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Abstract An a priori analysis for a generalized local projection stabilized finite element solution

of the Darcy equations is presented in this paper. A first-order nonconforming Pnc
1 finite element

space is used to approximate the velocity, whereas the pressure is approximated using two different

finite elements, namely piecewise constant P0 and piecewise linear nonconforming Pnc
1 elements. The

considered finite element pairs, Pnc
1 /P0 and Pnc

1 /Pnc
1 , are inconsistent and incompatibility, respectively,

for the Darcy problem. The stabilized discrete bilinear form satisfies an inf-sup condition with a

generalized local projection norm. Moreover, a priori error estimates are established for both finite

element pairs. Finally, the validation of the proposed stabilization scheme is demonstrated with

appropriate numerical examples.
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1 Introduction

The Darcy equations have considerable practical importance in the civil, geotechnical, petroleum, and

electrical engineering fields such as flow in porous media, heat transfer, and semiconductor devices.

In general, numerical schemes for the Darcy equations can be classified into two categories: (i) primal,

the single-field formulation for the pressure, and (ii) mixed two-field formulation, where the pressure

and velocity are approximated monolithically.
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The mixed two-field formulation eliminates the velocity, and it results in scalar second-order

elliptic partial differential equations (PDEs) for the pressure. This pressure Poisson problem can

be solved with adequate accuracy using the existing finite element methods (FEMs). However, the

velocity will be a derived flux, and thus, its accuracy will be one order less than the accuracy of

the pressure. Therefore, the second-order problem is preferred when pressure is the most significant

variable, whereas the first-order system is preferred when velocity is more crucial [5, 37].

The mixed finite element method is a popular approach for solving PDEs with coupled unknown

functions. The classical mixed variational formulation of the Darcy equations is posed in the function

spaces H(div,Ω) and L2
0(Ω) for the velocity and pressure respectively. Here, H(div,Ω) is the space

of Lebesgue square-integrable functions, whose divergence is also Lebesgue square-integrable; L2
0(Ω)

is the space of Lebesgue square-integrable functions defined on Ω , modulo a constant. The finite

dimensional subspaces of H(div,Ω) and L2
0(Ω) are refered to as conforming approximation spaces.

Moreover, this pair of approximation spaces has to satisfy the Babuška–Brezzi condition to obtain a

stable approximation, mainly to avoid oscillations in the pressure approximation. Nevertheless, it is

challenging to construct such finite element pairs that satisfy the inf-sup condition [25, pp. 85]. A

well-known approach is the dual mixed formulation developed by RT (Raviart and Thomas [39]) and

BDM (Brezzi, Douglas and Marini [12]) families, which requires the continuity of normal component

of velocity in combination with a discontinuous pressure approximation. The mixed formulation

has been used for various problems, see [3, 11–13, 18, 19, 23, 24, 26, 27]. A great accuracy has been

achieved for both the velocity and the pressure. Further, the mass has been conserved very well

locally and as well as globally. However, this approach has an inherent complexity; mainly, different

interpolation spaces are required for pressure and velocity. It is more complex to implement, and it

results in a saddle point system that is more challenging to solve.

In this study, we propose a mixed finite element formulation with a generalized local projection

stabilized nonconforming finite element [20] method for the Darcy equations, which avoids the

H(div,Ω) formulation. This approach significantly simplifies the problem.

It is well-known that the application of the standard Galerkin finite element method to the Darcy

equations induces spurious oscillations in the numerical solution. Nevertheless, the standard Galerkin

solution’s stability and accuracy can be enhanced by applying a stabilization technique. The key idea

in stabilization is to stabilize the Galerkin variational formulation by adding an artificial diffusion

so that the discrete approximations are stable and convergent. The literature on stabilized FEM has

become rich [5, 6, 14–17, 37, 40]. In this work, we concentrate on stabilization by local projections.

The local projection stabilization (LPS) method has been proposed in [2, 9] for the Stokes problem

and subsequently extended to various other classes of problems [8, 28, 29, 31, 35, 38, 42]. LPS is

very attractive, particularly due to its commutation property in problems of optimization [7] and

stabilization properties similar to those of residual-based approaches [34]. The local projection

method’s primary advantage is that the LPS approach adds symmetric and fewer stabilization terms

than residual-based stabilization approaches. The generalized local projection stabilization (GLPS)

is an extension of LPS to define local projection spaces on overlapping mesh cells. GLPS has first

been introduced and studied for the convection–diffusion problem in [22, 33], for the Oseen problem

in [4, 35] and recently, for the advection–reaction equations in [30]. GLPS is less sensitive to the
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stabilization parameter [33], and thus, it reduces the ambiguity in using an optimal stabilization

parameter, which is very challenging to identify for practical applications [32, 41]. Further, unlike

LPS, GLPS needs neither a macro grid nor an enrichment of approximation spaces.

This paper’s main contributions are developing a GLPS nonconforming finite element scheme

for the Darcy equations and the derivation of its stability and convergence estimates. The number

of degrees of freedom in nonconforming approximations will slightly be more than the conforming

approximations. Nevertheless, the nonconforming method results in a system matrix with a smaller

stencil. Moreover, system matrices with smaller stencils need less communication and facilitate

scalable parallel numerical schemes. In the present analysis, two variants of approximations are

considered for the Darcy equations. In the first variant, a piecewise linear nonconforming finite

element for the velocity and a piecewise constant element for the pressure, i.e., (Pnc
1 /P0) are used.

The Crouzeix–Raviart space and piecewise constant polynomial space (Pnc
1 /P0) are an inf-sup stable

pair. However, it has been shown in [36] that the finite element pair Pnc
1 /P0 does not converge when

applied to the Darcy problem. In this paper, this convergence issue is managed by GLPS. In the second

variant, the pressure is also approximated using the linear nonconforming finite element, that is, Pnc
1

is used for both velocity and pressure. This equal order finite element pair does not satisfy the inf-sup

compatibility, and the GLPS handles the inf-sup violation. Moreover, a convergence order of one

is observed for the piecewise constant approximation of pressure with respect to a norm defined in

(3.16), and 1.5 is observed for the Pnc
1 finite element approximation of pressure in a norm defined in

(4.40).

The article’s outline is as follows: in Section 2, the Darcy equations’ variational formulation is

introduced. Section 3 is devoted to a generalized local projection stabilization finite element method

with a piecewise constant approximation of the pressure. Further, the stability results and a priori

error estimates are derived for a proposed stabilized method. In Section 4, the stability and error

analysis for the piecewise linear approximation for pressure are presented. In Section 5, numerical

experiments are performed to validate the derived theoretical estimates. Section 6 provides a summary

of the study.

2 Model problem

Consider the governing equations of a Darcy flow: Find (u,p) such that

u+ω∇p=f; ∇·u=φ in Ω , (2.1)

u·n=ψ on ∂Ω ,

where Ω⊂R2 is a bounded polygonal domain with boundary ∂Ω . Here, u is the velocity of the fluid,

p is the pressure in the fluid, f∈[L2(Ω)]2 is the source function, φ is the volumetric flow rate source,

ψ∈H1/2(∂Ω) is a given prescribed flux at the boundary, ω=κ/λ , κ>0 is the permeability and

λ>0 is the viscosity. The divergence constraint imposes that the prescribed data must satisfy∫
Ω

φ dx=
∫

∂Ω

ψ ds.
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2.1 Variational formulation

Consider the Sobolev spaces:

V:={v∈H(div,Ω)| v·n=0 on ∂Ω},

Q:=L2
0(Ω)=

{
q∈L2(Ω)|

∫
Ω

qdx=0
}
,

where L2(Ω) is the space of square-integrable functions. Moreover, L2(Ω) and L∞(Ω) norms

are respectively denoted by ‖u‖ and ‖u‖
∞

. The standard notation of Sobolev space Hm(Ω) for

m=1,2 and its norm ‖·‖m are used. The notations [L2(Ω)]2 and [H1(Ω)]2 respectively abbreviate

the vector-valued versions of L2(Ω) and H1(Ω); H1
0(Ω) is a subspace of H1(Ω) with zero trace

functions. Multiplying the model equation (2.1) by test functions, integrate it over Ω and applying

the integration by part to the pressure term results in a variational form:

Find (u,p) ∈V×Q such that

a(u,v)−b(p,v)=(f,v); b(u,q)=(φ ,q),

for all (v,q)∈V×Q. Here,

a(u,v):=
∫

Ω

ω
−1(u·v)dx; b(p,v):=(p,∇·v),

where (·,·) is the L2(Ω) inner product. Further, the variational form can be written in a compact form:

Find (u,p) ∈V×Q such that

A((u,p),(v,q))=l(v) (2.2)

for all (v,q)∈V×Q, where

A((u,p),(v,q)):=a(u,v)−b(p,v)+b(q,u),

l(v):=(f,v)+(φ ,q).

The well–posedness of the model problem (2.1) is an application of the Lax–Milgram lemma [25]

and the Babuška–Brezzi condition for the pair V×Q [25].

2.2 Finite element formulation

Let Th be a collection of non-overlapping quasi-uniform triangles obtained by decomposition of

Ω . Let hK=diam(K) for all K∈Th and the mesh-size h=maxK∈Th hK . Let Eh=E I
h∪E B

h be the set of

all edges in Th, where E I
h and E B

h are the sets of all interior and boundary edges respectively and

hE=diam(E) for all E∈Eh. Further, for each edge E in Eh, a unit normal vector n is associated; this

is taken to be the unit outward normal to ∂Ω for all E∈E B
h . Suppose K+(E) and K−(E) are the

neighbours of the interior edge E∈E I
h , then the normal vector n is oriented from K+(E) and K−(E),

see Figure 1. Similarly, for v∈L2(Ω), the trace of v along one side of a cell is well-defined whereas
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there are two traces for the edges sharing two cells. In such cases, the average and jump of a function

v on the edge E can be defined as

{v}= 1
2
(
v+|E+v−|E

)
, [v]:=v+|E−v−|E ,

where v± :=v|K± . Further, the average and jump of the vector-valued function v are defined component-

wise. Moreover, for any E∈Eh, ME (patch of E) denotes the union of all cells that share the edge E,

see Figure 1. The following norm is used in the analysis. Let the piecewise constant function hT be

defined by hT |K=hK and s∈R and m≥0. Then,

‖hs
T u‖m=

(
∑

K∈Th

h2s
K ‖u‖

2
Hm(K)

) 1
2

for all u∈ Hm(Th).

For any E∈Eh, define the fluctuation operator κE :L2(ME)→L2(ME) by

κE(v):=v− 1
|ME |

∫
ME

vdx,

where |ME | denotes the area of ME . Then,

‖κE‖L (L2(ME),L2(ME))
≤C ∀ E∈ME ,

where C is a constant independent of h. Let k ≥ 0 be an integer. Define the piecewise polynomial

n

a

b

K
+

K
−

E

E

ME

Fig. 1 Left side two neighbouring triangles K+ and K− are shared by the edge E=ab with the initial node a and the
end node b and n is the unit outward normal to K+; right side edge patch ME .

space as

Pk(Th):=
{

v∈L2(Ω):v|K∈Pk(K) for all K∈Th
}
,

where Pk(K) is the space of polynomials of degree at most k over the element K. Further, define the

piecewise linear nonconforming Crouzeix–Raviart finite element space as

Pnc
1 (Th):=

{
v∈L2(Ω):v|K∈P1(K)

∫
E
[v]ds=0, for all E∈Eh

}
.



6 Deepika Garg, Sashikumaar Ganesan

In addition, define

Pnc
1,0(Th):={v∈Pnc

1 (Th) | v(mid(E))=0 for all E∈E B
h }.

Note that throughout this paper, C (sometimes subscripted) denotes a generic positive constant

that may depend on the shape-regularity of the triangulation but is independent of the mesh-size.

Further, the notation c.d represents the inequality c≤Cd. Next, the following technical results of

finite element analysis are recalled.

Lemma 1 Trace inequality [21, pp. 27]: Suppose E denotes an edge of K∈Th. For v|K∈H1(K) and

vh∈Pk(Th), there holds

‖v‖L2(E)≤C
(

h−1/2
K ‖v‖L2(K)+h1/2

K ‖∇v‖L2(K)

)
, (2.3)

‖vh‖L2(E)≤Ch−1/2
K ‖vh‖L2(K). (2.4)

Lemma 2 Inverse inequality [21, pp. 26]: Let v∈Pk(Th) for all k≥0. Then,

‖∇v‖L2(K)≤Ch−1
K ‖v‖L2(K). (2.5)

Lemma 3 Poincaré inequality [10, pp. 104]: For a bounded and connected polygonal domain Ω and

for any v∈H1(Ω), ∥∥∥∥v− 1
|Ω |

∫
Ω

vdx
∥∥∥∥

L2(Ω)

≤ChΩ ‖∇v‖L2(Ω), (2.6)

where hΩ and |Ω | denote the diameter and measure of domain Ω ; the constant C is independent of

the mesh-size hΩ .

Further, for a locally quasi-uniform and shape-regular triangulation, the L2-orthogonal projection

Ih :L2(Ω)→Pnc
1 (Th) satisfies the following approximation properties [1, 22].

Lemma 4 L2-orthogonal projections: The L2-projection Ih :L2(Ω)→Pnc
1 (Th) satisfies∥∥h−1

T (v−Ihv)
∥∥+‖∇(v−Ihv)‖≤C‖hT v‖2, for all v∈H2(Ω), (2.7)

For vector-valued functions, Ih :[L2(Ω)]2→[Pnc
1 (Th)]

2 satisfies∥∥h−1
T (v−Ihv)

∥∥+‖∇(v−Ihv)‖≤C‖hT v‖2 for all v∈[H2(Ω)]2. (2.8)

Moreover, the trace inequality (2.3) over each edge implies(
∑

E∈Eh

‖v−Ihv‖2
L2(E)

)1/2

≤C
∥∥∥h3/2

T v
∥∥∥

2
for all v∈[H2(Ω)]2. (2.9)

The orthogonality relation for all vh∈Vh implies

(v−Ihv,vh)=0. (2.10)
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The following approximation estimates hold for the L2-orthogonal projection operator:

‖Ihv‖≤‖v‖,
∥∥h−1

T Ihv
∥∥≤C

∥∥h−1
T v
∥∥ and ‖∇h(Ihv)‖≤C‖∇hv‖. (2.11)

The L2-projection, πh :L2(Ω)→P0(Th) such that (q−πhq,rh)=0 for all rh∈P0(Th) [25], has the

following approximation property:

‖q−πhq‖≤C‖hT q‖1for all q∈H1(Ω). (2.12)

3 Piecewise constant approximation of pressure ([Pnc
1 (Th)]

2/P0(Th))

This section describes a generalized local projection stabilized finite element method for the problem

(2.1), where the velocity is approximated with nonconforming (Pnc
1 ) finite elements and the pressure

with piecewise constants. The finite element pair [Pnc
1 (Th)]

2/P0(Th) is an inf-sup stable pair. However,

this pair results in inconsistent discretizations for the Darcy equations [36]. Therefore, the GLPS

method is introduced here to handle the inconsistency issue.

Let Vh :=[Pnc
1 (Th)]

2 and Qh :=L2
0(Ω)

⋂
P0(Th). For each E∈Eh, let βE :=βhE for some stabiliza-

tion parameter β≥0 and let Sh(·,·) be a stabilization term given by

Sh(uh,v):= ∑
E∈Eh

ω
−1

βE

∫
ME

κE(∇h ·uh)κE(∇h ·v)dx+ ∑
E∈Eh

∫
E

1
hE

[uh ·n][v·n]ds. (3.13)

The generalized local projection stabilized discrete form of (2.1) reads as:

Find (uh,ph)∈Vh×Qh such that

Ah((uh,ph),(v,q))=l(v,q) for all (v,q)∈Vh×Qh, (3.14)

where

Ah((uh,ph),(v,q)):=ah(uh,v)−bh(ph,v)+bh(q,uh)+Sh((uh,v), (3.15)

and

ah(uh,v):= ∑
K∈Th

∫
K

ω
−1(uh ·v)dx, bh(q,uh):=(q,∇h ·uh)L2(Ω)− ∑

E∈E B
h

∫
E
(uh ·n)qds,

Sh(uh,v):=SI(uh,v)+SB(uh,v),

SI(uh,v):= ∑
E∈Eh

ω
−1

βE

∫
ME

κE(∇h ·uh)κE(∇h ·v)dx, SB(uh,v):= ∑
E∈Eh

∫
E

1
hE

[uh ·n][v·n]ds,

l(v,q):=(f,v)+(φ ,q)+ ∑
E∈E B

h

(
−
∫

E
ψqds+

∫
E

1
hE

ψ(v·n)ds
)
.
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In the stabilization term, the additional edge integrals of the jump of the normal component of the

discrete velocity along edges are necessary to control the nonconformity (consistency error) arising

from the pressure terms [4, 15].

Further, the generalized local projection norm for Vh×Qh is defined by

|||(uh,ph)|||2GLP :=
∥∥∥ω
− 1

2 uh

∥∥∥2
+‖h

1
2
T (∇h ·uh)‖2+‖ph‖2+Sh(uh,uh). (3.16)

3.1 Stability

The main result of this section is the following theorem, which ensures that the discrete bilinear form

is well-posed [25].

Theorem 1 Suppose βE=βhE for some β>0. Then, the discrete bilinear form (3.14) satisfies the

following inf-sup condition for some positive constant γ , independent of h:

inf
(uh,ph)∈Vh×Qh

sup
(vh,qh)∈Vh×Qh

Ah((uh,ph),(vh,qh))

|||(uh,ph)|||GLP|||(vh,qh)|||GLP
≥γ>0.

Proof. In order to prove the stability result, it is enough to choose some (vh,qh)∈Vh×Qh for any

arbitrary (uh,ph)∈Vh×Qh, such that

Ah((uh,ph),(vh,qh))

|||(vh,qh)|||GLP
≥γ |||(uh,ph)|||GLP>0. (3.17)

First, consider the bilinear form Ah(·,·) defined in (3.15) with the test function pair (vh,qh)=(uh,ph):

Ah((uh,ph),(uh,ph))=
∥∥∥ω
− 1

2 uh

∥∥∥2
+Sh(uh,uh). (3.18)

Since the pair [Pnc
1,0(Th)]

2×Qh satisfies an inf-sup condition [25], i.e., there exists a constant µ>0

such that

inf
ph∈Qh

sup
vh∈[Pnc

1,0(Th)]
2

(divhvh, ph)

‖∇hvh‖‖ph‖
≥µ>0. (3.19)

As a consequence of (3.19), for each ph∈Qh, there exists zh∈[Pnc
1,0(Th)]

2 such that

−(divhzh, ph)=‖ph‖2 and ‖zh‖1,h≤C1‖ph‖, (3.20)

where, the norm of zh is defined as ‖zh‖1,h=
(

∑K∈Th
‖zh‖2

1,K

)1/2
, [25]. Taking (vh,qh)=(zh,0) as a

test function pair, the bilinear form (3.15) becomes

Ah((uh,ph),(zh,0))=ah(uh,zh)−bh(ph,zh)+Sh(uh,zh). (3.21)
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Now, estimate the three terms of (3.21) individually. The first term is handled by using the Cauchy–

Schwarz inequality, (3.20) and Young’s inequality, as

ah(uh,zh)≤ω
−1‖uh‖‖zh‖≤ω

−1C1‖uh‖‖ph‖≤C
∥∥∥ω
− 1

2 uh

∥∥∥2
+

1
6
‖ph‖2. (3.22)

The constant C in (3.22) depend on ω−1. Using (3.20) in the second term of (3.21),

−bh(ph,zh)=−(ph,∇h ·zh)+ ∑
E∈E B

h

∫
E
(zh ·n)phds=‖ph‖2+ ∑

E∈E B
h

∫
E
(zh ·n)phds.

For any E∈E B
h , the edge integral of zh vanishes as zh∈[Pnc

1,0(Th)]
2. Since ph are constants on the

edges,

∑
E∈E B

h

∫
E
(zh ·n)phds=0 for all E∈E B

h .

Recall the stabilization term

Sh(uh,zh)= ∑
E∈Eh

ω
−1

βE
(
κE(∇h ·uh),κE(∇h ·zh)

)
L2(ME )

+ ∑
E∈Eh

∫
E

1
hE

[uh ·n][zh ·n]ds. (3.23)

Applying the Cauchy–Schwarz inequality, boundedness of the patch-wise local projection operator,

(3.20) and Young’s inequality in the first term of (3.23),

∑
E∈Eh

ω
−1

βE
(
κE(∇h ·uh),κE(∇h ·zh)

)
L2(ME )

≤

(
∑

E∈Eh

ω
−1

βE‖κE(∇h ·uh)‖2
L2(ME )

) 1
2
(

∑
E∈Eh

ω
−1

βE‖κE(∇h ·zh)‖2
L2(ME )

) 1
2

=

(
∑

E∈Eh

ω
−1

βE‖κE(∇h ·uh)‖2
L2(ME )

) 1
2
(

∑
E∈Eh

ω
−1

βE

∥∥∥∥∇h ·zh−
1
|ME |

∫
ME

∇h ·zhdx
∥∥∥∥2

L2(ME )

) 1
2

≤C1[Sh(uh,uh)]
1
2 ‖∇h ·zh‖

≤C
4

Sh(uh,uh)+
1
6
‖ph‖.

The constant C in the above estimates depend on ω−1/2. Using the continuity of nonconforming finite

element functions at all the mid points of the inner edges,
∫

E [uh]ds=0 for all uh∈Pnc
1 (Th) and E∈E I

h .

Applying the Poincaré inequality and trace inequality for zh∈[Pnc
1,0(Th)]

2 and E∈E I
h ,

‖[zh]‖L2(E)≤Ch
1
2
E ‖∇hzh‖L2(ME )

.
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An addition over all the edges and using the the Cauchy–Schwarz inequality and (3.20),

∑
E∈Eh

∫
E

1
hE

[uh ·n][zh ·n]ds≤

(
∑

E∈Eh

∫
E

1
hE

[uh ·n]2ds

) 1
2
(

∑
E∈Eh

∫
E

1
hE

[zh ·n]2ds

) 1
2

≤C
4 ∑

E∈Eh

∫
E

1
hE

[uh ·n]2ds +
‖ph‖2

6
.

Thus,

Sh(uh,zh)≤
C
2

Sh(uh,uh)+
1
3
‖ph‖2.

Put together, (3.21) leads to

Ah((uh,ph),(zh,0))≥
1
2
‖ph‖2−C

(∥∥∥ω
− 1

2 uh

∥∥∥2
+

1
2

Sh(uh,uh)

)
. (3.24)

Further, the control of
∥∥∥∥h

1
2
T (∇h ·uh)

∥∥∥∥2

can be obtained by choosing (vh,qh)=(0,hT (∇h ·uh)) in (3.15),

that is,

Ah((uh,ph),(0,hT (∇h ·uh))=bh(hT (∇h ·uh),uh). (3.25)

Consider the right-hand side term of (3.25):

bh(hT (∇h ·uh),uh)=(hT (∇h ·uh),∇h ·uh)− ∑
E∈E B

h

∫
E
(uh ·n)hE(∇h ·uh)ds

=

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

− ∑
E∈E B

h

∫
E

hE(uh ·n)(∇h ·uh)ds.

Using the Cauchy–Schwarz inequality,

∑
E∈E B

h

∫
E

hE(uh ·n)(∇h ·uh)ds≤ ∑
E∈E B

h

hE‖uh ·n‖L2(E)‖∇h ·uh‖L2(E)

≤

 ∑
E∈E B

h

1
hE
‖uh ·n‖2

L2(E)

 1
2
 ∑

E∈E B
h

h3
E‖∇h ·uh‖2

L2(E)

 1
2

≤

 ∑
E∈E B

h

∫
E

1
hE

(uh ·n)2ds

 1
2
 ∑

E∈E B
h

h2
E

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

L2(E)

 1
2

.

Applying the trace inequality (2.4),∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥
L2(E)
≤h−1/2

K

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥
L2(K)

,
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∑
E∈E B

h

∫
E

hE(uh ·n)(∇h ·uh)ds≤C
∥∥∥∥h

1
2
T (∇h ·uh)

∥∥∥∥[SB(uh,uh)]
1
2 ≤ 1

2

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
C
2

SB(uh,uh).

Put together, (3.25) leads to

Ah((uh,ph),(0,(hT (∇h ·uh))))≥
1
2

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

−C
2

Sh(uh,uh). (3.26)

The selection of (vh,qh) is

(vh,qh)=(uh,ph)+
1

C+1
(zh,0)+

1
C+1

(0,hT (∇h ·uh)).

Adding (3.18), (3.24) and (3.26),

Ah((uh,ph),(vh,qh))≥
∥∥∥ω
− 1

2 uh

∥∥∥2
+Sh(uh,uh)+

1
2+2C

‖ph‖2− C
C+1

(∥∥∥ω
− 1

2 uh

∥∥∥2
+

1
2

Sh(uh,uh)

)
+

1
2+2C

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

− C
2+2C

(
Sh(uh,uh)

)
=

1
2+2C

‖ph‖2+
1

2+2C

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
(

1− C
1+C

)(∥∥∥ω
− 1

2 uh

∥∥∥2
+Sh

(
uh,uh)

))
≥ 1

2+2C
‖ph‖2+

1
2+2C

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
1

C+1

(∥∥∥ω
− 1

2 uh

∥∥∥2
+Sh

(
uh,uh)

))
≥ 1

2C+2
|||(uh,ph)|||2GLP. (3.27)

The triangle inequality implies

|||(vh,qh)|||GLP≤|||(uh,ph)|||GLP+
1

C+1
|||(zh,0)|||GLP+

1
C+1

|||(0,hT (∇h ·uh))|||GLP

≤α |||(uh,ph)|||GLP, (3.28)

where, in the second term on the right-hand side of (3.28), using (3.20) and boundedness of the

patch-wise local projection operator,

|||(zh,0)|||GLP=
∥∥∥ω
− 1

2 zh

∥∥∥2
+‖h

1
2
T (∇h ·zh)‖2+Sh(zh,zh)≤C‖ph‖2.

The constant C in the above estimates depend on ω−1. Using an inverse inequality in the third term

on the right-hand side of (3.28),

|||(0,hT (∇h ·uh))|||GLP=‖hT (∇h ·uh)‖2≤C
∥∥∥ω
− 1

2 uh

∥∥∥2
.

The constant C in the above estimates depend on ω . Finally, (3.27) and (3.28) lead to (3.17) and

conclude the proof.
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3.2 A priori error estimates

This subsection discusses a priori error estimates for the ([Pnc
1 (Th)]

2/P0(Th)) approximation for

velocity–pressure pair with respect to the GLP norm.

Lemma 5 Suppose βE=βhE for some β>0. For any (u,p)∈[H2(Ω)]2×L2
0∩H1(Ω) it holds that

|||(u−Ihu,p−πh p)|||GLP≤C
(
‖hT u‖2+‖hT p‖1

)
. (3.29)

Proof. First, consider the terms in the GLP norm defined in (3.16):

|||(u−Ihu,p−πh p)|||2GLP :=
∥∥∥ω
− 1

2 (u−Ihu)
∥∥∥2

+‖h
1
2
T (∇h ·(u−Ihu))‖2+‖p−πh p‖2

+Sh(u−Ihu,u−Ihu).

Using the projection estimates (2.8) and (2.12),∥∥∥ω
− 1

2 (u−Ihu)
∥∥∥≤C

∥∥h2
T u
∥∥

2, ‖h
1
2
T (∇h ·(u−Ihu))‖≤

∥∥∥∥h
3
2
T u
∥∥∥∥

2
and ‖p−πh p‖≤‖hT p‖1.

Note that the constant C in the above estimates depend on ω−1/2. Using the boundedness of the

patch-wise local projection operator, βE=βhE for some β>0, and (2.8),

SI(u−Ihu,u−Ihu)= ∑
E∈Eh

ω
−1

βE

∫
ME

κ
2
E(∇h ·(u−Ihu)) dx

≤C ∑
E∈Eh

ω
−1

βE‖∇h ·(u−Ihu)‖2
L2(ME )

≤C1

∥∥∥h3/2
T u

∥∥∥2

2
.

Note that the constant C1 in the above estimates depend on ω−1. At the edge E, the jump term has

contribution for both cells sharing that edge. Using the trace inequality (2.3),

‖[u−Ihu]‖L2(E)≤C
(

h−1/2
E ‖u−Ihu‖L2(ME )

+h1/2
E ‖∇h(u−Ihu)‖L2(ME )

)
,

and using the projection estimates (2.8)–(2.9),

SB(u−Ihu,u−Ihu)= ∑
E∈Eh

∫
E

1
hE

[(u−Ihu)·n]2ds≤‖hT u‖2
2.

The combination of the above estimates leads to (3.29). This concludes the proof.

Lemma 6 Suppose βE=βhE for some β>0. Let (u,p)∈[H2(Ω)]2×L2
0∩H1(Ω) and for all (vh,qh)∈

Vh×Qh. Then,

Ah((u−Ihu,p−πh p),(vh,qh))≤C
(
‖hT u‖2+‖hT p‖1

)
|||(vh,qh)|||GLP. (3.30)

Proof. Consider the bilinear form in (3.15):

Ah((u−Ihu,p−πh p),(vh,qh))=ah(u−Ihu,vh)−bh(p−πh p,vh)+bh(qh,u−Ihu)+Sh(u−Ihu,vh).

(3.31)
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The first term is handled by using the Cauchy–Schwarz inequality and projection estimates (2.8), as

ah(u−Ihu,vh)≤
∥∥∥ω
− 1

2 (u−Ihu)
∥∥∥∥∥∥ω

− 1
2 vh

∥∥∥≤C
∥∥h2

T u
∥∥

2|||(vh,qh)|||GLP.

Note that the constant C in the above estimates depend on ω−1/2. Consider the second term on the

right-hand side of (3.31):

bh(p−πh p,vh)=(p−πh p,∇h ·vh)− ∑
E∈E B

h

∫
E
(vh ·n) (p−πh p)ds. (3.32)

Applying the L2-orthogonal projection property (2.12), the first term on the right-hand side of (3.32)

gives (p−πh p,∇h ·vh)=0. The second term is handled by using the Cauchy–Schwarz inequality, trace

inequality over the edges and (2.12), as

∑
E∈E B

h

∫
E
(vh ·n) (p−πh p)ds≤

 ∑
E∈E B

h

∫
E

1
hE

(vh ·n)2ds

 1
2
 ∑

E∈E B
h

hE‖p−πh p‖2
L2(E)

 1
2

≤‖hT p‖1|||(vh,qh)|||GLP.

Consider the next term on the right-hand side of (3.31):

bh(qh,u−Ihu)=(qh,∇h ·(u−Ihu))− ∑
E∈E B

h

∫
E
((u−Ihu)·n) qhds. (3.33)

Applying the Cauchy–Schwarz inequality and projection estimates (2.8), the first term of (3.33) is

estimated as:

(qh,∇h ·(u−Ihu))≤‖qh‖‖∇h ·(u−Ihu)‖≤C‖hT u‖2|||(vh,qh)|||GLP.

The second term is handled by using the Cauchy–Schwarz inequality, trace inequality (2.4) and (2.9),

as

∑
E∈E B

h

∫
E
((u−Ihu)·n) qhds≤

 ∑
E∈E B

h

1
hE
‖(u−Ihu)·n‖2

L2(E)

 1
2
 ∑

E∈E B
h

hE‖qh‖2
L2(E)

 1
2

≤C‖hT u‖2|||(vh,qh)|||GLP.

Using similar techniques as in the last term of Lemma 5 leads to

SI(u−Ihu,vh)=[SI(u−Ihu,u−Ihu)]
1
2 [SI(vh,vh)]

1
2 ≤C

∥∥∥∥h
3
2
T u
∥∥∥∥

2
|||(vh,qh)|||GLP.

The constant C in the above estimates depend on ω−1/2 and

SB(u−Ihu,vh)=[SB(u−Ihu,u−Ihu)]
1
2 [SB(vh,vh)]

1
2 ≤‖hT u‖2|||(vh,qh)|||GLP.

The collection of all the above estimates shows (3.30) and this concludes the proof.
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Lemma 7 Suppose (u,p)∈[H2(Ω)]2×L2
0(Ω)

⋂
H1(Ω) and (uh,ph)∈Vh× Qh are the solutions to

(2.2) and (3.14) respectively. Assume also that βE=βhE for some β>0 and let (vh,qh)∈Vh×Qh.

Then,

Ah((u−uh,p−ph),(vh,qh))≤C
(
‖hT u‖2+‖hT p‖2

)
|||(vh,qh)|||GLP. (3.34)

Proof. Consider the model problem with the test function (vh,qh)∈Vh×Qh. Using an integration by

parts and the definition of the bilinear form,

a(u,vh)−b(p,vh)+ ∑
E∈E B

h

∫
E
(vh ·n)pds=(f,vh)− ∑

E∈E I
h

∫
E
[vh ·n]pds.

Using the bilinear form (3.15) and the fact that [u]=0,

Ah((u−uh,p−ph),(vh,qh))=SI(u,vh)+ ∑
E∈E I

h

∫
E
[vh ·n]pds. (3.35)

In the first term of stabilization SI(u,vh), applying the Cauchy–Schwarz inequality, Poincaré inequality

(2.6) and βE∼hE ,

SI(u,vh)= ∑
E∈Eh

ω
−1

βE

∫
ME

κE(∇h ·u)κE(∇h ·vh)dx

≤

(
∑

E∈Eh

ω
−1

βE

∫
ME

[κE(∇h ·u)]2dx

) 1
2
(

∑
E∈Eh

ω
−1

βE

∫
ME

[κE(∇h ·vh)]
2dx

) 1
2

≤

(
∑

E∈Eh

ω
−1

βE

∥∥∥∥∇h ·u−
1
|ME |

∫
ME

∇h ·udx
∥∥∥∥2

L2(ME )

)1/2

|||(vh,qh)|||GLP

≤C
∥∥∥h3/2

T u
∥∥∥

2
|||(vh,qh)|||GLP.

The constant C in the above estimates depend on ω−1/2. The second term of (3.35) is handled by

using the fact that the edge integral of the jump of [vh ·n] over each inner edge is zero and πh p is

element-wise constant, i.e.,

∑
E∈E I

h

∫
E
[vh ·n]pds= ∑

E∈E I
h

∫
E
[vh ·n](p−πh p)ds≤

 ∑
E∈E I

h

∫
E

hE(p−πh p)2ds

 1
2
 ∑

E∈E I
h

∫
E

1
hE

[vh ·n]2ds

 1
2

≤C‖hT p‖1|||(vh,qh)|||GLP.

The collection of all the above estimates shows (3.34) and this concludes the proof.

Theorem 2 Let (u,p)∈[H2(Ω)]2×L2
0∩H1(Ω) and (uh,ph)∈Vh× Qh be the solutions to (2.2) and

(3.14) respectively. Suppose βE=βhE for some β>0. Then it holds that

|||(u−uh,p−ph)|||GLP≤C
(
‖hT u‖2+‖hT p‖1

)
. (3.36)
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Proof. The triangle inequality implies that

|||(u−uh,p−ph)|||GLP≤|||(u−Ihu,p−πh p)|||GLP+|||(Ihu−uh,πh p−ph)|||GLP. (3.37)

The first term of (3.37) follows from Lemma 5, i.e.,

|||(u−Ihu,p−πh p)|||GLP≤C
(
‖hT u‖2+‖hT p‖1

)
.

The second term of (3.37) is handled by using Theorem 1, as

|||(Ihu−uh,πh p−ph)|||GLP≤1/γ sup
(vh,qh)∈Vh× Qh

Ah((Ihu−uh,πh p−ph),(vh,qh))

|||vh,qh|||GLP

≤1/γ sup
(vh,qh)∈Vh× Qh

Ah(u−uh,p−ph),(vh,qh))

|||vh,qh|||GLP

+ sup
(vh,qh)∈Vh× Qh

Ah((Ihu−u,πh p−p),(vh,qh))

|||vh,qh|||GLP
. (3.38)

Finally, the result follows by using Lemma 6 and Lemma 7 in (3.38) and this concludes the proof.

4 Piecewise linear nonconforming approximation of pressure ([Pnc
1 (Th)]

2/Pnc
1 (Th))

Consider the vector spaces

Vh :=[Pnc
1 (Th)]

2, V0
h :=[Pnc

1,0(Th)]
2 and Qh :=Pnc

1 (Th)∩L2
0(Ω).

This section deals with piecewise linear space for pressure discretization to better estimate the pressure

and get the optimal order of convergence for the velocity approximation. But with this choice of

pressure, the inf-sup compatibility between the velocity and pressure discrete spaces are lost. Thus,

in addition to stabilization for consistency error, more stabilization terms are required to control the

incompressibility condition, which makes discretization inf-sup stable, and can handle discontinuity

of pressure along the edges [4, 35].

The generalized local projection stabilized discrete form with ([Pnc
1 ]2/Pnc

1 ) reads as: Find

(uh,ph)∈Vh×Qh such that

Ah((uh,ph),(v,q))=l(v,q) for all (v,q)∈Vh×Qh, (4.39)

where

Ah((uh,ph),(v,q))=ah(uh,v)−bh(ph,v)+bh(q,uh)+Sh((uh,ph),(v,q)),
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and

ah(uh,v):= ∑
K∈Th

∫
K

ω
−1(uh ·v)dx,

bh(q,uh):=(q,∇h ·uh)− ∑
E∈E B

h

∫
E
(uh ·n)qds− ∑

E∈E I
h

∫
E
[uh ·n]{q}ds,

Sh
(
(uh,ph),(v,q)

)
:=Su

(
uh,v

)
+Sp

(
ph,q

)
,

Su
(
uh,v

)
:= ∑

E∈Eh

ω
−1

βE (κE(∇h ·uh),κE(∇h ·v))L2(ME )
+ ∑

E∈Eh

∫
E
[uh ·n][v·n]ds,

Sp
(

ph,q
)

:= ∑
E∈Eh

ωβE (κE(∇h ph),κE(∇hq))L2(ME )
+ ∑

E∈E I
h

∫
E
[ph][q]ds,

l(v,q):=(f,v)+(φ ,q)+ ∑
E∈E B

h

(
−
∫

E
ψqds+

∫
E

ψ

hE
(v·n)ds

)
.

Further, the GLP norm for Vh×Qh is denoted by

|||(uh,ph)|||2GLP :=
∥∥∥ω
− 1

2 uh

∥∥∥2
+‖h

1
2
T (∇h ·uh)‖2+‖ph‖2+Sh

(
(uh,ph),(uh,ph)

)
. (4.40)

4.1 Stability

In addition, the key statement of this article is the following theorem, which guarantees that the

discrete bilinear form (4.39) is well–posed.

Theorem 3 Suppose βE=βhE for some β>0. Then, the finite element formulation (4.39) satisfies

the following inf-sup condition for some positive constant ν , independent of h:

inf
(uh,ph)∈Vh×Qh

sup
(vh,qh)∈Vh×Qh

Ah((uh,ph),(vh,qh))

|||(uh,ph)|||GLP|||(vh,qh)|||GLP
≥ν .

Proof. First, consider the test function pair (vh,qh)=(uh,ph). Then,

Ah((uh,ph),(uh,ph))=
∥∥∥ω
− 1

2 uh

∥∥∥2
+Sh((uh,ph),(uh,ph)).

The stability of the pair ([H1
0(Ω)]2/L2

0(Ω)) [25] implies that there exists a constant α>0 such that

inf
qh∈Qh

sup
v∈[H1

0(Ω)]2

(divv,qh)

‖∇v‖‖qh‖
≥α>0. (4.41)

As a consequence of (4.41), for each ph∈Qh, there exists z∈H1
0(Ω)2 such that

−(∇h ·z,ph)=‖ph‖2 and ‖z‖1≤C1‖ph‖. (4.42)

Let z∈H1
0(Ω)2 be defined as in (4.42). Let zh=Ihz∈Vh. Then, by choosing (vh,qh)=(zh,0) in (4.39),

Ah((uh,ph),(zh,0))=ah(uh,zh)−bh(ph,zh)+Sh((uh,ph),(zh,0)). (4.43)
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Most of the estimates for the right-hand side terms of (4.43) follow from (3.21). Only those estimates

that are new or different from (3.21) are discussed here. In the second term of (4.43), add 0=

(ph,ph)−(ph,−∇h ·z) to obtain

−bh(ph,zh)=−(ph,∇h ·zh)+ ∑
E∈E I

h

∫
E
[zh ·n]{ph}ds+ ∑

E∈E B
h

∫
E
(zh ·n) phds

=‖ph‖2+(ph,∇h ·(z−zh))+ ∑
E∈E I

h

∫
E
[zh ·n]{ph}ds+ ∑

E∈E B
h

∫
E
(zh ·n)phds. (4.44)

Applying an integration by parts to the second term of (4.44),

(ph,∇h ·(z−zh))=−(∇h ph,(z−zh))+ ∑
E∈E I

h

∫
E
{ph}[(z−zh)·n]ds

+ ∑
E∈E I

h

∫
E
[ph]{(z−zh)·n}ds+ ∑

E∈E B
h

∫
E

ph((z−zh)·n)ds.

It follows that

−bh(ph,zh)=‖ph‖2−(∇h ph,z−zh)+ ∑
E∈E I

h

∫
E
[ph]{(z−zh)·n}ds. (4.45)

Use the canonical Crouzeix–Raviart edge basis-function φE at the edge E∈Eh over the mesh Th.

Since, ∑E∈Eh
φE≡1,

(∇h ph,z−zh)= ∑
K∈Th

∫
K

∇h ph(z−zh) ∑
E∈Eh

φE dx= ∑
E∈Eh

∫
ME

(z−zh) ∇h phφE dx. (4.46)

Using the orthogonality of L2-projection with the test function CEφE∈Vh, where CE=
1
|ME |

∫
ME

∇h phdx and ‖φ‖
∞
≤1,

(∇h ph,z−zh)= ∑
E∈Eh

∫
ME

(z−zh)
(

∇h ph−
1
|ME |

∫
ME

∇h phdx
)

φE dx

≤

(
∑

E∈Eh

∫
ME

ω
−1

β
−1
E (z−zh)

2dx

) 1
2
(

∑
E∈Eh

∫
ME

ωβEκ
2
E(∇h ph)dx

) 1
2

≤ 1
8
‖ph‖2+CSh((uh,ph),(uh,ph)).

The constant C in the above estimates depend on ω−1/2. The last term of (4.45) is estimated by using

trace inequality, as

∑
E∈E I

h

∫
E
[ph]{(z−zh)·n}ds≤

 ∑
E∈E I

h

‖[ph]‖2
L2(E)

 1
2
 ∑

E∈E I
h

‖{(z−zh)·n}‖2
L2(E)

 1
2

≤ 1
8
‖ph‖2+ ∑

E∈E I
h

∫
E
[ph]

2ds.
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Put together, (4.43) leads to

Ah((uh,ph),(zh,0))≥
1
2
‖ph‖2−C

(
‖uh‖2+

1
2

Sh((uh,ph),(uh,ph))

)
.

Finally, the control of
∥∥∥∥h

1
2
T (∇h ·uh)

∥∥∥∥2

can be obtained by choosing (vh,qh)=(0,hT (∇h ·uh)) in (4.39),

that is,

Ah((uh,ph),(0,Ih(hT (∇h ·uh))))=bh(Ih(hT (∇h ·uh)),uh)+Sh((uh,ph),(0,Ih(hT (∇h ·uh)))).

(4.47)

By adding and subtracting
∥∥∥∥h

1
2
T (∇h ·uh)

∥∥∥∥2

in the first term of (4.47),

bh(Ih(hT (∇h ·uh)),uh)=

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+(Ih(hT (∇h ·uh))−hT (∇h ·uh),∇h ·uh)

− ∑
E∈E B

h

∫
E
(uh ·n) Ih(hT (∇h ·uh))ds− ∑

E∈E I
h

∫
E
[uh ·n]{Ih(hT (∇h ·uh))}ds.

(4.48)

The second term of (4.48) is estimated as

(Ih(hT (∇h ·uh))−hT (∇h ·uh),∇h ·uh)

= ∑
E∈ME

∫
ME

(Ih(hK(∇h ·uh))−hK(∇h ·uh))

(
∇h ·uh−

1
|ME |

∫
ME

∇h ·uhdx
)

φE dx

≤

(
∑

E∈ME

ωβ
−1
E ‖Ih(hT (∇h ·uh))−hT (∇h ·uh)‖2

L2(ME )

) 1
2

[Sh((uh,0),(uh,0))]
1
2

≤ 1
8

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
C
4

Sh((uh,ph),(uh,qh)).

The constant C in the above estimates depend on ω1/2. The third term of (4.48) is handled by applying

the Cauchy–Schwarz inequality, trace inequality, stability property of projection operator (2.11) and

Young’s inequality, as

∑
E∈E B

h

∫
E
(uh ·n) Ih(hK(∇h ·uh))ds≤

 ∑
E∈E B

h

∫
E
(uh ·n)2ds

 1
2
 ∑

E∈E B
h

∫
E
(Ih(hK(∇h ·uh))

2ds

 1
2

≤ 1
8

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
C
8

Sh((uh,0),(uh,0)).
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In a similar way, the last term of (4.48) is handled as

∑
E∈E I

h

∫
E
[uh ·n]{Ih(hK(∇h ·uh))}ds≤

 ∑
E∈E I

h

∫
E
[uh ·n]2ds

 1
2
 ∑

E∈E I
h

∫
E
{Ih(hK(∇h ·uh)}2ds

 1
2

≤ 1
8

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
C
8

Sh((uh,0),(uh,0)).

The last term of (4.47) is handled by using the Cauchy–Schwarz inequality, boundedness of the local

projection operator, inverse inequality, the stability of the projection operator and Young’s inequality,

Sh((uh,ph),(0,Ih(hT (∇h ·uh))))≤Sh((uh,ph),(uh,ph)))
1
2 Sh((0,Ih(hT (∇h ·uh),(0,Ih(hT (∇h ·uh))))

1
2

≤ 1
8

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

+
C
4

Sh((uh,ph),(uh,ph)).

The constant C in the above estimates depend on ω . Put together, (4.47) leads to

Ah((uh,ph),(0,Ih(hT (∇h ·uh))))≥
1
2

∥∥∥∥h
1
2
T (∇h ·uh)

∥∥∥∥2

−C
2

Sh((uh,ph),(uh,ph)).

The selection of (vh,qh) is

(vh,qh)=(uh,ph)+
1

C+1
(zh,0)+

1
C+1

(0,Ih(hT ∇h ·uh)),

where Ih is defined in (2.7). Finally, the rest of the proof follows in a similar way as in Theorem 1.

4.2 A priori error estimates

This subsection discusses a priori error estimates for [Pnc
1 (Th)]

2/Pnc
1 (Th)] approximation for the

velocity–pressure pair with respect to the GLP norm.

Lemma 8 Suppose βE=βhE for some β>0. Let (u,q)∈[H2(Ω)]2×L2
0(Ω)

⋂
H2(Ω). Then,

|||(u−Ihu,p−Ih p)|||GLP≤C
(∥∥∥∥h

3
2
T u
∥∥∥∥

2
+

∥∥∥∥h
3
2
T p
∥∥∥∥

2

)
.

Proof. The idea of the proof is same as for the proof of Lemma 5. Following a similar argument, the

proof can be derived.

Lemma 9 Suppose βE=βhE for some β>0. Let (u,p)∈[H2(Ω)]2×L2
0∩H2(Ω) and for all (vh,qh)∈

Vh×Qh. Then,

Ah((u−Ihu,p−Ih p),(vh,qh))≤C
(∥∥∥∥h

3
2
T u
∥∥∥∥

2
+

∥∥∥∥h
3
2
T p
∥∥∥∥

2

)
|||(vh,qh)|||GLP. (4.49)
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Proof. Consider the bilinear form (4.39):

Ah((u−Ihu,p−Ih p),(vh,qh))=ah(u−Ihu,vh)−bh(p−Ih p,vh)+bh(qh,u−Ihu)

+Sh((u−Ihu,p−Ih p),(vh,qh)). (4.50)

The first term of (4.50) can be handled as in Lemma 6. Consider the second term of (4.50):

bh(p−Ih p,vh)=(p−Ih p,∇h ·vh)− ∑
E∈E B

h

∫
E
(vh ·n) (p−Ih p)ds− ∑

E∈E I
h

∫
E
[vh ·n]{p−Ih p}ds. (4.51)

The first term of (4.51) is handled by using the Cauchy–Schwarz inequality and (2.7), as

(p−Ih p,∇h ·vh)≤‖p−Ih p‖‖∇h ·vh‖≤
∥∥∥∥h

3
2
T p
∥∥∥∥

2
|||(vh,qh)|||GLP.

The estimates for the second term of (4.51) follows from Lemma 6. Applying the Cauchy–Schwarz

inequality in the last term of (4.51),

∑
E∈E I

h

∫
E
[vh ·n]{p−Ih p}ds≤

 ∑
E∈E I

h

‖[vh ·n]‖2
L2(E)

 1
2
 ∑

E∈E I
h

‖{p−Ih p}‖2
L2(E)

 1
2

.

At the edge E, the average term has contribution for both the triangles sharing that edge. Using the

trace inequality (2.3),

‖{p−Ih p}‖L2(E)≤C
(

h−1/2
K ‖p−Ih p‖L2(ME )

+h1/2
K ‖∇h(p−Ih p)‖L2(ME )

)
.

Squaring and summing up all the inner edges and using (2.8),

∑
E∈E I

h

∫
E
[vh ·n]{p−Ih p}ds≤

∥∥∥∥h
3
2
T p
∥∥∥∥

2
|||(vh,qh)|||GLP.

Applying an integration by parts in the next term of the bilinear form (4.50),

bh(u−Ihu,qh)=−(∇hqh,u−Ihu)+ ∑
E∈E I

h

∫
E
{(u−Ihu)·n}[qh]ds. (4.52)

Using a similar technique as in (4.46), the first term of (4.52) is estimated as

(∇hqh,u−Ihu)= ∑
E∈Eh

∫
ME

(u−Ihu)
(

∇hqh−
1
|ME |

∫
ME

∇hqhdx
)

φE dx

≤

(
∑

E∈Eh

∫
ME

ω
−1

β
−1
E (u−Ihu)2dx

) 1
2
(

∑
E∈Eh

∫
ME

ωβEκ
2
E(∇hqh)dx

) 1
2

≤C
∥∥∥∥h

3
2
T u
∥∥∥∥

2
|||(vh,qh)|||GLP.
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The constant C in the above estimates depend on ω−1/2. Using (2.3) and (2.8),

∑
E∈E I

h

∫
E
{(u−Ihu)·n}[qh]ds≤C

∥∥∥∥h
3
2
T u
∥∥∥∥

2
|||(vh,qh)|||GLP.

In the stabilization terms, applying the Cauchy–Schwarz inequality, boundedness of the local projec-

tion operator and (2.7)–(2.8),

Sh((u−Ihu,p−Ih p),(vh,qh))=[Sh((u−Ihu,p−Ih p),(u−Ihu,p−Ih p))]
1
2 [Sh((vh,qh),(vh,qh))]

1
2

≤C
(

C1

∥∥∥∥h
3
2
T u
∥∥∥∥

2
+C2

∥∥∥∥h
3
2
T p
∥∥∥∥

2

)
|||(vh,qh)|||GLP.

The constants C1 and C2 in the above estimates depend on ω−1/2 and ω1/2, respectively. The last

two terms of the bilinear form are estimated as

∑
E∈Eh

∫
E
[(u−Ihu)·n][vh ·n]ds≤

∥∥∥∥h
3
2
T u
∥∥∥∥

2
|||(vh,qh)|||GLP,

∑
E∈E I

h

∫
E
[p−Ih p][qh]ds≤

∥∥∥∥h
3
2
T p
∥∥∥∥

2
|||(vh,qh)|||GLP.

The combination of all the above estimates shows (4.49) and this concludes the proof.

Lemma 10 Suppose βE=βhE for some β>0. Let (u,p)∈[H2(Ω)]2×L2
0(Ω)

⋂
H2(Ω) and (uh,ph)∈

Vh× Qh be the solutions to (2.2) and (4.39) respectively. For any (vh,qh)∈Vh×Qh, it holds that

Ah((u−uh,p−ph),(vh,qh))≤C
(∥∥∥∥h

3
2
T u
∥∥∥∥

2
+

∥∥∥∥h
3
2
T p
∥∥∥∥

2

)
|||(vh,qh)|||GLP. (4.53)

Proof. The model problem with the test function (vh,qh)∈Vh×Qh, definition of the bilinear form and

the fact that [u]=0 and [p]=0 across edges leads to

Ah((u−uh,p−ph),(vh,qh))= ∑
E∈Eh

ω
−1

βE

∫
ME

κE(∇h ·u)κE(∇h ·vh)dx+ ∑
E∈Eh

ωβE

∫
ME

κE(∇h p)κE(∇hqh)dx.

(4.54)

In the first term on the right-hand side of (4.54), using the Cauchy–Schwarz inequality, Poincaré

inequality and βE∼hE ,

∑
E∈Eh

ω
−1

βE

∫
ME

κE(∇h ·u)κE(∇h ·vh)dx

≤

(
∑

E∈Eh

ω
−1

βE

∥∥∥∥∇h ·u−
1
|ME |

∫
ME

∇h ·udx
∥∥∥∥2

L2(ME )

) 1
2
(

∑
E∈Eh

ω
−1

βE

∫
ME

κ
2
E(∇h ·vh)dx

) 1
2

≤C
∥∥∥h3/2

T u
∥∥∥

2
|||(vh,qh)|||GLP.
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The constant C in the above estimates depend on ω−1/2. In a similar way, the second term can be

estimated as

∑
E∈Eh

ωβE

∫
ME

κE(∇h p)κE(∇hqh)dx≤C
∥∥∥h3/2

T p
∥∥∥

2
|||(vh,qh)|||GLP.

The constant C in the above estimate depending on ω1/2. The collection of all the above estimates

shows (4.53) and this concludes the proof.

Theorem 4 Let (u,p)∈[H2(Ω)]2×L2
0(Ω)∩H2(Ω) and (uh,ph)∈Vh× Qh be the solutions to (2.2)

and (3.14) respectively. Assume that βE=βhE for some β>0. Then it holds that

|||(u−uh,p−ph)|||GLP≤C
(∥∥∥∥h

3
2
T u
∥∥∥∥

2
+

∥∥∥∥h
3
2
T p
∥∥∥∥

2

)
.

Proof. This follows from the combination of Lemma 9 and Lemma 10, as in the proof of Theorem 2.

5 Numerical results

In this section, an array of numerical results is presented to illustrate the derived theoretical estimates.

The numerical solutions of all examples are computed on hierarchy of uniformly-refined triangular

meshes having 16, 64, 256, 1024 and 4096 elements. The initial and an uniformly-refined mesh are

shown in Figure 2.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Fig. 2 Triangulations used for computations in section 5.

Example: Consider the model problem (2.1) in Ω=(0,1)2 with a given exact solution:

u(x,y)=(−2πsin(2πx)cos(2πy),2πcos(2πx)sin(2πy)),

p(x,y)=sin(2πx)sin(2πy).

The numerical tests for the Darcy equations are conducted with approximations of Pnc
1 /P0 and Pnc

1 /Pnc
1 .

Set the stabilization parameters βE=βhE with β=1 in the finite element formulations (3.14) and

(4.39). The GLPS finite element system offers a non-oscillatory solution and hence, it supports the

proposed stabilized schemes. The Figure 3 shows the GLPS FEM solutions Pnc
1 /P0 approximation
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with 6208 number of degrees of freedom for the unknown (uh,ph) with (ω=1). The errors are

measured in the L2- norm, H1-seminorm and GLP norm. The orders of convergence are computed

for the errors obtained with the two finest meshes. The effect of parameters κ and λ on the rates

of convergence is also investigated. The Tables 1 and 2 show the errors and order of convergence

for (Pnc
1 /P0) finite element solutions of the model problem with (ω=1) and (ω=0.1) respectively.

A second-order convergence can be observed in the L2-norm and a first-order convergence in the

H1-seminorm. Moreover, the convergence order one was obtained with respect to the GLP norm as

defined in (3.16). In addition, the Figure 4 shows the convergence behaviuor of Pnc
1 /P0 approximation

of the Darcy equations with respect to the L2-norm, H1-norm and GLP norm with (ω=1) and

(ω=0.1); it confirms the expected rate of convergence.

It is reported that the velocity and pressure approximation pair Pnc
1 /Pnc

1 is not inf-sup stable for

the Darcy flow problem. The GLP stabilization works effectively for the Pnc
1 /Pnc

1 approximation.

The GLP formulation (4.39) overcomes the space incompatibility issue and improves the pressure’s

approximation. The Figure 5 shows the GLPS FEM solutions Pnc
1 /Pnc

1 approximation with 6208

number of degrees of freedom for the unknown (uh,ph) with (ω=0.1). The experimental findings on

convergence rates for Pnc
1 /Pnc

1 FEMs are summarized in Table 3, Table 4 and Figure 6 with (ω=1)

and (ω=0.1). The desired convergence rates are demonstrated, i.e., the second-order L2-errors in

velocity and pressure and first-order for H1-approximation error in velocity. Moreover, in the Pnc
1 /Pnc

1

approximations, the stabilized formulation achieves convergence O(h3/2) with respect to GLP norm

for the Darcy problem. Furthermore, the numerical simulations are also performed with (3.14) and

(4.39) for ω=0.01. As per expectations, the computational results are in agreement with the theoretical

predictions.

Fig. 3 Pnc
1 /Pnc

0 GLPS discrete solution (uh,ph) with (ω=1, β=1).

6 Summary

In this article, a generalized local projection stabilized (GLPS) nonconforming finite element scheme

for the Darcy equations is two finite element pairs, (Pnc
1 /P0) and (Pnc

1 /Pnc
1 ), was proposed and

analyzed. The GLPS technique allows the choice of projection spaces on overlapping sets and avoids

using a two-level mesh or enrichment of the finite element space. The partition of unity of the basis

functions together with L2-orthogonal projection properties is used in deriving the stability and

convergence estimates. Further, an a priori error analysis is derived for both the finite-dimensional
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Pnc
1 /P0 approximations

Mesh-size h ‖u−uh‖ |∇(u−uh)| ‖p−ph‖ |||·|||GLP

1/8 1.1803 16.7457 0.3345 0.0071
1/16 0.2953 6.9481 0.1805 0.3490
1/32 0.0803 3.6681 0.0919 0.1223
1/64 0.0232 2.2072 0.0462 0.0517
1/128 0.0071 1.4328 0.0231 0.0242
Order 2 1 1 1

Table 1 Convergence results for Pnc
1 /P0 approximations with (ω=1, β=1).

Pnc
1 /P0 approximations

Mesh-size h ‖u−uh‖ |∇(u−uh)| ‖p−ph‖ |||·|||GLP

1/8 1.1178 14.5783 0.3978 3.5660
1/16 0.2822 6.2639 0.1869 0.9129
1/32 0.0709 2.8722 0.0928 0.2430
1/64 0.0178 1.3764 0.0463 0.0730
1/128 0.0044 0.6778 0.0231 0.0271
Order 2 1 1 1

Table 2 Convergence results for Pnc
1 /P0 approximations with (ω=0.1, β=1).

(a) (b)

Fig. 4 Convergence plots of Pnc
1 /P0 approximation with (a) (ω=1, β=1) and (b) (ω=0.1, β=1).

Fig. 5 Pnc
1 /Pnc

1 GLPS discrete solution (uh,ph) with (ω=0.1, β=1).
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Pnc
1 /Pnc

1 approximations
Mesh-size h ‖u−uh‖ |∇(u−uh)| ‖p−ph‖ |||·|||GLP

1/8 1.1575 15.8431 0.2144 1.3909
1/16 0.3012 7.0575 0.0405 0.3741
1/32 0.0809 3.7293 0.0073 0.0861
1/64 0.0233 2.2368 0.0017 0.02451
1/128 0.0071 1.4475 0.0004 0.0075
Order 2 1 2 1.5

Table 3 Convergence results for Pnc
1 /Pnc

1 approximations with (ω=1, β=1).

Pnc
1 /Pnc

1 approximations
Mesh-size h ‖u−uh‖ |∇(u−uh)| ‖p−ph‖ |||·|||GLP

1/8 1.0034 11.9293 0.2414 10.0536
1/16 0.2678 5.1942 0.0486 2.6825
1/32 0.0691 2.5644 0.0114 0.6920
1/64 0.0176 1.2948 0.0033 0.1762
1/128 0.0044 0.6565 0.0009 0.0446
Order 2 1 2 1.5

Table 4 Convergence results for Pnc
1 /Pnc

1 approximations with (ω=0.1, β=1).

(a) (b)

Fig. 6 Convergence plots of Pnc
1 /Pnc

1 approximations with (a) (ω=1, β=1) and (b) (ω=0.1, β=1).

approximations. An array of numerical experiments is presented to support the derived estimates and

demonstrate the proposed scheme’s efficiency in suppressing the oscillations without compromising

convergence.
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