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Abstract

With reference to an optimal control problem where the state has to approach asymp-
totically a closed target while paying a non-negative integral cost, we propose a
generalization of the classical dissipative relation that defines a Control Lyapunov
Function to a weaker differential inequality. The latter involves both the cost and the
iterated Lie brackets of the vector fields in the dynamics up to a certain degree k > 1,
and we call any of its (suitably defined) solutions a degree-k Minimum Restraint Func-
tion. We prove that the existence of a degree-k Minimum Restraint Function allows us
to build a Lie-bracket-based feedback which sample stabilizes the system to the target
while regulating (i.e., uniformly bounding) the cost.
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1 Introduction

The stabilizability to a target 7 C R” of a control system y = f(y, o) on R" consists
in the existence of a feedback law « : R" \ 7 — A, where A is the set of control
values, whose (suitably defined) implementation drives the state trajectory towards
the target 7, in some uniform way.
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Though stabilizability is a dynamical issue, it may obviously be considered together
with a concomitant optimization problem. Specifically, starting from any state x €
R™\7, one might wish to minimize a cost functional of the form

Sy
| to6rawas. azo. M
0
over all control-trajectory pairs (e, y) : [0, Sy[— A x R" of the control system

y=f( ), y0) =x, )

where 0 < §), < oo denotes the infimum among the times S that verify

lim dist(y(s), 7) = 0. A natural question then arises:
s—>S—

(Q) With a suitably extended notion of stabilization, what are sufficient conditions for
the existence of a modified Lyapunov function that will simultaneously stabilize the
system while bounding the costs?

As for global asymptotic controllability, which is stabilizability’s correspond-
ing open loop notion, early answers to (Q) have been provided in [24, 27] by
means of the notion of Minimum Restraint Function (MRF). The latter is a par-
ticular Control Lyapunov Function—i.e. a solution of a suitable Hamilton—Jacobi
dissipative inequality—which, besides implying global asymptotic controllability, reg-
ulates the cost, namely it provides a criterium for selecting control-trajectory pairs
s = (a(s), y(s)) which satisfy a uniform bound on the corresponding cost. Question
(Q) has received some answers for both bounded and unbounded controls in . [21-23],
respectively, where one shows how a stabilizing feedback law, which also ensures an
upper bound on the cost, can be built starting from a MRF, through a ‘sample and
hold” approach. (Among the different notions of stabilizability, see e.g. [1, 4, 7, 10,
35, 36, 38], we consider here the so-called sample stabilizability, see e.g. [9, 11, 34].)

In relation to the driftless control-affine system

V() =Y iy (s), 3)

i=1

where the controls « take values in A := {%ey, ..., Ze,} (e; denoting the ith ele-
ment of the canonical basis of R™), in this paper we aim to improve these results by
constructing a Lie-bracket-determined stabilizing feedback which, at the same time,
induces a bound for the cost (1).

This means, in particular, that the utilized ‘sample and hold’ technique involves not
only the vector fields fi, ..., f,; but also their iterated Lie brackets.

More precisely, we will consider the degree-k Hamiltonian

HIpol® (x, p,u) = min {p. B + potw) max I(x, o}, )

where po : R>¢g — [0, 1] is a continuous increasing function, here called cost mul-
tiplier. The minimum is taken among (signed) iterated Lie brackets B of the vector
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fields f1, ..., fm of length < k, while, for any bracket B, the inner maximization is
performed over the subset Ap C A of control values

utilized to approximate the B-flow. The novelty with respect to the standard
Hamiltonian consists in the fact

that, on the one hand, fork > 2, H|[ po](k) is obtained by minimization over vectors
(the Lie brackets) which may not belong to the dynamics of the system, and, on
the other hand, H|[ po](k) depends also on the functions / and pg. Under some mild
hypotheses specified in Sect. 2, the degree-k Hamiltonian H [ py]*) is well defined and
continuous. Finally, in order to choose the right iterated Lie bracket (in the construction
of the feedback) we exploit the following differential inequality:

H(pol®(x, p,U(x) < —y(U(x)) VYxeR'"\T, VpedpUx). (5

Here, the dissipative rate y is an increasing function taking values in ]0, +oo[ and
dpU (x) denotes the proximal subdifferential of U at x (see (6)). We call relation (5)
the degree-k HJ dissipative inequality (where HJ stands for Hamilton—Jacobi). A
proper, positive definite, and continuous function U : R? \ 7 — R satisfying (5) for
some pg and y, is called a degree-k Minimum Restraint Function (in short, degree -k
MRF). Let us observe that, as a trivial consequence of the monotonicity relation

Hipol® < Hipol“™" < --- < Hlpol",

the higher the Hamiltonian’s degree the larger the corresponding set of MRFs.

Furthermore, as shown in an example in [29], for k sufficiently large it can well
happen that a smooth degree-k MRF does exist while a standard, i.e. degree-1, C!
MRE, does not (see also [28, Ex. 2.1—2.4], for the case with no cost). An increased
regularity of a degree-k MRF—possibly obtained by choosing a sufficiently large
degree k—is of obvious interest, both from a numerical point of view and in relation
with feedback insensitivity to data errors.

Our main result, which will be rigorously stated in Theorem 1, can be roughly
summarized as follows:

Main result. Under some regularity and integrability assumptions, the existence of a
degree-k Minimum Restraint Function U : R*\ 7 — R

implies that control system (3) is degree-k sample stabilizable to T with regulated
cost.

Let us observe that the use of Lie brackets is a well-established, basic tool in the
investigations of necessary conditions for optimality as well as sufficient conditions
for controllability (see e.g. [2, 3, 12, 17, 37]). Furthermore, Lie algebraic assumptions
play a crucial role in the study of regularity and uniqueness for boundary value prob-
lems of Hamilton—Jacobi equations (see e.g. [S] and references therein). However, in
the mentioned literature Lie brackets are not involved explicitly in the connected HJ
equations or inequalities, as is the case in our degree-k dissipative inequality (5).

As for the assumptions in the above statement, they include some integrability
properties of the cost multiplier po and of the dissipative rate y . Furthermore, whenever
k > 1, they also involve a certain interplay between the curvature parameters of 97
and the semiconcavity coefficient of the MRF U (see Sect. 3.2). As a matter of fact,
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the need for such a condition was somehow predictable, since it results unavoidable
in the high order controllability conditions for the minimum time problem with a
general target (see e.g. [18, 19, 25, 26]), where U is the distance d from the target and
! = 1 (see Remark 10). For instance, when d is a solution of (5) for pg and y positive
constants, the ‘regularity and integrability assumptions’ of the Main Result are always
satisfied as soon as either 7 is a singleton or 7 satisfies the internal sphere condition
(see Remark 6).

Let us summarize the previous considerations by saying that, on the one hand, our
results extend previous results on sample stabilizability by considering both higher
order conditions and a regulated cost. Also, our main result extends some achievement
of [15, 28], which concerned the case without a cost. On the other hand, it can be
regarded as a generalization to problems with a nonnegative vanishing Lagrangian /
(widely investigated from a PDEs’ point of view, see e.g. [20, 30, 31]) of both classical
achievements on Holder continuity and more recent regularity results for the minimum
time problem.

The paper is organized as follows. Section 2 is devoted to state the definitions of
degree-k feedback generator and degree-k sample stabilizability with regulated cost. In
Sect. 3 we introduce the precise assumptions and state the main result, whose proof is
given in Sect. 4. In Sect. 5 we briefly mention possible generalizations of both the form
of the dynamics (no longer driftless control-affine) and in the regularity assumptions.
In particular, the latter can be weakened up to the point of considering set-valued Lie
brackets of Lipschitz continuous vector fields.

1.1 Notation and Preliminaries

For any a, b € R, let us set a VV b := max{a, b}, a A b := min{a, b}. For any integer
N > 1, (RV)* denotes the dual space of RY (and is often identified with R itself),
while we set RQ’O := [0, +oo[" and Ri’o :=]0, +oo[V. For N = 1 we simply write
R0 and R, respectively. We denote the closed unit ball in RN by By and, given
r > 0,rBy will stand for the ball of radius r (we do not specify the dimension when it is
clear from the context). Given two nonempty sets X, ¥ C R, we call distance between
X and Y the number dist(X, Y) := inf{|x — y|: x € X, y € Y}. We do observe that
dist(-, -) is not a distance in general, while the map RY > x > dist({x}, X) coincides
with the distance function from X. We set B(X, r) := {x € R¥: dist({x}, X) < r}
and we write 89X, int(X), and X for the boundary, the interior, and the closure of X,
respectively. For any two points x, y € R" we denote by sgm(x, y) the segment joining
them, i.e. sgm(x, y) := {Ax + (1 — X)y: A € [0, 1]}. Moreover, for any two vectors
v,weRY, (v, w) denotes their scalar product. Let Q2 € RY be an open, nonempty
subset. Given an integer k > 1, we write ck (2) for the set of vector fields of class ck
on ©, namely C¥(Q) := C*(Q; RV), while C} () C C*(Q) denotes the subset of
vector fields with bounded derivatives up to order k. We use C k=L1(Q) c ck=1(Q) to
denote the subset of vector fields whose (k — 1)-th derivative is Lipschitz continuous
on ©, and we set and C; "' () := Ck~1(@) n A1),

We say that a continuous function G : Q@ — R is positive definite if G(x) > 0
Vx € Qand G(x) = 0 Vx € 9. The function G is called proper if the pre-image

@ Springer



Applied Mathematics & Optimization (2023) 88:52 Page50f35 52

G~1(K) of any compact set K C R is compact. We use dp G (x) to denote the (possibly
empty) proximal subdifferential of G at x, namely the subset of (R")* such that, for
some positive constants p, ¢, one has

pepGx) & GX) —Gx)+plx—x>>(p, x—x) VieBdx}, o).
(6)

The limiting subdifferential 9G (x) of G at x € L, is defined as

3G (x) := {p eRY: p= lim, pi: pi € pGx),

m Xx; ZX}.
i—>—+00 +

1
1—>T00
When the function G is locally Lipschitz continuous on €2, the limiting subdifferential
dG (x) is nonempty at every point.

We say that a function G : 2 — R is semiconcave (with linear modulus) on €2 if
it is continuous and for any closed subset M C € there exists n,, > 0 such that

X1+ x2

G(x1) + G(x2) —2G ( ) < N lx —xl?

forall x1,x; € M such that the segment sgm(x, x7) is contained in M. If this property
is valid just for any compact subset M C €2, G is said to be locally semiconcave (with
linear modulus) on 2. In both cases, G is locally Lipschitz continuous and, for M,
N> X1, X2 as above, for any p € 0G(x) the following inequality holds true as well
(see [8, Prop. 3.3.1, 3.6.2]):

G(x2) — G(x1) < (p,x2 — x1) + %2 — x1 /% (7

Finally, let us collect some basic definitions on iterated Lie brackets. If g1, g2 are
C! vector fields on RY the Lie bracket of g1 and g is defined as

[g1. g21(x) := Dga(x) - g1(x) — Dg1(x) - g2(x) (= —[g2. &1]1(x)).

As is well-known, the map [g1, g2] is a true vector field, i.e. it can be defined intrin-
sically. If the vector fields are sufficiently regular, one can iterate the bracketing
process: for instance, given a 4-tuple g := (g1, g2, g3, g4) of vector fields one can con-
struct the brackets [[g1, g21. 31, [[g1, g2], [g3, gall. [[lg1, g2]. &3], g4, [[g2, &3], g4l.
Accordingly, one can consider the (iterated) formal brackets By := [[X1, X2], X3],
By = [[X1, X2], [X3, X4]l, B3 = [[[X1, X2], X3], X4], B4 := [[X2, X3], X4]
(regarded as sequence of letters Xi,..., X4, commas, and left and right square
parentheses), so that, with obvious meaning of the notation, B1(g) = [[g1, g2], 831,
B(g) = [lg1, g2, [g3. 8411, B3(g) = [[[g1, &21, 31 841, Ba(g) = [[g2, &3], g4l
The degree (or length) of a formal bracket is the number £, of letters that are
involved in it. For instance, the brackets B1, B, B3, B4 have degrees equal to 3, 4, 4,
and 3, respectively. By convention, a single variable X; is a formal bracket of degree
1. Given a formal bracket B of degree > 2, then there exist formal brackets B and
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B; such that B = [B1, B>]. The pair (Bj, B>) is univocally determined and it is called
the factorization of B.
The switch-number of a formal bracket B is the number s, defined recursively as:

syi=1iflp =1, s,:=2(s, +5,)iflp >2and B =By, B:].

For instance, the switch-numbers of [[X3, X4], [[ X5, X6], X7]] and [[ X5, X6], X7]
are 28 and 10, respectively. When no confusion may arise, we also speak of ‘degree
and switch-number of Lie brackets of vector fields’. It may happen that brackets with
the same degree have different switch numbers. However, if we set, for any integer
k>1,

{ﬁ(k) =2[Bk — 1)+ 1] ifk>2, )

p) =1,

and if B is a formal bracket with degree £, < k, then

s < B(k).
We will use the following notion of admissible bracket pair:

Definition1 Letc > 0, > 1, g > ¢ + £ be integers, let B = B(Xc41, ..., Xcte) be

an iterated formal bracket and let g = (g1, ..., g4) be a string of continuous vector
fields. We say that g is of class C8 if there exist non-negative integers ki . . . , kg such
that, by the only information that g; is of class C% for every i = 1, ..., g, one can

deduce that B(g) is a C° vector field (see [14, Definition 2.6]). In this case, we call
(B, g) an admissible bracket pair (of degree ¢ and switch number s := s).

Forinstance,if B = [[[X3, X4], [ X5, X¢]l, X7].8 = (81, 82, 83, 84, &5 86, &7, 88)>
then g is of class C® provided g3, g4, g5, g6 are of class C> and g7 € C'.

2 Degree-k Sample Stabilizability with Regulated Cost

Let us recall from [16] the definitions of degree-k feedback generator, sampling pro-
cess, and degree-k sample stabilizability with regulated cost. Throughout the whole
paper k > 1 will be a given integer and we will consider the following sets of
hypotheses:

(H1) The control set A C R™ is defined as A := {=%ey, ..., *e,;} and the target
7T C R" is a closed subset with compact boundary.

(H2) the Lagrangian/ : R" x A — R is such that, for any a € A, the function
R" 3 x + I(x,a), is locally Lipschitz continuous. Furthermore, the vector
fields f1, ..., fm : R* — R”" belong to C’;_I’I(Q) for any bounded, nonempty
subset Q2 C R”.

We set d(X) :=dist(X,7) forany X C R"”. If X = {x} for some x € R", we will
simply write d(x) in place of d({x}).
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2.1 Admissible Trajectories and Global Asymptotic Controllability with Regulated
Cost

Definition 2 (Admissible controls, trajectories, and costs) We say that (¢, y) is an
admissible control-trajectory pair if there is some 0 < §y < +00 such that:

(i) o :[0, Sy[— A is Lebesgue measurable;
@ii) y : [0, Sy[— R" \ T is a (Carathéodory) solution to the control system

¥ =Y fily) el (s), ©)

i=1
satisfying, if Sy < 400, lim_, ¢- d(y(s)) = 0.

Given an admissible pair («, y), we refer to J given by

J(s) = /Sl(y(o), a(o))do, Vs €[0,S8y[ (10)
0

as the integral cost, and to («, y, J) as an admissible control-trajectory-cost triple.
Forevery x € R"\ 7, we call (o, y), («, y, J) as above with y(0) = x, an admissible
pair from x and an admissible triple from x, respectively. For any admissible pair or
triple such that S, < 400, we extend «, y, and J to R>¢ by setting a(s) :=a,a € A
arbitrary, and (y, J)(s) := lima%S; (y(0),J(0)), for any s > Sy,]

Let us recall the notion of global asymptotic controllability with regulated cost, as
formulated in [16].

Definition 3 (Global asymptotic controllability with regulated cost) We say that
system (9) is globally asymptotically controllable (in short, GAC) to 7 if, for any
0 < r < R, for every x € R" with d(x) < R there exists an admissible
control-trajectory pair (¢, y) from x that satisfies the following conditions (i)—(iii):

1) d(y(@s)) <T(R) Vs > 0; (Overshoot boundedness)
() d(y(s)) <r Vs > S(R, r); (Uniform attractiveness)
(iii) liIE d(y(s)) =0, (Total attractiveness)

§—> 100

whereI" : R>9 — R>gisafunctionwithI"(0) = 0andS : R2>0 — R. . If, moreover,

there exists a function W : R*\7 — R continuous, proper, and positive definite,
such that the admissible control-trajectory-cost triple («, y, J) associated with (¢, y)
above, satisfies

Sy
@iv) / (a(s), y(s))ds < W(x) (Uniform cost boundedness)
0

! Thanks to hypotheses (H1) (H2), this limit always exists.
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(Sy < +o0 as in Definition 2), we say that system (9) is globally asymptotically
controllable to T with W-regulated cost (or simply, with regulated cost).

2.2 Degree-k Feedback Generator

Let us introduce the sets of admissible bracket pairs associated with the vector fields
+f1, ..., £ fm in the dynamics.

Definition 4 (Control label) For any integer & such that 1 < h < k, let us define the
set FM of control labels of degree < h as

sgn € {+, —} and(B, g)is an admissible bracket
Fh .- (B, g, sgn) | pair of degreelp < hsuch thatg := (g1, ..., &)
satisfiesg; € {f1,..., fuHforanyj =1,...,¢q

We will call degree and switch number of a control label (B, g, sgn) € F™ the degree
and the switch number of B, respectively.

With any control label in F*) we associate an oriented control:

Definition 5 (Oriented control) Consider a time t > 0 and (B, g, +), (B, g, —) €
F®,

We define the corresponding oriented controls a(p g 1)1, Q(B,g,—).1» T€SPeCtively,
by means of the following recursive procedure:

(i) if £p = 1,1.e. B = X for some integer j > 1, we set
aAB.g),i(S) =g for anys € [0, t],

wherei € {1, ..., m}is such that B(g) = f; (i.e. g = fi);

(ii) if £p > 1, we set a(g g, ),/ (5) := —(B g +),:(t —s) forany s € [0, 1];

(iii) if £ > 2 and B = [By, B,] is the factorization of B, we set 5| := sp,, 52 = 5p,,
and s := sp(= 2s1 + 2s) and, for any s € [0, ¢], we posit

i s1
O‘(B],g,+),%ll(s) if s € [0, 2]
— 5 i 51, 51+82
o oo | Sman 2 (=) il e B
(B.g. ).t = _ 51tsy . 51452, 281+82
%By.g.—). 2Lt (s 21) if s e [y, SRy
s _ 25115 : 251452
Y(Br.g,—), 21 (S s t) ifs € [—5 t,t].

Example 1 If B = [[X3, X4, [ X5, X611, = (f3, f2, f1, f2. f3. fa, f2, f3)andt > 0
one has
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ey ifs e[0,¢/16[U[9¢/16, 10¢/16]
er ifs e [t/16,2¢/16[U[8t/16,9¢/16]
es ifs € [4t/16,5t/16[U[13t/16, 14 /16]
es ifs € [5t/16,6t/16[U[12¢/16, 13t/16]
—ey ifs e [2t/16,3t/16[U[11¢/16, 12¢/16]
—ey ifs e [3t/16,4t/16[U[10¢/16, 11¢/16]
—e3 ifs e [6t/16,7t/16[U[15t/16, t]
—es ifs e [7t/16,8t/16[U[14t/16, 15¢/16]

aB,g ) (8) =

(and B g, —),; can be obtained according to Definition 4, (ii)).

Let us recall a crucial formula of Lie bracket approximation in [14, Theorem 3.7],
in a form proved in [15, Lemma 3.1].

Lemma 1 Assume (H1)-(H2) and fix R > 0. Then, there exist 5§ > 0 and w > 0 such

that for any x € B(7T, Ié)\T, any control label (B, g, sgn) € F® of degree € and
switch number s, and any t € [0, 8], there exists a (unique) solution y(-) to the Cauchy
problem

V) =Y [N p g o (). (O =1,
i=1

defined on the whole interval [0, t] and satisfying®

N
<wt <—> (12)
5

Remark 1 In general, § and w in the above lemma do depend on R, while they are
independent of R as soon as the hypothesis fi,..., fu € C ,/;71’1(]1%”) replaces the
assumption on f1, ..., f;, in (H2).

J4
y(s) € B(T,2R) Vs € [0,1], |y(t) —x — sgn B(g)(x) (é)

Definition 6 (Degree-k feedback generator) We call degree-k feedback generator any
map V : R*\ T — F® and write

x = V(x) := (By, g, sgn,),

Lx) =4y, s(x):=s5, VxeR'\T. (13

Definition 7 (Multiflow) Given a degree-k feedback generator V, forevery x € R"\7
and ¢ > 0, we define the control ¢, ; : R>0 — A, as

Qx 1 (8) ==y (S AT, for anys € Rxop.

2 We use the notation ‘sgn B(g)’ to mean ‘+B(g)’ if sgn = + and ‘—B(g)’ if sgn = —.
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We will refer to a maximal solution to the Cauchy problem

V) =Y fily®)as (), 0 =x, (14)

i=1

as the V-multiflow, starting from x up to the time t (or simply V-multiflow). It will be
denoted by yx,,.3

2.3 Sampling Processes

We call m := {s;}; a partition of Rx¢ if so = 0, s; < 541 forany j € N, and
lim s; = 4o00. The sampling time, or diameter, of 7 is defined as the supremum of

J—+oo -

theset {s;11 —s;: j e N}

Definition 8 (V-sampling process). Given a degree-k feedback generator V', we refer

to (x, 7w, af , y7) as a V-sampling process it x € R"\T, w := {s;}; is a partition of

Rsg, y7 is a continuous function taking values in R" \ 7 defined recursively by

yE(s) = Vxjot; (8 —8j-1) foralls € [sj_1,0j[and1 < j <

15
yF(0) =x, ()

where, forall j > 1, yy; ¢; is a V-multiflow with #; :=s; —s;_1, x; := Y7 (sj—1) for
alll <j <j, and*

0j = Ssup {U = Sj—1° Yxj 1 defined on [sj—la ol, yx_/,t_,'([sj—la o) C R” \T} s
Jj=inf{j: o; <s;}.

We will refer to the map y7 : [0, oj[— R"\7T as a V-sampling trajectory. According
to Definition 7, the corresponding V-sampling control a7 is defined as

ol (s) := oy (s —sj-1)  foralls € [sj—1,5;[N[0,05[, 1<) <]

Furthermore, we define the V-sampling cost J7 as

T (s) 1= / 17 (o), & (0)) do, Vs € [0, o, (16)
0

and we call (x, 7w, of , ¥7, J7) a V-sampling process-cost.

If (af, y7) [resp. (af, y7.37)] is an admissible pair [resp. triple] from x, we

X
say that the V-sampling process (x,m,af, y7) [resp. V-sampling process-cost

3 By Lgmma 1, given R > 0 there is some § > 0 such that, for all x € R" \ 7 with d(x) < R and all
t € [0, 8], the trajectory yy ¢ is defined on the whole interval [0, ].

4 We mean j = +oo if the set is empty.
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(x,m, of , yF, I7)] is admissible. In this case, when oj = Syr < 400, we extend
af, yT, and JT to Rxq, according to Definition 2. ’

In the definition of degree-k sample stabilizability with regulated cost below, we
will consider only V-sampling processes belonging to the subclass of 0- scaled V-

sampling processes, defined as follows.

Definition 9 [0-scaled V-sampling process-cost] Given 0 := (§1,...,8) in ]R];O,
referred to as a multirank, and a degree-k feedback generator )V, we say that
(x,m, of , y7,37) [resp. (x,m,af,y7)] is a d-scaled V-sampling process-cost
[resp. 0-scaled V-sampling process] provided it is a V-sampling process-cost [resp.

V-sampling process] such that the partition = = {s}; satisfies
A(k)S(j <sj—5j-1 5851. VieN, j>1, a7

where €; := £(y7 (sj—1)) (see Definition 13) and A (k) := %71

Remark2 When k = 1, the degree-1 feedback generator V takes values in F", so
that, in view of Definition 5, a V-sampling process (x, 7w, f, y7) is nothing but a
standard m-sampling process associated with the feedback law a(x) := sgn, e;, as
soon as V(x) = (By, g, sgn,) and By(gx) = f;. In particular, in this case A(l) =
0,9 = 6 > 0, and a d-scaled V-sampling process (x, 7, af , y7) coincides with
a standard m-sampling process such that diam(wr) < §, exactly as required in the
classical notion of sample stabilizability (see, for instance, [10, 11]). When k > 1, the
notion of 9-scaled V-sampling process is more restrictive. In particular, (17) prescribes
for each such process (x, 7, of , y7 ) both an upper and a lower bound on the amplitude
sj — sj—1 of every sampling interval, depending on the degree £; € {1,...,k} of
V(yT (sj—1)). Considering this subclass of processes will actually be crucial in the
proof of Theorem 1. Indeed, when a trajectory y7 defined on an interval [s;_1, s;]
approximates the direction of a degree-£; Lie bracket of length £; > 1 for the time
tj == sj —sj_1 (< 1), the displacement of y7 is proportional to 19 < tj—see the
asymptotic formula (12). Hence, the lower bound in condition (17) ensures that for
each sampling trajectory the sum of the displacements is divergent. This is necessary
in order to build stabilizing sampling trajectories that uniformly approach any fixed
neighborhood of the target while providing an uniform upper bound for the cost (see
Definition 11 below). Incidentally, notice that A (k) might be replaced by any function
null for k = 1, positive and smaller than 1 otherwise.

2.4 Degree-k Sample Stabilizability with Regulated Cost

To state the notion of degree -k sample stabilizability of system (9) to T with regulated
cost, we first need to provide the following definition.

Definition 10 (Integral-cost-bound function) We say that a function
v R3>0 — R is an integral-cost-bound function if

Y(R, v1,v2) = A(R) - W(v1, v2),
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where

(1) A :R.9 — R, is acontinuous, increasing function and A = 1 ifk = 1;
(1) v R2>0 — R is a continuous map, which is increasing and unbounded in the
first variable and decreasing in the second variable;
(iii) there exists a strictly decreasing bilateral sequence (u;);cz C R, such that, for
some (hence, for any) j € Z, one has

+o00

E W(ui, ujy1) < 4oo, and lim u; =400, lim u; =0. (18)
. i——00 i— 400

i=j

Definition 11 (Degree-k sample stabilizability with regulated cost) Let ) be a degree-
k feedback generator and let U : R” \ 7 — R be a continuous, proper, and positive
definite function. We say that V degree -k U-sample stabilizes system (9) to T if
there exists a multirank map 9 : R2>0 — Rk>0 such that, for any 0 < r < R, every
0(R, r)-scaled V-sampling process (x, w, o, y7) with d(x) < R is admissible and
satisfies

D d(yy(s)) <T(R) Vs >0,
(i) t(yF,r) :=inf {s > 0: U(y7 (s)) < (1)} < T(R,r),
(iii) if37 > Osuch that U (y7 (1)) < ¢(r), thend(yT(s)) <r Vs > 1,

where I' : R>o — Rsg, ¢ : R>9 — R are continuous, strictly increasing and
unbounded functions with I'(0) = 0, ¢(0) = 0,and T : R2>0 — R.¢ is a function
increasing in the first variable and decreasing in the second one. We will refer to
property (i) as Overshoot boundedness and to (ii)-(iii) as U-Uniform attractiveness.
If, in addition, there exists an integral-cost-bound function W : R3>0 — R such
that the V-sampling process-cost (x, 7, af , yF, JT7) associated with the V-sampling

X
process (x, , af , yT) above satisfies the inequality

tOy.n)
(i) T OT. ) = /0 107 ). 07 (5))ds = ¥(R, U), UOFAGT, 1))

we say that V degree-k U-sample stabilizes system (9) to T with ¥-regulated cost.
We will refer to (iv) as Uniform cost boundedness.

When there exist some function U, some degree-k feedback generator V [and an
integral-cost-bound function ¥] such that V degree-k U-sample stabilizes system (9)
to 7 [with W-regulated cost], we say that system (9) is degree-k U -sample stabilizable
to T [with W-regulated cost]. Sometimes, we will simply say that system (9) is degree-k
sample stabilizable to T [with regulated cost].

Remark 3 By Theorem 1 below, the existence of a degree-k MRF U leads to the notion
of degree-k U-sample stabilizability with regulated cost in Definition 11. This notion
might look quite involved if compared to classical stabilizability concepts (without
cost). However, maybe this is not the case, in view of the following facts:
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(1) degree-k sample stabilizability with regulated cost implies global asymptotic con-
trollability with regulated cost as in Definition 3 (exactly as classical sample
stabilizability implies global asymptotic controllability);

(ii) in the absence of a cost, system (9) is degree -k sample stabilizable to T for some
k > 1 in the sense of Definition 11 if and only if it is sample stabilizable to T in the
classical sense of [10, Definition 1.3], which is in turn equivalent to be degree-k
sample stabilizable to T according to [15, Definition 2.18].

(iii) degree-1 sample stabilizability with regulated cost in the sense of Definition 11
implies sample stabilizability with regulated cost as defined in [21].

The proofs of statements (i) and (ii) can be found in [16]. Moreover, in view of
Remark 2 and using the notations of Definition 11, statement (iii) follows from the
following two considerations: first, U -uniform attractiveness immediately implies the
standard uniform attractiveness condition

3S(R,r) > 0 suchthat d(y7(s)) <r foralls > S(R,r)

(with S(R, r) < T(R, r)), which in turn characterizes classical sample stabilizability
(see e.g. [10]); secondly, for k = 1 the uniform cost boundedness condition (iv) in
Definition 11 implies the cost bound condition considered in [21], namely

sy 1) t(yy.r)
/ 1T (s), ) (s))ds < [ 1(y7 (s), a7 () ds
0

0
SVYUx), o) = WU (x),0) = W(x),

where s(y7, ) :=inf{s > 0: d(yT (o)) <r forallo > s}

3 The Main Result

Together with the notion of degree-k Hamiltonian, in this section we provide our
most important result: it states that the existence of a suitably defined solution U to
a degree-k Hamilton—Jacobi inequality is a sufficient condition for the system to be
degree-k sample stabilizable with regulated cost.

3.1 Degree-k Hamilton-Jacobi Dissipative Inequality

For any integer h, 1 < h < k, and any (B, g, sgn) € F () et us define the subset
A(B, g, sgn) € A of control values

5 Notice that the U-uniform attractiveness implies s(yT, r) < t(y7,r).
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{ei} ifB(g) = fiandsgn = +,
{—e;i} ifB(g) = fiandsgn = —,

A(B, g, sgn) := ifB=B(Xct1s---5 Xcte), (19)
{+ej.....%e;,} {2 <¢<h,andgis such that

8etr = fiforr =1,..., ¢

Definition 12 (Pseudo-Hamiltonian) We define the pseudo-Hamiltonian H
RM\T) x R* x (R")* x F® - R, as

H(x. po. p. (B.g sem)) = (p.sen B@@) +po_ max 1(x.a)

for any (x, po, p, (B, g, sgn)) e RM\T) x R* x (R")* x F®,

Definition 13 (Degree-2 Hamiltonian) Given a continuous increasing function py :
R>0 — [0, 1] and an integer /&, 1 < h < k, we define the degree-h Hamiltonian

Hpol™ : R"\ T) x (R")* x R — R,

by setting, for every (x, p,u) € (R"\7) x (R")* x R,

Hlpol®(x, p,u) ;==  min H(x, po(u), p, (B, g, Sgn)>-
(B,g,sgn)e F"

Notice that minimum exists because the set of control labels of degree < £ is finite.
Furthermore, under the standing hypotheses, degree-h Hamiltonians H|[ po]™ are well
defined and continuous for every 4 € {1, ..., k}. Observe also that

Hlpol® < Hlpol* "V < --- < Hpol", (20)
where the degree-1 Hamiltonian H [ po](l) reduces to
m
H(pol(x, p,u) = min {<p > ﬁ(x)a’> + po(u) 1(x, a)] :
acA i
As an example, let us consider the degree-2 Hamiltonian H|[py]®:

Hpol® (x, p,u) = H[polV (x, p,u) A

min {<p,[f,-,fj](x)>+ max
m} ae{xe' e/

@il
Definition 14 (Degree-h MRF) For any integer i, 1 < h < k, a continuous map U :
R"\7 — R is said to be a degree-h Minimum Restraint Function (in short, degree-h
MRF) if it is proper, positive definite, and satisfies the HJ dissipative inequality

Hipol™(x, p,U(x)) < —y(U(x)) Vx eR"\T, ¥pedpU), (1)
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for some continuous and increasing functions pg : R>o — [0, IJandy : R>0 — R.o,
to which we will refer as the cost multiplier and the dissipative rate, respectively.
Furthermore, we say that U is a degree-h Control Lyapunov Function (in short, degree-
h CLF) if it is a degree-h MRF with pg = 0.

Remark 4 From (20) it follows that for all g1, q2 € N, 1 < g1 < g2 < k, a degree-q
MREF (for some pg and y) is also a degree-q» MRF (for the same pg and y), while the
converse is false, in general. In particular, a smooth degree-k MRF for some k£ > 1
may exist in situations where there are no smooth degree-1 MRFs (see the examples
in [28, 29]). Actually, this is one of the main reasons for considering degree-k MRFs
withk > 1.

Remark 5 1f U is a degree-k MRF for some pg and y, itis also a degree-k CLF. Indeed,
since po and the lagrangian [ are nonnegative, from the dissipative inequality (21) it
follows that, for every x € R"\7 and p € dpU (x),

H0I®(x, p,Ux) = min _ (p, B(g)(x)) < —y(Ux)). (22)
(B,g,sgn)e F®)

A notion of (locally semiconcave) degree-k CLF was first introduced in [28]. The
definition of degree-k MRF has been anticipated in [29], in the special case of constant
po and lagrangian [ independent of the control a € A.

3.2 Main Result

To prove that the existence of a degree-k MRF U implies degree-k sample stabilizabil-
ity with regulated cost, we need additional assumptions. These conditions include some
integrability requirements on the cost multiplier pg and on the dissipative rate y and,
in case k > 1, also the following v-semiconcavity property for U, in a neighborhood
of the target.

Definition 15 (v-semiconcavity) Let M C R" be a nonempty subset and let v €
[0, 1]. We say that a continuous function U : R*\ 7 — R is v-semiconcave on
M\ T if there are some positive constants L, & and C > 0 such that for every x,
x € M\T with sgm(x, x) C M\7 and |x — x| < 6, one has

Cc

- 2
_— X — v U (x),
+ d(sem(z, x))" [x — x| pE (x)

UR) —Ux) < (p, X —x)
Ipl=L VpedU).

(23)

Remark 6 1f U is a locally semiconcave function on R” \ 7, then, in view of the
property (7) of its subdifferential, U is v-semiconcave on M \ 7 with v = 0 for
every compact set M C R" \ 7. More generally, the notion of v-semiconcavity is an
extension of a condition concerning the distance function d (from a closed set 7') (see
e.g [25, 26]). In particular, (see e.g. [8]) note that

1. if 7 has boundary of class C'-!, then the distance d is semiconcave in R? \ 7 and
turns out to be v-semiconcave on R” \ 7 with v = 0, L = 1, for any 6 > 0 and
for some C > 0.
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2. If 7T satisfies the internal sphere condition of radius r > 0, namely, for all x € T
thereexists x € 7 suchthatx € B(x,r) C 7,thenthe distance d is v-semiconcave
on R" \ 7 with v = 0 and satisfies (23) for L = 1, and C = 1/r, for every 6 > 0.

3. If 7 is a singleton, then the distance d is v-semiconcave in R" \ 7 with v = 1 and
(23) holds for L = C = 1, for every 6 > 0.

We will also use the following hypothesis.

(H3) Let U be a degree-k MRF and let pg, y be the associated cost multiplier and
dissipative rate, respectively.

(i) If k > 1, assume that, for some v € [0, 1] and ¢ > 0, U is v-semiconcave on
B(T,c¢)\ 7, and that the map ® : R.g — R. ¢, defined by

1 1 1
v Vv k—1
pO(w) po(u))wlfk pO(w)V(w)

1
% . (24)

pow)[w?y (w)]'=+"

O(w) =

is integrable on [0, u] for any u > 0.

1
(i) If k = 1, assume that the map ® above, i.e. O(w) = ) is integrable on
po(w

[0, u] for any u > 0.

Remark 7 In some situations, the integrability condition (24) above can be weakened.
For instance, assume that, for some M > 0,0 < I(x,a) < M for all (x,a) €
(R"\ T) x A. Then, given a degree-k MRF U with cost multiplier po and dissipative
rate y, set

Alu) = I(x,a) Yu>0

inf
{(x,a)eR"xA: U(x)>u}

and consider the strictly increasing functions
P = 5 (o 2w +y @), po@ =1 (po+ ) 25)
y@) =2 (po@) 2@) +y ). — pow) =5 (po+ ).

From (21) it follows that U also satisfies the HJ dissipative inequality:
Hlpo) ¥ (x, p. UW) = —7(UW)  Vx eR"\T, V¥p € pU().

Hence, U can be regarded as a degree-k MRF with cost multiplier pg and dissipa-
tive rate y. Notice that condition (24) referred to pg and y is weaker than the one
corresponding to po and y.

Befor stating our main result, let us finally introduce a stronger, global version of
hypothesis (H2).

(H2)* For any a € A, the map x +> I(x,a) is Lipschitz continuous on R”.

Furthermore, the vector fields fi, ..., f;; belong to sz*l’l (R™).
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Theorem 1 (Main result) Assume hypotheses (H1)—(H2) and let U be a degree-k MRF,
which we suppose to be locally semiconcave on R" \ T. Then, there exists a degree-k
feedback generator V such that the following statements hold:

(1) V degree-k U-sample stabilizes system (9) to T .
(ii) If in addition U satisfies hypothesis (H3), then V degree-k U-sample stabilizes
system (9) to T with V-regulated cost, the map
(R, v1,v2) = W(R, vi,v2) = A(R) ¥(v1, v2)

being an integral-cost-bound function, where W : R2>0 — R is defined as

V]
0 V/ O(w)dw ifk=1,
)
W (v, v12) = i (26)
0\// @(2w)dw ifk > 1
g\

(®asin(24)). In particular, in case k > 1, if U (satisfies (H3) and) is semiconcave
and Lipschitz continuous on R" \ T° and hypothesis (H2) * is satisfied, then A is
constant.

The proof of the theorem will be given in the next section. From Theorem 1 and
[16, Theorem 3.1], the existence of a degree-k MRF U as above implies GAC with
W-regulated cost. More precisely, we have:

Corollary 1 Assume hypotheses (H1)—(H2). Then, given a degree-k MRF U satisfying
the hypotheses of Theorem 1, system (9) is globally asymptotically controllable to T
with W-regulated cost, the map W being defined as

U(x)
/ O(w)dw ifk =1,
Alp™ (U )) / Ow)dw ik > 1,
0

where ©®, A are as in Theorem 1, and ¢ is as in Definition 11.

Theorem 1 and Corollary 1 include and extend several previous results on sufficient
conditions for sample stabilizability and GAC with (or without) a regulated cost, as
we illustrate in the following remarks.

Remark 8 (Case k = 1) If the cost multiplier pg is a positive constant and k = 1, then
the function ® as in hypothesis (H3) is trivially integrable and the integral-cost-bound
function W takes the form

1 v
W(R, v, v2) = W(vy, 1) =0 V —<v1 — 72) for all (R, v1, v2) € R3,.
Po

6 We point out that the notion of semiconcavity on R” \ 7 introduced in Sect. 1.1 implies that, for any
¢ > 0, there exists a semiconcavity constant » for U valid on R" \ B(7T, ¢).
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Actually, for k = 1 the proof of Theorem 1 below can be easily adapted (see Remark
2 and [15, 16]) to a general control system

y=F(y,a), aeACR",

with A nonempty and compact and F continuous in both variables and locally Lipschitz
continuous in x, uniformly w.r.t. the control. Hence, in view of Remark 3, (iii), from
Theorem 1 and Cor. 1 we regain the results on sample stabilizability with regulated
cost and on GAC with regulated cost obtained in [21, 27], respectively (actually, with
a slightly sharper bound on the cost).

Remark 9 (Case k > 1) Point (i) of Theorem 1 (which does not concern a cost),
coincides with the result on (an apparently different notion of) degree-k sample stabi-
lizability in [15], as the two definitions are equivalent (see Remark 3, (ii)). Furthermore,
Cor. 1 implies the result in [28], where the existence of a locally semiconcave degree-k
CLF was shown to guarantee GAC. Finally, in the general case with a cost, Cor. 1
also implies the result in [29], where a sketch is given of the fact that (under slightly
stronger assumptions than those assumed here) the existence of a degree-k MRF yields
GAC with regulated cost.

Remark 10 (Degree-k MRFs and STLC) Allowing pg to be an increasing function of
u, on the one hand, significantly improves the estimate on the cost bound function W.
On the other hand, it allows us to reformulate well-known Lie algebraic conditions for
the small time local controllability (STLC) of system (9) to 7, requiring the distance
function to be a degree-k MRF. More specifically, let us consider the case [ = 1, that
is, the minimum time problem, and suppose that the distance function d is a degree-k
MREF for some pg, ¥, and k > 1, for which (H3) is valid. Then, forall x ¢ R*\ 7, d
satisfies the HJ dissipative inequality (21), which takes now the form

min _ (p,sgn B(g)(x)) < —y(d(x)) Vp € dpd(x), (28)
(B,g,sgn)eF®

where y(r) := po(r) + y(r). It is easy to recognize that this condition, combined
with the integrability assumption in hypothesis (H3), leads back to well-known higher
order weak Petrov (i.e. Lie algebraic) conditions, sufficient for the STLC of the drift-
less control-affine system (9) to the closed target 7. By the expression “weak", we
mean dissipative inequalities as (28), in which the dissipative rate y can be 0 at 0,
to distinguish them from the classical higher order Petrov conditions, in which y can
be replaced by a positive constant. In particular, for any R > 0 by (27) we get the
following estimate for the minimum time function 7':

d(x)
Ow)dw ifk =1,
T(x)<370 dw
[\/ O (w)dw ifk > 1
0

@ Springer



Applied Mathematics & Optimization (2023) 88:52 Page 190f35 52

forevery x € B(7, R), for a suitable constant A > 0. In view of the definition (24) of
®, this result is entirely in line with well-known one (see e.g. [5, 8, 18, 19, 25, 26],
and references therein). In conclusion, our degree-k sample stabilizability sufficient
conditions include as a special case most of the sufficient conditions for STLC of
system (9) to an arbitrary closed set 7 in the literature. We point out that, considering
only pg = po positive constant, we would have y > po > 0, so our conditions would
include just ordinary, i.e. non-weak, higher order Petrov conditions.

4 Proof of Theorem 1

Letus begin by proving statement (ii) of the thesis,incase k > 1.LetU : R"\ 7 — R
be a degree-k MRF for some cost multiplier function pg and some dissipative rate y.
Furthermore, assume that U is locally semiconcave on R” \ 7 and satisfies hypothesis
(H3), the latter meaning that U is v-semiconcave on B(7, c) \ 7 for some v € [0, 1]
and ¢ > 0, and that ® defined as in (24) is integrable on [0, u] for every u > 0.

4.1 A Degree-k Feedback Generator and Some Preliminary Estimates

Let us first establish how the function U is used to build a degree-k feedback gen-
erator. Note that in the HJ dissipative inequality (21) we can replace the proximal
subdifferential with the limiting subdifferential, namely we can assume that U satisfies

Hipol®(x, p,U(x)) < —y(Ux)) VYx eR"\T, VpedU(x). (29

Indeed, U is locally semiconcave, thus locally Lipschitz continuous, and H[ po](k)(-)
is continuous.

Definition 16 (Degree-k U-feedback generator) Given U as specified above, choose
an arbitrary selection p(x) € dU (x) for any x € R"\7. Then, a degree-k feedback
generator V : R” \ 7T — F® is said to be a degree-k U-feedback generator if (see
Definition 12)

H(x, po(U(x)), p(x), V(x)) < —y(U(x)) forallx e R"\ T. (30)

Clearly, given a selection p(x) € aU (x), a degree-k U-feedback generator )V always
exists and is defined as a selection

V(x) € argmin H(x, po(U(x)), p(x), (B, g, sgn)) Vx e R"\ 7.
(B,g,sgn)e F®

Remark 11 Let us point out that, in order to define a degree-k U -feedback generator
V it might be enough to assume the existence of a function U which satisfies, besides
the other properties, the HJ dissipative inequality in (29) just for only one selection
p(x) € oU (x).

7 For U considered as a degree-k MRF with cost multiplier pg and dissipative rate y, as in Remark 7.
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From now on, let a selection p(x) € dU (x) and an associated degree-k U -feedback
generator V(x) = (By, g, sgn,) be given.

Let us define two U-dependent distance-like functions dy_, dy, : R>9 — Rxg
as the smallest distance of the target from the superlevel set {U > u} and the largest
distance of the target from the sublevel set {U < u}, respectively. Namely, for every
u > 0 we set

dy (u) = inf {d(x): x e RN\ T with U(x) > u}

€1y
dy, (u) := sup [d(x): x e R\ T with U(x) < u} .
It is immediate to see that dy_, dy, are strictly increasing and satisfy
dy_(0) = lim dy_(u) = lim dy, (u) =0 =dy, (0),
u—0t u—0t (32)

dy_(U(x)) =d(x) =dy,(U(x)) VxeR"\T.

Furthermore, dy_, dy, canbe approximated from below and from above, respectively,
by continuous, strictly increasing functions that satisfy (32). Let us redefine dy_ and
dy, as such two approximations. Fix r, R > 0 such that » < R and set

Ur :==d, ' (R), R :=dy,(Ug) = dy, od, " (R), (33)

so that B(T, R) € U~([0, Ug]) < B(T, R) Now, by applying Lemma 1 for this
R, we obtain that there exist some § = 8(R) and w = w(R) > 0 such that, for
anyx €e U™ L (o, UR]) and 7 € [0, 8], each V-multiflow Yx,t 18 defined on [0, ¢] and
satisfies (12), i.e.

¢
e (10, 11) C B(T,2R), | yx,e(t) — x — sgn, Bu(g:)(x) (é) <

(34)

where £ = £(x) = £(By), s = s(x) = s(By), as in (13).

From the v-semiconcavity of U on B(7, ¢) \ 7 and the local semiconcavity of U
on R" \ 7" (which implies local Lipschitz continuity), it follows that, for the same R
as above, there exist C = C(R) > 0 and Ly = LU(R) > 0 such that, for every x,
% € B(T,2R)\T with sgm(x, x) C B(7T, 2R)\7 and |X — x| < 6 (0 as in Definition
15), one has, for every p € dU (x) (see (7) and (23))

A

U(;?)—U(x)f(p,a?—x)+c_’(1v £ —xP2,

Ipl < Ly.

1
Ty ) | (35)
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Finally, under hypothesis (H2) t1~1ere aresome M = M (I§) >0and L; = LZ(R) > 0,
such that, for all x, x € B(7, 2R), one has

IB(g)(x)| <M VY(B,g sgn) e FO, |I(%,a)—1(x,a)| < Li|% —x| Va e A.
(36)

For brevity, we often omit to explicitly write the dependence of the constants 8, w,
Ly, M, and L; (and of the constants derived from them) on R.

4.2 Estimating U Increments When V(x) has Degree £ < k
For every r € [0, R], define
b, = X—l(dU;‘(r)), (37)
where the map y is defined by setting, for every u > 0,
AW =u Vv ut, X () := u + 20 ). (38)

Notice that both A and x : R>o — R are continuous, strictly increasing, surjective,
x(0) =A(0) =0, and x(u) > u for all u > 0. By construction, we immediately get

T cU™'(0,8,]) € B(T,r) C B(T,R) CU~'(10,Ug]) € B(T,R) C B(T,2R).

As a consequence of Lemma 2 below, the degree-k MRF U is decreasing when
evaluated along any multiflow y, , of the degree-k U-feedback generator V, with
x € U™ \([4,, U r]) and ¢ in an interval which depends on the degree £ = £(x) defined
as above.

Lemma 2 Fix an integer £ € {1, ..., k}. Then, using the above notations, we obtain
that there exists some positive 8y (r) ( S¢(R, r), ie. depending on R as well) such
that, for any x € U™ ]([u,,UR]) verifying £(x) = £, and any t € [0, 8¢(r)], the
V-multiflow yy ; verifies

Uyes (1) — U) + on(U(x)) tl(yx,As), () ds < —@;—i
(39)
d(y.: /() <2R Vs €[0,1],
8 and
Y Uaa 1) < U, (40)

8 Incidentally, note that there might exist s < ¢ such that yy ;(s) € 7.
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Proof We begin by proving property (40). Let us set

1
e . i
So:=1 A8 A Se(r) ==

M QM +w)L,)i VLM

(41)

Fix x € U~!([a,, ﬁR]) with degree £(x) = £. By the first relation in (34), for every
t € [0, 8p] one has y, ,(s) € B(T, 2R) for all s € [0, ¢]. Hence, in view of (36) and
(41), one has |y, ;(s) — x| < 6 for all s € [0, t]. Furthermore, the definition of Ly
and the fact that U = 0 on 7 imply that U (x) < Lyd(x). Therefore, since s > 1, for
all times 7 € [0, 5o A 8¢ (r)] the second relation in (34) yields

)4 N
yes(6) — x| < (M + or) (g) < Mtopt < T 40 -,

~ 2L, — 2L, T 2

a
As a first consequence, one has |U (yy;(¢)) — U(x)| < Er Since U(x) > a,, this
proves the left-hand side of (40).

Now let us prove (39). Since for any z € B(x, d(x)/2) one has d(z) > d(x)/2, and
(42) implies that sgm(x, yy (¢))) C B(x, d(x)/2), one has

atsgm(x, yo ) = T > 2‘2 43)
Let now Sg (r) be the unique solution of the equation9
(L”‘” i %) ’ éﬁ?{fffﬁfﬁ)z“ -5 @
where (M and) L; are as in (36), and set
8e(r) =80 A 8e(r) A Se(r). 45)

Using (30), (35), (43), (34), for any t € [0, 8;(r)], we get,!°

-1

t
U(yx:(1)) =Ux) + <l§7> po(U(X))/0 [(yx,i(s), ax,1(s)) ds

< (px), yu, (1) — x) + Cv m [x, () — x|?

té—l t
— U ! ,a)d
+( p; )Po( (x))/o x| (Vx,t(s), a)ds

9 The solution’s uniqueness follows from the trivial fact that the function of § on the left-hand side of (44)
is strictly increasing and unbounded.

10 1n view of hypothesis (H2) for any subset A’ C A the function x > max, ¢4/ [(x, a) is L;-Lipschitz
continuous on B(7", 2R) \ 7. Recall also that po(-) and 7 are < 1.
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t J4
=< (g) [(p(X), sgn, By (gx)(x)) + Lot + po(U(X))aegr}%))l(x, a)

LPWEOLM  CQL)" (M + on)? (5>‘5
2 [(QLy) A4, ] \s

14 ~ v 2
< <£> |:—)/(U(x)) + (LUa)—i— L’M)t+ COL,) (M + @) 4

2 [CLy) ATV

) A ¢
= (1) [rrwen+ 182 2 e (1
5 2 2 5

O

In the next lemma we determine two U-sublevel sets such that the V-multiflows
issuing from them remain in B(7, ) until a time that depends on the utilized iterated
Lie bracket.

Lemma 3 Fix an integer £ € {1, ..., k}. Then, for A and x as in (38) and using the

above notations, for any x € U~(]0, fJR]) with the degree £(x) of V(x) equal to £

and any t € [0, 8¢(r)], the V-multiflow y, , satisfies (i) and (ii) below:

() if ye.i(t) € UT'(10,4,]) for some t € [0, 1], then U(yx;(s)) < @, + A(d,) for
any s € [t, t], so that, in particular, d(yy ((s)) < r forany s € [t, t];

(i) ifx € U~1Q0,, G, + A(G,)]), then U (yy.;(s)) < x (&,) for any s € [0, t], so that,
in particular, d(yx ((s)) < r foranys € [0, t]. 1

Proof The proofs of (i) and (ii) follow the same lines, so we prove (ii) only. Let
x € U'(J8,, &, + A(G,)]). Since Yx.t(s) € B(T,2R) for all s € [0,¢] and, in
particular, r < S (r) as defined in (41), recalling the definition of A one has

1U(x,t(8)) = U@)| < Lylyx,(s) —x| <L, Ms <A,) Vs €[0,1].

Hence, U (yx ;(s)) < x(@,) for any s € [0, 7], by the definition of x. In view of (32)
and (37), this implies that d(y, ;(s)) < r forany s € [0, ¢]. ]

4.3 Stabilizing 0-Scaled V-Sampling Processes
Given 0 < r < R, set
0=0(R,r) :=(81(r),...,8()),

where 8¢(r) is as in (45) for any ¢ = 1, ..., k.'> Let (x, 7, af, y7) be an arbitrary

0(R, r)-scaled V-sampling process such that d(x) < R. Since the partition 7 =
(s7) jen of R satisfies (17) (and B(7, R) € U~1(]0, Ug1)), thanks to the definition

11 Notice that 6 < @y + A(0,) < fJR by definition.

12 The multirank  turns out to depend on R as well, because 8¢ do depend on R, which is a function of R
by construction, forany £ = 1..., k.
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e

of 0, Lemma 2 implies that (a7

and

, ¥yT) is an admissible control-trajectory pair from x,

y(s) € B(T,2R)  foralls > 0. (46)

In particular, using the notations of Definitions 7 and 8, forevery j € N, 1 < j <],
the V-multiflow Vxjtj is defined on the whole interval [0, ¢;], where

Lji=s5; —Sj-1, x| =X, Xjy1 = yxj,,j(sj —5j-1).

Hence, one has y7(s;) = xj41 forall 0 < j < j. (However, whenever j < 400,
the trajectory yT reaches for the first time the target 7 at some o €]sj_1, sj]. In this
case, after oj, the pair («f, y7) is extended constantly, while the j-th V-multiflow
remains defined as before, over the entire interval [sj_1, sj], so that we may well have

yx (si) = ¥7 (03) # Xjt1.)
In the following lemma we provide an upper bound for the time taken by y7 to
reach the sublevel set U ~1(]0, G,[).

Lemma4 Consider (x, w,al, y?) as above. Then, one has
i =1nf{j e N: U(y] (s5;)) < 0} < +o0, (47)

and i, < jwhen j < +00. Moreover,

(7. — 0 k—1
s, <T(R,r) = ﬁ(k)\k/z(UR l;r()ﬁJ;R’ ") +1, (48)

where B(k) is as in (8) and, for
W(R, ) :=min{8¢(r): £ =1,...,k}, 49)

J(R,r) is defined as"3

J(R, 1) = |[)’(ﬁr),u(R,r)kA(k)’< +1 ifk =2, 50)
! ifk = 1.

Proof Ifj < -+o00,one has by definition that U (y] (s;)) = Oforevery j > j. Therefore,
tr < j < 4o00.If j = 400 and we assume by contradiction that ¢, = +o00, then

13 We use [-1 to denote the integer part.
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U7 (s;)) = u, for any j € N. Hence, if we set £; := £(y7(sj—1)), and 5; =
s(yT (sj—1)), by (39) and the monotonicity of y, for any integer j > 1, we have

i, —Ug sUOT() — U@ = [UOT () = UGT(sj-1))] + ...
+[UGT(s1) — U)]

__ 7WGF G- (i>‘f _____ y (U x)) <r_1>‘“ 51)
- 2 5]' 2 51
—_— y(ﬁr) k ... k

where we have used that 1 > (¢; /5j)£!' > (¢ /,B(k))k for any integer j > 1. If k = 1,
thent; +---41t; =s; — +o0o when j — 400, by the very definition of partition of
R. Otherwise, if k > 2, (17) implies that £ + - .. + tjf > w(R, r)*Ak)* j, which
tends to 400 as j — +o00. Hence, in both cases we reach a contradiction, so that
L < 4o00.

Let us now prove (48). Using the Jensen inequality in (51), we deduce that

. y(@,) S
Ug — 0, > —— L= 52

S I O 62
for any j < ¢, — 1. Now, taking j = ¢ — 1 and k = 1 in (52), we get (48) in the
particular case k = 1. Indeed, one has

2(0g — 1
s, <S,-1+8(R,r) < M + 1.
y(u,)

Let now k > 2. Again by (51), as soon as j < ¢, — 1 we obtain

y (0,)
2B(k)k

U — G, > (R, ) A j.

In particular, taking j = ¢, — 1 in the previous relation, we deduce that

i < J(R,71), (53)

with J(R, r) as in (50). By (53), (52) we finally obtain (48) also for k > 2. m]
We are now ready to show that the degree-k U-feedback generator V degree-k U-
sample stabilizes system (9) to 7. Fix an arbitrary 9(R, r)-scaled V-sampling process
(x,m, af , y7) such that d(x) < R, as above.
By (46) and (37), setting
[(R) :=2R = dy, (d, ' (R)),
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we directly get the overshoot boundedness property (i) in Definition 11, namely
d(y¥ (s)) < I'(R) for any s > 0. Furthermore, the properties of the functions dyy, and
dy_ (see (32)) imply that Iymo I'R) =0.

—

In order to prove the In order to prove the U -uniform attractiveness property (ii)-(iii),
observe that, by the very definition of t, < 4+-00inLemma4, one has U (y7 (s,,)) < u,.
Accordingly, the time

t=t(y7,r) :=inf{s > 0: U] (s)) < 0}, (54)
(is finite and) satisfies
t<s, <T(R,r), (55)
for T(R, r) as in (48). Set
o(r) =1, foranyr > 0. (56)

To conclude this step, it only remains to show condition (iii) in Definition 11, which
is equivalent to prove that

dZ(s)) <r foranys >t. (57)

Letj > 1 be the integer such that t € [er71 , sj[, so that, by Lemma 3, (i), one has that
UGT(s) <, + A(,) and d(y7 (s)) < r forany s € [t, sjl. Hence, either case (a)
or case (b) below occurs:

@ U (3 (p) <.
(b) U(y)](T (Sj)) e]ﬁr» l,ir + A(ﬁr)]

Case (a). By Lemma 3, (i), it follows that d(y7 (s)) < r forall s € [sz, Sj+1]. Then

either case (a) or case (b) above holds with j + 1 replacing j. B
Case (b). Arguing as in Lemma 4, we deduce that there exists an integer ¢(j)
satisfying

((j) :=inf{j e N: j >j+1 and U (y7(sj)) <0,} < +oo.

In particular, by Lemma 2, the sequence (U o7 (sj)))j is decreasing forj < j <(j)
and by Lemma 3, (ii), we get d(y7 (s)) < r forall s € [Sj, s, G)]‘ Moreover, in view of
Lemma 3, (i), we also have d(y7 (s)) < r forall s € [sld), SLG)H]' Then, either case
(a) or case (b) above holds with L(j) + 1 replacing i

The proof of (57) is thus concluded. In particular, let us point out that the con-
tinuity and monotonicity properties of the functions I', ¢ and T are straightforward
consequence of their very definitions and of the properties of the functions dyy_ and
dy

4
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4.4 The Cost Boundedness Property

Let0 <r < Randlet (x, ,al, yT,J7) be an arbitrary 0(R, r)-scaled V-sampling
process-cost such thatd(x) < R, as5001ated witha0(R, r)-scaled V-sampling process
(x,m, of , y7) as in the previous step. We use the same notations as above and, in
addition, set

uj:=U(j;) foranyjeN, 1<j<j+1.

Observe that from the previous lemmas it follows that

A

N u,
U <u, <l,—| <---<Up= Ux), 7 S U4l < Uy, (58)

To prove the uniform cost boundedness property (iv) in Definition 11, we need to
construct a integral-cost-bound function ¥ = A W, such that

t
J® 2/0 1(yy (5), 07 () ds < A(R) W(U (x), 9(r)),

where t is as in (54). When U (x) < ¢(r), the integral is zero (because t = 0) and the
estimate is trivial for every nonnegative W. Hence, let us suppose U (x) > ¢(r) = a,.
Since [ > 0, from (55), (58) and Lemma 2, we get

t Slr/\S}rr
/Ol(yf(S),a;’(S))ds 5/0 L(yy (5), o (5))ds

=1 A

2 [ Ol onds + [ TI0T Ol o0s g

S —1

S
e 1 9

= 1[ PO(“)

where S yr is as in Definition 2, so that S yr = Oj, and, in particular,

S‘Lr/\S}n S
/ L(yy (5), &y (s))ds </ [(yx, 1, (), 0, 1, (8))ds

Sip—1 Sip—1
(5”)&, (utr - utr+1)
(tt, )Z"_IPO(L‘L,)

Define the function A : {(vi, 1) € R2>0 : v < v} — Ry, given by
N V1
A, vw)=— (1.
)
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Forevery j =1, ..., + 1, recalling that @ <uj < U(x), we have
i U
o0 YW 0
ZAUX), o) AWUX), )  AUX), @)
Now, letus fix j € {1, ..., ¢+ 1} and let us estimate the quantity ﬁ The definition
t.
(44) implies that either !
r
<L ook )8@( ) > v(p(r)
T4
or
CQL,)" (M + w)* « (p(r))
v Gt = L
[2Ly) A e(r)] 4
Thus, (17), (60) yield that
1 - 1 ( 1 y 1 y 1 >
7T A®YTI T Gttt Gt
o1 [ 1 4C(2L,)" (M + w)? 4L, 0 +2LM
= k—1 | ck—1 1 u; —— Ry
INCE Y y' (4 [@Ly) A %] 1) e

QLM +on'hv @, Po(k%;) (L),
(ﬁ) —x B k) A

A

where (O is as in (24) and) we have written Ain place of A( U (x), ¢(r)) and we have
set

~ ~ k - v
A(R) := %(5?] v 4C[QLY)E V QL) IM + )2 .

vV @4Lyw+2LM) v (ZLU(M+a)))1_% v (LUM)"‘I)-

Note that 1~\(I§) depends on R c~leﬁned as in (37), likewise all constants 8, C, Ly, M,
w, and L; actually depend on R. Hence, from (59), (60), and the monotonicity of po,
we get

Ly

L
/ 107 (), aF (s))ds < Z f,_l S ALIAL Z ( L) wj = uji)
Jj= j=1

po(u ;) 63)

U(x)

<A [ @(%) dw = AR (U (x), (1)),

r
2
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as soon as we set A(R) := A(R) (R is in turn a function of R by (37)) and define
U :R?2, — Rug, as

V]

lI/(vl,vz):=0\// @(2-w)dw, for any (v, v2) € R2,.  (64)
2

v v
5 1

To complete the proof of statement (ii) in case k > 1, let us show that W is an
integral-cost-bound function. Given an arbitrary v > 0, let us consider the bilateral
sequence (v;)iez, given by

_ v; .
v =0, v,-+1=?l Vi € Z,

so that [\(vi, vi+1) = 2 for all i. Thanks to hypothesis (H3), we have

Z\II(U,,U,H)—Z/ dw—Zf

Vit2 ST (65)
v
<2 @(-)dw=4 * Ow)dw < +o0o.
0 2 0

Clearly, W is continuous and the required monotonicity and unboundedness properties
are immediate consequence of the definition of ®. Similarly, A is increasing, hence it
can be approximated from above by a continuous increasing function, still denoted by
A with a small abuse of notation. Finally, when (together with and (H3)) hypothesis
(H2)* is satisfied and U is also Lipschitz continuous and semiconcave on R” \ 7, it
is easy to see that C, L,,M,wand L, in (62) (as well as §y in (41)) no longer depend
on the compact set B(7, 2§), so that A turns out to be constant.

4.5 Sketch of the Proof of (i) for k > 1 and of (ii) fork = 1

Let now U be a degree-k MRF for some pg and y, and assume U locally semiconcave
onR"\ 7.4

Consider a selection p(x) € dU (x) and let V be a degree-k U -feedback generator.
Fix 0 < r < R and, using the above notations, define U r and R asin (37), so that for
any x € U"(]O, ﬁR]) and 1 € [0, 8], each V-multiflow Yx.r 18 defined on [0, ¢] and
satisfies (34). In particular, all constants 5, w, M, and L; as in (34), (36) are fixed, as
above, on the compact set B(7, ZE). The fundamental difference from the previous
proof is that the Lipschitz continuity and semiconcavity constants of U can no longer
be defined up to the target, but on compact sets M C R" \ 7 only.

For dy_ and dy, as in (31), set

v

. 1 _ . 1 u
o) =i, = sdyl (). ¥i=3du(F). (66)

14 Incidentally, with regard to the stabilizability issue, pq plays no role.
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Accordingly, it holds

T C B(T, %) C B(T.2¥) C U—l(]o, “?]) c U0, 8,]) c U~'(10, 2i, )
C B(T,r) c B(T,R) < U '(0,0x]) € B(T, R) c B(T,2R).

Let us define

M :=B(T,2R)\ B(T, ),

and let n,,, L ,, > 0 be the semiconcavity and the Lipschitz constant of U on M,
respectively. Then, any V-multiflow y, ; starting from x € U “1(u,, ﬁR]) up to

t<8A rM’ is such that

u
A =
2L\ M

UQyxi () = % Yri(s) € M Vs €]0,1],  sgm(x, yx, (1)) C M. (67)

Indeed |U (yy.i(5)) = U()| < Ly |yei(s) — x| < Ly Ms < % forany s & [0, 1],
so that U (yx,;(s)) > % for any s € [0, ¢]. In view of (32), the first two relations in
(67) follow. The last property in (67) can be deduced by the facts that d(x) > 2F, and
|yx. (1) — x| < Mt < ¥,. Set

lvlr i/'r V(ﬁr)

S(R,r):=1 A § A A
2L

— A s
M M 2(Ly o+ LM +n,,(M+ w)?)
(68)

Note that now §(R, r) does not depend on £. Suitably modifying the constants in
the proof of Lemma 2, it is possible to prove that any V-multiflow y, ; starting from
x e U~([u,, fJR]) up to time ¢ < §(R, r) satisfies inequality (39). Indeed, thanks to
(67) we can apply (7) in place of (23) and derive that

t -1
U(yra(8) = U) + po(U (x)) /O [V (), ox.s () ds <t5—5>

< (9@[ —y ) +1(Ly@+ LM+, (M + )] < —@ <£)e

From now on, the proof of (i) is a simple adaptation of the previous one, so we omit
it.

For what concerns the cost estimate in the case k = 1, arguing as above we simply
get

t b U(x)
f L7 (s), @ ())ds < 3 L —_TIEL < / O (w) dw (69)

0 o po)) al
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where now O (w) = m for all w > 0.

5 A General Dynamics in the Case k > 1

In Remark 8 we observed that, for the case k = 1, the extension of Theorem 1 to a
general system

y=F(,a), ac€A, (70)
is straightforward. The case k > 1 is much more involved. However, a first easy

extension can be achieved by still considering a driftless control-affine system but
with a control set of the following form

A= {ﬁlel,...,ﬂmem, —Y1€ls .oy —Vmem St Bi,yi >0, Vi= 1,...,m}.

For instance, the definitions of oriented controls for the case k = 1,2 should be
replaced by the following ones:

(i) if £p = 1,1.e. B = X for some integer j > 1, we set
(X ;,g4).t(8) = ,Biei for anys € [0, 7],
and
o(x;,g-)t(s) = —yiei for anys € [0, 7],
wherei € {1, ..., m}is such that B(g) = f; (i.e. g = fi);
(i) if g =2, B = [Xj, X;j+1] and B(g) = [fi,, fi,] (namely, g; = fi, and g;+1 =

fir), we set

a(B,g +),(5) ==

a(Xj,gﬁ),%lt(s)( = ﬂile“) s € [0, Ze[
O[(X’H-l.g,-i-),f%t (S - Tf_lt) (= ,Bizeiz) s € [%t7 TIT"‘TZI‘[
Yxj.e-), 2 (s — 521) ( = _Vileil) s € [Adny, ndntn
HX 1.8, (s — 52=) ( = _Vizeiz) s € [Btetny 1]
and
o(B.g—):(8) := —ap,g4):(t —s) foranys € [0, 1],
where

=1/, w=1/B,, =1/, u=1/y,, t=tu+n+13+ 10
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It is easy to verify that the asymptotic formula (12) should be replaced by the (i1, i2)-

dependent inequality
A\ 2
<wt (—) . (71)
T

For k > 2 one would proceed in an akin way, so that, by means of suitable notions
of the degree-k Hamiltonians, an extension of Theorem 1 would follow without any
other difficulty. An extension of the case k > 1 for control system (70) to a general
dynamics F and a general control set A, requires strong selection properties for the
set-valued map x ~» F(x, A). As a natural example, one could assume the existence
of a selection

¢ 2
y(#) —x —sgn B(g)(x) (;)

F(x,C) C F(x, A) (72)

where F is a driftless control-affine dynamics and C is like A, namely, for some integer
r>1,

F(y.o):=>_finc, ('.....cHeC,
i=1

v

(ft,..-, fvr are vector fields) and

C .= {,31@1,...,,Brer,—ylel,...,—yrer s.t. Bi,yi >0, Vi:l,...,r} CcR.

Thanks to selection (72), a degree-k feedback generator for the control system y =
Yo f, (y) ¢!, ¢ € C,defines afeedback law also for the original system y = F(y, a),
a € A. Hence, by defining Hamiltonians H [ po](h), h < k, corresponding to the
dynamics Fina way similar to (13), we obtain a result like Theorem 1, valid for the
system y = F (y,¢), ¢ € C, which in turn provides degree-k sample stabilizability
with regulated cost for the original system (70).

A non-trivial further generalization might concern control-affine systems with a
non-zero drift. Obviously, the corresponding degree-k Hamiltonian should be based
also on minimizations over sets including suitable brackets containing the drift among
their factors (see [28, Theorem 5.1]).

Finally, another interesting generalization might consist, still for a driftless control-
affine system y = Y 7' | fi(y) a',in considering less regular vector fields f1, ..., fiu:
if B is a formal iterated bracket, in view of [14, Theorem 3.7] (see also [13]), an
asymptotic formula similar to (12) still holds provided B(fi, ..., fu) is a L* map
(defined almost everywhere). In such a case one can make use of a set-valued iter-
ated Lie bracket Bses(f1, ..., fin), which happens to be upper semi-continuous. For
instance, in the case of the bracket [ f5, f7] with f5, f7 locally Lipschitz continuous,
the bracket [ f5, f7] is an L* map defined almost everywhere. The corresponding
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set-valued bracket is defined, for every x, as
[fSa f7]set (x) := Co{nlingo[fSa f7](xn)» Xn —> x}s

where ‘co’ denotes the convex hull and the limits are intended for all sequences (x;,)
converging to x made of differentiability points for both f5 and f7. This bracket has
revealed fit for extending various basic results on vector fields’ families (see [32, 33])
and might be useful also for an extension of the results of the present paper (see [28,
Theorem 4.1], and also [6] for the STLC’s issue).
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