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Abstract: In this paper, the shrink fit between the conical disk and the rotor shaft of a steam turbine was analysed with the aim of determining the rotor speed at which this 
fit is lost. The analysis was carried out numerically using the finite element method (FEM) in the Ansys software package. Three design values of disc-shaft joint interference 
were considered: minimum, maximum and mean. The rotor speed at which the shrink fit is lost is the lowest for minimum interference and the highest for maximum 
interference, which was expected. In other words, the rotor speed at which the shrink fit is lost is a linear function of the amount of interference (the allowance). The results 
of the analysis showed that the considered interferences of the shrink fit ensured the smooth transmission of torque in the range of speeds up to the operating speed and 
that the operation of the turbine is safe from that point of view. 
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1 INTRODUCTION 
 

Shrink fits are widely used to join mechanical parts. 
Shrink fit is a fastening of two tight fitting parts by pushing 
them together. The tightness of the fit is determined by the 
amount of interference of the fitted parts.  

The application of shrink fits is particularly common 
in high-speed rotating machines. A typical example of a 
shrink fit is the connection between the bladed disc and the 
rotor shaft of a steam turbine. The shrink fit is achieved by 
mounting the cylindrical hub of the disc on the shaft, 
whereby the outer diameter of the shaft is greater than the 
inner diameter of the hub. There are two basic methods for 
fitting an oversized shaft into an undersized bore of the disc 
hub: force and thermal expansion [1]. Which method will 
be applied depends on the desired amount of interference. 
Contact interfacial pressure is generated due to interference 
and is the result of local elastic deformation. There is an 
expression [2] for calculating the contact pressure. A 
higher amount of interference results in a higher contact 
pressure and vice versa. Shrink fit disc-shaft should enable 
the transfer of torque during machine operation and should 
be safe for the entire lifetime of the machine rotor. The 
interference of the disc-shaft joint is reduced with 
increasing rotor running speed because of centrifugal 
force. Lack of interference in the disc-shaft joint is 
undesirable, as it can result in torque not being transmitted 
and cause vibration. This means that the interference must 
not be lower than the minimum value that ensures that the 
joint will not open up under operating conditions due to the 
lack of interference. This condition ensures that there is no 
slippage in the joint [1]. On the other hand, the interference 
must not be greater than the maximum value at which the 
disk and shaft can withstand the stresses generated during 
assembly and under the operating conditions of the 
machine. Therefore, the interference in the disc-shaft joint 
should be between minimum and maximum values. 

Minimum interference condition would overcome 
differential radial growth between shaft and disc hub due 
to centrifugal loading and slip due to torsional loading 
during operation [1]. So, there is a rotor speed at which the 
interference would be lost, but for the minimum value of 
the interference, this rotor speed would be higher than the 
maximum operating speed of the machine. The rotor speed 
at which the interference would disappear can be 

determined by numerical calculation using FEM. At this 
speed, the contact pressure of the disc-shaft connection is 
reduced to zero. 

Many of the previous papers deal with stress and strain 
analysis in stationary and rotating shrink fits [3-7]. There 
is a small number of researches on disc-shaft connection of 
steam turbine rotors [8, 9]. When designing a shrink fitted 
joint that rotates at a certain speed, analytical analysis is 
usually used to determine the minimum and maximum 
interference conditions. However, the analytical approach 
has a set of different limitations [8]. FEM analysis of the 
shrink fit provides additional information on the behaviour 
of the joint and its integrity. 

In this paper, the rotor speed at which the interference 
between the conical bladed disc and the turbine rotor shaft 
disappears is considered. This speed is determined by 
numerical analysis for the minimum, maximum and mean 
design value of the interference. Numerical analysis was 
performed using Ansys software package [10]. Shrink fit is 
a typical example of a contact problem in which parts are 
held together by the action of frictional forces. As is 
already known, contact problems are highly non-linear and 
require significant computer capacities for solution [10]. A 
poorly defined contact in the Ansys software can lead to 
unstable conditions that usually mean poor convergence 
and wasted time. A well-defined contact will provide faster 
convergence and smoother results. In this paper, special 
attention was paid to the mesh quality and the setting of the 
contact formulation, which ensured a good convergence of 
the results. 

 
2 FINITE ELEMENT ANALYSIS OF THE SHRINK FIT 

 
Nowadays, most engineering tasks using numerical 

analysis are solved with satisfactory results using linear 
numerical approximation, that is, by applying the basic 
equation of the finite element method [11-18]. Given that 
nonlinear problems are more complex and cannot be 
described by the basic equation of the finite element 
method, it is necessary to define a nonlinear relation that is 
given by the expression [11]: 
 

 , K V R V R           (1) 
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In the equation above, it can be seen that the stiffness 
matrix K is a function of the current state of displacement 
V and load R. Furthermore, because of the nonlinear 
response, the problem cannot be solved in one step, so an 
iterative procedure is used until the convergence of the 
results is achieved. The convergence of the results is 
extremely important because it represents the reliability of 
the obtained numerical analysis results. 

In numerical analysis, there are two basic types of 
contacts, linear and non-linear contacts. The main 
difference between the two types of contacts is the ability 
to move in a direction perpendicular to the contact surface. 

The type of contact used in the analysis of the shrink 
fit is "Frictional Contact", shown in Fig. 1. This type 
enables the friction factor to be defined, in order to 
simulate the actual behavior of the shrink fit as realistically 
as possible. A value of 0,15 was chosen for the value of the 
friction factor during the verification of the shrink fit (the 
value of the friction factor between the steel - steel surface 
ranges from 0,07 to 0,16) [11]. The friction factor primarily 
depends on the material and the roughness of the surfaces 
in contact. 
 

 
Figure 1 Definition of frictional contact [12] 

 
Contact problems in the case of a shrink fit can best be 

described by the "Augmented Lagrange" method, which is 
a newer and improved version of the "Penalty Method". 
The "Penalty Method" formulation is based on the surface 
pressure between the contact surfaces, and penetration can 
be determined using the load and surface stiffness. The 
basic formulation is given by the expression [12]: 
 

N n pF k x            (2) 

 
 In Eq. (2), FN represents the normal component of the 
force, or any other load acting on the contact, perpendicular 
to the contact surface. kn refers to the normal stiffness 
constant, and xp represents the penetration of one surface 
into another (see Fig. 2) [12]. 
 

 
Figure 2 Display of variables in the "Penalty Method" formulation [12] 
 
As already mentioned, a more advanced version of the 

"Penalty Method" formulation is the "Augmented 

Lagrange" formulation, where there is an additional 
variable called Lagrange multiplier λ [12]: 
 

N n pF k x             (3) 

 
The role of the Lagrange multiplier is to control the 

penetration that occurs during the interaction of two 
bodies. Due to the properties of the Lagrange multiplier, 
the "Augmented Lagrange" formulation is not so sensitive 
to the normal stiffness constant kn. The Lagrange multiplier 
can be used to manually adjust the stiffness, which directly 
affects the achievement of convergence or reduction of 
penetration. The higher the value of the stiffness factor, the 
less penetration there will be and vice versa [12]. 

In order to correctly define the contact in the numerical 
analysis, the surfaces that are in contact must be correctly 
selected, i.e. the surface that will represent the "Contact" 
and the surface that will represent the "Target". Fig. 3 
shows the selected surfaces for the case of a shrink fit of a 
disk and a shaft. The outer surface of the shaft was chosen 
as "Target", and the inner surface of the conical disc was 
chosen as "Contact", for the reason that the contact surface 
of the shaft is larger than the contact surface of the conical 
disc [19]. 
 

 
Figure 3 Display of selected "Contact" and "Target" contact surfaces [12] 

 
In numerical analysis, there are two basic contact 

behaviors, Symmetric and Asymmetric. Correct selection 
of contact behavior directly affects the accuracy of 
numerical analysis solutions [19]. 

During the analysis of the shrink fit, the behavior of 
the contact is defined as Asymmetric. In the case of 
Asymmetric contact behavior, the penetration of the 
"Contact" surface into the "Target" surface is disabled, but 
the penetration of the "Target" surface into the "Contact" 
surface is enabled. The values of the results of the contact 
pressures in the case of asymmetric behavior will be 
displayed only on the "Contact" side of the surface (see Fig. 
4) [19]. 
 

 
Figure 4 Distribution of contact pressures in case of Asymmetric contact 

behavior [19] 
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Also, in the case of Asymmetric behavior, the 
detection of the contact of nodes that penetrate from one 
surface to another is performed via integration nodes (e.g. 
the Gauss method) (see Fig. 5). In this case it is necessary 
to take steps to reduce this penetration (a denser mesh of 
finite elements, greater stiffness of the contact surface, ...), 
which directly affects the accuracy of the numerical 
analysis results. 
 

 
Figure 5 Gauss detection method [12] 

 
2.1 Numerical Model 

 
The model of the conical disc and rotor shaft of the 

steam turbine is shown in Fig. 6. As inertial forces caused 
by the masses of the elements in the shrink fit occur during 
rotation, it is necessary to take into account the mass of all 
the elements that make up the assembly of the shrink fit. In 
addition to the conical disc and the shaft, important factors 
in the shrink fit are also the rotor blades. Due to computer 
and hardware limitations, a blade model was not added to 
the disk model, but using the "Distributed Mass" command 
in Ansys, the mass of the rotor blades was defined on the 
outer rim of the conical disc [11]. Fig. 6 also shows the 
definition of the rotor speed of the assembly around the 
axial z axis. 

The conical disc-shaft shrink fit transfers the torque 
from the rotor blades to the turbine shaft. In addition to the 
shrink fit, the transmission of torque is also ensured by two 
keys placed diametrically opposite each other. In this 
analysis, the shrink fit without these two keys was 
considered. 

 

 
Figure 6 Shrink fit model of the conical disc and the shaft [11] 

 

After defining the model, the next step was to generate 
the mesh of finite elements. The finite elements used in the 
numerical analysis are tetrahedral elements of the second 
order.The global size of the elements is 8 mm, while in the 
contact area the elements are reduced to 2,5 mm, and 1 mm 
for places of geometric discontinuities, in order to obtain 
more accurate stress results (see Fig. 7). 

 

 
Figure 7 Meshed model of shrink fit [11] 

 
During the numerical analysis, the property of cyclic 

symmetry of the disk and the shaft was used in order to 
reduce the load on the computer capacities, and to achieve 
a faster and simpler calculation.The interference in the 
shrink fit is geometrically modeled in order to make the 
results of the numerical analysis more reliable. When using 
the Cyclic Region option, it is necessary to define the Low 
Boundary and High Boundary in order for the numerical 
calculation to be performed correctly see (Fig. 8). 
 

 
Figure 8 Cyclic Region option [11] 

 
The nominal measurement of the bore diameter of the 

conical disc is 0,07
0505  mm, while the nominal 

measurement of the shaft diameter is 0,6
0,54505  mm. 

During the analysis of the disc-shaft shrink fit, special 
attention was paid to the operating rotor speed (3000 rpm), 
and the speed at which the turbine trips due to overspeed 
protection (3300 rpm). The rotor speed at which the disc-
shaft interference disappears is determined using the 
calculated value of the maximum contact pressure for 
different rotor speed. When the maximum contact pressure 
takes on the value 0 at a certain rotor speed, the disc is 
released from the shaft, i.e. the shrink fit no longer exists. 

 
2.2 Analysis of the Shrink Fit with the Minimal Interference 

Value  
 
The minimal interference value Pmin is obtained by 

pairing the sleeve with the smallest diameter and the bore 
with the largest diameter. The smallest diameter of the 
shaft according to the given tolerances is 505,54 mm, while 
the largest diameter of the disc bore is 505,07 mm, and the 
expression for the minimal value of the interference is [20]: 
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min 2P ei ES            (4) 

 
where ei is lower limit deviation of the shaft sleeve; ES is 
upper limit deviation of the hub bore. The calculated value 
of Pmin is 0,47 mm. 
 Before conducting the analysis, the rotor speed range 
for which the behavior of the shrink fit will be analyzed is 
defined. Fig. 9 presents a graphical and tabular 
representation of rotor speeds by steps. 
 

 
Figure 9 Graphical and tabular representation of rotor speed by steps for the 

minimal interference value [11] 
 
 The performed analysis shows that as the speed 
increases, the contact pressure of the shrink fit decreases as 
expected. Fig. 10 shows the dependence of the maximum 
contact pressure on the rotor speed. It can be seen that the 
contact pressure reaches a value of zero at 3300 rpm. This 
is the rotor speed at which the interference between the disc 
and the rotor shaft is lost. At operating speed of the rotor 
(3000 rpm), the maximum value of the contact pressure is 
47,27 MPa, which ensures the normal transfer of torque. 
The speed at which the shaft-disc connection is lost is the 
speed at which the turbine trips due to overspeed 
protection. This means that in the range of possible rotor 
speeds there is no risk of vibration due to the looseness of 
the disc-shaft connection. 
 

 
Figure 10 Dependence of the maximum value of the contact pressure on the 

rotor speed for the minimal interference value [11] 
 

The rotor speed at which disc-shaft interference is lost 
can also be determined using the disc-to-shaft gap value. 
Fig. 11 shows that the gap is zero until 3300 rpm. Above 
this speed, the gap starts to increase in absolute value. This 
means that at speed 3300 rpm the disc-shaft interference is 
lost. This speed value matches the rotor speed obtained 
using the contact pressure analysis. 

 

 
Figure 11 Gap values depending on the rotor speed for the minimal interference 

value [11] 

A series of graphic representations of contact pressure 
distribution of the shrink fit for different rotor speeds is 
given in Fig. 12. It can be seen that the disc begins to 
separate from the shaft first at its inner edges of both 
contact surfaces. As the rotor speed increases, the 
separation of the disc from the shaft propagates from the 
inner to the outer edges of the contact surfaces. Also, 
complete separation of the disc from the shaft first occurs 
on a narrower contact surface, and then, at 3300 rpm, on a 
wider one. This is the speed at which the disc-shaft shrink 
fit disappeared. 
 

 
Figure 12 Series of graphic displays of the shrink fit contact pressure 

distribution at different rotor speeds for the minimal interference value [11] 
 
2.3 Analysis of the Shrink Fit with the Maximum 

Interference Value 
 

The maximum interference value Pmax is obtained by 
pairing the sleeve with the largest diameter and the bore 
with the smallest diameter. The largest diameter of the 
shaft according to the given tolerances is 505,6 mm, while 
the smallest diameter of the disc bore is 505,0 mm, and the 
formula for the maximum value of the interference is [20]: 
 

max 2P es            (5) 

 
where es is upper limit deviation of the shaft sleeve. The 
calculated value of Pmax is 0,6 mm. 
 Fig. 13 presents a graphical and tabular representation 
of the rotor speeds by steps during which the behavior of 
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the shrink fit will be analyzed at the maximum interference 
value. 
 

 
Figure 13 Graphical and tabular presentation of rotor speed by steps for the 

maximum interference value [11] 
 

Fig. 14 shows the change in the maximum contact 
pressure of the shrink fit as a function of the rotor speed. 
The contact pressure reaches the value zero at 3730 rpm. 
This rotor speed represents the speed at which the 
interference between the disc and the rotor shaft is lost. 
Also, the contact pressure values for different rotor speeds 
can be read from the diagram. At the operating speed (3000 
rpm), the maximum value of the contact pressure of the 
shrink fit is 93.265 MPa, while at the speed at which the 
turbine trips (3300 rpm), the maximum value of the contact 
pressure is 69,736 MPa. It means that the torque can be 
transmitted smoothly. Also, there is no risk of vibration due 
to the looseness of the disc-shaft connection in the range of 
possible rotor speeds. 
 

 
Figure 14 Dependence of the maximum value of the contact pressure on the 

rotor speed for the maximum interference value [11] 
 

In Fig. 15, it is visible that the gap between disc and 
shaft is zero up to a speed of 3730 rpm. Above this speed, 
the gap starts to increase in absolute value. This means that 
at speed 3730 rpm the disc-shaft interference is lost. 
Identical speed was obtained using contact pressure 
analysis. 

 

 
Figure 15 Gap values depending on the rotor speed for the maximum 

interference value [11] 
 

 Fig. 16 shows a series of graphic representations of 
contact pressure distribution of the shrink fit for different 
rotor speeds. Identical conclusions can be drawn as in the 
case of shrink fit with minimal interference. 

 
  

 
Figure 16 Series of graphic displays of the shrink fit contact pressure 

distribution at different rotor speeds for the maximum interference value [11] 
 

2.4 Analysis of the Shrink Fit with the Mean Interference 
Value 
 
The actual value of the interference ranges between 

Pmax and Pmin, in absolute terms. The mean interference 
value will be determined from the arithmetic mean of the 
tolerances for the bore of the conical disc and the outer 
diameter of the shaft. 

The arithmetic mean of the shaft diameter tolerance is 
505,57 mm, while the arithmetic mean of the conical disc 
bore tolerance is 505,035 mm. The value of the 
interference in this case is as follows [20]: 
 

av av av2P e E                                                       (6) 

 
where eav is mean deviation of the shaft sleeve; Eav is mean 
deviation of the hub bore. The calculated value of Pav is 
0,535 mm. 
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Fig. 17 presents a graphical and tabular representation 
of the rotor speeds by steps during which the behavior of 
the shrink fit at the mean interference value will be 
analyzed. 
 

 
Figure 17 Graphical and tabular presentation of rotor speed by steps for the 

mean interference value [11] 
 

Fig. 18 shows the dependence of the maximum contact 
pressure on the rotor speed. The contact pressure reaches 
the value zero at 3505 rpm. This rotor speed is the speed at 
which the interference between the disc and the rotor shaft 
is lost. At operating speed of the rotor (3000 rpm), the 
maximum value of the contact pressure is 70,507 MPa, 
which ensures the normal transfer of torque. At the speed 
at which the turbine trips (3300 rpm), the maximum value 
of the contact pressure is 44,168 MPa. It means that the 
torque can be transmitted smoothly and there is no risk of 
vibration due to the looseness of the disc-shaft connection 
in the range of possible rotor speeds. 
 

 
Figure 18 Dependence of the maximum value of the contact pressure on the 

rotor speed for the mean interference value [11] 
  

Fig. 19 shows that the gap is zero until the speed of 
3505 rpm, after which the gap starts to increase in absolute 
value. This means that at speed 3505 rpm the disc-shaft 
interference is lost. The same speed value is obtained using 
the contact pressure analysis. 

 

 
Figure 19 Gap values depending on the rotor speed for the mean interference 

value [11] 
 

A series of graphic representations of contact pressure 
distribution of the shrink fit for different rotor speeds is 
given in Fig. 20. Identical conclusions can be drawn as in 
the case of shrink fit with minimal and maximum 
interference. 

 
Figure 20 Series of graphic displays of the shrink fit contact pressure 

distribution at different rotor speeds for the mean interference value [11] 
 

3 RESULTS AND DISCUSSION 
 
 Numerical analysis of the shrink fit of the conical 

disc-shaft was carried out for three different values of 
interference obtained using the design tolerances of the 
disk bore and the shaft sleeve: minimum, maximum and 
mean value. The goal of the analysis was, for each 
interference value considered, to determine the rotor speed 
at which the shrink fit is lost. The criterion for loss of shrink 
fit was the zero value of the contact pressure in the disc-
shaft connection. Fig. 21 shows a comparison of the 
variation of the maximum contact pressure value 
depending on the rotor speed for different interference 
values. 

Useful information can be obtained from this Fig. 21.  
The maximum contact pressure values at rotor 

operating speed (3000 rpm) are as follows:  
- for minimal interference: 47,29 Mpa 
- for mean interference: 70,51 MPa  
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- for maximum interference: 93,27 Mpa. 
Maximum contact pressure values at the speed at 

which the turbine trips due to overspeed protection (3300 
rpm) are:  
- for minimal interference: 0 MPa  
- for mean interference: 44,17 MPa  
- for maximum interference: 69,74 MPa. 

Rotor speeds at which shrink fit is lost are:  
- for minimal interference: 3300 rpm  
- for mean interference: 3505 rpm  
- for maximum interference: 3730 rpm. 

 

 
Figure 21 Dependence of the maximum value of the contact pressure of the 

shrink fit on the rotor speed for different interference values [11] 
 

A comparison of the change in the gap in the shrink fit 
of the conical disk and the shaft depending on the rotor 
speed for different interference values is shown in Fig. 22. 
It is clearly visible that the rotor speed at which the gap 
begins to appear for the considered interference values 
coincides with the values obtained from the contact 
pressure analysis. 
 

 
Figure 22 Dependence of the value of the gap in the shrink fit on the rotor 

speed for different values of the interference [11] 
 
The analysis of the results shows that the shrink fit for 

all considered disc-shaft interference values will be stable 
and safe at the operating speed of the rotor (3000 rpm). The 
analysis of the results shows that the shrink fit for all 
considered disc-shaft interference values will be stable and 
safe at the operating speed of the rotor (3000 rpm). 
However, for the minimum value of the interference and at 
the turbine trip speed (3300 rpm) the shrink fit is lost. For 
this reason, and to achieve additional safety, the minimal 
value of interference in the shrink fit should be avoided, 
and an optimal interference should be achieved. 

An optimal interference must meet two conditions, 
namely that it must exist at the operating speed to enable 
the transfer of torque from the blades, but it should not have 
an excessive value that would cause stress concentrations 
that would cause local material flow, i.e. plastics 
deformation. As already stated earlier, the actual 

interference value in the shrink fit ranges between Pmax and 
Pmin, in absolute terms. The highest frequency of use is the 
mean interference values, while the frequency of use of the 
limit values is significantly lower. Achieving a mean 
interference value ensures a stable shrink fit in the entire 
range of operating speeds up to the trip speed. On the other 
hand, the maximum stresses in shrink fit are theoretically 
lower than the stresses that would appear in case of 
maximum interference value. 
  
4 CONCLUSIONS 
   

The main goal of this work was the analysis of the 
conical disk-shaft shrink fit and the determination of the 
rotor speed at which this fit is lost. This speed was found 
according to two criteria: the contact pressure on the disc-
shaft contact surfaces and the gap between the disc and the 
shaft. Three design values of disc-shaft joint interference 
were considered: minimum, maximum and mean. The 
results obtained by both applied criteria are consistent. The 
rotor speed at which the shrink fit is lost is the lowest for 
minimum interference (3300 rpm) and the highest for 
maximum interference (3730 rpm), which was expected. 
For mean interference this speed is 3505 rpm. All speeds 
obtained are higher than the constant operating speed (3000 
rpm), which ensures smooth torque transfer for all 
considered interferences. For minimal interference, the 
speed at which the shrink fit is lost corresponds to the 
turbine trip speed due to overspeed protection (3300 rpm). 
This should not cause a problem, as this is not the speed at 
which the turbine operates. However, usually in practice 
the mean value of the interference is realized, which 
increases the speed at which the shrink fit is lost to a higher 
value. In the end, it can be concluded that the considered 
shrink fit ensures the transfer of torque in the range of 
speeds up to the operating speed and that the operation of 
the turbine is safe from this point of view. 
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