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Algebraic Reduction of Hidden Markov Models

Tommaso Grigoletto and Francesco Ticozzi

Abstract—The problem of reducing a Hidden Markov Model
(HMM) to one of smaller dimension that exactly reproduces the
same marginals is tackled by using a system-theoretic approach.
Realization theory tools are extended to HMMs by leveraging
suitable algebraic representations of probability spaces. We
propose two algorithms that return coarse-grained equivalent
HMMs obtained by stochastic projection operators: the first
returns models that exactly reproduce the single-time distribution
of a given output process, while in the second the full (multi-
time) distribution is preserved. The reduction method exploits
not only the structure of the observed output, but also its initial
condition, whenever the latter is known or belongs to a given
subclass. Optimal algorithms are derived for a class of HMM,
namely observable ones.

I. INTRODUCTION

Hidden Markov processes are an ubiquitous class of stochas-
tic models that has extensive application in modeling and
prediction for speech [1], [2], biological systems [3]-[6],
information and communication systems [7]-[9]. Dedicated
optimal control and estimation methods have been developed
for this class of models, see e.g. [10]-[12].

In the development of the realization theory for HMMs,
two related yet well distinct problems emerge: constructing
an HMM from data, and reducing an existing model, when
possible, to an equivalent one of smaller size. For an analysis
and review of the first one, see for example [13], [14], and
more recent results in [15]. In this paper, we shall focus on the
reduction problem. Besides its theoretical interest, methods for
model reduction are critical in effectively addressing problems
in large-scale systems [16]-[18]. A characterization of equiv-
alent HMMs, that is, models that produce the same output
marginals of a given one, is proposed in [19]. Their treatment
of equivalent HMMs is based on the definition of effective
spaces, which specify equivalence classes of HMMs, repre-
senting the HMM analogue of minimal realizations spaces for
linear systems. In the same paper, the authors pose the problem
of finding a minimal equivalent HMM. As a reduction to the
effective space does not guarantee to preserve the positivity of
the model, the problem has so far remained unsolved.

In this paper, we show how effective spaces can be extended
so that the reduced model remains an HMM. In fact, we
propose a general approach to the model reduction problem
that is based on an algebraic description of probability spaces.
While this is done very frequently and almost implicitly,
we take a deeper look into the algebraic structures and the
associated representations. In particular, we shall need minimal
algebraic models that represent a set of random variables
(r.v) and conditional expectations. Such an algebraic approach
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has been developed to generalize the classical Kolmogorov
description to the non-commutative case so that it suitably
covers quantum mechanics [20]-[22], but it has proven useful
in many other areas, from random matrix theory (see, e.g.
the insightful introduction [23]) to algebraic statistics [24].
In our setting, the algebraic framework and the induced
matrix representations allow us to leverage on observability
and reachability ideas in the characterization of equivalent
models, as well as linear-algebraic algorithms that compute
reduced models. Our approach remains deeply rooted in the
system-theoretic analysis of the dynamical model and can be
seen as a way to construct reduced stochastic realizations for
an HMM. Furthermore, the proofs of effectiveness for the
proposed methods all hinge on a result of model reduction
for switched linear systems, In order to maintain the focus on
HMM, the latter is presented in Appendix A).

In what follows, we deal with reductions of a given HMM
that exactly reproduce the marginals of the original systems.
This allows us to clearly illustrate the working and theoretical
foundation of the method: extension to approximate reduction
will be the focus of upcoming work.

Similar problems have been studied from different perspec-
tives: in particular, the concept of lumpability of Markov pro-
cesses [25], which induces coarse-grained processes analogous
to those presented here, has been employed to characterize a
class of exactly reducible HMMs (2-lumpable systems), see
[26] and references therein. Other works, as [27] and refer-
ences therein, reframe the problem using cellular automata for
hidden information sources and study reductions of Markov
transition kernels within this abstract approach.

The differences between our approach and the existing
results are manifold, both in the tools used and the nature
of the results. In the proposed framework, we introduce and
solve two types of reduction problems: preserving only the
single-time marginal, or the full (multi-time) distribution of
the outcomes. We show that the former, which is of interest
in model reduction of master equations for statistical models
or mixing processes and algorithms [28], can lead to further
reduction and smaller final models, as one might expect. In
addition, our reductions leverage not only the structure of the
measured process, but also the particular initial distribution
of the HMM. We show that the initial conditions are indeed
critical for obtaining minimal reductions in many situations,
in particular, when the original model is initialized in an
equilibrium density. The method hinges on the use of con-
ditional expectations as projections for obtaining a reduced
representation of the dynamics. While the idea is certainly
not new to the control community, see e.g. the derivation
of Kalman filters [10], [29], in this work we develop it
in an algebraic framework. After representing a conditional
expectation as a linear operator, we construct stochastic, non-
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square factorization of its dual with respect to the inner
product associated to the expectation: the factors are then
used to obtain the reduced probabilistic description, preserving
its stochastic character. Lastly, we make direct contact with
system-theoretic ideas in a linear-algebraic framework, which
allows for effective, practically implementable algorithms for
the reduction process. In fact, while the whole analysis could
be carried out in the infinite-dimensional case, we here restrict
to the finite case: in order to derive computable algorithms a
finite-dimensional approximation would be needed anyway.

The structure of the paper is as follows: In Section II
we review the fundamentals of the algebraic probabilistic
models needed for our aims. The approach is directly borrowed
from non-commutative probability [22], [30] and its use in
quantum theory, where the algebras used for embedding the
probability space need not be commutative (and are typically
infinite-dimensional [21]), and can then be used to model
quantum systems [20]. As remarked above, in this work we
only use commutative, finite-dimensional associative algebras,
represented as R"™ endowed with its element-wise product.
Subsection II-B is focused on conditional expectations as
linear maps on algebras, their duals, and their representations.
These are some of the key tools in the development of our
method.

Section IIT is devoted to introducing the notation and the
problems of interest, namely obtaining reduced models that
reproduce either the single-time marginals or the multi-time
marginals of a given HMM, while Section IV presents some
preliminary results that build upon [19] from an explicit
system-theoretic perspective. The main results of the section
are obtained specializing a switched-system result that we
derive in Appendix A to maintain the focus on HMMs. The
key ideas we leverage to obtain reduced HMMs are described
in V, where a class of reduction algorithms for the single-
time marginal problem is developed. Section VI then extends
and adapts these ideas to the multi-time marginal problem.
A key point in our analysis is that, in order to develop the
algorithms, we must switch from the abstract quotient spaces
of [19] to a representative effective subspace. We show that
the choice of representative has a non-trivial effect on the
reduction itself. How to select this and other parameters used
in the algorithms is discussed in Section VII, where we provide
optimal choices for a class of models that includes observable
HMMs and Markov chains. The same choices prove to be
optimal in all the tested examples, also in the presence of
non-observable components of the reachable space. Some
particularly instructive examples are given in Section VIII,
and an outlook on future developments is provided with the
concluding remarks in Section IX.

A. Basic Notation

In the following, we typically denote vectors v € R™ in
boldface, and matrices in capitals V' € R™ ™. We denote
1, the vector of all ones, and O the vector of all zeros. The
matrix transpose of V is V7. Given a vector x € R" and
the standard basis {e;} for R™, we define its support as the
vector space supp(z) = span{e;|el z # 0}. Given a vector

space V < R", its support is defined as the vector space
supp(V) = span{e;|3z € Vstel'z # 0}. diag(:) is the
operator that, given a vector v, diag(v) returns a diagonal
matrix with [diag(v)];;, = v;.

II. ALGEBRAIC APPROACH TO PROBABILITY THEORY

The central idea in algebraic probability models is to
represent all the key ingredients of a classical probabilistic
model as elements of a suitable algebra .o/, endowed with a
probability functional (or state) p. In the following sections,
we start from a probability space (€2, 3, P) and briefly review
how to construct an algebraic representation (<,p), with
&/ < R™. Correspondingly, we show that any pair (<7, p)
admits a classical representation. This allows for a natural
probabilistic interpretation of the proposed reduction method.

A. Fundamentals of algebraic probabilistic models

1) Events and o-Algebras: Throughout the rest of this
article, we will consider finite-dimensional probability spaces
(Q,%,P). Without loss of generality, we can assume ) =
{1,...,n}.

The first step in the construction entails the vector repre-
sentation of events. The latter are in 1-to-1 correspondence
to indicator functions: let Ig(w) be the indicator function
associated with the event E. Since the probability space is
finite-dimensional, we can further associate indicator functions
to vectors in R™. In particular, each indicator of an elementary
event w € ) can be associated to its corresponding vector of
the standard basis, i.e. e, € R™. Similarly, we can define
indicator vectors for any event £ € ¥ as fg = >, _p €. For
these vectors, (fg), = 1 if w € E and zero otherwise. Notice
that fo = 1, and fz = 0.

Let us denote with Fs; the set of indicator vectors of
the events of the o-algebra . Let A denote the element-
wise product (v A w); = v;w;, v denote the modified sum
operation defined as v vw = v+w —v Aw and — denote the
negation operation defined as —v = 1 — v. By construction,
the set Fy, equipped with the operations A, v, — is isomorphic
to the g-algebra > with n, u,~. In the following, we refer to
Fyx as a vector o-algebra, and we will drop the subscript when
unnecessary.

A vector partition of Q is a subset P < F\{0} such that
Jinfj =0 foral fi,f; € P,i# jand 1 = vyepfj.
The finest resolution in F is a partition res(F) such that f =
ijeres(F)cjfj with cj € {0, 1}, for all f e F.

Note that res(F) is not necessarily equal to the standard
basis of R"™ since, in general, X is contained but not equal to
the power set of Q. We shall also denote res(X) to indicate
the finest resolution of a classical o-algebra.

2) Random variables: Random variables (r.v.) are -
measurable functions X (w) : @ — A c R, where A = {z;}
is the finite set of outcomes of X, called the alphabet. Let
E; = X Y(z;). An r.v. X can also be represented as linear
combination of indicator function X (w) = ZL‘EO zilp, (w).
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Using the vector representation fz, of indicator functions
Ik, in the previous equation, each X can also be represented

as a vector
|A|

T = infEi e R"”
i=1

such that {f;} — Fx forms a partition of 2. Notice that in the
vector formalism, the notion of Fx-measurability is equivalent
to the condition & € span{Fx}. Here and elsewhere, the
boldface font a is used for (vector representations of) r.v.s,
while x denotes the corresponding outcome. As we show
below, span{Fs } has the property of being an algebra, namely
a vector space (or subspace) that is closed under the element-
wise product A. An algebra is unital if it contains 1. The whole
R™ is then an unital algebra, and we denote its subalgebras
using the script font, e.g. </. A non-unital algebra .o/ still
contains the vector 1., which has entries 1 on the support of
o/ and 0 otherwise and acts as the product identity in <7.

The following proposition collects some known facts which
clarify the relation between Fy and & = span{Fx} and
proves that it is indeed an algebra.

Proposition 1. If 7 ¢ R"™ is a vector o-algebra, then </ =
span{F} is the smallest subalgebra in R™ containing F, and
it is unital. Conversely, let o/ be any unital subalgebra in R™
and idem(&7) := {f € A|f A f = f} < o be the set of
idempotent vectors in /. Then idem(<?) is the smallest o-
algebra such that every element in </ is F-measurable and
res(idem(7)) forms an orthogonal basis for < .

A proof of this proposition is reported in Appendix B for
completeness. This proposition shows that, not only does the
space of Fx-measurable random variables form an unital sub-
algebra, but, more importantly, given any unital subalgebra 7,
it is possible to find the minimal (vector) o-algebra that makes
every random variable in ./ measurable. For convenience, in
the following, we refer to res(idem (<)) as res(<?).

3) Probability and expectations: Let now consider a prob-
ability measure P : Q@ — [0, 1]. For any probability measure
P[] on ¥ we can define a vector as follows

Pluw]
pi=) 7 s Jo
EQnm»
Then, for any fr € Fyx it is immediate to verify that
P[E] = (p, fr). In particular, notice that if we can write
P = 2§ eres(er) Prfr, we find that p can be interpreted as a
random variable in the same algebra, p € &/

A vector p is said to be a probability vector if p; > 0 for
all 4 and 17p = 1. The set of probability vectors in .27 is
defined as D(/) := {pe |p; >0 Vi, 17p = 1}. Note
that D(«7) = D(R") n .

Consider a r.v. X and let us denote again with f; the
indicator function associated to the outcome x;. It then holds
that P[X = z;] = (p, f;). Similarly, we can compute the
expectation of a random variable as E[xz] = > . z;P[E;] =

> 2 (b, f) = (p.). ’

In summary, we have shown that an unital subalgebra &/
can subsume both the o-algebra and the space of measurable

random variables of a given probability space. Moreover,
it is equivalent to a probability space when paired with a
positive linear functional, associated to the inner product with
a probability vector p. Conversely, given a pair (<7, p), we
can always construct a (classical) probability space associated
with the pair. This can be done by choosing Q = {1,...,n}
and the underlying o-algebra ¥ associated to idem() as in
Proposition 1. Lastly, p represents the probability distribution
associated with the functional P[E] = (p, fr).

B. Stochastic maps and Conditional Expectations

Let us now focus on the maps between probability vectors.

Consider two unital subalgebras .% of R™ and ¢ of R™. A
linear map between probability vectors P[-] : D(%) — D(¥),
p — q = P[p] is called a stochastic map. Such a map can be
represented as a (column)-stochastic matrix P € R™*", i.e. a
matrix such that (P); ; >0 Vi,j and 11 P =17

In the following, the main task will be to find reduced
descriptions of linear dynamics associated with stochastic
maps. In doing this, we exploit the properties of a particular
class of stochastic maps: the duals of conditional expectations.

Recall that the conditional expectation of an r.v. given a
o-algebra ¥ with finest resolution res(X) can be written as

follows:
2,

Eeres(X)

Hﬁﬁmm

ELXI = B[l5]

)

Let consider a vector r.v. x € F < R™, a unital algebra
o/ < F with {a;} = res(«/) and d = dim(«/) < n, and
the underlying probability measure p. Following the previous
definition, we can define the conditional expectation for the
vector r.v. with respect to an algebra <7:

_\ pEna)
mmm_z ) Y

Noticing that it is a linear operator acting on x we can
represent it as a matrix . , € R™*", namely:

d
Elop = Z

—_ 2
j=1 <p7 a]> ( )

Consider the inner product of the conditional expectation of
x with a probability distribution g, which we have shown
to correspond to its expectation. The dual of the conditional
expectation is then a map on the probability distribution
defined as:

<q7]E|52{,pw> = <E,‘€z{7pqaw>

which gives in
3)

It is immediate to verify that Elq;{ » is stochastic.

The conditional expectation and its adjoint are orthogonal
projectors with respect to a modified inner product. Notice that
p A & = span{p A a;} = diag(p) <.
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Lemma 1. Let consider the modified inner product (v, w),, =
Ep[vAw], with p > 0. Then E| 4, is the orthogonal projector
onto </ with respect to the inner product (-, -),, and Eﬁz,p is
the orthogonal projector onto p A o/ with respect to the inner

product (-, ), 1.

The proof of this lemma is reported in Appendix B for
completeness.

Remark 1. Note that the above Lemma also implies that E| . ,,
acts as the identity on o/ while Eq;{ p acts as the identity on
p A /. Furthermore, they are orthogonal projections for the
standard inner product (-, -) if (and only if) p € D(&) and is
positive, namely p = >}, Aja; € R™ with A; >0, 3, A; = 1.
In this case, we have K|, , = E?;{’p.

Consider the standard basis {e;} for RY, where d is the
dimension of 7. We can then construct a (full-rank) stochastic
factorization of IE)‘:;{ .

Proposition 2. Define

d T d
N Qj)e:
J=> prajle; J_) LeR™Y, R=)ejal RV (4)

Jj=1

Then J, R are stochastic matrices that satisfy JR = ]E‘T;g -
RJ = 1, ker(R) = @+ and ker(J') = (p A &/)*.

Proof. J and R are clearly positive since both {a;} and {e;}
are vectors of zeros and ones and p is positive. J is clearly
stochastic, 11J = 17 since 1Z7(p A a;) = (p,a;). On the
other hand, we have 17R = Z;Lla;f = 1,, since & is
unital.

We can then observe that a]T(p A ag) = (p,a; Anag) =
(p, a;) d;_i to conclude that RJ = I,. Finally, if we consider
x e o+, ie. (z,a;) = 0 for all j we obtain Rz = 0 and,
similarly, if z € (p A &), ie. (x,p A @;) =0 for all j we
obtain JTz = 0. O

This stochastic factorization induces a reduction in the prob-
abilistic description. In fact, we have that for each distribution
q and r.v. p:

<Q>E|£¢,pw> = <E,‘€z{7pqam> = <JRq,ﬂ)>
=(Rq,J"x) = (q,%)

where we define the reduced distribution as q := Rq € D(R?)
and reduced random variable & := J”x € R?. This property
shows that, given an unital algebra 7, it is possible to reduce
the probabilistic description of the set of measurable events to
the space R? with d = dim(«). For this reason, we name R
the stochastic reduction and .J the stochastic injection.

In order to obtain smaller reduced models, it is useful
to notice that even if ./ is a non-unital subalgebra of R",
namely the subalgebra has limited support, we can still use the
reduction via factorization. In particular, we can use definitions
(2), (3) and (4) to define orthogonal (for a modified product)
projections on the algebra, their dual, and their factorization.
We use the notation E,, ,, for simplicity, even if these are not
true conditional expectations. One relevant difference, in this
case, is highlighted in the following.

Corollary 1. Let o7 be a non-unital subalgebra and p be such
that p; > 0 for all i, then E‘j;{ » allows for a factorization

E‘T;ﬂp = JR with J and R as defined above. Moreover, J

is stochastic while R is stochastic over the support of <7, i.e
Tp _ 1T T _ 1T

1,R= ]'supp(JJ) and lsupp(ﬂ)J =1;.

Proof. The proof is the same as 2 with the only difference

d
that Z:j=1ajT = Llupp(w) and 13.:1pp(427)(p A aj) = (p,a;)
holds, since <7 is not unital. O

I1II. HMM AND PROBLEM DEFINITION

Throughout the rest of this work, we consider stochastic
processes that can be described as Markov processes or Hidden
Markov processes (HMPs).

A stochastic process {x;} is a collection of r.v.s taking
values in the finite alphabet A, indexed by time t. Without
loss of generality, we can assume A, = {1,2,...,n}. As
the alphabet is independent of time, we can choose a fixed
resolution of indicator vectors {f;} with respect to which
x; is measurable at all times, the standard basis for R™
being the most compact one. With this choice, {x;} is a
sequence in R™. In the following we thus denote by x¢.; a

stochastic process with ¢t = 0,... &k, with zg.; € A’;H an
ordered sequence of its outcomes, i.e. Xo.x = To, L1, ..., Tk,
where z; € A, for all ¢ and |zo.x|] = k + 1. Then, the

joint probability of a sequence of outcomes can be written
as IP[:BO =20,...,LL = l‘k] =P [QZU;k = LL'():]C]. A stochastic
process {x:} in R™ is an homogeneous Markov process if

Plrii1 = Teq1|@or = o] = Ples1 = Tep1|Te = x4

and such probability is independent of ¢ for all pairs x;41, 4.

In this case, we have that there exists an initial probability
vector pg € R™ and a stochastic matrix P € R™*™ called the
transition probability matrix such that P[xg = 20] = (po, fz,)
and Playy = x|z = o] = Zﬂme where f,
represents the elementary event associated with the outcome
Tt.

The main focus of this work are partially-observed HMPs,
better known as HMPs. The following definition adapts [13,

Definitions 9.2 and 9.3] to our setting.

Definition 1 (Hidden Markov processes). A stochastic process
{yi} in R™ taking values in A, is an HMP if there exist a
Markov process {x.} in R™ taking values in Ay such that
{(ye, @)} is jointly Markov and Ply, = yp, @ = 24|ye—1 =
Y1, @1 = 1] = Plys = ye, ¢ = x4|lxi—1 = 241] for
all t.

For HMPs, there exists an initial probability distribution pg
and transition probability matrix P € R™*™ defined as before,
as well as a stochastic matrix C' € R™*", called emission
probability matrix, such that Ply; = yi|x: = a¢] = ea Cfz,»
where {e;} is the standard basis for R™, and e,, represents
the elementary event associated to y;.

Definition 2 (Hidden Markov models). We define a Hidden
Markov Model (HMM) as the couple 6 = (P, C).

The HMM 6 and the initial distribution py completely
characterize the evolution of the probability distributions,
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leaving n, m and the alphabets implicit. In fact, the marginal
distribution evolution can be modeled by

plt+1) = Pp(t) .
q(t) = Cp(t)

associated to 6 and initial condition p(0) = po and can then

be computed as

Po.po [yt = yi] = e}, CP'py.

Notice that we made the dependence on the HMM @ and initial
distribution py explicit whenever necessary to distinguish
distributions induced by different models.

We are ready to state the first of the problems we will
address in the following sections.

Problem 1 (Single-time marginals). Given an HMM 6 =
(P,C) and a finite set of initial probability distributions
S < D(R™) find a reduced HUM 0 = (P,C) of dimension
d < n and a linear map V[-] : S — D(R?), py — po such
that

Po,po [y: = y:] = Pé,\p[po] [y = vl
for all t = 0 and for any initial conditions pg € S.

The second problem that we address targets multi-time
probability distributions.

Problem 2 (Multi-time marginals). Given an HMM 6 =
(P,C) and a finite set of initial probability distributions
S < D(R") find a reduced HMM 0 = (P,C) of dimension
d < n and a linear map V[-] : S — D(R?), py — Po such
that

]P)97P0 [yO:k: = yO:k] = Pé,\ll[po] [yO:k = yO:k]

for all sequences of the output process yo.;. and for all initial
conditions pg € S.

Remark 2. Although Problem 2 is more natural than Problem
1 for the typical HMM setting, the latter is also interesting
in particular cases, which include efficiently simulating an
unmeasured stochastic evolution, and reproducing the mixing
properties of lifted chains with more compact models. In fact,
while we derive solutions of Problem 2 that are also solutions
for Problem 1, the size of the effective multi-time reduced
model is going to be in general significantly larger, as it
must exactly reproduce all transition probabilities — see also
Proposition 3 below.

Remark 3. As we pointed out before, in Problems 1 and 2 we
have assumed that S is a finite set. This assumption can be
relaxed since, as we show below, the proposed solution works
for any initial condition contained in span{S}. For this reason,
when dealing with linear spaces of initial conditions one can
study the problem where S are the generators of the set.

IV. PRELIMINARY RESULTS:
A SYSTEM THEORETIC VIEWPOINT

Finding minimal realization of linear systems has been
a central problem in control and system theory, for which
well-established solutions are available. Nonetheless, when

positivity is required on the reduced model, the minimal
realization problem is, to the best of our knowledge, still open.
In this section, we review some existing results, and extend
and adapt them so that they can be used in our scenarios. In
particular, we shall allow for non-minimal realizations in order
to guarantee their positivity.

A. Single time-marginal problem

Let us start by considering model (5) with initial condition
po € S. Let us define the non-observable subspace as:

c

CP
N := ker . ) 6)

CPnfl

The subspace A can be characterized as the largest P-invariant
subspace contained in ker C' [31], [32]. In the case of HMM
the non-observable subspace has another useful property.

Lemma 2. For all x € N it holds 1Tz = 0.

Proof. From the definition of non-observable space, we have
that x € N if and only if CP'xz = 0 for all ¢t > 0. If we
then left-multiply by 17 on both sides we obtain 17C Ptz =
17Plez =1Tx =170 = 0 for all x € V. O

Next, define R as the smallest linear space that contains
all probability distributions p(t) generated by the HMM for
every t > 0 and any initial distribution pg € S:

R := span{P'py|t = 0, py € S}. @)

Remark 4. The space R is, in fact, the reachable subspace of
a state-space model in the typical form:

p(t+1) = Pp(t) + Bu(t)
q(t) = Cp(t)

where B € R"*IS| is a matrix whose columns are the initial
conditions in S. This model reproduces the trajectories of
(5) for inputs corresponding to discrete impulses. The non-
observable subspaces of (5) and (8) are the same, and the
subspace R coincides with the reachable subspace of model
(8), and thus shares the same properties: R is the smallest
P-invariant subspace that contains span{S}. In light of this,
we call the R defined above the reachable subspace.

®)

Lastly, we call effective subspace £ any subspace
ECR”such that ( RAN)DE=R )

namely, a completion of the intersection R N N to the reach-
able subspace R. Notice that the choice of £ is not unique, in
fact, any representative of the quotient space R/(R nN) is a
suitable candidate for this choice. The most natural choice for
the effective subspace is of course the orthogonal complement
(with respect to the natural inner product) of R n N in
R, which we shall denote with £,. Any other orthogonal
complement, with respect to a modified inner product, would
also be a suitable choice for &£.
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Remark 5. The situation is reminiscent of the classical linear
state-space analysis proposed by Rosenbrock [33], where all
representatives of the quotient space R/(RNN) are equivalent
and associated to minimal realizations. In our case, however,
& needs to be further extended to ensure positivity of the
reduced dynamical matrix, a notion that depends on the
chosen reference basis. For this reason, not all choices of the
effective subspace are equivalent. While we will show how the
algorithm we propose works with any choice of the effective
subspace, in Section VII we will argue that the choice of the
representative £ of R/(RnN) plays a key role in constructing
an optimal reduction.

As we just recalled, the restriction of model (8) to (any)
& corresponds to a minimal realization (yet not necessarily
positive or stochastic). The next corollary shows that the same
reduction method can be used for the HMM (5), while also
allowing for extensions of the effective space. In this case, the
minimality of the linear realization may be lost, but will later
allow us to enforce positivity. The proof relies on a related
result for general autonomous switching systems we present
in detail in Appendix A.

Corollary 2. Consider an effective subspace & for the HMM
(5) and a subspace V such that € €V with d = dim(V). Let
IIy be the orthogonal projection onto V with respect to an
arbitrary inner product (-, -), such that lly(RNN) € RAN.
Let R : R" — R? and J : R* — V be two (non-square)
factors of the orthogonal projection, 11, = JR.

Define the reduced model (P,C') = (RP.J,C.J) and the
map po = Rpo, for all py € S. Then_the linear systems
associated with the pairs (P,C) and (P,C') reproduce the
same marginal distribution at a specific time instant, i.e.

CP'py = CP'py
Sor all t = 0 and any initial condition pg € span{S}.

Proof. This result follows from the application of Theorem 4
reported in Appendix A with only one F; = P, H = C and
z(0) = po. O

In the following sections, we shall construct V so that the
reduction is also an HMM.

B. Multi-time marginal problem

For the multi-time marginal problem, following on the
seminal work [19], we will consider C for our initial model
to have only zero or one entries, i.e. C' € {0,1}"*". The
assumption is not restrictive, as any Hidden Markov Process
admits a realization with C' of this type [13, Theorem 9.4].

The minimal reduction of the system producing the multi-
time distribution can be obtained along the same lines. Calcu-
lating the probability of a sequence of events is however more
involved: [19, Lemma 1] provides a closed form for such a
computation. We report it here for completeness.

Lemma 3. Given an HMM 6 and an initial probability
distribution py, the probability of a sequence of outcomes is
given by

Py.po [Y0:k = Yo:x] = 17 P pg

where
P = pitdiag ey, C),

1
pir = [ PE, PY = diag(el,C)P, i>0.
i=k

In the above lemma, the multiplication by the diagonal
matrices diag(egt (') accounts for the conditioning of p; on
the outcome y; = ;. Without the latter we obtain the formulas
for the single marginals.

In order to exploit system-theoretic tools, it is useful to
write the probability of a sequence of outcomes as the output
of a dynamical model. The dynamical model we are going
to present next resembles the “observables representations
of HMMs” described in [34]. Call ¥(t) = P(yo.: = Yo:t)-
We can obtain its evolution as the output of a discrete-time,
autonomous, switching, linear system described by

{qb(t +1) = X (1) (10)

Y(t) =17 ¢(t)
with initial condition ¢, (1) = diag(ej C)po, P{ defined as
in the previous lemma and where () represents the probabil-
ity associated to the sequence of events yo.;. Clearly, the output
1 (t) depends on the sequence of P2, which in turn depends
on the outcomes of the sequence. The output at any time & > 0
can be computed as ¥ (yo.x) = 17 ]_Ll:k Py, (1), while
for | = 0 we have ¥(yo) = 17 ¢,, (1), thus recovering the
formulas of the lemma.

Given a finite set S of initial distributions of interest, the
corresponding set of initial conditions for this model is & =
U, diag(e;, C)S.

Following the approach of [19] in a system-theoretic setting,
we can define the reachable, non-observable, and effective
subspaces for the multi-time problem. To avoid confusion
with the previous definitions, we call these the conditioned
subspaces and denote them with a C subscript. Given an
HMM (P, C') and a set of initial conditions S we define the
conditioned non-observable subspace as:

Ne = {v e R"[1TPY" v =0, Vyou}, (a1
and the conditioned reachable subspace as
Re :=span{ P po, Vyou, Vpoe€ S}. 12)

We can then define the conditioned effective subspace Ec as
a completion of the intersection R¢e N Ne to the conditioned
reachable subspace R, i.e. Ec®(Re nN¢) = Re. As before,
the choice of & is not unique, as any representative of the
quotient space R¢/(R¢ n Ne) is a suitable choice.

The properties of these spaces have been described in [19,
Lemma 3, Section 3]. We recap them in the following Lemma
for the reader’s convenience.

Lemma 4. N¢ and R are P-invariant, diag(el C)-invariant
for all i and thus, P2 -invariant for all sequences yq..

A result similar to Cayley-Hamilton Theorem holds and lets
us compute the spaces by using a finite number of generators:

Ne = {v e R* 1" PZ"'v = 0, (13)
Vpo €S, (14)

Yyou s.t. 1 < n},

Re = span{PZ" po, Yyou s.t. 1 < n}.
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We can then notice that A is the non-observable subspace
of model (10) see e.g. [35], R¢ is its reachable subspace
and & is its effective subspace. The second statement holds
trivially, while the first holds because N is diag(el C)-
invariant for all ¢. The third follows by combining the first
two.

An useful property of the propagator P2"* is proved in the
following Lemma.

Lemma 5. The sum over all sequences yq.j, of the same length
k of PE* is equal to the k-th power of P, i.e.

Z Pgo:k — pk

Yo:k

Proof. The statement is simply proved by observing that
2., diag(e,,C) = I for all i and summing over all the
possible strings .y, starting from the first character. O

The next Proposition shows that, in general, solving the
multi-time marginal case requires a larger model than the
single-time case defined before.

Proposition 3. It holds that
ker C 2 N 2 A,
ScRC<CRe,

and also

Ecée.

The proof of this Lemma can be found in Appendix B.

Remark 6. This result clarifies the relation as well as the
distinction between problems 2 and 1. In fact, this Proposition
shows that, at least in principle, there could be a larger reduc-
tion if we are only interested in describing only the evolution
of the marginal distribution at a specific time. Moreover, the
conditioned effective subspace contains the effective subspace,
thus showing, due to Corollary 2, that a solution for Problem
2 is also a solution for Problem 1.

We now propose a class of effective model reductions for
the multi-time marginal problem.

Corollary 3. Consider any conditioned effective subspace E¢
and subspace V such that E¢ €V with d = dim(V), and let
Iy be the orthogonal projection onto V with respect to an
inner product (-, -), such that TIy,(Re n Ne) € Re n Ne. Let
R:R" - R and J : R - V be two (non-square) factors
of the orthogonal projection, 1y, = JR.

Let then consider the reduced model ({}55}7 17y =
({RPYJ},11J) and the map $(1) = Re(1) for all (1) €
®. Then the two models described by equations (10) and de-
noted by the couples ({P%},1L) and ({PZ'},11)) reproduce
the same probability of a sequence of outcomes, i.e.

0 0
1 [[ree) =13 [T FE 61
j=k j=k

for any sequence yo.r and any initial condition ¢(1) €
span{®}.

Proof. This result follows from the application of Theorem 4
reported in Appendix A with F; = diag(e] C)P, H = 17,
x(0) = diag(el C)po. O

Remark 7. At this point one may notice that Corollary 3
provides a reduction for model (10) which includes the condi-
tioning as part of the dynamics and in general may not translate
directly into a reduction of (5) in the HMM form (P, C,S).
Nevertheless, we anticipate here that the algorithm we propose
in Section VI for the multi-time case provides a model in
HMM form, thanks to Lemma 4. Thanks to Proposition 3 and
Corollary 2 the obtained model also reproduces the single-time
marginals.

Remark 8. The two main results in this section, Corollary 2
and 3, as well as the underlying Theorem 4 shown in Appendix
A, have been stated for time-invariant dynamics for sake of
simplicity. While it is possible to generalize the analysis to
time-dependent systems, in that case, Cayley-Hamilton-type
results do not apply and consequently, the computation of
reachable and non-observable spaces may become impractical.

V. SINGLE-TIME SOLUTION

In this section, we illustrate how to obtain solutions to
Problem 1 appropriately choosing V in Corollary 2. We first
discuss the intuition behind the method, next we present the
proposed solution in form of a parametric algorithm, and
prove that, under appropriate constraints, the algorithm indeed
provides a solution. Finally, in Section VII, propose a way to
choose the relevant parameters.

A. Intuition

The core idea behind the method stems from the fact that
in order to define an HMM we need an underlying probability
space and, as we have seen in Section II, any probability space
is associated to an algebra. This directly suggests that, in order
to preserve the (stochasticy HMM structure in the reduction
it is natural to restrict the model to an algebra whose dual
contains the effective subspace, and then use the dual of the
conditional expectation to obtain a stochastic reduction.

More in detail, consider the two stochastic reduction matri-
ces R and J obtained in Section II-B as factors of the dual
of a conditional expectation Elq;{ » which is an orthogonal
projection onto p A &/ with respect to the inner product
() p—1- Then, according to Corollary 2 we know that as long
asfcV=pAa,and Elj;{,p leaves R N N invariant, then
the reduced model reproduces the same marginal distribution
as the original one.

In order to choose &/ such that £ € p A &/ we can A-
multiply left and right by p~! obtaining p~* A € € . Let
alg(X) denote the minimal sub-algebra of R™ containing the
set X. Then, if we define & := alg(p~! A &), we ensure that
E < p A o is satisfied and that the reduced model reproduces
the same marginal at a single time.

To make this idea more concrete, we provide a simple
illustrative example, which also highlights the importance of
choosing the distribution p to be used in Ef;{ P
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Example 1. Let us consider the following HMM:

2/5 0 1/5 1/5
P=|o0 25 15|, S={|1/5
3/5 3/5 3/5 3/5
110
C‘[o 0 1]'

Notice that pg is an equilibrium, Ppy = po thus the output
distribution is equal to q(t) = [2/5 3/5]T, Yt > 0. We can
then compute the following.

1/5 1
R =span< [1/5] +, N =span{ | —1
3/5 0

and R n N = span{0} and we can thus choose £ = R. If we
then choose p = 1 we obtain

1 0
o/ =alg(R) =span< [1], |0
0 1

and thus the relative factors of the dual of the conditional
expectation are

12 0
R=[(1) (1) (1)] J=112 0
0 1

and the associated reduced HMM is

= |2/5 2/5 ~ (1 0 .12/

P= [3/5 3/5]’ ¢= [0 1]’ Po= [3/5]
which correctly re};roduces the output marginal distribution
q(t)=[2/5 3/5]",vt=0.

On the other hand, if we were to choose p = py we would
obtain a different result. In fact, in that case, we have

1
o =alg(p~' AR) =spany |1
1

and thus the relative factors of the dual of the conditional
expectation are R = [1 1 1],and J =[1/5 1/5 3/5]T
and the associated reduced HMM is P =1, C = [2/5 3/5]
and pp = 1 which also reproduces the output marginal
distribution and is clearly minimal (optimal reduction). This
shows that the choice of p is important if we are interested in
minimizing the dimension of the reduced model.

B. Proposed solution

We now formalize the proposed method to solve Problem 1
in the following Algorithm. Let I'(R, ') be a map that selects
an effective space & given some R, N.

Notice that this algorithm depends, in addition to its inputs,
on two parameters: the first one, p, is a positive vector; the
second one, is the map I" that selects the effective subspace.
We will discuss more in detail the choice of the effective
subspace in Section VIIL.

We are finally ready to prove that Algorithm 1 solves the
single-time marginal problem.

Algorithm 1: HMM reduction for problem 1
Input : (P,C), S.
Parameters: p, I'.
1 Compute R and N using equations (7) and (6);
2 Compute £ = T'(R,N);
3 Compute &7 := alg(p~! A &);
4 Compute E,  using equation (3) ;

s FEL, (RNN)ER N N: redefine
o :=alg(p~' A'R) and recompute E,
6 Compute the factors R and J of E@ p with the
definition given in equation (4);
Output (P,C) = (RPJ,CJ) and R.

Theorem 1. For any choice of £ and p positive i.e. p; > 0
Vi, Algorithm 1 provides a solution to Problem 1.

Proof. To prove the statement we have to prove that: i) The
reduced model 6 = (P, C) and the linear map R provide the
same marginal distribution at any time as the original model;
ii) the reduced model 6 is an HMM, and Rpy is a probability
vector.

We shall start by proving the first point. We do so leveraging
Corollary 2. First of all, we have that, for any vector p such
that p; > 0 for all 7 the inner product (-, -),, is positive-definite
and thus well defined. Moreover, by definition of the algebra
o/, we have that, for any choice of the effective subspace &
it holds £ < p A &7 so, by choosing V = p A &7, and using
the restriction and injection map defined in equation (4), 1)
follows from Corollary 2 if case E, (R A N) <SR N.

IfEL, (RAN) & RAN, pick N = {0} so that RN =
{0} and Theorem 4 applies with V = alg(p A R) .

Regarding ii) we have that, if <7 is unital, then Proposition
2 ensures that J and R are stochastic and thus RPJ and
CJ are stochastic and Rpg is a probability vector for any pg
probability vector. If <7 is not unital, because of Corollary
1 we have, that J is stochastic (and thus C.J is stochastic)
but R is only stochastic over supp(#), i.e. 12 R = lz;pp(d).
We next show that this condition is sufficient to show that the
reduced model is stochastic.

We shall first notice that supp(€) = supp(«/) < R™. Let
assume that dim(supp(£)) = k. Then we can consider a
permutation (that is a double-stochastic change of basis) T’
such that T = [ @’ | O _, ]T for all x € £, with =’ € RF.
Then, since £ is P-invariant

x/
J[ari]ee

x' _ | Pu | Py
Onfk

Py | Py
—
and thus P; = 0. This shows that supp(€) is P-invariant.
Since P, T and TT are stochastic, TPTT is also stochas-
tic. This implies that 17 P;; = 1]. Then, it holds that

T T T
1supp(9{)T TPTH =

TPTT

Py | Pro

R A
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or, in other words 1 %)P = 1T We can also

- g:lpp( supp(&)°
verify that P is stochastic by verifying the following chain
of equivalences: 17 RPJ = 1T PJ 1, (%)J =17
where the last equality comes from Corollary 1. Finally, to
prove that Rpo is a probability vector we can observe that

17py = 1TTepy + 17Tl npo = 1 and then re-use the
—_
=0
reasoning above. O

Remark 9. In the proof of Theorem 1 we stated that a
positive vector p is necessary to have a well-defined inner
product (-, -)p. This assumption, however, can be relaxed to
the following: p is positive over supp(£) = supp(«), i.e.
p; > 0 for all i such that e/ = # 0 for some x € £. This is
due to the fact that the values of p where £ has no support
has no role in the projection.

Although such p defines a positive semi-definite inner
product over R™, it provides a positive definite inner product
over supp(S) and this is sufficient to define the orthogonal
projection onto .2/. Consider, for example, the following case:
assume supp(%/) & R™ then let p; be a positive vector over
the supp(«), p, be a positive vector over the remaining
support, i.e. s.t. p := pPs + Pp, supp(p) = R™. We can then

notice that p A £ = p, A @ and (y,:c>p = (y,a:)z)s for all
@ € supp(«/) and y € R™. This implies that
4 (
D Aaj)a (ps A aj)a
EL, =Ej,
|<.p ]21 (a],aj ; aj,a]>ps | .ps°

The role of the positivity of p will be further discussed in
Section VII.

VI. MULTI-TIME SOLUTION

The solution of Problem 2 follows the same ideas presented
in the previous section. In fact, the algorithm we propose to
solve Problem 2 is identical to the previous algorithm but
for the involved subspaces. We now present our proposed
method to solve Problem 2. This method takes the form of
the following Algorithm, where I is defined as in the previous
section.

Algorithm 2: HMM reduction for problem 2
Input : (P,C), S.
Parameters: p, I'.
Compute R and N using equations (14) and (13);
Compute & = I'(Re, Ne);
Compute mfc =alg(p~! A &);
Compute E ‘ e, using equation (3);
If EE;{ (Re N Nc) & Re n Ne: redefine
A = alg( ~1 A R¢) and recompute IE‘ Ao
6 Compute the factors R and J of IE‘ e, Wlth the
definition given in equation (4);
Output : (P,C) = (RPJ,CJ) and R

N A W N

We are finally ready to prove that Algorithm 2 solves the
multi-time marginal problem.

Theorem 2. For any choice of Ec and p positive, ie. p; > 0
Vi, Algorithm 2 provides a solution to Problem 2.

Proof. The proof of this theorem follows the lines of the
proof of Theorgm 1. In fact, the proof of the fact that the
reduced HMM @ is stochastic and Rpy is a probability vector
is identical to the one given in 1. The only difference in the
two proofs regards proof of the fact that the reduced model ]
with initial condition Rp, provides the same probability of a
sequence of events as the model § with initial condition pyg.
From Corollary 3 we have that (Rdiag(el C)P.J,17.J) with
initial condition Rdiag(e! C)py generates the same proba-
bility as the original model. Since R¢ and N are both P
and diag(eiTC’)—invarizglt, Corollary 5 applies, thus leading
to the reduced HMM 6 = (RPJ,CJ) and initial conditions
Rp(). O]

VII. CHOOSING THE ALGORITHM’S PARAMETERS

In this section, we discuss what is the best choice of the
parameters for Algorithms 1 and 2. Being the structure of the
two algorithms identical, we only discuss the optimal choice of
£ and p: the results can be extended directly to &:. The notion
of optimality is related to the dimension of the reduced system,
meaning: we want to find a choice of £ and p positive such
that the reduced model returned by Algorithm 1 has minimal
dimension. This is equivalent to finding £ and p such that
alg(p~! A £) has minimal dimension.

A. Optimal distributions for observable HMMs

We shall start the discussion by finding the optimal choice
of p assuming that an effective subspace £ is given. Before
we prove the main result of this section, we shall first state
the following useful result.

Lemma 6. Given a vector space W < R™ with generators
{w;}, W = span{w;} there exists a vector W := Y, \;w;,
with \; # 0 for all i and such that supp(w) = supp(W).

The proof of this Lemma can be found in Appendix B.

Theorem 3. Let consider a vector space W < R" and a
vector w as in Lemma 6. Then there exists a unique algebra
o* of minimal dimension such that W < x ~ o/* for some
x € R™. Moreover, o/* = alg(w ' AW) and it is unital over
the support of W, ie. 1 € o*.

supp(W)
Proof. The existence of such a w is proved in Lemma 6.
Since &/ = R™ satisfies W < x A &, for all x € R"”
and its possible sub-algebras are finite (corresponding to the
partition of n), &/* exists. To prove that it is an unique solution
we proceed by contradiction. Let assume that there exist
two different algebras o7/, 2 < R™ with minimal dimension
dim(&/) = dim(%) and two vectors @,b € R™ such that
W < an o/ and W S b A %. From Proposition 1 we
know that o/ = span{a;} and # = span{b;} where {a;}
and {b;} are the finest resolutions in idem(%”) and idem (%)
respectively. Clearly, if a; = b; for all i then & = % which
yields a contradiction. Therefore, we assume that there exists
an index j such that a; # b; for all 7. We can then notice that
for all v € W, we can write v = Y}, ;@ A a; = ), v;b A b;.
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For j such that a; # b; or all ¢ we can then write

a]—/\v:/ija/\aj:ZViajAb/\bi.
i

The first equality implies that over the support of each a;
every v must be proportional to @ A a;. The second equality,
on the other hand, due to the fact a; # b; implies at least
two of the products a; A b A b; must be non-zero. In order
for the nontrivial sum to be always proportional to @ A a; it
must be that the coefficients v; appear always in a fixed ratio.
Hence, the corresponding b; can be substituted by their sum,
and still, generate the full ¥ when multiplied by a suitable
vector b. This shows that % could not be a minimal algebra
unless a; = b; for all 7, up to a reordering.

Let then o/* be the unique algebra of minimal dimension
such that W < & A &/* for some w. From Proposition 1 we
know that &/* = span{a,;} where {a;} is the finest resolution
in idem(7*). In particular {a;} forms an orthogonal basis
for o/* and its elements have completing mutually-orthogonal
supports, i.e. supp(ay) L supp(a;) for k # j and >, a; =
1gupp(w)- We can then observe that & A .&/* = span{x A a;}
and that the vectors A a; have complementary mutually-
orthogonal supports. Then for W € x A &/* to hold it must
be that w = > ;& A a; for all w e W.

By the above discussion we can write w; = Zj ;Lé-a: A a;
for each generator of V. Notice that, for all j, pu% # 0 for
at least one 7. Let then use the definition of w given in the
statement and, substituting the form of the w; we just reported
we obtain W = > ; 0, A a; with 0; = 3, )\i,ué». From the
argument above, from the fact that \; # 0 for all ¢ and from
the fact that, by hypothesis, w has maximal support, we have
that o; # 0O for all j. Because of the structure of {x A a;} we
have that

1 glgl

(a; n@) P =a; nw ! = O'j_l(iE Aaj)” J A aj,

and thus w ' = Z{ 07-_1:8*1 A aj. From this we have that
the vector space w™* A W is generated by vectors of the type

w A w; = Zaj_l,u};w_l ANGj NI A Qg = Zaj_lu;-aj.
Jik J

This proves that W' A W € &7* and that any vector v €

w~' AW can be written as v = Y, v;W ' A w; = > éa;

with & = 3, via;1u§. Let then consider any two vectors

v,uew ' AW and compute their A-product,

VAU= (foj@j) N <Z£jaj> :Zgjéja-j'
J J J

This implies that alg(w ' A W) S &7*. On the other hand,
it trivially holds that W < w A alg(w ' A W). But then,
since we assumed that ./* was the unique algebra of minimal
dimension such that W < & A &/* for some « it must hold
that alg(w ' A W) = &*.

Finally, since w € W, then W™ AW = 1gyppw) € (E_l N
W) c o*. O

1

Remark 10. Theorem 3 shows that, given any choice of the
effective subspace, we can construct a vector w such that the

algebra alg(w ' A €) has minimal dimension. However, not
all such w are positive over the support of £. As a matter of
fact, it could happen that some choices of £ do not contain
any non-negative vector, while w = p being non-negative is
fundamental to construct a stochastic reduction.

Theorem 3 is nonetheless sufficient to determine the optimal

reduction for a class of HMMs, namely those for which R is
“observable”, i.e. R "N = .

Proposition 4. Let {r;} be an N-dimensional set of positive
generators of R and let D := Y, r;/N. Then, if Rn N = {0},
o = alg(p~' A R) provides the optimal reduction.

Proof. By hypothesis we have R n A/ = . This implies that
& = R. Then, using Theorem 3 we have that p = >}, r;/N,
provides the minimal dimension for alg(p~' A R) and thus
the optimal reduction. [

Notice that this result applies in particular fully observable
HMMs, i.e. when the pair (P,C) is observable, and thus to
finite-state Markov chains. In fact, the latter can be seen as
HMMs with C' = I. The corresponding optimal reduction is
then a maximally-lumped version of the original process [25].

B. Effective subspace for the general case

In order to address the general case, in addition to a
distribution p we also need to choose an effective subspace.
Example 2 below illustrates that not all effective spaces are
equivalent and lead to different dimensions for the reduced
model, making this choice critical towards the optimality of
the reduction. A natural candidate effective subspace is &,
the orthogonal complement (with respect to the natural inner
product (x,y) = x7y) of R n A in R. Let then {&;}i—1. 4
be the set of generators of £, . Then any choice of the effective
subspace can be described as £ = span{e;+n;};—1, . 4, Wwhere
{n;}i=1,.a is a set of vectors in N.

We next show that the choice of the orthogonal complement
&1 always allows for finding a positive vector W = P as
in the statement of Theorem 3, and hence a valid stochastic
reduction. The following proposition is instrumental to this
aim.

Proposition 5. Let p € R™ be a probability vector, and let
V be a vector space such that 1Tv = 0 for all v € V. Let
then IIy, be the orthogonal projector on V with respect to
the standard inner product (-,-). Then q := p —Ilyp is a
probability vector.

Proof. Let us start by defining w := 1/2 — p. We can then
write p = 1/2 — w to notice that p; € [0,1] if and only
if —1/2 < w; < 1/2, that is if and only if ||w||, < 1/2.
Moreover, we have that 17p = 1 if and only if 17w = (n —
2)/2. We can then compute q:

g=1/2—w—-Ty1/2 + yw
=12-(T-Ty)w=1/2 -y w
——
=:Hvl

where we used the the hypothesis 17v = 0 for all v € V to say
that ITy,1 = 0. Then, since II,1 is an orthogonal projection,
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and thus a contraction in norm, we have that ||II, wl|, <
||wl||,,. Then, using the argument above, we have that q is
a non-negative vector with g; € [0,1]. Lastly we have that
17g=1"1/2 - 1Tw =n/2 — (n — 2)/2 = 1. O

The result we are after is then obtained as a corollary of
the previous one.

Corollary 4. Let £, be the orthogonal complement of R N
N to R. Let {r;} be an N dimensional set of probability
vectors such that R = span{r;}. Then €; := r;—Igpr; are
such that £, = span{e;}. Moreover, € = ), €;/N satisfies
supp(€) = supp(€) and g; = 0 for all i.

Proof. From Lemma 2 we have that 17z = 0 for all z € \/
and thus, by applying the proposition above on every generator
of R we have that the set {€;} is a set of probability vectors.
Being € a convex combination of probability vectors it is itself
a probability vector and it shares the same support as £. [

Other choices are possible, and the choice of the effective
subspace can influence the dimension of the reduced model,
as illustrated in the following example.

Example 2. Consider the following spaces:

121 [o] TJo 0

B 12| |o| |o - 0
R = span o L' lillol N = span 1
0 0 1 -1

then we clearly have that R n A/ = A/. Let us denote with
£, the orthogonal complement of R n N to R, i.e.

121 [ o

12| | o
£ = span 0 |12

0 1/2

We can easily notice that £, is an unital algebra. Let us now
consider another completion £ of R " A to R. In general, we
can write

1 0

1 0
&€ = span o Lol

—a 1-0

for some values a,b € R. We can then consider two
cases. First, if ¢« = 0 and b # 0 we can choose v =
[1 1 1+b 1- b]T thus obtaining alg(v™ ' A &) = &].
On the other hand, if we have @ # 0 and b # 0 we
can choose w = [1 1 a+1+b —a+1- b]T (assuming
that a + b # +1) thus obtaining

0 0
. B ol [o
alg(w™ A &) = span 111710
0 1

O O = =

This example shows that the choice of the effective subspace
can affect the size of the reduced model.

VIII. EXAMPLES

Example 3. Let consider the HMM provided in [19, Example

3]:
[ 1/3 1/6 1/4 1/4 0 1/5
/6 1/3 0 1/4 1/4 1/5
P=1]1/3 1/6 1/4 1/4 0 , §= 1/5
1/6 1/6 1/6 0 1/2 1/5
| 0 1/6 1/3 1/4 1/4 1/5
[ 1 1 1 0 0
C=100010
| 00 0 0 1

We shall start by studying the single-time marginal prob-
lem. We can observe that py € S is an equilibrium
for P and thus R = span{S} and also that N/ =
span{[l -2 1 0 O]T}. Clearly, the intersection contains
only the zero vector, R n N = {0} and thus the effective
subspace can be taken as the reachable one: £, = R. If we
then take p = py we obtain .7 = alg(p~* A &) = span{1}.
The corresponding stochastic reduction and injection matrices
are R = 17 and J = p which provide the (trivial) reduced
model:

P=1], §={[1]}, C=1[3/5 1/5 1/5]".

We next focus on the multi-time marginal problem. We have
that Nz = A/, while the conditioned-reachable is equal to:

1/5 0 | 0 1
15 | o ol |2
R¢ = span /51,10 1,]0],[1
ol |15] | o 0
0 ol 15| | o

This implies that the intersection R¢ N N = N and thus:

1 0 0

1 0 0
Ec| = span 1{,(0([,]0]

0 1 0

0 0 1

Then, we can notice that £ is a unital algebra and by taking

P = 1/5 we obtain the stochastic reduction and injection
matrices
1/3 0 0
11100 /3 0 0
R=]0 0 0 1 0|, J=|1/3 0 O
0 00 01 0 1 0
01
that leads to the reduced model
- [2/3 3/4 1/4 g 3/5
P=|1/6 0 1/2|, S= 1/5
[ 1/6 1/4 1/4 1/5
g [1 0 0
C=|0 10
[0 0 1
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Example 4. Consider the HMM defined by:

[ 12 0 1/3 1/4 1] [o
o 13 13 1/4 _Jlo] |1
P= /2 0 1/3 0 - S=11o|"|o
| 0 2/3 0 1/2 0] (o
C_'1/4 1/4 1/2 7/16 |
S| 3/4 3/4 12 9/16

In this case we are only interested in the single-time marginal
problem. We can notice that R = R" and thus

1 -1

-1 0

RN =N =span o123
0| |4

Then we can consider the effective subspace as the orthogonal
complement of N, that is

4/91 [ 0
4/9 0
£ = span 0 |47
19 [3/7]
Then we can define p := 1/4 to obtain

1] [o] [o
_ 1 _ 0 0
o = alg(p A gJ_) = Spal ol’111’10
0] |0 1

Notice that in this case, the dimension of the algebra is greater
than the effective subspace. We thus obtain the stochastic
reduction and injection matrices

oo [
R=1]0 0 1 0, J=

0 0 01 0 10

0 0 1
that leads to the reduced model

g 5/12 2/3 1/2 g 1
P=114 13 0|, S=

1/3 0 1/2 0
& [1/4 1/2 7/16]

T 13/4 1/2 9/16|°

Suppose that, instead of the orthogonal complement, we
were to consider the following space as an effective subspace:

6 2

B 5/2 5/6
E=spany g || 959
—1| |-25/3

We can immediately notice that there is no convex combination

of the generators of £ such that it is positive, however, if we
. T

consider v = [8 10/3 14 —28/3]" we have that

1 0
o = alg(v™! A &) = span (1) , ?
0 1

thus showing that a smaller algebra could be found for the
reduction, if we were to consider vectors that are not non-
negative.

IX. CONCLUSIONS AND FUTURE WORK

In this work, we exploited system-theoretic ideas and alge-
braic representation of probability spaces to obtain effective
reductions of HMMs that preserve the marginals of the orig-
inal output process, in either the single- or multi-time case.
While optimal reductions are explicitly characterized for a
class of HMMs, including observable ones, the freedom of
choice in the effective subspace makes finding the optimal
reductions more challenging in the general case. Nonetheless,
we provide an algorithm that produces reduced HMMs of
minimal dimension in all considered examples. Based on the
analytical and numerical examples we examined, we formulate
the following conjecture on the optimality of the natural
orthogonal complement.

Conjecture 1. Let £, be defined as the (standard) orthogonal
complement of N "R to R, and let P be defined as in
Corollary 4. Then, given any other choice of £ and w non-
negative it holds that

dim(alg(p~! A £1)) < dim(alg(w™" A &)).

Remark 11. If the effective subspace is already an alge-
bra with respect to a P - inner product then dim(£;) =
dim(alg(p~ ' A&1)), since dim(£+) = dim(€) and dim(E) <
dim(alg(w™! A £)) by Theorem 3 then the choice of £, is
optimal. Also notice that removing the assumption that w is
non-negative makes the statement false. A counterexample is
presented at the end of Example 4. However, having w non-
negative is necessary in order to obtain a stochastic model.

Proving the conjectured minimality may require novel math-
ematical ideas: the choice of £, &¢ that minimize the size of the
generated algebras is equivalent to identify the representative
of the quotient space that can be described with the least
number of indicator vectors, and a way to relate this notion
to orthogonality to .#" does not seem straightforward to find.

Other natural developments of the proposed framework
include a relaxation of the method so that it allows for approx-
imate preservation of the marginals, thus yielding reductions
in practical situations where noise and partial knowledge
might make the exact equivalence we require in this work too
stringent, due to the fact that controllable pairs are a dense set
[36]. In addition, in many algorithms used to estimate HMMs
from data, e.g. [34], the dimension of the “hidden” state space
(i.e. n) is assumed to be known. When this is not the case,
one could estimate an HMM with a larger than necessary
number of hidden variables, and then use an approximate
reduction scheme to reduce the estimated model to one of
more manageable size. Future work will also be devoted to
the adaptation and application of the method to approximate
coarse-graining of large-scale systems, to address otherwise
untreatable problems [16]-[18].

The algebraic approach also naturally extends to the non-
commutative domain, and our method will be extended to
quantum systems, in particular quantum walks and open
systems in general. Analogies between HMM and quantum
walks have been already noted in [37], as well as [38] and
[39], which extend the result of [19] to include quantum walks.
Lastly, the algebraic viewpoint makes our results potentially
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interesting towards the solution of outstanding open problems
in realization theory and model reduction for positive systems

[40].
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APPENDIX A
A REDUCTION RESULT FOR SWITCHING AUTONOMOUS
SYSTEMS

This appendix is dedicated to introducing a general condi-
tion ensuring exact model reduction for switching autonomous
systems. Both the single-time and the multi-time marginals
can be described by the dynamics of this type. Consider a
discrete-time, autonomous, switching, linear system

z(t+1) = Fa(t)

y(t) = Ha(!)
z(0)eZ

denoted by the triplet ({F;}, H,Z). The evolution at any time
clearly depends on the sequence of evolutions F; activated.
Let us denote with y(sg.;) the output of the system at time
l associated to a sequence sg.; = Si,...,So of length [ of
selected evolution Fj,. The output at any time [ > 0 can be
computed as y(sg.;) = H]_[?:l Fy, 2o while for t = 0 we
have y(0) = Hxy.

Let R < R" be a linear subspace such that Z < R and
is Fj-invariant, i.e. F;R < R, for all i. Let N' < R"™ be a
linear subspace such that N < ker H and is F;-invariant, i.e.
F,N < N, for all i. Let then define & to be any completion
of RaNtoR,ie. R=(RnN)DE.

Theorem 4. Consider any subspace V such that £ 'V with
m = dim(V) and let 11y, be the orthogonal projection onto V
with respect to an inner product (-,-) . Assume that TIy,(R N
./\7')2720./\7, and let R : R™ - R™ and J : R™ — V be
two factors of the orthogonal projection, 1y, = JR.

Let consider the reduced model ({F;},H,I) =
({RF;J},HJ,RT). Then the reduced model reproduces

the same output as the original model, i.e.
0 0
H[[Fozo=H]|F. %
=1 J=l
for any sequence sy, and any initial condition x( € span{Z}
and the relative £y = Rxg.

Proof. Let W be the completion of R N N to N , l.e. N =
Wi (R m]\7); let W, be the completion of (RmN)(—BE(—BWl
to R, i.e. R" = W, @Wa@ED(R mN); let 7 the remainder
sub-space, such that R = V@7 and thus 7 < (N nR) @
W;@Ws. Let us also denote with I17 the orthogonal projector
onto 7 with respect to the considered inner product (-, -).
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Jj=l Jj=l

0 0 0 0
[[F -] ]F, Hv} o = [(Hv +7)Fy (y + 7)) [ Fy — Ty nstHvl o

Jj=l-1 j=l

0 0
- l[HVFSZHV + 7 F Iy + F,007] [[ Fo, -y F Iy | stHv] xo

j=l—1 j=l—1

0 0 0
=HVFS,HV( [ £ - [T A Hv) o + l[HTFngnglHT] I1 Fs,.]mo
j=1—1 j=l—1 Jj=l-1
0 0
=y F, yv + OpF Iy [ Fo@o+ F, 07 || Fomo (15)
j=1—1 j=l-1

We can notice that, for any sequence sgp,; we have that
HH?:; F,, 20 = HIIy H?:l F,, Iy and thus the state-
ment can be also be put in the form

0
j=l

for any sequence sg; and for any xy € Z. To prove the
statement we will thus show that for any sequence sg.; and
for any initial condition g € Z it holds

0
[,
j=l

We will prove this statement by induction.

Let then consider the case of ¢ = 0. We have to prove
[I — y]xo € N~ R. Then by noticing that, (I — IIy)xo =
II+x( and that IIyxg € N A R, the statement is proved in
the case ¢ = 0.

Assume then that

0
[l

j=l-1

0
~ Iy [ [ £, Ty
j=l

.’BOZO

0
~Iy [ [F, Iy |20 e N A R.

=1

0
_HV H FSjHV 3306./\7!’\7?,

j=l-1

and we want to prove that

0
j=l

By rewriting this as in Equation (15) we can observe that it
is equal to the sum of three parts. We can then notice that:

s VE J\7mR, IIyv e NAR by a§sumption, thus, Pllyv e
N AR and also Iy, PIlyv e N N R;

. ]_[j 1 Fs,xo € R by hypothesis, II ]_[] o1 Fs,xo €
N AR and FSLHTHJ -1 Fs, o eNAR;

. H? i Fy, € R by hypothesis,
HVHJ - 1F rog € R, Fslan] - 1F‘ rog € R
and HRFsJHVHJ - 1F b i) EN(\R

Finally, since all three summands belong to Nn R, their sum

also belongs to the same subspace, and the statement is proved.
O

0
—HVHFSJHV] xoe N nR.

J=l

In order to apply the result to our multi-time problem, we
need a straightforward extension.

Corollary 5. Under the assumptions of Theorem 4, let us
further assume that F; are factorized as F; = D;A, that R
and N are A-invariant and D;-invariant for all i and also
that T = | J, D;S for some set S.

Then the matrices {F } of the reduced model can be taken
to be F; = D; A with D; = RD;J, A = RAJ. .

The proof of this corollary follows exactly that of Theorem
4, where HIIy H?:l(HVDsj ATl D;xg is substituted by
HTy [T)_,(T1y Dy, Iy ATly)Iy D;Tly o, and in the induc-
tion we leverage the fact that N,’R and thus N' n R are
invariant for Iy, A and D;, for all i.

APPENDIX B
PROOFS

This Appendix collects some proofs that were not included
in the main text to improve readability.

Proof of Proposition 1. Let start with the first part of the
statement. The fact that <7 is closed under linear combinations
and 1 € o follows directly from the definition of .o/. The
closure of &/ under element-wise product follows from the
closure of F under the same operation. In particular let
consider ¢,y € «f, then ¢ A y = Z” z;y;fi A f; and ,
since f; € F forall i, f; A f; € F and thus x A y € &7.
So o7 is an algebra, namely the set of F-measurable random
variables, and it is the minimal one by construction.

We can then consider the second part of the statement.
First of all, notice that the vectors that are idempotent for the
element-wise product are composed only of zeros and ones.
Let then consider a general element © € & and let ;% =
max;—1,..n |2;|. We can then compute x’ = x/x;+ € o that
will have value 1 in the positions where x has value x;«,
possibly values -1 in the position where x has value —z;x
and values in the range (—1,1) in all the others positions.
We can then define ” = 0.5(x' + ' A ') € &/ that will
have have value 1 in the positions where x has value x;x
and values in the range (—1,1) in all the others positions.
Finally the first idempotent element of the desired set is
f1 = lim, o (x”)" € & with element-wise power. Notice
that f; will have 1 in the same positions as x’ and zeros in
all the others. This implies that f; is idempotent. By iterating
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the procedure on x — x;+ f1, and so on, we obtain the whole
set of idempotent elements {f;} < 7 such that ¢ = >}, x; f;
up to a reordering of the coefficients z;. We shall denote with
idem(x) the function that, given an element x, returns the
set of idempotent elements {f;} that generate x. We then
have that idem (/) 2 Ugeyidem(x) by definition, while to
prove idem (%) © Ugeidem(a) it suffice to notice that each
element of idem(g/) is also an element of 7. This implies
idem(&/) = Ugeidem(x). Then, by construction, it holds
that span{idem(«)} = «.

We shall then notice that 7 = idem(«”) contains the
elements, 0,1 € A, and is closed under the operations A, v
and —. This shows that idem(/) is a o-algebra. Then, since
o/ = span{idem(«/)} then any element in < is idem(&/)-
measurable. Moreover, idem (/) is minimal because subtract-
ing any element from it would make that element (seen as a
r.v.) non-measurable. We thus have F = idem(<).

Finally, res(F) < F is such that f; A f; = 0, for all
fi, fj € res(F) i # j. This implies that (f;, f;) = &;—;
which means that is a set of orthogonal vectors. Moreover f =
Vv 1,esf; with S < res(F) for all f € F\{0} or, equivalently,
f =2, ¢ fj with ¢; € {0,1} for all f e F. This implies that
o/ = span{res(A)} and thus res(</) is an orthogonal basis
for o and dim (&) = |res(«)]|. O

Proof of Lemma 1. First of all, note that the modified inner
product can be written in many equivalent forms: (v, w), =
Ep[v A w] = (p,v A w) = (p A v,w) = (v,p A w).

Let us then consider K, ,. We can notice that
image(E| p) = & and that Ef , = E|. ;. It remains to be
proven the fact that E,., , is self adjoint with respect to the
inner product (-,-)_, that is <v7E|d,pw>p = <]E‘d’pw,v>p.
Such an equality can be rewritten, using equivalent forms of
the modified inner product above, as (v,p A p A By pw) =
(p Ap AE|pv,w). That is equivalent to prove that p A
K| p is self-adjoint with respect to the standard inner product,
which can be verified by simply computing it.

Identical reasoning can be done for Eﬁ{’p. Note that
image(E@’p) = p A &, that (Eﬂ{)p)z = E\Ef,p and that
pt A K| p is self adjoint with respect to the standard inner
product and the statement is proved. O

Proof of Proposition 3. Both kerC 2 A and § < R are
well-known properties. We have to prove that N' 2 AN and
R < Re.

Regarding the reachable space we have that
span{P¥'pg, Vyo.; s.t. | = k,Vpo e S} =)
span{P*py,¥py € S} for all k& > 0. This is proven
directly using lemma 5.

For the non-observable subspace it holds that

17 diag(eo) PPL"
= CPPgOililpo.

17 diag(e,,)PPZ" "
Then, we have that ker[C PPZ"' '] = ker[C P'] for all yo.;—1
of length [, for any length /. Once again this is proved by

using Lemma 5. Consider a vector v € ker[CPPZ"' "] for
all yo.;_1. Then it holds that C’PPgo‘l’lv = (0 summing both

sides of this equation over all sequences yg.;—; of length [ —1
and using the Lemma above we obtain CPlvoi-1l+1qy = 0,
thus proving the statement.

The statement on the effective subspaces follows directly
from the other two. O]

Proof of Lemma 6. We shall start by constructing a vector w
such that supp(w) = supp(W). Starting from it we then
construct a vector w such that it is a linear combination of
every generator.

By definition of support of a vector space, for each e; €
supp(W) there exists a vector z; € W such that el z; # 0,
forming a set {x;}. Without loss of generality, we assume
1 =0,...,m with m = dim(supp(W)). We can then define
Wy = xp and iteratively compute w; = W;_1 + A\;x; with
Ai ¢ {—e?ﬁi_l/efmi,Vj\e?wi # 0} u {0}. Since this set is
finite, it is always possible to choose a suitable A\; € R for
each 7. At the end of the iteration process, we obtain w =
Wy, = 200 Ni; € W. To prove that supp(w) = supp(W)
we can simply observe that e]TfLT) =3, )\ieiji # 0 by
construction for all e; € supp(WV). On the other hand, for
every e; ¢ supp(W), e;‘-rwi = 0 for all ¢ and thus e;fﬁ: = 0.

This w must be described as a linear combination of some
of the generators, say W = »,,_¢ A\;w;, for some set of indices
S. We can then use the same procedure as before: take w; such
that ¢ ¢ S, by choosing any \; ¢ {fe?uN;/eiji,Vﬂefwi #
0} u {0} we have supp(w + A\w;) = supp(W). Iterating
this procedure on the remaining vectors {w;|i ¢ S} we obtain
w=w+ Zi¢5 Ajw; such that supp(w) := supp(W). O
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