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1. Introduction

The celebrated Stroh formalism [27] is a reformulation of the equations of elasticity which proves
particularly useful for solving problems in plane anisotropic elastostatics [28]. These are reduced
to a six-dimensional eigenvalue problem, of which they share all the relevant features. Besides, the
method may be readily extended to steady-state elastodynamics [29]. In particular, the formalism
is especially suited for discussing travelling wave propagation and it has gained considerable
attention since it allows to prove existence of surface waves in generally anisotropic materials, a
result that has eluded early researchers dealing with leaky waves [26]. As an example, in [10]
it is illustrated how to derive the Stroh form of the governing equations for localized edge
vibration modes in a circular isotropic Kirchhoff-Love shell, and then use the impedance matrix to
efficiently compute the real roots of the frequency equation. It is now established that the secular
equation governing surface waves is always real and that, whenever a surface wave exists, it is
unique [3].

Only recently, it could be recognized that the essence of the formalism lies in its Hamiltonian
nature, thereby a space variable is treated as a time-like coordinate [8]. Despite this knowledge
having been already noted in passing [2], the realization of its full potential is a recent progress,
which has been put to advantage to systematically generalise the formalism to more complicated
situations. For example, it could bring constrained elasticity [5] and laminated plates [7,9] in
Stroh form. Also, it provided a basis to develop asymptotic reduced models for near-resonance
disturbances in anisotropic media [11]. Indeed, in the absence of such a guidance, the right first-
order formulation may only be developed by trial and error, such as it occurred for plates, see [8]
and references therein. Furthermore, to the best of the authors” knowledge, no similar attempts
appear in the literature in the direction of applying the Stroh formalism to complex media. As
a remarkable exception, we mention the extension of the Stroh formalism to piezoelectricity in
the form of a 8-dimensional eigenvalue problem [4], and to piezo-magneto-elastic or magneto-
electro-elastic media, as a 10-dimensional eigenproblem [1]. Similarly, anisotropic micropolar
elasticity is considered in [15], where a 14-dimensional system is found for generalized plane
strain and 6-dimensional for plane strain. It is worth emphasizing that all such papers develop
the Stroh formalism through ad-hoc assumptions, in a trial and error approach, and it is not
entirely clear how conjugate variable have been selected (that is whether they are the conjugate
momenta of the variational principle or a linear combination thereof). In similar fashion, we
mention the extension of the Stroh formalism to self similar problems in elastodynamics by the
Smirnov-Sobolev method [30]. Although moving from a different perspective, that is directed at
the problem’s solution rather than at elucidating the underlying variational structure, the paper
reveals that a Stroh-like formalism still holds in dynamics.

In this paper, we apply the Hamiltonian formalism to systematically develop the canonical
form of the governing equations of elastostatics for a microstructured medium. Microstructure is
described in the spirit of the indeterminate (or Mindlin-Tiersten’s) couple stress theory, which
is a Cosserat theory wherein the couple stress is related to the gradient of the continuum
(or macro) rotation [14,17,24]. Introduction of the microstructure has important downfalls on
fracture mechanics [18,21] as well as body [12], Rayleigh [20,25], Stoneley [23] and Love [6] wave
propagation, with important potential for applications [22]. It is therefore natural to investigate
the variational structure of the associated Hamiltonian system. We show that the internal
constraint relating the micro to the macro behaviour prevents reaching a classical Stroh formalism.
This is especially surprising for antiplane problems, whose variational structure parallels that of
anisotropic plates, which are amenable to the Stroh formalism. Still, the canonical system provides
new insight into the fundamental structure of the equations.

0000000008 “H "SuelL “iud B10-BuiysiandAieioosiekoserss



« 2. Gouple stress elasticity

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

Let us consider a Cartesian co-ordinate system (O, z1,x2,z3), with the triad of unit vectors
(e1, e2, e3) directed alongside the relevant axes, attached to an elastic couple stress (CS) material.
This is a polar material, for which, alongside the classical Cauchy force stress tensor s, we
define the couple stress tensor p (a table of symbols is presented in the Appendix). Across any
surface of unit normal n, an internal reduced couple vector acts, determined by the couple stress
tensor as gy, = pun. It is expedient to decompose the force stress tensor s into its symmetric and
skew-symmetric parts, respectively

a:Syms:%(s—l—sT), and ‘r:Skws:%(s—sT)7
where the superscript T’ denotes the transposed tensor. Componentwise, we have s;; = 0;; + 7;5,
with
1 1
oij =535 =7 (8ij +55i) »  Tij =s<ij>=73 (sij — ji) -
In addition, the couple stress tensor p is split into its deviatoric and spherical parts
D S S
p=p" +p, p=g(p- 11,

where 1 is the rank 2 identity tensor and - denotes the scalar product, i.e. componentwise,
1;5 = d;;, with ¢;; indicating Kronecker’s delta symbol, while A - B = A;;B;; and Einstein’s
summation convention over twice repeated subscripts is assumed.

In terms of kinematics, we introduce the displacement vector u and the rotation vector
. Unlike Cosserat micro-polar theories, for which displacements and micro-rotations are
independent fields, CS theory relates one to the other, through [14, Eqs.(4.9)]

w= %curlu, & pi= %eijkukd, (2.1)

where E is the rank-3 permutation (Levi-Civita) tensor, whose components are denoted by
eijk, and a subscript comma denotes partial differentiation, e.g. (grad u)s; = uy, j = Quy /0x;. It
follows that ¢ is solenoidal

divp=0, < ¢;,;=0. (2.2)
As in CE, we define the linear strain tensor
e=Symgradu, < &;=1u(j)-
For a linear elastic anisotropic material, we have
o =Ce,

where C is the rank 4 tensor of elastic moduli, i.e. C;;%; = ¢;;%1, possessing the major and the minor
symmetry property, i.e. ¢;ji = ciii; and c;jr; = Cjik1 = Cij1k, Tespectively. By Ce we mean the
rank 2 tensor obtained by double summation over the last pair of indices: c;;;ex,;. For isotropic
materials, we have

C=2GI+21®1, < Cijkl :2G6ik6jl +)‘6kl(5ij7

where I is the rank 4 identity tensor and A and G > 0 are Lamé moduli. Here, the dyadic product
is introduced for rank 2 tensors such that (A ® B)C = (B - C) A, for any triple of rank 2 tensors
A,Band C.

We introduce the forsion-flexure (wryness or curvature) tensor as the gradient of the rotation field

x=gradyp, & Xij =i (2.3)

In light of the connection (2.2) and recalling that tr grad = div, itis seen that  is purely deviatoric,
ie. x =xPT. Here, the divergence operator on rank 2 tensors operates on the second component,
ie. (div S)i = 8ij,5-
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For a linear elastic CS material, we have the constitutive law
p=LGx,

where £> 0 is a characteristic length related to the microstructure and G is the rank 4 tensor
of couple stress moduli possessing the major symmetry property g;;r; = gri;j- Immediately, it
appears that, to any effect, 4 may be replaced by u” and in fact, the CS theory is named
indeterminate after the observation that the first invariant of the couple stress tensor, i.e. tr p =
@ 1=p11 + poo + pas, rests indeterminate. Therefore, we are free to set it equal to zero without
any loss of generality, i.e. g;;x; = gx1:s = 0. In the following, for the sake of brevity, we shall write
p with the understanding that p” is meant. For isotropic materials, we have

p=2GC (x+mx") e giju=2G (505 +ndxda) (2.4)

where —1 <7 < 1 is a dimensionless number similar to Poisson’s ratio.
The equilibrium equations, in the absence of body forces, read [19, Eq.(2)]
divs=o, (2.5a)
axial 7 — % divp =o, (2.5b)
where axial 7 = %ET, ie. (axialT); = %eij kTjk, denotes the axial vector attached to a skew-

symmetric tensor. It is observed that, introducing the curl of a tensor as (curl W);; = e Wy 1, it
can be easily proved that

2 axial curl W =div [(tr W)l — WT} .

Consequently, Eqs.(2.5) admit a solution in terms of the Giinther stress tensors W and Z [13,15]

s=curlW, p=curlZ+ (tr W)1 — wT. (2.6)
However, as pointed out in [15], this representation leads to a formalism that is not closed.
Through the inverse formula

T=FEaxialT, & 7 =e¢;p(axialT)y, (2.7)
Eq.(2.5b) may be solved for
T= %E div p = — Skw curlp,T, 2.8)

that in components read 7;; = %eijk pi1,- Hence, the skew-symmetric part of the force stress
tensor s is determined by rotational equilibrium. Clearly, CE is retrieved taking ¢ =0, for then
p=17=0.

We now write the total energy in the sense of Eshelby [8]

EZJB [3o0-e+dp-x—p- (p—%culu)] dV_JBB (tn - u+gqn - p)dA, (2.9)
having introduced the Lagrangian multiplier vector p = [p;] to account for the constraint (2.1)
and being n the unit normal, in the outwards direction, to the surface element dA. Besides, we
let the normal tensor 9t =n ® n, the projector tensor P =1 — N, and the skew tensor P =Ep
associated with the vector p thought of as an axial vector. The prescribed boundary force and
couple vector are given by

tn = tf,i +Tm™n — %n x grad finn, Qqn = ‘Bq% = qu — UnnT,

being ¢y, = on and gy, = un the "elastic" part of the force and couple stress vector and pnn =
M - p=mn - pun the normal part of the couple stress. We observe that the surface integral in (2.9)
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& may be equivalently rewritten as

_JBB [(t%—krn) ~u+qfl'cp} dA.

Indeed, recalling the vector identities

div(a x b)=b-curla — a - curlb, (2.10a)
div (¢pb) =grad ¢ - b+ ¢ div b, (2.100)
curlgrad ¢ = o, (2.10¢)

and making use of the divergence theorem, it is easily proved that

*%J' (nxgrad/inmu)dA:%J (u x grad piny - ) dA
9B oB
_ % JB div (u X grad Mnn) dV = % JB (grad Mnn * curl u) dVv

= J (grad pinn - @) dV = J div (pnnep) dV = J (¢ - pnnm)dA,
B B oB

s having made use of Eq.(2.2). Therefore, —%n x grad pnn in ty, cancels out the term pppnn in gn.

o By the divergence theorem and making use of the equilibrium equations (2.5), we get
L=— J Ldv,
B
« having introduced the Lagrangian density function L
L(grad u, ¢, grad ¢, p) = %0' -e+ %;1, x+p-(p— %curlu) , (2.11)
that, component-wise, reads
1. 1,0 N — L
L(grad u, ¢, grad ‘Pvp) = 2045U(4,5) + SMijPi,; T Di (‘Pl - jeijkuk,j) .

The Euler-Lagrange (E-L) equations are

0 OL oL 1

- —— =0+ 5 Crnii = 2.12

(9.1‘]' 8ui,j ou; 043,75 + 5Pm,j€mji 0, ( 61)
0 OL oL

_ =i s =0 2.12b
axj a‘Pi,j s Wij,5 + Pi y ( )

T 2.12
O Yi — 5€ikuk,j =0, ( c)

that, recalling (2.7), amount to

—div (o + $P) =0, (2.130)
p—divp=0, (2.13b)

oo and the constraint (2.1). In particular, looking at (2.5b,2.13b), we are able to give a physical
« meaning to the Lagrange multiplier p

p=2axial T =2 (123,731, T12) (2.14)

s wherefrom, %P =7 and Eqs.(2.13) correspond to (2.5).
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Special care is required when dealing with the Lagrange multiplier p. Indeed, acknowledging
(2.2), it can be proved that div p = 0, whence

p=—curlh,

with the gauge relation divh =0. Consequently, making use of the vector identities (2.10)
alongside

curl A - curlw = 2 grad u - Skw gradh,
we may equivalently write
L(gradu, @, grad ¢, h) = 30iju(; ;) + 5P — Crjibepij + 3w (hij — hji)

up to boundary terms. This observation will be used in Sec.4 when seeking expressions for the
Lagrange multiplier.

3. Plane strain

We now consider plane-strain conditions [24]
uz =1 =¢2=0,

by which there is no dependence of the deformation on x3. Thus, € = grads u, and grad, is the
gradient operator restricted to the co-ordinates zo, Greek subscripts ranging in the set {1, 2}.
Similarly, the constraint (2.1) reduces to the single component

p3=7% (ug1 —u12) =% (u1-e2—uy- e1), (3.1)

that immediately satisfies (2.2), while the wryness tensor (2.3) becomes
X = grads 03 = @3,1€3 ® €1 + P3.2e3 @ ea,

having introduced the dyadic operator for vectors such that (a ® b)c= (b - ¢)a, for any triple of
vectors a, b and c.
Within a Stroh formalism, we define the usual rank 2 matrices

Qapg=ca181, Rag=ca182, Tus=cCa282, (3.2)
where Q and T are symmetric, alongside the symmetric matrix
Uap =1*g3035. (33)
Through these, we can define the elastic part of the reduced traction vectors (in the plane of strain)
t7=Qui+Ruy, t5= RTu,l + Tu g, (3.4)
and the out-of-plane component of the reduced couple-stress vectors g and g5, respectively
qi3=q7 -e3=Urips1 +Uiaps2, q53=q3 e3="Uzips1+ Uzpsa. (3.5)

We observe that
o-e=1% Sul + 5 cu2,

and
B x = p-grady p3 = u31x31 + H32X32 = qi3¥3,1 + da3¢3,2-
Besides, specializing (2.13D), the Lagrangian multiplier p has the single non-zero component
P3=p31,1 + #1322 = q131 + ¢33 2,

and from (2.7,2.14) we get the single non-zero component in the skew part of the force stress
tensor

Ti2=3Pio=3p3=—To1. (3:6)
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Then, the Lagrangian density (2.11) becomes

L(u,u2,03,¢31,932,03) =5 [t1 w1 +t5 w2+ qisp31 + q5303,2]
+p3p3 — %ps (u1-e2—uyz-e1),

where it is understood that the scalar product now carries over 2 components only. The conjugate
momenta are

oL
Juq 1 — %P3€2 =t] + 2162 = 51, (3.7a)
u |
oL
Jus t5 + $pse1 =5 + T12e1 = sz, (3.7b)
’U,72
oL e
a. . = ) 3.7¢
6@371 13 ( )
oL e
a. = ) 3.7d
Dpz 123 (3.7d)

whereupon the Lagrangian may be rewritten as

L(u,uz2,93,931,932,03) =3u1 - Qui+uy -Rug+ %u,z -Tup
2 2
+ %U11<p3,1 + Ui2p3,103,2 + %U22<P3,2 + p3ps3 + %p3 (ug-e1—u;1-e2).

We now come to an important juncture and treat either co-ordinate as a time-like variable, say
x2 to fix ideas. Consequently, we introduce the Legendre transformation

e (4
H(u1,s2,03,93,1,q23,P3) =82 -u2 + qa3¢32 — L
1 1 e 1,e 1 e 1
=582 U2+ 5923¥3,2 — 5t1 - U1 — 5913¥3,1 — P3P3 — 1P3 (u,z ce1—2u - 62) )

s provided that we write u 2 in terms of sz by (3.7b) and 3.2 in terms of ¢54 by (3.7d). For the
ws  former, making use of (3.4), we get

ug = 71 (7%]?361 — RTu,l + 82) , (3.8)
ns  assuming that T is invertible, while for the latter
¢32=Us' (453 — Uz13,1) (3.9)

assuming Usag # 0. Therefore, we can write the Hamiltonian density function (whose arguments
are omitted for brevity)

€
-1 T . g3 — U2193.1
H= %32 -T (—%p361 -Rui+ 32) + %QS33T - %U,l ‘Qu 1

€
1 T 2 g3 — U21p31
- %u,l -RT (*%psel R ui+ 52) - %U11<P3,1 - %U12903,13U722
—1 T
— P33 — §p3 [T (—%P:sel -Ru;+ 82) ce1—2u; ~62] ;

which reduces to

H:% (—%pgel — RTU)l + 32) . ']:‘71 (—%p?,el — RTUJ + 82)

2
q55 — U131
(b Ui 4oy Quo — 30k —ps (s~ dua-e2). G10)

N|—=

Jr
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Indeed, letting the generalized co-ordinate vector g = (u, ¢3) and the conjugate momenta p =
(s2,453), the first set of canonical equations

5—{{ =q (3.11)
op
is SH
-1 1 T
E:T (*§P3el -R u,1+82) =uz,

corresponding to (3.8), and
SH  (¢53 — Us193,1)

5q§3 - []22 :(103,27
that matches (3.9). Likewise, the second set of canonical equations
0y, (3.12)
oq
yields
0H 0 0H -1( 1 T _1 - _
Su = 5w ou; = [RT ' (Sdmer —RTua +s2) + Qua = dpea] =-s2n (1)
and
6H 0 OH | OH [Ux, . } e
L2 + 8 | 2S5, - U +U —p3=—q53. 3.14
F 821 Opsr | O {Uzz (q23 — U21p3,1) + Ur193.1 ) D3 =—q232 (3.14)

)

Indeed, in light of Eqs.(3.6,3.7a), Eq.(3.13) is simply

(t + m21€2) | +822=51,1+822=0,

that corresponds to (2.5a). Similarly, making use of (3.5,3.6) and (3.9), Eq.(3.14) may be rewritten
as

qi31 + q332 — 2112 =0,

which amounts to the rotational equilibrium (2.8). Thus, for a homogeneous material, we get

up=-T '"Ru; + T "¢, — AT 'e, (3.150)

$2=(RT'R" - Q)u1 ~RT "¢, + A, (e2 +RT ey ), (3.15b)
U. _

P32 = prows 1+ Uy D1, (3.15¢)

22

U3 U

bo= (i - Un) ©3,1 — A@J + 24, (3.15d)
Uas Uaz

having let the stress functions ¢ = [*"s2d¢;, A= % ["psdéy = [ 112dé and @ = [*1g5,d¢y,
that are defined up to an arbitrary function of xa. In the spirit of considering xo a time-like
variable, this is a system of ODEs in canonical form. We also observe a connection with Giinther
tensor potentials (2.6), namely ¢o = —Weo3 and @ 1 = —Z33,1 + ¢2, cf. [15, Eqs(2.38-40)].

Now, we only need to dispose of the so-far undetermined Lagrange multiplier A. For this, we
take the scalar product of (3.8) with e; and make use of the constraint (3.1)

ug-e1=-2p3+u)-ex= T ! (*%p:&el - RTUJ + 82) ‘e,
whereupon we find
A1=C(p1-f1—uy- fo+2¢3), (3.16)
having let the shorthand vectors

fi=T 'e;, and fa=e2+Rf1,

and ¢ o7 le; . e1= f1-e1. The connection (3.16) shows that, similarly to classical
incompressible elasticity, the Lagrange multiplier is determined by an algebraic relation where
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no zo derivative appears. Consequently, the governing equations (3.15,3.16) form a system
of Differential Algebraic Equations (DAEs) in semi-explicit form. However, in contrast to
incompressible elasticity, Eqs.(3.154) and (3.16) indicate that a Stroh classical formulation, where
the unknown vectors only appear in differential form, is not accessible.

We now show that this system of DAEs has differential index 1. For the sake of convenience, we
let the matrices

N; =-T 'R7, (3.17a)

N, =RT 'R’ - Q=-RN; - Q=N7, (3.17b)
_ —Us 1

N3 =Uy,' . 3.17¢

3 2 \U3) — Uplyy  —Ux ( )

Differentiating (3.16) with respect to x3 and then making use of (3.15c), we get
(MAz=¢, f1—uz-f2+2Up (~Unps +9),
and, by (3.154,3.15b),

(Mg = (Noug + Ny +A0fs) -

- (N1u,1 +T ', — /1,1f1) - f2 +2Us (~Ua1p3 + ),

that provides the evolution equation for A

(M= (Nofs = NTf2) w4 (N1 fs =TT f2) -y 4240 f1- fa
+ 2U2_21 (—Ugltpg —+ @) .

For better understanding, we adopt the convention that vectors are columns and their
transpose are rows. Thus, letting the 7-component row vector

' =[uT, o7, A, 43, 9],
we finally obtain the system of first order linear PDEs

€ d€
o =N +b (3.18)

where we have let the 7 by 7 Stroh matrix

N5x5 O
N= 1
e 2] o
with the 5 by 5 matrix
Ny T —f
Niys = N2 NT I2
T\ —1.\"
((Nofs -NTf2) ((NifL-T7'f2)  2f1-f2
and the right hand side is a linear function of §
o
o
b= | 20Uy, (U213 + @) - (3220)
0
24

Clearly, the Stroh (or fundamental elasticity) matrix (3.19) has block structure and coupling of the
unknowns &7 = [u”, ¢, A] and €1 = [p3, ®] only occurs through the right hand side (3.20).
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Indeed, we can write the coupled system

31 ¢,

B\ T 21
dog 5><5d$1+ 5x2€2, (3.21a)
d d
6 _nyd&2 g, e, (3.21h)
dxo dxo

with
0 0
0 0

_ 000 0 0
Lsx2=2CUsp' | 0 0 |, L2X5_2[0 0 0 o 1} (3.22)

0 0
—Us 1

(a) Isotropic material

We now show that the Hamiltonian/Stroh formulation so far developed correctly represents the
governing equations of plane isotropic CS elasticity. These are [12,19]

(G + \) grady dive u + GAy [u — 12 curly curly u] -0, (3.23)
where As = divg grad,, while (curls w)a = e4gug o, having let the rank 2 alternating tensor eq
such that e;1 = e22 =0 and e12 = —e21 = 1. Besides, the sharing force is connected to the rotation
through

T2 = GE* Nogs.
Upon introducing the potentials w, H such that
ui=w1+Hpa, uy=was—Hj, (3.24)
the governing equations (3.23) decouple as [19, Eqs.(14)]
(2G + N Asw=0, and GA, (1 - %EQAQ) H=0.

Indeed, 3 = —%AQH and
130 = 2G0 03 0 = —GI* Ao H . (3.25)
whence we get the physical meaning of H, whose bilaplacian is related to the shearing force 712,
T2 = A1 =Gl Nop3 = —2GENSH. (3.26)
Finally, the scalar potential is related to displacement flux
divo u = Aow.

We let the matrices (3.2,3.3)

2G4+ X 0
—92G/02%1 =
U Gt 2 Q 0 G:|7
0 X G 0
= T:
R=le o| [0 2G + |’

where 15 is the rank 2 identity matrix. It easily follows that

0 1 G+

Ny =— . Np=—4c |264x O]
S 0
2G4+

while ¢ =G,

fi=G e, fa=2es.
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The system (3.18) becomes

1 1
ui2 =—u2,1 + 5¢1’1 - 6/1,1

1
2G + A\
G+ A A
WG+ AT oG

¢22=—¢1,1 +2A1,
Ao =-2Gu11 — ¢2,1 + 29,

U292 = — u1,1 + 2.1,

A
2G + A

¢1,2=—4G 2,1,

1
3,2 = mé,lv
P o= 72Gf2(p3’1 + 2A.
Differentiation of Eq.(3.27d) with respect to x1 gives

812,1 + S22,2 = 27121,

(3.27a)
(3.27b)

(3.27¢)
(3.274)
(3.27¢)
(3.27f)
(3.279)

that immediately corresponds to (2.54) in consideration of the connection so1 = 021 + T21 = S12 —

2712. Similarly, differentiation of (3.27c) lends

A + .
s12,2 + mSQQ,l + 4Gmul,1l =0,

which, with a bit of algebra, corresponds to the first of Eqs.(3.23). Cross differentiation of (3.27f)

and (3.27g) allows eliminating ¢ 12 to give
A= G Do,
that matches Eq.(3.26). Besides, plugging this result in either equation lends
P12 =qo30= 32,2 = 2052%,227

which corresponds to (3.25).

4. Antiplane deformations

Under antiplane shear deformations, the displacement field w = (u1, u2, u3) is completely defined

by the out-of-plane component u3 = w(z1, x2). Thus we have

uyp =ugz =3 =0,

and again no dependence of the deformation on z3. Thus, Eq.(2.1) lends the rotation ¢ = % curly w

(see [19] for the definition of curl operating on a scalar field)
Po = %eavw,v-
Thus, we define the 2D rotation vector
T
Y = |:901a 902:| )
whence the curvature tensor (2.3) is immediately obtained and it is deviatoric

w12 w 22
—wi11 —w]12

1
Xop =¥af=3arWsp, & X=73 [

“.1)

Furthermore, from (2.8) and (2.13b), we get the non-zero components of the skew force stress

tensor

1 1 1 1
T13 = —M28,p = —3P2, T23=3H13,8= 3P1-

4.2)
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160

162

163

164

165

166

167

168

169

170

172

173

174

The Lagrangian density (2.11) becomes

L(grady w, @, grady @, p) = § [03aW,a + 45 - 0,1 + G5 - @ 2] + 11 (1 — 3w2) +p2 (p2 + 3w1) .

4.3)
The Euler-Lagrange equation associated with the variation of w reads

—03a,a T %pl,z - %pzl =0,
that, by (4.2), reduces to (2.13a). Similarly, through varying ¢, we get the vector E-L equation,

—q11—-q22+p=o0, (4.4)

that corresponds to (2.13b).

We now try to relate antiplane problems in CS elasticity with the theory of anisotropic
Kirchhoff plates, which admits a classical Stroh formalism. If we identify the Lagrange multiplier
p with the shearing force for plates, by assuming p = — curls h, we immediately obtain the plate
equilibrium equation dive p =0. Besides, employing the divergence theorem, (4.3) attains the
alternative form

Lp(grady w, grady ¢, b, grady h) = & [(030 + h,a) W + fapPap] +h (P12 —921),  (45)

that is formally equivalent to the Lagrangian density adopted for anisotropic plates [8, Eq.(4.15)],
provided we identify ¢ with 8, 1,3 with the bending moment in the plate, M3, and o34 + h,a
with either normal force, N1, or Na,, acting in the plane of the plate. Indeed, such an assumption
allows to express the constraint associated with the Lagrange multiplier A in terms of "time"
derivatives, i.e. they become rheonomic. However, to allow for a classical Stroh formulation, one
feature is missing: namely, unlike in plate problems, the term o3, + h o is not constitutively
defined.

We proceed with the Lagrangian density (4.3) and, making use of (2.14), obtain the conjugate
momenta

oL

%2032— ip1 =032 — To3 = 32, (4.6a)
oL =q5. (4.6D)
0 2

In analogy with (3.3), we let the symmetric matrix

Uap = €338, 4.7)
whence
030 =Unpw g, (4.8)
and Eq.(4.6a) may be easily solved for w o

wo =Usy' (532 + 3p1 — 02110,1) . 4.9)
For (4.6b) we need to let, in analogy with (3.2),
Qup =C901p1, Rap=090152, Tap="109a2p2, (4.10)
so that, paralleling (3.4),
QT:Q<P,1 +R‘P,2’ QS:RT‘PJ +T‘P,27 (4.11)
we can write
pa=T" (a5 -R"¢,). (4.12)

Besides, from (4.4) and the constitutive law (4.11), we get

p= Q<P,11 + (R + RT) P12+ T‘P,z% (4.13)
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178

179

180

181

182

183

184

185

which shows that indeed dive p =0, inasmuch as (2.2) holds, as discussed in Sec.2. Recalling
(2.14), this implies

T31,2 — 732,1 =0, (4.14)

which is in fact satisfied by Eqs.(2.14) of [20].
We define the Hamiltonian density function H = H(s32, w.1, ¢, P15 q5,p)

L N 2
H=s3w2+q3 ¢o— L= %Uzzl (832 +ip1 — U21w71)

AT S 1 AT 59 A
+1 (q% -R so,l) T (qS -R so,l) —sUnwi— 3¢, Qe —p-o— sppwi, (415)

whence, from (3.11), we retrieve (4.9)

oH
0532

"1 L .
=Usgy (832 + 5p1 — Uzlw,l) =w,32,

and (4.12)

The canonical equation (3.12) gives

% = [Q‘P,l +RT™! (qS - RT‘P,l)]

and
oH PN N .
i [U21U221 (832 + %m - U21’w,1) +Unw;1 + %pz] L= TS82,2

corresponding to (2.13b) and (2.134), respectively. We introduce the stream functions, which are
defined up to a function of zo,

T X1 T
¢:Jsgzd§1, dﬁzqud&l, Az%de&,

and write the first order system

po=Nip, +T 'd, (4.16a)
B5=Nop, +N{ & +24, (4.16b)
U 1 1
wo = — 21 w1+ =—ad1+ =—A11 (4.160)
Usa Us2 Uz
U3 5 U1 Uy
p2=|="—-Un|wi—=—9¢1—=—Ai1— A2, (4.16d)
U22 U22 U22

having let
N;=-T'R", Np=-RN; -Q.
It only remains to determine an expression for the Lagrange multiplier p, which amounts to

acknowledging the constraint (2.1). In fact, Eq.(4.1) allows to solve (4.16c) for A1 1 and to dispense
with w1 and w2

A1 =2U2201 — 20102 — $ 1. (4.17)

In light of (4.1) and (4.8), this algebraic condition simply states that 7903 = 032 — s32. When we plug
this result into (4.16d) and use (4.8), we find

b2 =2011p2 — 2U12¢1 — Ao 1 = —031 — T31 = —831 (4.18)

that, differentiated with respect to x1, gives the equilibrium equation (2.54). To get an equation
for Aa, we cannot directly employ the connection 2¢o = —w 1, for it is algebraic. Instead, we take
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190

191

192

193

194

195

196

advantage of dive p =0, whereby
divo A =0.

Mathematically, this amounts to exploiting (2.2), which is obtained cross differentiating and
adding (4.1), whence a differentiation index 2 is implied. Thus, Eq.(4.17) immediately lends the
evolution equation

Ag2 = —2Us0p1 + 2Us1902 + ¢ 1,

that corresponds to (4.14), integrated with respect to x1. In this form, the problem’s variables are
@, P, ¢, A, and they are governed by a semi-explicit system of first order DAE, the single algebraic
relation being (4.17). To obtain a pure system of ODEs, an evolution equation for A is demanded.
This is obtained differentiating (4.17) with respect to x2 and then integrating with respect to x1

Ay =2 [Nup + T_lds] . (U2261 - Umez) —¢2=2¢p- [N1Tf2 + fl] +26-T ' fo+ Aoy,
having made use of (4.164,4.18) and let
f1=Uizer — Urrez, f2="Uxes —Usea.

Consequently, the system of DAEs has differentiation order 3, that is typical of constrained
mechanical systems. Also, we note that

031=2¢ - f1, 032=2p" fa. (4.19)

We thus obtain the linear system in the variables (¢, @, ¢, A)

po=Nip, +T'd, (4.200)
P5=Nop, +Ni & +24, (4.20b)
p2=—A21—2¢- fu1, (4.20c)
Ay p=A31+2¢p- [N1Tf2 +f1] +26 - T o, (4.204)
Ago=0¢1—2¢- f2, (4.20e)

Cross-differentiating Eqs.(4.204,4.20b) to eliminate & 15 yields (4.13). Besides, multiplying
(4.202) by —R and substituting in (4.200) gives (4.4). In light of Eqs.(4.19), Eq.(4.20c) gives the
equilibrium equation (2.5a), while (4.20¢) amounts to (4.14), both having being integrated along
x1. Finally, adding (4.20c) and (4.20d) and differentiating lends (4.6a), while cross-differentiating
(4.20c,4.20e) and adding lends the second order connection for ¢

Dop=2p 1 f2—2¢p 5 f1=0321 — 0312, (4.21)

that supports the interpretation of ¢ as a stress function for the problem.
T
Thus, letting £ = [cpT, &7 ¢, AT], we have

dé¢ . dé .
— =N-—+5b 4.22
dxo dz; 9 (4.22)
where we have let the Stroh matrix
N 1 ™! 0 o o
N, N? o o o
N=|ol o' 0 o -1}, (4.23)
ol of 0 o0 1
ol of 1 0 O
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201

202
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204

205

206

and the right hand side is a linear function of &

(@) (@) o o o
(@) O o e e
b=2 —f17 o’ 0 0 0]E&. (4.24)
(N{fo+f0)" (T7'f20" 0 0 0
2T o’ 0 0 0

(a) Isotropic anti-plane deformations

We now show that the above canonical formulation correctly reproduces the governing equations
for antiplane deformations in isotropic CS media. Such framework demands

1 1
e=3w ez Re1 + s;woe3 Q ez,

whence

031 =Gw,1 =—-2Gp2, 032 =GCGw2=2Gy1. (4.25)

In particular,

0321 —031,2=2Gdivep =0, (4.26)

and, by (4.21), ¢ turns harmonic. From (2.4), we get the curvature tensor

pi1 = 2GR (1 + n)eY1,1= G (1 + nNw,12 = — 22, (4.27a)
pio1 = 2G% (pa1 + np1,2) = —GO (w11 — nwaz), (4.27b)
p1a = 2G1* (np2,1 +p1,2) = el (nw1 — w,22), (4.27¢c)

whereby, from (2.13b,2.14), we have [20, Eq.(2.14)]
T3 = =G Nopa, Ta3 =Gl Ao, (4.28)

which clearly satisfy (4.14) in light of (2.2). The equilibrium equation (2.5a) reads [20, Eq.(2.15)]

G (1= 3£02) Baw=0, (4.29)
or, equivalently, given that curls ¢ = —%Agw,
2G curlg Y —T31,1 — 7322 = 0. (430)

We let the vectors

flT:[Ov_GL fZT:[G7O]7

alongside the matrices (4.7,4.10)

U=GClo, Q=20 |17 ﬂ
A 0 0 - 2 |1 0
R =2G/¢2 T=2G¢

¢ [77 O}’ ¢ 0 1+mn|’

where 15 is the rank 2 identity matrix. It easily follows that

~ 0 n ~ 2
N;=- No=-2
1 |:0 0:| , 2 G/t

1+n 0
0 1-n%
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230

231
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Eq.(4.20) gives the first order system
1

p1,2=—-np2,1+ Wi’l,l, (4.31a)
p2,2= WM%J (4.31b)
By 0= —2GC (1 +n)p11 + 24 (4.310)
Do o= —2G/* (1 - 772) w2,1 —NP1,1 + 242 (4.31d)

b2 =2Gps — Aa1 (4.31e)
A2 =—=2G(1 4 n)p2 + Ag1 + £ > (4.31f)
A22=0¢1—2Gyp1. (4.319)

Cross-differentiating and adding Eqs.(4.31¢) and (4.31g) shows that ¢ is harmonic inasmuch as
(2.2) holds, which result is in line with (4.21). Consequently, letting the harmonic conjugate
function ¢*, upon recalling that ¢ o = —qu‘l, we get, from (4.31e),

T
" =Gw+ Az :J s31d€q,

which gives to the harmonic conjugate function the role of the stress function for s3i.
Eqs.(4.31a,4.31D) correspond to Eqs.(4.27c) and (4.27a), respectively. Eqs.(4.31c,4.31d) represent
rotational equilibrium (2.13b), provided that we use (4.31a) to eliminate ¢1 1. Similarly, in light of
(4.25) and of (2.14), Eq.(4.31e) lends translational equilibrium (4.18). Eq.(4.31g) amounts to (4.14),
while (4.31f) is (4.30), having differentiated and used (4.314) to eliminate 072p, 1

5. Conclusions

We derived the Hamiltonian formalism associated with the indeterminate couple stress theory
of elasticity for general anisotropic media. The Hamiltonian framework is known to lead to
the celebrated Stroh formalism in classical elasticity. This canonical rewriting of the governing
equations is of great theoretical and practical value, because it lends fundamental existence
and uniqueness results, as well as providing a powerful tool for solving problems in generally
anisotropic media. For such reasons, we extend the formalism to the couple stress theory. This
is a strain gradient theory that incorporates microstructural effects in a fashion similar to lattice
elasticity [16]. We show that, unlike classical and constrained elasticity, the theory does not allow
for a standard Stroh formalism, owing to the nature of the internal constraint on the micro-rotation
vector. Indeed, the constraint is algebraic and it cannot be eliminated. The resulting canonical
formulation is a differential algebraic system of equations (DAE), which may be rewritten
in purely differential terms by developing suitable evolution equations. However, the simple
structure of classical elasticity cannot be reproduced.

The developed canonical system is then specialized to the case of plane and antiplane strain
for couple stress anisotropic media. The antiplane framework is especially noteworthy because
it admits a Lagrangian formulation that exactly matches that of flexural/extensional Kirchhoff
anisotropic plates, which are amenable to a Stroh formalism. Nonetheless, the corresponding
canonical system in couple stress elasticity still lacks the features of a classical Stroh formulation,
because the term corresponding to the normal force in the plate is not determined constitutively,
owing to the presence of tangential stresses. This notwithstanding, the Hamiltonian formalism
still provides a wealth of informations, including unexpected connections which are not apparent
from the standard treatment.
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Table of symbols

Symbol | Description Symbol | Description

s Cauchy stress tensor 7 Couple-stress tensor
€ Strain tensor X Curvature tensor
o Sym part of the stress tensor T Skew-sym part of the stress tensor
u Displacement field ® Micro-rotation field
L Lagrangian density H Hamiltonian density
N Stroh matrix U Microstructure matrix (symmetric)

QT Diagonal blocks in N (symmetric) R, R” Off-diagonal blocks in N

€ijk Rank 3 permutation tensor 0ij Kroneker delta tensor

e1, e, e3 | Orthonormal basis vectors A, G, 4, n | Constitutive parameters
References

1.

10.

11.

VI Alshits, AN Darinskii, and J Lothe.

On the existence of surface waves in half-infinite anisotropic elastic media with piezoelectric
and piezomagnetic properties.

Wave motion, 16(3):265-283, 1992.

. DM Barnett.

Bulk, surface, and interfacial waves in anisotropic linear elastic solids.
International Journal of Solids and Structures, 37(1-2):45-54, 2000.

. DM Barnett and J Lothe.

Consideration of the existence of surface wave (rayleigh wave) solutions in anisotropic elastic
crystals.
Journal of physics F: Metal physics, 4(5):671, 1974.

. DM Barnett and J1 Lothe.

Dislocations and line charges in anisotropic piezoelectric insulators.
Physica status solidi (b), 67(1):105-111, 1975.

. RT Edmondson and YB Fu.

Stroh formulation for a generally constrained and pre-stressed elastic material.
International Journal of Non-Linear Mechanics, 44(5):530-537, 2009.

. Hui Fan and Limei Xu.

Love wave in a classical linear elastic half-space covered by a surface layer described by the
couple stress theory.
Acta Mechanica, 229(12):5121-5132, 2018.

. YB Fu.

Existence and uniqueness of edge waves in a generally anisotropic elastic plate.
Quarterly Journal of Mechanics and Applied Mathematics, 56(4):605-616, 2003.

. YB Fu.

Hamiltonian interpretation of the Stroh formalism in anisotropic elasticity.
Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences,
463(2088):3073-3087, 2007.

. YB Fu and DW Brookes.

Edge waves in asymmetrically laminated plates.

Journal of the Mechanics and Physics of Solids, 54(1):1-21, 2006.

YB Fu and ] Kaplunov.

Analysis of localized edge vibrations of cylindrical shells using the stroh formalism.
Mathematics and mechanics of solids, 17(1):59-66, 2012.

YB Fu, ] Kaplunov, and D Prikazchikov.

Reduced model for the surface dynamics of a generally anisotropic elastic half-space.
Proceedings of the Royal Society A, 476(2234):20190590, 2020.

0000000008 “H "SuelL “iud B10-BuiysiandAieioosiekoserss H



282

283

284

285

286

287

288

289

290

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

K F Graff and Y-H Pao.

The effects of couple-stresses on the propagation and reflection of plane waves in an elastic
half-space.

Journal of Sound and Vibration, 6(2):217-229, 1967.

W Giinther.

Zur statik und kinematik des cosseratschen kontinuums.

Abh. Braunschweig. Wiss. Ges, 10(213):1, 1958.

WT Koiter.

Couple-stress in the theory of elasticity.

In Proc. K. Ned. Akad. Wet, volume 67, pages 17—-44. North Holland Pub, 1964.

M Lazar and H Kirchner.

Cosserat (micropolar) elasticity in stroh form.

International journal of solids and structures, 42(20):5377-5398, 2005.

R D Mindlin.

Micro-structure in linear elasticity.

Archive for Rational Mechanics and Analysis, 16(1):51-78, 1964.

RD Mindlin and HF Tiersten.

Effects of couple-stresses in linear elasticity.

Archive for Rational Mechanics and analysis, 11(1):415-448, 1962.

G Mishuris, A Piccolroaz, and E Radi.

Steady-state propagation of a mode III crack in couple stress elastic materials.

International Journal of Engineering Science, 61:112-128, 2012.

A Nobili.

Asymptotically consistent size-dependent plate models based on the couple-stress theory
with micro-inertia.

European Journal of Mechanics-A/Solids, 89:104316, 2021.

A Nobili, E Radi, and C Signorini.

A new Rayleigh-like wave in guided propagation of antiplane waves in couple stress
materials.

Proceedings of the Royal Society A, 476(2235):20190822, 2020.

A Nobili, E Radi, and A Vellender.

Diffraction of antiplane shear waves and stress concentration in a cracked couple stress elastic
material with micro inertia.

Journal of the Mechanics and Physics of Solids, 124:663-680, 2019.

A Nobili and V Volpini.

Microstructured induced band pattern in love wave propagation for novel nondestructive
testing (ndt) procedures.

International Journal of Engineering Science, 168:103545, 2021.

A Nobili, V Volpini, and C Signorini.

Antiplane stoneley waves propagating at the interface between two couple stress elastic
materials.

Acta Mechanica, 232(3):1207-1225, 2021.

W Nowacki.

Theory of asymmetric elasticity.

Pergamon Press, Headington Hill Hall, Oxford OX 3 0 BW, UK, 1986., 1986.

N S Ottosen, M Ristinmaa, and C Ljung.

Rayleigh waves obtained by the indeterminate couple-stress theory.

European Journal of Mechanics-A/Solids, 19(6):929-947, 2000.

LP Solie and BA Auld.

Elastic waves in free anisotropic plates.

The Journal of the Acoustical Society of America, 54(1):50-65, 1973.

AN Stroh.

Dislocations and cracks in anisotropic elasticity.

Philosophical magazine, 3(30):625-646, 1958.

AN Stroh.

Steady state problems in anisotropic elasticity.

Journal of Mathematics and Physics, 41(1-4):77-103, 1962.

TCT Ting.

0000000008 “Y "SueiL “iud B10-BuiysigndAieioos eAoseis)



339

340

341

342

343

344

Anisotropic elasticity: theory and applications.
Number 45. Oxford University Press on Demand, 1996.

30. KC Wu.
Extension of stroh’s formalism to self-similar problems in two-dimensional elastodynamics.
Proceedings of the Royal Society of London. Series A: Mathematical, Physical and Engineering
Sciences, 456(1996):869-890, 2000.

0000000008 “Y "SueiL “iud B10-BuiysigndAieioos eAoseis)



