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Abstract An a priori analysis for a generalized local projection stabilized finite element solution
of the Darcy equations is presented in this paper. A first-order nonconforming P}¢ finite element
space is used to approximate the velocity, whereas the pressure is approximated using two different
finite elements, namely piecewise constant Py and piecewise linear nonconforming P{¢ elements. The
considered finite element pairs, P} /Py and P} /P{¢, are inconsistent and incompatibility, respectively,
for the Darcy problem. The stabilized discrete bilinear form satisfies an inf-sup condition with a
generalized local projection norm. Moreover, a priori error estimates are established for both finite
element pairs. Finally, the validation of the proposed stabilization scheme is demonstrated with

appropriate numerical examples.
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1 Introduction

The Darcy equations have considerable practical importance in the civil, geotechnical, petroleum, and
electrical engineering fields such as flow in porous media, heat transfer, and semiconductor devices.
In general, numerical schemes for the Darcy equations can be classified into two categories: (i) primal,
the single-field formulation for the pressure, and (ii) mixed two-field formulation, where the pressure

and velocity are approximated monolithically.
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The mixed two-field formulation eliminates the velocity, and it results in scalar second-order
elliptic partial differential equations (PDEs) for the pressure. This pressure Poisson problem can
be solved with adequate accuracy using the existing finite element methods (FEMs). However, the
velocity will be a derived flux, and thus, its accuracy will be one order less than the accuracy of
the pressure. Therefore, the second-order problem is preferred when pressure is the most significant

variable, whereas the first-order system is preferred when velocity is more crucial [5,37].

The mixed finite element method is a popular approach for solving PDEs with coupled unknown
functions. The classical mixed variational formulation of the Darcy equations is posed in the function
spaces H(div,£2) and L3(2) for the velocity and pressure respectively. Here, H(div,) is the space
of Lebesgue square-integrable functions, whose divergence is also Lebesgue square-integrable; L%(.Q)
is the space of Lebesgue square-integrable functions defined on £2, modulo a constant. The finite
dimensional subspaces of H(div,) and L%)(Q) are refered to as conforming approximation spaces.
Moreover, this pair of approximation spaces has to satisfy the Babuska—Brezzi condition to obtain a
stable approximation, mainly to avoid oscillations in the pressure approximation. Nevertheless, it is
challenging to construct such finite element pairs that satisfy the inf-sup condition [25, pp. 85]. A
well-known approach is the dual mixed formulation developed by RT (Raviart and Thomas [39]) and
BDM (Brezzi, Douglas and Marini [12]) families, which requires the continuity of normal component
of velocity in combination with a discontinuous pressure approximation. The mixed formulation
has been used for various problems, see [3,11-13,18,19,23,24,26,27]. A great accuracy has been
achieved for both the velocity and the pressure. Further, the mass has been conserved very well
locally and as well as globally. However, this approach has an inherent complexity; mainly, different
interpolation spaces are required for pressure and velocity. It is more complex to implement, and it
results in a saddle point system that is more challenging to solve.

In this study, we propose a mixed finite element formulation with a generalized local projection
stabilized nonconforming finite element [20] method for the Darcy equations, which avoids the

H(div,Q) formulation. This approach significantly simplifies the problem.

It is well-known that the application of the standard Galerkin finite element method to the Darcy
equations induces spurious oscillations in the numerical solution. Nevertheless, the standard Galerkin
solution’s stability and accuracy can be enhanced by applying a stabilization technique. The key idea
in stabilization is to stabilize the Galerkin variational formulation by adding an artificial diffusion
so that the discrete approximations are stable and convergent. The literature on stabilized FEM has
become rich [5,6,14-17,37,40]. In this work, we concentrate on stabilization by local projections.
The local projection stabilization (LPS) method has been proposed in [2,9] for the Stokes problem
and subsequently extended to various other classes of problems [8, 28, 29, 31, 35, 38,42]. LPS is
very attractive, particularly due to its commutation property in problems of optimization [7] and
stabilization properties similar to those of residual-based approaches [34]. The local projection
method’s primary advantage is that the LPS approach adds symmetric and fewer stabilization terms
than residual-based stabilization approaches. The generalized local projection stabilization (GLPS)
is an extension of LPS to define local projection spaces on overlapping mesh cells. GLPS has first
been introduced and studied for the convection—diffusion problem in [22,33], for the Oseen problem

in [4,35] and recently, for the advection—reaction equations in [30]. GLPS is less sensitive to the
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stabilization parameter [33], and thus, it reduces the ambiguity in using an optimal stabilization
parameter, which is very challenging to identify for practical applications [32,41]. Further, unlike
LPS, GLPS needs neither a macro grid nor an enrichment of approximation spaces.

This paper’s main contributions are developing a GLPS nonconforming finite element scheme
for the Darcy equations and the derivation of its stability and convergence estimates. The number
of degrees of freedom in nonconforming approximations will slightly be more than the conforming
approximations. Nevertheless, the nonconforming method results in a system matrix with a smaller
stencil. Moreover, system matrices with smaller stencils need less communication and facilitate
scalable parallel numerical schemes. In the present analysis, two variants of approximations are
considered for the Darcy equations. In the first variant, a piecewise linear nonconforming finite
element for the velocity and a piecewise constant element for the pressure, i.e., (P} /Py) are used.
The Crouzeix—Raviart space and piecewise constant polynomial space (P} /Py) are an inf-sup stable
pair. However, it has been shown in [36] that the finite element pair P} /Py does not converge when
applied to the Darcy problem. In this paper, this convergence issue is managed by GLPS. In the second
variant, the pressure is also approximated using the linear nonconforming finite element, that is, P}¢
is used for both velocity and pressure. This equal order finite element pair does not satisfy the inf-sup
compatibility, and the GLPS handles the inf-sup violation. Moreover, a convergence order of one
is observed for the piecewise constant approximation of pressure with respect to a norm defined in
(3.16), and 1.5 is observed for the P} finite element approximation of pressure in a norm defined in
(4.40).

The article’s outline is as follows: in Section 2, the Darcy equations’ variational formulation is
introduced. Section 3 is devoted to a generalized local projection stabilization finite element method
with a piecewise constant approximation of the pressure. Further, the stability results and a priori
error estimates are derived for a proposed stabilized method. In Section 4, the stability and error
analysis for the piecewise linear approximation for pressure are presented. In Section 5, numerical
experiments are performed to validate the derived theoretical estimates. Section 6 provides a summary
of the study.

2 Model problem

Consider the governing equations of a Darcy flow: Find (u,p) such that

u+oVp=f, V.u=¢ inQ, 2.1
un=y ondQ,

where Q2 CR? is a bounded polygonal domain with boundary €. Here, u is the velocity of the fluid,
p is the pressure in the fluid, f€ [L?(£2)]? is the source function, ¢ is the volumetric flow rate source,
weH!'/2(9Q) is a given prescribed flux at the boundary, @=s¢/A, >0 is the permeability and

A >0 is the viscosity. The divergence constraint imposes that the prescribed data must satisfy

/Qq)dx:/a!2 vds.
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2.1 Variational formulation
Consider the Sobolev spaces:
V:={veH(div,Q)| v.n=00n 0Q},

Q::L%(Q):{QGLZ(-Q)\ / quzo}

where L?() is the space of square-integrable functions. Moreover, L?() and L..(Q) norms
are respectively denoted by ||u|| and ||u|.,. The standard notation of Sobolev space H™(Q) for
m=1,2 and its norm |-, are used. The notations [L?(2)]* and [H'(2)]? respectively abbreviate
the vector-valued versions of L?(£2) and H'(); H}(2) is a subspace of H!(Q) with zero trace
functions. Multiplying the model equation (2.1) by test functions, integrate it over {2 and applying

the integration by part to the pressure term results in a variational form:

Find (u,p) € VxQ such that

a(ll,V)—b(p,V)I(f,V); b(uvq):(¢7(Z)a

for all (v,q) €V x Q. Here,
a(u,v)::/ o '(uv)dx; b(p,v):=(p,V-v),
Ja

where (-,-) is the L?() inner product. Further, the variational form can be written in a compact form:
Find (u,p) €V xQ such that

A((u,p),(v,q))=1(v) (2.2)

for all (v,q) €V x Q, where

A((u,p),(v,q))::a(mv) —b(p,V) +b(%u)a
1(v):=(£.v)+(4.9).

The well-posedness of the model problem (2.1) is an application of the Lax—Milgram lemma [25]
and the Babuska—Brezzi condition for the pair Vx Q [25].

2.2 Finite element formulation

Let .7, be a collection of non-overlapping quasi-uniform triangles obtained by decomposition of
Q. Let hy=diam(K) for all K € 7, and the mesh-size h=maxgec 7, hk. Let &,=&U&P be the set of
all edges in .7, where @”hI and é"f are the sets of all interior and boundary edges respectively and
hg=diam(E) for all E € &),. Further, for each edge E in &, a unit normal vector n is associated; this
is taken to be the unit outward normal to d€ for all E€&P. Suppose KT (E) and K~ (E) are the
neighbours of the interior edge E € &), then the normal vector n is oriented from K (E) and K~ (E),

see Figure 1. Similarly, for veLz(Q), the trace of v along one side of a cell is well-defined whereas



Generalized local projection stabilized nonconforming finite element methods for Darcy equations 5

there are two traces for the edges sharing two cells. In such cases, the average and jump of a function

v on the edge E can be defined as

W=y (0 letvle), W=l

where vt :=v|g .. Further, the average and jump of the vector-valued function v are defined component-
wise. Moreover, for any E €48),, .4 (patch of E) denotes the union of all cells that share the edge E,
see Figure 1. The following norm is used in the analysis. Let the piecewise constant function 4 s be
defined by h 7|k =hg and s€R and m>0. Then,

1

2
Ihfyulm—< Y h%?lull%lm(m> for allue H(.7},).
KeT,

For any E € &, define the fluctuation operator kg :L*(.#g)—L?(.#g) by

1
|<%/E ‘ ME

Kg(v):=v— vdx,
where |.#g| denotes the area of .#g. Then,

el 2@2m)2m) <C YV EEME,

where C is a constant independent of /. Let k > 0 be an integer. Define the piecewise polynomial

Mg

a

Fig. 1 Left side two neighbouring triangles K+ and K~ are shared by the edge E=ab with the initial node a and the
end node b and n is the unit outward normal to K; right side edge patch ..
space as

Pu(Th) I:{VELZ(.Q) vk €Py(K) forall K€},

where P, (K) is the space of polynomials of degree at most k over the element K. Further, define the

piecewise linear nonconforming Crouzeix—Raviart finite element space as

1@’{0(5;,)::{veLz(.Q):wKelpl(K) /E[v]ds:o, for all Eegh}.



6 Deepika Garg, Sashikumaar Ganesan

In addition, define
19(Th):={veP{(Z) | v(mid(E))=0 forall EE&P }.

Note that throughout this paper, C (sometimes subscripted) denotes a generic positive constant
that may depend on the shape-regularity of the triangulation but is independent of the mesh-size.
Further, the notation ¢ <d represents the inequality ¢ <Cd. Next, the following technical results of

finite element analysis are recalled.

Lemma 1 Trace inequality /21, pp. 27]: Suppose E denotes an edge of K € F,. For v|x €H' (K) and
vi€PL(T}), there holds

1/2

2
IWllae <C (i v+ 19Vl ). 23)

Ivallze) <Chig vl 24)
Lemma 2 Inverse inequality [21, pp. 26]: Let velP(9},) for all k>0. Then,
V¥l <Chic IVl 2k (2.5)

Lemma 3 Poincaré inequality [10, pp. 104]: For a bounded and connected polygonal domain  and
for any veH! (Q),

<ChalVvl2(0); (2.6)

1 /
v——— [ vdx
12| /e L2(Q)

where hg and || denote the diameter and measure of domain Q; the constant C is independent of

the mesh-size hg.

Further, for a locally quasi-uniform and shape-regular triangulation, the L?-orthogonal projection

1,:L2(Q)—P¢(7},) satisfies the following approximation properties [1,22].

Lemma 4 L2-orthogonal projections: The L*-projection I;,:L2(Q)—P1¢(.},) satisfies

For vector-valued functions, 1: [L?(Q)]>— [P (.%,)]? satisfies

7 v=I)|[+|V—1) | <C|[hzv],, for all veH*(Q), 2.7

|5 (v=Tuv) ||+ [V (v=1,%) | <C||h 7 V], for all ve [H*(Q)]*. (2.8)

Moreover; the trace inequality (2.3) over each edge implies

1/2
(Z |v1hv||iZ<E>> scHhZFV’L for all ve[H2(Q)]2. 2.9)

E€é),

The orthogonality relation for all v, €V, implies

(v—T,v,v;)=0. (2.10)
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The following approximation estimates hold for the L*-orthogonal projection operator:
LV <IIVIL - ||h Tv||SC||h ]| and  ([VATW) | CII V. .11)

The 12-projection, m,:12(Q)—Py(F,) such that (q—m,q,ry) =0 for all r,€Py(F,) [25], has the

following approximation property:

lg—mugll <Cllhzgll, for all geH'(Q). (2.12)

3 Piecewise constant approximation of pressure ([P*(.7,)]>/Po (7))

This section describes a generalized local projection stabilized finite element method for the problem
(2.1), where the velocity is approximated with nonconforming () finite elements and the pressure
with piecewise constants. The finite element pair [P1¢(.%,)]? /Po(.Z,) is an inf-sup stable pair. However,
this pair results in inconsistent discretizations for the Darcy equations [36]. Therefore, the GLPS

method is introduced here to handle the inconsistency issue.

Let Vj,:=[P1¢(Z,)]? and Q:=L3(2)NPo(Z). For each E €&, let B :=Phg for some stabiliza-

tion parameter 3 >0 and let S (-,-) be a stabilization term given by

llh, Z 0] 1ﬁE/ KE(V}, uh)KE(Vh v dx+ Z / [llh ][v-n]ds. (3.13)

E€&, Ecé&y

The generalized local projection stabilized discrete form of (2.1) reads as:

Find (uy,,py,) €V;, X Qy such that

An((wp,pp),(v,q))=1(v,q) for all (v,q) €V, x Oy, (3.14)

where

An((an,pn);(v,q)):=an(an,v) =bu(pp,v) +bn(q,u) +S((an,v), (3.15)

and

Z / uy,-n)gds,

ap(up,v):= Y /60 Nwp-v)dx,  bu(g,un):=(q,Va-up)2 (0
Kegh EG/BB

Sh(u/nv) ::S[(Uh,V) +SB(U;”V),

uh, Z w IBE/ KE(V;, uh)KE(Vh V)d X, SB llh, Z /F[uh [V n|d. S,

Ecé, Ecé,

1(v,q):=(Ev)+(0.9)+ ) (—'/El//qu—i-/E.iw(v-n)ds).

=
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In the stabilization term, the additional edge integrals of the jump of the normal component of the
discrete velocity along edges are necessary to control the nonconformity (consistency error) arising

from the pressure terms [4, 15].

Further, the generalized local projection norm for Vj, x Q) is defined by

S N,
1) = @ 2w | 1A% (V0 P+ -3 (s ). (3.16)

3.1 Stability

The main result of this section is the following theorem, which ensures that the discrete bilinear form

is well-posed [25].

Theorem 1 Suppose Bg=Phg for some B>0. Then, the discrete bilinear form (3.14) satisfies the

following inf-sup condition for some positive constant 7, independent of h:

A
inf sup w((n,pn)s(Va,qn)) >y>0.

(9, 20) EVAX Qi (v),.q,) EVi % O 1w, )l gLe 1 (Vasqn) [l e

Proof. In order to prove the stability result, it is enough to choose some (vj,q;,) €V, x Qy, for any

arbitrary (wp,py) €V x Op, such that

An((wp,pn),(Va,qn))
11 (¥asan)llgLe

> 7l (an, pi)lllgLp>0- (3.17)
First, consider the bilinear form A (-,-) defined in (3.15) with the test function pair (vj,,q,)=(wy,pp):

12
Ah((uh,Ph)7(“h7Ph)):Hw 2uhH +Sn (up ). (3.18)
Since the pair [P?fo(%)]z x Qy satisfies an inf-sup condition [25], i.e., there exists a constant p >0
such that

it sup VR (3.19)

p”EthhE[Pﬁ'fb(%)]z V¥l pall —

As a consequence of (3.19), for each pj, € Oy, there exists z;, € []P”l’fo(ﬁh)]2 such that

—(divszy, pr)=|pall* and [|z4]1 » <C1 || pall, (3.20)

1/2
where, the norm of z, is defined as [|z,|, ,= (ZKGZ, ||zh|\%K) , [25]. Taking (vj,q,)=(z5,0) as a
test function pair, the bilinear form (3.15) becomes

Ap((up,pn),(2n,0)) =an(up,zy) — by (Phs2n) +Sh (U, zp). (3.21)
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Now, estimate the three terms of (3.21) individually. The first term is handled by using the Cauchy—
Schwarz inequality, (3.20) and Young’s inequality, as

_ _ 121
an(wi ) <o w07 Cllwll Il <Cllo bw | 2lpal2 322)
The constant C in (3.22) depend on oL Using (3.20) in the second term of (3.21),

—bi(pnszn)=—(pn,Va-zn)+ (z, 1) prds=||pn||*+ (zpm)ppds.
E E

EcsE EcsE

For any Ec &P, the edge integral of z;, vanishes as z;, € [P?fo(%)]z. Since p;, are constants on the
edges,

Y / (z,n)ppds=0 for all E€&F.
Ec&p E
Recall the stabilization term
_ 1
Sh(u;”zh): Z 0] ]ﬁE(KE(Vh'uh)vKE(Vh'zh))lg(j/E)+ Z /EE[UWH][ZWD}C[S. (3.23)

Ecé), E€é),

Applying the Cauchy—Schwarz inequality, boundedness of the patch-wise local projection operator,
(3.20) and Young’s inequality in the first term of (3.23),

Y w_lﬁE(KE(Vh'uh)aKE(Vh'Zh))Lz(///E>
E€é),

(ST

Ecé), Ecé,

< ( ) wIBE|KE(Vh'uh)|iZ(///E)) ( Y co1[35||1<E(Vh-zh)||isz))

EE(fh Ee(f’h L2

1 1
2 2 2
1
— -1 2 -1
‘(Z“’ g E'KE(V”'““'“‘””) (Z“’ Be Vo= 1 |, (m))
1
<C1[Sp(up,wp)] 2 |V |

C 1
SZSh(uh7llh)+g|\Ph|\~

The constant C in the above estimates depend on ! ”, Using the continuity of nonconforming finite
element functions at all the mid points of the inner edges, [ [uy]ds=0 for all u, €P1°(Z,) and E€&].

Applying the Poincaré inequality and trace inequality for z, € [P’ffo(%)}z and E€&/,

1
12alll2e) SCh I Vaznll 2 ) -
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An addition over all the edges and using the the Cauchy—Schwarz inequality and (3.20),

llh Zh ds< /‘f[llh S> ( / Zh S)
Ee{}/h (E;’ h EEé), he

||ph||
<= Z/
4 §es,JE E 6

Thus,
C 1
Sn(wn,2) < 5 S (w.0m) + 5 [P

Put together, (3.21) leads to

1 _1o2 1
(). 3100 5 P oo+ S5t ). 620

2
can be obtained by choosing (v;,g,)= (0,7 (V;-u;)) in (3.15),

1

Further, the control of ||2% (V,-uy,)

that is,
An((p,pn); (0,07 (Vi) =by(hg (Vi-up),up). (3.25)
Consider the right-hand side term of (3.25):

by(hg (Virwp)wp)=(hg (Vi-up),Vi-w,) — Z/uh n)hg (Vy-wy)ds
Ee&)

Using the Cauchy—Schwarz inequality,

| 2
h% (Vi-uy)

/hE u,-n)(Vj-uy,)ds.

Ec&p

/ i (wpen) (Viw)ds< Y g [wpenll e [Vhewilz ey

Ee/’” Ecé&p
3 3
1 3 2
= Z he (% nHLZ(E) Z hEHVh'“h”LZ(E)
Ec&p Ece&p
1 1
- ) 2 2
<t Y /?(“h'n) ds Y i |[h% (Vawy)
Eesp’ENE EeéP L2(E)
Applying the trace inequality (2.4),
3 12|,
h%(Vi-up) <hg (Vh uy) ,
L2(E) L2(K)
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1 2

Z //’lE uy,- )(Vh llh)dS<C %g(vh ‘uy) [SB(llh,llh)]7 = /’l (Vh llh) +§SB(Uh,llh).

Ec&E

t

[\)

Put together, (3.25) leads to

2

1 1 C
An((wn:pn), (0, (h7 (Virwn)) 2 5 Hhé(vh'“h) = Sn(up,up). (3.26)

The selection of (vy,qy) is

1
— [ \Y%
(Vh:qn) (uh»Ph)+C+l(ZhaO) C+1(Oh‘7( heUp)).
Adding (3.18), (3.24) and (3.26),
A1), ()= [0 b ) 4 5l o[+ 51w
u vV, u u,,uy, — 2u, u;,u
h hyPh)s\Vhsqh)) = h h\Uhn,Y 2+2C Ph C+l h h\Yh,Ypn
1|1 e
—— _\|n2(v,. - ,
+tooc 7 (Vi-up) 2+2C(Sh(“h uh))
I : C L2
~212C 2 242C 5 V ' ]77 H o H
Mcnp bl 55 5 (Varwn)| | +( l+C)( ORI IECACTRYS)
S A 5y (R A
U, u, u;,u
*2+2C L W7ol A c+1 HJ T oR h
1 2
>— . 27
72C_'_2H|(uhvph)‘||GLP (3:27)

The triangle inequality implies

|||(Vh:qh)|||GLP<|||(uh7ph)|||GLP+C+1|H( B )|HGLP+C 1|||(0 hz (Vi-up))|llgre

<al[(wy,pn)lllgLp- (3.28)

where, in the second term on the right-hand side of (3.28), using (3.20) and boundedness of the
patch-wise local projection operator,

N
1120.0) e =|| @ 22|+ 1185 (Vi-20) P+ Su(za2) <Clpa

The constant C in the above estimates depend on @~ '. Using an inverse inequality in the third term
on the right-hand side of (3.28),

_1 2
11047 (Varwi)) e =17 (Varu) P < |0~ Hu |

The constant C in the above estimates depend on . Finally, (3.27) and (3.28) lead to (3.17) and

conclude the proof.
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3.2 A priori error estimates

This subsection discusses a priori error estimates for the ([P%(.7,)]/Po(.%)) approximation for

velocity—pressure pair with respect to the GLP norm.
Lemma 5 Suppose Bg=Phg for some >0. For any (u,p)€[H?(Q)]? xLNH () it holds that
ll@=Twp =m0l ap=C (Nl + 7 pl, ) (3:29)
Proof. First, consider the terms in the GLP norm defined in (3.16):
1 2 .4
ll(w=Tp=p) | pi= @ (wLiw) |+ 1 (Vi (a=T)) P+ p =
+S;(u—Tpu,u—T,u).

Using the projection estimates (2.8) and (2.12),

3
hZu|| and ||p—m,p| <||hzp|;-

1 1
o -t | <clul, 1 (0Tl <
2

1/2

Note that the constant C in the above estimates depend on w~'/~. Using the boundedness of the

patch-wise local projection operator, Bz =fhg for some 8 >0, and (2.8),

Si(u—Tuu—Tu)= Z 0] 1[35/ Kz (Vp-(u=Tu)) dx
EE(ph M

3/2
<C Y 0 Bell Vi (b B g <G 2]
Ecé),

Note that the constant C in the above estimates depend on @~!. At the edge E, the jump term has
contribution for both cells sharing that edge. Using the trace inequality (2.3),

—1 2 1/2
o= 2z <C (g 2 u=Tuull 2 g+ IV 1) 2y )

and using the projection estimates (2.8)—(2.9),

Sp(u-Twu-Tw= ¥ [ - fu-Tu)nPas< i rul
EG(‘Z},

The combination of the above estimates leads to (3.29). This concludes the proof.

Lemma 6 Suppose Bg=Phg for some B>0. Let (u,p) €[H*(Q)])? x LNH" () and for all (vy,q1) €
Vi, xQy,. Then,

An((@=Tpu,p=7p), (i) <C (I zully+ 7 pll ) g lloe: — (330)

Proof. Consider the bilinear form in (3.15):

Ap((u=Tyu,p—m,p),(Vi,qpn)) =an(@—T0,v;) = by (p— 7, p, Vi) +bp (g, u—Tu) +S, (a—Tyu,vy).
(3.31)
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The first term is handled by using the Cauchy—Schwarz inequality and projection estimates (2.8), as
_1 _1
ap(u—TIpu,v,) < Hw 2 (u—Ihu)H Hw 2y, H SCHh_zyqu|||(Vh7qh)|||GLP'

Note that the constant C in the above estimates depend on o~ '/2. Consider the second term on the
right-hand side of (3.31):

bu(p=mp ) =(p=mpVivi)— X[ (viem) (p—mp)s. (332)
Ec&p E

Applying the L?-orthogonal projection property (2.12), the first term on the right-hand side of (3.32)
gives (p—m,p,Vy,-v,)=0. The second term is handled by using the Cauchy—Schwarz inequality, trace
inequality over the edges and (2.12), as

NI—=
(S

" 1
Y /E(Vh'n) (p—mp)ds<| Y /EE(Vh'n)zdS Y hEHP—ﬂhPHiZ(E)

Ec&p Ec&p Ec&f
<kl [11(vagn)lllGLp-
Consider the next term on the right-hand side of (3.31):
b (gnu—Tpu)= (g, Vy-(u—Tu))— Y /E ((u—TI;u)-n) g,ds. (3.33)

resp

Applying the Cauchy—Schwarz inequality and projection estimates (2.8), the first term of (3.33) is
estimated as:

(qn; Vi (u=T0)) <[|gn|[ [ V1- (a—=Tw)[| <C|[h 7 ul| ||| (Vi gn) || GLp-

The second term is handled by using the Cauchy—Schwarz inequality, trace inequality (2.4) and (2.9),

as
1 1
. 1 2 2
2 2
Z /E((U_Ihu)'n) gnds< Z EH(“‘Ihu)'n”]}(E) Z hEH‘IhHLZ(E)
Ec&p Ee&p Ec&p
<Cllhzul,[l[(vign)llloLe-
Using similar techniques as in the last term of Lemma 5 leads to
1 1 3
Si(u=Tpu,vy) =[S;(u—Tu,u—Tw)] 2 [S;(vy,vp)]? <C’ hZul| [[1(va.gn)lllgLp-
2
The constant C in the above estimates depend on ®~/2 and

1 1
Sp(u—L,u,v;)=[Sp(u—Lu,u—1,u)|2[Sp(v4,vi)]2 <||hgull,|[[(Va,qn) |l Lp-

The collection of all the above estimates shows (3.30) and this concludes the proof.
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Lemma 7 Suppose (u,p)€[H?(2)]*xL3(Q)NH!(2) and (up,py) Vi x Qy are the solutions to
(2.2) and (3.14) respectively. Assume also that Bg=Phg for some B>0 and let (v},,q;) €V X Oy,
Then,

An(w=wi,p—pa), (.0) <C (I ully+ 7ol ) 15l (334)

Proof. Consider the model problem with the test function (vj,q;) €V, x Qj,. Using an integration by

parts and the definition of the bilinear form,

a(u,v;)— pVh-l-Z/thpdS—fvh Z/vhn]pds

Ec&P Ecé]

Using the bilinear form (3.15) and the fact that [u] =0,

An((w=wp=pi), i) =Si(wvi) + ¥ [ vienlpds (335)
Ecé]

In the first term of stabilization S;(u,vy,), applying the Cauchy-Schwarz inequality, Poincaré inequality
(26) and BE N/’lE,

l.th Z (O] lﬁE/ KE(Vh )KE(Vh-Vh)dx
Ecé,

( Yo 1ﬁlz/ (ke (Viu)] ) ( Y (D_]ﬁE/ (ke (Vi-vn)] dx)
Ecé, Ecé), M
S( Y o 'Be

Ecé),

1
2

2

12
vV, u— Vj-udx > 1 (viogn)lllGLe

1
‘%E| ME LZ({///E)

3/2
<c|[yu] il
The constant C in the above estimates depend on ®~'/2. The second term of (3.35) is handled by
using the fact that the edge integral of the jump of [v,-n] over each inner edge is zero and 7,p is
element-wise constant, i.e.,

1 1

2

Z/h [v,-n]%ds

Ecé]

/hE p—myp)*ds

Z/vh |pds= Z/vh (p—myp)ds<

Ecs] Ees] Ecs]

<Cllazplil1(vasgn)lllGre-

The collection of all the above estimates shows (3.34) and this concludes the proof.

Theorem 2 Let (u,p) € [H?(2)]>xL3NH(2) and (wp,py) EVix Qy be the solutions to (2.2) and
(3.14) respectively. Suppose B =Bhg for some >0. Then it holds that

liw=unp—pi)llce=C (I rull+ P, )- (336)
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Proof. The triangle inequality implies that

| (a—wp, p—pi)|l|grp <l (a=Tpu,p—m,p) [ gLp + || Tna =, 0 — p1) ||| gLp- (3.37)

The first term of (3.37) follows from Lemma 5, i.e.,

ll=tp=mp) lorp <C (1l + 0P, )-

The second term of (3.37) is handled by using Theorem 1, as

Ap((Ipu—uy,,mp—pn),(va,
= mp—pllep<1/y  sup w((Ta—uy, mp—pn),(Va,qn))
(Vh,qh)EVhX Qh |||Vh’qhH|GLP

Ar(u— _
<1/y sup n(@—=w,p—pn),(Vi,qn))
(Visqn)€VRx O |||Vh7qhH|GLP
Ap((Ipu—u,mp— \%
+ sup w((Tpu—u,7,p—p),( thh))_
(Vasqn)€Vnx Op |thﬂqh|||GLP

(3.38)

Finally, the result follows by using Lemma 6 and Lemma 7 in (3.38) and this concludes the proof.

4 Piecewise linear nonconforming approximation of pressure ([P(.7,)]> /P1(%,))

Consider the vector spaces
Vi=[PI(Z)P, Vi=[Pio(20)) and Q=P (Z3)NLG(L).

This section deals with piecewise linear space for pressure discretization to better estimate the pressure
and get the optimal order of convergence for the velocity approximation. But with this choice of
pressure, the inf-sup compatibility between the velocity and pressure discrete spaces are lost. Thus,
in addition to stabilization for consistency error, more stabilization terms are required to control the
incompressibility condition, which makes discretization inf-sup stable, and can handle discontinuity

of pressure along the edges [4,35].

The generalized local projection stabilized discrete form with ([P1€]?/P) reads as: Find
(up,,pr) €V, x Qy such that

Ap((ap,pp),(v,q))=I(v,q) for all (v,q)€V, xQy, (4.39)

where

An((an,pn);(v,q)) =an (W, V) —=bp(pr,v) +bu(q,un) +Sp (W, pr), (v,q)),
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and

ah(uh,v)::Kg‘%/Kw1(uh.v)dx,
bh(‘lvuh)::(‘I:Vh'uh)_Eg,ghB/E(uh'n)qu_Eg(%{/E[uh'n]{Q}dsv
Sh((uhaph)v(vvq)) =S (uh,v) +Sp (Ph,f])7

Su (ll;,,V) I:EZ;@ w_]ﬁE(KE(Vh'uh)aKE(Vh'V))Lz(%E)+EZ;@ /E[uh-n] [V~n]ds,

Sp(Pna):="Y ©Be(xe(Vapn):ke(Vig))i2 )+ Y /E[Ph][q}ds,

Ecé), Ees]
=)+t ¥ (- [vaast [ Fwmas).
Ee()phg E ENE

Further, the GLP norm for V;, x Oy, is denoted by

_1o? 1
110 1= @ ]|+ 1% (V) P P S (wnopn) (wnopn).— (440)

4.1 Stability

In addition, the key statement of this article is the following theorem, which guarantees that the

discrete bilinear form (4.39) is well-posed.

Theorem 3 Suppose Bg=Phg for some 3>0. Then, the finite element formulation (4.39) satisfies

the following inf-sup condition for some positive constant v, independent of h:

A
inf sup n((Wn,pn), (Vh,qn)) >v.
(9 Pn) EVAX Qi (v, q,)EV % O I Can,p)lll e 1 (Vian) |l gLe

Proof. First, consider the test function pair (vj,,q;)=(uy,pp). Then,
_1o?
An(0pn), (wh )= [ @ 2w |8 Cwn ) (i)

The stability of the pair ([H}(£2)]?/L3(£2)) [25] implies that there exists a constant >0 such that

di
inf sup L‘I’qh) >o >0. (441)
<Oy VYT ]

As a consequence of (4.41), for each pj, € Oy, there exists ZEH(I)(.Q)Z such that
~(Vi-z.pn)=|pa]l* and |lzl|: <Ci | pa]- 4.42)
Let zeH(')(Q)2 be defined as in (4.42). Let z;, =1,z€ V,,. Then, by choosing (vy,q;)=(z;,0) in (4.39),

An((an,pn);(2n,0))=apn(an,z) — by (pryzn) +Su((@n, pr ), (2,0))- (4.43)
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Most of the estimates for the right-hand side terms of (4.43) follow from (3.21). Only those estimates

that are new or different from (3.21) are discussed here. In the second term of (4.43), add 0=

(pnspn)—(pr,—Vi-2) to obtain

—bu(pn-2n)=—(Pn,Vn-2n)+ Z/Zh [{pryds+ ), /E(Zh’n) prds

Ecés! EcsE

=|pall*+ (P4, V- (z—24))+ Y /Zh [{pp}ds+ Y / z,'n)ppds. (4.44)
Eegl® Ecgk

Applying an integration by parts to the second term of (4.44),

(pn> Vi (2—2)) =—(Vipn,(2—24))+ Y /{Ph} z—1;)-n|ds
Ecé]

/U% z—17p)-n}ds+ Z /ph((zfzh).n)ds

Eeéa’ Ecsp E

It follows that

—bi(pnszn)=|pall* = (Vnpnz—2z1)+ Y /[Ph]{(Z*Zh)‘H}d& (4.45)
Eesl’t

Use the canonical Crouzeix—Raviart edge basis-function @ at the edge E €&, over the mesh Jj,.

Since, Y pegs PE=1,

(Vapnz—21)= Y /thph z-17;) Y Qpdx= Z/ (z—2p) Vipieds. (4.46)

KeJ), Ecé), Ecé,

Using the orthogonality of L2-projection with the test function Cr¢z€Vj, where Cp=
] s Vipndx and |8, <1,

(Vipn,z—z2p)= / z—12;)( Vipn— / Vipudx ) Opdx
L O )

( /w_lﬁ (z— Zh)zdx> ( /wﬁEKE(VhPh)d>
Ecé, Ecé,

< 3 th\|2+C5h((uh,Ph)7(uh>Ph))~

1
2

The constant C in the above estimates depend on ®~'/2. The last term of (4.45) is estimated by using

trace inequality, as

Y [ipliz-m)npas< | ¥ ol | | X -2 m

Eef’ Ecé&] Ecé]

slpilP+ X [ mPas

Ecé]
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Put together, (4.43) leads to

() 3100 5 P~ (o P35 (o). o) ).

2

1
Finally, the control of |22, (V-uy)|| can be obtained by choosing (v;,q,)=(0,h(Vj-uy)) in (4.39),

that is,

Ap((an,pn); (0,0, (h 7 (Vi-wy)))) =bp(In(h7 (Vi-wg)) up) +Sk (W, pn), (0,05 (h 7 (Vi-uy)))).

4.47)
| 2
By adding and subtracting ‘ h%(Vi-ug)|| in the first term of (4.47),
| 2
bh(lh(hﬂ(vh'uh))vuh):‘ s (Viewy)|| +In(ha (Virug)—hz (Viw,),Vi-uy,)
-y / w,n) (kg (Virw))ds— ) / w, n|{Ty(h7 (Vi-up))}tds.

Ec&E Ecés!

(4.48)

The second term of (4.48) is estimated as
(In(hz (Viwp)—hz (Viw,),Vi-uy)

_EGXJ;/ZE/%E(Ih(hk(vh’“h))—hk(Vh-llh)) <Vh'uh—|71d/ﬂEVh-uhdx) O dx

<< Y (DﬁE1||1h(h;7(vh~llh))—hﬂ(Vh'llh)Hiz(,//E)) [54((w,0). (,0))]
Ec Mg

1,1 e

<3 h% (Viuy) +ZSh((“h»Ph):(uh7Qh))’

The constant C in the above estimates depend on ®'/2. The third term of (4.48) is handled by applying
the Cauchy—Schwarz inequality, trace inequality, stability property of projection operator (2.11) and
Young’s inequality, as

1 1

2 2

Z / w,n) Iy (hg (Viy-uy))ds< Z / u,-n)’ds Z / Iy(hg (Vy-uy))?ds
Ecsp’E Ec&p Ecsp’E
1‘ :

=3 hy(vh uh)

+ %S/z((“lwo)7(uh’0))'
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In a similar way, the last term of (4.48) is handled as

1 1

y /E fwyn] {0y (e (V) s < | Y /E -0 ds y /E (I (hie (V)2 ds

2
Ecé! Ecs] Ecé]
1] 1 2 c
SS‘ hZ (Vi-uy) +§Sh((uh70)v(uh70))'

The last term of (4.47) is handled by using the Cauchy—Schwarz inequality, boundedness of the local

projection operator, inverse inequality, the stability of the projection operator and Young’s inequality,

1 1

Sn((p, 1), (0,04 (h 7 (Vi-up)))) <Su((@n, i), (Wi 2n))) 2 Sk (0,04 (7 (Vi) , (0,0, (h 7 (Vi -uy)))) 2
1 2
3

! C
< |h5 (Virw)|| + Zsh((uhvph)a(uhvph))

The constant C in the above estimates depend on @. Put together, (4.47) leads to

2

01007 )= 3 15 () | = 5. (o).

The selection of (vy,qy) is

(20.0)+ = (014 (k7 V) w)),

(Yayqn)= (W, pn) +C+1

iters]

where I, is defined in (2.7). Finally, the rest of the proof follows in a similar way as in Theorem 1.

4.2 A priori error estimates

This subsection discusses a priori error estimates for [P¢(.7,)]2/P%(.%,)] approximation for the

velocity—pressure pair with respect to the GLP norm.

Lemma 8 Suppose Bg=Phg for some B>0. Let (n,q) € [H?(2)]> xL3(2)NH?*(R). Then,

J

Proof. The idea of the proof is same as for the proof of Lemma 5. Following a similar argument, the

3 3
II(UIhu,plhp)IIGLPSC(Hhé“ hp

N

proof can be derived.

Lemma 9 Suppose g =Phg for some B>0. Let (u,p) € [H*(Q)])? x LNH?(2) and for all (vi,q1) €
Vh X Q/,. Then,

3 3
ot na)<c (a5 Yiwmanllon @0

+ ‘

2 2
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Proof. Consider the bilinear form (4.39):

Ap((a=Tpu,p—1,p),(Vi,qn)) =an(@—Lu,vy) =by(p—1,p, Vi) +bp(gn,u—TI,u)
+Sp(0=Lyu,p—1,p),(Vi,qn))- (4.50)

The first term of (4.50) can be handled as in Lemma 6. Consider the second term of (4.50):

bi(p—Lhp,¥u)=(p—Ihp,Vi-vi)— Y, / vin) (p—Ipp)ds— Z/Vh {p—Iyptds. (4.51)
Ecg Ecé]

The first term of (4.51) is handled by using the Cauchy—Schwarz inequality and (2.7), as

3
<p—1hp,vh-vh>s||p—1hp|mms\ h;pH gl
2

The estimates for the second term of (4.51) follows from Lemma 6. Applying the Cauchy—Schwarz
inequality in the last term of (4.51),

Nl
Nl

y / vinl{p—tipyds< | ¥ IvinllPae | | X 1Hp—Tph e

Ees] Ee&] Ees]

At the edge E, the average term has contribution for both the triangles sharing that edge. Using the
trace inequality (2.3),

~1/2 1/2
P —1pHli2e) <C (e o= Tp Uiy +1 IV (P —1p) 12y )
Squaring and summing up all the inner edges and using (2.8),

3
he
gP

y /[v,, [{p—Iphds<||h

Ecé]

] 1¥msan)llawe-

Applying an integration by parts in the next term of the bilinear form (4.50),

by (u—Tu,qn) =—(Vagn,u—TLu)+ Y /{ u—1I,u)-n}(g;]ds (4.52)
Ecé]

Using a similar technique as in (4.46), the first term of (4.52) is estimated as

(Vhgn,u—T,u) Z/ u—TI,u) thh T / thdX)fl)de
Ecé), ‘ |

1 1

<Z o' By (u-Tu)? ) (Z/ op ks ( Vh‘]h)d>
Ecé), Ecé;,

3
<C||hZu

(VMIh)mGLP-
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The constant C in the above estimates depend on o 1/2, Using (2.3) and (2.8),

t]h)H|GLP-

L [ -t nalas<c|iiu

Ees]

In the stabilization terms, applying the Cauchy—Schwarz inequality, boundedness of the local projec-
tion operator and (2.7)—(2.8),

Sp((=T,w, p—Iup), (Vi) =[S ((=Tyw, p— Iy p), (0=Tt, p— I, p))) 2 [Sh (Vi) (V)] 2

3 3
<c(afiba] +ets| Jionaniic.
2

+C
2

The constants C; and C; in the above estimates depend on o~ '/2 and 0'/?, respectively. The last

two terms of the bilinear form are estimated as

3
r/ Ku—lhu>-nnvh~n}dss]hé,u v o,
E€é),
3
Y [ip-trli ds<\ . H i vmsan)lllawe-
Ee&"

The combination of all the above estimates shows (4.49) and this concludes the proof.

Lemma 10 Suppose Br=PBhg for some p>0. Let (u,p) € [H*(2)]> xL3(2)NH?*(2) and (w,,pp) €
Vi, x Qy, be the solutions to (2.2) and (4.39) respectively. For any (Vy,qp,) € Vi X Qp, it holds that

} :
hzu h&p

y

Ah((u_ul1vl7_ph):(vh7‘]h))SC< ‘ > H'(thqh)MGLP' (4.53)
2

2

Proof. The model problem with the test function (vy,q;) €V, X Oy, definition of the bilinear form and
the fact that [uj=0 and [p]=0 across edges leads to

Ap((u=wy,p—pn),(Vign))= ), @ IBE/ Ke (Vi-w)Ke (Vi-vy)dx+ ) wﬁE/ Ke (Vip) ke (Vign)dx.
EEgh / EEéah .///E

(4.54)

In the first term on the right-hand side of (4.54), using the Cauchy—Schwarz inequality, Poincaré
inequality and Bg ~hg,

Z (O] lﬁE/ KE(Vh-ll)KE(Vh-Vh)dx
Ecé,

2 3
) ( Yo lﬁE/ K%(Vhw)dx)
L2 () Ecé, Mg

Vh Vh-udx

-1

o B

(Eéh \//zE| e
3/2

<CHh / H2||\(Vh761h)|HGLP~
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The constant C in the above estimates depend on @~ '/2. In a similar way, the second term can be

estimated as

3/2
Y 0By [ xe(Van)ke(Vigde<c|wfp| lvanllor-
Ec&, M 2

The constant C in the above estimate depending on @'/2. The collection of all the above estimates

shows (4.53) and this concludes the proof.

Theorem 4 Let (u,p)€[H?(Q)]? xL3(Q)NH?(Q) and (wp,py)EVix Qy be the solutions to (2.2)
and (3.14) respectively. Assume that Bg =B hg for some B>0. Then it holds that

)

Proof. This follows from the combination of Lemma 9 and Lemma 10, as in the proof of Theorem 2.

3
h%p

3
|||(U—uh»P—Ph)|GLPSC(H}@“ +’
2

5 Numerical results

In this section, an array of numerical results is presented to illustrate the derived theoretical estimates.
The numerical solutions of all examples are computed on hierarchy of uniformly-refined triangular
meshes having 16, 64, 256, 1024 and 4096 elements. The initial and an uniformly-refined mesh are

shown in Figure 2.

1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 2 Triangulations used for computations in section 5.

Example: Consider the model problem (2.1) in 2 =(0,1)? with a given exact solution:

u(x,y)=(—2nsin(27x)cos(2xy),2wcos(2mx)sin(27y)),
p(x,y)=sin(27x)sin(27y).

The numerical tests for the Darcy equations are conducted with approximations of P} /IPy and P{¢ /€.
Set the stabilization parameters Sg=Bhg with =1 in the finite element formulations (3.14) and
(4.39). The GLPS finite element system offers a non-oscillatory solution and hence, it supports the

proposed stabilized schemes. The Figure 3 shows the GLPS FEM solutions P}¢ /Py approximation
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with 6208 number of degrees of freedom for the unknown (uy,p;) with (w=1). The errors are
measured in the L2- norm, H!-seminorm and GLP norm. The orders of convergence are computed
for the errors obtained with the two finest meshes. The effect of parameters ¢ and A on the rates
of convergence is also investigated. The Tables 1 and 2 show the errors and order of convergence
for (P}¢/IPy) finite element solutions of the model problem with (w=1) and (@=0.1) respectively.
A second-order convergence can be observed in the L?-norm and a first-order convergence in the
H!-seminorm. Moreover, the convergence order one was obtained with respect to the GLP norm as
defined in (3.16). In addition, the Figure 4 shows the convergence behaviuor of P} /IPy approximation
of the Darcy equations with respect to the L?>-norm, H!-norm and GLP norm with (@=1) and
(w=0.1); it confirms the expected rate of convergence.

It is reported that the velocity and pressure approximation pair /¢ /IP}¢ is not inf-sup stable for
the Darcy flow problem. The GLP stabilization works effectively for the P /P approximation.
The GLP formulation (4.39) overcomes the space incompatibility issue and improves the pressure’s
approximation. The Figure 5 shows the GLPS FEM solutions P /P}¢ approximation with 6208
number of degrees of freedom for the unknown (uy,,py,) with (0=0.1). The experimental findings on
convergence rates for P} /P{“ FEMs are summarized in Table 3, Table 4 and Figure 6 with (w=1)
and (0=0.1). The desired convergence rates are demonstrated, i.e., the second-order L2-errors in
velocity and pressure and first-order for H'-approximation error in velocity. Moreover, in the P /Pie
approximations, the stabilized formulation achieves convergence ¢(h*/?) with respect to GLP norm
for the Darcy problem. Furthermore, the numerical simulations are also performed with (3.14) and
(4.39) for w=0.01. As per expectations, the computational results are in agreement with the theoretical

predictions.

Py Un u

To08 06 04 02 o 0

0 0.5 1 05 0

Fig. 3 P{°/Pi¢ GLPS discrete solution (uy,pp,) with (0=1, f=1).

6 Summary

In this article, a generalized local projection stabilized (GLPS) nonconforming finite element scheme
for the Darcy equations is two finite element pairs, (P}¢/Py) and (P{¢/P}¢), was proposed and
analyzed. The GLPS technique allows the choice of projection spaces on overlapping sets and avoids
using a two-level mesh or enrichment of the finite element space. The partition of unity of the basis
functions together with L?-orthogonal projection properties is used in deriving the stability and

convergence estimates. Further, an a priori error analysis is derived for both the finite-dimensional
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¢ /Py approximations

Mesh-size b | [lu—w;| | [V(a—uwp)| | [[p—pal | [IlllLe
1/8 1.1803 16.7457 0.3345 | 0.0071
1/16 0.2953 6.9481 0.1805 0.3490
1/32 0.0803 3.6681 0.0919 0.1223
1/64 0.0232 2.2072 0.0462 0.0517
1/128 0.0071 1.4328 0.0231 0.0242
Order 2 1 1 1

Table 1 Convergence results for i /Py approximations with (w=1, f=1).

P}¢ /Py approximations
Meshesize h | Tu—wil | Va—wn)] | Tp—pl | TFlorr
1/8 1.1178 14.5783 0.3978 3.5660
1/16 0.2822 6.2639 0.1869 | 0.9129
1/32 0.0709 2.8722 0.0928 0.2430
1/64 0.0178 1.3764 0.0463 0.0730
1/128 0.0044 0.6778 0.0231 0.0271
Order 2 1 1

Table 2 Convergence results for P{¢ /Py approximations with (0=0.1, B=1).

1
100 '// ] 0° /

102 . - 102
1

& 4
S o
= =
w ] w

- ——H loci j -
102 L2 :;S:;g:::‘: 1072 ——y' velocity error |}

2 ——2 velocity error
—<=L* pressure error L2
lIHilg p emor —4—L* pressure error
il p error

4 L . -4 . :
10 10

1073 10 Mesh-size 107 10° 103 102 ize 107 10°

esnh-size Mesh-size
(@) (b)

Fig. 4 Convergence plots of IP{° /Py approximation with (a) (w=1, B=1) and (b) (@=0.1, B=1).

B — -
os o 05 1

Fig. 5 P{°/P| GLPS discrete solution (uy,,pj,) with (0=0.1, B=1).
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[P}¢/IP}¢ approximations

Mesh-size b | [lu—w;| | [V(a—uwp)| | [[p—pal | [IlllLe
1/8 1.1575 15.8431 0.2144 1.3909
1/16 0.3012 7.0575 0.0405 0.3741
1/32 0.0809 3.7293 0.0073 0.0861
1/64 0.0233 2.2368 0.0017 | 0.02451
1/128 0.0071 1.4475 0.0004 0.0075
Order 2 1 2 1.5
Table 3 Convergence results for i /P approximations with (o=1, f=1).
[P}¢/IP}¢ approximations

Mesh-size h | [lu—w;| | [V(a—uwp)| | [[p—pal | [llllLe
1/8 1.0034 11.9293 0.2414 10.0536
1/16 0.2678 5.1942 0.0486 2.6825
1/32 0.0691 2.5644 0.0114 0.6920
1/64 0.0176 1.2948 0.0033 0.1762
1/128 0.0044 0.6565 0.0009 0.0446
Order 2 1 2 1.5

Table 4 Convergence results for i /P}¢ approximations with (0=0.1, B=1).
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Fig. 6 Convergence plots of P|°/IP{¢ approximations with (a) (w=1, f=1) and (b) (0=0.1, B=1).
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approximations. An array of numerical experiments is presented to support the derived estimates and

demonstrate the proposed scheme’s efficiency in suppressing the oscillations without compromising

convergence.
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