Observability inequalities for transport
equations through Carleman estimates

Piermarco Cannarsa, Giuseppe Floridia and Masahiro Yamamoto

Abstract We consider the transport equation dyu(x,t) + H(t) - Vu(x,t) = 0 in
Q x (0,T), where T > 0 and 2 C R? is a bounded domain with smooth boun-
dary dQ. First, we prove a Carleman estimate for solutions of finite energy with
piecewise continuous weight functions. Then, under a further condition which guar-
antees that the orbits of H intersect d€2, we prove an energy estimate which in
turn yields an observability inequality. Our results are motivated by applications to
inverse problems.
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1 Introduction

Letd € N and 2 C R? be a bounded domain with smooth boundary 9, v = v(x)
be the unit outward normal vector at x to d€2, and let x -y and |x| denote the scalar
product of x,y € R? and the norm of x € R?, respectively. We set Q := 2 x (0,T),
and we consider

Pu(x,t) :=du+H({)-Vu=0 1inQ, €))

where H(t) := (Hy(t),...,Hy(t)) : [0,T] = RY, H € C'([0,T];RY).
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Equation (1) is called a transport equation and H (¢) describes the velocity of the
flow, which is here assumed to be independent of the spatial variable x.

Problem formulation

We assume

Hy := min |H(t)| > 0, 2)
1€[0,7]

and, without loss of generality, we suppose that 0 = (0,...,0) € Q.

Let us recall the following definition.

Definition 1.1 A partition {t;}§ of [0,T)| is a strictly increasing finite sequence
0,11, .. ,tm (for some m € N) of real numbers starting from the initial point to =0
and arriving at the final point t,, = T.

Hereafter, we will call {t;}{ a uniform partition of [0,T] when the length of the
intervals [tj,tjy1] is constant for j =0,...,m—1, that is, t; = %j, j=0,...,m.
Lemma 1.2 below ensures that any vector-valued function H(¢), satisfying (2), ad-
mits a partition {z;} of [0, 7] such that the angles of oscillations of the vector H (r)
are less than 7 in any time interval [t;,7;1], j=0,...,m—1 (see Figure 1).

Given a partition {¢;}{ of [0,T], let us set
i=0,....m—1. 3)

Lemma 1.2 Let S, € (1//2,1). For any given H € Lip([0,T];RY), satisfying con-
dition (2), there exist m € N and a partition {t;}{ of [0,T] such that
H(t)
|H(1)]

TIIZS*, Vt € [l‘j,tjurl}, Vi=0,....m—1, 4)

where 1 are defined in (3).
Lemma 1.2 is proved in the Appendix.

Remark 1.3 Condition (4) means that there exist m cones in R such that the
axis of every cone, that is, the straight line passing through the apex about which
the whole cone has a circular symmetry, is the line between 0 = (0,...,0) and
nj, j=0,...,m—1. Moreover, a straight line passing through the apex is contained
in the cone if the angle between this line and the axis of the cone is less than 7 /4.
Indeed, the inequality (4), that is H(r) - 17; > cos 9*|H(r)| for some ¥* € (0, %), is
equivalent to the fact that the angle between H(t) and n; is less than 7/4. Thus,
H(t) is contained in the same cone V¢ € [t;,7;,1]. Let us note that it can occur that

ni:nju fOI‘l?é‘]



Observability inequalities for transport equations through Carleman estimates 3

Fig. 1 In this picture S, =cos £, m =6 and H; := H(t;), j=0,...,5.

Let 8o = diam(Q) = sup |x—y|. Letus fix S, € (1/v/2,1), r > 0 and define
x,yeQ

Xj ::—Rjnj, j=0,....m—1, ®)
where 7; is defined in (3) and

R; =2/Ry+(2/ —1)(8q +7),
148, (6)
Ry = 155 8a.

We note that from (6) it follows that
xj€§7 j=0,....m—1.
For every j =0,...,m— 1, let us define

Mg (x;) := max |x — x| and do(xj) = min |x —x;|. 7
xeQ xeQ

Remark 1.4 The choice of the R;’s in (6) (see Lemma 2.2 below and Figure 2)
guarantees that the points x;’s are located sufficiently far away from £ and at in-
creasing distances from the origin.

By the choice of the finite sequence R; = |x j| in (6) (R; sufficiently large com-
pared with 8¢) we deduce in Lemma 2.1 below that

(x+Rjnj)'77j > S*|X+Rjnj|, Vxe Q.

In other words, the apex angle of the minimum cone with the apex x; which includes
Q is less than 2arccos S, (< 7/2) (see Figure 3).
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X2

X1

Fig. 2 In this picture S, =cos £, m =3 and H; := H(t;), j =0,1,2.

Fig. 3 In this picture: Q = {(x,y) € R* : |(x,y) — (1,0)] < 3}, C = (1,0), S, = cosax €
(ﬁ,l), m=1, H:==H(;),j=0,1,and B,y > @, o = «,8 < . We note that dq(xp) =
dist (x(),G) and Mg (xo) =dg (xo) +6.
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We now introduce the weight function @(x,?) to be used in our Carleman esti-
mate, as follows. First, we define ¢ on Q x [0,T) setting, for every x € Q,

(p(x,t) = (Pj(x,t) = _ﬁ(t_tj)+|x_xj|2? re [tjatj+l)a j:O,...,Wl— 1a (8)
where
B := (257 — 1)Hodg (x0), )

with Hy and dg (xo) defined by (2) and (7), respectively. Then we extend ¢ to  x
[0,T] by continuity. Observe that ¢ is piecewise smooth in 7 and smooth in x.

Main results

In this article, under condition (2), we establish an observability inequality for (1)
which estimates the L?-norm of u(x,0) by lateral boundary data u| 90 x(0,7) under
some conditions on H(r) (see Theorem 1.6). This observability inequality is a con-
sequence of the following Carleman estimate.

Theorem 1.5 Let u € H'(Q) be a solution of equation (1), where H € C'([0,T]; RY)
satisfies (2). Let {t;}{ be a partition of [0,T] satisfying (4). Then, there exist con-
stants sq,Co,C > 0 such that for all s > sy we have

m—1
52 / |u|262“pdxdt+se_cos2/ |u(x,1;)|*dx
0 j=07/€ ’
SC/ |Pu|2ezwdxdt+CseC5/ \u|2d}/dt+CseCS/ lu(x,T)[*>dx,
o z Q

where ©(x,t) : Q —> R is the weight function defined in (8), and
X ={(x,t)€dQx(0,T): H(t) -v(x) >0} (10)
is the subboundary of all exit points for H.
We now give the observability inequality for the equation (1).
Theorem 1.6 Let g € L>(0Q x (0,T)) and let us consider the following problem

{ Qu+H({)-Vu=0 inQ:=Qx(0,T),
ulgaxor) =&

1)

Let us suppose that there exists a partition {t;} of [0,T] associated to H(t) satis-
fying (4) such that the following condition holds

tiy1 —ti)do(x; 1
max (tj+1 2}) o(x)) . :
0<j<m—1 Mg (x;) Hp(282-1)

12)
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where Mq (x;),da(xj) and Hy are defined in (7) and (2), respectively. Then, there
exists a constant C > 0 such that the following inequality holds

[uC. )l 2@) < Cligllz@axor), 0<t<T,

for any u € H'(Q) satisfying (11).

Assumption (12) is meant to guarantee that the orbit {H(¢) € R? : ¢ € [0,T]}
intersects d€2. In the following example, we show that this or a similiar condition
is indeed necessary: observability fails without some extra assumption.

In the following, for n > 0 we consider 2 := {z € R?: [z] < n}.

Example 1 Let 6 > 0 and p € (0,26/3). Let Q := Q, and let f € C'(Q4;R)
satisfy supp(f) C 25/, € Q¢ and let o(t) = (p cost, psint), t € [0,27]. We set

v(x,y,t) = f(x— pcost,y— psint).

Thus, v satisfies (1), where H(t) = a/(¢),0 <t < T, and v vanishes at the boundary

of Q5. So,

ov+a(t)-Vv=0 inQs x(0,T),

(13)
V[90sx(0,7) = &

with g = 0. We note that |@/(¢)| = p > 0 and, for ¢ € [0, T], the support of v(-,-,) is

supp(v(+,-,1)) = {(x,y) €R?: |(x—pcost,y—psint)| < g} (14)

Then, from (13) and (14) it follows that observability fails. U
We conclude this introduction with some comments on our main results.

1. One could establish an estimate similar to the one in Theorem 1.6 with the max-
imum norm by the method of characteristics. Our proof is based on Carleman
estimates, which naturally provide L2-estimates for solutions over Q x {t}. The
method of characteristics does not yield such global L2-estimates directly. L>-
estimates, not estimates in the maximum norm, are related to exact controllabil-
ity and are more flexibly applied to other problems such as inverse problems,
although we discuss no such aspects in this paper.

2. Although, due to the simplicity of equation (1), the method of characteristics can
be easily applied to explain the validity of observability results, the one point we
would like to stress is the fact that, in this paper, we intend to derive a Carleman
estimate under minimal assumptions. Essentially, we want to give an explicit
construction of the weight function that only depends on the lower bound (2) and
the modulus of continuity of H.

3. Itis worth noting that Theorem 1.6 aims at the determination of the solution « on
the whole cylinder Q X [0,T], not only of u(-,0) in Q. For this reason, in The-
orem 1.6, we have to measure data on the whole lateral boundary 92 x (0,7),
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not just on a subboundary as we did for the Carleman estimate in Theorem 1.5—
where, however, the norm of u(-,T) in € is included. The fact that measurements
on the whole boundary are necessary to majorize u on 2 x [0,T] can be easily
understood by looking at the representation solutions given by characteristics.

4. Another purpose of this paper is to single out an assumption which suffices to
derive observability from a Carleman estimate. We do so with condition (12),
which has a clear geometric meaning: one requires H (¢) not to oscillate too much
for enough time, giving an explicit evaluation of such a time. We do not pretend
our method to provide the optimal evaluation of the observability time. On the
other hand, Example 1 shows that some assumption is needed for observability:
(12) is an example of a sufficient quantitative condition for the observability of
solutions on £ x [0,7].

Main references and outline of the paper

Carleman estimates for transport equations are proved in Gaitan and Ouzzane [5],
Golgeleyen and Yamamoto [6], Cannarsa, Floridia, G6lgeleyen and Yamamoto [4],
Klibanov and Pamyatnykh [7], Machida and Yamamoto [8] to be applied to inverse
problems of determining spatially varying coefficients, where coefficients of the
first-order terms in x are assumed not to depend on ¢. In order to improve results
for inverse problems by the application of Carleman estimates, we need a better
choice of the weight function in the Carleman estimate. The works [5] and [7] use
one weight function which is very conventional for a second-order hyperbolic equa-
tion but seems less useful to derive analogous results for a time-dependent function
H(z). Our choice is more similar to the one in [8] and [6], but even these papers
allow no time dependence for H. Although it is very difficult to choose the best pos-
sible weight function for the partial differential equation under consideration, our
choice (8) of the weight function seems more adapted for the nature of the transport
equation (1).

In [4] we consider the transport equation dyu(x, 1) + (H (x) - Vu(x,1)) + p(x)u(x,t) =
0in Q x (0,T) (2 C R" bounded domain), and discuss two inverse problems which
consist of determining a vector-valued function H(x) or a real-valued function p(x)
by initial values and data on a subboundary of . In particular in [4] we obtain
conditional stability of Holder type in a subdomain D provided that the outward
normal component of H(x) is positive on dD N d L. The proofs are based also on a
Carleman estimate where the weight function depends on H.

As it is commented above, the method of characteristics is applicable to inverse
problems for first-order hyperbolic systems as well as transport equations and we
refer for example to Belinskij [2] and Chapter 5 in Romanov [9], which discuss an
inverse problem of determining an N x N-matrix C(x) in

AU (x,t) + AU (x,t) + C(x)U (x,t) = F(x,t), 0<x<{,t>0
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with a suitably given matrix A and vector-valued function F. The works [2] and
[9] apply the method of characteristics to prove the uniqueness and the existence of
C(x) realizing extra data of U provided that ¢ > 0 is sufficiently small.

The method by Carleman estimates for establishing both energy estimates like
Theorem 1.6 and inverse problems of determining spatial varying functions is well-
known for hyperbolic and parabolic equations and we refer to Beilina and Klibanov
[1], Bellassoued and Yamamoto [3], Yamamoto [10].

The plan of the paper is the following. In Section 2, we prove the Carleman esti-
mate (Theorem 1.5). In Section 3, we obtain the observability inequality (Theorem
1.6). Finally, in Appendix we put the proof of Lemma 1.2.

2 Proof of the Carleman estimate

Let S, € (%, 1) and {z;}{ a partition of [0, 7] associated to H(r) such that (4) is

satisfied.

2.1 Some preliminary lemmas

Lemma 2.1 Given R, j=0,...,m—1, as in (6), then
(x+Rjn;)-n; > Si|x+Rmj|, Vx€ Q, (15)
where 1; are defined in (3).
Proof. For every x € Q, we have |x| = |x— 0| < §q since 0 € Q, and
Selx+Rinjl < Su(Ix[+Rj[nj|) = S (x| +Rj) < S. (8o +Rj),  (16)
and, since —x-1; < x| < Jx/[n,l = x| < 8o,
(c+Rjmj)-nj=x-n+RM;-Nj=x-Mj+R; > Rj— x| >R = 8q.  (17)

From (16) and (17) it follows that a sufficient condition for the inequality (15) is the
following
Rj— 080 > S.(0a +Rj),

thatis, R; > {fg’; Oq. Forevery j=1,...,m— 1, the last condition is verified by R;

defined as in (6). a

By the definition (6) of the sequence {R;} the following Lemma 2.2 follows.
Lemma 2.2 Let x;=—R;n;, j=0,...,m—1, with R; defined as in (6). Then
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Mo (x;) = max |[x —x;| <min|x—x;1| =da(xj11), j=0,....m—=2. (18)
xXe€Q xeQ

By Lemma 2.2 (see also Figure 2) we deduce

~ max MQ()C/)ZMQ(xm_l) and ) min d_Q(.Xj):d_Q(X()). (19)
Jj=0,....,m—1 j=0,....m—1

Lemma 2.3 Let x;=—R;n;, j=0,...,m—1, with R; defined as in (6). Then,
H(t)- (x—x;) > CiHodg(x0), tj<t<tjit1,j=0,....m—1, x€Q,

where C, =252 —1> 0 and Hy = min |H(t)| > 0.
t€[0,7]

Proof. Let 9* € (0,7 /4) satisfy cos 9* = S,.. Fort € [tj,tj41], j=0,...,m—1, from
(15) and Remark 1.3 we deduce that

H(t)- (x—x;) > cos20* Hydg (x;) > (257 — 1) Hodo (x9), x€Q

which is our conclusion. O

2.2 Derivation of the Carleman estimate

After introducing the previous lemmas in Section 2.1, we are able to prove Theorem
1.5. In this section, for simplicity of notations, for j =0,...,m— 1 let us set

Mj:=Mq(xj)  and  uj:=da(x)), (20)
see (7) for the definitions of Mg (x;) and dg (x;).
Proof. (of Theorem 1.5). We derive a Carleman estimate on
Q= x(tjtjr1), 0<j<m—1.
Let w; := e*?iu, where @; is defined in (8), and
Liwj :=e*%P(e *%iw;). 21
By direct calculations, we obtain
Liwj=0dw;+H(t)-Vw;j—s(Ppj)w; in Qj, (22)
where, keeping in mind (8) and the definition of the operator P contained in (1),
Poj(x,t) =0,@;+H(t) -Vo; = —B+2H(t)- (x—x;), 0<j<m—1.

By Lemma 2.3 and (9), since 8 = (252 — 1)Houo € (0,2(252 — 1)Hopo) we have
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Po;=—B+2H(t)- (x—x;) > C.HoMo, (23)
where C, = 25% — 1. Therefore, by (23) we obtain
/ \Ljw;[2dxdt > —2s /Q (P@;)w; (3w, +H (1) - Vw;)dxdt
ts / 2H(1) - (x—x;) — B2|w; 2dxdr

> L+ b+ CHUE S / jw; P, (24)
./

where
I = —2s/ (Poj)widwjdxdt and I := —2s/ (P@j)H () - (w;jVw;)dxdt.
Qj j

We have
Ljt+1 2
I = 2 / (P@;)w;dpwjdxdr = —s / / (P@;)3h (w2)dxdt
Qj o IR
211=1) 2
=5 [ [Posew (o)) dits /Q PPt (25)
Recalling (20), we obtain
0 (PQ;(x,t)) =2(x—x;)-H'(t) > —2M_y r%lx] |H'(1)| =: —H}.
€[0T
Consequently, from (25) we deduce
I zs/ [Po;(x,1)|w;(x,1)| ]t=§_,- dx—sH(')/ |w;|*dxd. (26)
Jo 0;

Then, for I, we deduce
141 d 5
b= -2 / (P@)H(t) - (w;Vw;)dxdt = —s / / Pg; ZHk(z)c?k(w %) dxdr
Q; 1 Q =1
B 2 2
=s [ [ Lo it —s [ [ pos(r)- e Parar

j k=1

We note that
H(t) (x—x;) < |H(t)||x —xj| < HM,, 27

where we set (see (19))

M,=M,_, and H, :=max |H(t)| > 0.
t€[0,7]
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Therefore, since P@; > 0 by (23) and J(P@;) = 2H(t), we estimate I in the fol-
lowing way:

s d it .
b= [ [ Y RO Ravdr—s [ [ Pyt v)) i Par
tj ‘Qk=1 l‘j 0Q

Ljtl 2 2
> 2s/ / V(1) 2w, [2dxdr
tj Q

— s [ (B 2H () () (H @) - vie)) Py

Zj

z2H§s/tf"*‘/Q|w,-|2dxdt—zs/£.(H(t)-(x—x,-))(H(z).v(x))|w,-|2dyd¢

J

> 2H02s/ |wj\2dxdt72H*M*s/ H ()| [v () w2 ydr
Qj Zj
2 12 _ 2 12
> ZHOS/ |w;|~dxdt ZH*M*S/ \w;|“dydt, (28)
0 Z;

where
Xi={(x,1) €dQ x (tj,tjr1): H(t) - v(x) > 0}.

Hence, by (24), (26) and (28), we obtain

1=t

/ |ijj|2dxdt2s/ [P; (e,) w;(x.0) ]
Q;

Ja =it

—H(’)s/ |wj|2dxdt+C1s2/ w;|*dxdt
0 [oF

J

— 2HM,s / \w;|*dydt,
Zj

for some positive constant C;. Since w; := e*®iu, from the previous inequality, for
j=0,...,m—1, by (21) we deduce that there exists also a positive constant C, such
that

tiv]
/'/+ / |Pu|*e*®idxdr > s/ l//j(x)dx+(C1s2—H6s)/ >0 |ul*dxdr
Z‘j Q Q Q.f

— Cy5e©2 / |u|*dydt, (29)
Zj

where C1, C; are positive constants and
t=t;
Vi) i= [Poj(x,)eX @ ux )]

1=tj+1

By (8) and (23) we obtain
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=t b

wi(x) = |H(1) - (x—xj) — B) PPy, 1) 2

1=tjt+]
-
= (2H(1))- (x—x;) = )5 Ju(x, 1))
— QH(tj1) - (v—x7) — B)eP PG -5P e ) (30)

Therefore, summing in j from O to m — 1 and keeping in mind thatfp =0 and t,, =T
by (9) and (27) we have

m—1 ) m—1
ZO Wi(x) > (2H(0) - (x—x0) — B)e” 0 u(x,0) + Zlq;(X)lu(XJj)lz
Jj= =

— (H(T) - (x — xp_1) — B> BT tnt)th=mt )y, ) P

m—1
> [.L()HoeleJg |u(x,0)|2 — ZM*H*eZSM’% |u(x, T)|2 + Z qj(x)|u(x,tj)\2,
=

where, for j=1,...,m— 1, we set

q;(x) == (2H(t)) - (x—x;) — B)e> 5P — (2H (1)) - (x—x; 1) — B) 2l

Thus, by (7), (20), (23) and (27), we obtain the following estimate

~ 2 2 ~ 2 M.H, - 2_Mm2
qj(x) > CupHoe™" — H .M, e*Mi-1 = CpgHye™"i <1 —=—e 2S(u’ Mfl)) .
CuoHy

Thanks to (18) (see Lemma 2.2), the choice of the points x; permits to have
uj—M; 1 >0, and we deduce that there exist s; > 0 enough large, that is s; >

1 2H.M. .

il =1,...,m—1,suchthat, forevery s >sy:= max s;
z(ﬂ%*M]z,J g (CIJOH0> )y J ’ ) ’ y 0 j=1m—1 VA
we have

H; 2 H, 2 '
aj(x) 2 B2 > BOR0 295 > e, 31)

for some positive constant Cy = Cy(s). Thus, by (29), (30), and (31) we have that
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Lj+1
/|P1,t\2 2P dxdt = Z//+ / |Pu|?e*% dxdt
1
m—1
252/ Wj(x)dx+ (C1s* — Hys) Z/ > u|>dxdt
j=07€ j=0
m—1
— Cps5e™?* Z/ |u|>dydt
j=07%j
m—1
> C3s2/ezs‘Pj|u|2dxdt—C2seC2S Z/ |u|>dydt
0 —0/Zj

m—1
+C0seC°SZ/Q|u(x,tj)|2dx—C2seC23/Q|u(x,T)|2dx
j=0

for any 0 < C3 < C; and all s sufficiently large. The last estimate completes the
proof of Theorem 1.5. ad

3 Proof of the observability inequality

Let us give in Section 3.1 two lemmas and in Section 3.2 the proof of Theorem 1.6.

3.1 Energy estimates

Let us give the following energy estimates.

Lemma 3.1 Let g € L*(dQ x (0,T)) and let us consider the problem

{ 8;u+H(f)'Vu=0 inQ::QX(O7T)7 (11)

ulaoxor) =8

Then, for everyt € |0,T], the following energy estimates hold
H”('vt)”iz(g) < H“('vO)HZZ(Q) +H*||8H22(agx(o,r))» (32)

022 gy < 1) oy + H 8 a0 0 (33)

for any u € H'(Q) satisfying (11), where H, .—5m[gx |H(&).
T

Proof. LetH(t) = (H,(t),...,Hq(t)), t € [0, T]. Multiplying the equation in (11) by
2u and integrating over £2, we have
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. d
/2u8,udx+/ ZHk(t)ZLtc?kudx:O,
Q Q=1

then,
Py (/Q |u(x,t)|2dx> Jrki"l/QHk(t)akﬂu(x,t)2)dx—0.

So, integrating by parts, for every 7 € [0, T], we obtain

d
2 — 2 = — . 2
o ( /Q ()| dx)— > /a o Helul*vidy /M(H vilgl*dy, (34

where v = (vy,...,V,) is the unit normal vector outward to the boundary 9. Set-
ting

E() ::/Q|u(x,t)\2dx, 1€ [0,7),

by (34), integrating on [0, ] we deduce

)~ EO) = |- [ [ 016V lee O ardE | < HolilB ooy

where H, :gm[ax] |H(&)|. Thus, for all € [0,T], we have
€

)

E(t) < E(0) +H*||g|\i2(agx<0,T)>’

and
E(0) <E(t)+H, ||g|\i2(agx<o,T))'
O

Lemma3.2 Let 0 <s; <5, < T, g€ L*(dQ2 x (0,T)). Let us assume that there
exists a positive constant C = C(s1,s2) such that for every t € [s1,s;] the following
observability inequality holds

()l 2(@) < Cllgll2@ax o), forallue H'(Q) solutionto (11).  (35)

Then, there exists a positive constant C = C(sy,s2,T) such that the inequality (35)
holds for every t € [0,T].

Proof. Let E(t) = Hu(~,t)||i2(g), t € [0,T]. For every ¢ € [0,s1], keeping in mind

Lemma 3.1, by (32), (33) and (35) we obtain

(D) 72(q) = E(6) < E(0)+Hullgl 7290« (0,ry) < E(s1) +2Hel8ll2 00 0.7
< (C2+2H*>||g||%2(3_(2><(0,7")) ' G0

For every t € [sp,T], using again Lemma 3.1, by (32) and (35) we deduce
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2 2 2 2
llu(-,1) ||L2(Q): E(t) < E(s2)+H. ||gHL2(aQ><(()7T))§ (C°+H,) Hg”Lz(&QX(()_’T)) - (37

From (36) and (37) the conclusion follows. a

3.2 The Proof

Proof. (of Theorem 1.6).
Let ¢ be the weight function given in (8). By the assumption (12) it follows that
there exists j* € {0,...m— 1} such that

(151 —1j)da(x)7) 1
M2, (x;) Ho(282—1)

(38)

By the definition of the weight function o(x,1) (see (8)), it follows that, for every
x € 2, we have

P(xtj) = @ (xtje) = o= x> >0
and, since (38) holds, keeping in mind that § = (25% — 1)Hoda (%),

lim @ (x,1) = [x—xj¢|* = B(tj1 — ) <O.
te(r,-*“)

1 — I
Therefore, there exist € € <07 jﬂzj) and 8 > 0 such that

{(p(x,t) =@+ (x,1) > 8, tE[tj 1y +el,xeQ, (39)

(p(xvt) :(Pj*(x?t)<_6a te[tj*+l_2£7tj*+l)axeg'

Letu € H'(Q) satisfy (11)on Q= Q x (0, T). Let us consider Q* := Q x (tj+,1++1) C
Q. Now we define a cut-off function y € C*([t+,;+11]) such that 0 < y < 1 and

1, €ty tjq1 — 26,
1) =
(1) {0, 1E [tig1 — &t
We set
v(x,1) = x(t)u(x,1), (x,t) € Q" (40)
and keeping in mind (11) and (40), we deduce
ov+H(t) - Vv=u(d)) in Q%

Voot te 1) = X8 (41)
v(x,t5241) =0, xXeQ.

Applying Theorem 1.5 to the problem (41), since |v(x,?)| < |u(x,t)| for every (x,t) €
Q" (see (40)), we obtain
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s2/ [v[>e**?dxdr < C/ |u||0; x |>**® dxdr —|—Cecs/ lu|®dydt,  (42)

for all large s > 0 and for some positive constant C.
Therefore, by (40) and (39) we have

2 22 2 [1FE 22 2 255 6 2
s / [v|7e”*Pdxdt > s / / |u|*e”*Pdxdt > s°e™ / / |u|*dxdt (43)
0" e Q ‘ Q

*
and, since ¥ € C”([t,tj-41]), we also deduce

lj*+|*8

| uP1axPeeaxds = [
0 f

J

/ |,y P> dxdr
Q

*+1—28

1k 1—€
< ke [T fuPdrdr < Killul e >0 @)
L, 1—2€6JQ

JF+1

for all large s > 0 and for some positive constant K.
From (42), by (43) and (44) we obtain

Ij*+8 _
s2e255/t /Q|u\2dxdtgcluu||§2@>e 510l pnr0ry. ©@9)
j*

for all large s > 0 and for some positive constant Cj.
Setting

E@):= [ JuenPdy, 1€l )

by the energy estimate (33) of Lemma 3.1 we deduce

1% +€ p L +€ "l +€
/t. /Q ludxdt = / E(t)dr / (E(t7) ~ H 1812 90 0.7
j* .

tj* . t./*

—¢ (E(rj*) —H*Ilglliz@m(o,n)) (40

and, by the energy estimate (32) of Lemma 3.1 we obtain

tj*-H tj*+1
gy = [ E@ar= [T (B + 8000
*

tj*

< E(t;)T +H.T gl (47)

202 x(0,T))"

Substituting (46) and (47) into (45), we have
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tj*+€
2,256 (E(rj*)—H*||g\|iz(mx(0j))) < SZezss/l /Q \u[2dxdr
j*

2. —2s8 s 2
< Cillullzge™ +C‘ecls”g||L2(89X(0-T>>
256
<Ce ™ (E(tj*)T+H*T||gH%2(QQ><(07T)))
+C1e gl a0y 0.

for all large s > 0. Hence, for all s large enough,

(s*e*%e—Cy TefQSS)E(tj*) < (Clecls +5%e*%¢H, +C1€72S8H*T> ”g”iz(a.(zx(o,T))

But, for s > 0 enough large, s2e¥0g — C Te 29 > (. Thus, using again (32), for
every t € [tj«,tj-y1], we obtain

()l 20y = E(0) S E(tj2) + Hillgl 200 0.1y < C2ll8ll2 a0 0.1)s

for some positive constant C>. The conclusion of the proof of Theorem 1.6 follows
from the above inequality, using Lemma 3.2 to extend the above observability in-
equality from [tj«,7;+11] to [0,T]. O

Remark 3.3 By adapting the above proof, one could easily obtain an observabil-
ity inequality for u(-,0) on £, requiring measurements just on the subboundary X
defined in (10).

Appendix

In this appendix we prove Lemma 1.2.

Proof. (of Lemma 1.2). Since H € Lip([0,T];R?) there exists L > 0 such that
H(r)— H(s)| < Lt —s], Ve, € 0,7
Let us consider, for simplicity, a uniform partition {¢;}{ of [0,T]. Let us set

_ H({))
|H ()|

n;: ,j=0...,m—1.

Fort € [tj,tj11], j=0,...,m—1, we deduce

H(t)-mj = (H(t) = H(1;))-n;+H(;)-mj = =[H(1) = H(t))[ + [H(1;)]

T
2 —Lit—j[ +|H (1) 2 —L— +|H(1)], (48)

and, since |H(1)| < [H (1) — H(tj)| + |H(t;)],
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T
[H ()| = [H()| = [H()) = H(t)| = [H(O)| = LIt =15 > [H()| =L~ (49)

From (48) and (49), if we choose the uniform partition with m > HOZLT

Ho(1-5.)° where

)

we recall that Hy = rr[lin] |H(2)|, we obtain the conclusion, that is,
tel0,T

v

T
|H(t)|—2L% > S H(t)|, Vteltjtip1], Vj=0,....m—1.
O
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