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The Hatano-Nelson and the non-Hermitian Su-Schrieffer-Heeger model are paradigmatic examples
of non-Hermitian systems that host non-trivial boundary phenomena. In this work, we use recently
developed graph-theoretical tools to design systems whose isospectral reduction—akin to an effective
Hamiltonian—has the form of either of these two models. In the reduced version, the couplings and
on-site potentials become energy-dependent. We show that this leads to interesting phenomena such
as an energy-dependent non-Hermitian skin effect, where eigenstates can simultaneously localize on
either ends of the systems, with different localization lengths. Moreover, we predict the existence
of various topological edge states, pinned at non-zero energies, with different exponential envelopes,
depending on their energy. Overall, our work sheds new light on the nature of topological phases
and the non-Hermitian skin effect in one-dimensional systems.

I. INTRODUCTION

In recent years, the study of non-Hermitian physics
has gained significant attention due to its profound im-
pact on the fields of condensed matter, meta-materials,
acoustics, and photonics [1–4]. Indeed, non-Hermitian
platforms offer enhanced sensing capabilities [1], can ex-
hibit Majorana bound states near exceptional points [2],
and provide opportunities for utilizing topological edge
modes in the field of active matter [3, 4]. In addition,
the non-conservative and non-unitary dynamics of non-
Hermitian systems have led to the discovery of phenom-
ena that challenge the conventional notions of symme-
try and stability [5–8]. Among these, the non-Hermitian
skin effect (NHSE), manifesting itself as an accumulation
of modes at the boundaries of the system, has been in-
tensely studied in the past few years [9–14]. The NHSE
has been realized in multiple platforms, such as acous-
tic crystals [12], electric circuits [13], and optical lat-
tices using ultra-cold atoms [15]. Moreover, the interplay
between non-Hermitian physics and topology has given
rise to novel topological phases [7, 16–18]. Indeed, when
considering Hamiltonians that are no longer Hermitian
[7, 19], the Altland-Zirnbauer topological classification
for non-interacting fermions is enlarged from 10 to 38
classes. Additionally, the bulk-boundary correspondence
generally no longer holds, and requires substantial mod-
ifications to account for boundary phenomena [5, 20].

The investigation of toy models has been instrumental
in shaping a theoretical comprehension of non-Hermitian
systems. The Hatano-Nelson and the non-Hermitian Su-
Schrieffer-Heeger (NH SSH) models [21–23], for instance,
have become paradigmatic examples of systems hosting
the NHSE and a non Bloch bulk-boundary correspon-
dence, respectively. Upon departing from these idealized
models, the same phenomena may take place, but may
be more difficult to describe. One way to bridge this
difficulty is to reduce the complicated problem into one

described by simpler models, with additional features re-
vealed through the reduction process.
An interesting technique—originally introduced for the

analysis of graphs and network models—that may be
used for this purpose is the so-called isospectral reduc-
tion (ISR) [24]. The idea behind the ISR is to reduce
the matrix dimensionality whilst preserving the spectrum
of the original Hamiltonian H. This is achieved by re-
casting the original linear eigenvalue problem into a non-
linear one. The reduced dimensionality simplifies certain
tasks and may, in particular, reveal hidden structures of
the system [25]. Pivoting around this favourable prop-
erties, the ISR has been applied to different problems,
for instance, to yield better eigenvalue approximations
[26] or to study pseudo-spectra of graphs and matrices
[27]. In physics, the ISR is often encountered in the form
of an effective Hamiltonian. One example of this is the
Brillouin-Wigner perturbation theory, where the parti-
tioning is done in terms of degenerate subspaces of an
unperturbed Hamiltonian [28]. Another example would
be integrating out degrees of freedom, where the parti-
tioning is done in Fock space, or integrating out high
momentum modes [29]. In that context, the reduction
provides a suitable starting point for perturbation the-
ory.
In the last few years, the ISR has also been applied to

uncover hidden—so-called latent—symmetries [30] [31].
Latent symmetries become apparent after reduction and
have been studied in a number of applications, including
quantum information transfer [32], the design of lattices
with flat bands [33] or the explanation of accidental de-
generacies [34]. Very recently, latent symmetries have
also been explored in waveguide networks [35, 36], in-
cluding a possible application in secure transfer of infor-
mation [37].
In this work, we propose to apply the ISR to a range

of one-dimensional (1D) non-Hermitian tight-binding
models, such that they reduce to the paradigmatic
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Hatano-Nelson and the NH SSH models. This method
allows us to predict the existence of various topological
phases and non-standard NHSE as well as to uncover
various properties, which were hitherto still unexplored.
As an example of the unusual characteristics of this
class of models, our approach reveals that they exhibit
an energy (or frequency)-dependent NHSE, where eigen-
states can localize on either end of the systems. The
degree of localization of the NHSE is also influenced by
this energy dependence. A similar behavior was recently
observed in a system of coupled ring-resonators [38, 39],
for which we extend the theoretical understanding.
In addition, we find various topological states pinned
at different non-zero energies, protected by a latent
spectral symmetry that is only revealed upon applying
the ISR. As a consequence of this energy dependence,
their exponential envelopes vary, a feature that is also
straightforwardly explained, and predicted, upon using
the ISR. Throughout this work, we restrict our attention
to systems from which the Hatano-Nelson [21] and the
NH SSH [22, 23] models emerge. It should be noted
that one could also engineer other types of systems,
from which different models would emerge through
the ISR. Indeed, the special case of an asymmetric,
Hermitian system from which the conventional SSH
model emerges, has been very recently demonstrated [40].

This article is structured as follows: in Section II, we
lay down the main tool used for the analysis of our mod-
els. That is the ISR, which amounts to the construction
of an effective Hamiltonian model that is already well un-
derstood. This is used on a minimal example, where we
do not a-priori expect non-reciprocity to be present. The
ISR allows for an intuitive understanding of the reason
why the NHSE would arise in such a setup. In Section III,
we extend our analysis to a slightly more complex case,
and apply the ISR to a quasi one-dimensional system,
resulting in an “emergent” Hatano-Nelson model [21]. In
this setup, we are able to predict the existence of an
energy-dependent NHSE. In Section IV, we add a connec-
tion between the unit cells that leads to an “emergent”
NH SSH model [23], from which a full understanding of
the topological phases can be drawn. In Section V, we
generalize the construction principle for which the analy-
sis done for the previous models can be applied. Finally,
in Section VI, we conclude by summarizing our results.

II. ISOSPECTRAL REDUCTION

Given a Hamiltonian H, it is possible to partition a
choice of basis into a set S and its complement S, so
that H can be written in block-form as

H ≡
(
HS,S HS,S

HS,S HS,S

)
. (1)

By partitioning the eigenvalue problem H |ψ⟩ = E |ψ⟩
[where |ψ⟩ ≡ (|ψS⟩ , |ψS⟩)T ] into the different subsets S

and S and subsequently eliminating |ψS⟩, we obtain the
non-linear eigenvalue problem

RS(E,H) , |ψS⟩ = E |ψS⟩ . (2)

Here,

RS(E,H) = HS,S −HS,S

(
HS,S − E1

)−1

HS,S , (3)

is the effective Hamiltonian for the subsystem S. In the
language of graph theory, RS(E,H) is known as the ISR
of H to S [24]. An overview of the application of the ISR
to physical systems is given in Ref. [41].
In this work, we show how the ISR allows us to under-

stand the behavior of systems without making approx-
imations. This is done by recognizing that the ISR of
a system may yield another (energy-dependent) known
model, which is well understood. In this case, the prop-
erties of the known reduced system can be used to make
predictions for the full system. We shall now illustrate
this by means of a simple but important example.

FIG. 1. Isospectral reduction of the lossy, complex hopping
model on the left to the red sites S = {u, v} yields the non-
reciprocal effective model on the right. Circles denote sites,
and lines denote couplings.

A conventional and intuitive reason for the NHSE to
appear is understood through the lens of nonreciprocity.
An exemplary illustration of this phenomenon can be
found in the Hatano-Nelson model [21]. Alternatively,
the NHSE can be induced by a combination of on-site
gain/dissipation and complex couplings, but this mecha-
nism may appear less intuitive [42]. Consider the system
depicted on the left-hand side of Fig. 1. It is a three-site
non-Hermitian tight-binding Hamiltonian, with complex
hopping parameters and one site featuring an imaginary
on-site term. Specifically, if we enumerate the sites such
that u, v are the first two, the Hamiltonian is given by

H =

 0 1 eiϕ

1 0 1
e−iϕ 1 iα

 .

Through an ISR to the red sites, the resulting effective
model on the right-hand side is obtained. This reduced
model exhibits a new on-site potential and hopping am-
plitudes, given by

A(E) =
1

E − iα
,

T±(E) = 1 +
e±iϕ

E − iα
,
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respectively. Notice how the hopping displays asymme-
try in its magnitude, i.e., |T+(E)| ≠ |T−(E)|, thereby
indicating non-reciprocity within the model, in the same
way as the Hatano-Nelson model. By employing an ISR,
both avenues for realizing the NHSE—either directly by
non-reciprocal couplings, or through reciprocal couplings
but non-Hermitian on-site potentials—can be unified.

In the following sections, we will modify our proto-
typical model slightly in order to have interesting, and
emergent phenomena taking place. By considering a one-
dimensional chain of fully connected four-site models in-
stead of three-site ones, like in Fig. 1, we are able to
obtain an energy dependent skin-effect that induces lo-
calization on both sides of the system.

III. EMERGENT HATANO-NELSON MODEL

Let us consider the model depicted in Fig. 2(a). Tak-
ing the unit cell as indicated in the figure, the Bloch
Hamiltonian of this lattice is given by

H(k) =

iεa − 2t2 sin k t1 + t2e
−ik t2 + t1e

−ik

t1 + t2e
ik iεb it3

t2 + t1e
ik −it3 iεb

 .

(4)
Here t1, t2, and t3 are real-valued hopping parameters,
εa and εb are on-site gains or losses, and k is the wave
vector. Furthermore, we have set the lattice spacing to
be equal to unity.

We note at this point that the spectrum has a mir-
ror symmetry with respect to the Re(E) = 0 line; cf.
Figs. 2(b) to 2(d). The mirror-symmetric spectrum stems
from the fact that

SH(k)S−1 = −H∗(−k),
S = (−σz)⊕ 1,

(5)

where σz acts on the two sites of the unit cell. In the liter-
ature, this symmetry is better-known as PHS† [7], which
is one of the two non-equivalent realizations of particle-
hole symmetry in a non-Hermitian system.

If we simultaneously perform an ISR to all red sites of
the full lattice, and take the Bloch-Hamiltonian of the
resulting effective model, we obtain

HR(k,E) = A(E) + T+(E)eik + T−(E)e−ik, (6)

in which we recognize the Hatano-Nelson model with en-
ergy dependent on-site term A(E), and hopping param-
eters T±(E) ≡ v(E)± g(E). Here

A(E) = i

[
εa +

2 (εb + iE)
(
t21 + t22

)
(εb + iE)

2
+ t23

]
,

v(E) = 2i
(εb + iE) t1t2

(εb + iE)
2
+ t23

,

g(E) = i
t2t3 (t3 − t2) + t2 (εb + iE)

2
+ t21t3

(εb + iE)
2
+ t23

.

(7)

For the ordinary Hatano-Nelson model, i.e., no energy
dependent parameters, it is well-known that the NHSE
is present when |T+| ̸= |T−| [6, 21]. This condition still
holds for our effective Hamiltonian. After some algebraic
manipulations, it can be expressed as

vR(E)gR(E) + vI(E)gI(E) ̸= 0. (8)

Here, the subscripts R and I represent real and imaginary
part, respectively. By substituting Eq. (7) into Eq. (8),
it follows that the NHSE is present when t1, t2 and εb
are all non-zero (see Appendix A).
Let us now visualize the above statements in terms of

the eigenvalues and eigenstates. We start by inspecting
a setup with t1 = 0 and show its eigenvalue spectrum in
Fig. 2(b). The spectrum (denoted by a solid purple line)
is the same for open boundary conditions (OBC) and
periodic boundary conditions (PBC). The (right) eigen-
vectors are depicted in Fig. 2(e) and show, as expected,
no NHSE. However, upon close inspection of Fig. 2(e),
one can see a mode sitting at the right boundary. This
is a consequence of lattice termination and is elaborated
upon in Section VA.
Leaving the trivial case behind us, we next investigate

a setup where t1, t2 and εb are all non-zero. Specifi-
cally, we choose (εa, εb, t1, t2, t3) = (0, 0.4, 0.4, 0.2, 0.1).
For this choice of parameters, the eigenvalue spectrum is
shown in Fig. 2(c). The black line represents the PBC
eigenvalue spectrum, which forms three simple loops in
the complex energy plane. Importantly, the PBC spec-
trum now no longer coincides with the OBC spectrum
(shown in blue). The background color in this figure rep-
resents a contourplot of the skin length scale [6]

κ(E) ≡ log

√∣∣∣∣T−(E)

T+(E)

∣∣∣∣ . (9)

We note that κ is energy-dependent, which is a conse-
quence of the energy-dependence of the system’s hopping
parameters. This energy-dependence is an important dif-
ference to the ordinary Hatano-Nelson model. There, κ is
constant, such that all skin modes show the same length
scale. In an emergent Hatano-Nelson model, on the other
hand, each mode has its own skin length given by Eq. (9).
In particular, a (right) PBC-eigenstate whose energy E
lies in a region with κ < 0 (κ > 0) will be localized at the
system’s left (right) boundary. Now, since all of the sys-
tem’s OBC eigenvalues correspond to κ < 0, we expect
all of the eigenstates to be left-localized. This is indeed
the case, as can be seen from Fig. 2(f).
Let us now modify the parameters to realize the so-

called bipolar NHSE [43]. A system with a bipolar NHSE
features two classes of right eigenstates: One being lo-
calized at the left boundary, and the other localized at
the right boundary. To find this phenomenon in our
setup, we choose (εa, εb, t1, t2, t3) = (0, 0.4, 0.4, 1, 0.3).
The system’s eigenvalues are depicted in Fig. 2(d), which
has an insect-like shape. Again, PBC (black) and OBC
(blue/red) spectra do not coincide, as expected from the
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FIG. 2. Emergent Hatano-Nelson model from ISR. (a) Lattice corresponding to the Bloch Hamiltonian given in Eq. (4)
and its ISR to the Hatano-Nelson model with energy dependent hopping and an energy dependent on-site term. The unit
cell of the left chain is indicated by the gray dashed lines and the sites are labeled. (b-d) The complex energy spectra
are presented for the system described in (a) using different parameter values: (b) (εa, εb, t1, t2, t3) = (0, 0.4, 0, 0.5, 0.3); (c)
(εa, εb, t1, t2, t3) = (0, 0.4, 0.4, 0.2, 0.1); and (d) (εa, εb, t1, t2, t3) = (0, 0.4, 0.4, 1, 0.3). The dots are color-coded, representing
left localized (blue), right localized (red), or bulk-like (purple) modes, with black and colored lines indicating PBC and OBC,
respectively. The background displays κ(E), where larger absolute values of κ indicate stronger localization of the corresponding
skin mode. Dashed grey lines correspond to κ(E) = 0. (e-g) Right eigenstates are shown for the same parameter choices as the
above panels, using the same coloring conventions.

fact that all t1, t2 and ϵb are non-vanishing. What is
interesting here is that κ(E) can now take both positive
and negative values. In particular, we see that Fig. 2(d)
splits into two regions: An outer, blue region, where
κ < 0, and an inner, red region, where κ > 0. These
two regions are separated by the dashed-grey line that
represents κ(E) = 0. Now, since the OBC spectrum lies
both in the inner and the outer region, our system fea-
tures a bipolar NHSE: (Right) eigenstates whose energy
E lies in the blue region are left-localized, while eigen-
states with E lying in the red region are right-localized.
This is demonstrated in Fig. 2(g), where we show the sys-

tem’s right eigenstates, with blue/red color correspond-
ing to the region in which the respective eigenvalue lies.

The use of ISR does not limit itself to making predic-
tions on the NHSE. On the contrary, it may also be used
to explore topological properties of a given system. To il-
lustrate this feature, we turn our attention to a different,
but related model in the next section.
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x
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FIG. 3. Emergent NH SSH model from ISR. (a) Lattice corresponding to the Bloch Hamiltonian given in Eq. (10) and its ISR
to the NH SSH model with energy dependent hopping and an energy dependent on-site term. (b-d) The complex energy spectra
are presented for the system described in (a) using different parameter values: (b) (εa, εb, t1, t2, t3) = (0.9, 0.4, 0, 0.5, 0.6); (c)
(εa, εb, t1, t2, t3) = (0.9, 0.4, 1, 0.5, 0.9); and (d) (εa, εb, t1, t2, t3) = (0.9, 0.4, 0.2, 0.5, 0.2). In all figures we take w = 1.8. The
dots are color-coded, representing left localized (blue), right localized (red), or bulk-like (purple) modes, with black and colored
lines indicating PBC and OBC, respectively. The background displays κ(E), where larger absolute values of κ indicate stronger
localization of the corresponding skin mode. Dashed grey lines correspond to κ(E) = 0. (e-g) Right eigenstates are shown for
the same parameter choices as the above panels, using the same coloring conventions. We also plot the isolated topological
modes in black.

IV. EMERGENT NON-HERMITIAN SSH
MODEL

In this section, we study the system depicted in
Fig. 3(a), which is a modified version of the Creutz lad-
der [44]. Each square forms a unit cell, interconnected
by a real hopping parameter w, making this a four band
model. The momentum space Hamiltonian for this sys-
tem is given by

H(k) =


iεa t1 t2 it2 + we−ik

t1 iεb −it3 t2
t2 it3 iεb t1

−it2 + weik t2 t1 iεa

 , (10)

where all parameters are real-valued. The setup is sim-
ilar to the one used by Lee [9] to show the existence of
an anomalous edge state. Our model was chosen such
that its ISR to the red sites in Fig. 3(a) results in an
energy-dependent NH SSH model [23, 45], described by
the following Bloch Hamiltonian:

HR(k,E) =

(
A(E) T+(E) + we−ik

T−(E) + weik A(E)

)
. (11)

Here

A(E) = i

[
εa +

(εb + iE)
(
t21 + t22

)
(εb + iE)

2
+ t23

]
(12)

and T±(E) are the same as given in Eqs. (6) and (7). This
reduction is graphically depicted in Fig. 3(a). We observe
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that our model features a rich variety of phases, from
the NHSE to topological edge modes. We note that this
model enjoys the same PHS† symmetry as the previous
three-band model Eq. (5). However S now must be built
from a different partitioning and is given by S = (−σz)⊕
12×2.

A. Onset of the NHSE

Similar to the Hatano-Nelson model, the NHSE is
present in the NH SSH model whenever |T+| ≠ |T−|. By
analogy, for our emergent NH SSH model, this results in
the constraint equation vR(E)gR(E) + vI(E)gI(E) ̸= 0.
In terms of the model parameters, this leads to the con-
dition that the NHSE is present when t1, t2, and εb are
not equal to zero. This is illustrated in Fig. 3, where
the three possible scenarios are depicted. First, Fig. 3(b)
shows the case without skin effect, clearly indicated by
similar band structures for OBC and PBC, and the corre-
sponding right eigenstate in Fig. 3(e). Fig. 3(c) shows the
band structure when the skin-effect is present, but only
in one direction, as indicated by κ(E) > 0. The modes
localize on the right-hand side, as shown in Fig. 3(f). Fi-
nally, Fig. 3(d) shows the band structure when the bipo-
lar skin-effect is present, which can be understood from
the contourplot of κ(E), showing both regions of κ > 0
(red) and κ < 0 in blue. In all three situations, one can
observe the presence of six topological edge modes, com-
ing in three pairs of two degenerate modes pinned at the
same energy. These are shown in black in Figs. 3(e)-3(g).
We will now investigate the properties of these topologi-
cal modes.

B. Topological Edge Modes

Interestingly, we can also predict the existence of topo-
logical edge modes in the four-band model using the re-
duced NH SSH chain. The winding number that deter-
mines the topological phase transition for a sublattice-
symmetric 1D Hamiltonian (of which the NH SSH is an
example) is given by [7]

W =

∫ π

−π

dk

4πi
Tr

[
σzH

−1(k)
dH(k)

dk

]
. (13)

In our case, this expression becomes energy dependent
and is only applicable when

A(E) = E, (14)

where A(E) is defined in Eq. (12). This is because
Eq. (13) is only well-defined for sublattice-symmetric sys-
tems, which in our case is a latent symmetry appearing
at energies satisfying Eq. (14). This means that we must

consider a Hamiltonian H̃(k) ≡ H(k,Et)−Et12×2, where
Et is a solution of Eq. (14). For every energy satisfying

FIG. 4. Topological phase transitions of the emergent NH
SSH model as a function of w. (a) Real and (b) imaginary
part of the energy spectrum, for an open chain consisting of
Nc = 35 unit cells. The spectra are taken for the parameter
choice (εa, εb, t1, t2, t3) = (0.9, 0.4, 1, 0.5, 0.6).(c) The winding
number given by Eq. (13), calculated at the three special ener-
gies Et, clearly shows its quantization and the critical points
w. (d-f) Corresponding topological edge modes, at w = 3,
plotted together with the calculated exponential envelope in
gray, with penetration depth given by Eq. (17). The three
different colors blue, green, red are used consistently to mark
the different edge modes [(d) to (f)], the behavior of their
energies [(a) and (b)], and the values of the corresponding
winding number (c).

this constraint, in the topological phase, there is a degen-
erate pair of edge states pinned at that energy. In fact,
the pair is quasi-degenerate, as a consequence of the fi-
nite size of the lattice. For the model at hand, there
are three energies at which the transition takes place be-
cause Eq. (14) has three solutions. Explicit calculations
of this winding number (see Appendix A for an analytic
derivation) lead to

W(Et) =

{
0, if |w| <

√
|v2(Et)− g2(Et)|

1, if |w| >
√

|v2(Et)− g2(Et)|
. (15)

Substituting the solutions Et into Eq. (15) yields the
three critical values wc at which pairs of topological
edge modes appear. Figs. 4(a) and 4(b) show the real
and imaginary parts of the energy spectrum, respec-
tively. The horizontal dashed lines show the calcu-
lated absolute values of the complex transition energies

E
(j)
t = E

(j)
R + E

(j)
I , while the vertical dashed lines indi-

cate the value of the predicted critical hopping parame-
ter wc. Robust boundary modes that persist beyond the
transition point are visible in red, green and blue. The
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FIG. 5. (a) ISR of the lossy, complex hopping model above
onto the red sites yields the non-reciprocal effective model
below. (b) Lattice realization of (a). The unit cell is marked
by a dashed line.

presence of these modes can be quantified by calculat-
ing the winding number given by Eq. (15), as shown in
Fig. 4(c). There is a clear jump to W(Et) = 1 when the
critical hopping wc is reached. Figs. 4(d)-4(f) show the
corresponding edge states, with the same color coding, at
w = 3. The values of the calculated transition energies
Et are indicated in the middle of each figure. Notice that
to properly visualize the edge modes in the presence of
the NHSE,

√
|ψ∗

LψR| is plotted rather than |ψR|. More-
over, it is important to highlight that, for each transition
energy, the emergent sublattice symmetry of the reduced
model ensures that the edge modes appear in pairs. This
is visible in Figs. 4(d)-4(f), where a pair of edge states
is shown for each energy Et. For a further investigation
of the line-gap closings of the emergent NH SSH model,
we refer the reader to Appendix B. As a final note, we
see that the penetration depth of these edge states is also
energy dependent, and is given by [5, 6]

ξL(E) =
1

log
∣∣∣ v(E)−g(E)

w

∣∣∣ ,
ξR(E) =

1

log
∣∣∣ v(E)+g(E)

w

∣∣∣ ,
(16)

where the subscript L (R) stands for left (right) eigen-
vectors. This explains the different localization lengths
observed in Figs. 4(d)-4(f). In the biorthogonal formu-
lation the exponential envelope follows exp{−xj/2ξLR},
where xj = ja and

ξLR =
ξL + ξR
ξRξL

. (17)

This envelope is plotted in grey alongside the edge states
in Figs. 4(d)-4(f).

V. GENERALIZED CONSTRUCTION
PRINCIPLES

The models treated in the previous sections are indi-
vidual examples of setups whose ISR has the form of an
effective Hatano-Nelson or NH SSH model. In the follow-
ing, we will show that one can systematically construct
large families of such systems. The procedure will always
be the same: an individual unit cell is built, such that
its ISR to two specific sites yields equal on-site poten-
tials, and nonreciprocal hoppings between them. Subse-
quently, these unit cells are connected such that either
(i) a Hatano-Nelson, or (ii) a NH SSH model is obtained.

A. Emergent Hatano-Nelson models

1. Construction principle A

The starting point for the first construction princi-
ple is a finite structure that has a non-reciprocal ISR.
The graphical representation of the model is sketched in
Fig. 5(a). The system consists of two lower sites u and
v (marked in red), which are connected to a third site c
via Hermitian couplings exp(iϕ) and 1. The site c has
complex on-site potential iα and is further coupled to a
(possibly very large) network C. For simplicity, we de-
mand that the couplings in the network C, as well as
the couplings between this network and the site c are
real-valued. However, the sites in C could have complex
on-site potentials. Denoting the Hamiltonian of the re-
sulting total system by H, its ISR to the two sites u and

FIG. 6. Different systems with latently symmetric sites
(marked in red). In all four sytems, each line corresponds
to a coupling of strength one (see Refs. [32, 46] for more de-
tails regarding the design of latently symmetric setups).
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FIG. 7. Construction scheme for the emergent Hatano-Nelson and NH SSH models. (a) The starting point: A simple setup with
latently symmetric sites u, v. (b-d) ISR of the lossy, complex hopping model above onto the red sites yields the non-reciprocal
effective model below.

v yields (see Appendix C)

RS(E,H) =

(
A(E)/2 T+(E)
T−(E) A(E)/2

)
.

Note that the exact form of A(E) depends on the details
of the network C.
This finite building block is now used to construct a

lattice, as shown in Fig. 5(b), with the unit cell comprised
of one site c, one network C, and one of the two red
sites. Applying the ISR to all red sites, a Hatano-Nelson
model emerges, as depicted in the lower part of Fig. 5(b).
Importantly, since each red site of the lattice is coupled to
two clouds, its on-site potential after the ISR now reads
2 · A(E)/2 = A(E). In an open chain, the sites on the
left and right end, however, will have an on-site potential
of A(E)/2 [47].

2. Construction principle B

The second construction principle of emergent Hatano-
Nelson models relies on the concept of latent symmetry
[30]. Given a system G, two sites S = {u, v} are latently
reflection symmetric if the ISR over them has the form

RS(E,G) =

(
A(E) B(E)
B(E) A(E)

)
, (18)

that is, if RS(E,H) commutes with the permutation ma-
trix P := σx. In Fig. 6, a number of setups with latently
symmetric sites (marked in red) are shown. A broader
overview over this topic is given in Ref. [41].
The construction scheme is sketched in Figs. 7(a) to

7(c). Fig. 7(a) depicts a real-symmetric subsystem G
(marked by a cloud) in which two sites u and v (marked in
blue) are latently symmetric. In other words, if one would
perform the ISR over u, v, one would obtain Eq. (18).
The key here is that the latent symmetry guarantees
the existence of a matrix Q that commutes with the
subsystem, i.e. QG = GQ, and which (i) permutes
the sites u and v, (ii) is block-diagonal, and (iii) fulfills
Q−1 = QT = Q [34]. In the following, we shall use this
matrix extensively.
In the next step, this subsystem is modified by adding

complex on-site potentials iϵ to u and v, which are then
connected via Hermitian hoppings it3. Note that this
breaks the latent symmetry: If we denote the resulting
modified subsystem by G′, then the isospectral reduction
of G′ over u, v would read

RS(E,G
′) =

(
A(E) + iϵ B(E) + it3
B(E)− it3 A(E) + iϵ

)
,

which does not commute with P . However, we have
RS(E,H)P = P RS(E,H)T . Due to the favourable
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FIG. 8. Example of a generalized construction, with a network of eight sites connected to the two sites to which the ISR is
applied. (a) The model and its ISR. (b) PBC (black) and OBC (right NHSE in red, left NHSE in blue) spectra of a system
with the following parameters (a, b, t1, t2, t3, t, w) = (1.19, 3.74, 1.18, 2.97, 4.24, 2.03, 2.5), together with the three predicted edge
mode energies (with double degeneracy) shown with green circles at this particular w value. Once again, the contour plot
shows the skin depth κ(E), with its values shown on the color bar in the left. (c) Same as (b), but with w = 6.5, where we now
see all possible edge modes appear, at 9 different energies, giving a total of 18 edge modes. (d) Right-eigenstate amplitudes
corresponding to the parameter choice given in (a). (e-g) Amplitudes of all six eigenstates (two in each figure) that appear in
(a), and their corresponding energies, shown in the biorthogonal basis.

properties of Q—in particular, its block-diagonal form—,
it can be shown that QG′ = G′TQ.

At this point, two additional sites a and b (marked
in red) are coupled to the subsystem G′ with hoppings
t1 and t2. Again employing the favourable properties
of Q, it can be easily shown that the Hamiltonian H,
describing the total system depicted in Fig. 7(b), obeys
Q′H = HTQ′. Here, the matrix Q′ = P ⊕ Q, with the
permutation matrix P acting on the two red sites a and
b. Analogously, it can be shown that the ISR has the
form

RS(E,H) =

(
A(E)/2 T+(E)
T−(E) A(E)/2

)
.

Note that one can relate A(E),B(E) to A(E), T±(E),
though we omit the exact relation here.

Again, a lattice can be built by taking one red site and
one subsystem G′ as a unit cell, see Fig. 7(c). Taking
the ISR to all red sites of this lattice doubles the on-site
potential, which then becomes A(E) instead of A(E)/2.

B. Emergent NH SSH model

In the previous Section VA1,lattices were built by tak-
ing one red site and one subsystemG′ as a unit cell, which
resulted in emergent Hatano-Nelson models. One could,
however, also build a lattice by taking one subsystem G′

and two red sites as a unit cell, and then connect neigh-
bouring unit cells via an additional coupling w, as shown
in the upper part of Fig. 7(d). This results in an emergent
NH SSH model, which is depicted in the lower part of
Fig. 7(d). Note that, by removing all complex couplings
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and on-site potentials, one would obtain an effective ver-
sion of the conventional SSH model. Such emergent SSH
models have been very recently investigated in Ref. [40].

Before concluding this work, we investigate a specific
realization of the above procedure that results in an emer-
gent NH SSH model. The setup and its ISR are depicted
in Fig. 8(a). The resulting OBC (red and blue) and PBC
(black) spectra are shown in Fig. 8(b) and 8(c), where
the intercell hopping parameter is w = 2.5 in (b) and
w = 6.5 in (c). This leads to the appearance of six topo-
logical edge states in (b), and eighteen in (c) (two doubly
degenerate modes per energy). The overlaid transparent
green circles indicate the presence of these edge modes in
the OBC spectrum. The right eigenstates corresponding
to the parameter choice in (b) are shown in Fig. 8(d).
There, one can again observe the energy-dependent skin
effect. Figs. 8(e)-8(g) show all six edge states that exist
in (b), and their corresponding energies. Note that, since
there are nine solutions to the equation A(E) − E = 0,
the total amount of possible edge states is eighteen. The
double degeneracy of each energy solution is, once again,
a result of the emergent sublattice symmetry.

VI. CONCLUSION

Across many branches of physics, toy models are
an essential tool to understand the key features of a
given theory. In non-Hermitian physics, two such mod-
els are the Hatano-Nelson and the non-Hermitian Su-
Schrieffer-Heeger (NH SSH) model. Despite their sim-
ple structure—their unit cells comprise only a single
or two sites, respectively—these one-dimensional mod-
els host non-trivial boundary phenomena. In this work,
we have used recent graph-theoretical insights to design
systems whose so-called isospectral reduction—akin to
an effective Hamiltonian—takes the form of either of
these models. This procedure keeps the structure of the
toy model, while simultaneously enriching it by making

the couplings and on-site potentials energy-dependent.
Specifically, we have shown that this leads to emergent
Hatano-Nelson or emergent NH SSH models featuring a
two-sided non-Hermitian skin effect, caused by an energy
dependence of the skin localization length κ(E). This
energy-dependence allows different states to be localized
on different ends of the system, and to have different lo-
calization strengths. For the emergent NH SSH models,
we observed topological edge modes which we could fur-
ther link to a quantization of the winding number. In all
cases, the original system—whose isospectral reduction
becomes a Hatano-Nelson or NH SSH model—features
only reciprocal (though complex-valued) couplings, with
non-Hermiticity entering through complex on-site poten-
tials (gain/loss).
We emphasize that the methods and ideas presented

in this work are not limited to one-dimensional non-
Hermitian Hamiltonians, but are rather generic. For ex-
ample, they can be applied to higher-dimensional setups,
which reduce under the isospectral reduction to paradig-
matic models. An interesting avenue to explore would be
the realization of these construction principles in differ-
ent platforms, such as photonic or acoustic waveguides,
electric circuits, or mechanical metamaterials.
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Appendix A: Detailed calculations for the NHSE and topology

1. Constraints on the NHSE

As stated in the main text, the NHSE appears whenever |T+(E)| ̸= |T−(E)|, where T±(E) is given by Eq. (7).
From Eqs. (6) and (7), we derive the following constraint equation

2t1t2(εb − EI)
[
t21t3 + t2

[
−t2t3 + t23 + (εb − EI)

2 + E2
R

]]
[(εb − EI)2 + (t3 − ER)2] [(εb − EI)2 + (t3 + ER)2]

= 0. (A1)

From this constraint equation, we can easily see that the NHSE disappears whenever t1 = 0, t2 = 0 or εb = 0.
Eq. (A1) also allows us to determine the contour curves of κ(E) = 0, which were plotted in Fig. 2(d) and Fig. 3(d).
These are given by

EI = εb,

EI = εb ±
√
−t2 [E2

Rt2 + t3 (t21 +−t22 + t2t3)]

t2
.

(A2)

2. Determining the topological transition energies of the four-band model

The constraint equation that allows us to find the topological phase transition energies is A(E) − E = 0. This
condition yields the cubic equation

E3 − i(εa + 2εb)E
2 −

(
t21 + t22 + t23 + 2εaεb + ε2b

)
E + i

[
εat

2
3 + εb

(
t21 + t22

)
+ εaε

2
b

]
= 0. (A3)

This equation can be solved exactly and the solutions are used to determine the transition energies. These are given
by

E1 = −1

3

[
A− 2

1
3F1 − 2−

1
3F2

]
,

E2 = −1

3

[
A+ (−2)

1
3F1 −

1

2
(−2)

2
3F2

]
,

E3 = −1

3

[
A+ (−1)

2
3 2

1
3F1 − (−2)−

1
3F2

]
,

(A4)

where we have defined the following expressions

F1 =
A2 − 3B[

−2A3 + 9AB − 18C + 3
√

3(4B −A2)B2 + 6A(2A2 − 9B)C + 81C2
] 1

3

,

F2 =
[
−2A3 + 9AB − 18C + 3

√
3(4B −A2)B2 + 6A(2A2 − 9B)C + 81C2

] 1
3

,

with

A = −iεa + 2iεb,

B = −t21 − t22 − t23 − 2εaεb − ε2b ,

C = iεat
2
3 + iεb

(
t21 + t22

)
+ iεaε

2
b .
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3. Quantization of the winding number

The winding number for the reduced model in Section IV is given by Eq. (13). Working out the trace of the product
of matrices yields the following equation

W(Et) =

∫ π

−π

dk

2πi

ieikw (w + a(Et) cos k)

(eika(Et) + w)(a(Et) + eikw)
,

where a(Et) =
√
v2(Et)− g2(Et). We can turn this into a contour integral on the unit circle S1 by letting z = eik.

This gives

W(Et) =

∮
S1

dz

2πi

1

2

w
[
2w + a

(
z + 1

z

)]
(za+ w) (a+ zw)

,

=

∮
S1

dz

2πi

1

2a

2wz + a
(
z2 + 1

)
z
(
z + a

w

) (
z + w

a

) ,
≡

∮
S1

dz

2πi
f(z),

where we omitted the argument Et in a, for brevity. The function f(z) has two poles inside the unit circle and one
outside. The pole z0 = 0 is always inside, while z1 = w/a is inside if |w| < |a| (making z2 = a/w outside). Using the
residue theorem, we then have the following conditions

W(Et) =

{
Res(f, z0) + Res(f, z1), if |w| < |a(Et)|
Res(f, z0) + Res(f, z2), if |w| > |a(Et)|

Since the poles are of order 1, the residues are simply given by

Res(f, z0) = lim
z→z0

(z − z0)f(z) =
1

2
,

Res(f, z1) = lim
z→z1

(z − z1)f(z) = −1

2
,

Res(f, z2) = lim
z→z2

(z − z2)f(z) =
1

2
,

which finishes the proof of the quantization of the winding number,

W(Et) =

{
0, if |w| <

√
|v2(Et)− g2(Et)|

1, if |w| >
√

|v2(Et)− g2(Et)|
.
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Appendix B: Topological Phase Transitions in the Emergent NH SSH Model

In this section, we analyze the different topological phases of the model described by Eq. (10), which reduces to the
NH SSH model. Fig. 9(a) shows the absolute value of the spectrum as a function of w for OBC. Here, one can observe
the emergence of edge modes for different values of w. The topological nature of these modes is further elaborated
upon in the main text. We then take ‘slices’ of Fig. 9(a) at fixed w to obtain Figs. 9(b)-9(f), where both OBC (red)
and PBC (black) spectra are shown in the complex plane. The chosen values of w correspond to the vertical dashed
lines in Fig. 9(a). Figs. 9(b), 9(d), and 9(f) show a trivial phase and two distinct topological phases, respectively.
Figs. 9(c) and 9(e) show the two (OBC) line-gap closings. It should be noted that, due to the breakdown of the bulk
boundary correspondence for non-Hermitian systems, the line-gap closings for OBC and PBC do not take place at
the same point in parameter space.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
w

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

|E
|

(a)

2.5 0.0 2.5
0.5

0.6

0.7

0.8

E

(b)

2.5 0.0 2.5

(c)

2.5 0.0 2.5
E

(d)

2.5 0.0 2.5

(e)

5 0 5

(f)

FIG. 9. Behavior of the band structure (absolute value) of the emergent NH SSH model as described in Section IV. (a) Absolute
value of the spectrum for (εa, εb, t1, t2, t3) = (0.8, 0.5, 1, 0.7, 1.6) as a function of w, for OBC with N = 50 unit cells. There
are three topologically distinct phases. The transitions are denoted by a red dot, sitting at the intersection between the edge
modes’ energies (horizontal dashed gray line) and the critical w values. (b-f) The spectrum in the complex plane for fixed w
corresponding to the vertical dashed gray lines in (a). Red and black points denote the OBC and PBC spectra, respectively.
(b) Trivial phase, (c) first line-gap closing, (d) topological phase with one (degenerate) pair of edge modes, (e) second line-gap
closing, (f) topological phase with three (degenerate) pairs of edge modes.
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Appendix C: Additional information for construction principles

In the following, we show why the ISR of the structure depicted in Fig. 5(a) has the structure

RS(E,H) =

(
A(E)/2 T+(E)
T−(E) A(E)/2

)
.

To show this statement, we note that there exists a block-diagonal matrix Q such that HQ = QHT , with

Q =

(
0 eiϕ

eiϕ 0

)
⊕ I ≡ X ⊕ I ,

where we have enumerated the sites such that the two red sites u, v are sites 1 and 2. Writing HQ = QHT in
block-form gives us the important relations

XHS,S = (HS,S)
T
X (C1)

XHS,S =
(
HS,S

)T

(C2)

HS,S =
(
HS,S

)T

X (C3)

HS,S =
(
HS,S

)T

. (C4)

Equipped with these insights, we proceed by noting that the ISR over S can be written as (see Lemma 4 in the
Supplemental Material of Ref. [34])

RS(E,H) = HS,S +

|S|−1∑
k=0

akHS,S

(
HS,S − EI

)k−1

HS,S (C5)

where |S| denotes the number of sites in S, and with E-dependent coefficients ak that are obtained from the charac-
teristic polynomial of HS,S − EI. Now, using Eqs. (C1) to (C4) and defining Y ≡ HS,S − EI, we obtain

XRS(E,H)X−1 (C6)

=XHS,SX
−1 +

|S|∑
k=0

akXHS,SY
k−1HS,SX

−1 (C7)

= (HS,S)
T
+

|S|∑
k=0

ak

(
HS,S

)T (
Y k−1

)T (
HS,S

)T

(C8)

= [RS(E,H)]
T
, (C9)

where we have used that HS,S is symmetric. From comparing the first and last equations, it follows that the two sites

of the effective Hamiltonian must have the same energy-dependent on-site potential A(E)/2, while the couplings T±
between them are, in general, different from each other.
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