of the Landau-de Gennes model.

When £ — 0, the Landau-de Gennes energy will enforce the uniaxial constraint @ = s (n®mn —
21d) (so that the potential function takes its minimal value, see (2.6))) and one can recover the Oseen-
Frank model. Such convergence, which is usually referred to as the vanishing elasticity limit (see
[19]), was first analysed in [40] and refined later on in [43]. Their results can be briefly summarized as
follows: under suitable assumptions on the domain €2 and the boundary condition @|sq, the global
minimizers Q. converges strongly in H! to a limiting uniaxial minimizer Q. = s (n. ®n. — %Id) up
to a subsequence, where n, € H'(Q,S?) is a minimizing harmonic map. Moreover, the convergence
is strong in Cf_(2\S(n.)) for any non-negative integer k, where S(n.) denotes the singular set of 7.
Similar limiting problems for Landau-de Gennes model have also been explored in [4] 22} 23] [8] 9] 13]
under various settings. The study of vanishing elasticity limits is influenced by similar analyses of
the Ginzburg-Landau model for superconductors [5 [6], while the higher dimension of the target
space generates greater complexity in analysis for Q-tensors.

The main purpose of this paper is to further investigate the structure of minimizers ). in the
core of a point defect xg € S(ny) by studying the blow-up profile of Q., (z,, + £,y) where x,, will
be carefully chosen and converge to xg. We summarise our main results in the following theorem:

Theorem 1.1. Suppose Q., is a sequence of global minimizers of I, (-, ) subjected to the Dirichlet
boundary condition (2.2) and Q., converges to the vanishing elasticity limit Q. in the sense of
[40, 43]. Let xo € S(n«). There exists a subsequence of Qe, , denoted as itself, and a sequence
T, — xo such that the following holds

e (Proposition Qen (zn + enz) = Q) in CE(R?) and Q(z) is a local minimizer of the
functional 1(Q) = [{3|VQ]* + f,(Q)} dz.

. (Theorem Theorem)Q(x) — s4(n(z)@n(z)—3$1d) as |z| — oo, where n(z) = T(ﬁ)
with T € O(3) is determined by the asymptotic profile of n, near x.

e (Theorem Let B, (x0) be a small neighborhood of x¢ that doesn’t contain other singular-
ities of nx. Then for any sequence R, T oo and satisfying Rpe, < T, there holds

n—00 Rn€n§|m|§7‘

lim ( sup Qe (zn + ) — Qu(zo + x)\) =0,
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which implies the uniform convergence of Qc, to Q. outside shrinking domains.

Our results further improve the convergence results in [40, 43] by showing that the minimizer
Q:,, of the Landau-de Gennes model can be well approximated by the Oseen-Frank minimizer Q).
outside the O(e,) neighborhood of the point defect (such neighborhood can be regarded as the
defect core). The blow-up limit @) contains the information of the uniform structure of the defect
core and its asymptotic behavior at infinity is inherited from the profile near the singularity of
Q+«. The arguments essentially follow [41] by Millot-Pisante, which focuses on the similar problem
concerning local minimizers for 3-D Ginzburg-Landau functional. However, there are several major
differences from our arguments and those of [41]. On the one hand, the tensor structure gives
rise to significant difficulty in our analysis. On the other hand, in [41] the quantification results
of the defect measure from [35], 36] play a crucial role in the proof of strong H! convergence (see
[41] Proposition 3.1, Proposition 4.1]), while in this paper we rule out the possible defect measure
and obtain strong H' convergence of blow-up/blow-down sequences in a more direct way by simply
using minimality and the Luckhaus’ Lemma (see the proofs of Lemma Theorem and Lemma
)

Our study was motivated by [31] where numerical investigations indicated that the behaviour
near the singularity of the limiting harmonic maps has a universal profile, that is independent
of the boundary conditions or the geometry of the domain. This universal profile has an outter
part, resembling a so-called hedgehog pattern, and an inner part that has axial symmetry. Our
investigation is capable of providing a rigorous interpretation of the studies in [31] in what concerns
the outter part. Stuyding analytically the universal features in the inner part seems to be a
significant analytical challenge.

A complete characterization for the behavior of a global minimizer (). inside the defect core is
still open. Many research works focus on several typical configurations of the defect core and their
stability. Among them, the radial hedgehog solution with the form Q(z) = r(m)(ﬁ g~ $1g) is
most extensively studied (see for example [46] 20} [39) 32, 27, 28]). This configuration is uniaxial
everywhere and vanishes at the origin. However, in certain parameter regime the radial hedgehog
becomes unstable and biaxiality has to appear near the defect core. Such phenomenon is called
“biaxial escape” and one can refer to [28, [12] 25] for rigorous interpretations of this phenome-
non within Landau-de Gennes theory at low temperature regime. There are mainly two types of
biaxial core structure: the half-degree ring disclination and the split-core solution. These two bi-
axial configurations have been discovered and studied numerically [42] 26] and recently rigorously
constructed in [50, [16, [49] in the axially symmetric setting.

The article is organized as follows. In Section [2, we introduce the basic mathematical setting
of our problem and recall some previous results and estimates that will be used in the rest of the
paper. In Section |3, we study the properties of Q. near a small neighborhood B, (z¢) of the
singular point x¢ and establish the existence of the blow-up limit ) in Proposition In Section
we study the behavior of the blow-up limit Q(x) when |x| — oo by proving its tangent map
at infinity is just the asymptotic profile of Q. at xg. The proof is separated into several steps.
We first show that there exists a homogeneous degree-1 tangent map of @ at infinity; then we
prove the uniqueness of the tangent map; for the last step we show this unique tangent map has
to coincide with the hedgehog configuration of @), near zy. Finally in Section [5| we establish the
uniform convergence of Q.,, (zn + ) to Q«(zo + =) in varing domains B, \ Bg,., for any R,, — oc.
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2. MATHEMATICAL FORMULATION AND PRELIMINARY ESTIMATES

Let © be an open bounded simply-connected domain in R3. We denote by Qg the set of traceless
symmetric 3 X 3 matrices, i.e.

Qy:={Q e M Q=Q"}.

Consider a Landau-de Gennes functional of the form

1 1
(2.1 Q) = [ |3I90P+ 5h@] dr. Qe (0,00
with the Dirichlet boundary condition
1
(2.2) Qloa = Qy = 51 (np @ np — gld), ny, € C*(09,S?).

That is to say, @ is a smooth function taking values in A which is defined later in (2.6)).
When € = 1, we write

(2.3) 1(Q.9) = /Q [;IVQ\ZJrfb(Q)} da

The bulk potential is of the form
2 2

a 2 C
(24) 7@ = S (@)~ Sn(Q®) + S In@) + C

where C' is the constant that ensures Qing (@) =0.
€<o

We introduce the notion of local minimizers of the energy in the following sense.

Definition 2.1. Let Q € H\ (Do, Qo) for some domain Dy C R (Dy could be R?). Q is said to
be a local minimizer of 1(-, Do) if
I(Q,D) < I(V,D)

for any bounded open set D € Dy and V € H}. (2, Qo) such that Q —V € H} (D, Qy).

The Euler-Lagrange equation for the functional I, is given by

(25) AQ. = S5 (~a*Q. — PIQ2 - 51(@2)7 1) + Pu(Q.Q.),

where the term ébztr(Qg)QId is a Lagrange multiplier that accounts for the tracelessness con-
straint.

It is well-known that the bulk potential f; takes its minimum value on a sub-manifold of Qg
defined by

B b2 + Vbt + 24a2c?
- 4c? '

(2.6) N={Q=s:(n®n— %Id), nes?, si
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In [40L 143], it was shown that subjected to the Dirichlet boundary condition (2.2]), up to some
subsequence, the minimizers ). of I converge to the minimizer @), of the functional

(2.7) L[Q] = /Q VQ|*dz, Qe H'(Q,N), Q= Q, on dN

By direct calculation, we have |VQ|?> = 252 |[Vn|? for Q = sy(n®n — %Id). It follows that on
the simply-connected domain € this Q. can be written as Q.(x) = s4(n«(x) ® n.(x) — %Id) where
ns(z) € H'(Q,S?) is a minimizing harmonic map. More precisely, the following results was proved
in [40, 43)].

Theorem 2.2. Let Q be an open bounded simply-connected subset of R? and Q. be a minimizer of
the minimization problem f. For any sequence €, — 0, there exists a subsequence, still

denoted by ey, such that Qc, converges strongly in H'-norm to a minimizer Q. of the [2.7). Let
Sing(Q«) denote the singular set of Q., then

Qe — Qx in C] (Q\Sing(Qx), Qo), Vj > 1.
The above theorem gives a nice convergence result of ()., to @)« away from the singular set
Sing(Q+). In this note we would like to investigate the behavior of @), near Sing(Q.).
For the limiting harmonic map Qx = 4+ (1 ® 1, — %Id), we recall the classical result of Schoen-
Uhlenbeck [45] and Brezis-Coron-Lieb [7, Theorem 1.2] that the singular set Sing(Q.) = Sing(n.)
is a set of finitely many isolated points, and near each singular point zg, one has

T — X0

li — =T

lim n.(r( — 20)) P
for some T' € O(3). The convergence is strongly in H!(B;) and uniformly in any compact subset
of B1\{0}. Moreover, using the technique of integrability of a Jacobi field ( see for instance [48],
Theorem 6.3]), the convergence rate can be controlled by a positive power of r,

x
|z
Here C > 0,79 > 0, € (0, 1) are all positive constants depending just on n* and xg.

Also there are two basic ingredients in our analysis, which are the monotonicity formula and the
small energy regularity estimate, which are both established in [40]. We list them below.

(2.8) n«(ro+x)—T < Clz|*, V|z| <.

Lemma 2.3. (Monotonicity lemma, [40, Section 4, Lemma 2]) Let Q. be a global minimizer of I,
then

0,1 [ 1 . 1 1
29 grlg [, gVl sh@Im =5 [
Now we define
(210) (@) = 5IVQP + /(@)

which denotes the energy density of the Landau-de Gennes functional (2.1 for Q@ € H'(Q, Qo).
The following small energy argument holds.

2
do + i fb(Qa)

R2 Br 52

Qe

d
or *

Lemma 2.4. (Small energy regularity, [40, Section 4, Lemma 7]) Let Q., be global minimizers
of f with coefficient €, and suppose Q., — Q« in HY(Q). Let K C Q be a compact set
which contains no singularity of Q.. There exists C7 > 0, Cy > 0, g > 0 such that for a € K,
0 <r < dist(a,0K), e < g9 we have

1
/ e (Qz) da < O,
By (a)

r
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then

r? sup e, (Qe,,) < Co.
BT/Q(G‘)

3. CONVERGENCE OF BLOW-UP MAPS

Take e — 0 to be the sequence in Theorem satisfying Q., — Q« in C’leC(Q\Sing(Q*)).
Assume Sing(Q.) = {0}, and n.(z) ~ % near the singular point 0. We write the hedgehog map as

|z]

(3.11) B(z) = 54 (,Z ® % - ;Id>

Now we first fix a sequence of radiuses r,, such that
(3.12) rn, — 0 asn — oo.
According to [7, Corollary 7.12] and [47, Section 8], it holds that
Qo) — D)2y ) + Q) — (@)1 0. a5 oo,

Once we fix {r,}, we can then choose a subsequence of {&,}, still denoted by {e,}, such that

(3.13) Z—n — 00 asn — oo,

and

(3.14) 1Qe, (z) — Q«(@)llc2(@\B,,,) = 0, asn — oo,

(315)  1Qen(ru) — B(&) 2y w5y ) + 1Qen () — B(&) 15y = 0, a5 71— .

Here the existence of such {e,} is guaranteed by Theorem In the rest of this paper, for
convenience we will always work with {(ry,e,)} that satisfying (3.12)), (3.13]), (3.14)) an (3.15)).
We would like to study the convergence property of the sequence of blow-up maps Q., (e,z). Set

Tn
R, = —.

€n

We first look at the rescaled functions
(3.16) Un(x) := Q¢, (rpz) on Bi(0).
Obviously U, is a local minimizer, in the sense of Definition of the following functional:

1
[ {5Iver+ @} as
By
and satisfies | Uy, (x) — ®(z)|| L 9B,) — 0 as n — oo due to (3.15). Then the following lemma holds.
: 2 _
Lemma 3.1. lim I, Bi fo(Uy) dz = 0.
Proof. Since Q) is an admissible map for I, we have
1 , 1 1 )
— R — dr < | = <7 dx.
| 3V + Q) de < [ SvQ.P s
On the other hand, Q., converges to @, strongly in H'!, therefore we have

. 1
lim | 5 f(Qe,) dw =0

n—o0

A straightforward calculation shows that ®(z) satisfies

1 1
7"/ §|V<I>|2dx =8sim, Vr>0.
By
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Then using the strong convergence of Q. (z) to Q.(z), we infer that for any 6 > 0, there exists a
rs > 0 such that

1 1
lim / §|VQ€TL|2 + gfb(an) dr < 8s27 + 4.
By n

Combining the definition of U,, and the monotonicity formula (2.9)), we deduce that

1
lim ZIVU? + R2 f,(Uy,) dx
B, 2

o1 1
= llm / 7’vQ5n’2 + 7fb(Q5n) dx
n—oco 1, . 2 En

.1 1 1
S lim / 7|VQ571|2 + be(QEn)dx
n=0o 1§ g, 2 €
SSS%_W +9
Letting § — 0 yields
1
(3.17) lim ~|VUL? + R2 f,(Uy,) do < 857 m.
n—oo |p 2

On the other hand, by the H' convergence of U, to ® (3.15)) we have

1 1
lim \VUnde:/ ~|V®|? dr = 8s2 T,
B, 2 2

n—oo Bl

which together with (3.17) implies that

n—oo

lim [ R2f,(U,)dz = 0.
1

O
Now we have the following proposition which says that when n is sufficiently large, the set of
points where Uy, (z) leaves N has small measure and concentrates near the origin.

Proposition 3.2. For any § > 0, there exist constants Cs and ng such that
(3.18) sup{|z|, z € {dist(Up,,N) > §}} =o(1) asn — oo,

(3.19) diam ({dist(U,,,N') > 6}) < CsR,*  Vn > ns.

Proof. We follow closely the proof of [41, Proposition3.2]. First recall that (3.15)) gives the strong
H! convergence of U, to ®(z) in By. Now we fix § € (0,1) and first prove (3.18)). Define

(3.20) D = {x € By : dist(U,(z),N) >}
It suffices to show for any given r < 1, the set D,‘i C B, for every n sufficiently large. Note that

according to (3.15)), (B1\By/2) N D? = @ as n — oo, so we only need to focus on (El/Q\BT-) nD?J.
Since ®(z) is smooth outside the origin, we can find a ro < g such that

1 1 —
— VO (z)|?de < =C3 Yz € B1/5\Br
o Bro (z) 2

Here (U5 is a small number to be determined. The strong convergence of U, to ® in H; implies that
1

— VU, |*dx < C5 Va € Byjg\Br, Vn > N
ro BTo(I)
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where N is a large constant. Then we infer from the Lemma and Lemma that, if C3 is
chosen to be suitably small,
r2  sup ep-1(Un) < Cy, Vz € By /5\B,
Br0/2($)
where Cj is another constant independent of n. By Arzela-Ascoli lemma the sequence {U,} is
compact in L>(Bj/5\B,), and therefore dist(Uy(z),N') — 0 uniformly in Bi\B,. In particular,
Dg C B, for sufficiently large n.

Next we show that there exists a Cs such that diam(D?) < CsR;; ' for large enough n. First
we choose a small constant 6y > 0 such that, there exists a smooth orthogonal projection of N,
onto N. Here Ny, C Qp denotes the d-neighborhood of N in Qy. We denote P as the orthogonal
projection from N, onto N. It suffices to show for all § < dg.

We fix § < §p and argue by contradiction. Let d, := diam(Dz) and suppose U, = d, R, T oo.

We take a,,b, € DS such that |a, — b,| = d,,. By (3.18)) we have max{|ay|, |b,|} — 0. Define
b
Cp = an—2|— " sy =sup{|z —cy| :x € DO}

One can easily verify that s, € [%, dy,) from definitions.
We perform the following rescaling

Vo(z) := Up(dpx + ¢n), x € Ba.

Note that V;, is well-defined for all large enough n due to the fact that Bag,(c,) C By when n is
sufficiently large. By the relationship of s, and d,,, we have

Vo(z) € N5, Va € By \ By, n sufficiently large.

Moreover, V,,(z) minimizes the energy

[ 3IVQP i@ ds.

By the definition of V,,, Uy, (3.17)) and the monotonicity formula, for every zog € B2, R € (0,2—|xg]),
we have

1
lim / e —1(V,)dx
fin

n—oo R
z0)

1
(3.21) <lim —— ep1(Up) dx

T n—oo ] — |dn$0 + Cn| Bl—\dn10+cn\(dn10+6n) "

8s2 7
< lim +

— =88
“n—oo 1 — |dn.1,‘0 + Cn| +

Denote Pf* := 22 and Py := b"d;c”. Up to a rotation we assume
n n

1 1
P'=P = (5,0,0), P} =P = (—5,0,0).
It is well known, via Chen-Struwe[I1] and Chen-Lin[10], that up to a subsequence, V;, converges
weakly in H'(Bs, Qo) and strongly in L?(Ba, Qp) to a weakly harmonic map V € H'(Ba, N).

Moreover, there exists a nonnegative Radon measure v on {2 such that
1
e, -1(Vn)dx — Q\VV\Z dxr + v in Bs.

Here we note that even though V}, is a locally rescaled function of Q., , the strong H' convergence
and the minimality of the limiting weak harmonic map V' cannot be derived directly from Theorem
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because Theorem requires that all Q. satisfy the same boundary data (2.2, which is not
the case for V,,. We can apply the Luckhaus-type construction to overcome such deviation of the
boundary data and prove the following improvement of the convergence.

Lemma 3.3. v(By) =0, V,, = V strongly in H} (B2, Qo) and V is a minimizing harmonic map.

We first admit Lemma and proceed with the proof of Proposition (3.2). A direct consequence
of Lemma [3.3] is

(3.22) lim [ p2fy(Vy)dez =0
2

n—oo

For the limiting map V/, first we claim that

lim 1/ IVV|? >0, fori=1,2.
R Br(F;)

Otherwise if }121310 + Br(P) VIV|? =0 for i = 1 or 2 (we assume i = 1 without loss of generality),
then by strong H' convergence and ([3.22) we infer that there exist Ry > 0 and Ny such that for

any n > N,
/ €,-1(Vn)dz < C
Bry(P1)
for some suitably small constant C. Invoking Lemma [2.4] we conclude that the there exists a
constant, still denoted by C, such that

R2  sup e,-1(Va) <C, Vn =Ny
Bry/2(P1)

Again by Arzela-Ascoli lemma we have V,, converges uniformly to V' in Bg 5(P1), which contradicts
with the assumption dist(V,,(P1),N) =& > 0. So we get the claim.

On the other hand, since V is a stationary harmonic map, by the quantization results in [34]
Corollary 1],

1
lim / IVV |2 dx = 16siki7r, 1 =1,2; k; is a positive integer.
Br(F;)

Recall that from (3.21)) we have

1 1
= ~|VV|?dr < 852 7.
R Jpgpp,) 2
It follows that k1 = ko = 1. And by monotonicity formula we have
1
(3.23) — IVV[?dx > 16537, i=1,2; Re(0,1).
R Jpp(p)

For every R € (0,1), denote Qg := (R — 3,0,0). By (3:21)) and (3:22) we have

16s%m > / IVV|? de > (/ +/ > IVV[?dz > (R+ (1 — R))16s%7 = 1657 7.
B1(Qr) Br(P1) Bi1_r(P2)

It follows that |[VV| =0 on B1(Qr)\(Br(P1)U Bi_g(P,)) for every R € (0,1). Note that

B\{(#,0,0): =1 <z <1} = [J Bi(Qr)\(Br(P))UBi_gr(P)),
Re(0,1)
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we therefore deduce that

/ IVV|*dz =0
By

which clearly contradicts with (3.23). The proof of (3.19)) is thus complete. O

Proof of Lemma 3.3 Fix any radius pg € (1,2). By Fatou’s lemma and Fubini’s theorem, there is
a radius p € (po,2) and a subsequence of {V,,}, which still denoted by {V},}, such that
(3.24)

lim Vi — V[2dH? =: lim ¢, =0, / (e,-1(Vi) + |[VV[})dH? < C(po) < 00, ¥n € N.
n—o0 Jop, n—00 8B, Hn

In order to construct an energy competitor, we need the following extension Lemma which was first
proved by [45] and later by Luckhaus [38]. Here we present the version in [37, Lemma 2.2.9].

Lemma 3.4. Forn > 2, suppose u,v € H (S""1, ). Then for e € (0,1) there is w € H'(S"~! x
[1—¢,1],RY) such that Wlgn-1x (1} = U, Wgn-15{1-¢c} =,

/ IVl < Ce—:/ (IVrul2 + [Vool2) + C’s_l/ u— of?,
Sn=1x[1—e,1] Sn—1 sn—1

1 1
2 2
(IVrul® + |VTU|2)> (/ !u—v|2> —i—Cs_"/ lu — v?
n—1 Sn—1 Sn—1

for a.e. x € S""! x [l —¢,1]. Here Vr is the gradient on S*~1 and RY is the space in which the
manifold N is embedded.

let W € H(By, N) satisfying W = V on By \ Ba_,,. We define the energy competitor W,, €
Hl (BQ, Qo) as

and

dist2(w(z), N) < Cel—" < /S

Va (), z € Ly := B>\ By,
(3.25)  Wp(z) := mwg) + %F’(Vn(%)), z i Z z ? \ Bp_\ ];
e =D er \ B e 6,
W(mx), x € Ly:= Bp_\/?n_si/ﬁ_

Here K, () is the connecting function obtained by applying Lemma to P(Vu|ap,) and Vg,
To be more precise, K, (z) satisfies

pPT
Ky (z) = P(Vn(m)) on 0B, /.,
_ px ,
o) = V(P —VEn — 5,1/6) on 8Bp—\/5—63/6’
(3.26) dist (K (z), N} < CeL/S, / VK (2)2 < Cee.
L3

Here we used

/ P(V,) — V|? < 2/ (IP(Vo) = Va2 + [V, = V) < 4/ IV, — V|2 = dey,
9By 8B, 0B,

1
and applied Lemma with n = 3 and € = ¢} in order to get (3.26)).
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Since €, | 0 we know that K, (x) € Ny, when n is large enough. Therefore P(K,,) is well-defined
on Ls. Direct calculation implies that

1
/ 6“—1(Wn)dl‘—/ ~|IVW|* dx
B, " B, 2

P
1/6
n n 1
Ve“/ SIVWP da +’/ e, 1 (W) da| +
Lo

p B,
=:I,+1I,+11I,.

1
/ ~|IVW, | dx
Ls 2

For the first term I,, since €, — 0 we have lim I, = 0. For the second term we calculate using
n—o0
polar coordinates:

(3.27)
/ e,-1(Wn)dx

1 02 + 2| —p+En p— |zl Pz .
= [ mene st - L i ana

IN

p 2/ 1 ‘ ( () + =L (Vi (0) —]P’(Vn(pH)))> 2+Cu2fb(Vn(p0)) de dr
p—/En S2 2 Ven :

p—VeEn  JS?

IN

En

P—VEn
p _ 2
<C r? - Vo Va(2)?| + |V”(f”)€ v<x)| + 12 f5(Viu()) da drr
P—vVEn P n
<C\/n.

From the second line to the third line we used the fact that f,(Q) is comparable to dist(Q,N)?
when @ € N with small enough 6. From the third line to the fourth line we utilized drV (|m|) =0
and |[VP(Vi(ph))[> < Lip(P)? |V Vi (p9))|?. The final estimate comes from (3.24). Taking n — oo
in - we get lim I1, =0.

—r 00

Finally, by (3.25)) and (3.26) we have

1
II1, :/ e 1(Wn)dx:/ Z|VP(K, ()2 de < Lip(P)? | |VEK,|?dz < Cel/S.
Ly M Ly 2 Ls

When n — oo, we obtain lim I11, = 0. Then by minimality of V,, we conclude that

n—oo

1 1
SIVWPde = lim [ e —1(Wy)dz> lim [ e —1(V,)dz> [ Z|VV|[’dz.
B 2 I Hn 2

n—00 n n—00
P By By By

Hence V € H'(By, N) is an energy minimizing harmonic map. Moreover, if we take W = V in Bs,
then the calculation above implies that

/ \VV?de > lim [ e —1(V,)dz,

B, n—o00 B, Hn

which further implies the strong H. lloc convergence of V,, to V and v = 0.
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O

Now we claim that there is a N € N large enough such that for any n > N, the set D% defined

in (3.20) is not empty, where Jy is defined in the proof of Proposition Indeed, suppose the
claim is wrong and we can find n; — oo such that for every j,

Un,(z) € N5yy V€ B.
Then P(Uy,) are smooth maps from B; to N, and therefore deg(P(Uy, ), 0B,) = 0 for any r € (0,1).

J

On the other hand, using (3.15)) we know that when j is large enough,
1
deg(P(Uy,),0B;) =1, Vre (5, 1),
which yields a contradiction. The claim is proved.

Now we can define a,, € By such that

(3.28) an € D2 and dist(Uy,(an), N') = sup dist(Uy(z), N).
reB1

According to Proposition we have a,, — 0 as n — oo and Dflo C By, (ay) for some r,, < Cs5,R;, L
When U, (0B,) C Nj,, we also define the topological degree of Uy,|sp, as

deg(U,, 0B, (z)) = deg(P(U,,), 0B, (x)),
By the condition (3.15)), the smoothness of the map U,, and the smallness of a,,, we infer that

(3.29) deg(Un,dB,(a,)) =1 for every r € [Cs, R, ", 1 — |an]].
Then we define
(3.30) On(@) = Un(—= + ap) = Qe (607 + Tnan) for [z] < Rn = Ru(1 — |an]).

Ry,

Proposition 3.5. Let Q. be a global minimizer of the minimization problem (2.1)—(2.2). For {Qy}

defined as in (3.30) with {(rn,en)} asin (3.12)), (3.13)) (3.14) and (3.15), there exists a subsequence,
still denoted by {Qn}, such that Q,(x) — Q in C2 (R3, Qy), where the limiting map Q satisfies

loc

(1) Q locally minimizes the functional I(-,R3) (see (2.3))) in the sense of Definition .
(2) dist(Q(z),N) = 0 as |z| = o0, deg,(Q) =1 and I(Q, Bg) — 8s%m as R — co.

Proof. Note that @Q,, satisfies the Euler-Lagrange equation
1 .
AQ, = —a*Q, — V*[Q? — gtr(Qn)2 Id] + *tr(Q,)*Q,, in Bg .
Also (3.17)) implies that
. 1
(3.31) lim —1(Qn, By ) < 853 7.

n—oo R
Using standard elliptic regularity theory, we can extract a subsequence, still denoted by @Q,,, that
converges to @) in C’lQOC(R?’ , Qo). Here @ solves the same equation as @), and also inherits the local
minimality from @Q,,.

By the definition of @,, and (3.29)), we have
deg(Q,0By;) = li_)m deg(Qn,0By;) =1, Yrs> Cs.

Hence
deg,.(Q) = lim deg(Q,0B,) = 1.
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Similarly, by (3.18) and (3.19) we deduce that dist(Q(z),N') — 0 as |z| — co. It only remains to
prove the energy estimate ;1(Q, Bg) — 8s2m as R — oo. On the one hand, by the monotonicity

formula and (3.31)) we have
1 1 )
RI(Q’ BR) - nh~>ngo EI(QTH BR) < 85+7T~

On the other hand, dist(Q(z), N) — 0 as |z| — oo implies that for any ¢ > 0 there exists a R
such that for all R > R,,

%I(Q,BR) > (1- s)%I(P(Q),BR)'

We recall the well-known fact (see e.g. [T, Section VII]) that for g : S* — S? with deg(g) = 1, it
holds that [y, 3|Vg|? > 4. Due to deg,,(Q) = 1, we get

o1 2
— > — .
Rh_r)r(l)o RI(Q,BR) > (1—¢)8sqm

Take € — 0 and we complete the proof of Proposition O

4. BEHAVIOR OF THE LIMITING MAP Q AT INFINITY

In order to understand the limiting map @ in Proposition [3.5] we study its tangent map at
infinity. A tangent map for @ is a map ¥ : R? — Qy obtained as a weak H lloc(R?’ , Qo) limit of
QRr, (r) := Q(R,x) for some sequence R, — co. Let T, denote the set of all possible tangent maps
of () at infinity. T, can be characterized by the following theorem.

Theorem 4.1. Let Q be the map defined in Proposition then T (Q) is not empty. Let
U € T(Q) and assume Qg, (z) — ¥ weakly in H} (R3 Q). Then Qr,(z) — ¥ strongly in
H} (R3) and

loc
1
ep-1(Qr,) dz — §]V\I/\2 dx
as convergence of Radon measures. Moreover, there exists T € O(3) such that
1
(4.32) U(x) = sy(n(z) @n(z) — §Id)’ n(zx) = T(m)
Proof. Fix a sequence R, 1T co. For any R > 0, by Proposition [3.5| we have

1 . 1
Rilglm = /BR ep-1(Qr,)dr = Rilgloo R 1(Q, Brr,) = 8s%.m.

Thus Qpg, is bounded in H.} (R3) and up to a subsequence, Qg, — ¥ weakly in H. (R3) and
strongly in L?

2 (R3). Since for any R, lim fBR fo(@r, ) dxr = 0, using Fatou’s lemma we obtain
n—oo

U(z) take values in V. Also, @ satisfies the monotonicity formula (2.9)) because @ locally minimizes

the functional 1(Q,R?). Then (2.9) and +1(Q, Bg) — 8s27 imply that

2

lim 1|99
R—o0 R3\Br \x! or
It follows that for any 0 < p < R < o0,
2 2
/ 1Y@ 1 |9Qr, ()|
Bp\B, || | Or n— g8, |7] or
2
= lim i 9Q(x) dx = 0.
n—o00 BRRn\BpRn |.’E| 07"
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This implies that ¥(x) = U(Z) for z # 0. Also the topological degree of ¥ on S? is 1 since

|z
deg..(Q) = 1. Moreover, dist(Q(z),N') — 0 as |x| — oo implies that
lim  sup dist(Qgr,(z),N)=0

"% 2 BR\Bgr/»

All these properties above enable us to exploit the same argument, as in the proof of Lemma
to obtain that Qg, — VU strongly in H} (R?) where U € H} (R3,N) is a homogeneous energy
minimizing harmonic map with degree 1.

Now by the classical result of Brezis-Coron-Lieb [7, Theorem 7.3] E|, U = sy (n(z) ®n(z) — 31d)
for n(z) = T(il), for some T € O(3).

|

]
For the limiting map @ in Proposition let’s define Q* := P(Q) as the orthogonal projection
of Q onto N, i.e.
Qz) — Q%(x)| = dist(Q(z), N)
By Proposition [3.5| we know that Q(z) will stay in a small neighborhood of N' when |z| is sufficiently
large. Consequently, Q*(z) is well-defined for large |z|. We also denote

D(z) == Q(z) — Q*(x).
Then we have the following two lemmas, which mostly rely on the estimates in [43].
Lemma 4.1. For any positive integer k, there exists a positive constant Cy, such that
C
|VFQ| < —kk, for all z € R3.
|z
Proof. We argue by contradiction. Assume the statement is false, then there would be an integer
k and a sequence of points x,, such that
R, = |zp| >0 asn— oo
RFVFQ| — 00 as n — oo.

For each n, we consider @,, = Q(R,z) as a local minimizer in the sense of Definition of the
following functional

| 5IVQE + RfuQ) ds

in the ball Bs(0). Thanks to Proposition and Theorem we have that up to a subsequence,

x _ _
5 T for some T € 9By,

n

1
Qn — ¥ strongly in H'(By) for ¥ = s+((T%) ® (T|x—|) ~3
T T
The strong H' convergence implies, as in [40, Proposition 4] the uniform convergence of f;(Q,) to
0, which allows to use [40, Lemma 6.7] to get a uniform gradient bound on @, which is updated
to convergence in the interior in arbitrarily high norms in [43, Theorem 1]. Thus we have

Qn — ¥ in (B3 \By ).

Id), T € O(3).

Then we can derive
0o = lim RF|VFQ(z,)] = lim [VEQn ()| = |[VFU(z)| < oo,
n—o00 n—oo R,

1[7 |, Theorem 7.3] is proved for S*-valued maps, however it also holds for the case of RP?-valued maps, see the
discussion in [7), Section VIII-B-c].
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which yields a contradiction. The proof is complete. O

Remark 4.1. As a consequence of Lemma we can improve the strong H' convergence in Theorem
to CF  convergence, i.e. assume ¥ € T (Q) and Qr, — ¥ weakly in H]} (R? Qp), then
Qr, — ¥ strongly in C*(K, Q) for any integer k and compact set K C R3\{0}.

Lemma 4.2. There exist positive constants Ry and C' such that for any |x| > Ry,

(4.33) VQHw)| < |§| V(@) ()| < |C|
(4:34) D@ < . VD@ < o

Proof. The proof follows the same strategy of the proof of Lemma The key is to show for any
sequence R, — oo such that Qg, — ¥ in H!(Bsy), the following estimates holds in B 12\ By 2

(4.35) VQ%, (@)l <0, V(@) (@) <G,

(4.36) DR, ()] <

‘Rn|2’ ’vDRn(x” <

| Rn|?’

for some constant C'. Here Dg, = Qr, — Q" »
For the estimates in (4.35)), we note that it suffices to prove the first estimate, while the second
follows from differentiating the identity Q%n(Q%n)_l = Id. For the first one, note that since

Q%n =P o @Qp, for some smooth projection map P,

0Q%, 90,
or

r

(4.37) IVQ, ()] < CIVQr, (2), <C . in Byjo\Bys.

with the constant C independent of n, and depending only on the distance between Qr, (z) and
the manifold A. Also, thanks to the proof of Lemma we have

(4.38) IVQr,| < C in B33\By .

(4.38) and (4.37)) together imply the first estimate in (4.35)).
For the estimate (4.36]), we recall the definition for the matrix X in [43]:

1 2
X, = R2(Q% — 35+ Q. — §331d).
According to [43, Proposition 4], we know that there exists a constant C' such that
(4’39) ||XTL||01(BB/2\B1/2) S C?
1 C
4.40 —|Xy| < |Dr,| < =51Xul,

which yields the first estimates in (4.36|). For the estimate of |V Dg, |, we will utilize the estimate
for |VX,| to derive an upper bound.
For the sake of convenience, in the rest of the proof we simply write Qr,, Drg, as Qn, D,. We

also denote
Xn

Yn = Ri’%

Note that @,, has the decomposition
Qn = A1e1 @ e1 + Agea ® e + Azez @ eg,
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where A1 > Ao > Az are three eigenvalues and ej, es, e3 are the corresponding unit eigenvectors
where are orthogonal with each other. Note that \;, e;, ¢ = 1,2,3 also depend on n and on the
location = where @), is evaluated. For the sake of convenience, we do not indicate this dependence

explicitly here. Since @, is very close to N' when n is large (and we only care about the case for

large n), we can assume roughly A\; ~ %SJF and \; ~ —%S_’_ for ¢ = 2, 3. In particular, one can

identify the orthogonal projection of @), onto A/, which is denoted by QBL, as
1
QF =si(e1®e; — gld).

For the validity of this expression, one can refer to [21, Lemma C.1]. Note that since A; is an
isolated eigenvalue of @, it is well-known, see for instance [44], that e; is as smooth as @,, and we
have

By the definitions of Y,, and X,,, we compute
1 2
Y, = Q% —=54Qn — fsild
3 9
1 2
= (Q?ﬁ’b + Dn)(QEI + Dp) — §3+(QBL + Dp) — 553-1(1
1
= Q?@Dn + DnQEL + D?L — 58+Dn

3
=5,(2e; ®e; —1d)D,, + D?

2
where for the third equality we used that QET is a root of the polynomial equation Q% — %Q— 2STJ”Id =
0, see for instance |43, Lemma 1]. For the fourth equality we used that D, and Q% commute (as
they have a common eigenbases), together with the definition of QBL.

3
2 2\12
n| — a\°+ n n
VY| § |0a (s4(2e1 ® €1 — Id) Dy, + D3|

a=1
3
= Z }s+(261 ® e1 —1d)0q Dy + 251 04(e1 ® €1) Dy, + 8a(D,21)|2
a=1
3
(442) =5 { 10,0, + 42 0uler 0 ) D + 10 D)
a=1

+ 483_(261 ®e1 —1d)0a Dy, : Onl(er ® e1) Dy, + 454 04(e1 @ €1) Dy, - 8a(D2)
+ 254 (2¢1 ® e; —1d)0u Dy, : aa(pg)}

= (s2|VDy|* + 455 |V(e1 ® e1) Dy |* + [V(D2)[?) + S

Here S, is defined to be the sum of all the cross terms. Also in passing from the second line to
the third line we have used the fact that

|(2e; ® e; — 1d)OD,,|?
:<2€1 ®er — Id)aDn : (261 ® e — Id)@Dn
=(2e; ®e; —1d)? : (0D,)* = |0aD|*.
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By (4.39), (4.40) and (4.41)), there is a constant C' such that for n large enough and = € Bs 5\ By /o,

we have

C C
(4.43) 1S,| < R—%|VDn| + R—%NDnP.
We obtain
C
(4.44) 7T > VY, |2 > (57 — Rz)\VD > - il |VD\

n
where the first inequality is obtained out of @D and the definition of Y,, in terms of X,,. The
second inequality is obtained combining @ and for n large enough. We point out that
the constants C' in may represent different values, but they are all independent of x and n.
Finally, it is straightforward to deduce from that, there exist N and a constant C' such that,

C
‘VDn| S ﬁ’ Vn 2 N, Vo S B3/2\Bl/2,

n

and we conclude the proof.

O

Now we are in the position to establish a decay estimate for the radial derivative of ). The

argument and the proof are presented in the same spirit as [41, Proposition 5.3], and will also
frequently utilize the results from [43].

Proposition 4.3. There exist positive constants Ry and C' such that for any R > Ry,
1 |0Q? C
(4.45) / Loel < &
|z|>R ’HJ‘ or R

Remark 4.2. We note that a stronger decay estimate of the radial derivative (see (4.69))) can be
derived using the blow-up technique. However, we still want to present the following more explicit
proof utilizing the asymptotic properties of @) at infinity, which we believe to be of independent
interest.

Proof. Firstly we point out that it suffices to prove ([#.45) for Q¥ since |VD(z)| ~ |z|~3 as |z| — oo
thanks to Proposition By Proposition there exists Ry such that Q*(x) is well defined and
deg(Q*,0BR) = 1 whenever R > Ry. Recall that Q satisfies the Euler-Lagrange equation in R3,

AQ = —a*Q ~ P[@? - 5@ 1] + P1r(@)*Q

We also have the equation for Q* by [43, Proposition 2],

3
AQF = — S%WQW QF + ;[Z(vacﬂ)z - éIVQW Id]

(4.46) + t o=l
a1, 2 1, 2 B
- [T 1(§Q —gld)W—W(;Q - 1T 1},
where
W =2VQ*V[(Q) ' Q] Q° — 2 V[(Q”)‘l QI VQ*
(4.47)

3 3
- 51+Q Z(vonjj)2 Z aQﬁ
a=1 a=1

2In reference [43] a different form is used for the first line, namely the expression in (iv) Corollary 1, which is just
the equation for the limit harmonic map. The form we use is an equivalent one, which is the form (ii) in Corollary 1.
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(4.48) T=Q- gs+ tr[(QH) 1 Q] 1d + 5 Qﬁ - Id}

and 3 is an arbitrary nonzero real number.
We note that because @ is bounded in L> and close to N when |z| > Ry, we have that there
exists a constant C' depending only on a?,b?, ¢? and how close the Q is to A/ such that

1 2 1 ~
(1.49) T (@ - )@ - 2T < O
St 3 St
Recall the following decomposition

(4.50) Q=Q'+D

and then we have:

W =2VQ*V[(Q") ™ D] @ — 2Q* V[(Q*) ! D] VQ*
1 - $2
S+D;(VQQ )? +

S
5+ a=1

We claim that the last two terms vanish. Indeed, for any a = 1,2,3, we have V,Q! € TQnN,
see for instance [43, Lemma 2] for a characterization of the tangent space and the normal space to
N at a point @, which are denoted by ToN and (ToN)* respectively. And then by [43, Lemma
3] we get that 32 _ (V,Q")? € ((Tge)N)*:. On the other hand the characterization of the space
((Tgs)N)* in [43, Lemma 2] shows that the elements in this space commute with matrices Q"
hence the last two terms vanish as claimed.

We rewrite the equation (4.46|) as

(VoQ")2 D

£l
M)

Q
Il
—

(Va@%)? Q"

NE

a=1

3

__ 2 oot n2 _ L
(4.51) AQ == VO Qi+ [QEZI) VaQh)? = SIVQP1d) + H(a)
where
1 2 1 9 .
(4.52)  H(z) = —[T (=@ = S1)W — W(— Q' — Z1d)T 1} = O(lz|™), as |z| = o
S+ 3 St 3

where the last estimate results from Lemma E 2 and relation 1)) (without the last two terms

that vanish). We multiply (4.51} - by . It is straightforward to verlfy that
2 ] aQ!

_ 1208 4 £)2 21| V. =0.

{ ZIVOIP e+ [a§:1: VoY - 5 IVE ]} 5 =0

Thus we have

# 2
(4.53) 0= (AQ! — H(z)) - % _ ’xl‘

Q!

ﬁaQ 1 m’f)_ 0
o | +aw (ver GE - Jvor ) - H@ - G

or
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Integrating (4.53) on an annulus Bpg,\Bg, for some Ry > R; > Ry and then performing inte-
gration by parts leads to

2 2

/ 1 |0Qf 1/ oQ*
S22 de— = | do
BRQ\BRl ’I" 87’ 2 8BRI 37“
1 1 1 Q! |2
(4.54) :/ Vo Q2 dor / \VTQWCZO——/ 91" 4y
2 6332 2 6BR1 2 8332 87“

+/ H(z)  ——duz,
Bpry\BR, or

where V1 means the tangential gradient on the sphere. Note that by the second inequality of

(4.37) and the monotonicity formula (2.9 we have

00 812 _ oo 2
/ 1/ 3& do dRSC/ 1/ a—Q do | dR < oo.
0 R 8Bg (97‘ 0 R OBR 6’/"
So we can find a sequence {r}7°, such that
# 2
(4.55) T — 00, o do — 0 as k — 00
aBrk 37’

Now we use the compactness property of @, (see Theorem and Remark [4.1) and the closeness
between @, and ng (see (4.34) to derive that, up to a subsequence,

(4.56) Q% |2 — U(z)|gz in C'(S%,N).

Combining (4.55)), (4.56) and the fact that ¥ is energy-minimizing among all degree-1 map from
S? to N, we get

1 1 1 Ik
lim = IVrQ|? do — / VrQ*? do — / 9 4 <0
k—o0 2 9By, 2 dBp, 2 8By, or
Substituting the above inequality into (4.54) gives
1 |oQf| 1 0Q* |? 0Q!
(4.57) / i da:—/ o dag/ H(a:)ida: VR1 > Ry
/>R, [z | Or 2 Jopg, | Or le|> Ry or
Note that by Young’s inequality and (4.52)) we have
: 1 1 # |2
/ H(:z:)-anxS/ \x|2H(:1:)da:+/ 2‘(%2 dx
2|> Ry or 4 Jja> R, 2|>Rry T2 | Or
(4.58) :
L 1| oQ?
<CR{”+ — — | =] dx, for some constant C' > 0.
R1 || >Ry \x! or
Combine (4.58) and (4.57) and write Ry = r to obtain
1 1 |0Q | 1 Ik
(4.59) (1-— )/ e x — / o do < Cr=3.
7" Jjg)>r || | OF 2 Jop, | Or
Multiplying the above inequality by 27 implies
d 1 |oQt|? oQ*|? _
4. —((r* =2 — | =5 de) <2 L 2,
(4.60) e ((r T) /|x>T 2| or x| < /BBT B o+ Cr
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Denote )
F(r) = (r2 —2r) /LW |$1| é;% .
Then the above inequality implies
fir) < 2% <_7~2 i 2r> v+ Cr?
(4.61) - T r E ) < Mf(r) +Cr?
:>f({")(2 psor ’
—h figﬁ S go = f(r) <C,

for any r > Rg with Ry sufficiently large. The estimate (4.45)) follows immediately from (4.61).

O
Now we are ready to prove the uniqueness of the tangent map for Q.

Theorem 4.2. Let Q be the limiting map defined in Proposition |3.5. Then the tangent map at
infinity is unique, i.e. there exists a W which is of the form (4.32), such that

(4.62) AJm [|Qr — ¥l gy (r3) =0
(4.63) lim [|Qrls2 — ¥ls2llons2y =0, VEeNT

R—oo

Proof. Tt suffices to prove ([4.62), since (4.63) is a direct consequence of (4.62)) and Remark [4.1] We

prove by contradiction. Assume the statement is false, then there would be two harmonic maps ¥y

and ¥y and two sequences of radiuses {r}}5°; and {rj2 521 satisfying

lim rz»l = lim r]z = 00,
i—00 Jj—00
Q1 — ¥y, Q,2 — ¥y in the sense of Cfoc.
i J

We take ig and jo be the integers such that for any ¢ > ig and j > jo,
1
1Qp1 = W1llz2s2) < GlI01 = Pallr2s2),
1
1Qp2 = Wal[p2s2) < S lI¥1 = Pallr2s2),

1
(4.64) 1Qr1 — Qp2llr2s2) > 5 11W1 — Wal|p2(s2)-
i Fi 2
We fix the Ry as in Proposition For any Ry < Ry < Ry < 2Ry, we compute

Ra ro 2
/SQ‘QRl(U)_QRg(UNQdU S/SZ’ <(R2_R1)/Rl 9Q(ro) dr) do

or

Ro 2
S/ (/ r‘aQ dr) do
S2 Ry 8r
2
Ri1<|z|<R2 || | Or Ry
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Now we fix R;, and assume Ry be an arbitrary large radius such that 2"R, < Ry < 25H1R; for
some non-negative integer k. Then we have

e
Qr, — Qr,llL2(s2) < Z 1Qaig, — Qait1g, lr2(s2) + [|QR, — Qorg, I 2(s2)
=0
y o
- P 2ty Ry

As a consequence, we have that

lim {|Q,1 — Q2| z2(s2) = 0
1,j—00 i J

which yields a contradiction with (4.64). The proof is complete.

Recall our assumption (3.15)) at the very beginning, which says

T Ry 1
I o (Lo L 1) pee —0
Jim [|Qc, (2) 5+(|x| O3 Mies(sy, \By,)

After a change of variable (making r,a, as the “central point”), we have

. T+ rpa T+ rpa 1
lim [|Qe, (z + rpan) — s4( - e gld)HLw(B%m\B%m) =0,

n—00 | 4+ rpan| |z + rpan)

where a,, is defined in . Note that when 2 srn < |z| < 3T, THman g very close to I%I given

|x+rnan]

|an| sufficiently small (see the remark of a, — 0 after (3.28))). As n — oo, we obtain

. T z 1
(4.65) Jim Qe (z + Tnan) — 3+(‘?| ® B gId)HLOO(B%Tn\B%m) =0
On the other hand, by Theorem [£.1] and Theorem we have that
1
(4.66) Aim [[Q(z) = s+(n@n = S1d) || e(Byp\BR) = 0

Where n(x) = (| ‘) for some T € O(3). Since @ is obtained by taking a C?_ limit of Q,(z) (see
(3.30])), for any fixed R it holds that

X
(467) hm HQE (x + Tnan) - Q(;)HLC’O(BQREn\BREH) = 0

TIn_
2en — n
n—>oo

(4.66]) and (4.67)) together imply that

. . 1

(4.68) A lm 1Qc,, (2 + rnan) = s+(n(z) @ n(z) = F1d)|| oo (Bype,, \BRe,) | =0
2en =77
n—oo

Comparing (4 and we knows that Q.,, (z + rpay,) is close to s+(‘$| ® = T2l — 11d) at [z +

TnGp| ~ Ty, but when \x+7‘nan| ~ Re,, for large enough R, it is asymptotically s (n(z)®@n(x)— %Id)
as n — oo. A natural question would be whether or not n(x) = ﬁ, so that the behavior of @),
on the outer sphere 0B, (rnay,) will match that of the inner sphere 0Bge,, (rnarn). The answer is
positive.
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Theorem 4.4. Let ) be the limiting map in Proposition and VU is its unique tangent map at
infinity. Then U = @, i.e.
T T 1
=si(—® — — =1d).
[ [z 3
To prove the theorem, we need the following lemma, which gives crucial estimates on the decay
rate of the radial derivatives.

Lemma 4.5. Let Q., be the sequence of minimizers such that Qe, (En® + Tnay) — Q in C3 (R3)
with y, €, satisfying (3.12)), (3.13), (3.14) and (3.15), a,, as defined in (3.28)). Then there is a
positive constant C, such that for any €, and R < 2’;—””, it holds that

2
(1.0) / 1 10Qx,(z -+ roan)
{Ren<|2|<2Ren} |z

or
Proof. Without loss of generality, we can assume a,, = 0 for every n, since we only need the property
|an| — 0 as n — oo and the exact location of a,, won’t affect our proof.
Assume such constant C does not exist. Then we can find a sequence ¢, Rp < 2’;—’; (in this

C

sequence, one ¢ can appear repeatedly) such that

1 10Q., |?
(4.70) Ri/ 1|99, dx — oo, as k — oc.
{Rper<|z|<2Rpey} x| | Or
In order that (4.70]) holds, we must have
(4.71) lim e =0, lim Ry = oo.
k—o0 k—o0
Here we briefly justify these two limits. Firstly if limsupe, > 0, then there exists an integer g
k—o0
such that e, = ¢;, > 0 holds for infinitely many k. For all such k, Ry is uniformly bounded
) 2
since we require Ry < % = 22?0. Then R} | (Rien<|z|<2Rper} ﬁ ng’“ dx is also bounded, which

contradicts with (4.70)). Secondly, if Ry doesn’t go to infinity, then we assume lign inf R, = Ry <
— 00

2
oo. By monotonicity formula (2.9) we know [ Rien<|z|<2Ryex ﬁ agj’“ dx is uniformly bounded.

And this will remain bounded after multiplying bounded R}, which also contradicts with (4.70).
Therefore Ry, has to go to infinity.
Now we define

Pk = ng (Rk6k . $)
Then P satisfies the following properties.
(1) Py minimizes the functional fBS{%|VQ]2 + R2 f,(Q)} d.
(2) For any r € (0,3), we have
1 1
lim — [ =|VP|* + R} fy(Ry) = 857 m.
L 5| VEuI™ + i fo(Ry) = 8s3m
The fact that the limit on the left-hand side is bounded from above by 83177 comes from
(3.17) and the monotonicity formula; the lower bound by 8$i7r follows from the C? . con-
vergence of Q., (e,2) to Q(z), the asymptotic behavior of Q(z) for large |z|, and the mono-
tonicity formula as well.
(3) For any 0 < r; < rg < 3, we have

1
(4.72) lim -
k=00 ) {7y <[z <ra} |2

Or
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This property follows from Property |2/ and the monotonicity formula (2.9)).
(4) For any r > 0, it holds that

lim sup dist(Pg(z),N) = 0.
k=00 zeB3\B,

This follows from (3.19) and Ry — oo.

All these properties enable us to exploit similar arguments as in the proofs of Lemma B-3] and
Theorem4.1|to get the strong H, lloc convergence of Py to P, where P € H llo (B3, N) is a homogeneous
minimizing harmonic map of degree 1. In addition P has the form

P = s, (m(x) @ m(z) — %Id)7 m =Ty, <|§Z> for some T,,, € O(3).

We now apply [43, Proposition 9] to get

1Py = Pllc2(By\By) < g%, for some constant C.
Consequently, we calculate

1 2 1 |0P|?

%/ 8%:mz%/ L S

(Reern<|z|<2Rpex} [T | OF Bo\By || | Or
=\ 2
1 P, — P
_ Ri/ - M dr < C,

B2\B; |z| or

which contradicts with (4.70)). The proof is complete.

Proof of Theorem [[.4. We prove by contradiction. Assume the conclusion is false, then
T z 1
(4.73) |V — sy (— @ — — =1d)||2(s2) = o > 0.
] " fa] 3T
Because V¥ is the tangent map of @), we can find a large enough 7, such that
201/4
ol/27

1Q(rox) — ¥z <

Ty > C is the constant in (4.69))

o

16

Also, recall that @ is obtained by taking limit of @, (see and Proposition , we can find
a large integer Ny, such that for any n > Ny,

o
(4.74) [Qc, (TognT + rnan) — ¥(2)| 122y < rE
T T 1 o 1
(4.75) |Qe, (rz + rpay) — s+ (m ® H — 31d> HLQ(S2) < 3 Vr e [57”717 57’”],

where for (4.75) we used (3.15)) and the fact that a,, — 0, see the definition (3.28) of a, and the
discussion right after (3.28)). Using (4.73]), (4.74) and (4.75)) we have for n > Ny, r € [%rn, %rn},

36

(4.76) |Qe,, (rz + Than) — Qc, (T0enT + Tnan) || L2(s2) > T
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We define k;, to be the largest integer such that k, < |logy(;;2-)| Following the same argument as
in the proof of Theorem we have

Qe,, (Togn® + rnan) — Qe, (Qk"rox + Tnan)”L?(S?)
kn . .
< Z Qe (27 r0enx 4 Than) — Qe (27 roe,z + Tnan) || £2(s2)

§=0
- ) 1/2
110
=3 (/ w ||
j=0 {29r0en<|2|<29H rgen } |z | Or
<kn71 Cl/2 201/2 _ o
T = 43r3 = rd 2

Here we have used Lemma and rg > % Note that the result of the calculation above already

contradicts (4.76)), which completes our proof of Theorem

5. UNIFORM CONVERGENCE OUTSIDE SHRINKING REGIONS

Using all the characterizations of the limit map (), we can further prove the following convergence
result.

Theorem 5.1. Let Q be an open bounded subset of R3 and Q. be a minimizer of the energy
functional 1.[Q](2.1) with the boundary condition (2.2)). For any sequence £, — 0, one can find a
subsequence, still denoted by {e,}, and a sequence of points {x,}, such that

(1) Qe — Qs in HY(Q), where Q. is a minimizer of (2.7);
(2) x, = 9 as n — oo, where xy € Sing(Q4);

(3) Let B,(xg) be a small neighborhood of x¢ that doesn’t contain other singularities of Q.

Then for any sequence of radiuses R, such that lim R, = oo and Rpe, < r, there holds
n—oo

lim sup Qe (z+2p) — Qu(x + 20)| | =0.
n—00 RngnS|x|ST

Proof. The proof will use compactness arguments similar to those that haven been applied several
times before. Without loss of generality, we assume xg = 0 and Q. (z) ~ ®(x) = s+ (ﬁ ® ﬁ - %Id)

when z approaches 0. First the existence of H! convergent subsequence Q, is given in [40] (see
Theorem [2.2)). Taking up to a subsequence, we can find a sequence of radii {ry,} such that {r,,e,}
satisfy (3.12)), (3.13)), (3.14) and (3.15)). Let a,, be as defined in and we simply take z, = rnap,.
Then x,, — 0 is guaranteed by the definition and Proposition

Now we are ready to verify the Property (3) in the theorem. We argue by contradiction. Suppose
there exists a subsequence of {e,}, still denoted by {e,}, and a sequence of points {y,} such that

lim M =00, |yl <7
n—oo &,

(5.77) |Qc,, (Yn + n) — Qs(yn)] =6 >0, for some constant &
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First it is obvious that (5.77) implies |y,| — 0, otherwise it will conflict with the uniform
convergence result of )¢, to Q. on any compact set K that doesn’t contain any point in Sing(Q.).
Thus we get

(5.78) lim [Qx(yn) — (yn)| = 0.
n—oo
Next by (3.14) we only need to consider the case y,, + =, € B,,,. Now we define
Zn (%) = Qe, ([yn|z + 270).

Then by exactly the same argument as in the proof of Lemma to derive the convergence of
{Py}, we can extract a subsequence, still denoted by {Z,}, such that

Zn(z) = ¥(x) in H'(By)N 02(33/2\31/2),

1
U(z)=s4(n®@n— gld), n="T <(|x’>) for some T € O(3).
x
Using Lemma [£.5] and arguing in the same way as in the proof of Theorem [4.4] one can easily verify
that

T (,;) = % ie. U(z) = d(z).

Therefore we have

(5.79) 1 [Qe, (g + ) — D(y)] = 0.
Combining (5.78]) and (5.79)) yields a contradiction with (5.77]), which completes our proof.

6. DATA AVAILABILITY STATEMENTS

Data sharing not applicable to this article as no datasets were generated or analysed during the
current study.
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