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Abstract

An a priori analysis for a generalized local projection stabilized finite element approxima-
tion of the Stokes, and the Darcy flow equations are presented in this paper. A first-order
conforming P{ finite element space is used to approximate both the velocity and pressure.
It is shown that the stabilized discrete bilinear form satisfies the inf-sup condition in the
generalized local projection norm. Moreover, a prior: error estimates are established in
a mesh-dependent norm as well as in the LZ—norm for the velocity and pressure. The
optimal and quasi-optimal convergence properties are derived for the Stokes and the Darcy
flow problems. Finally, the derived estimates are numerically validated with appropriate
examples.
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1. Introduction

The Stokes problem has considerable practical importance in civil, petroleum, and elec-
trical engineering, such as flow in porous media, heat transfer, semiconductor devices, etc.
Several numerical schemes such as conforming and nonconforming finite element meth-
ods, finite difference, finite volume methods have been developed for Stokes problem. It is
well-known that the choice of equal-order interpolation spaces for the finite element approx-
imations of the pressure and velocity induces spurious oscillations in the numerical solution.
Nevertheless, the equal-order interpolation spaces are preferred to avoid mixed finite ele-
ment spaces and the complexity in implementation. Hence, a stabilization method is used
to enhance the stability and accuracy of the standard Galerkin solution with equal-order
finite element spaces.

Over the years several stabilization methods such as the streamline diffusion Petrov-
Galerkin [43, 44], the residual free bubbles [1, 15, 29], the Galerkin least-squares [1, 11, 35],
the edge stabilization [20], the continuous interior penalty [16, 17, 18, 19] and the local
projection schemes [9, 24, 30, 31, 41], have been proposed. The relation between the
different approaches is also well-understood in most cases. The basic idea of stabilization is
to stabilize the Galerkin variational formulation so that the discrete approximation is stable
and convergent [6, 7, 17, 21, 22, 40]. Stabilization methods for the Stokes-like operators
are well-studied in the literature [3, 30], and a few studies for the Darcy equations have
also been presented [6, 7, 39, 40, 41].
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The local projection stabilization (LPS) method has been proposed in [3, 9] for the
Stokes problem and subsequently extended to various other classes of problems [4, 10,
30, 31, 34, 38, 41]. The stabilization term in the local projection method is based on a
projection of the finite element space that approximates the unknown into a discontinuous
space [3, 9]. LPS is very attractive, mainly because of its commutation properties in
optimization problems [8] and stabilization properties similar to residual-based approaches
[37]. A significant benefit of the local projection method is that the LPS approach uses a
symmetric stabilization term and contains fewer stabilization terms than the residual-based
stabilization approach. Generalized local projection stabilization (GLPS) is a generalized
form of LPS, where the local projection spaces are defined on a patch of cells associated
with each node without enriching the finite element space. GLPS was first introduced
in [36] for the convection—diffusion problem and later applied to various other classes of
problems [5, 26, 32, 33, 38]. Further, unlike LPS, GLPS needs neither a macro grid nor an
enrichment of approximation spaces.

In this work, the GLPS conforming finite element scheme for the Stokes and the Darcy
flow problems is presented. In particular, the equal order interpolation spaces P{/P§ are
used to approximate the velocity and pressure. Since equal order interpolation does not
satisfy the inf-sup stability condition, spurious oscillations in the approximated pressure
are unavoidable. GLPS overcomes the space incompatibility issue and suppresses the oscil-
lations. In the stabilized formulation, the pressure stabilization S,(Vp, Vq) can rectify the
lack of inf-sup stability in finite element spaces. Although approximating the P{/P§ equal
order interpolation spaces, we no longer have mass conservation. This loss can be reduced
with the addition of the stabilization term Su(V - u,V - v). The boundary conditions are
not used strongly in discrete space; hence, the discrete formulation combines the standard
Galerkin formulations, stabilization terms, and weakly imposed boundary conditions.

Further, in [36], it was noted that the stabilization parameter was independent of the
diffusion parameter, therefore making the method very well suited for degenerate diffusion
problems. The behaviour for the Stokes problem is somewhat different, and the analysis
gives different results depending on how the stabilization parameter scales with respect to
the mesh-size h. Further, an a priori error estimates are derived in a mesh-dependent norm
as well as in the L2—norm for the velocity and pressure. The optimal order of convergence
is observed for the Stokes equations. For the Darcy equations, the optimality is observed
for the divergence of the velocities and suboptimality with the gap of half a power of h for
the pressures and velocities in the L?-norm.

The outline of the article is as follows: In Section 2, the weak formulation of the Stokes
problem is introduced. Section 3 is devoted to an overlapping local projection stabilized
conforming finite element method. The stability analysis for the Stokes problem with
respect to a generalized local projection norm is derived. In section 3.2, an optimal a priori
error estimates for the Stokes problem with respect to a generalized local projection norm
is provided. In Section 4, the above approach is studied for the Darcy flow problem. Taking
into account the error estimate of Theorem 3.2, the stabilization parameters are modified.
An elementary proof of stability and convergence analysis for the Darcy flow problem
is derived. Section 5 presents some numerical experiments that confirm the theoretical
analysis.



2. The Stokes problem

Consider the following Stokes problem:

—Au+Vp=f V-u=0 in ), (1)
u=0 on 09.

Here, € is an open, bounded subset of R, d = 2,3 with boundary 9. Here, u de-
notes the velocity, p denotes the pressure, f € [L2(02)]? is a given data. Throughout
this paper, standard notations for Lebesgue and Sobolev spaces are used. The notation
(-,+) represents the L2(Q) inner product; and L2(Q) and L°°(£) norms are respectively
denoted by [lu|| and |lul/,,. The standard notation of Sobolev space H™(Q2) for m=1,2
and its norm ||-||, are used. The notations [L?(Q)]* and [H!(2)]? respectively abbrevi-
ate the vector-valued versions of L2(Q) and H(Q); H}() is a subspace of HY(Q) with
zero trace functions. Now, consider the functional spaces V. = {v € [H}(Q)]?}, and
Q=13() = {a € L2@)] fpads=0}.

Further, multiplying the model problem with a test function (v,q) € V x @ and after
integrating over €2, the weak form of the model problem (1) reads:

Find (u,p) € W =V x @ such that
B((u,p),(v,q) = (f,v), forall (v,q) eW, (2)

where

B((u,p), (V7Q)) L= a(u,v) - b(p7 V) + b(Qa u)7

and a(u,v) = (Vu,Vv) and b(p,v) = (p,V - v).

The existence of a weak solution to this problem follows by applying the Lax—Milgram
lemma in the divergence-free subspace of V and the pressure in ) by the Brezzi condition
[14]. We will assume that Q is a convex polygonal domain so that the following regularity
estimate holds |lull, + |Ipll; < |If]l-

Remark 2.1. The analysis is presented for a two-dimensional case for simplicity. Never-
theless, the study is independent of the dimension, whereas faces instead of edges need to
be used to extend to three-dimensions.

Finite element formulation

Let 7p be a collection of non-overlapping quasi-uniform triangles obtained by decom-
position of Q. Let hg = diam(K) for all K € 7T}, and the mesh-size h = maxger, hi. Let
En = 5,{ U 5}? be the set of all edges in T, where E}IL and 5,]13 are the set of all interior and
boundary edges respectively and hp = diam(E) for all E € &,. Let Vj, := V] U V,? be the
set of all vertices in V;, where V}{ and V,]f are the set of all interior and boundary vertices
respectively. For any a € Vj,, M, (patch of a) denotes the union of all cells that share the
vertex a. Further, define h, = diam(M,) for all a € V,,. Moreover, We use the following
norm in the analysis. Let the piecewise constant function hy is defined by hr|x = hx and
secRandm>0

2

Ihully = D2 hEllullfm | for all w e H(Ty).
KeTy,



Figure 1: Node patch M,.

Suppose I(a) denotes the index set for all K; elements, so that K; C M,. Then, the
local mesh-size associated to M, is defined as

1
heg i= ———— h;, for each a € Vy,
card(I(a)) lezl(;z)

where card(/(a)) denotes the number of elements in M,. Since the mesh 7}, is assumed to
be locally quasi-uniform [12], there exists a positive ( > 1 independent of h such that

>

<2< foralll € I(a).

l
For any a € V,, define the fluctuation operator s, : L2(M,) — L2(M,) by

1
’Ma’ M,

v dx.

Ka(V) =0

Then,

HHGHE(LQ(Ma),LQ(Ma)) <C VaéeWy,

where C' is a constant independent of h. For each a € Vp, let B, be the stabilization
parameter. Now, the stabilization term is defined by

Sp(u,v) = a;h Ba /Ma Ka(u)kq (V) di.

We next define a piecewise polynomial space as
Pp(Th) = {v € L*(Q) : v|x € Py(K) VK € Ty},

where Pi(K), k > 0, is the space of polynomials of degree at most k over the element K.
Further, define a conforming finite element space of piecewise linear

P§(Ty) = {veH'(Q) : vk ePi(K) VKeTy}.

Note that throughout this paper, C (sometimes subscripted) denotes a generic positive
constant that may depend on the shape-regularity of the triangulation but is independent
of the mesh-size. Further, the notation ¢ < d represents the inequality ¢ < Cd.

Now recall the following technical results of finite element analysis.

Lemma 2.1. Trace inequality [25]: Suppose E denotes an edge of K € Tp. For v, €



Pw(Tr), there holds

lonlieqe < Chic”? llonllizgo 3)
Lemma 2.2. Inverse inequality [25/: Let v € Py (Tr), for all k > 0. Then,

”VUHL?(K) < Chf_(l HU”L2(K) : (4)

Lemma 2.3. Poincaré inequality [13/: For a bounded and connected polygonal domain €2
and for any v € HY(Q),
: /
v——— [ vdx
€2 Jo

where hq and || denote the diameter and measure of domain Q. In particular, for every
vertex a € Vy, and every function v € HY(M,), it holds that

< Cha [Vl »
L2(0)

1

- v dx
‘Ma‘ M,

v < Chq HVUHH(Ma) ’ (5)

L2(Ma)

where the constant C' is independent of the mesh-size hg.

Furthermore, for a locally quasi-uniform and shape-regular triangulation, the H!-stability,
the L2-stability, and the stability in the weighted the L2-norm [2] of the L2-orthogonal pro-
jection Iy, : L2(Q) — P$(7Ty) leads to the following approximation properties.

Lemma 2.4. L2-orthogonal projections: The L2-projection I, : L2(2) — P$(Ty) satisfies
A (v = Iyw)|| + |V (v — Iyo)|| < C ||hgvlly, for all v e H*(Q), (6)
For vector-valued functions, I, : [L2(Q)]? — [P$(Ty))? satisfies
|07 (v~ L] + 19~ L) < Cllarvlly. ¥ v € (@) ™
Moreover, the trace inequality over each edge implies

1/2

YoV -Lvlg | <C th’/%H? for all v e [H2(Q)]2. (8)
Ee&y

The orthogonality relation for all vy, € [P$(Ty))? implies
(v —Txpv,vp) =0. (9)
The following approzimation estimates hold for the L?-orthogonal projection operator:

IVl < VI, |hF L] < Cllav] and V@) < IVl (10)

3. An overlapping local projection stabilization for Stokes problem

This section describes the conforming finite element method for the Stokes problem
(1), where the velocity and the pressure are approximated with the continuous piecewise
linear finite element spaces. It is well-known that equal-order interpolation spaces for the



pressure and the velocities in the Stokes problem are not inf-sup stable and induce spu-
rious oscillation in the solution. An overlapping local projection stabilization method is
introduced to circumvent this stability issue. Further, the Dirichlet boundary condition is
not incorporated in the discrete space, and therefore weakly imposed in the discrete for-
mulation using Nitsche’s technique [42]. The final formulation combines standard Galerkin
formulation, stabilization terms, and weakly imposed Dirichlet boundary condition.

Let V, := [P§(T3)]? and Qy, := L3(Q) N P$(Tn). The stabilised finite element formula-
tion of the Stokes reads:

Find (up,pr) € Wy, = Vi, X Q) such that

Bh((uhaph)7 (V7 Q)) - L(V7 Q)7 (11)
for all (v,q) € Wy, where
Bn((un, pr), (v,q)) = an(un, v) = bp(pn, v) + br(an, q) + Sp((an, pa), (v, q)),  (12)
and
8uh
ah(Uh,V) . (VUh,VV — v ds— — - uy ds
EEEB E Ee sB
<
+ Z . hEllh v ds,
Eegp
br(pn,v) : = (pn, V- v) — Z/Vn )on ds,

Eegp
Sn((an,pr), (v,q)) : = Sulun, v) + Sp(pn, q),

uh, : Z/ V up K,a(v V) d,

a€eVy
ph7 . Z ,ua/ vPh Ra vq) dz,
a€Vy
L(v,q) : = (f,v).

Note that the parameters ¢ and p, will be chosen later. Further, introduce the generalized
local projection norm for Wy, by

Iap, pu)I? == [ Vusl® + lIpal* + > /Cuh ds + Sp((an, pr), (an, pn)). (13)
Ecep

3.1. The inf-sup condition

Theorem 3.1. Let ( be selected in such a way that ¢ > (o > 0 with (o large enough.
Assume also that ji, = ph? for some u > 0. Then the discrete bilinear form (11) satisfies
the following inf-sup condition for some positive constant v, independent of h:

g sup Bu((up,pn), (Vo an)) o

()W (v e 100 o) 1 TVA a)| =

Proof. In order to prove the stability result, it is enough to choose some (v, qn) € Wh



for any arbitrary (up,pp) € Wh, such that

Br((an, pn), (Va; qn))
I (vh,an)ll

> v || (up, pr)ll > 0. (14)

First, consider the bilinear form in (12) with (v, qr) = (un, pr):

Bi((wn pn), (wopn) = Va2 =2 37 / Oy ds+ 3 / w2 ds

Eeep Eegp
+ Sp((an, pr), (un,pr)).  (15)

The second term of (15) is handled by using the Cauchy—Schwarz inequality and trace
inequality (3),

Ouy,
on

8uh
E 81’1

po1/2
[unlliz) < 20 " [IVUnllizg [anlliz - (16)

sup ds < 2 ‘
L2(E)

The sum of all the boundary edges of (16) and using Young’s inequality,

2 Z / Ouy uy, ds < fHVuhH —1—202 /uh ds. (17)
EeeB Ecep

Substitution of (17) to (15) and the selection of parameter ¢ > (o =: 4C? to obtain

Br((an, pn),(an; pr))

oz
Z*HV all? + - 2 > /Euh ds + Sp((un, pr), (an, pr))
Eecel
=5 (vl 30 [ kst Suam o) | 09
Eegp

The selection of the parameter ( is given by,

Using the surjectivity of the divergence operator [28], there exists a function z € [Hj(2)]?
such that V -z = pp and
| [Pl (19)

Let z € [H}(Q)]? is defined as in (19). Let z;, = I,z € V},. Then,

Izl 0 < NIzl .0 < Cillpall- (20)
Finally, taking (vy, gn) = (25,0) in (12),

Br((an,pn), (z1,0)) = an(an, z1n) — bu(pn, z1n) + Sp((an, pr), (21, 0)). (21)



Let us estimate the above three terms. Consider the first term of (21):

(uh,zh) (Vuh,Vzh Z / % *Zp ds — Z /aZh up ds

EcEB Eecep

+ ) / hCEuh -z, ds. (22)
The first term of (22) is handled by using the Cauchy—Schwarz inequality, (20) and Young’s
inequality,

Ionl®

(Vup, Vzu) < [ Vup|| [Vaza] < C [ Vun] llpa]l < C[Vug|® + =5 10

Applying the Cauchy—Schwarz inequality, trace inequality (6) and (20),
8uh

ouy, ouy,
- = . — <
/E on ds = /E on (2, —2) ds C‘ on

<C ”VUhHLQ(K) HVZhHL2(K) :

1zn — 2|12
L2(E)

and

The sum of all the boundary edges and using (20) and Young’s inequality,

Z / - zp, ds+ Z —uh zp, ds

Eecep Eecep

thH2
<C ||Vu||+Z/ o

Eeep

The second term of (22) is handled as:
Ozy,
Z / ‘uy, ds < ||Vzp||* 4+ C Z / £ u? ds < th” +C Z /Cu%ds.
EhE
Eecep Eegf EeeB

In the second term of (21), add 0 = (pp, pr) — (Pr, —V - 2) to obtain

~bu(pn>zn) = —(pn, V- 20) + Y / Zp - n)pp, ds

Eecep

= llpall* + (o, V - (2 —z0)) + D / 2), - n)py, ds. (23)
Eecep



Applying an integration by parts to the second term of (23),

00V (2= 20)) = ~(Von(a =) = 3 [ (an-mlpy ds.
‘5 JE
Beek
It follows that
~bn(phs zn) = |pall® = (Vpn,z — z4).
Use the canonical nodal basis-function ¢, at the node a € V), over the mesh 7. Since,

Zaévh ¢a = 17

(Vph,z —Zh) = Z /KVph(Z —Zh) Z gf)a dx

KeTy, a€Vy
= Z / (z — zp) Vppoa dz. (24)
a€Vy Ma

Using the orthogonality property of L2-projection (9) with the test function C,¢, € Vj,
where C, = ﬁfMa Vpp, dz and ||¢],, <1,

1
(Vo2 —24) = > / a(Z — Zp) <Vph “ Ml Vph dl‘) ¢ dz

acVy
1 1
2 2
< Z / py (2 — zp)? dz Z / pak2(Vpy) dx
a€Vy, Ma a€Vy, Mg
1
<%0 lpa ]l + CSp(pns ph)- (25)

The last term of (21) is handled by using the Cauchy—Schwarz inequality, boundedness of
the local projection operator and (19),

Su((Why ph)s (21,0)) < [Sh((Whs pa)s (Wh, p))]2 [Sh (21, 0), (2, 0))]2
< CISh((wns pr), (s P2 |V - 2

1
< CSp((an, pn), (wn, pi) + 75 11all*. (26)
Put together (21) leads to

By, ((up,pn), (24, 0))

1
> ol = (19w + 3 [ St dst Syl o) |- @0
EegP

The final selection of (vp,qp) is

(Vi) = (. ) + 557575 20 0)



Here Iy, is defined in (6). Adding (18), and (27) leads to

Br((un, pn), (Vi, qn))

1 1
> = -
> 5 (19wt X [ ik s SutCunn)s (o) | + g Il
Eegp

C

TCT IVun|?+ > 7uh ds + Sh((un, pn), (Un, pn))
Eegf

> s [Vl 30 [ s Sl (unmn)) | + s Il
50+ 1) =, i n((an, pn), (Wn, ph o+ e

1
> . 2
Z 30 +1) Il (Car, pu)l (28)

Applying the triangle inequality
1
< — < .
IV an)ll < l(an, pa) || + 2+ 1) I(z, 0)I| < e[| (un, pa)l (29)

In the second term of (29), applying (19) and a similar technique as in (26),
(2, O)I = llza 1 + / 2, ds+ Su(zn, z1) < Cllpal®,
Eecgp

Finally, (28) and (29) lead to (14) and this concludes the claim.

3.2. A priori error estimates

We assume H?(Q2) x H(2) regularity for the Stokes problem [30], and derive the fol-
lowing finite element results:

e convergence in triple norm, assuming p € H!(Q),

e optimal convergence in the L?-norm for the velocities.

Lemma 3.1. Assume that j, = ph? for some u > 0. Let (u,p) € [H2(Q)]? x L3N HL(Q).
Then,

[(a = Tnu, p = Inp) || < C ([hrully + [Ih7pl),) - (30)
Proof. First, consider the terms in ||-|| norm defined in (13),
I(a = Ty, p = Lp)I* = 1(V (@ = L) > + llp — Lpl* + / u—Tu)? ds
Eecgp

+Sh((u - Ihu,p - Ihp), ( - Ihu,p - Ihp)).
Using the projection estimates (6)—(7),

IV(u = Tyu)|| < |[hrully, and [lp — Iupll < [h7pl, -

10



Using the trace inequality over each edges (8),
Z (u—Tyu)? ds < C||hul;.
Eeep

Recall the stabilization term

Sp((u = Ipu,p — Ipp), (u = Ipu,p — Iyp))

- Z/ u-—Tyu)) do+ Y ua/ V(p— Inp)) dz.  (31)

aeVy a€Vp

In the first term of (31), using the boundedness of an overlapping local projection operator
and (7),

2

1
Z/ —Ihu))dxzz V-(u—Ihu)—W V- (u—-1Iyu) de
acVy, ac€Vh al JMa L2(Ma)
<C V- (u—Tu)fzu,
a€Vy,
< C|[hrull3. (32)

The last term of (31) is handled by following a similar argument as in (32) with u, = uh?:
S e [ RV~ 1) do < €l

The combination of all the above estimates concludes the claim.

Lemma 3.2. Assume that pia = ph? for some p > 0. Let (u,p) € [H*(Q))> x LZNHY(Q)
and for all (v, qn) € Wy. Then,

Bp((u—Tpu,p — Inp), (Vh, qn)) < C ([|hrully + [[h7plly) I(vas gn)l - (33)
Proof. Consider the bilinear form in (12):

By((w—Tpu,p — Inp), (Vi qn)) = an(u — Ipu, vp) — bp(p — Inp, vp) + bp(u — Ipu, gp)
+ Sh((u - Ihuup - Ihp)7 (Vh7 Qh))

(34)
Consider the first term of (34):
Ihu
ap(u—Ipu,vy) = (V(u—Ipu), Vvy) — Z -vy, ds
EeS,“f
_ Z / 6Vh —Tpu) ds+ Z / —TIpu) - vy ds. (35)
peep P Eegp

Applying the Cauchy-Schwarz inequality and L2-projection property (7),

(V(u—Tpu), Vvp) < [[V(u = Tpw)[[ [Vva]l < [lhrally | (va, an)ll-

11



The second term of (35) is handled by using the Cauchy—Schwarz inequality,

1/2 1/2
I I
Rl L L I B o ==l IR B B sy ey
Eegp Eegp L2(E) Eegf E
Applying the trace inequality over,
Ihu) ? 2 2 2
Z he < C([la=Tpullf g + hic o = Thully 4 ) - (36)
Eegp L2(E)

Applying an introduction of some nodal interpolation, an inverse inequality and the H'-
stability of L2-projection in (36),

— Ihu
> [ HE s < Clral Ionan]-
Eecep

The third term of (35) is handled by using the Cauchy—Schwarz inequality, trace inequality
(3) and (8),

1/2 1/2

Z hE/ u—1Iyu)d

L*(E) EeeB

Z/a"h u-Luds <[ Y he 8Vh

EeEp Eecep

< Clhrually I (va, an)ll-

The last term of (35) is handled by using the Cauchy—Schwarz inequality and (8),

1/2 1/2
Z/ (u—Txpu) - vy, dsC < Z / u—Ihu ds Z hE/Vhds
Eegp Ee sB Ecep
< Cllhrually [(va, gn)ll -
Consider the second term of bilinear form (34):
o= povi) = 0= 1V vi) = Y [ viem) o=y ds. (37

Eegp

12



The first term of (37) is handled by using a similar argument as in (24)—(25)
(p = Inp,V - vp)
= > / (p = Inp)V - Voo dz
Ma

a€Vy
1/2 ) 1/2
1
< Z/ (P—Ihp)2d$ Z/ <V~Vh— V~vhdx)
a€Vy, @ a€Vy, a |Ma| M
1/2 1/2
AX ) e-mra) (X Vw2 e
a€Vy, a a€Vy a
< l[hrplly 1(va, an)l -

The second term of (37) is handled by using the Cauchy Schwarz inequality and trace
inequality over edges,

SIS
V]

3 [E (viem) (p—Lp) ds < C [ S hit i nlZa | | S0 husllp — nplZage)

Ee&P EegP Eegp
< Clibrplly I1(va, an)ll -

Applying an integration by parts in the next term of the bilinear form (34),
bn(u —Ipu, gp)

— (V- (u-Tu) - Y /E«u—lhu)-n) gn ds

EegP
= —(Vagp,u—Ipu) + Z /((u —1Ipu)-n) g, ds— Z /((u —I,u) - n)gy, ds.
peep P peep ' F
(38)
Applying a similar technique as in (24)—(25), the first term of (38) is estimated as:
(Van,u—Iyu) < Chrully [|(vh, gn)ll -
The last term is estimated in a similar way as in (31),
Sn (= Ty, p = Inp), (Va, qn)) < ([hrally + [[rpll) 1(vas an)ll -
The combination of the above estimates concludes the claim.

Lemma 3.3. Assume that p, = ph? for some p > 0. Suppose (u,p) € [H2(Q)]? x L3(2) N
HY(Q) and (up,pp) € Wi, are the solutions to (2) and (11) respectively. For any (vi,qn) €
Wh. Then,

Bp((u —un, p = pn), (Vi qn)) < C (lhrully + [[h7plly) (v, gn)ll -

Proof. Using u = 0 over the boundary edges,

Bp((a = up, p —pn), (Vi an)) = Sn((, p), (Va, qn))-

13



Sp((w,p), (Vi, qn)) Z/ a(V-u)ka(V - vy) do+ Z ,u,a/ ) - ka(Vap) du.

a€Vy a€Vy
(39)

Using the Cauchy—Schwarz inequality and Poincaré inequality (5) in the first term of (39),

Z/ o(V-1)ko (V- vp) dz

a€Vy
1/2

SY2((w,p), (i, qn))

2

>

a€Vy

< l[hrully 1 (va, gn)l -

1
V-u-— V-udzx
‘ Mal S,

L?(Ma)

N

In a similar way, the second term is handled as:
> ta /M ta(VP)ka(Van) de < [|h7plly | (v, gn)ll -

The combination of the above estimates concludes the claim.

Theorem 3.2. Suppose (u,p) € [H2(Q)]?xLENH(Q) and (un, pn) € Wy are the solutions
to (2) and (11) respectively. Let piq = ph? for some p > 0. Then it holds that

(e = an,p = pr)ll < C (l[hrully + [h7pl,) - (40)
Proof. Using the triangle inequality,
(0 =, p = pr)ll < (@ = Tpw, p = Inp)[| + |(Tnw = wn, Inp — pa)l - (41)
The first term of (41) is handled by Lemma 3.1, i.e.,
(0 = Thu,p — Inp) || < C ([[hrully + [Ihrpll,) -
The second term of (41) is handled by using Theorem 3.1,

By ((Ipu —up, Inp — 1), (Vh, qn))

lXpu — up, Inp —pp)|| < 1/0  sup

(Vhyqn)EWhL |||Vh> qh |||
By (u — _
<1/ sup p(W—up,p—pn), (Vi qn))
(Vh:qn)EWh Iva, anll
By ((Ipu —u, Iyp —
+ sup h(( pua u, Ipp p)? (Vhth)) (42)
(Vh,qn)EWh |||Vha qh |H

Finally, the result follows by using Lemma 3.2 and Lemma 3.3 in (42), and this concludes
the claim.

We now proceed to derive an L2-error estimates for the velocities in the case of the
Stokes equation. Consider the following dual problem, find (¢, ) € W such that

ah("? (b) + bh(q7 ¢) - bh(wa V) = (777 V)Q’ v (V, Q) eEW (43)
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and assume that the solution has the additional regularity,

1ollz + ¥l < Clinll, (44)

valid if the boundary is sufficiently smooth, [28].

Theorem 3.3. Assume that the solution (u,p) of (2) belongs to [H2(Q)]? x LZNH(Q)
and let (up, pr) € Wh be the solution of (11). Assume also that piq, = ph? for some p > 0.
Then,

la—un]| < € (|[7ull, + [[A7p],) -
Proof. Choosing n=v =u—up,q =p — pp in (43) gives

[u—w,§ = an(a —w,, @) + bp(p — . &) — b, u — )
=ap(u—up, ¢ —Tnd) + bu(p — pr, @ — Ing) — bp(¥ — Ing,u — uy)
+ Su(u — up, ¢ —1,0) + Sp(pn, In)
= (a) + (b) + (o). (45)

Let us now estimate these three terms. Consider the first term of (71). Following similar
arguments as in Lemma 3.2,

(@) < C(la—wanll 7ol + llp = pall 1A ¢l + lla = unll 27 ll,) -

Using the Cauchy—Schwarz inequality, and Lemma 3.1,

(b) < So/* (0 — wp, u — ) S8 (¢ — Tnp, 6 — Ty9)
< Cllu—w [hrol,.

The last term of (71) is handled by using boundedness of the local projection operator, the
stability of the projection estimates and p, = uh?, i.e.,

(¢) = Sp(p, Inth) — Sp(p — prs Int), (46)

1
2
|Sp(p, Inth)| < ( > uaumavm\im)) Sp(Inth, Tnth) '/

aEM,
< Cllhrplly [[hrll; -

1Sp(p = Py In)| < Cll(a = an,p = pr) {79, -

The proof concludes by combining the above estimates with the Theorem 3.2, and the
assumed regularizing behavior (44).

4. An overlapping local projection stabilization for the Darcy flow problem

4.1. The Darcy problem
In this section, we extend the above analysis to the Darcy flow problem. Consider the
Darcy flow equations: Find (u,p) such that

u+wVp=1f, V-u=g inQ, (47)
u-n=0 on JN.
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Here, Q C R? is an open bounded polygonal domain with smooth boundary 9 and u is
the velocity vector, p is the pressure, f € [L2(Q)]?, g € L3(Q) are the given data, n is the
unit outward normal vector to 9Q and w = »/\, 3 > 0 is the permeability, and A > 0 is
the viscosity. The divergence constraint implies that the prescribed data must satisfy the

condition,
/ g dr=0.
Q

In order to formulate a weak formulation of the Darcy flow equations, consider the following
Sobolev spaces,

V= {veH(div,Q)|v-n=00n00Q}, Q:=L3(),

where L2(Q) is a space of square-integrable measurable function. Moreover, a weak formu-
lation of the model problem (47) reads as: Find (u,p) € V x @ such that

a(u7 V) - b(p, V) = (f7 V); b(u, Q) = (97 q),

for all v V and ¢ € Q, and

a(u,v) ::/Qw_l(u-v) iz b(p,v) ::/QpV-vdx.

The weak form of the Darcy flow problem can also be defined on V x Q = W and it reads
as: Find (u,p) € W such that

A((a,p), (v,q)) = L(v), (48)
for all (v,q) € W, where
A((u,p), <V7Q)> = a(u,v) - b(p,v) + b(q7 u); L(V) = (fv V) + (g, Q)'

For sufficiently regular data, the weak formulation (48) is known to possess a unique
solution [28].

4.2. The inf-sup condition

This section describes the conforming finite element method for the problem (47), where
the velocity and the pressure are approximated with the continuous piecewise linear finite
element spaces.

Let Vy, := [P{(T3)]? and Qp := L3(Q)NPS(Tn). We propose the following finite
element formulation: Find (up,pn) € Wy, = Vj X @), such that
Ap((an; pr), (v, q)) = L(v,q), (49)
for all (v,q) € Wy, where

Ap((an, pn), (v,q)) = ap(up, v) = bp(pn, v) + bp(an, q) + Sp((an,pn), (v, q)), (50)
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and

ap(up, v) : Z/ (up - v) dz,

KeTy

bnlnev) = (o0 V)= 3 [ (vemip s
Eeep
Sh((an; pr); (v, ) : = Su(an, v) + Sp(pr, ),
Su(up,v) = Zﬂaw / ka(V -up)ke(V - v) de+ Z / uy, -n)(v-n) ds,

a€Vy, EGEB

SpPn @) 1 = Y Baw / o(Vpn)ka(Vq) dr,

a€Vy, Ma
L(v,q) : = (£,v) + (9, 9).

Note that the stabilization parameters are chosen as 8, = Bh, for some § > 0. Further,
introduce a generalized local projection norm on W, by

1 1
I (n, o) 17 o= o™ 2up |2 + |3V - wp) |2 + [lpall* + Sk((an, r), (W, pr)).- (51)

The main result of this section is the following theorem, which ensures that the discrete
bilinear form is well-posed [28].

Theorem 4.1. The discrete bilinear form (49) satisfies the following inf-sup condition for
some positive constant v, independent of h:

inf sup Ap((an, pp), (Vhth)) > .

(n2n)€Wn (v gn)ews, [1(ahs PRI (VA gn)ll

Proof. In order to prove the stability result, it is enough to choose some (v, qn) € Wh,
for any arbitrary (up,pp) € Wh, such that

Ap((an, pn), (Vi, qn))
(v an)ll

> v [[(an, pr)ll > 0. (52)
First, consider the bilinear form in (50) with (vp,qn) = (up, pr):

An((un, pn), (wn, pn) = oo™ 2un | + S ((wn, pa). (wn, pa). (53)
Taking (vp,qn) = (2z4,0) in (50),

Ap((anspn), (21, 0)) = an(an, zn) — bn(ph, zn) + Sk((Wn, pr), (21, 0)). (54)

Let us now bound the three contributions. Applying the Cauchy—Schwarz inequality, (19)
and Young’s inequality,

_ _ _1 2 1
an(un,2) < ™ unlllzal] < @™ Colfunlllipnll < € o™ Fw]|” + < llpal®

1

The constant C' in the above estimates depend on w™". In the second term of (54), add

17



0 = (pn,pn) — (pn, —V - 2) to obtain,

—bn(ph,zn) = —(pn, V- 20) + Y /E(Zh ‘n)pp, ds

Eegp

~lpnl+ o V- @ =)+ 3 [ i ds (55)

Eegp

Applying an integration by parts to the second term of (55),

(pn,V - (z —zp)) = —(Vpp, (2 — 2zp)) + Z /Eph(z —zp,) - n dz.

EegP

It follows that

~bn(ph,21) = |pnll* = (Vpn.z — z1). (56)

Following a similar argument as in (24)—(25), the second term of (56) can be estimated as:

1

a€Vy
1 1
2
< Z / wilﬁafl(z — zh)2 dx Z / wﬂanZ(Vph) dx
a€Vy @ a€Vy @
1
< 5 lonll? + CSyom 0) 67)

The constant C' in the above estimates depend on w™'/2. The last term of (54) is handled
by using the Cauchy—Schwarz inequality, boundedness of the local projection operator and
(19),

S (Can, ), (2200)) < 5 S0 ), (o)) +

Put together, (54) leads to

AnlCn )z 00) = P = € (Il + S Canopn. o)) ) (58)

2

1
Finally, the control of ‘ h3(V -up)|| can be obtained by choosing (v, qn) = (0,7 (V-uy))

in (50), that is,

An((an, pn); (0, In(hr (V- wp)))) = bp(In(hr(V - up)), un) + Sp((ap, pr), (0, In(hr (V- l(lh)i))-
59
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2

1
By adding and subtracting ‘ h3(V - up)

2

b (I (B (Y - up)), wp) = ‘ BE(V - uy)

The second term of (60) is estimated as:

(In(h7(V -up)) = hy(V - uy), V- uy)

, the first term of (59) becomes,

+ (Un(hr (V- up)) = hr(V-up), V- up)

_ Z / uy, Ih hT(v uh)) ds. (60)

Eeep

= / In(hx(V-up)) = hi(V-up)(V - up) g, do

aEM,

_ Z/ (In(hic (V- wp)) — b (V -

aEM,

IN

aEMa
2

IN

n2 (V- up)

1
6

up)) <v u

+ %Sh((uhyph)a (un, qn))-

The constant C in the above estimates depend on w'/2.
the Cauchy—Schwarz inequality, trace inequality, stability property of projection operator

(10) and Youngs inequality,

Z / uy - n I, hK(V uh d8<(

Eegp

C?b\i—‘

uhn )

+ CSh((uh, ) (uh,O)).

V uh)

1

(Z Wy ' [ In(hr(V - up)) _hT(v'uh)”I%?(Ma)> [Sn (1, 0), (wy, 0))]2

d o d
|/\/l|/ V-uy x)c;b x

In the third term of (60), using

N[

(Z/Ithv uy,

EecEB

))? ds)

The last term of (59) is handled by using the Cauchy—Schwarz inequality, boundedness of
the local projection operator, the stability of the projection operator, inverse inequality

and the Young’s inequality,

Sp((an; pn), (0, In(h7(V - up))))

< S ((n, pn), (un, pn)) Sy

1 2

S,

1
6 h2 (V-uh)

Put together, (59) leads to

An(an, ), (0.1 (5 ) = 5

1
h7(V - up)

19
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(0, In(hr (V - ap))), (0, In(h7(V - un))))

+ %Sh((uh,ph)a (un, pn))-

_ %Sh((uh,ph), (un, pn))-

N



The selection of (vy,qp) is

1 1
(Vi qn) = (an, pp) + m(zh,()) - m(O,Ih(hTV cup)).

Here, I, is the projection operator. Rest of the proof can be derived following similar steps
as in (28)—(29).

4.3. A priori error estimates

Using the ||-|| norm and inf-sup condition described above, we now prove a priori error
estimates for the discrete solution.

Lemma 4.1. Suppose B, = Bhg for some B > 0. Let (u,p) € [H%(Q)]? x L3N H?(Q).
Then,

3
hzp

3
1 Tup - hp)| < C (' hiu

+l

2) . (61)

Proof. Following a similar argument as in Lemma 3.1, the proof can be derived.

2

Lemma 4.2. Suppose B, = Bh, for some 3 > 0. Let (u,p) € [H2(Q))? x LENH3(Q) and
for all (v, qn) € Vi X Qp. Then,

3 3
Ap((u =Tpu,p — Ip), (Vi qn)) < C <Hh%u hip

N

) lvma)l.  (62)
2

Proof. Consider the bilinear form in (50):
Ap((u = Tpu,p — Inp), (Vh, qn)) = an(u = Ipu, v) — bp(p — Inp, vi) + bp(u — I, )
+ Sp((u = Ipu, p — Inp), (Vh, qn))-
(63)
Applying the Cauchy-Schwarz inequality and L2-projection property (7),

1 1
ap(u —Ipu,vy) < Hw_f(u — Ihu)H Hw_ivhu <C thru}|2 I(va, gn)ll -

Note that the constant C' in the above estimates depends on w~ /2. Consider the second
term of bilinear form (63):

bulp = Tupovi) = (= T,V i) = 3 [ (vum) (o= Tup) ds. (64)
Eecep

Using the Cauchy-Schwarz inequality and L2-projection property in the first term of (64),

Ivas an)ll-
2

1 3
h#(V - vp) hzp

g

3
(0= 1o,V - v) < lIp = Lpll IV - vall < Hh%p
2
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The second term of (64) is handled by using the Cauchy—Schwarz inequality and trace
inequality over edges,

2

> [nm o=t ds< | X Ivaenliag || X o= Tl

EcEp Eecep Eecep

N|=

3
< ||h7p

Ivas an)ll-
2

Applying an integration by parts in the next term of the bilinear form (63),
bp(u—Tpu, gp)
= (qn, V- (u —Ipu)) Z / u—I,u)-n)q, ds

Eecep
—(Vgp,u—Iu) + Z / —Ipu) -n) gy ds— Z / —Ipu) - n)qp ds.
EeceB EeceB

(65)

Applying a similar technique as in (24), the first term of (65) is estimated as:

1
(Vgn,u —Ipu) = Z / —I)u) (V% — Va dw) bq dx
’Ma’ M,
a€Vy
1 1
2
< Z / —Tpu)? do Z / wBaka(Van) dx
a€Vy, a€Vy
<C h?ru (v, an)ll
2
the constant C' in the above estimates depends on w™/2. The last term is estimated in a

similar way as in (31),

) Vv )l
2

3
hzp

3
Sp (0 —Ipu,p — Inp), (v, qn)) < C <C1 hiu

+ Cy
2
The constants C; and Cs in the above estimates depend on w12 and w'/2, respectively.

The combination of the above estimates concludes the claim.

Lemma 4.3. Suppose (u,p) € [H2(Q)]? x LZ(Q) NH2(Q) and (up,pr) € Wi, are the solu-
tions to (48) and (49) respectively. For any (vp,qn) € Wh. Then,

N

Proof. Following a similar argument as in Lemma 3.3, the proof can be derived.

Ap((w—ap, p = pn), (Vi qn)) < C ( hf%ru hf%rp 2) ICvas an)l- (66)

Theorem 4.2. Suppose (u,p) € [H2(Q)2xLE N H2(Q) and (un, pr) € Wy, are the solutions
to (48) and (49) respectively. Let By = Bhy for some 5 > 0. Then it holds that,

3 3
(= upp—p)l < C (] hiu| +||nip ) . (67)
2

2 ’
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Proof. Identical to the proof of Theorem 3.2.

Corollary 4.1. Suppose (u,p) € [H?(2)]* x L3N H2(Q) and (up,pn) € Wy, are the solu-
tions to (48) and (49) respectively. Let B, = [ for some 8 > 0. Then it holds that

(e —an,p —pr)ll < C(l[hrully + [h7plly) - (68)

We now proceed to derive an L2-error estimates for the pressure in the case of the Darcy
equation. Consider the following dual problem, for a given (¢, ¢,), find (2., 2,) € W such
that

ah(wm Zv) - bh(wlh Zv) + bh(wm Zp) = (Cbp’ wP)Qv v (an wq) eWw (69)

and assume that the solution has the additional regularity, i.e., (z,, z,) € [H'(2)]> x H3(Q)
and it holds the estimate

10|y + 2ol < Clidpll (70)

valid if the boundary is sufficiently smooth [10].

Theorem 4.3. Assume that the solution (v,p) of (48) belongs to [H1(Q)]* x L3N H2(Q)
and let (v, pn) € Wy, be the solution of (49). Assume also that B, = Bh2 for some 3 > 0.

Then,
P,

Proof. Choosing, ¢, = w, = p — pp, W, = vV — vy, in (43) gives

3
hzp

3
I pall < c(Hh;v +
1

lp = prll§ = an(v = Vi, 20) = bu(p — D> 20) + b (v — Vi, 2)

=ap(v— vy, 2y — Inzy) + bp(p — Py 2o — Inzy) — bp(v — v, 2p — In2p)

+ Sv(Vh, Inzy) + Sp(Phs Inzp)

= (a) + (b) + (¢). (71)

Let us now estimate these three terms. Consider the first term of (71). Following similar
arguments as in Lemma 4.2,

(@) < C (Iv = vallllhrzolly + lIp = pall A7 2olly + IV = vall 17 2pll,) -
Consider the second term of (71).
(b) < Sv(v7 Ihzv) - SV(V — Vp, Ihzv)

The first term of above is handled by using boundedness of the local projection operator,
the stability of the projection estimates and 3, = Bh2, i.e

1
2
ISy (v, Inz,)| < ( Z Ballka(V - V)32 (M )> Sy (Inzy, Inzy)/?

aEM,
< C||hrvlly Sy(Tnzy, Tnzy) 2. (72)
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Now,

Sv(Inzo, Inzy) 1 = Y Baw™ / ko (V- Tpzy) dzt Y / (In2, - n)? ds
Maq

acVy, Eecgp

Consider the second term of above

> / Iz, n)? ds = Z/ v —Inz,) -n)? ds

Eegp Eegf
1

< 72’Z1)

1

1
1S0(v — Vi Tnza)| < IV —vanp— i)l Hh%zv

1
The last term of (71) is handled by using boundedness of the local projection operator

and the stability of the projection estimates, i.e.,

(¢) = Sp(ps Inzp) — Sp(p — Phs Inzp), (73)

2
1Sp(p, Inzp)| < ( Z Ba H”avPHi?(Ma)) Sp(Ith,Ith)1/2
aEM,

< Clihrplia T2l -

1Sp(p = P Inzp)l < C (v = Vi, p = pr)ll 1272l -

The proof concludes by combining the above estimates with the estimate (68), and the
assumed regularizing behavior (70).

5. Numerical Results

In this section, an array of numerical results is presented to illustrate the derived
theoretical estimates. A hierarchy of uniformly-refined triangular meshes having 16, 64,
256, 1024, and 4096 elements is used in all examples. The initial and uniformly-refined
mesh is shown in Figure 2.

1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2: Triangulations used for computations in section 5
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5.1. Stokes flow problem

Consider the model problem (1) in Q = (0, 1)? with a given exact solution

u(z,y) = (— cos(2mx) sin(27wy) + sin(27y), sin(27x) cos(2my) — sin(27x))
p(x,y) = 27(cos(2my) — cos(2mx)).

The stabilization parameters for the discrete variational formulation (12) are chosen as
ta = ph2 with g = 1 and ¢ = 2. The equal-order interpolation spaces P§/P¢ are used
to approximate the velocity and pressure approximation. The GLPS formulation (11)
suppressed the spurious oscillations in the discrete solutions and succeeded in dealing with
the incompatibility of discrete spaces. Figure 3 displays the P§/P¢ stabilized solution
for the mesh-size 0.0078. The errors are computed in L2- norm, H!-seminorm, and ||-|
stabilized norm. The quantitative and qualitative errors and the order of convergence
obtained with P{/P{ finite element approximations are summarized in Table 1, Table 4 ,
and in the last plot of Figure 3. Expected convergence rates, i.e., second-order L2-errors
in velocity and pressure and first-order H' —approximation error in velocity, are obtained.

Table 1: Stokes problem: Errors and convergence orders.

Mesh-size | [[u—uy|| | Order | |V(u—up)| | Order | ||[p —pg| | Order
1/16 0.2015 - 1.9160 - 1.5225 -
1/32 0.0403 2.3207 0.7124 1.4273 | 0.3187 | 2.2561
1/64 0.0085 2.2394 0.3204 1.1530 | 0.0514 | 2.6330
1/128 0.0021 2.0300 0.1578 1.0215 | 0.0120 | 2.0936

1
h

Errors
N
o
!‘_\l\

—*—12 pressure error

——12 velocity error

1072 1 )
= ®=H" velocity error
IIl - Il error
1073
1 103 1072 107" 10°

Mesh-size

Figure 3: GLPS discrete solution (un,pr) and convergence plot of the Stokes problem.
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5.2. The Darcy flow problem

To demonstrate the robustness of the method, we consider the Darcy flow problem as
the second numerical test example. Consider the model problem (47) in Q = (0, 1)? with
a given exact solution:

u(z,y) = (—msin(2ry) sin®(rx), 7sin(2rz)sin®(ry)) and p(z,y) = sin(27z) sin(27y),

and the stabilization parameters 5, = Bhg, 8 = 1. The solution is approximated with
the equal-order interpolation spaces P§/P§ using GLPS finite element formulation (49).
Although the velocity and pressure approximation spaces are not inf-sup stable for the
Darcy problem, the GLP stabilization effectively prevents the spurious oscillations. The
effect of parameters » and A on the rates of convergence are also investigated. Figure
4 shows the P{/P{ approximation with GLP stabilized finite element solutions for the
mesh-size 0.0078 with w = 1. The computed errors with the L?—norm and H'—seminorm
are presented in Tables 2 and 3 with (w = 1) and (w = 0.1), respectively, whereas Table 4
presents the errors measured in GLP stabilized norm as defined in (51). We can observe
a second-order convergence in L2-norm, the first-order convergence in H'-seminorm and
O(h3/?) convergence in ||-||. Also, Figure 5 shows the convergence behaviour of P§/P§
approximation of the Darcy equations with respect to L?-norm, H'-seminorm, and the
GLP stabilized norm with (w = 1) and (w = 0.1) respectively. These numerical results
support the estimates derived in the previous section.

P
h 1
Un Un

=% 4 o =N

Figure 4: P{/P{ GLPS discrete solution (up,pn) with (w =1, g =1).

Table 2: Darcy problem: Errors and convergence orders with w = 1.

Mesh-size | [[u—uy|| | Order | |V(u—up)| | Order | ||[p —pg| | Order
1/16 1.7949 - 13.1479 - 0.1040 -
1/32 0.5847 1.6182 5.1579 1.3500 | 0.0177 | 2.5549
1/64 0.1395 2.0669 1.8466 1.4819 | 0.0027 | 2.7185
1/128 0.0262 2.4128 0.5405 1.7724 | 0.0005 | 2.5674

6. Conclusions

A generalized local projection stabilized (GLPS) conforming finite element scheme for
the Stokes and the Darcy flow problems with equal-order interpolation spaces (P{/P§) is
proposed and analyzed in this paper. GLPS allows to use of projection spaces on overlap-
ping sets and avoids the need for a two-level mesh or an enrichment of finite element space.
The partition of the unity of the basis functions together with the L2-orthogonal projection
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Table 3: Darcy problem: Errors and convergence orders with w = 0.1.

Mesh-size | [[u —uy|| | Order | [V(u—uy)| | Order | ||p —pp|| | Order
1/16 0.5232 - 4.7062 - 0.1823 -
1/32 0.1223 2.0971 1.7727 1.4086 | 0.0576 | 1.6633
1/64 0.0229 2.4166 0.6214 1.56124 | 0.0129 | 2.1593
1/128 0.0037 | 2.6382 0.2639 1.2354 | 0.0024 | 2.4026

Table 4: Error and convergence orders with respect to |||

Mesh-size h 1/4 1/8 1/16 1/32 1/64 1/128

Darcy flow w =1 Il 2.7966 | 2.6309 | 1.8345 | 0.6146 | 0.1470 | 0.0363
Order - 0.0881 | 0.5202 | 1.5777 | 2.0639 | 2.0164

Mesh-size h 1/4 1/8 1/16 1/32 1/64 1/128

Darcy flow w = 0.1 Il 2.7398 | 1.8254 | 0.5594 | 0.1386 | 0.0273 | 0.0048
Order - 0.5859 | 1.7061 | 2.0132 | 2.3420 | 2.5091

Mesh-size h 1/4 1/8 1/16 1/32 1/64 1/128

Stokes flow Il 6.7100 | 5.5089 | 1.6857 | 0.3463 | 0.0649 | 0.0183
Order - 0.2846 | 1.7084 | 2.2834 | 2.4157 | 1.8299

102 10?

PR Rl
e )
X p—r T —
10° e - 100 7
- /_—‘ 5
=]
- 5
10,2 —— 2 pressure error 102 —— 2 pressure error
——12 velocity error —+— L2 velocity error

. 1 .
=% =H' velocity error ——H" velocity error

Errors

Il - l] error Il - Ill error
10 3 2 -1 C 107 3 2
10 10 Mesh-size 10 10 10 10 Mesh-size

(a) (b)

Figure 5: Convergence plots of P7¢/PT¢ approximations with (a) (w =1, 8 =1) and (b) (w=0.1, 3 =1).

107" 10°

properties is used to derive the stability and convergence estimates. Further, a robust a
priori error analysis is presented for both problems. An array of numerical experiments
is presented to support the derived estimates and to demonstrate the proposed scheme’s
efficiency in suppressing oscillations without compromising the order of convergence.
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