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Abstract—An adaptive fuzzy prescribed-time connectivity-
preserving consensus protocol is designed for a class of stochastic
nonstrict-feedback multiagent systems, in which periodic dis-
turbances, switched nonlinearities, input saturation and limited
communication ranges are taken into consideration simultaneous-
ly. The connectivity, determined by the limited communication
ranges and initial positions of agents, is preserved by incor-
porating an error transformation. Further, common Lyapunov
function is considered to deal with the switching modes. By com-
bining reduced fuzzy logic system with Fourier series expansion,
a novel approximator is constructed to deal with periodically
disturbed nonlinearities and to surmount the difficulty brought
by the nonstrict-feedback structure. More importantly, distinctly
from the existing finite/fixed-time control strategies where the
settling time is heavily dependent on the accurate value of the
initial states and control parameters, the settling time of the
proposed prescribed-time consensus is completely independent
of the initialization and control parameters and can be given
a priori only according to actual demands. Based on the Lya-
punov stability theory, the designed controller ensures that the
connectivity-preserving consensus is achieved in prescribed time
and all the signals remain bounded in probability. To the end, the
feasibility of the proposed consensus protocol is demonstrated by
simulation.

Index Terms—Prescribed-time consensus, connectivity preser-
vation, reduced fuzzy logic system, switched nonstrict-feedback
structure, periodically disturbed nonlinearities.

I. INTRODUCTION

VER the past decades, multiagent systems (MASs)

are widely applied in essential practice, e.g., smart
power grids, unmanned aircraft systems, autonomous mobile
robots. The research on consensus of MASs, which is one
fundamental issue in MASs control fields, has gained great
attention. Uncertainty is inevitable in the modeling process
and then many handling methods are proposed. For instance,
Takagi-Sugeno fuzzy controllers are carried out in [[1]], [2]
to control servosystems. Among these methods, fuzzy logic
system (FLS) [3] and neural network (NN) [4] are the most
popular and effective tools to tackle unknown uncertainties
in the controlled systems. The authors in [3]] study adap-
tive fuzzy optimal control. FLS is adopted to model system
nonlinearities. However, the controlled systems considered in
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these achievements are based on conventional backstepping
recursive design and restricted to lower triangular structure.

In reality, many systems can be modeled as nonstrict-
feedback form, e.g., ship maneuvering system [5]], and this is a
more general system structure. To deal with nonstrict-feedback
structure, variable separation method is utilized, where the
system function is assumed less than a strictly increasing func-
tion [6]], [7]. The assumption condition is relative stringent.
Later, with the help of the structural characteristic of Gaussian
basis functions, adaptive-backstepping-based FLS/NN control
algorithms are presented to relax this restriction. The authors
in [8]] investigate the adaptive neural consensus for switched
MASs in nonstrict-feedback form. Nonstrict-feedback terms
are handled by utilizing the property of Gaussian basis func-
tions. In [9], to successfully apply backstepping design, FLS
is adopted to assist controller design. Note that the unknown
nonlinearities in these literatures are disturbance-independent.
In fact, periodic disturbances often exist in actual systems.
Van der Pol oscillator is a typical systems which possesses
periodic exciting signals [[10]. The FLS/NN cannot be applied
to model the function which contains unmeasured periodic
disturbances. Fortunately, inspired by Fourier series expan-
sion (FSE) in [11], FSE-FLS and FSE-NN approximator are
proposed in [[12]] and [13]], respectively, to depict periodically
disturbed functions in single system. Subsequently, many
related results are emerged, such as [14], [15]. Although
these approximators overcome the design difficulty caused by
disturbance-dependent functions, the investigated systems are
limited to lower triangular structure. The previously control
schemes using variable separation method and Gaussian basis
function property are unavailable for periodically disturbed
nonstrict-feedback MASs. Meanwhile, switched dynamics are
inevitably in engineering and quintessential instances include
traffic surveillance control systems and switched circuits. To
date, how to cope with nonstrict-feedback MASs subject to
periodically disturbed nonlinearities and switched dynamics is
still an open problem. This motivates our research.

It is well known that mobile robots can only interact with
others within the ranges limited by the communication capa-
bility of the equipped devices. The restriction is disregarded
in aforementioned achievements. Taking the limited communi-
cation capability into account leads to a meaningful research:
preserving the connectivity of the communication graph. The
potential function and error transformation approach are pre-
sented in [[16] and [17] to preserve the connectivity of MASs
subject to limited communication ranges. Alternatively, many



advanced applications, such as interplanetary exploration, wide
aperture earth monitoring and docking, have performance
requirements on response time due to production efficiency
or security reasons. For instance, in power systems, the less
time the voltage take to reach to the nominal values, the less
accident propagates and the less economic losses are. Finite-
time and fixed-time stability theories are put forward in [[18]]
and [19], which have the advantages of faster convergence
time, better robustness to uncertainties, and etc. Some favor-
able achievements on finite/fixed-time connectivity-preserving
control algorithms have been published based on the design
idea of [18]], [19]. Finite-time control of second-order MASs
subject to limited sensing ranges is investigated in [20].
The authors in [21] study the finite-time control issue with
connectivity preservation for nonlinear MASs. For unmanned
surface vehicles with limited sensing ranges, the finite-time
path maneuvering problem is addressed in [22]]. The settling
time of finite-time is heavily dependent on the initial states,
which results in that the settling time may increase as initial
states aggrandize. Moreover, in practice, the initial states
may not easily to be available. The authors in [23|] and
[24] investigate fixed-time control problem for second-order
and Euler-Lagrange-type MASs with limited communication
ranges, respectively. Fixed-time control protocol with pre-
served connectivity is provided in [25] for strict-feedback
MAS:s. It is noted that, in fact, the setting time of fixed-time
is a function which relies upon some control parameters. And
thus, the setting time can not be given specifically. Besides, the
boundary of the settling time is estimated too conservatively,
which means that the estimate is much larger than the real
settling time. For instance, the estimate is about 100 seconds
which is much larger than the settling time obtained by the
simulation in [19]. The finite/fixed-time control schemes with
connectivity preservation should be developed since some
missions are time-pressured. As a result, it is necessary to
achieve the consensus in prescribed time to meet the actual
convergence requirements. Note that few scholars pay atten-
tion to the prescribed-time connectivity-preserving consensus
control problem which is essential and has extensive research
significance.

Inspired by the foregoing observations, this paper inves-
tigates prescribed-time consensus control problem with pre-
served connectivity for stochastic nonstrict-feedback switched
MASs with periodic disturbances. Compared with the previous
works, the following contributions are worth to be emphasized.

1) Unlike the most existing works on stochastic MASs
[6l, [7], the investigated stochastic system model con-
tains disturbance-dependent nonlinearities which allow
unmeasured periodic disturbances to get into the unknown
functions nonlinearly. Moreover, switched dynamics are
considered simultaneously. Therefore, the model is more
general and far different from the ones in the previous
works.

2) Differently from the finite/fixed-time consensus in [27]],
[28] where the settling time cannot be specified and
meanwhile the estimated boundary is conservative, the
proposed prescribed-time control strategy not only fa-

cilitates the theoretical development but also is in line

with practical applications since the settling time can be

prescribed arbitrarily before the controller is conducted.
3) Compared with the finite/fixed-time connectivity-
preserving control schemes in [21]], [23[], [25] where
artificial potential function method is employed, an
error transformation is incorporated to preserve the
connectivity to achieve the desired control objective with
convergence requirements.
From the point of view of function approximation, FLS
[3] and NN [4]] are invalid since the MASs in non-
triangular form are considered. A novel reduced-FLS
(RFLS) approximator [29]] is employed to ensure that
the adaptive backstepping design is available for non-
triangular structure.
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II. PRELIMINARIES AND PROBLEM FORMULATION
A. Communication Graph

The communication among agents subjected to limited
communication ranges is described by G = (V, &), where
V £ {0,1,2,...,N} is nodes set with one leader node
(marked by 0) and N follower nodes (indexed by 1,2,..., N),
E2{(i,§),i,j € V,i# j}is edges set. Fori € V —{0},j €
V, it follows that

(1,)) €€ = lyi —yj| < R;,Vt >0, )]

where constant Z; > 0 denotes the communication range of
agent j; y; denotes the position of agent . The neighbor set of
follower 4 is defined as V; = {j | (i,7) € £}. Communication
weight a;; is given by
{ aj;,if (i,5) € €
a;j = . )
0, otherwise
with constant a;; > 0.
Assumption 1: [|I'7] There exists a directed spanning tree in
communication graph G at ¢ = 0 rooted by the leader.
Remark 1: Assumption 1 is a mild assumption and has also
been presented in [20]—[25]]. Practically, most of the mobile
robots only can interact with others through wireless vehicles
within limited ranges. If the distance between two robots is
farther away and gets out of the sensing ranges, then the
distributed control objective may not be achieved duo to the
broken connectivity. Therefore, this assumption is reasonable
and in line with fact.

B. FLS and FSE Approximator

The if-then rules are used to construct FLS [30]: R™: If
Xy is F{" and X5 is Fy"* and ... and X, is F}", then y
is G™, where m = 1,2,...,r; > 1 is the number of fuzzy
rules; X = [X1, Xo,...,X,]T and y are the FLS’s input and
output; F{" and G™ are fuzzy sets related to prm(X;) and
g (y). Through a series of fuzzy strategies, the output of

the FLS is
_ Do Im [Tica e (X;)

M S (M e (60)
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where §,, = max ugm (y). Then, continuous function f (X)
YER

can be descrlbed by an FLS over a compact set {2x as

F(X) =

where ideal weight vector W =

with W,, = gm, fuzzy basis vector P(X) =

[@1(X), P2(X),..., 0, (X)]T  with  &,,(X) =
T 1/1,Fm (X3) .

; approximation error e(X) satisfies

WTe(X) +e(X), X € Qx, 4)

(W1, Wa, ..., W, T

PO (H¢=1 prm (Xi)

|e(X)] < & with constant & > 0. The construction of FLS is
associated with the choice of fuzzy membership function [31]].
Commonly, for m =1,2,..., 71, ppm(X) = [T/ prm (X;)
can be chosen as the Guassian-type membership function
with ppm (X) = exp { — W}, where a,, and
b, denote the centers and widths, respectively. Alternatively,
inspired by [11], periodic disturbance ¥(¢) could be presented
by an FSE

9(t) = 07 p(t) + €(t), (5)
where weight vector 0 = [01,0s,...,0,,]7; basis function
vector ¢(t) = [p1(t), d2(t), ..., oy (8)]T with ¢1(t) = 1,

Gam (t) = V/2sin(2rmt/T), Ba(my1)(t) = V2 cos(2mmt/T),
m=1,2,...,(ro—1)/2; €(t) is the bounded truncation error.
Then, taking (3) as the input of @) yields

F(X,0(t) = WTe(X,,07(t) + w(X,t),  (6)

where w(X,t) = WT(X;,0T0(t) + (1))
WTO(Xy, 0T p(t)) + e(X,9(t)) satisfies |w(X,t)] <
with constant @ > 0.

Lemma 1: [12] For (6), it holds

€I

WTd(Xy, 07 p(t) — WTd(Xy, 07 (1))
=WT(@—0Tpt)) + WT'0Tp(t) + 3, (7)

\yhere W,ﬂ are the estirpates of I/V,AH; W :AW—W, 0 :AQ—GA;
D = B(Xy,070(t)), & = [@],9,...,9] ] with &, =
%&’)ﬁ(mb@:é%(t), m = 1,2,...,ry. B is bounded by
1Bl < lollllo@)WT e[|+ W26 é(t)]| + W]y, where ||- |
and | - |1 are the 2-norm and 1-norm operation.

C. System Description

Follower 7 of the considered stochastic nonstrict-feedback
switched MASs is governed by the following system subject
to unmeasured periodic disturbances

dzp = [Tikt1 + fiy k (
e = [ui(0i) + FI0 (i din ()]t + 670 (2
yi =xi1,1=1,2,..., N,

3
where k =1,2,...,n— 1 z; = [z;1,Zi2,. .. ,Zin]T denotes
the state vector; w is an r-dimensional standard Wiener pro-
cess; 0;(t) @ [to, +oo] = 3J; = {1,2,...,];} is the switching
signal with the number of modes J; and initial moment tg;
for I; € J;, fllk(), gik() are unknown continuous functions;
d; 1 (t) is unmeasured periodic disturbance; v;, y; stand for the

O (s, dik(£)))dt + g7 (@i, di o (t))dw,
(t))dw,

controller and system output. u;(v;) represents saturation-type
nonlinearity

v, i vg > v,
u;(v;) = Sat(v;) = i, if v, <v; <oy, 9)
U,y 10 < Uy,

where constants vy, > 0,v,,, < 0 are the parameters of
Sat(v;). The leader is generated by

yO :fO(y(ht)v (10)

where yo is the output which is available only for the fol-
lowers satisfying 0 € N;; fo(yo,t) is an unknown continuous
function.

Remark 2: The research on stochastic nonlinear MASs has
gained great attention over past years. The main difference
between deterministic and stochastic system control is caused
by the fact that the differential of Lyapunov function along
with stochastic model includes Hessian term, which leads to
that the stability analysis for stochastic systems is different
from deterministic ones.

Definition 1: Prescribed-time connectivity-preserving con-
sensus of stochastic nonstrict-feedback switched MASs (8)-
(I0) is said to be achieved if there exist a constant ¢ > 0 and

prescribed time 7 > 0 such that for i =1,2,..., N and j €
N;, consensus errors &; = y; — o satisfy lim |y; —yo| = € and
y t—T
—
lyi —yo| < €,¥t > T, and meanwhile if |y;(0) —y;(0)| < R;,

then |y; — y;| < R;,Vt > 0.

The control objective is to design an adaptive fuzzy control
scheme for stochastic MASs (B)-(I0) to guarantee that the
consensus defined in Definition 1 can be achieved even in
the presence of periodically disturbed nonlinearities, nonstrict-
feedback structure, switched dynamics and input saturation.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

In this section, an adaptive fuzzy prescribed-time
connectivity-preserving consensus control scheme is propsoed
for stochastic MASs (8)-(T0).

A. Error Definition

First, define error signals z; 1, 2; 1 as

h(t)h(t)e;
R 010 S— (1)
(h(t) + ei)(h(t) — e;)
Zik = Tigk — Qg k—1,Ci k=1 = Oj k—1 — Qg k—1, (12)
where k = 2,3,...,n; h(t), h(t) are two continuous differen-

tiable functions given later; e; is distributed consensus error
given by

N
R; + (yi — y5)
e = E a;jSij, Sij = In=2 1
) =~ 19455 9] Rj_(yi_yj),

Ci,k—1 1s the boundary layer error of dynamic surface con-
trol (DSC) technique; virtual controller ¢, ;1 is derived by
nonlinear filter

13)

—Cig — ﬂ §7—'k
) |Qk‘sz+f€ 2"

@i 1(0) = i x(0),k=1,2,...,

Ci,k@?,k
Cszi,k + K
(14)

Ti kO kg =

n—1,



where &; j, is the filtered value of o i, 7k, k > 0 are design
parameters; Pi,k, QAi,k are the estimates of P , Q; » specified
later.

Remark 3: In conventional adaptive backstepping design
procedure, when the order of controlled systems rises, the
repeated derivatives of the virtual controller will become
complicated, which is the so-called “explosion of complexity”
problem. “explosion of complexity” is successfully tackled
via DSC technique. Differently from the preceding DSC
technique with linear filter [4]], [9], nonlinear filter is
adopted. Specifically, in the published linear-filter-based con-
trol schemes, the unknown upper bound of virtual controller’s
differential is neglected, which makes the difficulty in achiev-
ing favourable control performance. For instance, when putting
it into the tail term [9]] or the boundary layer errors’ coefficient
[4] of the Lyapunov function differential, which may leads to
that it is difficult to select control parameters to achieve desired
performance. In present work, nonlinear filter (14) surmounts
the limitations.

Remark 4: According to Lemma 2 in [32], it follows that the
boundedness and convergence of e; can ensure the preserved
connectivity and consensus. Therefore, the following contents
will focus on how to obtain the boundedness and prescribed-
time convergence of e;.

To ensure the prescribed-time convergence of e;, a continu-
ously differentiable and monotonically decreasing function is
presented

ht) = { (h(0) o) (1 - (a/d)t)a FL0<t<T,

(15)
t>T,

where h(0) > ¢, a,d € RT,1 > 0 are design parameters.
Remark 5: The value of parameter ¢ determines the maxi-
mum permissible size of errors in the steady state. Settling
time 7 is dependent on constants a,d. Consequently, by
selecting appropriate parameters for function h(t), prescribed
time 7 is known a priori before controller design.
Function h(t) exhibits the properties that tli_)rr% h(t) = ¢ and

h(t) = 1,¥ t > T. Define h(t) = m1h(t), h(t) = moh(t) with
constants 7y, 7o > 0. According to , if z;1 is bounded,
e; = —h(t) and e; = h(t) will not occur. Clearly, if —h(0) <
e;(0) < h(0), then —h(t) < e; < h(t) will always hold.
Thus, from A(t) in (15), it follows that distributed consensus
errors e;, ¢ = 1,2,..., N will converge to prescribed interval
(—m1e,m2e) in prescribed time 7. Then, based on the above
analysis, the following design is to ensure the boundedness of
CITor 2; 1.

To compensate saturation nonlinearity, an auxiliary system
is designed to generate compensated signals:

éfi,k: = £i7k+l - pi,kfi,h k= 17 2a s, — 17
gi,n = Au; — pi,nfi,nv

where & = [£1,6i2,...,&n]T is the state of auxiliary
system; Au; = u;(v;) —vi5 pig > %, pik>1,k=23,...,n
are design parameters.

Remark 6: Saturated input is unavoidable and its presence
may destroy the stability of controlled systems. It should

(16)

be pointed out that auxiliary system (I6) is designed to
compensate the effect.

Thus, according to (TI)-(I2) and (I6), compensated error is
defined as

Ziv =74k =&k k=1,2,...,n.

s

amn

B. Controller Design

The proposed prescribed-time connectivity-preserving con-
sensus control strategy is presented as follows.
In the first place, virtual controllers are designed as

-1 % i,l(Tiwi)l/g

—1 A A
— (Yim;) (Hi + WP (xin, 0] 1601 (1))
ZE1M1'2,1-I?,1(75) )
Zgl|‘Mi,1-Ii,1(t) + K ’

Q31 = — C¢,1Zi,1 (Tiwi)

+ | (18)

3 1
—(cik+ 5+ 7)Zik —

= 511 ngq)i,k(xi,k,éfk%,k@))
Z3, M2, 712, (¢
- Gk wi ) k=2.3,...,n—1, (19
1 Z3 | [ M ik () + £
and then controller v; is designed as
1 . .
Vi = — Cinin — ZZi,n - I/Vgnq)i,n(Xi,na szn@,n(t))
23 M2, ()
_ nonn ) (20)
|Z13n||Mzn-Izn(t) +K
_ h(t)e ; —h(t)e? 704
where II; = (h%t)-l—ei)Q(f_L(t))—ei)h(t) + Eoremo—ar M
h(t)h(t) (h()h(t)+eF ) | _ N 2R, .
T, = (R() e )2(h(t)—e)? wi = Zj:O Qi Rff(yiiy]‘)?’
for £ = 1,2,...,m, ¢y > 0 are control gains;

ngq’i,k(Xi,k,égkéﬁi,k(f)) are the outputs of the function
approximator to compensate unknown nonlinearities, which
will be provided later; x;j are related to the system states
and errors, which will be defined in the following substance;

Z?,k]qik-l?,k(t)
122 1M kT s (8) 50
press the approximator errors in each step of backstepping
recursively design process; Wlk, élk and th are the esti-
mates of unknown vectors W j,6; ,, and unknown constants
M; ,, respectively, which are reparametrized from models (8]
and (T0); 7T » are known functions.

Besides, for £ = 1,2,...,n, the estimates are updated by
adaptive laws

adaptive robust terms are designed to sup-

Wip = 'Yi,kzzk((i)i,k - ‘i’;kézk%k(t)) — PW; Wik, 1)

Oi = Vi k Z2 WE DL hi1e(t) — po, i, (22)
(23)

M; g = ikl Z3 6Tk () = poa, . M,

where v; k, Vi k; Si,ks PW, 1.5 P8;.1> PM;,, > 0 are design param-
eters.

Remark 7: To improved the clarity of the controller design
procedure, a block diagram of the proposed prescribed-time
connectivity-preserving consensus control algorithm for the ith
follower is provided in Fig. [I]
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Fig. 1. Block diagram for the controlled systems.

C. Stability Analysis

Theorem 1: Under Assumption 1, consider the closed-loop
stochastic nonstrict-feedback switched MASs composed of
followers (8), virtual leader (T0), virtual controllers (I8)) and

(T9), designed controller (20) and adaptive laws (ZI)-(23). The
control objective in section II is achieved.

Proof: The controller design process is divided into the
following steps.

Step 1. By referring to error signal z; 1 in (]'1;1'[) and distribut-
ed consensus error e; in , the Ito differential [3|] of Z; ;
is derived as

dZ;1 =dz;1 —d&
:d[h( Vh(t)ei] (h(t) + ei) (h(t) — e;)
(<@<>+e>< <>—ez>)2
()h(t)ed[(h(t) + e;)(h(t) — €;)]
h

((h(®) + e)(B(t) —e)”

= (&2 —pin&in)dt
= I;dt + Tide; — (§i2 — pinéin)dt, (24)
where
de; =i (w2 + 173 >(xi,di,1<t>))
N
Zau = 1 S5 (@ia 1730 @ dia (1))
230 )
— ;0 R2 — (yi — y0)2y0:| dt + Gmdw, (25)
Gi1= wzgfﬁ( (s, di, 1(t))
Z aij 5 594 (@, da (1) (26)
Yi — Yj)
Construct candidate Lyapunov function
1
Via = 7% 27)

With z; 0 = Z; o +&; 2+ (1 + 1, the infinitesimal generator
of V; 1 satisfies

LV = Zf’,l (Hi + 7 (wi (Zig+ &2+ Ga+aun

o 2R .
+ ff (t)(g;z, dia(t))) —abom%
N
- %‘#jg (2j2 + 13 (@5, de(t))))
= Ry — (yi — v5) '

—&i2 +Pi,1fz‘,1> + *Z¢2,1(TiGz‘,1)T(TiGi,l)-

(28)
Applying the Young’s inequality [[14]] yields
Z3\ViwiZio < 32 (T + Z4 (29)
Zi,1TiwiCi,l < Zzﬁl(Tiwi)Mg + ZCi,h (30)
D2 (NG (TiGi) < 2L Gl + 2o, G
where ¢ > 0 is a constant. Thus, it follows that
LV < Z2) <H1 + ;Zi,l(Tiwi)4/3 + Tiwiai
+ Fi,1(Xi,1ﬂ9i,1)) + iZf’z + i(ﬁl + ZQ, (32)
where F; 1(X;1,%:1) = Tiwi&;, 2+Tzwzfzgi ® (Ii, dia(t))—
T Z] 1“1Jm( j2+fgj(t (@5, dja(t) — &2 —

TazoRz (2y y0)2y0+pzlle+ ZleT G11H4 is an un-
known and periodically dlsturbed function with X;; =
(1,25, 90, (1), B(1), €10, €120 D20 () — [ (2), dya (1))
Similar to [33]], for all sw1tch1ng modes [; € J;,l; € 3j,
there exists a continuous function f;1(X; 1,91, 1:,1) such
that

ZilFi,l(Xi,l,ﬁi,l) < Zzlfi,l(Xi,l,ﬁi,l, pin) +via, (33)

where f1; 1,51 > 0 are design parameters.

FLS cannot be applied to approximate F; 1(X; 1,91, fhi,1)
directly due to the existence of unmeasured periodic distur-
bance ¥(t). In view of (6) and RFLS [29], one obtains

Fin(Xi1,0i0,1i1) = ngq’i,l(xz‘,h 93:1@,1@))
+ w1 (X, 1), (34)
where x;1 = [i.1, 2.1, Y0, h(t), h(t), pia]".

Remark 8: From @), variable X ; is related to all the
states of ith follower. According to the design principle of
adaptive backstepping, if FLS is directly used, the problem
of algebraic loop will occur. To overcome the restriction that
conventional adaptive backstepping design is only applicable
to lower triangular systems, variable X; ; is changed to x; 1
by means of RFLS approximator. Then, adaptive backstepping
design can work normally for non-triangular systems.



From Lemma 1, it yields
2?71}7',;71()(171719,;71)
< via + 23 (W@ (i, 071600 (1)

+ W (@50 — 9,607 1001 (1) + ng‘i’:uég,ﬂl(bi,l(t))
Z8 M2 T34 (1)
Z?,1||Mi,1-li71(t) + K
VI P+ [Wirll? + (Wial + @i1)%

where M,;; =
Tiat) = e OWE @12 + 18,60 601 (1) + 1

k > 0 is a constant. By taking (33) into account, Ineq. (32)
becomes

22 M T (1), (35)

+I€+‘

LViy < Z}, (Hi + %Zi,l(Tiwi)4/3 + Ym0
+ W @1 (X1, 0F i1 (1))
73 M2 (8)
Z3 || M; 11 (t) +n>
+ Zi3,1 (Wi,Tl(‘i)i,l - ‘i)g,1é;":1</)i71(t))
+ WA, 10T, 011 (1)) + 1231 | Wi Tia (1)
3

1 1
vt 2+ G+ e

By taking virtual controller (I8) into account, it holds that

"

(36)

LViy < —cinZiy + 774 (Wﬂ(&m — & 071 6i1(1))
+ WA 0T1001(1)) + 1231 |Mi0 Tia (1)

1 1 3
+ K4y + 125{2 + Zcﬁl + Zo. (37)

4

Step k& (k= 2,3,...,n — 1). The stochastic differential of
Zi i, in (T7) satisfies

dZ;p =das g — day -1 — d&i g
= [@j g1 + fg};(t) (25, d; (1)) — Qi -1

— & k1 + ik )dt + Gy pdw, (38)

where G, = gzz(t)(mi,di7k(t)). The candidated Lyapunov
function is constructed as
1
Vik = 7%k (39)

In view of It6 formula, it follows that
LV = Zf’,k (Zi,k+1 + Gkt o+ fg,’;(t) (@i, d; i (t))
- 3
— QG k-1 +pi,k§i,k) + §Zi2,kGZkGi,k- (40)

By using the Young’s inequality for Z},Z; 111, Z2:Cik,
372,.GT,.Giy, it yields

3
LV; ) < Zf’,k (izi,k + ik + Fi g (Xig, ﬁlk))

1 1 3
+ ZZ?,IC+1 + ZC?,I@ + 12 (41)
where Fi,k(Xi,ka ﬂi,k) = %Zi7k|‘G¢,k||4+fZ;€(t) (24, di,k(t))f
Qip—1 + pirlip with X = (25,61, 7 0in(t) =

d; x(t). For all switching modes [; € 3, there exists a
continuous function F; (X, x, ¥i k, fi,k) such that

Z2Fs k(Xige, Vi) < Z26F ie(Xi ko Vi kos i) + Vi
(42)
where g, Vi > 0 are constants. Function

Fix(Xik, Uik, i) can be approximated by FSE and
RFLS as

Fie(Xiks Ui i) = Wi @i e (X 07 1 i, (1))

+wi,k:(Xi,k7t7,ui,k)7 (43)

— [ T = — T :
where Xik = [zi7k7#i,k} s Lik = [zi’17xi72, ‘e ,$i7k] . Sim-

ilar to the process in (33), it yields
Z3 1 Fik (X, Vi k)
<vpp+ Zik (ng‘bi,k(xz',m ég:kﬁbi,k(t))
+ W (@ig — 9] 07 00k (1) + ngi’é,kéf;g@,k(t))
ZﬁkMz%k-izz,k(t)
Zzs,kHMi,k-ii,k(t) +

thE+ | + \Z?,ku\;fi,k_ii,k(t)v 44)
K

where Mix = \/0ix]> + [Wirl® + (Wikh +@ir)?
Tix(t) = \/||¢i7k(t)Wfk‘I>§,k||2 + (|9} 07 pik ()17 + 1.

By substituting (@#4) into (@I, it holds that

1
LVik < — (e + Z)Zﬁk

+ Zi3,k (Wsz(‘i)zk - (i);,kézjkd)i,k(t))
+ ng(i)é,kéij:k(bi,k(t)) + 122 M; 1T e (2)

1 1 3
+Zikn T Gt e R viE (45)
Step n. The infinitesimal generator of Z; ,, is
dZ;, = [f,-(j;(t) (25, din(t)) = Qi
+v; + pi,nfi,n]dt + Gi,ndw, (46)

where G, ,, = ngl(t)(xi, d; n(t)). Consider Lyapunov function

1
Vim = =Z . 47
s 4 )
By utilizing the Young’s inequality for %anGZTnG“L it holds
that

3
LVin < 20 (Vi + Fin(Xins Vi) ) + F0. @48)
where Fi,n(Xi,nu 797,,71) = _Oii,nfl %Zi,n||Gi,nH4+pi,n§i,n+
fgi(t)(%,di,n(t)) with X;, = [@4, Gine1,&in]?,0i1(t) =

i\n



d; n(t). Then
22 Fin(Xin, Vi)
< 28, (W21 (i, 1.0 ()
23 M2 T ()
| Z3 | M3 i (8 )+f€)
+ 22, (Wi (@i = ],07,65,0(1))

+ W80T, 61n(1))
+ | i,n|Mi7TL-[i,n(t) + Vin + K,

(49)

where fi; n, Vi, > 0 are design parameters; X; ,, = [z, ftin]”;
Mip = \/10in]? + IIWi,nII2 (Winl1 + @in)% Tin(t) =

\/||¢z,n( )WT q), H2 zn zn¢l "( )H2 + 1.

,n ,Mn

Further, by substituting (@[) into (@8), it yields
LVin < Z3, (Ui + W @40 (Xi s 0 in (1))

23, M2, TR (1)
b Ll Tal) )

+ 28, (WT (i = B}, 07,010 (1))

W0, 0T, 61n(1))

~ 3
+ |Zi37n|Mi7n-[i,n(t) +Vin+ K+ ZQ.

In view of designed controller v;, it holds that

(50)

1
‘c‘/i,n S - (Ci,n + Z)Z;ln
+ 230 (W (@i — 81,07, 050 ()

+ WzTn(I); nazTn(me(t)) + ‘Zi,n‘Mi,n-Ii,n (t)

3
+Vi,n+"{+ ~0-

51
1 (51
Consider overall Lyapunov function
n no n—1
EONTES AT SEtcH
k=1 k=1 k=1
n—1
1 1
—Q; 52
+ 3 (G Pl + 35 Oh), ©2)
k=1 '
where Vi,k = 7 kW ka + 50, k01k92k + 5 kak,
Mi,l =M;1 — Mz’l, Mik, Ai,k, > 0 are constants.
Differentiating boundary layer error (; j yields
- Gt CleP
%, Tik |C13,k|PZ,k +K
3 i A?
J3_ Gk Tar e Redw, (53)

2 Cszi,k + K

da; i
where i1 = - azli (xz 2 + fa ® (xia dul(t))) -
60(1‘7 . 8047, 8&17 aaia 7
e Yo — Bh(tl)h( ) - Oﬁ(t;h( ) — avi/i,ll o
dai1 A dai1 1 Oai,
8@i,11 Bl BMi,ll il Zje{M—O} 8:16]',1 (xj’Q -

£y, dia (1)), Rig =

da; i (t
— Gt g7 wi, dia (1) —
Oaia 0;(t) '
de{N —0} aiJigjf (z5,dj1

(t); for k = 2,3,...,n—1,

Oa i
ik = 21:1 %ﬁ;(xi,HI +f (-ru 1l(t))) -
davik 17 daui kA daii
ajv’k ik 8&"; ik azzMzk N; & =
d : ’
Zz 1 ai“: it (t)(xwdz (1))
In view of (]3;5[) one has
Grllk

LV; = ZﬁVi,k+Z ( ik(— E’k -
k=1 k=1

ik |Gyl Pk +
3 C’i,kQ%k

3.2 T
- = A + %i,k) + 7Ci,kNi,kNiyk>
2 CZin,k + K 2

" 1 1 1 - 2
. Z ( Wz k + 91 k9z E+ Mszzk)
Vi,k t, Si,k
1 = X
- Z (o PunPus+ in,in,k). (54)

Next, we w111 further analyse the stability of the resulting
closed-loop stochastic MASs. Define a compact set Qy, =
{V; < E;} with constant E; > 0. As a consequence, there
exists an unknown constant P; ;, > 0 such that |3 | < P,

on {ly,. Meanwhile, NlTszk < Qi holds with unknown
constant (); > 0. Then, it yields
6 P2, o
Grtip < e K |Gl Pis (55)
TGP+ s e
3.2 T 3 GhQy 3 345 A
N Ny < c———— + =+ (1 Qik.  (56)
9 bk Tk 22, Qintr 2 2 ok
According to and —, Pi,lw Qi,k are designed
Py = 77i,k|§f’,k| - pPi,kPi,m (57)
X 3 N
Qik = 5&‘,/« 2k — PQuiQiks (58)

where pp, ., pq, , > 0 are design parameters. By substituting

.@) @@)andﬁ%k,k—l,l...,ninto (54). Ineq.

can be rewritten as

1 1, 4
CVzS—ZCi,kZlk—Z(Ti _Z) ik
k=1 k=1 ’
Z( LkW W1k+ zko 91k+ LkMQ)
k=1 2711@ 2v Uy, i,k
n—1 0 n 3
ik ik A2
_Z(ankpk+2)\ik ik>+n/£+zyi7k+1ng
et ; : k=1
n
D (pWi’kWT Wik + 5 P:.x 9 Wik + lekMiQ,k)
1 29 k i 26 k
= op pQ 5
i ( k2 Lk (2 ) + 2%n—1
= \20ik B2 2 ( )
<-TuVi+ A, (59

. 47‘["1)C .

where F’L = mln{4ci k> - y PWi ks PO; i PM; 1) PP; 1 PQ, k}
— n PW,L-’,C
A'L - Zk:l (271;,;9

Wszlk+zlkeszoszFpMikMzzk)

26,k



n—1 (PP k 2 PRIk M2 n ) 3
k=1 (27]7‘,,k, ik 2 Dik + nKk + Zk:l Vi k + zno +

Sk(n —1). Based on and Lemma 4 in [4]], one has

A
E[Vi] < Vy(0)e™" + - for V £ > 0, (60)

where F(-) represents the expectation. Therefore, FE[V}]

is finally bounded by % It follows that signals
Zi,k(i’k,VNVi,k,éi,k,Mi,k,ﬁi,k and sz are bounded in
probability. From the definition of W 1, 0; 1, M; i, P; i, Qi i,
signals Wiyk,éiyk,MM,Pi’k,QAi,k are bounded. Thus, the
proposed controller v; is bounded. Due to the fact that
Zik = Zik + &k, to show the boundedness of z; j, one has
to prove that signal ; j is bounded. Therefore, the following
contents are provided to demonstrate the boundedness of
S, k=1,2,...,n.

The Lyapunov function for auxiliary system is con-
structed as

— 1
Wi=3) s&h (61)
k=1
According to the definition of infinitesimal generator £, LWV,
is

n
LW; < Z —Di iy + %Auiz <OWs + ¥y, (62)
k=1
where p; 1 :p,‘71—% >0,k =0ik—1>0,k=2,3,...,n
are constants; §; = min{2p; .}, ¥; = %Auﬂ.

Based on the boundedness of wv;, it is clear that Au; =
u;(v;) — v; is bounded. Obviously, from Ineq. , &k is
bounded, and then z; ;, remains bounded. From the bounded-
ness of z; ; and the definition of functions h(t) and h(t), dis-
tributed consensus errors e;,4 = 1,2,..., N are bounded and
will converge to prescribed interval (—my¢, mot) in prescribed
time 7. Moreover, by adjusting design parameters appropriate-
ly, the prescribed interval can be made small enough. Thus,
from Remark 4, the prescribed-time connectivity-preserving
consensus of stochastic MASs (8)-(T0) is achieved. ]

Algorithm 1 Implement the proposed control strategy

Initialize For given MASs, set initial states x;(0), yo(0) and &;(0), commu-
nication ranges R;, o and weights a;;, control gains c; j, constants
Dik» UM;s Umgs Tik. initial estimates VAV,";C(O), éi,k(O), Ml-?,c(o),
P; 1:(0), Q;1(0), design parameters v; k, Vi k> Si,k> Mi ks Aik an
PWi > PO; k> PM; > PP PQik with i = 1,2,...,N, k =
1,2,...,n, 7 € N;. Select constants a, d, ¢ and k. Set the number
of fuzzy rules and choose the fuzzy membership functions.

: Repeat

: Calculate performance function by (15);

: Update the leader by (10);

fori=1,2,...,N do

fork=1,2,...n—1do

Define error Z; j using (17);

Calculate virtual controller ; i by (18),(19) and &y by (14);
end for
Define error Z; ,, using (17);

10: Calculate controller v; and saturation u;(v;) by (20) and (9);

11: Update followers’ dynamics and the estimates by (8) and (21)-(23);

12: end for

13: Until the set simulation time

LRI N RN

Remark 9: There are some results on prescribed-time con-
sensus of MASs. For instance, prescribed-time consensus pro-
tocol is presented in [34] for MASs with integrator dynamics.

Z/myo:i = 17273

i Y —Y2 ——-Ys —Yo |+

. . .
15 20 25 30
time(sec)

Fig. 3. Prescribed-time consensus under the proposed control
strategy.

The authors in [35]] and [36], [37] cope with the prescribed-
time consensus of second-order nonlinear MASs and high-
order ones. These consensus control schemes are derived by
using the so-called time base generator principle. The idea
of time base generator method is to build the time-varying
control gain with a function which is related to the sum
of the consensus errors. Despite these progresses, however,
it assumes that all the agents should have a common time-
reference. This is a strong condition and prohibits its practical
applications. Moreover, such gain may becomes singular at
the prescribed time, since the gain may go to infinite [38]]
or produce the Zeno behavior. In contrast to the prescribed-
time consensus protocols [34[]-[37]], the proposed consensus
protocol is designed without these restrictions. Thus, the
presented work is preferable.

Remark 10: The proposed consensus protocol has the
following significant characteristics. Firstly, compared with
the settling time obtained via the finite/fixed-time theory,
settling time 7 has no concern with initialization and con-
trol parameters, and it can be known in advance and pre-
designed by the designer. Secondly, in the achievements on
the finite/fixed-time consensus, the controller design requires
tedious fractional calculations. In this paper, we use the regular
feedback of errors to take place of fractional power. Thus, the
consensus protocol is derived based on the standard Lyapunov
stability theory. The complexity of fractional differential cal-
culations is reduced. Thirdly, unlike the existing finite/fixed-
time connectivity-preserving works where potential function
is adopted to obtain connectivity preservation, error transfor-
mation is employed. Besides, novel RFLS approximator is
incorporated, which overcomes the algebraic loop problem
brought by non-triangular form.

IV. SIMULATION EXAMPLE

To show the effectiveness of the proposed consensus proto-
col, the well-known van der Pol oscillator [[10] is considered

P = =g + by — %lﬁi’ + 1+ F(1),

Yo = u+0.1(¢1 + 3 — parha),
Yy = wla

(63)
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Fig. 2. (a) Chaotic attractor of van der Pol. (b) Communication graph G(0). (c) Switching signals.

where  F(t) pocos(wt) is an exciting signal;
V1, P2, w, Y3, P4 are system parameters. Obviously, exciting
signal F(t) is periodic. Fig. 2fa) depicts the chaotic behavior
of system (63) in phase space with controller input u = 0
and the same system parameters as the ones given in [[15],
Y1 = 0, Y2 = 0.74700 = 1, Y3 = 07, Y4 = 0.8.

Here, consider a circumstance that switched nonlinearities
and environmental noise exist in @ Let z;1 = Y, T2 =
Yo, u; = u,i = 1,2,3, and then the form of is given by

daig = [~aip + 171 (@i, di g ()]t + 671 (@4, dia (1) dw,
dzio = [wi(v;) + F50 (@i, dio (8))dt + ¢T3 (24, di o (t))duw,

Yi = Tia,

(64)
where z; [zi1,2i,2]" i{l(ﬁivdi,l(t)) Ti1 —
sad ) 4 cos(t), 7 (s, din(t)) = i1 — 523, 4 0.74cos(t),
fla(ws) = @i + 0.7 — 0825 + 1.5cos(t), f2o(xi)
O.l(wm + 0.7 — 0.81:1-72); w 1s an r-dimensional standard
Wiener process; g;(x;) = x;2sin(z;; cos(t)), g7, (x:) =
x;.1 8in(z; 2 cos(t)), gllg(acl) x;,2 cos(z; 1 sin(t)) and
97a(xi) = @iy cos(x;psin(t)). The switching signals are
shown in Fig. [2fc). The trajectory of leader is governed by
Yo = cos(t) + 0.25 cos(0.5¢). Initial states of the considered
stochastic nonlinear MASs are set as x1(0) = [-0.8,0]%,
29(0) = [2.5,0]7, x3(0) = [-2,0]7, and yo(0) = 1. For
the sake of convenience, the communication ranges are all set
as C; = 2.5,i=0,1,2,3. Then, G(0) is depicted in Fig. 2[b).

In the dynamics of the first state component in (64), note
that the gain of state x; 5 is not positive, and thus the virtual
controller is revised as

o1 =¢i1Zi1 (Tiwi)_l + gZi,l(Tiwi)l/?)

+ (Tiwi)_l (Hi + W @1 (xi1, 0101 (1))
253,1]\2[21?,1(75) )
Z21||Mi71-li71(t) + K '

Controller v; is designed as

+ | (65)

1 « .
1212~ W5 2(Xi,2, 07 00i2(t))
Z3,M2,72,(t)

| Z2o|| M 2T 2 () + 5

V= —C;i 2450 —

(66)

For n = 2, N = 3, simulation time ¢ = 30s, the implement
of the proposed control strategy is shown as Algorithm 1

above. In this simulation, the Gaussian-type fuzzy membership
functions of RFLS approximator are selected as

Xk — am)” (Xisk — am)
2(bm)?

prm (i) = exp | ], ©n
where k = 1,2, ¢ = 1,2,3, m = 1,2,...,5, the centers are
spaced in [—5,5] with a4 —5,a0 = —3,a3 = 0,a4 =
3,as = 5 and the widths are all set as b,, = 2.

Based on the guideline of the parameter selection, for
i =1,2,3, a}; = 3; W;1(0) = Wi2(0) = 05, 0;1(0) =

Qi,1(0) = 05 &1(0) = &2(0) = 05 pi1 = pig = 2, var, =
150, vpr, = v, = 200, vy, 150, vy = Uy = —200,
i1 = 0002, a =2,d =1,0 =03 and m; = M = 0.7;
V1,1 = 1,’}/2,1 = 0.01,7371 = 0.1, Yi,2 = 001, V1,1 = V2,1 =
0.5,1)371 = 0.1, Vi2 = 1, 1,1 = 0.3,(2,1 = 0.01,§371 = 005,
S12 = 002,622 = g320 = 0.01, ;; = 10 and X;; = 10;
PWy 1 = 1, PWy, = 0'57PW2,2 = PWsp = 1, PO =
0.1,p,, = POz = 0.5, PO = L, pg,. = 2,p93,2 L,
PM1y = 0'87pM2,1 = PMs; = 1, PMy2 = 27pM2,2 = PMs =
L, PPy = 2710132,1 = 37pP3,1 =1, PQi1 = 93 Ci,1 = 30,
ci2 = 10; k = 0.01. It follows that prescribed interval and
prescribed time are (—0.21,0.21) and 7 = 2, respectively.

The simulation results are carried out. Fig. [3] depicts the
trajectories of leader and three followers. We can see that
the consensus is achieved in prescribed time 7 = 2. To
show the consensus more clearly, the trajectories of errors
ei,? = 1,2,3 and performance functions are provided in Fig.
a), where the red dashed lines represent h(t), —h(t) and
the blue solid lines denote errors e;,i = 1,2,3. From Fig.
Eka), we can see that the trajectories of e;,i = 1,2,3 keep
within the bounds predetermined by h(t), —h(t) all the time.
Hence, distributed consensus errors are limited to prescribed
interval (—0.21,0.21) in prescribed time 7 = 2. According
to Fig. f[b), it is obvious that the connectivity is preserved.
The boundedness of controller v; and system actual input
u;(v;) are presented in Fig. c). Simulation results, Figs.
[3] and [ indicate the effectiveness of the proposed adaptive
fuzzy prescribed-time connectivity-preserving control strategy,
which is in line with Theorem 1.

To show the characteristics of the obtained consensus con-
trol scheme, we give simulation results of the connectivity-
preserving consensus control scheme in [32] and the system
parameters are selected as the same as those above. Due to the
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Fig. 4. (a) Errors e;. (b) Connectivity preservation. (c) Input saturation.
absence of switched dynamics, only the first mode is involved
in this simulation.

B 1 The simulation results for the deterministic and stochastic
el O IS MASSs under the connectivity-preserving consensus control
W i strategy in [32] are presented in Fig. [5(a) and Fig. B|b). Fig.
Lo ! ,
$°h g™ | | Bla) reveal that the control strategy accomplishes the consen-
:71\ o o — — —as < -30 —— =Y Y2 —— =Y. Y . . . . .

i v ——v —— -y — | = : : : - sus of deterministic dynamics commendably. Apparently, Fig.

o Y ey Y e []b) displays that the connectivity-preserving control objective

. [~== Ro —y1 — wol| ——- Ry Jy1 — wol is not achieved. This demonstrates that the control method
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Fig. 5. (a) Simulation results for deterministic MASs under the
control strategy in [32]. (b) Simulation results for stochastic
MASs under the control strategy in [32].

in [32] is not a feasible strategy for the stochastic MASs
investigated in this work since the effect of stochastic noise is
not considered. Additionally, the proposed consensus control
algorithm is superior to that in [32]. As observed from Fig. 3]
the connectivity-preserving consensus control with prescribed
time is obtained, while the connectivity-preserving consensus
control objective in [32]] is achieved as time goes to infinity.

V. CONCLUSION

A new adaptive fuzzy prescribed-time connectivity-
preserving consensus control strategy is proposed for stochas-
tic nonstrict-feedback switched MASs. Unlike the existing
finite/fixed-time connectivity-preserving consensus results, our
primary characteristic is that the settling time is allowed to be
specified according to actual needs by users. Meanwhile, initial
connectivity is preserved via error transformation method.
What is more important, novel RFLS approximator is adopted
to describe disturbance-dependent functions. RFLS develops
the scope of feasibility of existing controller, which means the
controlled system structure is relaxed from the lower triangular
structure to the non-triangular one. Based on the stochastic
differential theory, it is proved that the the connectivity-



preserving consensus can be achieved in prescribed time under
the designed control strategy. Simulation results confirm the
effectiveness of the obtained theoretical results. The research
on consensus is the primary and essential of cooperation
control technique. It provides a steady base in theory and tech-
nology for practical applications of multi-intelligent systems,
e.g., vertical take-off unmanned aerial vehicles formation [|39]]
and encirclement control in smelting plant [40].

With the limited communication ranges, communication
failures and creations may exist. Thus how to design ap-
propriate controller for the MASs suffered from switching
topologies is a meaningful issue. Additionally, fuzzy systems
can systematically use linguistic information from the expert
knowledge and the experience of skilled workers [41], [42].
Since its flexible advantages, our future work will focus on
fuzzy controller design for some application scenarios.

VI. APPENDIX
1) The detailed derivation of Ineq. (33).
From Lemma 1, one has

Z3 F;1(Xi1,91)

<Z} (ngq’i,l(xi,la 0T pin (1)) + W (D51 — @] 10F 051 (2))

+ Wzﬁié,léﬂém(t) + Bin +wii(Xiq,t, Ni,l)) + Vi
(68)
For B;1 and w;1(X;1,t 1), according to Lemma
1, they are bounded by |[6;1]ll¢i1 ()W P],] +
HWMH||<I>§)19iT71gz5i’1(t)|| + |Wiil1 and @; 3, respectively.
Then
Z21 (Big + win (Xinst, i)
<1Z23 (195 1 [[[| i1 ()W @7 4
+ (IWia 195,07, i1 (O] + Winh +@i1).  (69)
Define vectors X = ([0 1], [Winll, [Winli +@i1]", YV =
llpia (YW )11, [|9F 1671 i1 (£)]1,1]7, and thus XTY =
11631l 1i,0 (YW PG 4[|+ (Wi 1 1197 1671 dia (8) ]| + Wi 11 +
@; 1. Based on Holder inequality, it holds X7Y < || X||||Y].
Denote M; 1 = || X|| and T;1(¢) = ||Y||, and it follows that

Z2 (Big +win(Xiastypin)) < |22 |MiaTia(t). (70)

Since the nonnegativity of Mi,l is ensured by the designed
adaptive laws and M, 1(0) > 0. Then, according to Lemma 4

. 3 ) ) Z?,lMiQ,l-i?,l(t)
in [26], one has |Z})[M; 17T 1(t) < K+ 25T (O +

| Z3,|M; 1 7T;,1(¢). Then, Eq. (35) can be obtained by substi-
tuting (70) into (68).

2) The detailed derivation of Ineq. (60).
For LV; < —T';V;+A;, one gets the following inequality based
on Theorem 4.1 in [43]] or Lemma 4 in [4]:

dEV;
% < -INEV] + A (71)
And then, multipling both sides of by et yields
d FitE sz
d( BV <elitp,. (72)

dt

By taking the integral of both sides of (72) at [0,¢), then

TUEV] ~ EVi(0)] < B (e - 1),

i

(73)

Ineq. (60) holds via simple calculations.
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