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ABSTRACT

The concept of quasifibration was introduced by Dold and Thom in their work on infinite
symmetric product spaces. Among other things, they prove a theorem [DT; Satz 2.2},

which has since been applied widely in the literature.

This thesis presents a study of the notion of n-equivalences and related types of maps. The
first of our two main goals is to prove a result, Theorem 5.1, which generalizes a
fundaméntal theorem of Dold and Thom on globalization of quasifibrations. Secondly we
show that by means of adjunction or clutching constructions, this theorem enables us to
retrieve the famous results [J,; Theorem 1.2'a.nd Theorem 1.3} of James in his work on sus-

pension of spheres. The results of James appear in the thesis as Theorem 13.8.

For some of the applications we require a generalized version of n-equivalence. This
generalization entails replacing, in'the definition of n-equivalence, the isomorphisms by iso-
morphisms modulo a suitable Serre class {Se] of abelian groups. Although quasifibrations
are often applied in the generalized context in the literature, there is a lack of a formal
theorem covering such applications. We fill this gap by proving a generalized version,

Theorem 8.5, of a result [Mz Theorem 1.2} of May, on n—equivalences and cotriads.

In the process of pursuing the theorems éf James, we discover new results as well as new
alternative proofs of well-known results. The most prominent example of the latter type of
work, is the proof of the hbmotopy excision due to Blakers and Massey [BMy. The
hamotdpy excision theorem appears as Theorem 7.1. Among the original results, the most
prominent ones are the Theorems 11.1 and Theorem 12.1. The latter result describes how,
under suitable conditions, a relative homeomorphism can be extended to give isomorphisms
of the relevant homotopy groups in dimensions beyond those of Theorem 7.1. Theorem
11.1 gives sufficient conditions for a map of pairs of finite dimensional CW-—complexes to

be a n-equivalence. m
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0. GENERAL BACKGROUND AND OUTLINE

The concept of quasifibration was invented by Dold and Thom [DT]. May [Mj] aplproached
quasifibrations from a new angle, making use of n-equivalences. This dissertation presents
a study of the notion of n-equivalences and related types of maps. The first of our two
main goals is to prove a result, Theorem 5.1, which generalizes the fundamental theorem
[DT; Satz 2.2] by Dold and Thom on globalization of quasifibrations. Secondly we show
that by means of Iadjunction or clutching constructions, this theorem enables us to retrieve
the famous results of James [Ja; Theorem 1.2 and Theorem 1.3] in his work on suspension

of spheres. The results of James appear in the thesis as Theorem 13.8.

For some of the applications we need a generalized version of n-equivalence. This general-
ization entails replacing, in the definition of n-equivalence, the isomorphisms by isomorph-
isms modulo a suitable Serre class [Se] of abelian groups. For the sake of having the thesis
self-contained, we include a fdrmal discussion of localization of l-connected spaces and
Serre classes of abelian groups. This summarizes the scope of the thesis. More detail on
the content of the thesis will be given after we have sketched a historical perspective on

quasifibrations.

The homotopy lifting property is defined in Section 1 of this thesis. A map that has the
homotopy lifting property is called a fibration. it is known that for a product of topo-
logical spaces, the projection map onto one of the factors is a fibration. The simple manner
in which a homotopy can be lifted over a projection map, resulted in such maps being
called trivial fibrations. The concept of locally trivial fibration (see Section 2) has its roots
in the work of Whitney [Wy]. Steenrod [Sd;| proved that if the base of a Whitney fibre
space is compact, then the projection is a fibration. This implies that any locally trivial fi-
bration is a Serre fibration, that is to say, the map has the homotopy lifting property with

respect to compact polyhedra.



Using the homotopy lifting property, it can be shown that for a Serre fibration p: E— B
and a point b € B with F=p(b) # ¢, the induced function on homotopy sets :

(1) Px : Tn (E,F) — 74 (B,b)

is bijective for each n € N. In order.to pursue this property, the concept of quasifibration
was introduced by Dold and Thom in their pioneering work [DT]. In [DT], quasiﬁbrétions
are used extensively to study infinite symmetric product spaces and related constructions.
The authors prove that the inclusion of a space into its infinite symmetric product space,
realizes the Hurewicz homomorphism. In particular, the singular integral homology of the
- space is naturally isomorphic to the homotopy of the infinite symmetric product of the
space. A key vtechnica.l result in [DT] is Satz 2.2 which gives sufficient conditions for a map

which is locally a quasifibration, to be in fact a quasifibration.

This globalization theorem was applied for identification of quasifibrations in numerous .
papers and in a variety of fields. We can mention among others, the fields of equivariant
topology for example [Wa] and [CW], and shape theory for example [Ed] and [Fe]. In a
number of cases, the adjunction theorem [Ha; Theorem 0.2 | due to Hardie is used. When
appropriate, this adjunction theorem is simpler to apply than than the original theorem
and lemmas of [DT]. In what follows, we look at some of the applications which are more
relevant to this thesis. The papers cited are ohly examples and the list is certainly not

complete.

Almost immediately after the invention of the notion of quasifibration, Dold and Lashof
[DL] reported their construction of a universal quasifibration for an associative H-space.
The universal quasifibration is comparable with the universal principal bundle for a group
[Sdy]. Stasheff gave further generalizations of this universal bundle type of construction.
In [Sfy] it is shown that for every finite CW—complex F, there exists a fibration that classi-
fies all quasifibrations which have quasifibres of the homotopy type of F and base a
CW-complex.



Quasifibration theory was used further in the study of associativity in H-spaces, by among
others, Hubbuck and Mimura [HM] and Stasheff [Sf;]. The closer an H-space is to being as-
sociative, the further ome can carry on with the iterative construction towards the
Dold-Lashof universal quasifibration. In these papers, the spaces are generally considered
* to be localized with respect to a specified subset of prime numbers. This idea is also com-

mon in many of the other applications we are going to mention.

In the study of geometric realizations of semisimplicial sets, in particular, the nerve of a
category, the theory was also valuable.. As examples here we have among others, publica~
tions by Anderson [An], May [My], McCord [Mc], Meyer [Me] and Quillen [Q, and Q.
McCord shows in particular that every finite space is weakly equivalent to a compact poly-
hedron. It is interesting to note how Quillen applies the theory of quasifibrations to pro-
blems of abstract algebra. The book [Ss] includes a brief treatment of the basics of quasifi-
brations, to enlighten the applications to algebraic K-theory as in the work [Q4] of Quillen.
In a recent paper, Weidner and Welker [WW] did work on abstract group theory related to

that in [Q]. In both of the latter two papers, quasifibration methods were used.

The techniques of quasifibrations have also impacted on homotopy theory. Baues [Ba] ob-
ta.ins a result of the nature of the Hilton-Milnor theorem. In [Gg] Gray establishes the
weak homotopy equivalence between the loop space of the suspension of a space and the
James reduced product by these means. This result is originally due to James [J] by dif-
ferent methods. In [Gs], Gray investigates for topological group structure on the homotopy
fibres of iterated suspension maps. Recently, Wong [Wong] has also used quasifibrations to
study the homotopy fibres of these maps. Hardie and Porter [HP] obtain by means of ad-
junction of quasifibrations, maps due to James [J4] of reduced product space skeleta. This
construction. will be pursued by similar methods in this thesis. In this dissertation we fur-

ther extend this list of applications, viewed in the setting of n-equivalences.



We give a description of the sequencing of the topics and the contents of chapters. The
essence of the thesis is contained in the first three chapters, or more precisely, Chapters II
and III. Chapters IV and V contain detailed expositions of work of a more elementary

level, required for Chapters II and III.

In Chapter I we continue by discussing the essential preliminaries, such as double mapping
cylinder, mapping path fibration and many more. For motivational purposes we include a
treatment of locally trivial fibrations. The definitions of the concepts of n-equivalence and
quasifibration follow. A number of examples are included, some of which will be revisited

" at a later stage in the thesis.

In the first part of Chapter II we treat the new globalization theorem for n-equivalences,
Theorem 5.1, and deduce the one by Dold and Thom for quasifibrations. This is followed
by some adjunction theorems. Among the latter, at least the first one, Theorem 6.1, is a
new contribution. Furthermore we prove the homotopy excision theorem of Blakers and
Massey [BM;] by an original method, using adjunction of n-equivalences. This result is
labeled Theorem 7.1.

For most of the further applications, we require a-generalized version of n-equivalence.
This generalization involves the concept of Serre classes of abelian groups. In the first part’
of Chapter III we introduce the essentialities regarding this generalization. We also discuss
more preliminaries required for further applications. Theorem 11.1 gives sufficient condi-
tions for a map of pairs of finite CW-complexes, to be a weak equivalence. This is also a
new contribution to our subject, and has applications comparable to those of the Serre
spectral sequence of a fibration. The applications in the latter part of Chapter III to maps
involving spheres, include new proofs of famous results as well as results that seem to be
new. Among the original results, the most prominent ones are the theorems 11.1 and 12.1.
The latter result describes how, under suitable conditions, a relative homeomorphism can

be extended to give isomorphisms of the relevant homotopy groups in dimensions



beyond those of Theorem 7.1. Theorem 11.1 gives sufficient conditions for é map of pairs
- of finite dimensional CW—complexes to be a n-equivalence. The known theorems for Wlﬁch
we obtain new proofs include the results [J5 1.2 and 1.3] of James, Theorem 13.8 men-
tioned in the introductory paragraph. (With a little more effort, besides using adjunction,
we retrieve the generalization [T; Theorem 2.11] by Toda of James’s results. The latter

result is presented as Theorem A.l in the appendix.) The main objectives of this disser-

tation can be considered to have been fulfilled at this stage.

The foundations of n-equivalences is treated in Chapter IV.. For completeness we include a
discussion of the fivelemma. We treat in detail the action of the group m;(A) on the set
71 (X,A). This action does not seem to have been studied in detail before, and certainly
has not been given its rightful place in the study of maps of pairs. Hereafter we study
maps of pairs and triples. Furthermore we present a detailed proof of a key result, Lemma
5.5, required for the proof of Theorem 5.1. Lemma 5.5 is modeled partly on [DT; Hilfssatz
2.6] in the presentation of Dold and Thom, and partly on [My Lemma 3.3] of in May’s
treatment of n-equivalences (which is attributed to Sugawara [Sa]). Logically, this chapter
precedes Chapter II, but since the pfoof of Lemma 5.5 is lengthy and the other material of
C_ha,pter IV is fairly elementary, it has been shifted away from the main development of the

dissertation.

Chapter V is included for the sake of making the thesis self-contained as was mentioned
formerly. Where references are not provided, the theory is regarded as well-known. We
give an account of the relevant facts regarding Serre classes of abelian groups. This is fol-
lowed by a discussion of localization, with respect to a given set of primes, of abelian
groups and of 1-connected spaces. Finally we generalize the concept of n-equivalence, and
prove adjunction theorems for such maps. A summary of this work appears in Section 8 for

application in Chapter III.



A characteristic feature of this thesis is the geometric methods. The description by Toda
[T; Section 5] of the attaching maps of the cells of S;‘J is crucial for the geometric proof of
Theorem 12.1 (an intermediate step towards James’s results [Jo; 1.2 and 1.3]). Nowhere in
the thesis, except in the proof of Theorem A.1, due to Toda [T; 2.11], do we make use of
the cohomology or homology of specific spaces. Also in the proof of Theorem A.1, we do
make use of cohomology and of Wang’s cohomology sequence. Nevertheless, the Wang
sequence, and consequently the cohomology ring of  S", is obtainable by elementary
means as we shall point out. Further, the thesis abounds with elementary counter-ex-

" amples supporting the results and pin-pointing difficulties.

The end of the proof of a result is denoted by the symbol | The symbol g is used when it
is considered necessary to clearly mark the end of any other type of discussion, for instance
a remark or a definition. We label the ideas or paragraphs in bold print, for example, 5.1
refers to the first (citable) item in Section 5. The chapters only serve to group together the
sections belonging to the same theme. Wherever practical, the main result of a given

section appears as *.1 .



Chapter I : INTRODUCTION AND MOTIVATION

In the first section we discuss preliminaries and establish notation and conventions to be
used throughout the dissertation.

The constructions with locally trivial fibrations in Section 2 serves as motivation for the
study of quasifibrations and n-equivalences.

In Section 3 we introduce the concepts mentioned in its title. Numerous examples are
given in order to illustrate the concepts and to support the results. Some of these are

revisited in later chapters.

Section 1. Preliminaries and notation
Section 2. Adjunction of locally trivial fibrations

Section 3. n-Equivalence and quasifibration.



1. PRELIMINARIES AND NOTATION.

We devote this section to the discussion of preliminaries such as the homotopy lifting and
extension properties and elementary facts and terminology about the category Top?. The
notation for double mapping cylinder, push-out and mapping path fibration established here,
will be used throughout the thesis. The n;)tion of mapping cylinder was invented by J. H.
C. Whitehead {W4} and pursued by Fox [Fo]. The adjunction space concept is also attribu-
- ted to J. H. C. Whitehead [W,]. The mapping path fibration construction is due to Cartan |
and Serre [CS]. Steenrod’s NDR-pairs [Sds] provide us with an elegant approach to the
homotopy extension problem. For many of the concepts in this section though, the history
is hard to trace and we shall not aspire to provide a complete set of references.

1.1 The categories Top and Top?

The term map means continuous function between topological spaces. A neighbourhood of
a point in a (topological) space will be assumed to be open. The category of spaces and
maps is denoted by Top. When working wifh a pair of spaces (X,Aj, it is assumed that
A # ¢. At times, with due notice, we shall use the same symbol to denote the category of
pointed spaces and base point-preserving maps. There is no chance of ambiguity since in a
given section we will work consistently in only one of these categories. Top? is the cate-
gory of which the objects are the mo¥phisms of Top, and a morphism in the category
Top? from the object a: A — A’ to the object f:B — B’ is a pair (g,p’) of maps

p:A—B and p : A° — B’ suchthat fop=pu"oa.



1.2 Definition

A homotopy fromamap hy:X—B toamap h:X—B isamap A:XxI—B
such that A(x,0) = ho(x) and A(x,1) = hy(x) for every x € X. If such a homotopy ex-
ists, then we say that Ay is homotopic to h,.

A homotopy eqm:valénce is amap h:X— B such that there exist a map g¢g: B — X,
called a homotopy inverse of &, with go i homotopic to the identity map of X and hog
homotopic to the identity map of B. |

1.3 Definition

Let 4p: X — X xI be the obvious homeomorphism of X onto ihe subspace X x {O} of
XxI. Amap p:E— B is said to have the homotopy Iiﬂing property with respect to
the space X if, formaps A:XxI—B and Hy: X —E suchthat Ao iy =po H,,
there exists H: X xI—E suchthat po H=h and Ho iy = Hy. That is to say, given
a commutative square such as the one formed by the unbroken arrows in diagram A, there

exists an arrow H such that the diagram is commutative.

x—H g
/
—A— g7/
19 y, /4
/
/
Xx] ———3 B
h

1.4 Definition. A map which has the homotopy lifting with respect to all spaces is called

a fibration, or more precisely, a Hurewicz fibration.
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1.5 Examples
(a) Obviously every homéomorphism is a fibration because given the commutative square
of unbroken arrows in diagram A, and assuming that p is a home§morphjsm, we choose
H=1plo h.
(b) Let E=F x B for some space F,andlet p:F x B— B be the projection. Then,
given the square of ﬁnbroken arrows in diagram A above, we define H: X xI— E by the
formula:

H&Y) = (g0 Hlx), Hxp) ),
where» ¢: Fx B— F is the projection map. Then by [Ms; Theorem 7.4 on pl09], H is
a continﬁous function. This map H makes diagram A commutative. It can thus be seen
that p is a fibration.
(c) Every map f:E— B can be decomposed f= f"o f~ as a homotopy equivalence
followed by a fibration. This construction, see 1.6 below, is known as the Cartan-Serre
constiué;c;;n [CS]. The fibration f* is called the mapping path fibration of f.
1.6 Mapping path fibration
For any map f:E — B, we define f‘.: E”~— B as follows. Let P(B) denote the
spéce of all paths 1:{0,1]] =B in B, with the compact-open topology. Let
E"={(xA) €ExP(B): f(x)=A(0)} andlet f" (x,4) = A(1).
When there is a ch:f.;.nce of con.fusion we write E‘“( f) instead of E°. For any x e E, de-

note by x the stationary pathin B at f(x). Then we haveamap f~:E — E° given

by the formula f7(x) = (x,X) .
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1.7 Proposition. With notation as in 1.6 we have the following:
@) frof =f
(b) f° is a fibration
(c) f~ is a homotopy equivalence and f~(E) is a deformation retract of E".
The proof is routine and we omit it. It is discussed in for example (Wd].
1.8 Remark
For maps fi: E;s— Bj, i=1;2, and a Top?-morphism (g,h): fy— fo, we define a
function E“(g,h) : E*(fi) — E“(£;) by mapping aﬁ element (x,A) of E"(fi) onto the ele-
ment (g(x), ho A) in E°(f). Then we have a functor E" : Top2? — Top?.
Taking 7(f) to be the pair (f~,1), with I denoting the identity map of the space B,
we find that ‘17 is a natural transformation from the identity functor on Top?, to E°. g
The following definition is due to Steenrod [Sd3]. We do not restrict ourselves to compact-
ly generated Hausdorff spaces.
1.9 Definition
Given a space X and subspace A, the pair (X,A) is called an NDR-pair if there exists
maps z: X —1I and h:X xI— X such that : |

A =ut(0),

h(x,0) = x for all x € X,

h(x,t) = x for all (x,t) € AxI, and

h(x,1) € A whenever u(x) < 1.

A cofibration is an embedding i: A — X such that ( X,¥(A) ) is an NDR-pair. g
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The term cofibration used to be defined in terms of homotopy extension, but in [Sdj] it is
shown that (at least for compactly generated Hausdorff spaces) the given definition is equi-
valent to the original one.
1.10 Definition.
The mapping cylinder Z(f) of the map f E — B is the space obtained from E xI+ B
by making the identifications (x,1) = f(x). For a map fy:E;— By and a Top%
~morphism (g,h) : f— f, we define a function Z(g,h) : Z(f) . Z(fy) to be the one
induced from the map : |

gxI1+h:ExI+B — EgxI+ Byg.
Then Z(g,h) is continuous and so we have a functor Z: Top? — Top . There is a projec-
tion Z(f) — B, determined by the obvious map E xI+ B — B. This is a natural
transformation from Z to the codomain functor Top?— Top. Similarly there is a
natural inclusion E — Z(f). This inclusion is a cofibration. Note that the projection

has a right inverse and is a homotopy equivalence as well as a cofibration.

1.11 Push-out

We explain the push-out, B = G(hl, hs) of a cotriad (i) below, in the category Top .

) | B;—L B, 2, B,
A relation R, is defined on B; + Bg + B, by the rule given in (3) below. Let R be the
equivalence relation generated by R,.

(2) (b,b’) € Ry & be By and b’ € {hy(b), ha(b)}-
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Let B = (By + By)/R, and for each j=1;2, let hj:Bj— B be the restriction of the

quotient map 6:( By+ By + By ) — B. Then diagram B is a push-out square.

For a commutative diagram such as C, there is an obvious induced function of push-out
spaées, f: G(g1, g2) = G(hy, ha), and this function is continuous by the properties of quo-
tient spaces.
-C— _p-
El*—gl— Eoﬂ*Ez fo—iﬂ’ﬂ)—*fz
I E R FAN Y] |GR

Bl‘——Bo_’B2 fl_(.ﬂlz_}ﬂl__.f

The map f above is such that the square of diagram D is a push-out in Top2. During the
push-out construction as in diagram B, the map A; will often be required to be a cofibra-
tion. In this case, the space obtained is called an adjunction space [W].

1.12 Double mapping cylinder

Consider again the cotriad B; S By ha, By in the category Top . The double map-
ping cylinder D(hy,hs) of the cotriad is the quotient space obtained from the disjoint
union B® = B;+ B x1I+ By, by making the identifications as shown in (3) below, and
let 7n:B®%— D(hy,hs) be the quotient map.

(s) (x,0) = by (x) and (x,1) = hp (x).
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This quotient map embeds the subspaces Bj, B and Bgx (0,1) in D(hg,he). In what
follows we abbreviate D(hi,h;) to B/ and D(g1,g92) to E For the commutative
diagram C, thereisamap f* : E- — B’ .

1.13 Remarks |

In diagram E we have quotient maps 7 and 6§, and ¢ is the projection By x I — By,

Bi+Bygx I+ B I+g+1 + Bi+ By + B,

—E— n i
B === - B
There exists a natural map f:B’ — B, the broken arrow in diagram E, such that the
square is commutative.
1.14 Proposition
The map fB: B’ — B of 1.13 is a homotopy equjvaleﬁce if h; is a cofibration.
An even stronger result is proved in the book [Br; 7.5.4 p275] of Brown. g
1.15 Definition
Let @, B, 4 and p’ beasin 1.1 above. Then (u,u’) is said to be:
(2) a homeomorphism of fibres if for each a € A’, the induced map a*(a) — 7 (u’(a))
is a homeomorphism.
(b) a weak equivalence of fibresif for every a € A’ the induced map a(a) — A7(u’(a))
induces bijections of homotopy sets in all dimensions.
(c) a weak equivalence of homotopy fibresif E~(p,p’) is a weak homotopy equivalence of

fibres. E” isasin 1.8. g
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2. ADJUNCTION OF LOCALLY TRIVIAL FIBRATIONS

Adjunction of maps is the most prominent of the techniques in this thesis. In a nut sheﬁ,
an adjunction is a push-out in the category Top?, as explained in the latter part of 1.11.
The idea is to input three maps of a given type in a suitable manner, and obtain a similar
map in the push-out. Theorem 2.4 in this section gives sufficient conditions on a Top?-
cotriad (of locally trivial fibrations) to ensure that the push-out is a locally trivial fibra-
tion. As an illustration, we shall view the well known Hopf fibrations in the light of this
theorem. The construction described in 2.4 is analogous to that of Dold and Lashof [DL]
and Hardie [Ha] for quasifibrations. |

The concept of locally trivial fibration Zis due to Whitney [Wy]. A locally trivial fibration
over a paracompact space has been proyed by Huebsch [Hh] and Hurewicz [Hz] to havé the
homotopy lifting property, i.e. to be a ﬁurewicz fibration. A simple proof of the fact that
every locally trivial fibration has the homotopy lifting property with respect to compact
Hausdorff spaces can be found in [Gy]. This implies that the condition (1) in Section 0is in
fact satisfied, and is the motivation for investigating the property more generally, as was
done originally by Dold and Thom [DT]; |

2.1 Definition '

Let F be any topological space. A map p: E — B is a locally trivial fibration with fibre
F, if there is an open cover % of B satisfying the following condition. For every U e
there exists a homeomorphism ¢:Ux F — p”(U) such that p¢(x,a)=x for every

(x,a) e U x F.
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For a map p: E — B, and a subset U of B, U is said to be p-projected if there exists a
space G and.a. homeomorphism ¢ : U x G — p (U) such that for every (x,g) € U x G,
p p(x,8) = x. Werefer to ¢ as a triviglizationof p over U. g

We immediatély note that if p is a locally trivial fibration with fibre F, then for every
p-projected subset U of B, the space G must be homeomorphic to F.

2.2 Examples. (a) Let E be a topological group, and F a topologically closed nqrmal
subgroup of E. Then the canonical epimorphism p: E — E/F is alocally trivial fibration
with fibre F, provided that p has a local cross-section.

(b) Every covering projectioq over a connected base sp@ce is a locally trivial fibration.

2.3 Proposition

The diagram A below, of maps of topological spaces, is considered to be commutative.

9o

Eo —_ E
- A- 7 | | »
By B

(a) If B is p-projected and the square is a pull-back, then Bg is pe-projected.

(b) If p is alocally trivial fibration with fibre F and the square is a pull-back, then pg
is a locally trivial fibration with fibre F.

(c) Suppose that py and p are locally trivial fibrations with fibre F, for some locally
compact Hausdorff space F. Suppose further that the group h(F) of self—
homeomorphisms of ¥ is a topological group when equipped with the compact-open
topology.

If the Top2-morphism (go,9) : po — p is a homeomorphism of fibres (see 1.15), then. the

square is a pull-back.
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Proof (a) If B is p-projected, then as in diagram B, the projection map ¢ factorizes
through p. In diagram B the projection ¢’ 1is the pull-back of ¢ over g. By pull-back
properties; we obtain the map hy. This map kg is a homeomorphism since & is one and

the two squares between which they operate are pull-backs. Thus our claim follows.

; By x F —1 »B x F
e, Y
Eo Jo L E q
Po\l N
| By 7 + B

(b) For every p-projected open subset U of B, theset Up= g(U) is obviously open,
but is also po-projected by (a). Thus (b) follows.

(c) A proof is given in the book [Po] of Porter. §}

For a compact Hausdorff space F, h(F) is known [Sdo; p20] to be a topological group.

When formulating the adjunction theorem, 2.4 below, we refer to the following diagram, C.

J q
E; « Eq — E;
-C -
l ! S l Do f l D2
B, « Bq » B,

2.4 Theorem
Suppose that py: E;— By is a locally trivial fibration with fibre F, and for some
Bo C By, po: Eg— By is the pull-back of p; over the inclusion By ¢ By. Further, let us

suppose that the following conditions hold.
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(1) (EyEq) and (By,Bg) are NDR-pairs represented by maps u:E;— I, h:E;xI— E,

and, respectively, v: By—1I, k:B;xI— B, asin 1.9.

(2) Eo=p1"(Bg), vopi=1u and p; h(x,1) = k(pyx),1) foreach x € E,.

(3) For every x € v™Y[0,1), the map 6§ defined by the formula below, is a homeomorphism.
0: 97 (x) — p1t K(x,1), 6(e) = hle,1).

(4) F is alocally compact Hausdorff space for which h(F) is a topological group.

. Suppose further that p;: E; — Bj is a locally trivial fibration with fibre F and that the

Top2-morphism (g,f) from py to | p2 is a homeomorphism of fibres (see 1.15).

Then the push-out p: E— B of diagram C i_s a lociﬂy trivial fibration with fibre F .

Proof Let z be any point of B. We shall show that z \has a p-projected neighbourhood

W in B. Let 5:B;+ Bg+ B2— B be the quotient map.

Suppose that z € B\ 7(B;). Let y € B;\ By besuchthat 7(y) =z. By is closed in B,

_due to the cofibration, and so B;\ By is openin B; Thus B;\ B, contains a pr-pro-

jected neighbourhood Z of y. Since the quotient maps embeds E;\ Eo into E and

B;\ By into B, theimageof Z in B is an open p-projected subset of B and is our

choice for W.

We now show that for an arbitrary point z € 5(B;), z has a p-projected (open) neighbour-

hood W. We shall find open subsets Wji ¢ B; such that W, + W, + W, is saturated

with respect to 7, and 7n(W;+ W, + W,) is p-projected. Then we can choose W to be

the set p(W,+ Wo + Wj). .



19

Let y € By be any point such that z = n(y) and let W, be a py-projected neighbourhood
of y. We choose W, to be the open subset W, =. fY(W3) of Bo. Let W, be the set
W={xev'0,1): kKx,1) e Wo}. Then W;nBo=W, since k(x,1)=x for every
x € Bg. Thus W, isopenin B; and W;+ W, + W, is saturated with respect to 7.

There is a map s: Wy — W, defined by the formula s(x) = kx,1). In fact, WoC W,
and s is a retraction. Let V= p;"(W;). Then Vo= g{(Vy) and V; - {x € w'0,1):
Mx,1) € Vo}. Also, VoV, and there is a retraction r: V;— V, defined by the for-
mula n(x) = k(x,1). In diagram D the vertical arrows are pull-backs of the maps p; (by
2.3(b), such maps are locally trivial fibrations), and r and s are induced 'by g and f

respectively. The squares are commutative. In the first square, commutativity is due to

condition 2.4(5).

VI——T——->V0 Vo —— V,
-D - ! ! ! !
b, e e

W,

Wy Wo

W,

Each Top*morphism (r,s) and (7,y) is a homeomorphism of fibres, in the case of (r,s)
this is due to 2.4(3). Hence by 2.3(c), each of these squares is a pull-back square. Thus for
a tri\.rialization (2 of p; over W,, we obtain as in 2.3(a), a trivialization {, of p, over
W, and a trivialization (; of p; over Wy Since r and s are retractions, in view of
2.4(2) we obtain the commutative diagram E. The maps g¢;: Wjx F — W; are project-
ions and j is an inclusion. The space F is locally compact Hausdorff and thus by [AP;
Problem 25 on p330], whenever A: A— B is a quotien;c map, then the map of product

spaces A x 1: A xF — B xF isaquotient map (I is the identity map of F).
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W, xF —I*F  w,«F—2xF s Wj x F
¢/ |q1 C/ lqo </ a0
Ve 2 Vo I — v,

zo\l zo\l_. EEAN

- » W
Wi 3 Wy m 2

Thus the push-out of the ¢j -cotriad is precisely the projection map ¢: W x F — W. The
push-out (¢ of the cotriad formed by the maps (;, is a trivialization of p over W, so W
is p—prbjected. This completes the proof. |

Let us demonstrate this process by analysing the construction of the Hopf fibrations as in
[Wd]. We denote the (unreduced) cone of a space X by CX. CX is the quotient space
obtained from I x X by identifying the points (0,x). The image of a point (t,x) under
this quotient map is denoted by t Ax. We reg‘ard X as a subspace of CX via the em-
bedding that maps a point x of X to the point 1A x, and then the pair (CX,X) has a
natural (although not ur_lique) representation as an NDR-pair. The suspension ¥X of X
is the quotient space .of. CX obtained by collapsing the subspace X. For a point‘ t Ax of
CX, we ambiguously denote its image in ¥X by the same symbol. The join X *Y of
spaces X and Y, is the subspace CX x YU X x CY of CX x CY.

2.5 Dlustration: The Hopf fibrations

We show that for each n=1; 3; 7, thereis a map p:S** — S™* which is a locally
trivial fibration with fibre S® For each of the given values of n, the sphere S™ admits a
continuous multiplication with a unit element such that each element has a unique inverse.
Furthermore, inversion is a continuous map, and the following condition is satisfied:

(1) For every x,y € 8", (xy)y'=x.
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The Hopf construction on this multiplication S™ x §® — S®, see [Wd; p502], yields a map
p:S™x S™ — Y8 | given by the formulae:
p(tAx,y)=4Axy, and p(x,tAy) =Lt axy.
Note that 5™+ §™ and (resp.) XS™ are homeomorphic to $**! and, respectively, S™*.
We shall show that the map p is a locally trivial fibration with fibre S™. Let us denote
by T., Ty and T, respectively, the following subspaces of LS™ :
{tAx:t<y and xeS"}, {tAx:t=4}and xeS"} and {tAx:t>} and x € S"}.

Then p can be seen to be the push-out of the Top?cotriad in diagram F. Each vertical

arrow is a pull-back of p.

p)

CS" x S —— 5% x §" —— S" x CS®

- F - P-l ; POI l D+

T. «——— Ty — T,

Each of the vertical arrows in diagram F is a locally trivial fibration with fibre S®". We
prove this for p.. For the other arrows the argument is similar.

Let h:T.xS8"— CS"x S" be defined by the formula A(tAx, y)= (2t Axy, y)).
Then p-o h coincides with the projection T.x S® — T_ and & is a homeomorphism.
The property (4) of the multiplicatién is important in this regard. So T. isin fact p-
projected. The pairs (T.T,) and (CS™x S™ S™x S™) can be represented as NDR-pairs
in an obvious manner, determined by the NDR-representation of a pair (CX,X), even in
such a way as to comply to conditions () and (3) of Theorem 2.4. Furthermofe, the fibres

of our maps are homeomorphic to S™ which is a compact Hausdorff space. Thus by

Theorem 2.4, p is alocally trivial fibration with fibre S™. g
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In [Wd; Example 1, p503] it is shown that these maps p are (up to homotopy) the Hopf

fibrations.

Note that the case n =1 in 2.5is an instance of Example 2.2(b). For n =1; 2, an alter-
native approach is possible, see for example [Gy; Example 4, p78]. The case n=7 is
more complicated since the space lack group structure. In fact, S7 does not admit even a

homotopy associative multiplication [Sf3].
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3. n-EQUIVALENCE AND QUASIFIBRATION

The concept of quasifibration was invented by Dold and Thom [DT] while working on infi-
' nite symmetric product spaces. May [My] gives a new perspective on quasifibrations with
his notion of m-equivalences. In this section we introduce these concepts. Many of the
examples quoted here will be treated more extensively in further chapters. Our in-depth
study of the elementary properties of these maps appears in Section 15 and Section 16.
Spaces will be assumed to be free, not pointed. Base points are chosen explicitly whenever
we require them.

3.1 Deﬁﬂtion

Let f ' X — Y be a map of topological spaces. Then f is a O-equivalence if it induces a
surjection of the sets of path components, o (X) — 7o (Y)

For an integer n > 1, f is said to be a n-equivalence if fi : m (X) — 7o (Y) 1is bijective,
and for every x€ X, fyi: m (X, x)— 7 (Y,fx) is bijective for every 0 < r < n and sur-
jective for r = n.

The map f is said to be a weak equivalence if it is a n-equivalence for every n > 0.

This definition is as in Gray [Gy}, and Spanier [Sr]. May [Mj] relativized these notions as
follows.

3.2 Definition

A map f:(X,A)— (Y,B) of pairs is said to be a O-equivalence if the condition (2) below
holds. For a positive integer n, f:(X,A) — (Y,B) is said to be a n-equivalence if condi-

tions (;) and (2) hold.
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(1) For évery a€A and b=f(a), the function fi: 7 (X,A,a)— 7 (Y,B,b) is
bijective for 1 <r < n and surjective for r = n. |

(2) £ Im [mo(B) — mo(Y)] = Im [mo(A) — mo(X)]-

If for every positive integer n, f is a n-equivalence, then [ is said to be a weak
equivalence.

3.3 Remarks

(a) Ifin 3.2 we have A = f7Y(B), then condition 3.2(2) holds. In fact, the condition is
equivalent to the requirement that the following diagram is a weak pull-back square in the
category of sets.

T (A) —— m (X)

l l

mo (B) ———— o ()

(b) The composition of two n-equivalences is again a n-equivalence.

(c) Amap f:(X,A)—(Y,B) isa n-equivalence if and only if for every path component
Z of Y suchthat BNZ¢# ¢, with Z° = f"Y(Z), the pull-back (Z',AnZ’)— (Z,BnZ)
of f is a n-equivalence.

The proof of the following proposition is obtained by juggling path components and making
use of 3.3(c).

3.4 Proposition

A map f:(X,A)— (Y,B) is a nequivalence if and only. if whenever Z is a union of path
components of Y with BNZ# ¢, then the pull-back (Z’,A NZ'y—(Z,BnZ) of f

with Z° = fYZ), is a nequivalence. g
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3.5 Examples
(a) For any Hurewicz fibration f: X — Y and any subset B of Y with f (B) # ¢,
- the induced map (X, f!B)— (Y,B) is a weak equiva.lencg. This follows by homotopy
lifting, and by 3.3(a).
(b) The projection of a wedge of spheres (S™ v 8", S") — (S™ %) onto the first summand,
is a (n+m-—1)-equivalence. = This can be proved using the Kanneth formula and the
Whitehead theorem. However, we prove it in Chapter II by adjunction methods.
(c) For a n-connected space X, i.e. a path connected space X with 7y (X) =0 when-
ever 1<r<n, the suspension map X — Q¥X is a (2n+1)-equivalence. This is an easy
consequence of the homotopy excision theorem [BMj]. In Chapter II we give a proof of the
homotopy excision theorem using our adjunction theory. In fact it is this result, Theorem
7.1 that implies 3.5(b) above.
(d) For any pointed space X, we shall denote the James reduced product space [J4] by
Xm' . This is the free topological monoid generated by X, with the base point * as unit
element. By X, we denote the subspace of words of length at most r. Let n be ax-ly‘
odd positive integer, let f: (S;; ,57) — (Szt’; *), be a.ny map between reduced products as
in [Jy] of spheres, which extends the following map, f;:

S, —8,/S =TcT_.
The map f; is the composition of a pinching map, a homeomorphism and an inclusion.
James [J5) proved that the map of pairs f is a weak equivalence. An alternative, entirely

geometric argument will be given in Chapter III (Theorem 13.8). g
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The néxt definition is as in the paper [Mj] of May. The concept has its origin in [DT] by
Dold and Thom.

3.6 Definition. For topological spaces X and Y, amap ¢q: X— Y is called a quast-
fibration if it is surjective and for every ye€ Y, the map (X, ¢ly) — (Y,y) of pairs
induced by ¢, is a weak equivalence.

3.7 Examples

(a) Hurewicz fibrations, locally trivial fibrations and Serre fibrations which are surjective,
_are quasifibrations.

(b) In the fundamental paper [DT], Dold and Thom constructs several quasifibrations.
For a cofibration i: A — X, application of the.inﬁm'te symmetric product functor to the
quotient map X — X/A yields a quasifibration SP(X)— SP(X/A) with quasifibres
weakly equivalent to SP(A).

(c) Dold and Lashof [DL] shows how to construct, for an associative H-space G, a quasifi-
bration E — B, with E weakly contractible and the quasifibres weakly equivalent to G.
(d) Gray [G3] constructs a quasiﬁbra.tion (X,A)m — X/A with quasifibres weakly homo-
topy >equiva.1ent to Am . Here, the space ,(X,A)m is the subspace of all words in X of
which all letters except perhaps the first, belong to the subspace A. He applies this result
to_ recover the weak equivalence Xm — Q¥X originally proved by James [Ji]. g

3.8 Remark. An important difference between Hurewicz fibrations and quasifibrations is
that quas.iﬁbratio.n is not preserved under pull-back. An example demonstrating this fact

can be found in the paper [MP] by Morgan and Piccininni.
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Chapter I : GLOBALIZATION OF n-EQUIVALENCES

We present a fundamental theorem, Theorem 5.1, on n-equivalences. This result general-
izes the Dold-Thom theorem on quasifibrations, and thé theorem on n-equivalences due to
May. From 5.1 we deduce several other globalization and adjunction theorems. We obtain
a new proof of the homotopy excision theorem of Blakers and Massey.

We make use of some results which appear in Chapter IV. These are fa.irly elementary,
related to the five-lemma. The detailed proof of a key lemma for the proof of 5.1, is a.l;o

deferred to Chapter IV, due to its length.

Section 4. Local n-equivalence
Section 5. The globalization theorems
Section 6. Adjunction of n-equivalences and quasifibrations

Section 7. Relative homeomorphisms.
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4. LOCAL n-EQUIVALENCE

The concept of local n-equivalence is introduced in this section. It is in this setting that we
shall prove the fundamental globalization theorem for quasifibrations of Dold and Thom
[DT] in Section 5. Spaces will not be considered to have fixed base points. Whenever re-
quired, base points will be specified explicitly.

Definition 4.1(a) is the concept of ausgezeichnete Menge in [DT]. We generalize the con-
cept in 4.1(b).

4.1 Definition

Let p: E— B be a map of topological spaces, and for a subspace U of B, let us denote-
p}(U) by U-. | |
(a) A subset U of B is said to be distinguished with respect to p if the map U’ — U
induced by p, is a quasifibration.

(b) Suppose that V ¢ U ¢ B. Then for a non-negative integer m, the pair (U,V) is said
to be m-distinguished with respect to p if the map (U’,V’)— (U,V) induced by p, isa
m-equivalence. The pair (U,V) is said to be distinguished with respect to p if it is m-
distinguished for all m > 0.

4.2 Definition

Let p: E— B beamap and m a non-negative integer. Suppose there is an open cover
U of B satisfying the following conditions for arbitrary U, Ve X :

(1) Whenever V c U, then the pair (U,V) is m-distinguished with respect to p.

(2) Whenever x € UnV, thereexists W € # such that x€e W and WcUnV.
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Then the p.air (p,4) is said to be a local m-equivalence. The pair (pk) is said to be a
local weak equivalence if for every positive integer k it is a local k-equivalence.

We fix the following notation throughout this section, and in Section 5.

4.3 Notation

If A is a topological manifold with boundary, we denote its boundary by 6A . We fix an
integer n > 2 and then define the following sets :

[ is the unit interval [0,1];

K. is the unit n-cube I®, and then we have the following subsets of X :

I;=1""'x1 and J is the closure of 9K \ I;.

For paths g and v (maps I-— X) in a space X with p(1) =1(0) we define the path
g+ v in X by the formula :

5+ ) = |

p(2t) 0<t <4
1

y2t —1) <t

The path g is defined by the formula g (t) = p (1~ tj. -

4.4 Proposition

Let J be the space as defined in 4.3, corresponding to n=2. Let ¢:(X,Y)— (U,V)
be a l-equivalence, let e€ X be any point, and let A and 4 be I;aths in U with
A(0) = d(0), q(e) = d(1) anci AM1) e V. Then there is a path ¢ in X with ¢(0) ~e
and ((1) € Y, such that the map h:J — U defined below, can be extended to a map

H:(IxL,1xI)—(UV).
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go ((s) t=1
h(s,t) =4 d(t) s=0

A (s) t=0.
Proof Let X 4, U 7, U be the mapping path fibration factorization of ¢ We
shall regard ¢~ as an inclusion map. Let x be the pathin U defined by s=d + A
By the homotopy lifting property there is a path g in U" with w(0) =e such that
Cop==k. By 16.5, ¢ gives a surjective function, o (Y)— 7 (V") where
V" = ¢ V), since ¢:(X,Y)— (U,V) is a l-equivalence. Thus we can find a path v
in V* from the point g(1) to a point in Y. Thereis a natural retraction r: U" — X.
We choose (= ro (u+ v), whichisapathin X with ¢(0)=e and {(1) €Y. Note
that ¢qo ¢((0) =qgoropu(0) =qgopn(0) =g(e), thus d(1) = qgo {(0), and therefore
thereis a path A"+ d+ (go ¢) in U.
The proof is completed by showing that A" + d + (go ¢) is path hométopic to (%) a
pathin V. To this end we note that go r is homotopic to ¢~ (rel. X).‘ Since the end-
points of p + v isin X, it therefore follows tha’g

go ¢ = qore(uty) = g o(ut).

Finally, we have the following routine computation:

XN+d+(go¢) sp A +d+[g" o (p+ V)]
2p A+ d+ (¢ o p) + (¢ ov)
8o A+ d+ K+ (¢ o V)
¥y ¢" o v,

and the assertion can be seen to follow. Jj



4.5 Lemma

If (pd) is alocal 1-equivalence, then for every C € ¥, the pair (B,C) is 1-distinguished.
Proof (B,C) is 1-distinguished if and only if for any map g: (I,8,0) — ( B,C,p(e) ),
there exists a map F: (I,01,0) — (E,p"Y(C),e) and a homotopy D; from g to po F,
fixing 0 on p(e) and sending 1 into C. We note that we work with complete inverse
images and thus by 3.3(a), the path component condition 3.2(3) is satisfied.

Let g be as above. The open cover {g}(U): U € &} of the compact metﬁc space I has
a Lebesgue number. Thus there exists an integer k, such that for every r € N with r <k,
the interval [IZ!, £] is mapped by g into one of the members of 4 For each such
1<r<k, onecan choose Ur€Z suchthat g[Zl, £] € U, Hereafter we choose,' for
each positive integer r <k, aset VreX with g(£) € Ve C Ur N Uryy, and a subset Vi
of Ux N C suchthat g(1) € Vy and Vel We can make our choice such that U;=C
by choosing k sufficiently big.

Let X;=p!U;) and Y,=pHV,). We ‘shall inductively apply 4.4 to the map
(Xr,Yr) — (U, Vr). For r=1 we choose, asin 4.4, A; to be the pathin U déﬁned by
the formula A((t) = g( £) and di(t) = p(e) the constant pathin U;. Then thefe exists,
asin 4.4, a path ¢; in X; andamap H;:I1xI— U

We repeat this process of constructing similar ¢/’s and Hys for r=2;3; ...; k. Having
obtained the maps for a given stage r—1, we choose dr(t) = Hr-1 (t,1), Ac(t) = o( ¥E2)

and € = 6:-‘-1(1)-
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The (Rs and respectively the Hy’s can be merged together to form the required path F

and the homotopy D;. More precisely; we obtain them by the formulae :
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5. THE GLOBALIZATION THEOREMS

The globalization theorems for n-equivalences, 5.1, and quasifibrations, 5.2, can now be
proved. Similar gloﬁalizations have been studied by Huebsch [Hh] and Hurewicz [Hz] for
locally trivial fibrations, and by Dyer and Eilenberg [DE] for fibrations. As presented here
for n-equivalences, Theorem 5.1 is the most general result in this context. It ivs this one
that we actually prove, and thereafter we derive the theorem [DT; Satz 2.2] of Dold and
Thom. May [Mj] gave a similar treatment of the Dold-Thom theorem through n-
equivalences. The proof of Theorem 5.1 entails the solution of some homotopy lifting
problem, see 5.5, that is solvable locally. ‘We use induction, the first step of which is
covered by 4.5.

Base points for spaces will be specified whenever they are required. The main theorems are
formulated now. Their proofs will be given at the end of the section.

5.1 Theorem

Let p: E— B beamapand 4 anopen cover of B. If (p) is a local ﬁ—equivalence,
then for every C € 4, (B,C) is a n-distinguished pair.

5.2 Theorem [Satz 2.2 of DT]

Let p: E— B beamapand # anopen cover of B, of subsets which are distinguished
with respect to p. Suppose further that for every U,V € 4, and arbitrary x in UnNYV,
there exists W € Z such that x€ W and WcUnV. Then p is a quasifibration.

5.3 An indexing of a finite collection of subsets of a set

Let Z be any finite non-empty collection of subsets of a given set X. Let V be the col-

lection of all non-empty subsets of X which are intersections of subcollections of Z.
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Then V is finite and we can index the members of V: V,, V,, V3, ..., Vq in such a way
that for 1 <1< j<q wehaveeither VinV; =V, forsome r<i or VinVj= '¢.

5.4 Remark

Suppose that (p,4) is a local nequivalence. Let By be a subspace of B which is the
intersection of finitely many members of #Z Let po: E¢— By be the pull-back of p
over the inclusion map By C B, and let V be the subclass of # cqnsisting of all those
members lying entirely inside B,. It follows from the definition that (po,V) is a local
n-equivalence. g

The notation of 4.3 will be used in the remainder of the section. Lemma 5.5 on homotopy
lifting is required for the proof of the fundamental globalization theorem, 5.1.' Its proof
appears in Section 17.

5.5 Lemma.

Let p:(X,U)—(Y,V) be a map of pairs. Then the foilowing three conditions are
equivalent (for n > 2):

(a) Given maps f:(J,0]) — (X,U)b and g¢:(K,I;) — (Y,V) together with a homotopy
dy:J— Y from éo f to the restriction g¢|J of g to J, such that d; (8J) ¢ V for all
t € I, there exists an extension F: (K,I;) — (X,U) of f and a homotopy D;:K—Y
from po F to g, extending -dt such that Dy (I)) CV forall t el

(b) Givenmaps ¢:(J, ] ) — (X,U) and 7: (K,I;) — (Y,V) with po ¢ = v|J, then
there exists an extension 9 :(K,I;) — (X,U) of ¢, and a homotopy Ai:K—Y from

pod to 7, such that Ay isstationaryon J and A, (I;) CV forall tel.
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(c) Forevery ee U and b= p(e), the function ps: 7 (X,U,e) — = (Y,V,b) .is inject-
ivefor r=n~—1 and surjectivefor r=n. g
5.6 Proof of Theorem 5.1
The proof is by induction. We inductively prove the statements Sq, q 2 0.
Sq: If (p,X) is a local q-equivalence, then for every C € #, (B,C) is a g-distinguished pair.
Since we work with complete inverse images, S, follows by 3.3(a). The statement §; is
exactly thé result 4.5. Now assume that for some integer n bigger than 1, §q is true for
all ge{1,2,3,..,n—1}, and suppose that (p,X) is a local n-equivalence and C € .
We shall prove 8y by showing that, for C’ = p™}(C), thé map (E,C’)— (B,C) is a n-
equivalence. We already know this map of pairs to be a (n—1)-equivalence by the induc-
tion assumption, and it suffices to show that‘:
(o) p4: m(E,C’,e) — = (B,C,b) is injective for r =n —1 and surjective for r = n,

for every e € C’ and b € p(e).
This statement (o) is in the same form as condition 5.5(c). We prove the equivalent condi-
tion 5.5(b), or more precisely, the version of 5.5(b) in terms of our symbols.
So suppose that we have maps f:(J,0J) = ( E,C’) and g¢:(K,;)— (B,C), and that
di: J — B is a stationary homotopy from po f to g|J. We shall show how f and d;
can be extended systematically over the subsets T, of K,

Ty =30 (17 [0, 3],

by induction on u, u=1;2;..;k. Foragiven r, 2 <{r<k, the obtained extensions of

f and d; over T..; are further extended over T;.
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The compact vsubsefu g(K) of B can be covered by a finite subcollection #; of 4 We
can assume that C € Z;. The open cover {g' (U): U € ¥} of the compact metric space
K has a Lebesgue number. Therefore there exists an integer k such that for every sub-
cube ¢ of K with side lengths not exceeding {, ¢ lies entirely in one of the sets in
{g'(U): Uel}. Let V be the collection of all non-empty proper subsets of B which
can be obtained as intersections of subcollections of #;. Then "V is finite and #%;C V.
Label the members of ¥ asin 5.3, V= {V}, V,, ..., Vg}.
In order to extend f and d; we shall make use of the facts (1) and (2) which shall be
proved further on.

(1) Forany Y, VeV with VcY, (Y,V) is (n — 1)-distinguished.

(2) Forany YeZ and VeV with VcY, (Y,V) is n-distinguished.
For the subset Q = {0; & & &; ... ; 1} of I, let Q" be the product of n—1 copies of
Q. Let ¥ the set of all subcubes of 1! with verticesin Q" and volume in R*"! equal
to (&))" Let 3 be the set of all rfaces, r=0;1; ...; n~1, of members of . For
pe b, wesay that ¢ is of type (i,j) if i is the least among the integers q for which
g(px ) c Vg and j is the least integer r such that g( @x[0,£]) € V.
We now construct the extensions of f and d; over T;. Put

Tr=JU(¥:x[0,£])CTy.

Applying () above and 4.4, we can extend f and d; over T'y, obtaining F and D; par-

tially, such that for every type (i,j) face @€ &, the following conditions are satisfied.
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(3) F(pxyg) ¢ p'(Vi) and De(pxg) C Vi,
F(px{0,g]) ¢ p(Vj) and Dy(@x[0,4]) C Vj.
We proceed with this construction over T';, and then over I'y, ..., I'n.2 using the fact ()
above and the implication (c)=2 (a) of Lemma 5.5 (taking Vi=V and Vj=Y). At
each of these stages, we do it for all ¢ € 8., in such a way that if ¢ is of type (i,j), then
F and D, satisfy the conditions (3) above.
In order to do the extensions over I'y.;, the observation (3) above is important, and we
proceed as follows. Let @€ 8, be a face of type (i,j). At this stage we no longer
require the minimality of Vj. Instead we replace V; (if necessary) by a sét Yeld, in
order that by (2), (Y,Vi) is n-distinguished. By 5.5 [(c) 2 (a)], we can thus extend F
and D; over ¢ x [0, 4] in such a way that :
F(pxg) ¢ p(Vi) and Dy(pxg) € Vi,
F(ox[0,4]) c p(Y) and Dy (x[0,4]) Cc Y.
For the purposes of Lemma 5.5 we use Vi=V and Y =Y. Note that we do not quite
use the fact that d; is stationary. The important fact is that for a type (i,j) face ¢, d;
keeps ¢ x [0, {] .inside V; and ¢ x { inside Vi The extension of d; does the same all
along in the process. Thus our construction can be repeated over T, T3, ..., Tx and it
yields the required extensions. The proof of 5.1 is‘ complete except for the proofs of (;) and
(2) which we supply now.
Proof of (3): Let VeV and YeZ with VcY. We construct a subset Z (not necess-

arily in %) of V such that (V,2) is (n—1)-distinguished, (Y,Z) is n-distinguished, and
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the inclusion Z ¢ V is a bijection of path components. Then by 16.8 applied to the triple
(Y,V,Z), our‘ assertion (3) will follow, i.e (Y,V) is n-distinguished. So we proceed to
construct the set Z.

Let P be a subset of V containing precisely one element from every path component of
V. Forasubset A of Y and c € P, we use the symbol A, to denote the path compo-
nent of A which contains the point c.

Now choose an arbitrary c € P. Since V is a finite intersection of members of %, by
4.2(3), there exists W € 4 such that ce€ WV (and we make a fixed choice of such a
subset W). By 5.4 and Sy.;, the pair (V,W) is (n—1)-distinguished. Since W,Y € «
the pair (Y,W) is n-distinguished. From ls.é(d), (V,Wc) is (n—1)-distinguished and
(Y,W¢) is ndistinguished. We choose Z to be the union of all the subsets W, (c € P).
We note that the path components of Z are precisely the subsets W¢. Thus by 15.2(d),
the pair (V,Z) is (n—1)-distinguished and (Y,Z) is n-distinguished. This completes the
/proof of the assertion (3). |

The proof of (;) is similar to that of () and we Asha.ll not give the detail here. | Finally the
proof of Theorem 5.1 is comblete. |

5.7 Proposition

Let p: E— B be a map and # an open cover of B, of subsets which are distinguished
with respect to p. Suppose further that for every U,V € 4, and arbitrary x in UNnYV,

there exists W € 4 suchthat xe W and WcUnV.

Then (p,X) is a local weak equivalence.
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This observation is similar to () in the proof of Theorem 5.1 above, and is required in
order to deduce the proof of Theorem 5.2.

Proof of 5.7 Let V,Y el with VCY. Let Z be any subset of V containing precise-
ly one point of every path component of V. Then for any c€ 2, (V,c) and (Y,c) are
distinguished pairs by assumption. Thus by 15.2(d), (V,Z) and (Y,Z) are distinguished.
Moreover, the inclusion map Z C V is a surjective function on path components. By 16.8,
(Y,V) is a distinguished pair. Condition 4.2(3) on local weak equivalences is easily seen
to be satisfied, and our result is proved. |

5.8 Proofof Theorem 5.2

Let x be any point of B. We must prove that (B,;c) is a distinguished pair. Now pick
any C € X suchthat xe C (4 covers | B). By 5.7, (p,4) is alocal weak equivalence and
so by 5.1, (B,C) is distinguished. Thus by 16.9(b) it follows that (B,x) is a dis-
tinguished pair. This completes the proof of 5.2. |

The following result generalizes a theorem in Gray’s book [Gy 16,23 on pl40], and [Mc;
Theorem 6 on p467] of McCord.

5.9 Theorem

Let n be a non-negative integer. Let p: E— B be a map and Z an open cover of B
such that for every U, Ve and any xe UNYV, thereexists Wed with WcUQAV
and x € W. Suppose further that for each U € # the induced map p*(U)— U isa n-
equivalence.

Then p: E — B is a n-equivalence.



Proof For any pair U,Ve4 with UcV, by 16.2 it follows that the pair (U,V) is n-
distinguished. Thus (p,Z) is a local n-equivalence. Thus by Theorem 5.1, for every U

in #, (B,U) is a n-distinguished pair. Our result follows by 16.1. [i
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6. ADJUNCTION OF n—EQUIVALENCES AND QUASIFIBRATIONS

The first construction of push-outs of quasifibrations was made by Dold and Lashof [DL)]
while constructing the universal quasifibration of an associative H-space. After this,
se;vera.l similar constructions follow. The technique is discussed in detail by Hardie [Ha).
This method will now be generalized to the case of n-equivalences. Towards this end,
Theorem 5.1 or the special case [Mg; Theorem 1.2] of it is fundamental. The new push-out
theorems have many applications, especially 6.1, 6.3 and 6.8(c), as can be seen in the re-
mainder of this chapter and in Chapter III. Theorem 6.2 is an affirmative answer to a
question posed by J.-P. Meyer in a letter to K. A. Hardie.

We work with free spaces, that is to say that spaces will not be assumed to have fized base
points. In order to formulate the theorems we recall the notation for double mapping cyl-
inder and push-out from Section 1.

6.0 Notation The commutative diagram A can be considered to be a cotriad in the cate-

gory Top? of pairs and pair maps.
9 g2
Ef /e Ey ——E,
—A- | 71 ] B | P2
Bl ¢ - Bo >B2
. fi fa

We recall from Section 1, that a cotriad E;+— Eq— E; has a push-out E and a double
mapping cylinder E’. The Top? —cotriad determines a unique map p: E — B between

push-outs and a unique map of double mapping cylinders, p’ : E* — B’.
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Let V; betheimagein B’ of B;+ Bg x [0,1) under the canonical map
n:B;+ByxI+B; — B’.

Similarly, let V3~ be the image in 'B’ of By x(0,1] + B; under 7. Let Vo=V{nV,.

Define similar subsets U; of E’. For each i€ {0, 1, 2} there are retractions Uj; — E;

and V;-— B; which are homotopy equivalences. g

We now formulate the three main theorems that are proved in this section. For Theorem

6.1 we have the following setup.

We fix a subspace T ¢ By. For each x €T there are subsets Ff cpi’l(fix), je{1, 2},

and Fo € gr}(F}) N poi(x) N g2"Y(F3).  Let us assume that for x, yeT, FT = Ff

whenever fi(x) = fi(y). |

The double mapping cylinder of the cotriads f; (T) «— T — f, (T) is denoted by T’, and

for each z € T', F’ is the canonical image in p’ “Y(z) of Fo or F?, according as z € V,

or z€ Vj\ Vo.

6.1 Theorem

Suppose that the inclusion map T C B, is a surjective function on the sets of path compo-

nents. Suppose further that the following conditions hold, for each x € T, j¢€ {1, 2}.

(1) po:( Eo,Fp ) — (Bo,x) is a n-equivalence.

(2) p;:(E;F;)— (Bjfi(x)) p; is a (n+1)-equivalence.

(3) Theinduced maps 4;: Fo — FT are n-equiva.lex.lce‘s. '

Then: (a) For the map p’ : E* — B’ of double mapping cylinders, (E’,Fz) — (B’ ,2)

is a (n+1)-equivalence for each z ¢ T".
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(b) If mofeover, fi and g, are cofibrations and every Fy— F) isa homeomorphism, for
the map p: E— B of push-outs, we have the following.

For each x€e T, (E,G)— (B,y) is a (n+1)-equivalence, G being the homeomorphic
image of F3 in E and y = p(G).

6.2 Theorem

Suppose that in diagram A every p; is a quasifibration and each of the pair maps (gj,f;)
is a weak equivalence of fibres.

(a) Then the map p’ : E* — B’ of double mapping cylinders is a quasifibration.

(b) Suppose furthermore that ¢, and f; are cofibrations and that po is the pull-back of
py over fi. Thenthe map p: E— B of push-outs is a quasifibration.

For the proofs of Theorems 6.1 and 6.2, we make use of Theorem 6.3 and Proposition 6.4
below. The homotopy fibres approach as in 6.3, is similar to and supplements work done
by V. Puppe [Pu].

6.3 Theorem

Suppose that in diagram A, for each je {1, 2}, the Top*morphism (gj,/;) is a n-equiva-
lence of homotopy fibres. Then for every i€ {0, 1, 2}, we have the following:

(a) The Top? -morphism p;— p’ to the double mapping cylinder is a n-equivalence of
homotopy fibres. (See 1.15 for this concept). |

(b) If moreover g; and f; are cofibrations, the Top? -morphism p; — p to the push-out

is a n-equivalence of homotopy fibres.
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Proof (of Theorem 6.3)

(a) Foreach i€ {0, 1,2}, themap U;— V; induced by p’, is homotopy equivalent to
pi.  Thus by 16.5 and with our assumptidn on homotopy fibres, each pair (V;,V) is
(n+1)distinguished with respect to p’. Also the sets Vi are open. Thus for & = {V,,
Vi, Va}, the pair (p’,4) is a local n-equivalence.

By Theorem 5.1 or alternately [My Theorem 1.2], it follows that each pair (B’,Vi),
ie {0, 1,2}, is (n+1)-distinguished with respect to p’. By 16.5 we have that for each
ie {0, I, 2}, the Top? -morphism from the object U; — Vi to p’ is a n-equivalence of
h'omotvopy fibres. Since p; is homotopy equivalent to Uj — Vj, it follows that in fact
pi — p’ is a n-equivalence of homotopy fibres. .This completes the proof of (a).

The statement (b) follows from (a) and 1.14 . |

6.4 Proposition

Under the conditions of Theorem 6.1 wé have that for each j€ {1, 2}’ the _’I‘_qu-morplﬁsm
(9i,f;) : po — pj is a n-equivalence of homotopy fibres.

Proof Fixany xe T. In diagram B, « (respectively, ;) is the natural map int6 the
homotopy fibre of py over x (resp. pj over f(x)), and f; is the natural induced map
(see 1.8). The diagram is commutative. |

h;

Fy ———— Fj
- B - @ | | o
H — H;

Bi

By 16.5, Condition 6.2(,) ensures that «, is a (n—1)-equivalence.
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Similarly from Condition 6.1(2), oj is a n-equivalence. Due to 6.1(3), h; is a In—equiva—
lence and therefore aj o h; is a n-equivalence. Thus by 16.6(c), f; is a n-equivalence.
Our result follows since every path component of By contains a point of T. |}

6.5 Proof of Theorem 6.1

(a) By 6.4, each of the Top’>morphisms po — pj, j€ {1, 2}, is a n-equivalence of homo-
~ topy fibres. Consequently by Theorem 6.3, each of the Top? -morphisms p; — p’ is a n-
equivalence of homotopy fibres, i = {0, 1,2}. Foragiven x € T" let r be the constant
map F - x. Then the Top*morphism r— p’ is a n-equivalence of homotopy fibres.
By 16.5, the map (E',Fx) — (B’,xj ‘induced by p isa (n+ 1)equivalence. Thus (a)
follows. |

(b) The condition on fibres ensures that the quotient map F3 — G is a weak equivalence.
The result now follows from (a) and 1.14. |

6.6 Proof of Theorem 6.2

(a) From 6.1(a) it follows that for each z € n(ByxI), 7 is asin 6.0, (B’,z) is a dis-
tinguished pair. Let C be the union of all the path components of B’ that meet the set
Im (Bg— B’). Then by comparison with the mapping path fibration of p’, it follows
that C is a distinguished subset of B’. The subspace B’\C is distinguished since it did
not reélly participate in the adjunction process. This settles the proof of (a). |
(b) The pull-back condition ensures that the Top? -morphism p’ — p is a weak equiva-

lence of fibres. The result now follows from (a) and 1.14. |}
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6.7 Notation
Now suppose that diagram A is homotopy commutative. Let k(-t) and [(-;t) be homo-
topies from fio po to piyo g, and from f 0 py to ppo go respectively. Then we can

define a map ¢: E° — B’ between the double mapping cylinders as follows :

- [pi(e), 0] t=0, e€ E;
[k(e, 1 —4t),0] 0<t< 4, ecEg
glet] =1 [po(e), 26 -4  $<t<§, ecEy
[l(e, 46 - 3),1] 32<t<1, e€E
“[pa(e), 1] t=1, ecE,

Note that if e € Eo then [pi(e),0] = [He,1),0] and [px(e),1] = [{e,1),1] . So ¢ is well-
defined. By using the pasting lemma, ¢ is found to be continuous. "Section 1 can be con-
sulted for more detail on the double mapping cylinder.

6.8 Proposition

Let n be a positive integer. If in diagram A, p; and p; are n-equivalences and pg isa
(n—1)-equivalence, then we have the following results :

(a) The map ¢ defined in 6.7 is a n-equivalence.

(b) If diagram A is commutative with stationary homotopies, then p’ is a n-equivalence.
(c) If diagram A is commutative with stationary homotopies, and f; and g; are cofibra-
tions, then p is a n-equivalence.

Proof (a) We consider the following subsets of B”:

Wo=1n(Box{3} )i Wi=n(Bi+Box[03); Wa=n(Box[31]+B2).
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The map 7 is defined in 6.0. For each i€ {0, 1,2}, let X;=¢(W;). Then q is the
push-out of the cotriad Top?cotriad of diagram C. The horizontal arrows are inclusions

and are cofibrations. The vertical arrows are the pull-backs of ¢ over the inclusions

W;cB’.

‘ X « X — X

-C- [ l |
W —— Wy —— W,

Fof each i€ {0, 1, 2}, ¢ is homotopy equivalent to p;. Thus ¢y is a (n — 1)-equiva-
lence, and ¢; is a n-equivalence for each j€ {1, 2}. We obtain or result by application of
6.1(b), taking any set T = W, and taking the spaces Fi to be one point sets. Theorem
6.1 does not take care of the path components of B’ which are disjoint from W;, but
such path components did not really take part in the process of formation of double map-
ping cylinders.
(b) In the case of strict commutativity of diagram A with stationary homotopies, p’ is
homotopic to q.
(c) This follows by (b) and 1.14. |}
6.9 The reduced double mapping cylinder.
Suppose that we have a cotriad such as the one below, and let B’ be its double mapping
cylinder. B, +—f-1-— By —-—fz-—» B,
Let x be an abitrary element of By. The reduced double mapping cylinder of the cotriad

with respect the point x is the space By obtained from B’ by collapsing the subspace

n(x = I).
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6.10 Proposition

The quotient map fx: B’ — By is a weak equivalence.

Proof There is a quotient map o = nofx:Bi+ BoxI+ By— By. Let V; and V,
be, respectively, the images under a of the subsets Bj+ Bg x [0,1) and Bg x (0,1} + By,
and let Vo= V;n V, Note that each Vj is deformablg onto a subset homeomorphic to
Bi, so that the induced map fFy (Vi) — Vi is a weak equivalence. Furthermore, each
Vi is an open subset. Thus our claim follows by Theorem 5.9. }}

6.11 Remark

There is a forgetful functor from the category of pointed spaceé and pointed maps to the
category of free spaces and free maps. We define the concept n—equiva.len_ce in the pointed
category via this forgetful functor. Then 6.10 guarantees that the results in this section
that hold for double mapping cylinders, are also valid for reduced doubie mapping cylinders
when working in the pointed category. For the remainder of Chapter II and in Chapter IH

we shall work in the pointed category, taking advantage of this fact.
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7. RELATIVE HOMEOMORPHISMS

In this section we prove a result, Theorem 7.1, on relative homeomorphisms, similar to the
triad connectivity theorem of Blakers and Massey [BMj. Subsequent to the work of
Blakers and Massey, a number of essentially different treatments of triad connectivity has
appeared, such as those of [Mo], [N], [DKP], [Sw], [G4] and [BH]. Theorem 7.1 is obtained
by adjoim'ng n-equivalences, and its merit lies in its simplicity.

When formiﬁg quasifibrations via adjunction, then usually two of the vertical arrows are

trivial fibrations. The following diagram is a typical one for such constructions.

FxCe+——F xE—— E,

| l o

C « E ———— B

Here C is the cone of E. The Dold-Lashof construction [DL] is, for example, a recursive
formation of push-outs of djagiams of this form with E = E;. The basic method of this
section is to replace the trivial fibrations by their restrictions to the wedges FV C or
F Vv E in the product spaces.

We shall be working throughout this section with pointed spaces and maps, see 6.11.

7.0 Definition

For a map p:(X,A)— (Z,B), we have a commutative square as in diagram A. The

map of pairs p is said to be a relative homeomorphism if diagram A is a push-out square.
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A Pol l D

Note how Z is uniquely determined from the other data if p is required to be a relative
homeomorphism. The main theorem of this section follows.

7.1 Theorem

Suppose that po: A — B is ‘a. m-equivalence and (X,A) is a (n—1)<connected pair. Let
us further assume that at least one of the following tvwo'conditions hold.

(1) (X,A) is an NDR-pair,

(2) A is an open subset of X and po (A) is an open subset of B

Then the relative homebmorphism p:(X,A) — (Z,B) is a (m+n—1)-equivalence. -

The proof of this theorem is finalized at the end of this section, and every result that
follows is relevant to the ultimate proof. The more prominent of these are 7.2 and 7.6.

7.2 Proposition

Suppose G is a subspace of a space F such that the inclusion G ¢ F is a m-equivalence.
Let C, be the subset F x * UG x S™ of F x S™. Then the inclusion C, C F x S® is a
(m+n)-equivalence.

 Proof Wé proceed by induction on- n. For n =0, as free spaces, Co=F + G, a dis-
joint uﬁon, and FxS%=F+F. Byassumption i: G — F is a m-equivalence. Thus
>the inclusion CoC F x S° is a (m + 0)-equivalence, and the case n =0 is proved. Now

let us assume that the statement is true for n =t — 1, where t > 1, and show that it also

holds for n =t.
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By assumption then, in the Top’cotriad of diagram B, the inclusion map « is a (q+t—1)-
equivalence. The map [ is the identity map of F, J is the inclusion, h is the

projection and k" = ho a. Note that [ is (a homotopy equivalence and hence) a weak

equivalence.
(Fx+)U(Gx EY) <2 (Fxs)U(GxS) —2 7
-B- 5| o | 1]
FxE' « J FxSt-l — P F

The push-out of the cotriad is a map F x UG x S*— F x S*, and is a (q + t)-equiva-
lence by 6.8(c). This proves the statement for n =t and thus completes the proof. [
7.3 Corollary

For C, asin 7.2 above, the map. p: (Cp, F x ¥) — (S",%) which is the restriction of the
projection 7:F x VS“ — S™ onto the first factor, is a (n + m)-equivalence.

Proof Condition 3.2 (2) on path components is easily checked to be tiue. Th.e triangle in
diagram C is commutative. The map < of pairsis a bweak equivalence.

a
(Cn,F x *) F Sn x *)

Y4

(S, )

By 7.2 and the five-lemma applied to the homotopy ladder of the map of pairs o, « isa

(m+n)-equivalence (of pairs) and so our result follows. [
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7.4 Remark. Suppose that G is a subspace of F such that the inclusion G CF is a
m-equivalence. Let W, be a bouquet of n—sphe;es. A subspace Dy of F x W, is
defined as Dy =F x + UG x Wy,. Then the following facts can be proved along the same
route that we followed to'prove 7.23nd 7.3 .

(a) Theinclusion Dy C F x .Wn isa(m+ n)—equivalence._

(b) The restriction of the projection F x Wy — Wy, to Dy is a (ﬁ + n)-equivalence
(Dn,F) = (Wn*). u

The notion of relative CW-complex that we use in 7.5 and beyond, is discussed in the book
[Wd] of G. Whitehead. When working with a relative CW-complex, for brevity we shall
use the term cell ambiguously to mean relative cell. o

7.5 Propositioﬁ

Suppose that p,: A— B is a m-equivalence and for some relative CW—omplex (X,A),
we have a relative homeomorphism p : (X,A) — (Z,B).

Then p: X — Z is a m-equivalence.

Proof By inductive limit considerations it suffices to prove that for every non-negative
integer r, the statement 7. below is true.

Pr: The map of r-skeleta, pr: Xy — Z, is a m-equivalence.

We proceed by mathematical induction. The statement 7, is obviously true. Now sup-
pose that Sr is true for all r <t —1 for some integer t > n.

In diagram D, the arrows pointing to the left are inclusions. The map g is the attaching

maps of the t—cells of (X,A) and f=p;q0g. The left and centre vertical arrows are
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v Et 4-—-—)—- v §tt —_ Xt
-D- | | | o

VEr — 2 yset L7,

identity maps. By the induction assumption ?;.;, the vertical arrow p¢.; is a m-equi-
valence. Thus the pushout of this cbtriad is precisely our map p;: Xt — Zt, and by
6.8(c), this map is a m-equivalence, and ?; follows. [f

7.6 Lemma

Let po: A— B be a fibration with (m — 1)-connected fibres, and let (X,A) be a relative
CW-complex having only cells of dimension n.

Then the relative homeomorphism p: (X,A) — (Z,B) is a (m+n—1)-equivalence.

Proof In diagram E, the arrows pointiﬁg to the left are inclusions. C is a bouquet of n-
dimensional balls and S is the corresponding bouquet of boundaries of the balls in C.
The left and centre vertical arrows are relative homeomorphisms. The space F is the fibre

of po over the base point *. The map ¢ is such that g¢|S attaches the cells of (X,A)

while ¢|F is the obvious embedding. With f= pgo ¢|S, diagram E is commutative.

CVF —2 SyF —9 L, A

L | | | 7

c — S f:B

The push—out of this cotriad is precisely our map p: X — Z. We show that:
(1)-..each of the Top*morphisms constituted by the horizontal arrows in diagram E, is a

(m+n——2)—equivvalence of homotopy fibres.
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To prove (), we make use of 6.4, and we must choose a subset T asin 6.0. For n=1
welet T=3S, and for n > i, we let T = {*}. Then our assertion (,) follows by 6.4.
Thus byl 6.3, the Top®morphism p;— p is a (m+n—2)-equivalence of homotopy fibres.
The lemma now follows by 16.5. |

7.7 Lemma

Let po:A-— B be a m-equivalence, and let (X,A) be a relative CW-complex having
only cells of dimension n.

Then the relative homeomorphism p : (X,A) — (Z,B) is a (m+n—1)-equivalence.

Proof The right hand side square of diagram F is a mapping path fibration factorization

and the arrows pointing to the left are inclusions.

X « 2 A S LA
~F- 1 1 [ r
- 7 B ! » B

The fibres of r are (m—1)-connected. Thus by 7.6 the push-out p’ : (X’,A") — (Z,B) of
the Top*cotriad of diagram F is a (m+n—1)-equivalence. The map s is a weak equiva-
lence and by 7.5, ¢: X — X is a weak equivalence. Thus the relative homeomorphism
g: (X,A) — (X",A"), is a weak equivalence Since p = p’ o g, the result follows. [}

. 7.8 Proposition

Let po: A— B be a m-equivalence, and let (X,A) be a relative CW-complex having
only cells of dimension n and higher.

Then the relative homeomorphism p: (X,A) — (Z,B) is a (m+n—1)-equivalence.
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Proof Let pr:X;— Z; be the map‘of r-skeleta induced by p. By a direct limit argu-
ment it suffices to prove that for every r > n, the following statement is true.
Sr: Pr: (Xr,A) — (Zr,B) is a (m+n—1)-equivalence.
We proceed by induction on r. The statement Sy, is precisely Lemma 7.7. Now we assume
that Sy is true for all r such that n<r <t for some t and we set out to prove §;. By
7.5, Xi-1— Z¢-; is a m-equivalence. Thus by 7.7, (X, X¢-1) — (Z¢,Z¢-1) is a (m+t—1)-
equivalence. Now S; follows by application of 16.9(b) to the map of triples,

(X, X¢-1,A) — (Z4,Z¢-4,B).
This completes the induction process and hence the proof of the proposition. [
7.9 Proposition
Suppose X 3 A— B is a cotriad satisfying condition '}.1(2). Let D be the double
mapping cylinder and P the push-out of the cotriad.
Then the natural map f: D — P isa .weak equivalence.
Proof The canonical map from the disjoint union X + A+B lonto P, maps the
subspaces X, A and B onto open subsets of P. Let us denote these subspaces of P by
Uy, Uy, and Uj; respectively, and let # = {Uy, Uy, Us}. Then for each i =1, 2, 3, the
map [7Y(Uj;) — Uj is a weak equivalence. Thus our result follows by Theorem 5.9. J]
7.10 Proof of Theorem 7.1
Let p:(X,A) — (Z,B) be asin the formulation of 7.1. There is CW-—complex W having
a subcomplex C such that the pair (W,C) has no cells of dimension less than n, and a

map g:(W,C) — (X,A) such that each of the maps W —X and C— A is a weak
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equivalence (a CW-resolution in the terminology of Gray (G4 ). Then we form relative
homeomorphisms p: (W,C) — (V,A) and o¢:(V,A)— (UB). By the definition of

push-out, there are maps 7: V— X and ¢:U — Z making diagram G commutative.

W—————»V

/

The map ¢ can be seen to be the push-out of the Top?<otriad in diagram H. By 7.5,

B

p: W-—V isa weak equivalence. Since 7o p is a weak equivalence, it follows that

also < is a weak equivalence.

V — ) A » B
-H- 7| | |
X — 2 A » B

By 6.8(b), the map of double mapping cylinders of the Top?-cotriad is a weak equivalence
" :U" —Z’. In diagram H each row is a Top-cotriad which satisfy a condition of the
type (1) or () in the formulation of Theorem 7.1. Under such a condition the natural
map from double mapping cylinder to push-out is a weak equivalence (1.14 and 7.9 respect-
ively). Thus ¢: U-—Z is a weak equivalence. Recall that also y: V—X is a weak |
equivalence. So we obtain a commutative square, diagram I, in which the horizontal

arrows are weak equivalences.
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(V,4) —— (X, A)
-1- a8 | »

(Y)B) -_— (Z:B)'
¥

Note that via the relative homeomorphism p, (V,A) inherits a relative CW-structure
with no cells of dimension less than n. Consequently by 7.8, ¢ is a (m+n—1)-

equivalence. Thus p is a (m-+n—1)-equivalence. JJ
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Chapter Il : MAPS OF FINITE DIMENSIONAL CW-COMPLEXES

In Section 8 we generalize the concept of n—equivalence in the setting of isomorphisms
modulo a Serre class of abelian groups. We also formulate a number of theorems, the
proofs of which are given in Chapter V.

In Section 9 some results which are important for maps of finite dimensional spaces, are
proved. These together with the clutching construction of Section 10 are applied in Section
11. The basic result 11.1 gives sufficient conditions for a map of pairs to be a generalized
n-equivalence. This result is used to study a specific class of maps in Section 12 and

Section 13.

Section 8. Genefalized n-equivalences

Section 9. Results related to the Hurewicz isomorphism theorem
Section 10. The clutching construction to approximate a fibration
Section 11. Fibrations of finite CW-complexes

Section 12. Relative Whitehead products and adjunction

Section 13. James’s maps of reduced products of spheres.
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8. GENERALIZED n-EQUIVALENCES

The idea of classes of abelian groups was invented and harnessed by Serre [Se]. A detailed
discussion of Serre classes, and localization of abelian groups and l-connected topological
spaces appears in Chapter V. In the current section we shall only quote some key results
required for the applications in the sections 9‘t0 13.

Let us denote by P a fixed subset of»primes, and let P’ be the complementary set of
primes. Torsion abelian groups can be studied effectively by separate consideration of the
different primary components. The P-component is obtained as the tensor product as Z-
modules, of the torsion group with a suitable subring of the rationals §. This subring is in
fact the one generated by the subset {;} :p € P’} of  and we denote it by 2. Localization
is discussed in Section 18.

The concept of a Serre class of abelian groups (see Section 19 for a detailed discussion) is
indispensible when studying phenomeﬁa such as torsion in abelian groups. This notion
gives rise to a generalization of the concepts of monomorphisﬁ and epimorphism, and con-
sequently we are in a position to generalize the concept of n-equivalence as defined in
Section 3. In fact, once we have the correct definition, it is quite easy to verify a similarly
generalized version of [My; Theorem 1.2]. Among other results, we formulate such a theo-
rem after the necessary definitions have been made. The proofs appear in Chapter V.

The class of all torsion abelian groups with vanishing p-component for every p € P, which
we shall denote by C throughout this section, is a Serre class of abelian groups. Spaces are

assumed to be pointed.
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8.1 Definition

Let f:(X,A) — (Y,B) be a map of pairs of spaces and n an integer, n > 1. Then f is
said to be a (P,n)-equivalence if :

(1) X,Y, A, B are 1-connected,

(2) The homomorphism f : m (X,A) — m (Y,B) is a C-isomorphism for 2 < k ¢ n—1,
and C-epimorphism for k = n.

- The map f is said to be a (P,n)-*equivalence if it is a (P,n)-equivalence, and the homomor-
phism fi : m (X,A) — m (Y,B) is a C-isomorphism.

Amap g: X — Y of spaces is said to be a (P,n)-equivalence [respectively, a (P,n)-* equiva-
lence] if for every x € X the map (X,x)— (Y,y) isa (P,n)—equivalence [respectively, a
(P,n)-*equivalence].

A map which is a (P,n)-equivalence for all integers n is called a P-equivalence.

8.2 Remark

(a) For a pair (X,A) of 1-connected spaces, it follows from the exact homotopy sequénce
of the pair that m (X,A) is a one-point set and 7 (X,A) is abelian.

(b) Let f: X — Y be a fibration between 1-connected spaces and let B be a 1-connected
subspace of Y, with A = f(B). Then m(A) is abelian, although A may fail to be
simply connected.

(c) The class C is perfect and complete in the terminology of [Hu], or an acyclic ideal of
abelian groups in the sense of [Sr]. Thus C admits a generalized Hurewicz isomorphism

theorems and a generalized Whitehead theorem, see 20.5, 20.6, 20.7.
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(d) From change-of-base-points considerations [Sr; Lemma 2 on p380], it follows that an
unpointed inap ¢g: X—Y isa (P,n)equivalence if and_only if for some x € X, the map
(X,x) = (Y,y) with y=g¢(x), isa (P,n)—equivalence of maps of pairs of spaces. g

The results 8.3, 8.4 and 8.5 formulated below, are proved in Chapter V.

8.3 Lemma |

L;:t G and H be abelian groups. Suppose that H is C-isomorphic to G and that
G @7 is a finitely generated 7-module. Let o: G — H be C-epimorphism. | Then o isa
C-isomorphism. (See 19.7 for the proof.) g

We shall require the following generahzation of the mapping path fibration factorization.
8.4 Lemma

Let p: E— B be any map between 1-connected spaces such that py : 3 (E) — 73 (B) is
C-surjective. Then there is a ﬁbration p1:E;— B and a P-equivalence po:E — Eg
such that p; has P-local fibres and py o po = p. (See 20.4 for the proof.) g

Theorexﬁ 8.5 which follows is preciseiy the generalization modulo the set of primes, of the
theorem (M; Theorem 1.2] of May.

8.5 Theorem

Let B be a space with open subsets V; and V; suchthat B = VUV, Let V, be the
set VinV, Let p:E—B be abmap, and for each i={0, 1, 2}, let U;= pY(Vy).
Suppose that for each je {1, 2}, (Uj,Uo) — (V;j,Vo) is a (P,n+1)-equivalence.

Then for each i€ {0, 1, 2} the map (E,U;) — (B,V;) is a (P,n+1)-equivalence. (See

21.4 for proof.) g
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 From 8.5 the proof of the following theorem, Theorem 8.6, follows in exactly the same way
that we obtained 6.1 from [M Theorem 1.2} and we skip the proof.

8.6 Theorem

Suppose that in the commutative diagram B of maps of pairs of topological spaces, the fol-
lowing conditions hold.

(1) po is a (P,n)-equivalence.

(;) Foreach je {1,2}, pj is a (P,n+1)-equivalence.

(3) Each of the maps Ao — A; is a (P,n)-equivalence.

(4) g1 and f; are cofibrations.

Ut g2 '
: (E1,A) ——— (E¢,Ay) — (E3,A)
-B - l D1 l Do l D2
fi 2

(Bh*) —_— (B01*) - (B2)*)

Then the map of push-outs (E,A;) — (B,x) isa (P, n + 1)-equivalence. g
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9. RESULTS RELATED TO THE HUREWICZ ISOMORPHISM THEOREM.

Some results required for further applications of n-equivalences, especially to maps of finite
dimensional CW-complexes, are presented here. Such results are deduced from properties
of commutative diagrams in the category Ab of abelian groups and homomorphisms.
Spaces and maps are assumed to be pointed. We fix a set of primes P and use the symbol
C to denote the Serre class of all torsion abelian groups for which the p-component vanishes
for all p € P. 7 is the subring of § generated by the subset {1:n is a prime not belonging
to P}. |
9.1 Proposition
Suppose that in the commutative diagram A, which is a diagram in Ab, the rows are
exact and k is a C-isomorphism.
If 8 is a C-monomorphism, then f; is a C-monomorphism.

A—2 .5 b ¢
—A- = n

Ay —2%, B, b, Cy
Proof Let us first prove the statement under for the‘specia.l case that P is the full set of
all primes. Then C is the zero class consisting of only the trivial group. In this case, K
is an isomorphism and a;= A a k™. Since f is a monomorphism, a= 0 by exacfness.
But then also ay = 0, and consequently f; is a monomorphism.

The general case follows from the special case by application of the exact functor —@ %, in

view of 19.3.
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9.2 Proposition
Suppose that in diagram B, which is a diagram in Ab , the rows are exact. Furthermore,
suppose that @ is a C-isomorphism, % is a C-monomorphism and x is a C-epimorphism.

Then ¢ is a C-epimorphism.

Proof Let us first prove the statement under the assumption that (P is the full se@ of
primes and consquently) C is the zero class. The proof is a diagram chase.
Let ¢ be an arbitrary element of C. Then,

0=0869(c)=600"y(c)=nvoty(c).
Since 7 is a monomorphism, v §™ v (c) =0. By exactnessat N, 01 v(c) = p(m) for
some m € M. Now,

7¢(m)=0p(m)=0[0"7(c) =7(c),
and cohsequently ¢ — ¢ (m) € ker 7. Due to exactness at. C, ¢c— ¢ (m) = g (b) for some
b€ B. Since x is an epimorphism, b = x (z) for zome z € Z. Now |

£[¢(z) +m] = ¢ ((2) + & (m) =B x(z) + £ (m) =G (b) + & (m) =c,

and this proves surjectivity of £ (in the special case). |

The general case follows from the special case by application of the exact functor —® %, in

view 0 19.3 . |}
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9.3 Proposition

Let m be an integer, m > 1. Suppose that we have 1-connected spaces, Y I D) G,
such that the injection (D,G) — (Y,G) is a (P,m)-*equivalence.

Then Hy (D,G) — Hi (Y,G) is a C-isomorphism for every k < m.

Proof In the commutative diagram C we have exact homotopy and homology sequences,

and the vertical arrows are Hurewicz homomorphisms.

Fast (Y.D) —— 7n (D,G) —— 7a (Y,G) —— 7 (Y,D)

~c- 1 1 ! !

Hpa (Y,D) —— H, (D,G) —— H, (Y,G) —— Hqa (Y,D)

From the exact homotopy sequence of (Y,D,G) it follows that m (Y,D) e C for every
k < m. By the generalized relative Hurewicz theorem 26.6, Hy (Y,D) € C for each k < m,
and 4 (Y,D) — Hp (Y,D) is a C-isomorphism. By 9.1 applied to the right hand end
of the displayed ladder, Hy (D,G) — Hp (Y,G) is a C-monomorphism.

Since Hy (Y,D) € C for every k< m; it follows that Hy (D,G) — Hy (Y,G) is a C-so-
morphism for every k ¢m—1, and Hp (D,G) — Hy (Y,G) is a Cepimorphism. J|

9.4 Lemma

Let m be an integer, m > 1. Suppose that e:(D,G) — (Y,F) is a map of pairs of
1-connected spaces such that :

(1) ¢:(D,G)— (Y,F) isa (P,m)—*eqilivalence, and

(2) G — F is a (P,m)-equivalence.

Then e : Hy (D,G) — Hy (Y,F) is a Cisomorphism for every k € m.

If furthermore, Hy (G) € C, then Hy (D) — Hy (Y) is a C-isomorphism for every k < m.
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Proof We can assume that D Y (replacing Y by the mapping cylinder of ¢ if neces-
sary) and G C F, and that ¢ isinclusion. Then e can be factorized as:

(x) (D,G) — (Y,G) — (Y,F).

From the homotopy ladder of the second map in (x) it follows by (2) and the generalized
five-lemma that (Y,G) — (Y,F) is a (P,m)-*equivalence. This together with (,) implies
that (D,G) — (Y,G) is a (P,m)-*equivalence. Thus by 9.3 we have

{y) | Hyx (D,G) — Hy (Y,G) is a C-isomorphism for every k < m.

We apply the generalized Whitehead theorem 20.7 to the map G — F. Then from the
homology ladder of the second map in (x), by the generalized five-lemma we obtain,

() Hy (Y,G) — Hy (Y,F) is a C-isomorphism for every k < m.

Now the first part of the lemma follows by combining (y) and ().

Suppose further that Hy (G) €C.  Then in the homology ladder of the map of pairs

¢:(D,G) — (Y,F) as shown in diagram D below, also Hy (F) € C.

Hp (G) —— Hy (D) —— Hu(D,G) —— Hy, (G) -

—D- l l l l

Hy (F) —— Hp (Y) —— Hq (Y,F) —— Hy (F)

Hence, and due to the first part of the lemma that we have proved, the second part of the
lemma follows by the generalized fivelemma. [
The main result of this section now follows. This technical lemma is a key tool towards the

proof of the basic theorem, 11.1, on maps of pairs of finite dimensional CW-complexes.
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9.5 Proposition Let q and m be integers with 1< m < q. Suppose that we have
maps ¢ and p as shown below, for which the induced maps G — F coincide.
(D,G) —— (Y,F) —2—(E,G)
Suppose further that :
(1) €:(D,G) — (Y,F) is a (P,q)-equivalence,
(2) p: E—Y isa (P,q)equivalence,
(3) p: (E,G) — (Y,F) is a (P,m)-*equivalence,
(4) Foreach i >m, H; (D), H; (Y)€C,
(5) Foreach i>m, H;j(G)eC.
Then p: (E,G) — (Y,F) is a (P,q)-equivalence.
Proof In diagram E, the upper square is part of the homotopy ladder of the map of pairs

¢, and the ladder in the bottom is part of the homotopy ladder of the map of pairs p.

i (D,G) — 71 (G)

—B- X l 3
Tin (Y, F) — 1 (F) — m(Y) — =n (Y, F)
& ] Pi ] Yi

7 (G) —— 7i(E) — 7 (E,G)

Taking i=m, by 9.2 it follows that £, is a C-epimorphism. Moreover, conditions (3)
and (3) together implies that the map G — F induced by p is a (P,m—1)-*equivalence.
But then (each of the maps) G —F is a (P, m)equivalence. So by 9.4,
Hy (D) — Hy (Y) is a C-isomorphism for every k < m. This and (4) ensures that by the

generalized Whitehead theorem 20.7, D — Y is a P-equivalence.
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This together with () iinplies by the generalized fivelemma that G — F isa (P, q —1)-
equivalence. This fed into the homotopy ladder of p together with (3) yields our

result. Jj
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10. THE CLUTCHING CONSTRUCTION TO APPROXIMATE A FIBRATION

We assume spaces to be pointed and maps to be base point preserving. We shall fix a sef
of primes P and use the symbol C to denote the Serre class of all torsion abelian groups
for which the p-component vanishes for all p € P.

The main result, 10.1, shows how a ﬁbration over a finite dimensional CW-complex can be
approximated by the push-out of some cotriad such as that in the Dold-Lashof
construction.  The other result puts a limit on the homology of the total space of a
fibration.

10.1 Proposition

Suppose that B is a O-connected CW-complex of dimension n> 1 and let C be its
(n—1)-skeleton. Let f:W-—C be the attaching map of all the n—cells of B
simﬁltaneously. W is a bouquet of (n—1)-dimensional spheres. Let V be the bouquet of
cones of the spheres in W. Suppose that p: E — B is a fibration with fibre F = p~i(x).
The pull-back of p over the inclusion C B 1is denoted by ¢;: U;— C. Let
go:FxW—W and ¢ :F xV—V be the trivial fibrations. Then

(a) thereis a map ¢:F x W — Uj, resulting in a Top*morphism go— ¢; which is a
weak equivalence of fibres.

(b) the push-out ¢: U — B of the Top® —cotriad in diagram A, is a quasifibration which

factorizes through p via a weak equivalence p: U —E .

FxV « Fx W g -~ U,
—A— l g2 l qo lQ1
Voo W f . ¢
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ProofN The space B is obtained as the push-out of the cotriad :
(1) Viw—C.
In diagram B, the square in the bottom is the push-out of (;). Each vertical face of the box

is a pull-back square. The pull-backs via the different routes from W to B coincide.

Uy - D, vy,
N ¢11l N
—-B- ‘ ho U, | » E
W — ———[——& C
N\ N\
V + B

The fibration A, is fibre homotdpically trivial since V is contractible. So we have a
weak equivalence ¢e;: F x V— U, such that hjo ey is coincides with the projection map
g2: FxV—=YV. Also there exisfs amap € :FxW — U, satisfying pull-back condi-
tions. Taking g= go o €, we settle (a).
By 6.2 (b), the push-out ¢: U— B of the Epf-cotriad in diagram A is a quasifibration.
From push-out properties, there is a map p:U — E such that po p= ¢ Each quasi-
fibre of ¢ is mapped into the corrésponding fibre of »p ‘by a weak equivalence. The
“inclusion map p}(*) — E induces a surjective function on path components since B is
pathconnected. By 19.1 applied to the maps of pairs ( U,q'(*) ) — ( E,p7'(x) ), it
follows that p: U — E is a weak equivalence. So (b) also follows.
Lemma 10.2 below, can be proved by using the Serre spectral sequence of a fibration.

Nevertheless, Proposition 10.1 enables us to give a straightforward proof by induction.
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10.2 Lemma
Let B be a Oconnected CW—complex of dimension d and E a space. Suppose that we
have a fibration p: E — B with fibre F such that Hy (F) € C whenever k > m.
Then Hy (E) € C whenever k > m +d.
Proof We prove it by induction on d. It is obviously true for the case d = 0. Suppose
that the statement is true for d =0; 1; 2; ... ; n —1, and that B is a n-dimensional CW-
complex.
We apply 10.1 and refer to the Top’cotriad A. F x V is homotopy equivalent to F and
by the induction assumption, Hy (F x W) € C for all k > m+n—1. From the exact homo-
logy sequence of the pair ( F x V, F " W ), it follows that

He(FxV,Fx W) €C forall k>m+n—1.
By the excision theorem, the map (F x V,F x W) — (U,U;) delivers isomorphisms of
relative homology groups in all dimensions. Thus Hy (U,U;) € C for all k > m+n—1.
From the induction hypothesis applied to the exact homology sequence of the pair (U,Uy),
it follows that Hy (U)eC for all k > m+n. By the generalized Whitehead theorem,
20.7, the homomorphisms u : Hx (U) — Hy (E) induced by p, are C—isombrphisms forr

all k>1. Thus,”Hy (E) € C for all k> m+n. J
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11. FIBRATIONS OF FINITE CW-COMPLEXES.

We work with pointed spaces and pointed maps. The base point, generally denoted by *, is
suppressed most of the time. The category is denoted by Top. The main result, Theorem
11.1 gives sufficient conditions for a map p: (E,F) — (B,*), with all the spaces finite
dimensional, to be a n-equivalence. This result seems to be a new contribution to the
theory of fibrations.

The theorem is given in the generalized setting of isomorphisms modulo a Serre class of
abelian groups. By P we denote a fixed set of primes, while C denotes the Serre class of all
torsion abelian groups with vanishing pcomponent for every prime p € P. The subring of
Q, generated by the inverses of the primes in the complement P of P, is denoted by 7.

11.1 Theorem

Let n, k and q be positive integers. Let G be a CW-complex of dimension less than n,
such that the inclusion Gy C G, of the k-skeleton of G is a (P,q)equivalence. Let B be
a n-dimensional CW-complex. Let E be a space with G CE, and p: (E,G) — (B,*) a
map. Suppose further that the spaces B, E and G are l-connected, and:

(1) p:(E,G) — (B,x) is a (P, n + k)-*equivalence, and |

(2) Hi(E)eC forall i>n+ k.

Under these conditions we havéz the following:

(a) ¥ Gx= G, then p: (E,G) — (B,x) is a P-equivalence.

(b) If B=S", then p:(E,G)— (S",*) is a (P, n + q)-equivalence.

The proof of this theorem appears at the end of the section.
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11.2 Proposition. Let n, k and q beintegers, k < n. Suppose that Gx and B are
CW-complexes of dimensions k and n respectively. We assume that B has no cells of
dimension 1. Let G be a space containing Gy such that the inclusion Gx € G is a
(P,q)-equivalence. Let r: Y — B be a fibration such that for the fibre F = r7(x), theré
is a (P, n+k—1)- *equivalence, i: G — F.

Then there is a space D containing G and a map e:(D,G) — (Y,F) for which the
induced'ma.p G — F coincides with ¢ such that:

(a) if Gk = @G, then ¢:(D,G) — (Y,F) is a P-equivalence.

(b) If B =S" then e : (D,G) — (Y,F) isa (P, ﬁ+q)-equivalence.

Proof Let us denote the (a)-part of the proposition by §,. We prove the statements Sp
inductively. The inducfive step is performed in such a way that the proof of the (b)}-part
is obtained as a by-product. For n =1, we note that B is a one-point space. We
choose ¢ tobethemap D=G—F =Y. Thus &; is true.

Now let us suppose that S, is true forall 1<{n <t. We now set out to prove the truth
of S8t Let us assume that B is t-dimensional, and let By;.; be its (t—1)-skeleton. Let
f: W — By be the attaching map of the t-cells of B, where W is a bouquet of (t—1)-
dimensional spheres. [In the (b)—case, Bi.; =+ and W is one sphere.] We apply 10.1

to r and obtain the Top?<cotriad with objects ¢; as in the lower part of diagram A below.

GxV 2 Gx W

A 152 | l bo
FxV —2  FxW I . U
| @ | @ | @

V e W f B,
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The cotriad can be augmented as shown, §, and & being of the form 4 x I, such that A
is commutative. By &;-; applied to the fibration ¢;, there exists a (P,t—14q)-
equivalence ¢:(D,G) — (U,F). [In the (a)<case, q is considered to be o, and in the
(b)-case, we take ¢;=1] Because the induced map G — F coincides with i which is a
(P, t—1+k)-equivalence, it follows by the fivelemma applied to the homotopy ladder of the
map of pairs ¢, that D;— U; is a (P, t—1+k)-equivalence. The map ¢; can be
factorized, by 8.4, as a P-equivalence 7:D;— T followed by a fibration [: T — U;
with P-local fibres. Then f isa (t—1+k)-equivalence. Since Gy x W is a CW-complex
" of dimension t—1+k, go (6|Gkx W) can be lifted over a;. Thus we obtain the

commutative diagram B.

)1
GxW > GyxW —— T
_B-— | b0 o, | 8
FxW » U,y

Now let K be the subspace G x x UGy x W of Gx W. Then g; can be extended over

K to give a commutative diagram C.

g2
GxW 2 K ‘ - T
—C- [ b | A
FxW J > Ul

Let L =Gx*xUGgxV. Let T be the mapping cone of g and r: T’ — T the

retraction. Taking a; = fo r, we obtain a Top?-cotriad as in diagram D.

L o« J K ¢ - T’

—D-— | o | @ lal
FxV «——2  FxW 2 » Uy
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For each i€ {0, 1,2}, let gio a;=s;. Then we obtain a Top*<otriad,

(1) Sp ¢ S0 » Sy .
In the cotriad, s;:(L,G)— (V,*) is a P-equivalence and by 7.4(b), so: (K,G) — (W,*)
is a (P, t+q—1)-equivalence. For the subspace G of T’, a simple computation (quite
clear in the (b)—case, the (a)—case is treated at the end of this proof) reveals that
(2) s1: (T7,G) — (By-y,*) is a P-equivalence.
Thus by 8.6 the push-out s:(D,G)— (B,x) of the Top’<otriad (y), is a (P, t+q)-
equivalence. The map s factorizes through the push-out ¢ of the gicotriad of diagram
A, and by 10.1, ¢ factorizes through r. This provides us with the required map e.
Since s:(D,G) — (B,*) is a (P, n+q)-equivalence and r: (Y,F) — (B,*) is a (P, n+q)-
equivalence, ¢:(D,G) — (Y,F) turns out to be a (P, n+q)-equivalence. Certainly the
map G — F induced by € coincides with i. This completes the induction [except for
(2)] and thus the proof of the lemma.
Proofof (2). Note that this only need to be proved in the (a)—case, thus we can assume g
to be . In the commutative diagram E, r is the retraction of the mapping cylinder.
We refer to maps as maps of pairs unless we explicitly indicate otherwise.

(D1,G)

NG

p
(T°,G) — (T, B~ 'F) — (U,F)

N T°,G) \ /ql

(Bt'l)*)

r
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By assumption, ¢; is a P-equivalence. By the fibration property 3.4(a), 4 is a P-equiva-

lence. Thus v is a P-equivalence. Since the map D;— T is a P-equivalence, it follows

that the map G — B(F) induced by v isa P—equiva.lenée. The latter map coincides

with the map G — [7%(F) induced by r. Since the retraction T’ — T is a homotopy

equivalence, it thus follows that r is a P-equivalence. = The ‘fibration’ ¢; is a P-

equivalence. Thus s; is a P-equivalence. [

11.3 Remark. For the case (a) in the proof above, it follows by 10.2 that

(3) H; (D) eC forevery i>n+k.

By an argﬁment similar to the proof of 10.2, it follows that (3) also holds for the (b)—case,

provided that H; (G) € C forevery i 2 n+ k.

11.4 Proof of Theorem 11.1

Note that in case (a) with Gx = G, we consider the number q to be infinity. Then we

can prove 11.1(a) and 11.1(b) simultaneously. Let E -+ Y -5 B be the mapping path

fibration factorization of p with F = ri(x). The map p is a weak equivalence. From

21.3(a) it follows that the induced map i‘: G — F isa (P,n+k—1)-*equivalence. By 11.2,

there exists a (P,n+q)-equivalence ¢:(D,G) — (Y,F). By application of 9.5 to the triad
(D,G) —E (Y,F) —2— (E,G)

the map p: (E,G) — (Y,F) a (P,n + q)equivalence. Since r:(Y,F) — (B,*) is a weak

equivalence, it follows that p: (E,G) — (B,x) is a (P, n+q)-equivalence. J]
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12. RELATIVE WHITEHEAD PRODUCTS AND ADJUNCTION

We now pursue our study of relative homeomorphisms in the special case of a collapse map
c: (FueF)— (SM%). The map is extended to some space E in such a way that we get
isomorphisms 7 (E,F) — 7 (S%,%x) beyond the range of the relative homeomorphism
theorem, 7.1. The author (;ould not find results of this nature in the literature. The only
ones entertained in the literature are those which lead to quasifibrations. Examples of such
quasifibrations can be found in the work of Mimura [Mi], Hilton and Roitberg [HR], and
Hardie and Porter [HP).

We also show that we obtain these isomorphisms irrespective of the manner in which we
extend the map ¢. The adjunction technique that we use here is in-between that éf Dold
and Lashof [DL] or Hardie [Ha] on one hand and that of Section 7 on the other hand. The
main result, Theorem 12.1, is particularly useful when studying reduced products of spheres
as we show in Section 13. In [HP] a map (S?,Sn) — (Sm,*) is studied by quasifibration
methods. Such methods are sharpened in this section.

12.0 The basic construction. We work with pointed spaces #nd pointed maps. Let P be
a fixed set of primes, and let C denote the class of all torsion abelian groups with torsion
coprime to the elements of P. Let us fix integers nk and q with n>1 and
a2k > 1. Also we assume that if n is even, then k # n—1 . This will ensure that :

(1) ‘ Tnsk (S®) is a finite group.

We fix a space F, which admits a (P,q)-equivalence i:S* — F, Sk being the k-sphere.
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Let us assume i is an inclusion. We can replace F by the mapping cylinder of i if
necessary. Let g:S®!—F be a map and a€ m (F) its homotopy class. G is the
mapping cone of g and A€ m (G,F) is the homotopy class of the characteristic map of
the pair (G,F). Foramap (:SkxS™!'—F we denote by E({) the push-out space of
the cotriad:

SkxEn 2 gkognt (L F,
| We can now formulate the main result of this section.
12.1 Theorem
Suppose we have a map (: Sk x 871 4 F of type (4,9).
(a) There exists a (P,q+n)-equivalence p: (E,F) — (S",*).
(b) If moreover, H;(F)=C forall r> k+n, then every extension ¢:(E,F) — (S"*) of
the relative homeomorphism (G,F) — (S%%) is a (P,g+n)-equivalence.
The remainder of this section is devoted to proving this result. We recall some construc-
tions made in Section 7. Let us reserve the symbol E; to denote the subspace of F x E®
which can be obtained as the push-out of the following cotriad.

SkuER 2 Skxy —C | Fux
The restriction of the projection F x E* — E® to E; is denoted by p;, and the pull-back
of p; over the inclusion map S™!c E® is denoted by pg: E¢— S™°L |
12.2 Remark
(a) By a generalized version of 7.4, pq: (Eo,F) — (S™%) is a (P, n+q—1)-equivalence.

(b) The map p;: (E,F) — (E",x) is a weak equivalence.
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12.3 Proof bf Theorem 12.1(a). We prepare a cotriad in order to apply 8.6. There is an

obvious extension of { to amap (' : Eq— F. Then we have a cotriad in Top? as in B.

E, —— B —&—F
_B- | 7 | »o RES
' ED gn-1 y %
E(¢) is precisely the space obtained as the push-out of the cotriad E; < E, S Fx* in
the upper row of diagram B. By 12.2, (EF)— (S"%) is a (P, g+n—1)-equivalence
and (Ey,F) — (E™x) is a weak equivalence. The horizontal arrows induce P-equivalences
between the fibres over the base points. By 8.6, the push-out of the cotriad of dia.gfam B
is a (P,q+n)-equivalence (E,F) — (5°+). [
12.4 Proposition
Suppose p: (E,F)— (S"%) is as above. Suppose we have a map g¢: (E,F)— (S"%)
which coincides with p on G. Then g¢:(E,F)— (S"%) is a (P,n+k)-*equivalence.
Proof By Theorem 7.1, (G,F) — (S"%) isa (k+n——1)-equivé.lence. Thus the homomor-
phism mqic-1 (G,F) — mqax-1 (S%,%) is surjective. By commutativity of the triangle in
diagram C, it follows that my k-1 (E,F) — 7q.k-1 (S%,#) is an epimomorphism.
mr (G,F) —— m (S7,%)
—-C-— l /
dx
|  (E,F)
So g4 of diggram C is an epimorphism between groups which are C-isomorphic due to the

existence of the map p. Moreover these groups are finitely generated by condition 12.0(1).
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Thus by 8.3, ¢4 is an isomorphism in dimension n+k—1. For r = n+k we consider part
of the exact homotopy sequence of the triple (E,G,F) asin diagram D .

-D- Tk (GF) — M (E,F) — fn+k (E,G)

Here we have mn« (E,G)¥ 7. Moreover, mnu (E,F) — mn« (S%,%) is a C-isomorphism
and therefore . (E,F) is finite by assumption 12.0(1). Thus m« (G,F) — mux (EF)
is an epimorphism. By commutativity of the triangle in C, . (G,F) — mnu (S7)%) is
_C-surjective. It now follows, similarly as in the case of dimension n+k—1, that ¢« isaC-
isomorphism in dimension n + k.

Theorem 12.1(b) now follows by 12.4 and Theorem 11.1(b). [}
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13. JAMES'S MAPS OF REDUCED PRODUCTS OF SPHERES

We now prove the result of James [J3] on maps of reduced product spaces of spheres, by
means of adjunction of 1;-equiva.1ences. A partial result in this direction has been obtained
by Hardie and Porter [HP] by means of quasifibrations. For completeness and notation,
we include a brief review of the work of Toda [T] on the CW-structure of S: and we recall
the relative Whitehead product in [BMjy].
13.0 Notation. We fix an integer k > 1 and make the convention of denoting the k-
dimensional sphere by S and the 2k-sphere by T. For any r € N, the r-sphere is denoted
by S'. The James reduced product of a space X is denoted by Xm. The subspace of
words of length at most r is denoted by X;. If r=1 then X, is written simply as X.
Consider the map k:S;— Tm which is the composition of a collapse map, a homeomor-
phism and an inclusion :

Sy — S3/S51 =T — T_.
Let h: SCIJ — Tm be any extension of k. We shall assume that A is cellular with respect
to the standard CW-structure on the spaces. Then h induces maps :

h:(S2qi, S) — (Tq,*) -

Note the ambiguity of use of the symbol A. If k is odd, let P, denote the set of all
primes. If k is even,let Py denote the set consisting of the prime 2 together with all
primes which are bigger than 2q+1. We state the main result of this section. ‘

13.1 Theorem

For every non-negative integer q, h: (Saqs1, S) — (Tq,*) is a Pgequivalence.
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13.2 CW-structure of Sy. In line with Section 12, let F = Syq4, let ¢: S — Saq+1 be
the inclusion, and « € Tokqsak-1 (S2q+1) the homotopy class of the attaching map of the cell
(Saqs2, Saqe1)- In diagram A, J and &’ are boundary homomorphisms in the exact
homotopy sequences of the triple (Sq+2,Sq+1,5q) and, respectively, the pair (Sq:2,Sq+1)-
The homomorphism % 1is an injection in the exact homotopy sequences of the pair

(Sq;l, Sq). 7rm (Sq+2, Sqfl) ‘_—a——’ 7rm-1 (Sq;l,Sq)

a- o | /b

Tm-1 (Sq*ly*)

Let o be a generator of mp (Sqs2,Sq+1) with m = k(q + 2) andlet .€ m (Sqs1) be the
homotopy class of the inclusion map .S — Sq+1-  Then by Toda [T] we have the following
description of the characteristic map of the pair (Sq+2,Sq+1).

13.3 Proposition

& a) = 1ft,ay) where o is a generator of mn (Sqs1,5q), m = (q + 2)k. The bracket
denotes the relative Whitehead product as in [BM,]. Furthermore, r = q + 2 for even k,
and r =1 for both k and q odd. [

13.4 Representation of Whitehead products

Let C=E* and D =E" where n=2k(q+1). Let B = d(C x D) be the boundary of
the topological manifold C x D. Then B is homeomorphic to the sphere of dimension
(2q+3)k—1. We represent [ri,ay] by some map f:(V,0V) — (Sqs1, Sq) as described in
[BM,]. Here V is the subspace dCxDUC xD, of B with D, = {z‘E D:zy20}, z

being the first co-ordinate of z.
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Since &(a) is in the image of ¢, ¥ asin diagram A, the map f can be extended to a
map fo: B— Squ and in such a way that the complement B\ V of V is mapped into
Sq- Let Q be the quotient space obtained from B by making the following identifica-
tions. A point x of B (C x D) can be represented in a unique way as x = (x,X2)
with x; € C and x;€ D. Weidentify two points x and y if x;;y;€ 0C and x; =y,
Then Q is homeomorphic to the space Q“ = (S x S*1) U (% x E®). By the definition of

f, we notice that the map f; can be factorized as

B f1 R Q' f2 N Sqﬂ )
Let (= folS x S™°!, but consider ¢ to be a map into Sq. Then (¢ is of the type (r,9)
where r is a self-map of S of degree 1 followed by the inclusion SCSq and g isa
representative of a;. The space obtained as the push-out of the cotriad :

SxE? e—Sx S — 5,
is homotopy equivalent to Sqs2. In the notation of Section 12, Sq.o is the space E(() .

Thus by 12.1 we have :

13.5 Theorem

Let ¢:(Sqs2,Sq) — (S¥* %) be any map which extends the relative homeomorphism
(Sq+1,Sq) — (S%* x). Then ¢ is a (R,t)-equivalence, where t = (q+3)k—1 and R is
the set of all primes which are not factors bf r, with r asin 13.3. |} |
Note that in particular, when q is odd, then R contains Px where x =941, The

following result is the first step in the inductive proof of Theorem 13.1. A proof of this

case by means of adjunction of quasifibrations can be found in [HP].
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13.6 Theorem. The map h: (S;,S) — (T,*) is a P, -equivalence.

Proof By 13.4, h; is a ( Py4k—1)-equivalence. The theorem now follows by 11.1(a). JJ
13.7 Proof of Theorem 13.1

Let us recall the statement of the theorem and denote it by 7q.; :

For every non-negative integer q, the map | hqs1 : (S2q+3,8) — (Tqun*) is @ Pqur
equivalence.

We prove the statements 74, by induction. 7, is precisely the result 13.6. Now assume
that Ty, is true for all positive integers n less than q + 1.

Let [:(Tq.1,Tq) — (S%*) be the relative homeomorphism, where t = 2k(q + 1). By 7.1,
- 1 is a mrequivalence, with m; = 2k(q+2) -1. Let n=1Io h’ asin diagram B, where h’
is induced by h  Then 7 is a map (Szq3,S2q+1) — (S%*) which by 13.5 is a
(Pq+1, m2)-equivalence with my = (29 + 4}k —1 =m;. By commutativity of the triangle

B, it follows that 2" isa (Pgqs, my— 1)-*equivalence.

(S 2q+3, SZq+1) — (St)*)

(Tq+1 yTq )
We now apply the generalized fivelemma to the homotopy ladder of the map of triples
(S2q+3, Saq+t, S) — (Tqus, Tq, #).  Note that PgqyC Py Invoking the induction
assumption, it follows that the map of pairs (S2q43,8) — (Tqe1,*) is a (Pqug,my—1)-

equivalence. If k > 3, then my—1 > (2q + 3)k, and 7. follows by 11.1(a).
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For the case k =2 we still need to ascertain that the homomorphism,
(1) : @ . T4q+6 (SZq&S)S) — Tiq+6 (qub*) )
is Cq41 -injective before 11.1(a) is applicable. Consider the diagram C similar to B.

n
(S 2q+31SZq61) — (St»*)
-C- h” -

(Tq*2 » Tq )
By .13.5, the map [ is a (Pqs1, 49 + 11)—equivalenc¢. Furthermore, 7 is a (Pq+1,4q + 7)-
equivalence. Thus A~ is a (Pqs1, 49 + 7)-equivalence. In diagram D, the horizontal row
represents the homotopy sequence of the triple (Tqu2, Tqs1, Tq). In view of 18.3 and ex-
actness of the Pgirlocalization functor, we can regard the groups as being Pgq.rlocalized.
Under this assumption we must prove that the homomorphism of (;) is injective.
Taq+7 (S2q+3, S2qs1)

al \h;

—-D- maqss (Tqe, Tqu) -2 Tager (Tqe1,Tq) = Taqur (Tqun,Tg)
|
aq+1 (Tqu)
Since hx is an epimorphism and the sequence - 9,.4,. is exact, it follows that
T4qs1 (Tqs,;Tq) = Im o+ Im §. By commutativity of the lower triangle in diagram D,
Im §¢Im o. Thus  m4qs7 (Tqs,Tq) =Im @+ Im 0. Therefore in the homotopy

sequence, in () below, of (Tq:1,Tq), we have 7 [maqur (Tqe1,Tq)] = 7{Im o] .

(2) Taq+7 (Tq*l) < T4q+7 (Tq*lqu) - T4q+6 (Tq)
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Thus we can modify the homotopy ladder of the map (S2q:3,529+1,5) — (Tq+1,Tq,*), and

obtain axi exact ladder, the first part of which is shown in diagram E.

T1qe7 (S2q+ 3 ,S2q41) — Taqes (S2q+1,S) — Taqe6 (S2q43,S)

~E- a | 5 1 | ¢
Im @ ——— muqus (Tq,*) — Tuqus (Tqe1,*) —

The ladder is assumed to start with the arrow ‘o going (dimensionally) downward. The
arrow 0 is the restriction of the boundary homomorphism 8 : (Tqs;,Tq) — (Tq,*). By
the five-lemma applied to this diagram, it follows that ¢ is injective. Again T4,y follows
by 11.1(a). The induction is completed, and hence so is the proof of the Theorem 13.1. [
The following conclusion follows from 13.1 by a simple direct limit argument.
13.8 Theo?em [J2; Theorem 1.2 and Theorem 1.3]
The map h:(S_,S) — (T _,*) is a weak equivalence if k is odd, otherwise it is a {2}-

equivalence.



87

Chapter IV : ELEMENTARY PROPERTIES OF n-EQUIVALENCES

We prove the five-lemma and use it to derive some properties of maps of pairs and triples.
In particular we make a study of the action of the group = (X) on the set pointed set
72 (X,A), for a pair (X,A) of spaces. A key result, cited several times, is Theorem 16.5
which compares a n—equivalence with ifcs mapping path fibration.

Section 17 contains a detailed proof of a lemma on homotopy lifting vover a n—equivalence

which is required for the proof of Theorem 5.1.

Section 14. Exactness
Section 15. The homotopy sequence of a pair of spaces
Section 16. The five—lemma applied to maps of pairs and triples

Section 17. Proof of Lemma 5.5.
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14. EXACTNESS

The contents of this section are weH—knoWn and we include it for completeness. The five-
lemma is applied when studying exact ladders arising from a map of pairs or triples of
spaces. We have to work in a category more general than groups since the lower homotopy
sets are not gfoups functorially. One instance of such a study can be found in the work of
Hardie and Kamps {HK] on Mayer-Vietoris-type phenomena. We prove the five-lemma in
such a setting. A generalization, in the sense of Serre classes of abelian groups [Se], is
proved in. Chapter V. The category in which we shall work is pSet, pointed sets and
base point-preserving functions. The base point will be denoted by u. The category of
groups and group homomorphisms is denoted by Gp.

14.1 Definition |

A sequence of morphisms C L,p-*E in pSet is said to be ezactif j(C) = k(u). If
the given sequence was part of a longer sequénce in pSet , then the longer sequénce is said
to be exact at the object D if j(C) = k'(u). A sequence is said to be exact if it is exact
at every object except perhaps at the first or last object of the sequence, if such exist.

142 Remark. Every group can be considered to be a pointed set, with the identity
element as base point, and then group homomorphisms are pointed maps.

14.3 Definition

A sequence of morphisms C —L D-5E in pSet is said to be (E2)-ezact, see [HK], if it is

exact and C is a group with a left action v: Cx D — D on D satisfying the identity :

(1 j(x) = v(x,u) .
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For the results in this section we assume that we have the following situation. There is a
commutative square, diagram A, in Gp. Suppose the diagram is embedded, via the for-
getful functor, in the commutative diagrams B, and C in pSet . Suppose also that in
these diagrams the rows are exact.

B—-—i—-»C

-4- 7| K
w—u X
14.4 Proposition
Suppose that in diagram B, we have (E2)-exactness at the object Y. Suppose f§ is surjec-
tive and e'(u) = {u}. Then,
(a) 7(6D) ¢ 7C.

(b) ~ issurjective if § is surjective.

B —4—~ ¢c L, p_—Ff,§
—B- 4| 7] 6 |
w4, x A,y Rk, g

Proof. (a) (E2)-exactness provides us with a group action v: X x Y— Y. Suppose that
x € X is such that ji(x) € § (D). We must show that x € v (C).
There exists d € D such that §(d) = ji(x). But then,
ed) =k §d)=ki(x)=ueZ.
Since €7(u) = {u} it follows that k(d) =u€ E. By exactness at D, it follows that for

some c € C, d = j(c), and then,

five) = 63(c)=6(d) =5 (x).
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Furthermore, ji( x™-y(c))=v(xt 9, u)
=v(xhy( rc, u))
=v(x? j1v(c) )
=v(x™ji(x) )
=v(xty(x,u) )

=v(xtx,u )= yuu)=u.

Thus by exactness at X, there exists w € W such that x-4(c) = {;(w). Since g is
surjective, w = f(a) for some a € B. Then,

YW da)t) =[ia)]" = [Ba) ]! =[x Ac) ]! = rc) '-x,
and 5o, i) = o) da)) = ) af)hx=x.
This proves (a). The statement (b) follows immediately from (a). J
14.5 Proposition
éuppose that in diagram B, e'(u) ={u} and J is surjective, and that we have (E2)-
exactness at the object D. Then the induced function 77'(u) — 6*(u) is surjective.
Proof Suppose that d e §Yu). Then €k (d) =k §d) = ky(u) =u. But el(u) = {u},
and so, k(d) =u. By exactness at D, there exists ¢ € C such that fc) = d.
Now j1v(c) = § {c)'= 6(d) = u, and by exactness at X, (c) = iy(w) for some we W.
Furthermore w = f(b) for some b € B, since J is surjective. But 7i(b) = i,8(b) = 7(c).
So taking x = [{(b)] = i(b), then Ax)=jib!) =u, and cx€ ker 7.
Let g: Cx D — D be the action due to (E2)-exactness. Then,

Aex) = ulex,n) = ple, p(x0)] = ple, K)] = o [eu] = £¢) = d.

Thus we have found an element cx of ker 4y which is mapped by j onto d. |}
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14.6 Proposition. Suppose that in diagram A, [ is an epimorphism and the other three
arrows are monomorphisms (regard i and i, as inclusion maps).

Then the function ¢: C/B — X/W between the sets of left cosets, is a monomorphism.
Proof Our information fits diagram B if we ta.ke ¢ to be a homomorphism between two
trivial groups, and let § = ¢. The functions j and j; are coset projections. So by 14.5,
¢ (W) =B (here B and W are regarded as the base points of C /B‘ and X/W respec-
tive;ly). Now suppose we have elements gB, fB € C/B for which ¢(gB) = ¢(fB). Then
g)W = ¢(gB) = p(fB) = y(f)W. This implies that (f)y(g) € W.

Now () 'v(g) = f{f)g) = f(f'g). Thus ({'g)B=u. Since ¢ (W)=B, it
follows that (f'g)B =B, ie f'geB. This implies that gB =fB. Thus ¢ . is
injective. |

14.7 Proposition. Suppose that in diagram C, # and § are bijective, that « is

surjective, and that ¢ is injective. Suppose further that at the objects D and Y, the

exactness is of the type (E2).

A—h ,p_t,c_d,p_F 5
-C- ! Z 7| J €|
vV hI# A% 1y X V)N Y Ky y 7

Then « is bijective.

Proof This follows by 4.4(b) and 14.5. J

Proposition 14.7 is known as the ﬁve—'lemma. The results of this section are applied so
often that we shall at times use the term five-lemma ambiguously when refering to any of

the results 14.4(b), 14.5 or 14.7, or a combination of these.
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15. THE HOMOTOPY SEQUENCE OF A PAIR OF SPACES

Attention is given here to the exact homotopy sequence of a pair of spaces, especially in the
lower dimensions. We obtain a number of results of the nature of the five-lemma as
applied to maps of pairs of spaces. The lower homotopy sets are not groups functorially.
However the homotopy sequence does live at least in the category pSet of pointed sets and
base point-preserving functions.

The action of tﬁe fundamental group on the higher homotopy groups were first studied by
Eilenberg [Ei]. Hereafter the role of group actions in algebraic topology was recognized. A
variety of actions are discussed in [Wd]. The basics of abstract group actions can be found
in the textbook [Ro] by Rose.

The action of the group 7 (X,b) on the set 7y (X,A,b) yields a description of 7 (X,A,b)
in terms of other homotopy sets, similar to the result [JT; Theorem 1.2] of James and
Thomas and [Ru; Theorem 1.3.1] of Rutfer. This action does not seem to have been given
sufficient attention in the study of quésiﬁbrﬁtions or weak equivalences. We shall take
advantage of this description, and circumvent. long arguments with pointwise diagram
chasing. Some counter-examples are included to support the results obtained.

15.1 The homotopy sequence of a pair

For a space X and b€ A ¢ X, thereis for the pointed pair (X,A,b), an exact homotopy
sequencein pSet (see [Wd] for example),

Teen (X,AD) —2540 7 (Ab) =5 7 (X,b) = 7y (X,A,b) 25 .
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The sequence extends to the left indefinitely and on the right it terminates in the pointed
set m (X,b) of path components of X, with the path component containing b as the
base point. The part of the séquence to the left of and including the object m(X,b)
belongs to the category Gp in fact, andv except perhaps for the last three of these, the
other groups are in fact abelian. Note that 0Oy; in; jn are natural transformations, so that
amap (X,A,b) — (Y,B,b") of pointed pairs, determines a commutative ladder :

0 7 ]
+ Tna (X,Ab) —— m (A) —— 1 (X,b) —— m (X,AD) -

l l l l

< Tns (Y)B:b’) — T (Brb’) — Tn (Y1b’) —* Tn (YwB:b,) -

‘We shall refer to this diagram as the homotopy ladder of p. There is also a similar homo-
logy ladder for a such a - map p. The homology ladder does not have the same relevance to
weak equivalences as does tvhe homotopy ladder. Nevertheless it has a role to play in, for
instance, Section 9. There are similar ladders for maps of triples of spaces.

15.2 The action of =y (X,b) on m; (X,A,b).

Let (X,A,b) be a fixed pair of pointed spaces. The pointed set ;(X,A,b) is defined as
the set of all homotopy classes of maps (I,,0) — (X,A,b), with &I = {0, 1}. We shall
restrict our discussion to the case where X is path-connected. For a path g:1— X in
X, we define a path ¢ in X by the formula, g(t) = ¢g(1—t). If f is another path in
X and if f(0) = g(1), then we define the path ¢+ f by setting |

g (2t) 0<t<+
1

(g+f)(t)={f(2t_1) bt

This composition gives rise to the fundamental group m(X,b) of a pointed space (Xl,b).
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The detail hereof can be found in [Ma]. In a similar manner, the composition determines a
left action (which we shall denote by juxtaposition) of m{(X,b) on m(X,A,b). We shall
omit the verification of the axioms of group action since it is very similar to that for the
fundamental group multiplication. From the definition, the action can be seen to be
natural in the following sense. For a map p:(X,A,b) — (Y,B,b"), the action is
compatible with the following functions induced by p.

T (X,b) = 1 (Y,b7) and py:m (X,Ab) — 7 (Y,B,b7)
More precisely, for a€ 7;(X,b) and (€ m (X,A,b), 1« (al) = (px @)(p« ().
In order to study the orbits of this action and the isotropy subgroups of glements, we fix
the following terminology. Let {Ci:i€ L} be the set of all the (distinct) path compo-
nents of A. Foreach i€ L, we fix an element ¢; € C; and a path w; in X from b to
ci. Let Gji denote the subgroup Im [ (Cjci) — m (X,ci)] of m(X,ci). For each
ieL, the subset of 7 (X,A,b) determined by the paths terminating in C;, will be
denoted by F;. Then the collection {F; :.i € L} is a partition of m (X,A,b).
It .is easy to see that every subset F; is closed under the action. We now show that :
(1) Each F; is an orbit of the action.
Let w be any pathin X from b to c¢; (every member of F; contains such a path).
Let a be the member of 7 (X,b) represented by the loop w+ wi. Then [u] = a-[wi],
and () follows [the bracket denotes the homotopy class in  (X,A,b)].
We now determine the isotropy subgroup Fix [wi] of the element [wi]. Fix [ws] is

defined as the subgroup of all elements of 7 (X,b) fixing [wi].
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Let v be any loop in X based at the point b, and let a€ 7 (X,b) be its homotopy
class. Suppose that a-[wi] = [wi). Then there is a homotopy,

H:(IxLIxL0xI) — (XAb),
such that:

H(s5,0) = (v+ wi)(s) forall sel,

H(s,1) = wi(s) forall sel,

H(1,t)e A forall tel, and

H(0,t)="Db forall tel.
The formula h(t) = H(1,t) defines aloop A in C; baseci at ci. From the properties of
H, it follows that the loop v+ wi + h+ w; represents the identity element of = (X,b).
Let [ be the element of the group G; represented by the loop ~. Then a is the image
of A under the change-of-base point function {Sr; Lemma 2 on p380],

Wi: m (X,A,c:) — m (X,A,b),

determined by the path w;. Thus, whenever « € Fix [wi], then o€ W;(G;). In fact,
our argument is reversible, and Fix [wi] is precisely the subgroup Wj(Gj) ¢ m (X,b).
So, as a left = (X,b)set, 7 (X,A,b) is equivalent to the disjoint union 6f the sets of left
cosets 7 (X,b) / Wi(G;). Thatis, m (X,A,b) can be written as:
15.2 (a) Ui e 1, [m(X,b) /] W3 (Gi) ].
It is interesting to note that we can have an isomorphism py: 7 (X,A,a) — 7 (Y,B,b)
although the 15.2(a)-descriptions for two sets may look completely different.  The

following example illustrate this phenomenon.
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15.2(b) Example. Let p:(RZ) — (S,1) be the exponential map where S is the set of
complex numbers with unit modulus. The homomorphism = (R,I) — ;(S,1) is an iso-
morphism between infinite sets although 1 (R) and o (S) are I-element sets. -

Also, from the decomposition 15.2(a), the following result can be deduced immediately.
15.2(c) Proposition

Let p: X" — X be a map of path connected spaces, and let us denote for every A € X,
| the set p(A) by A’. Suppose that Y c X and {Yi} ¢ 1, is the collection of all path

components of Y. Then the conditions () and (3) below are equivalent.

(1) The homomorphism py: 7 (X', Y’ x) — m (X,Y,px) is surjective (or bijective) for
every x € Y'.

() Forevery ieL andforevery xeY’, py:m(X',Yi x)— m (X,Ys,px) is surjec-
tive (or bijective). g

Since I is path connected we can drop the assumption of path connectedness in 15.2(c)
and deducé the following more general result. |

15.2(d) Proposition

Let p: X’ — X be a map and let us denote f§r every A CX, theset p'(A) by A’.
Suppose that Y ¢ X and .{»yi}i cL is the collection of all path components of Y. Then
the conditions (;) and (2) below are equi'i/'alent.

() p: (X",Y") = (X,Y) is a nequivalence.

(2) ps:m (X)Yi") — m (X,)Y;) is a n-equivalenceforall ie L. g
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15.3 Lemma. Let p:(X,A)— (Y,B) be a map of pairs, with X and Y path
connected, and b € A.

(a) If m (X,b) — 7 (Y,pb) and my (A) — 7 (B) are surjective,

then m (X,A,b) — 7 (Y,B,pb) is surjective.

(b) If m(A,c)— m (B,pc) is surjective for all c€ A, if = (X,b) — 7((Y,pb) and
mo (A) — 7o (B) are injective,

then  (X,A,b) — m; (Y,B,pb) is injective.

Proof (a) Since my(A)— 7o (B) is surjective, the induced function between the sets of
orbits of the actions is surjective. =~ The other assumption implies that a given orbit in
71 (X,A,b) is mapped onto an orbit in =, (Y,B,pb), and thus = (X,A,b) — 7((Y,B,pb)
is surjective.

(b) Injectivity of mo (A) — mo (B) implies that the set of my (X,b)-orbits of m; (X,A,b)
are mapped injectively into the set of m; (Y,pb)-orbits of =;(Y,B,pb). By 14.6, each
71 (X,b)-orbit is also mapped injectively into the corresponding orbit of = (Y,pb). Thus
i (X,A,b) — 7 (Y,B,pb) is injective. [

154 Lemma

Let p:(X,A) — (Y,B) be a map of pairs, with X and Y path connected. Suppose
be A and b’ = p(b).

(a) If m(X,A,b) — 7 (Y,B,b") is surjective, then m (A) — 7 (B) is surjective.

(b) If = (X,Ab)— 7 (Y,B,b") is injective and = (X,b) — 7 (Y,b") is surjective,

then mp (A) — m (B) is injective.
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Proof (a) follows since the function m, (A) — 7 (B) represents the map on orbit spaces
of the action.
(b) If >7r1 (X,b) — m (Y,b") is surjective, then any orbit of = (X,A,b) maps onto an
orbit c;f 7 (Y,B,b"). Now if 7o (A)— 7o (B) fails to be injective, thén there is an orbit
of m (Y,B,b’) which has more than one orbit of = (X,A,b) mapping onto it. Conse-
quently then m; (X,A,b) — 7 (Y,B,b") fails to be injective. Thus my (A) — o (B) is
injective. |}
Example 15.2(b) shows that in 15.4(b), the second condition is necessary.
15.5 Lemma
Let p: (X,A) — (Y,B) bea map of unpointed pairs and suppose that the following hold.
(1) Forevery be A with b" = p(b), we have = (X,A,b) — 7 (Y,B,b") is surjective ;
(2) mo (A) — 7o (B) is bijective ;
(3) mo (A) — mo (X) is surjective.
Then Ty (X) — mo (Y) is injective.
Proof In view of 3.3(c), we can assume that Y is path connected. Suppose X; is a
path component of X. Let A1v= AnX, Then theinjection m; (X,Ayc) — 71 (X,A,0),
for c € Ay, is bijective (since I is path connected) and m (A1) —» 7o (A) is injective.
Thus .due to (1), m1 (XpAgc) — 7 (Y,B,p(d)). is surjective. By 15.4(a) then, we have a
surjective function o (A;) — mo (B). So o (A)) — m (B) is in fact bijective. Then
by (2) and since X; is path connected, A\ A;=¢.  Finally, (3) implies that

X\ X; = ¢, and it follows that X is path connected. |
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In conclusion we have two examples. The first example shows that, with regard to 15.4(a),
we will have to be cautious when the spaces X and Y fail to be path connected.

15.6 Example

Let X=Y=[0,2]U[3,5] cCR. Wetake A=[0,1] and B=10,1}U[3,4]. Let p(x) =x

for every x € X.

Then m, (X,b) — 7 (Y,b7) and mn. (X,A,D) — mny (Y,B,b") are bijections for all
n>0 and forall be A with b” = p(b). However my (A) — 7 (B) is not surjective. o
The next example shows the necessity of condition (3) in 15.5.

15.7 Example

Choose X =Y =[0,2]U(3,5] c R and A=B=[0,1]. Let p:(X,A) — (Y,B) be the

map defined by the formula, p(x) = min {x, 2}.

17

Then m, (A,b) — mp (B,b”) and  mqa (X,A,b) — e (Y,B, b’) are bijections for all

n20, all beA with p(b)=Db". Yet m(X)— m(Y) is neither one-to-one nor

onto. g
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16. THE FIVE-LEMMA APPLIED TO MAPS OF PAIRS AND TRIPLES

We prove a number of results in the spirit of the title of this section. Proposition 16.5 can
be considered the most prominent result. The proposition compares an n-equivalence with
its mapping path fibration. Further, it relates the concepts n-equivalence for a map of
pairs of spaces, and (n—1)-equivalence of homotopy ﬁbres for a Mz—xﬁorphjsm.

16.1 Proposition

~ Suppose that p: (X,A) - (Y,B) is a map, and for the pair (Y,B), mo (B) — o (Y) is
surjective. Let n be a non-negative integer. If (X,A)— (Y,B) and A — B are
n-equivalences, then X — Y is a n—equivalencé.

Proof Surjectivity of o (A) —» 7o (B) and o (B) — mo (Y), together with 3.2(3),
implies that o (X) — 7o (Y) is surjective. If ‘n = 0 the proof ends here.

So let us assume that n > 0. Then, by 15.5, = (X) — m (Y) isinjective. So in fact,
79 (X) — 7o (Y) is bijective. For the remaining part of the proof we can assume by
3.3(c) that X and Y are path connected.

Diagram A shows part of the ladder formed by the map p of pairs in homotopy.

1 j 0
Tr (A,b) — Tr (X,b) — Tr (X,A,b) — Tr-1 (A,b) — Tr-q (X,b)

—a- | o l l

e (B,b’) = mr (Y,b') = 7 (Y,B,b") = ey (B,b") = 7y (Y,b7)

The result follows by successive application, for r =1, 2, ... , n—1 of 14.7 to diagram A,
and then 14.5, taking r=n. The fact that we took a base point in A does not matter

since our assumptions imply that =y (A) — P (X) is surjective. |
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16.2 Lemma. Let p:(X,A) — (Y,B) be a map and n a positive integer. If the map
X — Y is a (n+1)-equivalence and A — B is a n-equivalence, then (X,A) — (Y,B) isa
(n+1)-equivalence.

Proof Since X — Y is a l-equivalence, mp(X)— m (Y) is a bijection. Condition
3.2() can be seen to be satisfied, since 7o (A)— m (B) is surjective and
7o (X) — 7o (Y) is injective. In view of 3.3(c) we can assume that X (and hence Y) are
path connected. By 15.3(a), m (X,A) — 7 (Y,B) is surjective. For n =0 the proof
ends here.

For n > 0, the result follows by 15.3(b) and the five-lemmas, 14.7 and 14.5 applied (as in
the proof.of 16.1) to the homotopy ladder of p. | |

16.3 Lemma

Let n be a non-negative integer. Suppose that p:(X,A) — (Y,B) is a map for which
X =Y is a n-equivalence and (X,A) — (Y,B) is a (n+1)-equivalence.

Then A — B is a n-equivalence.

Proof Let Y’ be any path component of Y. Let B°=BnY’, X' =pY’) and
A’ =AnX’. Then from 3.3(c), the pull-back r:(X",A")—(Y",B) is a (n+ 1)
equivalence. Now let C be any path component of X’. Due to path connectedness of
the interval I, the function ry:m(C, CNnA)— 7 (Y’',B’) is surjective. Thus by
15.4(a), m (Cn A) — 7w (B”) is surjective. From this it follows that my (A) — 7, (B)

is surjective. For n = 0 the proof stops here.
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If n>0 then by 15.4(b), m(CnA)— mo(B") is injective. Moreover, X’ is path

connected, so that C=X" and CnA=A". Thus it follows that = (A") — 7 (B")

is injective. Together with the bijectivity of m (X) — m (Y), this implies that

To (A) — mo (B) isinjective. From here on we can assume that X and Y are path con-

nected. The result now follows by application of the five-lemmas to diagram A.

16.4 Notation

For a map p: X —Y, the mapping path fibration factorizations of X — Y will be

denoted by ‘X - Y~ L Y. For UcY, we denote the inverse image of U with respect

to f by U".

Suppose now that p is a map of pairs of spaces p:(X,A) — (Y,B). We recall from

3.5(a) that f:(Y",B") — (Y,B) is a weak equivalence. Since f:(Y",B")— (Y,B)

satisfies condition 3.2(2) and p = fo g, the map g:(X,A) — (Y ,B") satisfies 3.2(,) if

and only if p: (X,A) — (Y,B) does. In fact, for a given integer k, g¢: (X,A) — (Y",B")

is a k-equivalence if and only if p: (X,A) — (Y,B) is a k—equiva.lence.

Furthermore, we notice that the map g¢:X — X" is homotopy equivalence and hence a

weak equivalence. g

16.5 Theorem

Given a non-negative integer n, the following three statements are equivalent for a map
7:(X,A)— (Y,B).

(1) »:(X,A) — (Y,B) is a (n+1)-equivalence.

(2) The map of A into the inverse image p~ }(B) =B~ of B with respect to the
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mapping path fibration p* of p, is a n-equivalence.

(s) The Top*morphism of inclusions from A —B to X—Y isa n-equivalence of
homotopy fibres (in the terminology of 1.15).

Proof In view of 3.4, condition (;) is equivalent to condition (o) stated below.

(o) Themap p:(X’,A)— (Y’,B), where Y’ is the union of all the path components C
for which CNB # ¢ and X' = p}(Y’), is a (n+1)-equivalence.

Furthermore it is clear that the conditions (2) and (3) above, does not involve the path
components of Y for which YNB = ¢. Thus it suffices to prove Theorem 16.5 under
the assumption that the inclusion B CY is a surjective map of path components. We
prove the equivalences (;) & (3) and (2) e (3)-

(1)# (2): From the observations of 16.4, condition (;) implies tﬁat g: (X,A) —(Y",B7)
is a (n+1)-equivalence. Since X — Y" is a weak equivalence, the implication we want to
prove now follows by 16.3.

(2) # (1): From the observations of 16.4, this implication follows by 16.2.

The equivalence of (;) and (3) follows by comparison of the fibre homotopy sequences asso-
ciated with the two maps. We give the detail.

Let A—L C—% B be the mapping path fibration factorization of A — B. Then C
can be considered a subspace of B with ¢=f,| C (with fo: B" — B being the
pull-back of f). Let b be any point in B with F = ¢Y(b) and G = f}(b). Then

from the observations in 16.4, applied to the commutative triangle below, it follows that

(C,F) — (B",G) is a weak equivalence.
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(CF) —— (8°0)
v \(B,b‘)/ fo

Since 7: A — C is a weak equivalence, it follows that the condition (3), (which is that
A — B” is a n-equivalence), is equiva.lenf to the condition (4) below.
(4)) C— B" is a n-equivalence.
Now note that condition (3) means precisely that (for an arbitrary point b of B) the fol-
lowing condition holds.
(s) F— G is a n-equivalence.
Now for the map (C,F) — (B",G), the implication (4) 2 (5) follows by 16.3 and the con-
verse follows by 16.1. ||
The proof of the following result is a simple exercise on the level of the elementary theory
of functions between sets, and we omit it.
16.6 i’roposition

Suppose that diagram B below is a commutative triangle in the category Top .

(4
A —— B

-C - |
‘ 7\. ./ g
C
(a) f a and [ are n-equivalences, then 7 is a n-equivalence.
(b) If 4 is a n-equivalence and [ is a (n+1)-equivalence, then o is a n-equivalence.

(c) ¥ a is a n-equivalence and v is a (n+1)-equivalence, then g is a (n+1)-

equivalence. ||
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In what follows, we shall work with a map of triples p: (X,XI,IA) — (Y,Y,B). Such a
map induces three different maps of pairs. For these maps of pairs we obtain results ana-
logous to the first three results of this section.

16.7 Notation regarding maps of triples.

Suppose that p: (X,X;,A) — (Y,Y,B) is a map of triples. Let us denote the maps
A—B, X;—Y; and X—Y induced by p, by the symbols py, p; and p2 resi)ec-
tively. Then set inclusion provides us with Top®*-morphisms A : po— py p: py— p2 and

v:po— py suchthat go A =v. So we have a commutative diagram C in the Top?

A

- h

\/u

This notation is used in the proofs of the following two lémmas, 16.8 and 16.9. g

16.8 Lemma

Let n > 0. Supposethat p isa map of triples, (X,X,,A) — (Y,Y,B), such that :

(1) (X,A) — (Y,B) is a (n+2)-equivalence ;

(2) (X,A) — (Y,B) is a (n+1)-equivalence ;

(3) m (B) — mo (Yy) is surjéctive.

Then (X,X;) — (Y,Y,) is a (n+2)-equivalence.

Proof By 16.5 [(1) ? (3)], the Top>morphism A (in diagram C above) is a n-equivalence
of homotopy fibres and v is a (n + 1)-equivalence of homotopy fibres. Thus by 16.6(c)
and since o (B) — m (Y1) is surjective, it follows that p is a (n + 1)-equivalence of

homotopy fibres. Our result follows by 16.5{(3) 2 (4)], applied to . J
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16.9 Lemma. Suppose that p is a map of triples, (X,X;A)— (Y,Y;B). Then for a
non-negative integer n we have :

(a) ¥ (X,A)—(Y,B) is a (n+l)equivalence and (X,X;) —(Y,Y;) is a (n+2)- |
equivalence, then (X,A) — (Y,B) is a (n+1)-equivalence.

(b) I (X,A)—(Y;B) and (X,X;)— (Y,Y:) are (n+l)equivalences, then
(X,A) — (Y,B) is a (n+1)-equivalence.

Proof (a) By 16.5[(1) = (3)], the Top®morphism v (diagram C in 16.7) is a n-equivalence
of homotopy fibres and g isa (n + 1)—eq1ﬁvalepce of homotqpy fibres. Thus by 16.6(b) it
follows that ) is a n-equivalence of homotopy fibres. Our result follows by application of
16.5 [(3) 2 (1)] applied to A.

(b) By 16.5, the morphisms A and g are n-equivalences of homotopy fibres. Thus by
16.6(a), it follows that v is a n-equivalence of homotopy fibres. ~Our result follows by
Theorem 16.5 applied to v. |}

16.10 Example.

We show how 16.8 fails in the absence of condition 16.8(3). Let X =Y =[0,5] CR,
X;=[0,2], Y;=[0,2)u[3,5], A=B=][0,1], and p(x) =x for every xeX. Then
m (X, X1) >ha.s cardinality 1, while that of = (Y,Y;) is 2. Note that condition 3.2(,)

holds for each pair map in this triple.
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17. PROOF OF LEMMA 5.5

An important result on homotopy lifting, Lemma 5.5, used in the proof of Theorem 5.1, the

globalization theorem for n-equivalences, is proved in this section. [Mj; Corollary 2.4].

Lemma 5.5 forms part of the treatment in Dold and Thom’s paper [DT] and in a modified

form in the work [Ma] of May. The proof of the lemma given here is in detail, showing

maps and homotopies explicitly. We rely on the pasting lemma [Ms; p 108 Theoreﬁ 7.3],

without repeated reference to it, to ensure continuity of functions defined piecewise.

Throughout this section, p: E — B will denote a map of.topological spaces. For a sub-

space U of B, pi(U) will be denoted by U‘. We work with base point-free spaces.

When required, base points will be specifically mentioned. The following notation is used

throﬁghout this section.

17.1 Notation

The boundary of a topological manifold A is denoted by OA.

I is the unit interval [0,1].

We fix an integer n > 2 and denote the unit n-cube I"™ by K. The following subsets of

K are important:

For r=0;1, I; =I"!x {r}, and J is the closure of OK\I; i.e. J=TIoU[ &Io) xI].

Denote by c the centre of the centre of I, and by d the centreof I; x1I.
c=(53%.-;%1) — n coordinates,

d=(%%%--:%14) — n+l coordinates. -
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17.2 Some homeomorphisms. For a point x € K\{c}, welet x" be the point in J
which is collinear with the pair of points {x, ¢}, and x  =|x-c|-||x " —c|L I
x=¢, wedefine x”"=0. Then 0<¢x <1. For ie€{0; 1}, let Z; be the subspace

Kx{i}juJxI of KxI = We define homeomorphisms A;:K x {i} =+Z; by the

formulae :
(2x — ¢, 0) 0¢x ¢4
ho (X,O) =
(x, 2x-1)  $<x <1,
(2x— ¢, 1) 0<x <%
hl (X,l) = ’
(x*, 2-2x") $<¢x <1

Now let J; be the closurein K x I of the subspace &K x1I)\ (I;xI). Then the follow-

ing formula defines a self-homeomorphism of J;.

{ho(z) z € K x {0}
ho (Z = *
hl"l(z) zZ € Zl

Note that h; maps 4J; homeomorphically onto itself. The resulting self-homeomorphism
hy of 8J; can be extended to a self-homeomorphism hg of I;x I, _the closed n-cell com-
plementary to J; in &K x I). Pasted together, h, and h4, regarded as maps into
K x I, provide us with a self-homeomorphism h of &(K x I). This in turn yields a self-
homeomorphism H of K x I by regarding K x I astheconeon 9(K xI). g

We repeat the formulation of Lemma 5.5 :

Let p:(X,U) — (Y,V) be a map of pairs of spaces. Then the following three conditions

are equivalent.
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(a) Given maps f:(J,8J) — (X,U) and g¢:(K,I;) —(Y,V) together with a homotopy
di:J— Y from po f to the restriction g¢|J of g to J, such that dy (4J) CV for all
t € I, there exists an extension F:(K,I;) — (X,U) of f, and a homotopy Dy:K—Y
from po F to g, extending d; suchthat Dy (I)) CV forall tel.

(b) Given maps ¢:(J, 47 ) — (X,U) and 7:(K,I;) — (Y,V) with po p= ﬂJ, then
there exists an extension @ : (K,I;) — (X,U) of ¢, and a homotopy A;: K— Y from
pod to v, suchthat A, isstationaryon J and Ag(I;)cV forall tel.

(c) Forevery e€ U and b= p(e), the function ps: m (X,U,e) — m (Y,V,b) is inject-
ivefor r = n —1 and surjective for r = n.

Proof of Lemma 5.5

We prove the sequence of implications (b)=2 (a)2 (c) 2 (b). Firstly, (b) =2 (a). Let us
assume (b), and suppose that f g, d; are asin (a). We observe that d; and g jointly
define a map Gi: Z;— Y by the rule:

b (x)  (xt)ed «1
9(x) (xt)eKx{1}.

Now we define a map 7:K—Y as 7(x)= Gio hyx,1), and let ¢=f  Then

Gl (x)t) = {

M) cV and poyp=+|J. Applying (b) to the data ¢, 7, we obtain & and A
The formula A (x,t) = Ay (x) defines amap A:KxI—Y. Let D=AoH Let
Go : Zo — X be the map defined by the following formula :

f(x) (xt)edxI

Goxt) = { 8 (x) (xt) €K x{0}.

We define a map F: K — X by the formula F(x) = G o hq (x,0).
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Then F together with the homotopy D; obtained from D, fulfill the requirements of
(a). Thus we have proved (b) 3 (a). In retrospect we note that « absorbs, via h;, the
information on di. This is released again after (b) has been exploited, by precomposition
with H. This rectification of the homotopy calls for an adjustment of ¢ to get the map
F, which is in line with Dy .
(a) 2 (c) : Assume condition (a) holds. We shall first prove the injectivity part of (c).
In the case n = 2 we note that for elements 7;; 72 € 7 (X,U,e), path composition (one of
them traversed in the opposite sense) associates with these path classes, a third path class
7€ 7 (X,U,a) for some a€U. The association is such that ;= 7, if and only if
v=0. So even in this case of not having groups, the following two conditions are
equivalent :

(x) -t (X,Use) — -1 (Y,V,b) is injective for every e € U and b= p(e).

(y) Givenany e€U and a€ m.(X,Use), then a=10 whenever pi(c) = 0.
We use (y) to prove the injectivity. Let a€ m-1(X,U,e) be such that in -4 (Y,V,b),
p«(@) = 0. We can represent o by a map f: (J,8]) — (X,U).. Since p«(@) =0, the
map po f can be extended to a. map ¢: (K,I;)) — (Y,V). Weapply (a), taking d; to be
the constant homotopy. Existence of the map F guaranteed by (a.),. means that a = 0.
So the injectivity follows.
To prove surjectivity, let f€ m (Y,V,b) be an arbifrary element. We represent S by a
map g¢: (K,dK,J) — (Y,V,b). Let f:J— X be the constant map onto the point e € U.

Let dy:J— V be the constant (b-valued) homotopy between the maps ¢|J and po f
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Now by (a), there exists F and D;. The map F represents an element 7 of
7 (X,U,e) and D; ensures that in mp (Y,V,b), p+(7) = B So surjectivity of py
follows, and we have proved the implication (a) =2 (c). B

Finally we prove the implication (c)= (b), and this will complete the proof of our result.
Now suppose we are given maps ¢: (J,8J) — (X,U) and ~v:(K,I;) — (Y,V) such that
pop=1|J. - SE

Let s be the vertex (1;1;...;1) of K, let p(s) =e and p(e) =b. Then in the group
a1 (Y,V,b), [7|J]=0. Since ps« is injective, in mm- (X,U,e) we have [¢] = 0. vSo
there exists an extension #;: (K,I) - (X,U0) of .

Let C={xeK: x3>4 forall 1<i<n}. Let M be the closure (K\C)” of K\ C in
K, and let¢ My=MnJ. Let B be the union of all the (n—1)-faces of K which do not
contain s. Given any point x € K \ {s}, let xs; be the (unique) point in B which is col-
linear with the pair of points x; s. Define g:K—Y and F;: K— X as below.

7(s) xeC
g(X)={
7(2x—x5) xeM

Fl(x)={§1(8) xeC

#,(2x—x5) xeM
These functions can routinely be shown to be continuous. Note that ¢|J = p o Fi|J and

that Fy (C) = {e}. Now we define G: (J;,8J;) — (Y,V) by the formula below, with J;

asin 17.2.
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Ji=Kx{0,1}uJxIc KxI.

po Fi(x) (xt)eKx0
9(x) (xt)eIJ xI UKxL1.

G (x,t) = {

Since the pair (J;, 8J,) is homeomorphic to (K,0K), G represents an element
a € 1, (Y,V,b). By surjectivity in condition (c), there is an element f € m, (X,U,e) such
that p(f) = —o. Represent S by a map: - Fy: (K,0K,J) — (X,U,e). Now we define a
map F:(K,3K)— (X,U) by:

Fy(2x-s) for xeC
F(x) =

Fy (x) otherwise .
Then F is continuous since F, is continuous and F;(C) = {e}. We obtain a homotopy
E; asfollows. Let T :(J;,0J;) — (Y,V) be defined by the formula :

po F(x) (xt)eKx{0}

[ (x,t) ={
9(x) (x,t) € J x I u K x {1}.

Then [I'], as an element of mp (Y,V), is zero by the choice of F; and its incorporation in
the definition of ' via F. Therefore I' can be extended to a map |
E:(KxI,I1ixI)—(Y,V).
We 6bta.in the solution to the problem of (b) by the following quotient construction. Let
A and A; bethe subsets of K xI given below.
A=({JnC)xI U Cx{1}; As={s}~I

Let ry: A — A be defined by the formula, for (x,t) € ACK x I, ro(x,t) = (5,t).
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From 17.2 we recall that Z;=K x {1}UJxI. Extend 7o to amap r:Z{—Zy by
mapping a point (x,t) € (Z;\A)” (closure in K = I), onto the point (2x —xs, t). Extend
ry to a relative homeomorphism
ra: (J1,Z1) — (I Z4),

and extend 72 to a relative homeomorphism

r:(KxL J)— (Kx1I,Iy).
Since E r(y) is a one-point set for every y € K = I, it follows by a theofem on quotient
maps, [Ms; p 139 Theorem 11.1], that there exists A:K xI—Y such that Aor=E.
From A we obtain a homotopy A in an obvious way. From 7, we obtain an induced
map r;3: K x {0} — K x {0}.
Let ¢: K — K be the obvious map determined by r3. Then there exists § : K — X

such that 8 o ¢= F. Themaps ¢ and A comply to the specifications as in (a). |
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Chapter IV : LOCALIZATION OF ABELIAN GROUPS AND 1-CONNECTED SPACES

The main purpose of chapter is to prove results formulated .in Section 8. The most
important one among these, is Theorem 8.5, which is a generalized ve;sion of the result
[M3; Theorem 1.2] of May. Although quasifibrations have been applied in a generalizeci
form, there seems to be no explicit formulation of results of this nature. Chapter V aims to

fill this gap in the theory.

Section 18. Localization of abelian groups
Section 19. Serre class of abelian groups
Section 20. Localization of 1-connected spaces

Section 21. Adjunction of generalized n-equivalences.
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18. LOCALIZATION OF ABELIAN GROUPS

When studying torsion abelian groups one can separate the different primary components.
A particular component can be extracted by tensoring the group with the underlying
abelian group of a suitable subring of . Here we have a discussion of a localization
theory on the category Ab of abelian groups. Some of the results here are mentioned in
[HMR]. The cited book covers a more general theory namely the localization theory on
the category of nilpotent groups (and of related topological spaces). The results we have
here are elementary, and are included for completeness.

The group operation will be denoted by + (addition). By P we denote a fixed set of
primes. The complementary set of primes is denoted by P’. The subring of { generated
by the set {n!:n € P’} is denoted by %.

18.1 Definition.

~ For a positive integer n, the n’th multiple endomorphism of the abelian group G is the
homomorphism g : G — G defined by the rule: px(g) = ng. An abelian group is said to
to have n’'th roots if the n’th multiple endomorphism is an epimorphism.

An abelian group is said to be P-local if for every ne P’, the n’th multiple
endomorphism is an automorphism.

A morphism «:G—H of Ab is said to be a P-localizing homomorphism if H is
P-local and for every P-local group K, the function o*: Ab(H,K) — Ab(G,K), obtained
by precomposing with ¢« is a bijection. This means that, given any P-local

abelian group K and a homomorphism f#: G — K, there exists a unique homomorphism
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§: H— K, such that diagram A commutes.

G —% . H

—A- ﬂ\ /5 |

| K
18.2 Remarks. (a) The additive group %' of the ring %, is P-local. The abelian group
1% will also be denoted by the same symbol Z.
(b) Let G be any abelian grloup, let G @7 be the tensor product of abelian groups, and
"{G):G— Ge7% the canonical homomorphism, «g)=g®1l. Then we have an
endofunctor (—) ® 2 on Ab, and ¢ is a natural transformation from the identity functor
of Ab to the functor (4) ® 7.
18.3 Proposition
"(a) For any abelian group G, the natural homomorphism ¢: G — G @ % is a P-localizing
homomorphism.
(b) An abelian group G is P-local if and only if & : G — G ® % is an isomorphism.
Proof (a) We first show that G ® % is P-local. For any n € P’, ‘let L be the n’th
multiple endomorphism of G® %, and v the inverse of the n’th multiple endomorphism
of 2. Then the endomorphism 1@y of Ge7%, is the inverse of- x. Thus g is an
isomorphism.
We now show that ¢ is a P-Jocalizing homomorphism. -Suppose that a: G—H isa
morphism of Ab and | H is a P-ocal group. Let m be any integer which is co-prime to
the members of P. Then the m’th multiple endomorphism of H is an automorphism.

Hence there is a well-defined function of sets G x 2 — H, mapping g x & onto L. ofrg).
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This function is bilinear, and therefore determines a homomorphism «o’: Ge 7% — H,
satisfying the condition ¢ oct=a If f:G®R%— H is a homomorphism for which
foi= a then [ coincides with a” on G). Since G) is a generating set of G @ %
as an T-module, it follows that §= a’. So ¢ P-localizes.
(b) If .:G— G®7 is an isomorphism, then since by (a) G % is P-local, it follows
that G is a P-local group.
Conversely, suppose that G is P-local. Then for I the identity function of G, since .
P-localizes, there exists a left inverse x: G® T — G to ¢« So ¢ is injective.
G—-—Ge7
1\ / K
G
On the other hand, Go={x®%:xeG,6 £e %} generates the group GeZ%. Since- G
has n'th roots, it follows that 1.xe G. Thus I.x€G, and fL-x)=(5-x)®l=x8L
Therefore ¢ is surjective, and so ¢ is an isomorphism. Jj
18.4 Proposition
For a homomorphism «: G — H between P-local abelian groups,
(a) the kernel K is P-local
(b) the cokernel C is P-local.
Proof We have an exact sequence 0= K—+G—-H—-C— 0 in the category Ab. In
diagram B, the vertical arrows are the canom'ca.l. P-localizing homomorphisms as in 18.2(b).
The diagram is clommutative by naturality of ¢. Since the abelian group 7 is torsion free,

the functor (—) ® 7 preserves exactness. Thus the bottom row of diagram B is exact.
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0 — K - G H y C —m 0

= A R TR

00— Ko7 — G171 — Hel1 — Cel1 — 0

Note that the ladder can be augmented to both the 1e£t and the right by using the trivial
groups. Since G and H are P-local, it follows by 18.3(b) that . and ¢; are isomor-
phisms. Thus by 14.7, ¢+, and ¢ are isomorphisms. Our results follow by 18.3(b). |
The proof of the following two results are similar to the one we have just given, and we
| omit the proofs.

18.5 Proposition

Given a short exact sequence of aBeliap groups, with any two of the groups P-local, then
the third group is also Plocal. |

18.6 Proposition

For an exact sequence in 5_13' as shown below, C is P-ocal if the other four groups are P-
local.

A—2.p- B .c2.p 6:E.I
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19. SERRE CLASS OF ABELIAN GROUPS

The concept of a Serre class of abelian groups is indispensible when studying torsion pheno-
mena in abelian groups. The pioneering work on this topic is found in the paper [Se] by the
inventor. The textbooks [Hu], [Sp] and [HMR] also offer brief treatments of the topic. The
notion of Serre class of abelian groups gives rise to a generalization of the concepts of
monomorphism and epimorphism. This in turn calls for generalizations of concepts of ex-
actness, and results such as the the five-lemma. We include a proof of the latter result.

As in Section 18, we use the following notation. ~Ab denotes the category of abelian
groups. The group operation will always be denoted by + (addition). P is a fixed vset of
primes. The complementary set of primes will be denoted by P’. The subring of ¢
generated by the set {n"':n e P’} is denoted by 2. Tensoring an abelian group G with
%, regarded as an abelian group, annihilates every torsion element of G t‘he order of which
are relatively prime to the elements of P.

19.1 Definition.

A class C of abeliaﬁ groups is said to be a Serre class of abelian groups if the class is non-
empty, is closed with respect to taking subgroups of rﬁembers, and has th;property that
whenever two of the objects in a short exact sequence in Ab belong to C, then also the
third object belongs to C. |

Let C be any Serre class of abelian groups. A homomorphism of abelian groups is said to
be a C-monomorphism if its kernel belongs C, a C-epimorphism if its cokernel belongs to

the class C, and a C-isomorphism if it is both a C-monomorphism and a C-epimorphism. g
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19.2 Examples. (a) The class & of all finite abelian groups, and the class F of all
finitely generated abelian groups are Serre classes.

(b) The class of all torsion abelian groups with vanishing p-component for every p € P,
which we shall denote by C(P), is a Serre class of abelian groups.

(c) For an integer n which is relatively prime to the members of P, the n'th multiple
endomorphism on an abelian group is a C(P)-isomorphism.

(d) The P-ocalizing homomorphism ¢: G — G ® % is a C(P)-isomorphism. Let us prove
this statement :

The kernel of ¢ is the subgroﬁp of G, consisting of all torsion'elements with order co-
prime to the elements of P, and is thus a C(P)-group. Thus ¢ is a C(P)-monomorphism.
G is the surjective image, ¢:F — G, of a free abelian group F on a set S. Certainly

then Fe 7 is a free Z-module on S, and the localizing homomorphism ¢ = ¢(F) is the

inclusion of S. F —1 - Fe7 ---» cokery
7] r |
G —— Ge7Z ---+ coker:

The cokernel of & is a direct sum of |S| copies of #/Z. Thus coker s € C(P). Since
—® % is an exact functor, r= ¢®7 is an epimorphism. Therefore the homomorphism,
coker ¢y — coker ;, induced by the square of unbroken arrows, is surjective. Since C(P)
is closed with respect to forming quotients, it follows that coker ¢; € C(P). 5

19.3 Proposition

Let h:H— G be a group homomorphism and A" =h®R2: He® %~ G @7 the homo-

morphism assigned to it by the functor —® 2. Then we have the following.
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(a) The only groups which are both P-local and in C(P) are the trivial groups.

(b) h is a C(P)-monomorphism if and only if A" is a monomorphism.

(c) h is a C(P)-epimorphism if and only if A" is an epimorphism.

Proof (a) Let G e C(P) and suppose that 0# x € G. Then x has finite order n and
n is divisible by a prime p in the complement of P. Let z = %-x. Then z has order
p and lies in the kernel of the p’th multiple endomorphism of G. Consequently, this
endomorphism is not an isomorphism, and G fails to be P-local. So (a) is proved.

By 19.2(d), every «G) is a C(P)dsomorphism. Therefore, h is a C(P)-epimorphism
[C(P)-monomorphism] if and only if A’ is a C(P)-epimorphism [C(P)-monomorphism]. In
view of (a) above, (b) follows from 18.4(a), and (c) from 18.4(b). H}

19.4 Remark.

We include the following concept for completeness. A sequence C L, D—k+ E of
morphisms in Ab is said to be C-ezact if kj(C)€C and (Imj+ Keri) /ImjeC. A
longer sequence is said to be C-ezact if every pair of consecutive arrows forms a C-exact
sequence. g

The sequences that we deal with, are exact and we shall prove a generalized five-lemma
only for this special case. We have the following analogues of the results in Section 14.
19.5 Proposition

Let C be any Serre class of abelian groups. Suppose that in diagram B which is a
commutative diagram in Ab , we have exact rows. Suppose further that « is C-surjective

and § is C-injective.
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) j k
A +» B » C ———D
S |4 K |?
A"/ » W » X —— Y
e f g

(a) If v is C-surjective, then £ is C-surjective.

(b) If B is C-injective, then < is C-injective.

Proof Given diagram B, we form the diagram C below, with homomorphisms as shown.

ixV it k

AxV——> BxV—"n—bs € —— D

: ay lﬁl 171 61
—C—
v —m4m3 W —— XxD — X xD

4 fi g<D

os(a,v) = ofa) + v
Bi(b,v) = B(b) + e(v)
71(¢) = ( Ac).Kc) )
6(d) = ( &d),d )
jl(b)v) = ](b)
Aw) = (f(w),0).
The diagram is commutative, the rows are exact, oy is an epimorphism and §; is a mono-
morphism.
(a) By 14.4(a), coker §; — coker 7; is a monomorphism. The image of this homomor-

phism is the subgroup (fWx0 + 'in)/ 1:C of coker 7;.

(fWx0 + 7C)/mC

e

(fW x0)/(fW =0 n 7C)

e

fW/rker k .



123

There is an isomorphism and an epimorphism, respectively,
k'l(ker §)/ker k — ker § and kl(ker §)/ker k — fW/ykerk.
Thus fW/vker k and hence coker f§; belong to the class C.
We note that the inclusion a A ¢V is a C-isomorphism, thus sois eaACeV . Since

eaA=fiA (B, thesubgroup fB+ eV /3B belongsto C. Now we have :

coker 1 = W/G,B

W/(BB + eV)

(W/6B) | [(6B + eV)/BB].

ne

From this it follows that W/fB € C.

(b) Note that the image of ker §; under the projection B x V — B, is precisely the
subgroup A7'(eV). Thus the image of the homomorphism ker f; — ker 7; is the same as
the image of the subgroup A7'(eV) of B under the homomorphism j By 14.5, the
induced homomorphism ker ; — ker v, is an epimorphism. Thus eV ) — ker v; is
an epimorphism. The kernel of the latter homomorphism is the subgrpup ker j=1A of
B. Thus A YeV)/iA ~ ker 4. But since § is a C-monomorphism, #%(eV)/iA is
C-isomorphic to eV /fiA. Also eV /fiA =eV [ ecA. This group is a quotient of
V/aA € C. Thus ker 7, € C. Moreover, (ker v+ ker k)/ker k£ can be embedded into the
group ker §. This follows by the first isomorphism theorem. Thus (ker v + ker k)/ker &
belongs to C. But,

(ker v + ker k)/ker k ~ ker v /(ker yn ker k) & ker v [ker 7, .

So it follows that ker ye€ C. |
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The following result simply merges the latter two, and is called the generalized five—lemma.
19.6 Lemma

Suppose that D is a commutative diagram in Ab the rows are exact.

- T

Suppose further that § and § are C-isomorphisms, while « is a C-epimorphism and ¢ is

L T

a C-monomorphism. Then 7 is a Cdisomorphism. J]
19.7 We now turn to Lemma 8.3, which is the following.
Let G and H be abelian groups such that G®7% and H® 7 are isomorphic, and are
finitely generated as 'k—modulés. Then any C(P)-epimorphism G —H is a C(P)-
isomorphism.

For the proof of Lemma 8.3, we nfaed the following result, 19.8(d), which can be proved to
‘holt‘i if the ring 7% is replaced by any principal ideal domain, but for brevity we will be con-
tented with the given special case. An exposition of modules over a principal ideal domain
can be found in [HH].

~19.8 Proposition

(a) Let A be any ring and P be a free A-module of finite rank. Then every surjective 4
homomorphism of P onto itself is an A-isomorphism.

(b) Let M be a cyclic Z-module. If M contajﬁs a non-zero Z-torsion element, then M

is finite.
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(c) Let M be a finitely generated T-module. Then the torsion submodule T of M is
finite and M/T is free of finite rank.

(d) Let M be a finitely generated Z-module and let a:M—M bea surjective T-endo-
morphism. Then « isinjective.

Proof (a) is obvious.

(b) Suppose that M = Ix, for some x € M, and that rx is %-torsion, for some r € %,
but rx # 0. Then x itself is T-torsion, and consequently x is Z-torsion. Thus thereis a
least positive integer m such that mx = 0. We prove finiteness of M by shoWing that
each element of M is of the form kx with k being a non-negative integer less than m.
We first show that whenever e is a non—zero integer such that 1€ 7, then e is relatively
prime to m. Suppose now that the greatest common divisor of e and m is the positive
integer c. Then m=nc and e=dc for some n,deZ. Butnow nx=gmx=¢.0=0,
and due to minimality of m it follows that ¢ = 1, and e is relatively prime to m.

Now let s be an arbitrary element of 2. Then s can be written as a quotient of integers
s =2 such that e is relatively prime to m. Thus there exists integers u, v such that
eu + myv = 1. Thus s=au+%vm, and so sx=aux+2vmx. Since mx=0,
sx = aux. By the division algorithm au = qm + 1, where q and r are integers with
0<r<m—1. This yields sx = aux =rx and completes the proof of (b).

(c) We note that an element of M is %-torsion if and only if it is Z-torsion. The finite-

ness of T can now be proved by induction on the number of generators of M. If M is

cyclic then by (b) above, T is finite.
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Now let us assume that for an integer n, whenever a module is generated by a subset of
fewer than n geﬁerators, then its torsion sub-module is a finite set. Suppose that M is
generated by a subset S = { xy; x2; ... ; Xxn }. Let M; be the sub-module generated by
{x1}. Then M/M; is generated by n—1 elements. Thus M; and M/M; have finite
torsion sub-modules T; and T; respectively. The rationalization functor is an exact
functor. We obtain the commutative diagram below, in which the vertical arrows are the
rationalizing homomorphisms.  Thus the lower row is also a short exact sequence of
abelian groups.

My —— M M/M,

al el | o

MieQ — MoQ — M/M; ® ¢

The kernel of a rationalizing homomorphism is precisely the torsion subgroup. Thus ¢
and t3 are $#-monomorphisms, where & is the Serre class of finite abelian groups, see
19.2(a). Thus, by 19.8, ¢ is a-i-monomorphjsm and consequently T is finite. This
completes the induction and hence the proof of the finiteness of T f{for a finitely generated
module M.

The module M/T is torsion-free, and finitely generated since M is finitely generated. A
proof that a finitely generated torsion—frée module over a principal ideal domain is a free
module (of finite rank) can be found in {HH].

(c) Let T be the torsion submodule of . M. Then oT CT, and « induces a
homomorphism .al :T— T and an epimorphism a3: M/T — M/T . These fit into the

exact ladder in diagram E below.
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0—sT — M — M/T —0

N O

0— T ' M » M/T — 0

Since M/T is free of finite rank it follows by (a) that the epimorphism a; is a
monomorphism. By 14.4(b) it follows thus that @, is an epimorphism. Since by (b), T
is finite, it follows that o is a monomorphism as well. By (a), @, is an isomorphism.
By the five-lemma it follows that « is an isomorphism. |

Proof of8.3. The lemma follows from 19.8(c).and by 19.3(b,c). i
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20. LOCALIZATION OF 1-CONNECTED SPACES

Phenomena in topology, related to classes of groups were discovered by Serre [Se]. The
need for localizing maps for spaces, with respect to a given set of prime numbers, arose
from the work [Se] of Serre. | The first example of such a localizing map was exhibited by
Sullivan [Su].

20.1 Notation

Let us denote by P a fixed set of primes and by C the class of all torsion abelian groups
with vanishing p-component for every p € P. In this section we use the P-localization
theory 1-connected CW-complexes as presented in [HMR] to define a localization functor
on the homotopy category hTop of pointed 1-connected spaces.

Since we work with pointed spaces, constructions such as double mapping cylinders will be
considered to be reduced. The compatibility of this approach with the adjunction theo-
rems in Section 6, is attended toin 6.9 —6.11.

The P-localization endofunctor of the category H,, of 1-connected pointed spaces of the
homotopy type of CW-complexes and pointed homotopy classes of maps; as discussed in
'[HMR; Chapter II] is denoted by £, and the natural transformation from the identity
functor on Hy to [ is denoted‘by A. The functor £ preserves P-torsion and anihillates
P’-torsion.

We show how £ and X together with CW-approximation, gives rise to a functor X on
hTop and a natural tra.nsforrﬁation p from the identity functor of ATop to K, such that

4 P-ocalizes homotopy groups.
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20.2 The localization functor. For every l1-connected space X we fix a CW-approxima-
tion fX:X;— X and choose a representative ¢X:X;— Xz_ of A(X). This provides
us with a map X :X — X", where X" is the double mapping cylinder of the cotriad
(f,9). The il;clusion map iX is a cofibration. Givenamap p: X — Y, we can choose
amap p;:Xy— Y, unique up to homotopy, such that fY o p; is homotopicto po fX.
Let p;: X2— Y, be a representative of the homotopy class £(p;). Then diagram A is

commutative. This provides us, see 6.7, with a map p”~ : X" — Y". The homotopy class

of p° is uniquely determined by that of p.

9X fX

Xq ¢ X4 + X

—A— lpz lpl (p
g 9Y fY

Yy — Y, + Y

For the homotopy class [p] of p, we choose M [p] to be the homotopy class of p~, and
4 (X) to be the homotopy class of :X. Then we have a functor 4 on ATop, and a nat-
ural transformation g from the identity functor of ATop to K. Note that for any maps

p1 and p, making diagram A homotopy commutative, diagram B is strictly commutative.

X

X —22 X
-B- p | | 7
v 1Y v

20.3 Proposition. The natural maps ¢ localize homotopy groups.
Proof Let Zand Z, be the mapping cylinders of fX and ¢X respectively. The push-

out of the Togz—cotriad of diagram C is the inclusion map A: Z; — X".
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Zg ¢ B) Xl 1 » Xl
-C- 1 l 1 l l c
Zl ¢ 2 X1 ¢ + ZI

By 6.8(c), the map A is a weak equivalence. The inclusion j: X;— Z, is a P-ocalizing
map and therefore so is ho 5. Furthermore fX is a weak equivalence and 1X o fX is
“homotopicto ho j Thus iX isa P-localizing map. [

20.4 We now prove Lemma 8.4, the formulation of .which is the following:

Given any map p:X-—Y between l-connected spaces, we can factorize p as the
composition of a P-equivalence ¢;: X — Z 'followed by a fibration ¢2:Z — Y with P-
local fibres.

Proof Consider the commutative diagram B. We form the mapping path fibration fac-
torization of p~, X~ L W -2, y-.

By 18.6 applied to the fibre homotopy sequence of s;, it follows that the fibres of sy are
P-local. We choose ¢» to be the pull-back of s2 over 1Y :Y — Y". The unique map

@ such that p = g0 ¢, as guaranteed by pull-back, is taken as ¢;.
iX

Comparison of the fibre homotopy sequences of ¢; and s; via the generalized five-lemma
shows that h:Z — W is a P-equivalence since the Top*morphism (h, i Y): gg— 33 isa

P-equivalence of fibres. Thus ¢, is a P-equivalence. [}
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We require generalizations of the Hurewicz isomorphisms theorem and of the Whitehead
theorem. We quote the following results without giving proofs.

20.5 The generalized absolute Hurewicz isomorphism theorem [Huw; Theorem 8.1 p305].
Let X be a 1-connected space and let m > 2 be an integer. Suppose that =3 (X) € C for
all 1<i<m. Then H;(X)eC forall 1<i<m and the Hurewicz'homomorphism
Tm (X) — Hp (X) is a C-isomorphism while mp.q (X) — Hn.y (X) is a Cepimorphism. g
The localization theory admits a version of the generalized relative Hurewicz isomorphism
theorems, stronger than [Hu; Theorem 9.1 p306]. It is interesting to note that at the time
of publication of [Hu], the localization theory for spaces was not known yet.

20.6 The generalized relative Hurewicz isomorphism theorem

Let (Y,X) be a pair of 1—connected spaces and let m > 2 be an integer. Suppose that
mi (Y,X) € C for each i intherange 1 <i<m. Then H;(Y,X)eC forall 1<i<m,
and the Hurewicz homomorphism my (Y,X) — Hp(Y,X) is a C-isomorphism. |

From 20.6 we can deduce the generalized Whitehead theorem 20.7 below, just like [Hu;
Theorem 10.1 p307] is deduced from [Hu; Theorem 9.1 p306]. We omit the proof.

20.7 The generalized Whitehead theorem

Let f: X —Y be a map of 1-connected spaces and let m > 2 be an integevr. Then the
folowing two conditions are equivalent.

(1) The homomorphism f;: i (X) — 71 (Y) is a C-isomorphism whenever 1<i<m

and a C-epimorphism for i = m.
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(2) The homomorphism f; : H; (X) — H; (Y) is a C-isomorphism whenever 1<i<m

and a C-epimorphism for i = m. g
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21. ADJUNCTION OF GENERALIZED n-EQUIVALENCES

Let P Be a fixed set of primes. Adjunction of P-equivalences are commonplace in the liter-
ature. We can mention for example .[ng], [HR] and [G3]. The purpose of this section is to
prove Theorem 8.5. The latter result is a variation of Theorem 6.3, replacing n-equivalence
by (P,n)-equivalences (for definitions see Section 8).

Let C be the class of all torsion abelian groups with vanishing p-component for every prime
p € P. By 7 we denote the subring of the rationals generated by the set {% I p ié a prime
and p ¢ P}.

21.1 Proposition

Let X be any Serre class of abelian groups. Suppose that in diagram A, f; and g¢; are

cofibrations.
9 .92
E;« Eq — B,
-A- ]Ih ) .Po lpz
fi f2
Bl ¢ Bo — Bg

Suppose further that the maps p; induces X-isomorphisms in homology of all dimensions.
Then the same is true for the push-out ¢ of the Top*<cotriad of diagram A .
Proof The maps (EyEq) — (E,E;) and (B;,Bg) — (B,Bs) of NDR-pairs are excisions.
Thus, for every positive integer r, the homomorphisms

H; (Ey,Eq) — H; (E,E;) and H;(B;By) — H; (B,By),
are isomorphisms. From the ladder consisting of the exact homology sequences of the

pairs (E,E,) and (By,By), it follows by the generalized five-lemma and our assumptions,
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that H; (E;Eq) — H; (B1,By) is a X-isomorphism for every positive integer r. Via the
excisions then, H; (E,E;) — H;(B,Bs) is a K-isomorphism for all r. In the homology
ladder of the map of pairs (E,E;) — (B,Bj), it follows by the generalized five-lemma that
H, (E).— H; (B) is a KHsomorphism for every positive integer r. J|

21.2 Proposition

Suppose that in diagram A, the maps p; are all P-equivalences. Then,

(a) the map of double mapping cylinders p’ : E° — B’ is a P-equivalence.

(b) if moreover f; and g, are coﬂbrations,vthe push-out p: E — B is a P-equivalence.
Proof We prove (b) first. By the generalized Whitehead theorem, 20.7, each p; is a C-
isomorphism of homology groups in all dimensions. By 21.1, for every positive integer r,
px : Hr (E) — H; (B) 1is a C-isomorphism. The spaces E and B are l-connected.
Again from 20.7, it follows that E— B is a P-equivalence. This proves (b).

(a) Let p3: E3 — Bj be the map betwéen mapping cylinders arising from with the Top2-
morphism (¢y,f1) : po — p1 shown in Diagram A. Let g3: Ec— E; and f;: By — B3
be the inclusion maps. Then g3 and f; are cbﬁbrations and the map p’ coincides with

the push-out of the Top?<cotriad shown below.

(g:‘hﬁi) (glafl)
p3 ¢ Do — D

Thus from (b) it follows that p’ is a P-equivalence. |
21.3 Remark. (a) Having the localization theory of Section 20, we can easily prove analo-
gous to 16.5, the equivalence of the f{following three conditions for a map

p: (X,A) — (Y,B) of pairs of 1-connected spaces, and a positive integer n :
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(1) The map p: (X,A) — (Y,B) of pairsis a (P,n+1)-equivalence.

(2) For themap A — B” of A into the inverse image of B with respect to the mapping
path fibration, the homomorphism  (A) — m (B) is a C-isomorphism for 1<{r<n—1,
and a C-isomorphism for r = n.

(3) The Top?morphism of inclusions from A — B to X — Y is a (P,n)-equivalence of
homotopy fibres.

The latter concept means that for the induced map H — K of homotopy fibres, the homo-
morphism 7(H) — 7 (K) is C-isomorphic for r < n—1, and C-epimorphic for r=n.
Note that H and K may fail to be simply connected, but their fundamental groups are
abelian, see 8.2(b).

(b) Suppose we have a commutative square such as diagram B below. We assume all
spaces to be 1-connected. Then the localization theory of Section 20 provides us with a
box, diagram C, of which all faces other than the front face, are commutative. The front

face is homotopy commutative. o= iX.

U —- X U — X

Ny s N

\' y Y V —|— Y |7

N N\

- B - . -C - Ve Y,

We can replace v by its mapping fibration and adjust the other two maps, o and f,
involved here. This yields a diagram D as shown below. Since 7 is a cofibration and 7~

is a fibration, by the homotopy lifting extension theorem, see [Wd; Theorem 7.16 on p35],
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U » X a’
N g I\
-D- U1 » X.1
V —|——— 3 Y 7
N N\
Vi + Y

we can replace the map £, which make the front face homotopy commutative, by a map
B~ such that the front face is commutative and S~ is homotopic to A" relative to U.
But then the resulting box is strictly commutative and the map a’ is a P-equivalence. g
We now prove Theorem 8.5, t1;e C-generalization of [Mg; Theorem 1.2].

21.4 We repeat the formulation of Theorem 8.5. Let ‘B be a space with open subsets V),
and V; such that B =V UV, Let us denote theset VinVy; by V. Let p: E— B
be a map, and for each i = {0, 1, 2}, let U;= p;(Vi). Suppose that for each je {1, 2},
(U;,Uq) — (V;,Vo) is a (P,n+1)-equivalence.

Then for each i € {0, 1, 2} the map (E,Ui) — (B,Vs) is a (P,n+1)-equivalence.

Proof of Theorem 8.5. From 21.3(b), for each je {I, 2} the Top*morphism from the
object Ug— Vo to Uj—Vj is a (P,n)-equivalence of homotopy fibres. We make the
P-ocalizing construction for a map of pairs as discussed in 21.3 (b). The processes for the
two maps (Uj,Ug) — (V;,Vo) can be done simultaneously. This yields a commutative

diagram Ein Top .
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Since each of the slanted arrows in E is a P-equivalence, by the generalized five-lemma it
follows that the Top? -morphism from Wo— Zo to Wj — Z; is a (P,n)-equivalence of
homotopy fibres. The homotopy fibres of the maps ¢; are P-local. Therefore the (P,n)-
equivalence of homotopy fibres is in fact a n-equivalence of homotopy fibres. We apply
Theorem 6.3 to the maps ¢;. This asserts that for each i€ {0, 1, 2‘},- the IQBZ -morphism
gi— ¢ (¢ : W' — Z’ being the map of double mapping cylinders), is a n-equivalence of
homotopy fibres.

Each of the maps of double mapping cylinders U" — W’ and .V’ — Z’ of the Top*
cotriads in the top and bottom are P-equivalences by 21.2(a). Thus the Top?-morphism
from the map of double mapping cylinders p° to ¢  1is a P-equivalence of homotopy
fibres. Thus for each i€ {0, 1, 2}, the morphism p;— p’ is a (P,n)-equivalence of
homotopy fibres.

Finally, the natural maps U’ — E and V' — B are weak equivalences by 5.9 since the
subsets Vi and U; are open. Thus for each i€ {0, 1, 2}, the Top®-morphism p; — p

is a (P,n)-equivalence of homotopy fibres. Our result now follows by 21.3(a). |
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Appendix : Toda’s maps of reduced products of spheres

This section is devoted to proving the result [T; 2.11] of Toda. The proof of this result is
slightly more complicated and we have to employ cohomology and the Wa.ng éé)ﬁomology
sequence of a fibration. Otherwise, the proof follows along the same lines as that of
James’s results in Section 13. We shall quote verbatim from [Wd] the theorem of Wang’s
cohomology sequence, A.1. The proof of this theorem is omitted, but we note that the
proof in the given source is by fairly elementary methods.

Let us fix ;)pﬂme p. For an even integer k we let Sv be the k-dimensional sphere, a,’nd
T the pk-dimensional sphere. For an integer q we denote by P4 the set of all primes
bigger than p(q + 1) —1 together with p. Let %q be the subring of q generated by the
reciprocals of the integers which are relatively prime to the elements of P,. Spaces and
maps are considered to be pointed. .

Consider the following map, which is the composition of a collapsing map followed by a
homeomorphism :

(1) | Sqp — Saqp / Sqp-1 = ST

We shall denote the spaces Sgpsp-1, Sqp-1 and S%¥ by X, Y and Z respectively. Let
h: X — Z be any map extending the map in (1) above. |

A.1 Theorem [Wd; Corollary 1.2 p317]

If p: E— S™ is a fibration with fibre F, then for any abelian group § there is an exact
sequence as below, in which ¢* is an injection.

+ HYL (F56) — Ha™ (F0) — HO (X;6) —im HY (Fi6) o o
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The next result A.2, also quoted v‘vithout proof from [Wd], is réquired to compute the inte-
gral cohomology ring of S;. We describe the cohomology in A.3 without showing the com-
putations.
A.2 Theorem {Wd; Theorem 1.12 p319] -
Ifin A.1, G is the additive group of a commutative ring with unit, then & is a derivation
of the graded ring H* (F;G). g5
A.3 The cohomology of S; [Wd; 324—326]
The abelian group H* (Sm) is freely generated by a set {xo, xy, X3, ... }, Xi€ Hki(Sm)
with xo = 1, and the cup product multiplication (-), sa.tisﬁes the relations :

Xexa= (4! ") Xqm
In particular, we have : x;9=q! xq. For a positive integer r, the cohomology algebra of
Sr is the quotient algebra obtained from H* (Sm) by mapping every element of gradation
bigger than rk onto zero. Thus the abelian group H* (S ) is freely generated by a set :

{ 5.0, a, a3, -, ar } ,
satisfying similar (truncated) cup product identities. ’.
A.4 Proposition
The map 7: (X,Y) — (Z,x) induced by A is a (Pgqp, (q+1)pk — 1)-equivalence.
Proof We can assume that h is a fibration with fibre F over * and such that Yc F.
From 13.4 we know that 7 is a (Pg, pgk + k — 1)-equivalence. From this it follows that
the inclusion Y ¢ F is an (Pq, pgk + k — 2)-equivalence. By the generalized Whitehead

theorem, it follows that H; (F;%q) =0 whenever p(q—1)k +1<r< (pg+ 1)k —2.
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In particular, Hqpk-; (F;&q) = 0 = Hgpk (F;%q). Thus by the universal coefficient theorem
it turns out that HIX (F;2q) = 0. So for the injection
o (X2 — B* (),
we have that & (xgp) = 0. But then for every 0 < r < p, we have that (qp + 1)1 € 2q.
In particular,
Xqp+1 = (qP + 1) xqp * X1,
Furthermore since #* is a ring homomorphism, * (xqp+1) = 0 Similarly, by induction
we obtain ¢* (xqp«) = 0 whenever 0 <r < p. This means that 7* is the zero homomor-
phism in dimensions qpk —1 up to (q+ 1)pk—1. So the cohomology Wang sequence
yields short exact sequences,
H' (F;q) — HYPK(F 1) — HY(X; 7)),
for qpk <t < (q + 1)pk—1. Since the Zymodules H' (X,%,) are free, the sequenpeé are
split and result in isomorphisms,
Ht-pk (F;7.) v H (X;Rq) @ HH (Fi2y)
The modules H' %k (F;2,) and H'(X;2;) are isomorphic and are finitely generated.
Thus H'!(F;Z) = 0. So in the Wang cohomology sequence we have that

ot HYWE(F 7)) — HY (X 0g)

is an isomorphism. By the universal coefficient theorem, it follows that
ot He (X5 %) — Hiqor (Fi %)
is an isomorphism. Thus Hy.; (F;%) = 0. So,

Hy (F;) =0 for (g—1)pk+1<t<(q+ 1)pk—2.
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Again by the generalized Whitehead theorem, it follows that the inclusion map Y CF isa
(Pq, apk + pk - 2)-equivalence, and our result follows. [
From here on, the proof of Toda’s result follows almost verbatim as did James’s. We made
a special case of James’s since the proof of the latter does not require the cohomology
algebra or the Wang exact sequence.
A.5 Proposition
Let fy: .(X,Sp-l) — (Tq,*) be any map extending the following map

Sp — Sp/Sp1 =T ¢ Tq.

Then fisa Pgequivalence. g
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