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CMAC-Based SMC for Uncertain Descriptor
Systems Using Reachable Set Learning

Zhixiong Zhong, Hak-Keung Lam, Fellow, IEEE, Hao Ying, Fellow, IEEE, and Ge Xu

Abstract—This paper introduces a novel sliding mode
control (SMC) law to achieve trajectory tracking for a class of
descriptor systems with unknown uncertainties. It approximates
the uncertainties by a cerebellar model articulation control
(CMAC) neural network. We formulate the problem of training
the CMAC as a scheme of estimating a reachable set for a
discrete-time nonlinear system. A new online learning algorithm
based on output feedback control of reachable set estimation
is developed and the approximation error is bounded in an
ellipsoidal reachable set. In order to dispel the effect of the
approximation error of the CMAC, we develop a compensation
controller by using the reachable set bounds. Controller gains
and parameters of the learning algorithm are obtained via
linear matrix inequalities (LMIs). Our computer simulation
results show that the proposed CMAC-based SMC technique
can achieve convergent tracking errors. The technique is applied
to a salient permanent magnet synchronous motor (PMSM) in
our lab and demonstrates excellent performance.

Keywords: Uncertain descriptor systems, sliding mode control
(SMC), cerebellar model articulation control (CMAC), reachable
set estimation.

I. INTRODUCTION

Over the past few decades, sliding mode control (SMC) has
been regarded as an efficient robust control strategy for various
classes of uncertain systems, such as uncertain stochastic sys-
tems [1], [2], uncertain linear systems [3], uncertain nonlinear
systems [4], [5]. The essence of SMC is to always drive control
system states toward a given sliding mode surface [6], [7].
However, when uncertain systems exist unknown dynamics,
the sliding mode motion can work well only if the information
of the unknown dynamic is available. Thus the robust use
of SMC to stability analysis of unknown dynamic systems is
difficult to be implemented [8]-[10]. Neural networks (NNs)
are constructed from a plentiful parallel structure, which makes
them capable of approximating a nonlinear function for an
arbitrary precision. The utilization of NN for stability analysis
of unknown dynamic systems has become widespread and
effective [11]-[13]. However, in each learning cycle all the
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weights of NNs need to keep updating, and the essence of
such learning is global and time-consuming. Thus, the efficacy
of the multilayer NNs is generally limited when considering
real-time control issues [14]-[17].

Thanks to the introduction of CMAC model, the fast
convergence speed and good generalization capability in the
identification and control of complex dynamical systems can
be obtained [18]-[20]. The essence of CMAC is constructed
from an association-memory network with nonfully connected
forms and lapped receptive fields. It has been demonstrated
that CMAC can be used for approximating a nonlinear function
to any given precision [21]. In traditional CMAC, its receptive
field space applies the constant binary function or the triangu-
lar basis one in the sense that their derivative characteristics
can not be collected. The work of [22] has introduced a new
CMAC neural network using a Gaussian basis function with
the differentiable characteristic in its receptive field space,
where the derivative information is acquired from the input-
output relations, and the convergence analysis for the proposed
new CMAC network model is performed. Another important
topic in training of a CMAC neural network has been presented
in the open literature. The gradient descent algorithms such
as back propagation (BP), search the parameter weights of
the network model toward the steepest descent direction for
minimizing the approximation error [23]-[25]. It has been
regarded as a basic method for training CMAC model in
control system applications. However, the main drawbacks are
its slow convergence speed and incapable of obtaining the
global minimum [26].

Descriptor systems, are also named as singular systems.
They can be utilized to represent these systems, which are dif-
ficult to be represented by normal models [27]. Descriptor sys-
tems have attracted considerable interests in the literature for
a variety of practical applications such as economics, robotics,
electrical and chemical systems [28], [29]. Meanwhile, in
practical control systems always exist unknown uncertainties,
which include unmodeled characteristics, modeling errors and
unknown disturbances. These conditions might deteriorate the
performance of control systems and even lead to instability.

To the best of our knowledge, there is little literature on the
SMC design of trajectory tracking for descriptor systems with
unknown uncertainties. This motivates our present research.
This paper introduces a novel SMC strategy of trajectory
tracking for a class of descriptor systems with unknown
uncertainties. First, a CMAC neural network is employed to
achieve the approximation of the unknown uncertainties in the
considered system, and is embedded into the SMC controller.
Then, the training problem of the CMAC neural network
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model is cast into the estimation scheme of reachable set
for a discrete-time nonlinear system. A new online learning
algorithm based on the output-feedback control method is
developed and the approximation error is bounded in an
ellipsoidal reachable set. Moreover, based on the obtained
boundary of reachable set, a compensation controller is utilized
to remove the negative impact induced by the approximated
error. After the help of the Lyapunov theory, the convergence
of both the closed-loop SMC system and the training CMAC
neural networks can be guaranteed. It will be shown that
the controller gains and the online learning parameters are
solved by using the LMI optimization techniques. Finally,
a simulation application of salient PMSM demonstrates the
remarkable effectiveness and superiority.

The main contributions to the CMAC-based SMC scheme
proposed in this paper are summarized as below:

i) This paper examines the issue of trajectory tracking for
a class of descriptor systems with unknown uncertainties.
We propose a CMAC-based SMC scheme that combines the
merits of CMAC and SMC. In this scheme, the CMAC
model is utilized to achieve the approximation of the unknown
uncertainties and the SMC strategy guarantees the reachability
of the trajectory error subject to the given sliding mode
surface. It achieves not only the accurate approximation of
uncertain dynamics by using CMAC model but also preserves
the advantages of rapid response and robustness characteristic
of the SMC technique.

ii) A new online learning law that is based on the reachable
set estimation of output-feedback control method is proposed
for training CMAC model. Our approach differs from previous
approaches, we do not focus on the widely-used gradient
descent algorithm learning framework with slow convergence
speed or non-global minimum. In the online learning set-
tings, the training problem of CMAC model is cast into the
estimation framework of the reachable set for discrete-time
nonlinear system, and the approximation error is bounded in
an ellipsoidal reachable set.

iii) The proposed CMAC-based SMC scheme reformulates
the SMC of trajectory tracking for uncertain descriptor system
and online learning of the CMAC as a convex optimization
problem readily solved by the standard LMI toolbox. A high
tracking accuracy and convergence speed can be guaranteed,
and the minimum approximation error of the unknown dynam-
ics can be obtained. Compared with the work of [30]-[32], the
gradient-descent based learning is used for the online learning
of CMAC model that yields several learning rates are chosen
a priori. However, there are no simple methods to choose the
online learning rates, such that the minimum approximation
error can be achieved.

The outline of this paper is arranged as below. Section II
presents the problem formulation. The CMAC-based SMC is
considered in Section IIl. The control of a salient PMSM
system is used in Section IV to demonstrate the effectiveness
and superiority of the proposed methods, which is summarized
by some conclusions in Section V.

Notations. "> denotes the real matrix with the n.xm di-
mension and R is the Euclidean space with the n-dimensional
characteristics. A~ is the inverse of the matrix A, and AT is

its transpose. P > 0 represents that the matrix P is positive-
definite, and P > 0 means that the matrix P is positive semi-
definite. Sym{A} means A+ AT, where A € R"*". The term

* denotes symmetry, for example , where x = BT,

*
B C
I,, is n-dimensional identity matrix and 0,,x, is the zero
matrix with m x n dimension. ||z(t)|, denotes the Euclidean

norm of the vector x(t), and ||z (t)| . =sups>o{|z(t)|}.

II. PROBLEM FORMULATION

This paper considers a class of descriptor systems with
unknown uncertainties as below:

Ei(t) = Az(t) + Bu(t) + N(t), (1)
where z(t) € R"™ and u(t) € R" denote the system
state and the control input, respectively. F/, A and B are
the known system parameters, where F may be a singular
matrix with the rank (E) = n, < ng,. N(t) € R is
the total unknown uncertainty, which includes unmodeled
characteristics, modeled errors and unknown disturbances.

This paper aims at designing a tracking control strategy such
that the system state x(t) tracks a given trajectory signal x:4(t).
To do so, we first denote the tracking error as the following

form:
e(t) = zq(t) — (2). @)
Based on the representation of the tracking error (2), we

introduce an integral-type sliding surface function as below
[33]:

s(t) = GEe(t) —/0 Ke(s)ds, 3)

where G € R™*™= ig a given matrix, which can guarantee
that the matrix GB is nonsingular. K, € R"™*"= is a
parameterized matrix, which will be designed later.

If the unknown uncertainty N (¢) can be accurately known,
then a perfect controller is expressed as

u*(t) = (GB)_1 [GEi4(t) — GAz(t) — GN(t) — K.e(t)],
“4)
where the ideal controller w*(t) ensures $(¢) = 0.

Note that in practical applications the uncertainty N (t)
is generally unknown, thus the ideal controller in (4) is
unavailable. In this paper the unknown uncertainty N (¢) will
be approximated by employing a CMAC neural network
model, and a CMAC-based SMC law will be introduced in
the following sections, which raise the following two key
questions:

Q-1. How to design a CMAC approximator with online
learning algorithm such that the convergence of approximation
error is guaranteed and the approximation error is bounded in
an ellipsoidal reachable set?

Q-2. How to give a design result of the CMAC-based SMC
strategy such that the tracking trajectories are driven onto the
predefined sliding mode surface s(t) = 0?

Remark 2.1. It is noted that, in each learning cycle of
most NN all the weights should be updated, thus the essence
of such kind of learning is both global and slow. CMAC
is constructed from an association-memory network with the
nonfully connected form and the lapped receptive space. It has
been shown that CMAC is able to achieve fast learning, such
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that it is suitable for implementing the real-time control [12],
[18].

Remark 2.2. Note that, it is difficult to evaluate the training
performance of the CMAC neural network model by using
the gradient-descent learning. This paper casts the CMAC’s
training into the estimation framework of the reachable set for
discrete-time nonlinear system. In this case, an online learning
algorithm based on output-feedback control method is used in-
stead of the gradient-descent method for the CMAC’s training.
Furthermore, the convergence of CMAC neural network model
is established and its approximation error can be bounded in
an ellipsoidal reachable set.

III. CMAC-BASED SLIDING-MODE CONTROL

This section first introduces a main controller in which a
CMAC model is used to achieve the approximation of the
unknown lumped uncertainty. Then the training problem of
the CMAC model is formulated into the framework of the
reachable set estimation for discrete-time nonlinear system,
and a new online learning algorithm based on output-feedback
control method is developed. Finally, a compensation con-
troller is introduced to offset the gap between the unknown
lumped uncertainty and its approximation.

A. Framework of CMAC-based SMC

— Ei(t) = Ax(t) + Bu(t) + N(¢) (1) =
u T Tq
e
G’_ Main -
T u,, | Controller (6) 1
- A o
N Sliding Surface
e A Function (3)
N CMAC i Awjg, Amy, Aoy B
p([irQO)jrlxgtor “.___| Output-Feedback
Control Law (28)
A 1
ds |
dt
Compensation |

Controller (43) [~

Fig. 1. Framework of the CMAC-based SMC strategy.

Fig.1 depicts the framework of the CMAC-based SMC
strategy, which consists of the main controller and the com-
pensation one as follows:

u(t) = um(t) + uc(t)a )
where u,,(t) is the main controller, which is used instead of
the perfect controller (4). In the main controller, a CMAC
model integrated into SMC strategy is introduced to achieve
the approximation of the unknown lumped uncertainty. The
online learning of the CMAC model is facilitated by using
an output-feedback-based control law, which ensures that the
convergence of CMAC model is established and its approx-
imation error can be bounded in an ellipsoidal reachable
set; The compensation controller wu.(¢) is utilized to offset
the gap between the unknown lumped uncertainty and its

approximation, which helps the main controller drive the
tracking error trajectories of the uncertain descriptor system
onto the given sliding mode surface.

B. Main controller

By introducing the CMAC-based function approximator,
we give the following main controller instead of the perfect
controller (4):

um(t) = (GB)™" [GE;icd(t) — GAz(t) — GN(t) — Kee(t)J ,
6)
where N (t) is the approximation of N (t).

Now, by submitting the main controller (6) into the system
(1), and taking the derivative of the tracking error, the closed-
loop tracking error dynamics is described as

Eé(t) = (A+ BK.)e(t) + W (1), (7
where
A=A-BGAB=B(GB)™ ',
W (t) = BGN(t) - N(t)+ (E — BGE) dq(t) — Axg(t).
®)

Based on the resulting closed-loop tracking control system
(7), the following result is devoted to solve the design of the
matrix parameter K.

Lemma 1: The tracking error dynamics (7) with the param-
eter matrices {E, A, B} is robust stable with the ., perfor-
mance index [|e(t)|l, < v ||W (t)”2 if there exist the matrix
0 < X = XT € RreXn= and the matrix K, € RuX"=,
such that is minimized v subject to the following matrix
inequalities:

XTET = EX >0, 9)
Sym (AX + BK,.) XT I
* -1 0 <0. (10
* 0 —I

Moreover, if the above matrix inequalities have a feasible
solution then the gain matrix K. in (6) can be given by

K.=KX ' (11)
Proof: The result can be obtained straightly from Lemma
2 of [34], whose proof is thus deleted. |

Remark 3.1. Note that, the matrix inequality in (9) is a
positive semi-definite form and the solution used standard LMI
technique becomes a difficult task. For a singular matrix Ej,
where rank (Ep) = n, < n,, we can specify the matrices
M and N with the nonsingular characteristic to achieve

Ey=M [ 10 N. Without loss of generality, we consider

0 0

a special case with the matrix E = (I) 8 , and then the
. . X; 0

matrix X is denoted as X = , where 0 < X7 =
Xy X;

Xf c %nrxnr’X2 c %(nm*nr)xnr,Xg c %(”xfnr)x(”xfnr)_
In this case, the semi-definite matrix inequality in (9) holds,
and the result in Lemma 1 is formulated into LMIs [35].

C. CMAC model

The proposed CMAC model includes three mappings and
one output. All functional mappings of the CMAC model are
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shown as follows [12]:

Mapping: [ — A, (12)
Mapping: A — R, (13)
Mapping: R — W, (14)
Output computation: O (I) = WTT(I), (15)

where I, A, R and W denote the input, the associative
memory, the receptive field, and the weighted memory spaces,
respectively; O is the output. In every mapping space the
corresponding basic function is introduced as follows:

1) Mapping I — A: In the input space, [ = [I1, I, , I,,]
denotes a n;-dimensional input variable with ¢ € 7 :=
{1,2,...,n;}. Each input datum is partitioned to nj neurons
by virtue of Gaussian basis function, and these neurons
are placed in the associative memory space A with the set

k e K:={1,2,...,n4}. Considering the descriptions above,
each neuron can be given by
I — ma)*
air, (I;) = exp [JO;W] GeT,kek  (16)
ik

where m;; and o, denote the mean and the variance relative
to the input variable, respectively.

2) Mapping A — R: The receptive field space R has a
k-layer region, which is called hypercube represented by

H%k

where S, (I) denotes the general basis function for represent-
ing the hypercube.

3) Mapping R — W: Each region in the receptive field
space IR is connected to the weighted memory W with the
corresponding specific value, that is

ij(l):wjkﬁk(l),jeM,kelC (18)
where w;;, denotes the weight relative to the k-th hypercube
in the j-th output, j € M:={1,2,...,np}.

4) Output: The output of CMAC includes n,, subspaces,

and each subspace is the sum of nj particular adjustable
parameters, which is given by

ke a7

nk
n=>"0s(),jeM. (19)
k=1
Thus, the output of CMAC is calculated by
(H=>0;( (20)
j=1

Remark 3.2. Note that, the receptive field space of the
traditional CMAC applies the constant binary function or the
triangular basis one in the sense that their derivative character-
istics can not be collected. Therefore, this paper proposes the
CMAC used the Gaussian basis function as shown in (12)-(20),
which overcomes the drawback of using the constant binary
function or the triangular basis one [36].

D. Formulation of CMAC training

In the previous subsection, we have introduced CMAC
model. The following subsections will focus on training C-
MAC model. First, it follows the descriptions from (12)-(20)

showing that the input-output relationship of the CMAC’s
dynamics can be represented as

O (t) =WTT(I (1))
= f (wjk (8) ,mir (t) , o (), 1 (£)) -
Now, we regard $(¢) and N (¢) as the input and output of
CMAC’s dynamics (21), respectively. Thus, we have
N (t) = WTT(5(t)
= f(wjr (t) ,mix (), our (t) , 5(t)) - (22)
Using the first-order Taylor approximation [37], it can be
shown that

2

. . dN (t
N{t+1)=N(t)+ ()ijk(t)
dwjk
dN (1) dN (t)
——=Amy (1) + ——= Aoy (T
t mig (t) + - oir (1)
dN (t) . .
A 2
PO UREIOR (23)
where [%5’?, (2%?, djzfz), (Z];[(%) are the partial derivatives

with respect to wjy (t), m (), o (t), $(t), respectively;
Awj (t) , Amyy (1), Aoy (t) , As(t) are the difference terms,
and ¢ (t) is the residual signal.

Then, by recalling the sliding surface function s(¢) in (3),
and taking its derivative, and using the relations of (1), (2) and

(6), we have
5(t) = Ge (1), (24)

where $(t) is the derivative information of the sliding surface
function, and ¢ (¢) is the approximation error subject to € (¢) =
N ()= N (t).

We further subtract N (¢ + 1) to the both sides of (23), then
the following output-feedback control system can be obtained
as:

e+)=c)+BHUR)+WI(T), (25)
Y(t)=Ge(t), (26)
where
ORI
Uty=[ dufi ) dml (1) Ack(t) ],
_ dN()
W(t) = MGA5( )+ ¢ (t) — AN (1),
Ac(t)=e(t+1)—e(t),AN{#)=N({t+1)— N (1),
(27)

with the following partial derivatives:

Hﬂ ), (i) = l@qu
ik ik = exp 0_2 ’

dwﬂf ik
A mzk):|
dm ik ; ; ik Z]‘_‘[ [ﬂlk (4) o 7
Nm Nk mzk)2
ZZ%JIM ————-(M
dg“‘ J=1k=1  i=1 ik

Remark 3.3. It is noted that when the approximation
error ¢ (t) tends to zero then the weights {w;y (t), mix (t),
ok (t)} are around the real values. Therefore, in this case,

273

274

275

276

277

278

279

280

281

282

283

284

285



286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

the difference terms {Awjy (t), Amgy (t), Aoy (t), As(t)}
are around zero, which means the residual signal ¢ (t) will be
around zero.

Remark 3.4. Note that when using the CMAC model, a
general question is raised: How to train the CMAC model? In
the other words, the task is to explore a weight update law for
refreshing the hypercube weight w;y,, and the mean m;;, and
the variance o;; in the CMAC model.

Remark 3.5. Note that the learning problem of CMAC’s
weights has been formulated into a robust output-feedback
control framework of the discrete-time nonlinear system as
shown in (25) and (26). More specifically, the approximation
error of CMAC model is denoted as the system state ¢ (),
and the learning law of CMAC’s weights is considered as the
control input U (t), which decides the refresh rates of weight
values, and the term W (¢) is regarded as the disturbance.

Remark 3.6. For the above-mentioned robust control prob-
lem, we aim at designing an output-feedback controller with
reachable set estimation, which ensures the CMAC model is
robust convergence and its approximation error is bounded in
an ellipsoidal reachable set.

E. Online learning law based on output-feedback control

The previous subsection has formulated the training problem
of CMAC model into a robust control framework of discrete-
time nonlinear system as shown in (25) and (26). It is natural
to specify the online learning law of CMAC model as the
following output-feedback controller:

U) =K, (1), (29)
where /C,, is the controller gain, which will be designed later.
Now, by submitting the controller (29) into the system (25)

and (26), and taking the relation of (24), the closed-loop
output-feedback control system is given by

e(t+1)=(T+Ky)et)+W (), (30)

where K, = B (t) K,G and W (t) is further assumed to be
satisfied with the following condition:

WE )W (t) < W2,
where W is a constant.

Here, our aim at designing the online learning law based
on the output-feedback controller as shown in (29) such that
the approximated error dynamics of CMAC in (30) is with the
following reachable set bounding:

S&{e(t) € R"= |e(t) and W (t) are subject to
(30) and (31), respectively, t > 0} . 32)

The reachable set of the closed-loop output-feedback control

system in (30) subject to an ellipsoid is given by [38]
Eé{s(t) T#yPe(t) <1, e(t) € 3%":”},
where P = PT > 0.

Note that, the learning problem of CMAC’s weights has
been formulated into a reachable set estimation framework of
the discrete-time nonlinear output-feedback control system as
shown in (32). In the following, we first present a formulated

analysis result for the estimation problem of the reachable set.
This is derived to answer the first question (Q-1).

€2y

(33)

Theorem 1: An online learning law (29) can guarantee
the convergence of CMAC’s approximation error with the
reachable set in (32), if there exist the matrices {0 < P =
PT ¢ Rnexna G € RMuXna Ky € R™«*™} and the positive
scalars {0 < a < 1, W}, such that the following matrix
inequality holds,

—aP 0 P+ GTKTBY (t) P
0 -1z P <0. (34
* * —-P

Proof: We firstly define V(t) = &7 (t) Pe(t) and

AV(t) =V (t+1) = V(t), where 0 < P = PT € Rnexna,
Further, the performance index is introduced as below:
J(t) =AV(H)+ (1 —a)V(t) - OW(t)
el (t+1)Pe(t+1)— () e (t)
+(1—a)e” (t) Pe(t) - &)W (#)
el (t+1)Pe(t+1)— ()Ps()
- 1W2 W ()W (1)
= [@+Ky) e +w®)]" Pl
—ae (0) P= (1) - =W (W (1)
ct) 1"[ @ k)" 1 pi [ <
[ ][ e
e (t) —aP 0 e (t)
Lo [ ][50 o
where K, = B (t) K,G, and 0 < a < 1 is a constant scalar.

It can be seen from (35) that the following matrix inequality
holds
—aP 0

[ (I+;€y)T ]p[*]+{ —

which guarantees J(t) < 0. By applying Schur complement
lemma [39], the result on (34) can be obtained directly from
(36). Thus we complete the verification of the robust stability
for the closed-loop control system model in (30).

Since J(t) < 0, we have

V() <1+ (V(0)-1)a* (37)

Note that when ¢ (0) satisfies V' (0) < 1, the inequality in
(37) implies V(¢) < 1. Thus we complete this proof to the
reachable set in (32). |

It is also noted that the matrix inequality in (34) is nonlinear
because of the coupling term B (t) K,GP. For simplicity in
the controller design procedure, we can specify the controller
gain I, as

] <0, (36)

K, =BT () (BB (1) K, (38)
where K, is a constant controller gain. In this case, the output-
feedback control system in (30) is rewritten as

e(t+1)=I+K,Get)+W (). 39
Based on the new closed-loop error dynamics in (39),
an online learning law for updating the CMAC’s weights

is given by a parameterized representation of the output-
feedback controller gains in terms of the feasible solutions
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to the following LMI.

Lemma 2: An online learning law (29) can guarantee the
convergence of CMAC’s approximation error with the reach-
able set in (32), if there exist the matrices {0 < P = PT ¢
Rr=Xne G g ROuXNe, f(y € R=X"u} and the positive
scalars {0 < a < 1, VV} such that the following LMI holds,

—aP 0 P+ GTK'yT
0 -3 P < 0. (40)
* * -P

Moreover, if the above LMI has a feasible solution then the
matrix parameter K, in (38) can be given by

K,=P'K,. 41)
Proof: The result can be obtained straightly from Theo-
rems 1, whose proof is thus deleted. [ |

Remark 3.7. Here, our aim at designing the output-feedback
controller (29) such that the minimum bounding for the
reachable set of CMAC’s approximation error can be obtained.
To do so, we borrow the work of [40] to maximize § with
the constrain 61 < P. By using Schur complement [39], the
optimization problem can be easily solved as below:

1
a
where 0 = 671,

Remark 3.8. It is noted that when the matrix term
B(t) BT (t) in (38) is singular, it should be replaced by
BT (t) [B(t) BT (t) +pI] ~! with a small positive scalar p.

Remark 3.9. Thanks to the online learning law based on the
reachable set estimation of output-feedback control as shown
in (29), the learning law for updating CMAC’s weights is given
by

By (8) = [B19]" @1 (1) K (1),

dw]‘k

Amg, (t) = [W”rqﬂ (1) K, 5(t),

dmik

. T
Aoy (1) = [ddfj f)?] 1 (1) K, 8(),
T

= . oI
Minimize ¢ subject to the constrains: { N

Y NV T
where () = || [GR] - [ [+
[d]\?(t)} [dN(t)}T
doik doik :

F. Design of compensation controller

In the previous subsections, we propose the CMAC’s ap-
proximator and its learning law. We now focus on designing
a compensation controller, which is used to dispel the effect
of the approximation error. before moving on we recall the
approximation error of the unknown lumped uncertainty in
(24) as below: .

e(t) =N () - N(), (42)
where N(t) denotes the unknown uncertainty, and N (t)
denotes the approximation of N (t) by using the CMAC neural
network model.

Here, our aim is to design a compensation controller, which
will dispel the impact induced by the approximated error. It
follows from Remark 3.6 that the approximation error can be
bounded by

0<[Ge (Bl <C,

where C' is a positive constant.

(43)

Now, we introduce a compensation controller as below:
uc (t) = (GB) ™ Csgn (s(1)) , (44)
where sgn(*) denotes a switching sign function.
Then, by taking the derivative of the integral-type sliding

surface function (3) and submitting the main controller in (6),
we have
§(t) = Ge (t) — GB(GB) ™' Osgn (s(t)).  (45)

Based on the sliding mode dynamics (45), we derive a
sufficient criteria for designing a CMAC-based SMC law as
shown in (5), which drives the tracking error trajectories onto
the given sliding mode surface s(t) = 0. This is derived to
answer the second question (Q-2).

Theorem 2: The main controller (6) and the compensation
controller (44) can ensure that the tracking error trajectories of
the uncertain descriptor system (1) are driven onto the given
sliding mode surface s(t) = 0.

Proof: We firstly consider the following Lyapunov func-

tion:

V(t) = %ST(t)s(t). (46)

By calculating the derivative of V' (¢), and using the relation

> (0 and (40),0f (45), we have

V(t) =" (1)5(t)
= sT(t)Ge (t) — s (t)Csgn (s(t))
<ls@®lly IGe @y = lls®)ll, ©
<0. “47

It can be seen from (46) that the V' (t) < 0, which means the
main controller (6) and the compensation controller (43) can
drive the tracking error trajectories onto the specified sliding
mode surface s(t) = 0. Therefore, the proof is completed. W

G. Design procedure for CMAC-based SMC strategy

The detailed calculating steps to solve the tracking problem
of the considered uncertain descriptor system can be summa-
rized as below:

1) Use Lemma 1 to obtain the matrix gain K. and choose
the suitable matrix G, and then construct an integral-type
sliding surface function in (3) for the system (1);

2) Introduce CMAC neural network model with the form of
(12)-(15);

3) Construct the main controller u,,(t) as shown in (6);

4) Use Lemma 2 to obtain the controller gain K,, and
construct the output-feedback control law in (29) to update
the weights {Awjy (£), Amyy (t), Aoy (£)} of the CMAC
model;

5) Use Remark 3.6 to obtain the bounding of the reachable
set § and calculate the constant C in 43);

6) Construct the compensation controller u. () as shown in
(44);

7) Apply the main controller and the compensation con-
troller as shown in (6) and (44) to the system (1).

IV. DEMONSTRATIVE EXAMPLES

This section considers a salient permanent magnet syn-
chronous motor (PMSM), where its stator inductance is not
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equal around the airgap. In the PMSM system, its control is
generally implemented by using the vector modulation. For
the control of speed, torque, and position, the big trouble
that arises, particularly in the regulation of torque relative to
stator current. Therefore, a new transformation called the d—q
coordinates is used to depict the relation between the stator
current and the voltage vector [41].

3k
Lsd

CMAC-Based
SMC Strategy

usd¢ ‘usq

Inverse Park
Transformation

U * *u;

sq

% Lg

Park
Transformation

id i

Clarke Inverse Clarke
Transformation Transformation
X ) . ) X ) Gating | [ Signals
Ta | W | 2c l’L
\= IGBT
PMSM L: Inverter

Fig. 2. Control framework of PMSM using the CMAC-based SMC method.

Fig. 2 shows the control framework of PMSM using the
CMAC-based SMC method proposed in this paper. In the d—q
coordinates the stator inductance is equal to Ly on the d axis
and is also equal to L, on the ¢ axis. The evolution of these
d — q currents can be described as follows [6], [41]:

disq . )
LdT:_ = *Rszsd - Wququ + Usd,
r,3sa _ _p Lyi
q dt = —Lislsqg — Wrliglsd +usq - wrwmv

where Ly and L, are the stator inductance; [?; denotes the
stator resistance; isq and i,, are regarded as the stator current;
usq and ug, are the stator voltage; w, is the electrical rotor
frequency; v, is the rotor flux linkage from the permanent
magnets.

Further, we consider the unknown uncertainties ¢; and ¢o
are involved in the d — ¢ currents, respectively. The aim
at controlling the stator currents isq and is, to follow the
references iy, and g, with the accuracy and robustness,
respectively. Here, we first define

| La O | s . i:d
A P U L

. -R, —w,L, |10
A_|:erq —R, :|’B_[0 1:|’

o-[]vo-[, % |

2 — Wrm
Then, the salient PMSM system is depicted by the state-space
formulas as shown in (1).

In this simulation, the system parameters are L; = 0.3562H,
L, = 0.5298H, R, = 0.2762, Q,w, = 50Hz. The detailed
calculating steps to solve the current tracking problem of the
considered salient PMSM system are summarized as below:

1) Use Theorem 1 to obtain the controller gain K, =

—86.7994  16.3123 .
_948099 —131.2388 and choose the matrix G =
(1) (1) , and then construct an integral-type sliding surface

unction as the form of (3);

2) Introduce CMAC network model with the form of (12)-
(15);

3) Construct the main controller w,, (t) as the form of (6);

4) Give a = 0.9 and W = 0.0476 and use Lemma 1 to
-1 0
0 -1
an online learning law based on the output-feedback controller
with p =0.00001 as follows:

U(t) =BT (1) [B(t) BT (t)+p1] " K,Ge (1),
where B(t) is defined in (27);

5) Use Remark 3.6 to obtain the reachable set bounding
0 = 0.0153 and calculate the bounding C' = 0.2010 in (43);

6) Construct the compensation controller w.. (t) as the form
of (44);

7) Give the initial conditions of the control system as
z(0) = [0.5,—0.5]7, z4(t) = [0, 0.8*sin (5¢)]T. Note that the
choice of z4 can be different according to the torque (refer to
[42] for details). We assume that the unknown uncertainties
¢1 = 0.2sin10¢t and ¢o = 0.2cos10t. Now, we apply
the integral-type sliding surface function, the CMAC neural
network model, the main controller, and the compensation
controller. When using the proposed CMAC’s learning with
the output-feedback control method, the currents of the d — ¢
coordinates and their references are shown in Figs. 3 and 4,
respectively. In each cycle of learning, the updated weights of
CMAC neural network model can be shown in Fig. 5. Fig. 6
shows the response of the CMAC-based sliding mode control
input. However, when considering the CMAC model with the
gradient-descent based learning [30]-[32], Figs. 7 and 8 show
the responses of the d—axis and g—axis currents and their
references, respectively. Define the convergence performance
as Y., |le(@)|ly /n, where n is the number of iterations.
Fig. 9 plots the convergence performances of CMAC for the
reachable set learning law proposed in this paper and the
gradient-descent based learning law proposed in [30]-[32]. It
is easy to see that the high accuracy and convergence speed to
the tracking responses of the d — ¢ currents can be realized by
using the CMAC-based SMC method proposed in this paper.

Remark 4.1. Note that the work of [30]-[32] proposes
the gradient-descent based learning for the training of C-
MAC neural network without convergence analysis. The main
drawbacks of the method are its slow convergence speed
and its inability to ensure global minimum. Moreover, this
method introduces the learning rates subject to some positive
scalars to be searched or manually prescribed. Taking different
learning-rate values may lead to instability of CMAC model.
To effectively train the CMAC model, this paper formulates
the training problem of CMAC model into the estimation
framework of the reachable set for discrete time nonlinear
system. An online learning law based on the output-feedback
control method is developed and the approximation error of
CMAC model is bounded in an ellipsoidal reachable set.

Remark 4.2. It is also noted that the proposed CMAC-

obtain the controller gain K, = , and construct
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Fig. 3. Responses of the d—axis current using CMAC’ learning based on
the output-feedback control method.
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Fig. 4. Responses of the g—axis current using CMAC’ learning based on
the output-feedback control method.

based SMC carries the advantages of both the reachable set
method and the SMC technique at the same time. In this sense,
the training of CMAC model is robust convergence with the
minimum approximation error by using the online learning
law (29), and the SMC strategy ensures the reachability of
the system trajectories subject to the given sliding mode
surface. Figs. 3-4 have shown that the methods proposed in
this paper achieve the fast response and high-accuracy tracking
performance against unknown dynamics in comparison with
the gradient-descent based learning proposed in [30]-[32].

V. CONCLUSIONS

The issue of SMC trajectory tracking for uncertain descrip-
tor systems with unknown dynamics has been examined. The
CMAC-based SMC scheme was developed and all the control
gains and the online learning parameters are obtained by calcu-
lating a set of LMIs. The effectiveness of the proposed CMAC-
based SMC scheme is illustrated by controlling a salient
PMSM system. The simulation result shows that the methods
proposed in this paper achieve the fast response and high-
accuracy tracking performance against unknown dynamics in
comparison with the gradient-descent based learning proposed

Fig.
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5. The updates of CMAC weights using the online learning algorithm

based on the output-feedback control method.
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6. Responses of the CMAC-based sliding mode control input.

in [30]-[32]. Further studies would focus on more effective
neural-learning algorithms using the robust control method for
identification and control of nonlinear systems.
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