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As the relevance of probabilistic forecasting grows, the need of estimating multiple high-quality
prediction intervals (PI) also increases. In the current state of the art, most deep neural network
gradient descent-based methods take into account interval width and coverage into a single loss func-
tion, focusing on a unique nominal coverage target, and adding additional parameters to control the
coverage-width trade-off. The Pareto Optimal Prediction Interval Hypernetwork (POPI-HN) approach
MSC: developed in this work has been derived to treat this coverage-width trade-off as a multi-objective

68T05 problem, obtaining a complete set of Pareto Optimal solutions (Pareto front). POPI-HN are able to be
trained through gradient descent with no need to add extra parameters to control the width-coverage
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1. Introduction

In general, probabilistic forecasting estimates a probability for
every possible event that can happen, whereas standard point
prediction assigns a single value (typically the average, as in
linear least squares). This assignment of probabilities makes prob-
abilistic forecasting more valuable than point forecasting in some
research fields. For example, in electricity price forecasting [1],
astrophysics for world mass estimation [2], probabilistic photo-
voltaic generation estimation [3] or wind energy resources [4].

However, when dealing with regression tasks (the target is a
continuous value), it is not possible to assign non-zero proba-
bilities to single points. For that reason, methods based on the
estimation of Prediction Intervals (PIs) are becoming popular as a
way to estimate uncertainty in regression tasks. A PI is formed
by two values: a lower and an upper bound, which contain
the conditional dependent variable of interest with a certain
probability.

There are two main ways of estimating PIs. First, models can
output specific values that are later used to construct Pls. For
example, several methods in the machine learning literature have
been extended to the estimation of conditional quantiles, from
where lower and upper bounds for PlIs can be computed. Some
of the most widely used include Quantile Regression Forests [5],
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Gradient Boosting Quantile Regression [6], or Natural Gradient
Boosting [7]. All these methods are based on optimizing the
quantile loss [8] and can be used to estimate a set of quantiles,
which are then used to obtain the PIs. On the other hand, models
can be constructed to directly estimate the PI's lower and upper
bounds, therefore, models output those two bounds. Regarding
this approach, Neural Networks (NNs) are the most employed
methods, as they can have two outputs that represent the lower
and upper bounds of the Pls. Furthermore, NNs for direct estima-
tion usually optimize losses directly related to the quality of the
PI. For example, in [9], the Coverage Width-based Criterion (CWC)
loss is defined, whereas, in [10], a loss combining the PI coverage
and sharpness is used.

Knowing the importance of probabilistic forecasting in all
kinds of fields, it might be interesting to investigate the use
of Deep Neural Networks (DNNs) as the prediction method for
probabilistic regression tasks, due to the good performance and
flexibility that DNNs show in many fields, from image classifica-
tion [11] to bot detection [12] or non-parametric regression [13].

DNNs have been used to estimate PIs employing the prior
quantile estimation, making use of the quantile loss, and building
statistically centered PIs with their corresponding quantiles [14-
18]. Neural networks have been also employed for direct esti-
mation of Pls. For example, in [19-21], one hidden layer neural
network is used to estimate the lower and upper bounds of Pls.
DNNs have also been considered for this purpose [22]. Never-
theless, in these works, optimization was based on evolutionary
algorithms, which are computationally expensive. A more effi-
cient approach is to use gradient descent, the widely used method
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for optimizing DNN loss. However, the use of gradient descent
makes the loss function play a key role in the process.

One of the initially used loss functions for PI estimation with
neural networks is the Coverage Width-based Criterion (CWC),
also known as Lower Upper Bound Estimation method (LUBE), a
loss function built as a multiplicative function of width and cover-
age terms [9], to deal with the trade-off between both (PIs with
high coverage must be wider and the other way around). This
loss has been employed in a wide range of fields, from short-term
wind power forecasting [23,24], to streamflow discharges [25] or
cyberattack detection [26].

Neural networks that employ CWC are usually trained by
evolutionary algorithms and not gradient descent. The structure
of CWC can cause problems with gradient descent optimization:
a minimum can be found with trivial PIs of zero width due to
the multiplicative structure of the loss [27]. Recently, in [27], a
Quality-Driven loss was derived to be efficiently optimized by
gradient descent. In this case, the loss has two aggregated cov-
erage and width terms, instead of multiplicative ones. It adds the
sample size to the loss for giving confidence about the coverage,
and a penalty parameter X to control the trade-off between width
and coverage. Pearce’s own results in [27] show how models
trained with Quality-Driven loss outperform those trained with
CWC (LUBE) in PI quality for some synthetic datasets. More re-
cently, in a probabilistic estimation setting for wind power [28,
29], the Quality-Driven loss is used as a training loss for neu-
ral networks, which also outperforms the classical CWC in PI
width while maintaining the coverage goal. Besides, in these last
two works, recurrent structures like RNN, LSTM, or NNres are
employed as the goal is to address predictions on time series
problems.

Recent works have derived the Quality-Driven loss from dif-
ferent perspectives. For example, [30,31] modified the loss to
also include point estimation in addition to the probabilistic one.
In [32], changes in the Quality-Driven loss structure were made
to help the training process when the batch-size is small, while
in [33] a softened version of the loss is presented to estimate
multiple Pls.

Despite the extensive use of the Quality-driven loss in the lit-
erature, the loss formulations has some issues. First, the addition
of parameters in the function to control the coverage importance
in the coverage-width trade-off of the Pls requires the parameter
to be adjusted. Also, the losses are originally designed to estimate
a single PI for a given target coverage. Thus, if multiple Pls (with
multiple coverages) with a single model are needed, we need to
optimize through the sum or average of losses of Pls, which could
lead to possible imbalances in the performance of the obtained
Pls. Finally, if the goal is to obtain multiple PIs at once, we need
to decide in advance how many PIs are required and for which
nominal coverages.

For these reasons, in this work, we study a method based
on Hypernetworks [34] that formulates PI estimation as a multi-
objective problem between the two PI objectives (width and
coverage). The solution to a multi-objective problem is not a sin-
gle value but a set of Pareto Optimal solutions (the Pareto front).
This allows obtaining optimal Pls for every possible nominal
coverage with a single model, by looking for the solution in the
Pareto front. The main difference between this method based on
Hypernetworks and the current state-of-the-art is treating PI esti-
mation as a multi-objective problem instead of a single-objective
that aggregates PI metrics. We believe that the multi-objective
approach is more appropriate for direct PI estimation, as both
coverage and width are in conflict. For instance, coverage in-
creases when the PI is wide, but when the PI is narrow, coverage
decreases.

Hypernetworks have recently been used as a method that
can handle multi-objective problems [35], with gradient descent
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as the optimization method. This multi-objective solution has
been applied to several problems, such as Multi-task regression,
multi-MNIST (image classification), or pixel-wise classification
and regression [35]. However, it has not received much attention
for PI estimation yet, only on specific fields [36].

The presented approach, Pareto Optimal Prediction Intervals
Hypernetworks (POPI-HN), is based on the employment of two
DNNs: a small one (the hypernetwork), which takes a vector of
preferences for coverage-width trade-off generates parameters
(weights), and the target DNN, which making use of the generated
weights and the independent variables of the problem, delivers a
PI estimation dependent on the preference vector.

The main contributions of POPI-HN are the following:

1. It obtains optimal-width PIs for all nominal coverages em-
ploying a multi-objective approach.

2. This is achieved efficiently by using gradient descent on
DNNs.

3. Unlike single-objective methods, no penalty parameter for
the coverage-width trade-off needs to be adjusted because
solutions for all coverages are obtained with a single model.

4. There is no need to specify in advance the number of Pls
to be obtained (unlike single-objective methods).

POPI-HN performance has been validated on eight different
open-access datasets for regression tasks that use PI quality met-
rics. POPI-HN PIs have been compared with those generated
by a single-objective model: Quality-Driven Deep Neural Net-
works (QD-DNN). This model employs the Quality-Driven loss
and outputs the lower and upper bounds for several predefined
Pls.

The structure of this article is as follows. Section 2 will math-
ematically describe PIs and their two main properties of interest:
coverage and width. The Quality-Driven loss will be introduced
with its implementation in DNNs for multiple PI estimation (QD-
DNN) in Section 3. Section 4 will describe in detail the POPI-HN
methodology, from training with preference vectors to PI esti-
mation and Pareto front construction. To test the performance
of POPI-HN, Section 5 presents a comparison between multiple
data sets and sought PIs between POPI-HN and QD-DNN. Finally,
Section 6 draws the main conclusions of this work.

2. Prediction intervals

Probabilistic forecasting is nowadays getting attention for be-
ing able to estimate uncertainty in regression tasks. One of the
main focuses of probabilistic forecasting is the estimation of PIs.
A PI is made up of an upper and lower bound p“ and p"*
respectively, which contains the dependent variable y with a
certain probability.

A model g that produces a PI for the target variable y taking
the independent variables X is described in Eq. (1), where the
theoretical probability of the PI containing the conditional target
variable is named PINC (Prediction Interval Nominal Coverage).
The complementary « of PINC (PINC = 1 — «) can also be used.

g(X) = [p"*. p*""]. such that P(p"" < y|X < p*P)
=PINC=1-«a (1)

In real-world applications, one of the main objectives is to
get the actual coverage to be at least equal to the nominal
one. This can be measured with the Prediction Interval Coverage
Probability (PICP, Eq. (2)). This metric allows us to compute the
coverage relative to a set of n samples or instances S = (X,y) =
{(X;, yi)}fz’ll out of which, the PIs computed by g can be obtained:
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puted using Eq. (2), where Liplow f,_uppj(y,-) is the indicator function
fow,
that returns 1 when y; is within the PI bounds, 0 otherwise.

PI = {g(X;)}i=" = {[p°, piPP1}i=". In that case, PICP can be com-

A 1¢
PICP(PI,y) = - Xl: Lyplow pioe (Vi) @)
i

Once the coverage objective is achieved, the quality of the PI
can be determined by its width. Thus, if two models build PIs
with the same coverage, the one with narrower intervals should
be preferred. This metric is measured with the Average Interval
Width (AIW, Eq. (3)).

AP = 1y plon) 3)
n p— 1 1

The simplest and most common width metric is the one de-
scribed in Eq. (3). However, there are possible modifications that
can be made to the AIW metric. For example, it can be considered
that only those PIs that contain the dependent variable should
be used to compute the AIW. If ¢ = Z?:] :ﬂ.[pl_owqp’}PPJ(yi) is the
sum of captured points, the AIW for captured p(l)inté (AlWcqp ) is
formulated as in Eq. (4).

. 1< ;
AIWcaptA(PL y)= E Z (p;lpp - piow) ]1[p§ow.p?m7](yi) (4)
i=1
Furthermore, in some cases it is convenient to normalize the
width to the maximum possible range yax — Ymin Of the depen-
dent variable in the set of samples, as defined in Eq. (5).

n

Y ) (5)

AIWnorm.(ﬁI) =
N(Ymax — Ymin o1

3. Single-objective method: Quality-Driven deep neural net-
works

In this section, we introduce the Quality-Driven loss in order
to estimate multiple Pls. As stated in Section 1, the Quality-Driven
loss [27] was recently introduced as a work intended to improve
CWC, adding flexibility and creating a loss structure that can
be used to train deep neural networks with gradient descent.
This loss can be used within a single-objective approach as it
aggregates the width and coverage of the PIs into a single value.
The Quality-Driven loss is presented in Eq. (6).

N ~ An
Lossqp,«(PI, y) = AW qp: (PI) + ( max(0, (1 — )
o

1—a)
— PICP(PL, y))?* (6)

where AIWqy. is the one defined in Eq. (4), A is a control param-
eter, n the number of instances in the training set and (1 — «) =
PINC represents the sought coverage. As can be seen, the Quality-
Driven loss is composed of two adding terms: one related to the
width of the PIs and one penalty weighted by A for the cases when
the actual coverage (PINC) is below expected.

The Quality-Driven loss is relative to a single PINC. However, if
the deep network is required to output PIs for several PINC values,
the loss can be computed as the sum of Quality-Driven losses for
every required coverage. This kind of network for multiple PINC
values will be called Quality-Driven Deep Neural Networks (QD-
DNN) and is used in this work for comparison purposes. More
concretely, if the network needs to output Pls for p different
nominal coverages a = {a1, @y, ..., o}, the Quality-Driven loss
for multiple PI estimation is defined in Eq. (7) (note: the ¢; are
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actually the complementary values of the nominal coverage: «; =
1 — PING;).

p
Lossgp (Pl y) = ZLOSSQD,%.(PI YY) (7)
i=1

The structure of the QD-DNN can be visualized in Fig. 1. As
it can be seen, the predictors enter the network, pass through a
linear layer, then undergo the non-linear activation, and finally
dropout. This process is repeated depending on the depth of the
network (number of layers) until reaching the output layer. At
the output, 2p values are obtained: the lower and upper bound
of the PI for each of the p coverages. In Fig. 1, Pl,, = [f)’o?l_w, PiPP]

represents the ith PI, with required coverage 1 — «;. For every PI,
the Quality-Driven loss (Eq. (6)) is calculated and then, the sum
of the losses (Eq. (7)) is used as a final loss for backpropagation.

Estimating multiple PIs (multiple nominal coverages) with a
single model by employing QD-DNN has some limitations. First,
the number of PIs and the target PINC values need to be defined in
advance. Secondly, the larger the number of Pls, the more difficult
training becomes (compared to using a small set of PIs). Lastly,
the A parameter has to be selected for every coverage and, during
training, local minimums can be found where the loss for one PI
is improved at the cost of impairing the loss of another one.

Implementing the sum of Quality-Driven losses (Eq. (7)) used
in this work for the QD-DNN model follows Algorithm 1. The
algorithm needs the training set (TS) with the target values y;s =
{y1,¥,...,Yn}, the vector @ = {aq, a2, ..., ap} of sought PINC
values, and the Pls generated for the training set and each of the
« values, represented by PI,, which is composed of the lower
bounds and upper bounds for each ;: (L%, py”). Algorithm
1 also uses some parameters: the softening factor s and the
importance of coverage A.

The algorithm loops over the p different coverages (line 1),
computes the Quality-Driven loss for each of them (lines 2-13)
and returns the aggregated result (line 14). Lines 2-13 calculate
the two main components of the loss: PICP and AlWq., defined
in Egs. (2) and (4), respectively. For the PICP, the implementation
does not strictly follow Eq. (2), because it was found out by [27]
that it was difficult to be optimized. Instead, a sigmoid-soft ver-
sion is used. This is done in lines 2-7, where K ; represents the
soft number of captured points (line 7) by the ith PI. Then, soft
PICPs ; is computed in line 8 as the mean value of the vector K ;
(reduce-mean(Ks ;) means first add all the elements of vector K ;,
then divide by the number of elements). Notice that there are
several element-wise vector operations. For instance, ﬁg‘tfp — Vs
of line 2 displays the difference between two vectors of size 1
column and n rows each.

The other important element of the loss will be the AIW
of captured points (Eq. (4)). For this, Ky ; (a vector containing
ones and zeros depending on whether the point is captured or
not by the PI with coverage «;) plays an important role (line
4). The computation of AW, defined by [27] is done in line
12. However, we found out that there are some cases, at the
beginning of the training process, especially in datasets with a
small number of instances, where the sum of values of Ky ; can be
zero (i.e. no point is captured). This would lead to a zero divisor
in line 12. Our implementation uses line 10 for those cases, so
that the AIW is assigned the worst possible value (the maximum
range of the target variable). This allows the training process to
continue without errors even when no points are captured by
the Pls. Eventually, some points will be captured and the AIWgp;.
computation will be able to use line 12. reduce-sum in those lines
is just the summation of all the elements of the vector.

Then, the single loss for one PI is computed as in Eq. (6)
(line 13). This process will be repeated for all the p different Pls
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Backpropagation: Sum of Quality Driven Losses ]
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Fig. 1. QD-DNN structure.

generated by QD-DNN, all with different sought PINC values. The
losses will be aggregated as a sum of losses, producing the final
QD loss (Eq. (7)) of line 14. This is the loss that will be used by
backpropagation.

Algorithm 1: Implementation of the Sum of Quality-Driven
losses for multiple PI estimation.
Data: TS = (X, y): Training Set
p: number of target coverages
a = {01, a, ..., ap}: Complementary vector of
PINC values
= (P, pg’F): Pls generated for the TS

f)ffw = {p"’w} ~P: Lower bounds of PIs

P = (PP Y= p : Upper bounds of PIs

s: softening factor

A: parameter of coverage importance

(Note: © denotes the element-wise product)

Result: Lossgp o

1 fori=1TOpdo
2 | Kyyi = max(0, sign(p® — yrs))
3 | Kui = max(0, sign(yrs — pl"))
4 | Kyi=KpuiOKyi

5 | Ksu,;i = sigmoid((py?P — yrs)s)
6 | Ko = sigmoid((yrs — Bl")s)

7 | Ksi=KsyiOKopi

3 PICPs ; = reduce-mean(Ks ;)

9 if reduce-sum(Ky ;) = 0 then

10 | | AlWep. i = max(yrs) — min(yrs)
1 else

12 L AlWeape i =

reduce-sum((pL? — p2”) © Ky ;)/reduce-sum(Kp ;)

max(0, (1—a)—PICP; ;))?

13 Lossqp,e; = AlWape., ,—Ha(l —

-
£

LossQD,a =Y  Lossqp.a
Return(Lossgp o)

—-
wu

4. Hypernetworks to solve the coverage-width trade-off in a
multi-objective framework

The goal of this article is to develop a method capable of ob-
taining PIs for all possible PINC while dealing with the coverage-
width trade-off, taking advantage of the deep neural network

structure, and needing as few parameters as possible to facilitate
the training process. In this section, we state direct PI estimation
as a multi-objective formulation, dealing simultaneously with PIs
coverage and width.

The method described in Section 3 was a single-objective
method because although Quality-Driven loss considered two
goals, coverage and width, both were aggregated into a single
quantity, weighted by a trade-off parameter A. In this section,
a multi-objective formulation is proposed where two separate
objectives, AIW and € = 1 — PICP of the PIs, are to be minimized
simultaneously.

Let t be a model that generates PIs conditional to inputs X as
shown in Eq. (8). t is defined by parameters 6, that could be the
coefficients of a linear model or the weights of a neural network
(as is the case in this work). Eq. (8) describes the situation where a
Pl is the output of the inputs X of a single sample. Eq. (9) describes
the situation where model ¢ is applied to a set of n instances
S = (X,y) = {(X;, y)}i=}, where X = {X;}i=] and y = {yi}i=}
In that case, the output is a set of n PIs (PI) or equivalently their

n lower p°* and upper p*? bounds (e.g. p°* = {p/°*}i="
€(X; 0) = [ﬁ"’w ] (8)
((X; 6) = PI = [p"°", p™P] (9)

Then, the multi-objective optimization problem is defined by
Eq. (10).

PF = argmin (AIW(t(X; 9)), (t(X; 0),y)) (10)
0

where 6(151 V)= l—PICP(ﬁI ,¥). In the multi-objective case, there
does not usually exist a solution that minimizes all objectives
simultaneously. Therefore, the optimal solution is not a single one
but a set of them, called Pareto optimal solutions, that together
constitute the Pareto front (PF).

In order to formally define the Pareto front, it is useful to first
define when a solution #; dominates another 6. In general, this
happens when the first solution is better than or equal for all
objectives, but it is strictly better for at least one of them. In the

case of PIs, where only two objectives are considered (AIW and
€), dominance is defined by Eq. (11).

6, dominates @, if :
AIWo1 < AIW@Z and €9, = €p, (11)
AIWo1 < AIWgz Or €9, < €9,
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where (AIWjy,, €p,) and (AIW,,, €5,) are the two losses or objec-
tives of t(X, #;) and t(X, 6,), respectively.

A solution #* is called Pareto optimal if it is non-dominated.
That is, there is no other solution that dominates it. For a Pareto
optimal #* it is not possible to improve coverage (decrease €)
without worsening AIW, and the other way around. The Pareto
front is just the set of Pareto optimal (non-dominated) solutions,
as shown in Eq. (12).

PF = {6* | #0' such that §' dominates 6*} (12)

It is interesting to notice that if the PF is obtained, then it is
possible to get the model that obtains the best (narrowest) PlIs for
each possible nominal coverage, which was our initial goal. Let
us suppose that we require a model that provides Pls with some
coverage PINC. Then, we look for the " model in the PF whose
€ is 1 — PINC, and let us call it 05. This 6}, will also have
some AIW value. But given that the interval belongs to the PF, it
is non-dominated. Thus, there cannot be another model with the
same PINC but smaller AIW.

4.1. Pareto Optimal Prediction Interval Hypernetworks structure

To deal with the coverage-width trade-off, a multi-objective
approach has been developed based on hypernetworks (HN).
HNs are, in fact, two (deep) neural networks: the hypernetwork
and the target (or main) network, and they differ from standard
networks as explained below.

Standard (deep) feed-forward neural networks, as the one
described in Section 3 (see Fig. 1), are a sequence of layers that
contain a set of numerical parameters (the weights). Formally, it
can be represented as a function t(X; #) with inputs X and pa-
rameters (weights) 0. For standard neural networks, the weights 8
are usually optimized/trained by gradient descent, so that t(X; )
produces the right outputs, given the inputs X.

HNs also contain a t(X; @) network, called the target or main
network, which is also responsible for producing the right outputs
for the given inputs to solve the problem at hand. However, the
weights @ are not directly optimized by gradient descent, but are
the output of another deep feed-forward network, called the hy-
pernetwork. Formally, it is represented by function h(r; ¢) where
r are the inputs to the hypernetwork, and ¢ are its weights.
Mathematically, they work together as t(X; h(r; ¢)). It is the
hypernetwork weights ¢ that are optimized by gradient descent.

The previous paragraph was a general introduction to hyper-
networks, but let us now instantiate the previous HN schema to
the problem of generating the Pareto front of PIs. In this case, the
inputs r to the hypernetwork h(r; ¢) are a vector of preferences
(weights) between the two objectives, coverage and width, r =
(raw, 1e), such that ra + ro = 1. This vector of preferences
determines the properties of coverage and width of the PIs that
will be the output of the target network. The general scheme of
the approach can be seen in Eq. (13). In short, the hypernetwork
h(-; ¢) generates a set of weights 8" for the required properties r
of the PI " are then used as the weights of the target network,
which generates the lower and upper bounds of PIs, conditional
on inputs X.

0" = h(r; ¢)

(30 577 ] = e )
As mentioned above, the preference vector r controls the

width and coverage properties of Pls. More specifically, a linear

scalarization process is followed, in which the two objectives

AIW and ¢ are linearly combined with the weights r4w and r,
respectively, as shown in Eq. (14).

(13)

= TAlwAIW + ree (14)
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As will be explained later, the HN is trained so that Eq. (14)
is optimized for every different r. Thus, the Pls generated by the
target network of Eq. (13) are those that are optimal according
to the loss function in Eq. (14). In fact, linear scalarization is a
commonly used method to generate the points of the Pareto front
in multi-objective optimization. In this case, different values of r
will generate different points of the Pareto front, which means
that the hypernetwork h is trained to learn the Pareto front, and
for every r, it outputs weights of a different target network, which
in turn will generate PlIs with the right properties. Therefore,
the Pareto front is made up of solutions, each of them being a
target network obtained from a different preference vector r;:
PF = {t(-; 0™), t(-; 6"2),...}. This approach will be called Pareto
Optimal Prediction Intervals Hypernetworks (POPI-HN) because it
generates solutions that are Pareto optimal.

The POPI-HN two-network structure can be observed in Fig. 2.
In this case, we aim for a target network of m layers. As we
can see, the hypernetwork maps the preference vector r =
(ramw, re) into another space, by means of a multilayer perceptron
(MLP) with weights ¢ = {¢1, ..., dm—1, ¢m}. Thus, the hyper-
network outputs the weights " = {6],...,60F_,, 6"} of the
target network. Finally, the weights " are used to obtain P =
[f)"’w' , f)”pp'] for a dependent variable given a set of features X.

As explained, hypernetworks generate Pls with PICP and AIW
properties that are optimal according to Eq. (14). However, in
general, users need a target network that returns PIs with some
particular nominal coverage (or PINC). Therefore, to use the HN
structure of Fig. 2, it is necessary to compute a preference vector
r appropriate for some given PINC, called rpyc. However, the
mapping of PINC to rpyc is not straightforward. In POPI-HN, this
has been approached by empirically computing the PICP values
of target networks obtained from a set of different preference
vectors. To avoid overfitting, this set of associations between
preference vectors and PINC values, called the validation front
(VF), is computed using a validation set different from the training
set. This allows recovering the right preference vector, given a
user-required PINC value, by looking for the closest PICP value in
the VF.

The method to generate the VF can be seen in Algorithm 2.
The VF is constructed by iteratively applying the hypernetwork
on v preference vectors r; = (cos(y;), sin(y;)) for angles y; evenly
spaced from O to 7 (lines 3-4). In other words, they are equally
spaced two-dimensional unit vectors belonging to the upper right
quadrant, where the Pareto front is located, given that the two
losses (AIW and €) are both positive. The r; = (raw i, Te,i) vectors
are further normalized so that the two preferences add to 1, as
required by the hypernetwork (line 5). Then, the weights 6" of
the target network that correspond to preference vector r; are
obtained by using the hypernetwork (line 6). Next, the target
network with weights 6" is applied to every instance in the val-
igl;;;ion set (Xys) in order to obtain a set of estimateferIs, named
Pl (line 7). Then, the AIW and PICP of each PI in Pl are com-
puted (lines 8-9), represented by AIW(ISI:,'S) and PICP(ISI:,'S, yus),
respectively. Finally, the triplet (r;, AIW;, PICP;) is added to the
VF (line 10). This is repeated v times. The result is the valida-
tion front VF = {(rq, AIWy, PICP;), ..., (r,, AIW,, PICP,)}, which
associates each r; with its corresponding AIW; and PICP;.

Fig. 3 illustrates how the VF can be used to map the re-
quired PINC into the appropriate preference vector. Fig. 3 is a
graphical representation of the VF = {(r;, AIW,, PICP,-)}::j. Each
blue point in the figure corresponds to one element i of the
VF with coordinates (AIW;, 1 — PICP;). Let us suppose we aim
to generate PIs with nominal coverage PINC = 0.75. The point
in the VF that minimizes |PICP — 0.75| (equivalently |¢ — | =



A. Alcdantara, .M. Galvdn and R. Aler

Preferencesr= (1w, Te)

Applied Soft Computing 133 (2023) 109930

& Features X
mLp oo-o‘oooo-
N * e [ B ) %
= : | S
5 2
g - 2
£ 5 g
S (<))
I§ | ¢m—1|:} 051 = h(@, ém-1) [ | @ ] ] ‘|§
0 1
bm 6m = h(@, ¢m) I @ |
S Fully Connected Layer |

v v

A= )

Fig. 2. POPI-HN structure.

Algorithm 2: Generation of the Validation front.

Data: ¢: Weights of the hypernetwork
VS = (Xys, yys): Validation set
v: Number of preference vectors
Result: VF = {(r,, AIWy, PICP,), ..., (1, AIW,, PICP,)}:
Validation front

1 VF < {}
2 fori=0TO (vfl) do
| m=gry
4 | (taw.i, Te,i) < (cosy;, siny;)
T i Te,i
> i < (rAI\AI:{‘i/YF.re,i’ rAIW.H’re,i
6 0" < h(ri; ¢)
7 191;15 <~ t(Xys; 0")
A T
s | AIW; < AIW(PL)
o | PICP; < PICP(PI,s, yys)
10 | VF < VF | (ri, AIW;, PICP,)
11 end

|e —0.25]) is chosen. In the actual VF of Fig. 3, this corresponds
with a point with ¢ = 1 — PICP = 0.251 and AIW = 0.221,
and the corresponding preference vector r = (0.679,0.321).
Thus, the required target PINC 0.75 has been assigned to the
preference vector r = (0.679, 0.321). Now, the appropriate model
t(., h((0.679, 0.321), ¢)) can be used to generate PIs with the
nominal coverage required. It can also be seen that the more
points v in the VF, the easier it will be that one of them is close
to the target PINC.

Algorithm 3 shows how to compute the PI for some PINC
value (PIpc) and some input variables X using the VF and the
hypernetwork. First (lines 1-6), the preference vector rpyc that
generated a PICP value closest to the required PINC in the VF is
selected. A minor detail is that POPI-HN has a preference/bias
for PIs that satisfy the desired coverage, as this is an important
objective. This is shown in line 1, so that if there is at least one
element e; in the VF that satisfies the coverage, then the closest
element in the VF is obtained from those elements PICP;, > PINC
(line 2). Otherwise, the closest element will be selected from the
remaining elements in the VF (line 4). Next, the hypernetwork h
is used together with the selected preference vector to obtain the
weights §"N¢ of the target network (line 7). Finally, in line 8 the

1.00-
r = (raw=0.679, r,=0.321)
AIW = 0.221
PICP =0.251
0.75-
o
o
o
| 0.50-
i
w
. —  ©=1-PINC=1-0.75=0.25
: (-
0.00-
O.IOO O.I25 0.;50 O.'75 1.IOO

AW

Fig. 3. Using the validation front to map PINC = 0.75 into the corresponding
preference vector r = (0.679, 0.321).

target network is applied to the inputs X in order to estimate the
PI for the required PINC (that is, the lower and upper bounds of
the PI).

4.2. Training the Pareto Optimal Prediction Interval network

The hypernetwork weights ¢ are the result of a gradient
descent training process on the training dataset. Algorithm 4
summarizes the training algorithm. Line 1 initializes the weights
¢. Also, although the method loops along a specific maximum
number of epochs (maxEpochs at line 3), there is an early-stopping
mechanism to avoid overfitting [37]. This mechanism is based on
the selection of the model corresponding to the epoch where its
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Algorithm 3: POPI-HN generation of prediction intervals
for some input variables X and some nominal coverage
PINC.
Data: VF = {(r;, AIW;, PICPi)};:ﬁ': Validation front from
Alg. 2
PINC: target nominal coverage
X: input variables
Result: ‘;IPINC = [i’)’ow"mNc , i’)uPp'PINC]

1 if Jde; € VF such that PICP; > PINC then
2 (rkpmc » AWy, PICP kPINC) = Ckppe <

argmin (|PICP, — PINC|)
exVF subject to PICPy>PINC

3 else
4 (rkPINC Al W"PINC’ PICP kPINC) = Crppe <

argmin (|PICPy — PINC])
excVF subject to PICPy<PINC

5 end

6 Ipnc <— rkp”\]c
7 0"PNC < h(rpine; @)

8 Plpc = [pP"remc , pUPPremc ] <« ¢(X; 67PINC)

9 RetUl‘l‘l(ﬁIplNc )

performance on the VF is best. The quality of the VF is measured
by employing the hyper-volume [38]. The best hyper-volume so
far, and the associated weights, are stored in variables hvyes; and
¢, respectively. They are initialized in lines 1-2 (0 is the worst
hyper-volume value) and they are updated in the training loop
every time the performance on the VF is improved (lines 13-16,
as explained later).

Next, the method loops for a number of epochs (line 3) where
weights ¢ are going to be incrementally adjusted. First, a pref-
erence vector r is sampled from a Dirichlet distribution of pa-
rameter 8 € R? (line 4). Then, the hypernetwork is used with
the current weights ¢ and the preference vector r to obtain the
weights 6" of the target network ¢t (line 5), which is then used
to obtain the PIs for each training instance TS = {}::j{ (line 6).
The two losses AIW and ¢ are computed for them (lines 7 and
8). As mentioned above, a linear scalarization process is used to
obtain the solutions of the Pareto front. That is, a loss is computed
as a weighted aggregation of AIW and ¢ with weights r (line
9), using the loss defined in Eq. (14). This loss is used to update
the hypernetwork weights ¢ by means of gradient descent (line
10). Finally, a VF is built from the validation set as presented in
Algorithm 2 (line 11), whose hyper-volume is compared to the
current best hyper-volume (lines 12-13). If it is better, the best
hypernetwork weights ¢ will be updated (lines 14-15). These
weights will be returned by the method (line 18).

For the POPI-HN training process, AIW and € = 1 — PICP have
to be computed. In the case of coverage, a soft version of PICP is
used to estimate € = 1 — PICPs, which will give more stability to
the model during training. This soft version improves the training
process, especially at the early stage of the training and when
dealing with a difficult task where it is possible to have a low
coverage at the beginning.

The soft PICPs is computed in the same way as in Algorithm 1
(lines 2-8). The soft vector of the captured points Ks is computed
as Ksy OKg, = sigmoid((yrs —p'*r )s)@sigmoid((p“PPr —yrs)s), with
yrs as the target vector of values, p'°“r and p“?Pr the lower and
upper bounds of the PI generated from the preference vector r,
and s representing a softening factor (a factor of 160 was used
in this work). An element-wise product between Kgy and Kg

Algorithm 4: Training POPI-HN.

Data: TS = (Xys, yrs): Training Set
VS: Validation Set
Result: ¢: Hypernetwork weights

1 Ppege < ¢ < initializeWeights()
2 hupest < O

3 for epoch = 1 TO maxEpochs do
4 | (raw,re) =r ~ Dirichlet(8)
5 0" <~ h(r; ¢)

6 | Plys < t(Xys:6")

7 | AWy < AIW(Plys)

€gr < 1— PICPs(Plrs, y1s)
loss = TAlwAIWOr + Te€gr

10 | ¢ <« update(loss, ¢)

1 VF < Algorithm2(¢, VS) # Generate the Validation
front

12 hv" < hyper-volume(VF)

13 | if hv' > hupes then

14 hvpese <— hv'
15 ¢be5t < ¢
16 end

17 end

18 Return(@p,;)

(which stand for the difference between the upper bound of the
PI p*"Pr and the dependent variable yrs, and between yrs and the
lower bound p*r followed by a softening factor s multiplication
and a sigmoid function application) will generate Ks. Finally,
the mean of elements across the vector Ks will result in a soft
approximation of the coverage PICPs.

Regarding the width, the value of the AIW will be calculated
by normalizing its value with the range of the dependent variable
(Eq. (5)). First, a width vector is formed as the difference between
the vector of upper values p*?Pr and lower values p*r of the PIs.
Next, the mean of elements across the vector is applied to obtain
the AIW (Eq. (3)) and it is divided by the range of the dependent
variable: max(y) — min(y).

With these implementations for the coverage and width, the
loss-space will be bounded between zero and one for every
metric. This will be useful for the POPI-HN validation process, as
the hyper-volume metric needs a reference point to be computed,
measuring the quality of the non-dominated front by computing
the area with respect to the reference point. With this approach,
point (1, 1) can be used as a reference, resulting in homogeneity
between different experiments.

Finally, to encourage the reproducibility of the method, the
implementation of POPI-HN in Python has made open access
available to practitioners in [39].

5. Benchmarking experiments

In this section, the performance of POPI-HN when building
several PIs for different target coverages will be evaluated over
eight different benchmarking regression datasets. As a baseline,
the quality of the PIs will be compared with the ones obtained
with QD-DNN models. Therefore, the performance of the multi-
objective method (POPI-HN) will be compared with a single-
objective method (QD-DNN). Notice that QD-DNN could have an
advantage over POPI-HN as it is trained for a specific set of PINCs.
However, the main focus of POPI-HN is to obtain a complete PF
of solutions for all possible PINC while having good coverage and
width performance.
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Table 1

Benchmarking regression datasets.
Dataset n D
California® 20,640 8
Concrete® 1,030 8
Energy” 738 8
Kin8nm*® 8,192 8
Power Plant” 9,468 4
Protein” 45,730 9
Superconductor® 21,263 81
Yacht® 308 6

2Scikit-learn Datasets: https://scikit-learn.org/stable/datasets/real_world.html.
bUCI Machine Learning Repository: https://archive.ics.uci.edu/ml/index.php.
‘DELVE Repository: https://www.dcc.fc.up.pt/~Itorgo/Regression/DataSets.html.

5.1. Experimental setup

Six different Pls will be built with each regression dataset for
comparison purposes: PINC 70%, 75%, 80%, 85%, 90% and 95%.
Thus, twelve final values will be obtained in the QD-DNN output
layer. However, notice that POPI-HN is capable of generating a PI
for every sought PINC, therefore the six Pls will be obtained as
described in Algorithm 3.

Eight different regression task datasets will be used to com-
pare QD-DNN with POPI-HN. Table 1 summarizes them with
information about the number of instances n and the dimension
or number of features D. As can be seen, the number of observa-
tions in the datasets ranges from a few hundred in Yacht to more
than forty-five thousand in Protein. Regarding dimensionality, in
most of the domains, it is not large, apart from Superconductor.
For each of these eight datasets, the dependent and independent
variables have been standardized before the training process.

In each case, it is necessary to select the correct value of
the different hyper-parameters, including the number of hidden
layers, number of neurons per layer, learning rate, the size of the
batch, etc.

For this purpose, the following methodology is applied: data
are randomly split into a train and test subsets representing 80%
and 20% of the complete dataset, respectively, and a grid search
selection is made. Regarding QD-DNN, the best model according
to the sum of losses (Eq. (7)) is saved in every epoch. On the
other hand, the metric for model selection of POPI-HN is the
hyper-volume indicator [38], which in this case is the area of the
non-dominated front with respect to a certain reference point.
The point (1, 1) (the upper right corner) will be used because,
as mentioned above, ¢ and the normalized AIW are in the range
of 0-1. The larger the hyper-volume, the better, because that is
the direction in which the two objectives are optimized. Thus, the
model with largest hyper-volume on the VF will be selected.

Regarding the tuning process, a grid search was employed for
the hyper-parameter selection. The learning rate was 5 x 107>
in all cases, using ADAM [40] as the optimizer and Elu [41] as
the non-linear activation function. The weight decay regulariza-
tion technique [42] has also been used. The rest of the selected
hyper-parameters can be seen in Table 2.

Notice that for datasets with the smallest number of instances
(Concrete, Energy, and Yacht), all training sets are used as a single
batch.

When the adjustment process is finished, and QD-DNN and
POPI-HN models have their respective hyper-parameters for each
dataset, testing is carried out. In this case, datasets are randomly
split in an 80/10/10 proportion, for training, validation and test.
That is, 80% of the original data are used for training, 10% for
validation, and the remaining 10% for test. The validation set is
used for early-stopping [37] and hyper-parameter tuning, and the
test set for model evaluation.
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Models will start training with the respective dataset and
corresponding selected hyper-parameters, will be stopped with
the best value of Quality-Driven loss or hyper-volume and the
unbiased performance of the models will be obtained in the test
subset. This procedure will be repeated 20 times, each time with
a different random split in the datasets and network initialization.

The form of PICP presented in Eq. (2), and the non-normalized,
non-captured version of AIW (Eq. (3)) will be used to measure the
quality of the obtained PIs.

To deal with the possible instability of the models due to the
randomized sets and net initialization, the test will be repeated
20 different times. The results will be aggregated (average) across
these 20 runs. Tables 3 and 4 display the mean values together
with the standard error.

Finally, to verify the reliability of the results, some statistical
tests will be applied to the results. To determine that PICP is not
worse than PINC (with a 5% significance level), the t-test [43]
will be used. To fulfill the assumptions of the test, normality in
the values was also proven by using the Shapiro-Wilk test [44],
whereas independence is present due to the randomization of the
experiments. Tests were satisfied, not being able to reject the null
normality hypothesis in any case for the same significance level.

When comparing the AIW values, the non-parametric Mann-
Whitney U test [45] has been employed to determine which
method produces narrower PIs. This test will tell if one randomly
selected value from one group (AIW from QD-DNN or POPI-HN)
would be smaller or larger than one value from the other group.
That is, to check if the differences in AIW are significant.

To analyze the variability in the results from the different runs,
the non-parametric Levene’s test [46] has been used to compare
which method produces more variance in their results.

5.2. Results

In this section, the performance of QD-DNN and POPI-HN for
the eight different datasets will be presented and discussed. It
is important to remember that QD-DNN has been specifically
trained for the six Pls, while POPI-HN obtains the complete set
of solutions (all possible PINC values). The VF has been obtained
as shown in Section 4, and the six PIs will be extracted from there
(see Algorithm 3). An illustrative example can be found in Fig. 4,
where a VF and its corresponding test PIs metrics are shown for
a run in each of the eight datasets.

The results will be presented as follows. The two main objec-
tives regarding PI construction will be evaluated: coverage (PICP)
and width (AIW) for the six Pls (i.e. six PINC values). Values will
be shown as the mean across the 20 different runs, accompanied
by their standard error.

5.2.1. Coverage results

PICP values can be seen in Table 3. The average value is shown
in bold when the alternative hypothesis (PICP < PINC) cannot be
accepted by the t-test (at 5% confidence level).

As can be seen, both QD-DNN and POPI-HN deliver a good
performance in terms of coverage, being able to reach the PINC
sought in all domains and most of the PINC values. Both methods
fail in some cases. For example, in the California dataset, QD-DNN
is unable to overtake the PINC for 90% and 95%. In these same
PINC values POPI-HN fails for the Concrete domain, and PINC 95%
with the Kin8nm data.

The case where the PICP is farther away from the PINC for
POPI-HN is in the dataset with a smaller number of instances:
Concrete. When the number of instances is big enough, POPI-
HN does not fail in coverage. It must be noticed that POPI-HN
has a high dependency on the VF, therefore, we can assume
that, with a bigger number of observations, the VF will be more
representative of the complete dataset.


https://scikit-learn.org/stable/datasets/real_world.html
https://archive.ics.uci.edu/ml/index.php
https://www.dcc.fc.up.pt/~ltorgo/Regression/DataSets.html
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Table 2
Hyper-parameters selected for each model and dataset.
Dataset Method Hidden layers Neurons per layer Weight decay Batch-size Lambda
California QD-DNN 4 150 0. 2500 0.05
POPI-HN 6 200 0. 2500 -
Concrete QD-DNN 4 200 0.1 Train set 0.05
POPI-HN 4 100 0. Train set -
Ener QD-DNN 4 150 0. Train set 0.05
&y POPI-HN 4 100 0. Train set -
KinSnm QD-DNN 5 200 0.1 1500 0.01
POPI-HN 4 150 0. 1500 -
QD-DNN 3 150 0.1 1500 0.05
Power Plant POPI-HN 4 100 0. 1500 -
Protein QD-DNN 4 150 0. 2500 0.05
POPI-HN 5 200 0. 2500 -
Superconductor QD-DNN 4 150 0. 2500 0.05
p POPI-HN 5 150 0. 2500 -
QD-DNN 3 150 0. Train set 0.01
Yacht POPI-HN 4 100 0. Train set -
California Dataset Concrete Dataset
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Fig. 4. Example of POPI-HN validation fronts (blue) and Test PIs metrics (red) for each dataset.
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Table 3
Mean PICP + one standard error. Values presented in boldface are statistically significant using the t-test.
Dataset Method PINC 70 PINC 75 PINC 80 PINC 85 PINC 90 PINC 95
California QD-DNN 0.71 £+ 0.01 0.76 £+ 0.01 0.80 + 0.01 0.85 + 0.01 0.89 £ 0.01 0.94 + 0.01
POPI-HN 0.70 £+ 0.01 0.75 + 0.01 0.80 £ 0.01 0.85 £+ 0.01 0.90 + 0.01 0.95 + 0.01
Concrete QD-DNN 0.73 £+ 0.04 0.77 + 0.04 0.81 £+ 0.04 0.86 + 0.03 0.90 + 0.03 0.94 + 0.02
POPI-HN 0.69 + 0.06 0.74 + 0.06 0.80 + 0.06 0.84 + 0.05 0.88 + 0.05 0.93 + 0.03
Ener QD-DNN 0.91 £ 0.03 0.94 + 0.05 0.96 + 0.03 0.98 + 0.02 0.99 + 0.01 1.00 + 0.01
&y POPI-HN 0.73 £+ 0.07 0.78 £+ 0.06 0.83 £ 0.05 0.87 £+ 0.06 0.91 £ 0.05 0.95 + 0.03
Kin8nm QD-DNN 0.72 £+ 0.01 0.77 =+ 0.02 0.82 + 0.01 0.87 + 0.01 0.91 £ 0.01 0.96 + 0.01
POPI-HN 0.70 £ 0.02 0.74 + 0.02 0.80 + 0.02 0.85 + 0.02 0.90 + 0.01 0.94 + 0.01
Power Plant QD-DNN 0.72 £ 0.02 0.77 + 0.02 0.81 £ 0.02 0.86 + 0.01 0.91 £ 0.01 0.95 £ 0.01
POPI-HN 0.71 £ 0.02 0.76 + 0.02 0.81 £ 0.02 0.85 £+ 0.01 0.90 + 0.01 0.95 + 0.01
Protein QD-DNN 0.72 £+ 0.01 0.76 + 0.01 0.80 + 0.01 0.85 £+ 0.01 0.90 + 0.01 0.95 + 0.00
POPI-HN 0.70 £ 0.01 0.75 + 0.01 0.80 £ 0.01 0.85 £+ 0.01 0.90 + 0.01 0.95 + 0.00
Superconductor QD-DNN 0.75 £ 0.01 0.79 £+ 0.01 0.83 £ 0.01 0.87 £+ 0.01 0.92 + 0.01 0.96 + 0.00
P POPI-HN 0.71 £ 0.01 0.76 £+ 0.01 0.81 £ 0.01 0.85 £+ 0.01 0.90 £ 0.01 0.95 + 0.01
Yacht QD-DNN 0.86 £+ 0.07 0.87 + 0.07 0.90 £ 0.07 0.92 £+ 0.06 0.95 £ 0.05 0.98 + 0.02
POPI-HN 0.75 £ 0.09 0.78 £+ 0.09 0.81 £ 0.05 0.84 + 0.05 0.88 + 0.06 0.94 + 0.05
Table 4
Mean AIW =+ one standard error. Values presented in boldface are statistically significant using U-test.
Dataset Method PINC 70 PINC 75 PINC 80 PINC 85 PINC 90 PINC 95
California QD-DNN 0.58 £ 0.01 0.65 £ 0.01 0.74 £+ 0.01 0.86 + 0.01 1.02 + 0.01 1.30 &+ 0.03
POPI-HN 0.55 £ 0.02 0.63 + 0.02 0.74 £+ 0.03 0.88 + 0.03 1.07 £ 0.03 1.39 £ 0.05
Concrete QD-DNN 0.69 + 0.02 0.77 + 0.03 0.86 + 0.02 0.96 + 0.02 1.10 + 0.02 1.34 £ 0.03
POPI-HN 0.53 + 0.07 0.60 = 0.07 0.68 £+ 0.08 0.77 £ 0.08 0.89 £+ 0.10 1.12 £+ 0.20
Ener QD-DNN 0.18 + 0.01 0.19 + 0.01 0.22 + 0.01 0.25 + 0.01 0.28 + 0.01 0.34 + 0.02
&y POPI-HN 0.09 £ 0.01 0.10 £+ 0.01 0.12 £+ 0.01 0.13 £ 0.01 0.15 £+ 0.02 0.18 £ 0.02
Kin8nm QD-DNN 0.80 £ 0.01 0.89 + 0.01 1.00 £+ 0.01 1.12 £ 0.01 1.29 £ 0.02 1.53 £ 0.02
POPI-HN 0.51 £ 0.02 0.56 + 0.02 0.63 £+ 0.03 0.71 £ 0.04 0.81 + 0.03 0.95 £ 0.05
Power Plant QD-DNN 0.51 £ 0.00 0.56 + 0.00 0.62 + 0.00 0.69 £ 0.00 0.79 £ 0.01 0.95 £ 0.01
POPI-HN 0.42 + 0.02 0.46 + 0.01 0.52 £+ 0.01 0.58 + 0.01 0.67 + 0.02 0.80 + 0.03
Protein QD-DNN 0.72 £ 0.01 0.83 £ 0.01 0.96 + 0.01 1.13 £ 0.02 1.35 £ 0.02 173 + 0.03
POPI-HN 0.60 + 0.02 0.74 + 0.02 0.89 + 0.02 1.08 + 0.02 1.33 + 0.03 1.72 + 0.05
Superconductor QD-DNN 0.57 £+ 0.02 0.64 + 0.01 0.73 + 0.02 0.85 + 0.02 1.01 £ 0.02 1.25 £ 0.02
P POPI-HN 0.44 £ 0.02 0.52 £+ 0.02 0.61 £+ 0.02 0.71 £ 0.02 0.86 = 0.03 1.06 + 0.03
Yacht QD-DNN 0.08 £+ 0.01 0.09 + 0.01 0.10 + 0.01 0.12 £+ 0.01 0.14 £ 0.01 0.17 £ 0.02
POPI-HN 0.05 £ 0.01 0.06 + 0.01 0.07 £+ 0.01 0.08 + 0.01 0.10 + 0.02 0.12 £+ 0.02
Regarding datasets with a higher number of instances, we can Table 5

see that the coverage is not under the PINC by more than 0.01,
for example, with QD-DNN in California and with POPI-HN in
Kin8nm datasets.

Generally, both methods perform in a correct way regarding
coverage. Also, it can be noticed how the standard error is larger
in datasets with a small number of observations, such as Concrete,
Energy, or Yacht.

5.2.2. Width results

On the other side, AIW results are shown in Table 4. Values are
presented in boldface when it is possible to determine through
the U-test if there is statistical evidence that AIW values produced
by POPI-HN are smaller than those of QD-DNN, or the other way
around. When it is not possible to reject the null hypothesis that
both values are the same, both values are shown in bold.

Results show how POPI-HN produces narrower intervals in all
the PINC values for the Concrete, Energy, Kin8nm, Power Plant,
Protein, Superconductor, and Yacht datasets. In the California
dataset, QD-DNN and POPI-HN compete with each other regard-
ing the AIW for different PINC values. In summary, POPI-HN also
shows a good performance regarding the AIW.

It might be thought that the direct optimization of the AIW by
POPI-HN has some performance advantages in a multi-objective
context over the optimization done by QD-DNN. Besides, because
for multiple PI estimation the QD loss is a sum of losses, there is
a possibility that the lowest loss is obtained when improving one
PI but worsening another one. In this sense, POPI-HN minimizes
its loss for the complete set of solutions.
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AIW percentual change by using POPI-HN vs. QD-DNN (negative values imply
that POPI-HN is better than QD-DNN). Values displayed only if there is significant
evidence of AIW being different between methods (Table 4).

Dataset PINC 70 PINC 75 PINC 80 PINC 85 PINC 90 PINC 95
California —5% —2% - 2% 4% 7%
Concrete —23% —23% —20% —20% —19% —16%
Energy —47% —46% —47% —47% —48% —49%
Kin8nm —37% —37% —37% —36% —37% —38%
Power Plant —18% —17% —16% —16% —15% —16%
Protein —16% —11% —-7% —4% —2% -
Superconductor —22% —18% —17% —16% —15% —15%
Yacht —31% —29% —28% —30% —31% -31%

Finally, to easily check the mean decrease (or increase) of the
PI width produced by POPI-HN versus QD-DNN, the percentage
change in the AIW is stated in Table 5.

As can be seen, in general, the biggest improvements come
with medium coverage intervals, like PINC 70% and 75%, and
the improvement starts to decline a little for higher coverage
intervals like PINC 90% and 95%. This might be due to the ease
of improvement in the medium part of the Pareto front. When
dealing with the highest coverages, more extreme values appear,
and the width cannot be minimized in the same way while
keeping the coverage level.

To summarize, the improvement in the AIW metric is clear by
using POPI-HN, in addition to being able to generate a PI for every
sought PINC with a single trained model. Reductions in the AIW
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Table 6
Statistical analysis for the variability in the results.
Dataset Metric PINC 70 PINC 75 PINC 80 PINC 85 PINC 90 PINC 95
. . PICP = = = = =
California AW - _ B B B -
PICP = = = = = =
Concrete AW = _ _ _ B -
Ener PICP - = = - " -
gy AW = = = = = =
. PICP = = = = = —
Kin8nm AW = _ B B B _
PICP = = = —
Power Plant AW - i i i _
. PICP = = = = = =
Protein AIW _ _ _ _ _ _
PICP = = = = = =
Superconductor AW = _ _ _ _ _
PICP = = = = = -
Yacht AW = = = = = -

go up to almost 50%, whereas in the few cases where the width
increases, it does it by no more than 7%.

5.2.3. Variability results

The last statistical analysis will be focused on the variability
of the results. As mentioned before, the non-parametric Levene’s
test is employed to check whether the results from POPI-HN have
a bigger variance than the ones from QD-DNN or vice versa.

Table 6 summarizes this statistical analysis. An equal sign
is employed to indicate that the variance from the results is
statistically the same. On the other side, a minus sign indicated
that the variance of the results from QD-DNN is smaller than the
one from POPI-HN.

As we can see, the variance regarding the PICP is the same
for both POPI-HN and QD-DNN in most of the datasets. Only in
datasets with a low number of observations (Energy and Yacht)
the variance of the results from POPI-HN is higher in some PINC
values. Concerning the AIW, POPI-HN tends to throw a higher
variability in the results in a bigger number of domains, like
California, Kin8nm, or Power Plant.

This behavior may be due to the own nature of the developed
methodology, as we select a point in the VF where the coverage
is achieved, giving robustness to this metric but allowing more
variability in the PI width. From all statistical tests that have been
made, we consider that, even if in some cases the variability of
the results is higher for POPI-HN, it is compensated by the good
average PICP and AIW performance described in Tables 3 and 4.

5.2.4. POPI-HN hyper-parameter sensitivity

After the performance analyses carried out in the previous
sections, we aim now to study the hyper-parameter sensitivity
of the proposed POPI-HN in the different employed datasets.
The sensitivity study is done with respect to the number of
hidden layers and neurons per layer, the main hyper-parameters
of POPI-HN.

We make use of the following procedure to obtain the sen-
sitivity results. First, we train POPI-HN for a given set of hyper-
parameters (number of layers: 3, 4, 5, and 6; number of hidden
neurons per layer: 50, 100, 150, and 200). Periodically, we com-
pute the hyper-volume in the VF, saving the model with the
highest one. We use this trained POPI-HN to compute a test
front with the test dataset. The computation of this test front is
analogous to the computation of the validation front (Algorithm
2), i.e., the trained h(-; ¢) is fed with different preference vectors
r; to obtain the target network weights #"i. With these weights,
PIs are obtained for the test set instances, being able to calculate
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PICP and AIW, and generate a test front. Finally, the hyper-volume
of the test front is obtained and used to study the sensitivity. This
process is repeated for all hyper-parameter configurations.

Test hyper-volume for different hyper-parameter configura-
tions in each dataset are shown in Fig. 5. The color scale is
common across all datasets, with the lowest value representing
the minimum test hyper-volume in light yellow, and the highest
value being the maximum test hyper-volume in dark blue.

Generally, we can see how the hyper-parameter sensitivity is
dependent on the dataset employed. For example, in the Cali-
fornia, Superconductor, or Yacht datasets, sensitivity on the test
hyper-volume is not present regarding the number of neurons or
layers.

However, there are other datasets where this sensitivity ap-
pears, like Energy, Power Plant, or Protein. In particular, in the
Power Plant dataset, the hyper-volume seems to decrease when
increasing the number of neurons per layer, whereas in the Pro-
tein dataset the hyper-volume tends to increase when increasing
the number of hidden layers.

Regardless of the observed sensitivity, the hyper-parameter
selection process used in this work (model with the highest
hyper-volume in the VF is selected, as explained in Section 5.1),
allows finding the best configuration for POPI-HN, obtaining an
optimal PI for any desired coverage.

5.2.5. Time performance

We will finish this section by analyzing the running time
performance of the proposed POPI-HN. First of all, we make some
comments regarding the time complexity of the algorithm.

Notice that POPI-HN is composed of two different NNs: the hy-
pernetwork and the target network. During the training time, the
hypernetwork has the same time complexity as a classical DNN,
as shown in Algorithm 4. That is, forward and backward (gradient
descent) passes are applied across several epochs (one epoch goes
through all instances in the training set). The only important
additional steps (compared to standard feed-forward networks)
are the computation of the target network weights employing
the hypernetwork and the computation of hyper-volume required
for POPI-HN early-stopping. The former is step 5 of Algorithm
4: 0" <« h(r;¢) and the later is executed in line 12. Also,
gradient descent is applied to the weights of the hypernetwork
(not the target network). Similar considerations can be made
for prediction/inference (forward pass) with POPI-HN having two
extra steps (see Algorithm 3): the §™PINC < h(rpc; @) step in the
forward pass (line 7) and also the selection of the point in the
validation front (lines 1-5 of Algorithm 3).

In any case, actual computing times are going to depend on
many factors, such as the network complexity (number of layers
and neurons) of the networks, which might be different for QD-
DNN and POPI-HN, due to hyper-parameter tuning being carried
out individually for each kind of network and each problem. The
use of GPUs will also affect actual training and testing times, as
many computations can be carried out in parallel. Differences
between large and small networks may not be noticed, as they
are run in parallel, as far as they fit within GPU memory. Actual
training and testing times for the selected models are presented
in Table 7. Notice that both POPI-HN and QD-DNN were trained
the same amount of epochs in each bench-marking dataset, as
explained in Algorithm 4 of Section 4.2. Although the best model
selected by early-stopping might correspond to one with lower
epochs (the one that obtains the best validation Quality-Driven
loss for QD-DNN or hyper-volume for POPI-HN), both are first
trained for a maximum number of epochs. All the experiments
were carried out in an Intel Xeon Silver 4110 CPU at 2.10 GHz
with 125 Gb RAM memory and an NVIDIA GeForce GTX 1080 GPU.

In general, training time differences are minimal between
POPI-HN and QD-DNN. When training in the datasets with a
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California Dataset

0.90
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Concrete Dataset

0.881 0.890 0.885 0.879

Kin8nm Dataset

Protein Dataset

0.817 0.826 0.834 0.827
0.822 0.839 0.847 0.842
0.832 0.844 0.853 0.837
0.826 0.836 0.836 0.831

Yacht Dataset

3 4 5 6

Hidden layers
[

0.92 0.94 0.96 0.98

Fig. 5. Test hyper-volume for different hyper-parameter configurations in each dataset.
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Table 7
Training and testing time for each final model and dataset.
Dataset Method Training time (s) Testing time (s)
o QD-DNN 1519.2 08
California POPI-HN 2136.6 0.4
QD-DNN 4183 0.3
Concrete POPI-HN 396.6 0.1
Ener QD-DNN 3385 0.9
&y POPI-HN 3704 0.1
} QD-DNN 1696.2 0.8
Kingnm POPI-HN 1607.1 0.1
QD-DNN 2250.8 0.9
Power Plant POPI-HN 18329 02
) QD-DNN 3721.1 15
Protein POPI-HN 4085.6 13
superconductor  ROPLN 50 06
QD-DNN 2436 0.1
Yacht POPI-HN 2488 0.1

higher number of observations (California, Protein, Superconduc-
tor), POPI-HN is slightly slower than QD-DNN. However, this
may be due to the hyper-volume computation for saving the
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best model in a precise epoch, a computational expensive metric
with time complexity of O(2v + v log v), where 2 represents the
number of dimensions in our space (number of objectives to
minimize, i.e.,, AIW and ¢ = 1 — PICP), and v is the number of
points in the validation front [47].

Practitioners could choose to train POPI-HN for a predefined
number of epochs without periodically computing the hyper-
volume to reduce computation costs. Finally, regarding testing
times, both methods are relatively fast, with no large differences
among them.

6. Conclusions

In this work, a methodology for estimating Pareto Optimal
Prediction Intervals with Hypernetworks has been introduced:
POPI-HN. This method can estimate a complete set of Pareto
Optimal solutions for the PI coverage-width trade-off in regres-
sion problems, that is, a Pareto front, treating the task as a
multi-objective problem.

POPI-HN is formed by two deep neural networks: the hyper-
network, which takes a preference vector for the coverage-width
trade-off as its input, and it is in charge of generating the weights
that the main network will employ. This main network will
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output a PI from input features, whose coverage and width are
dependent on the preference vector.

One of the main advantages of this method is its flexibility.
Sampling random preference vectors and with a proper training
process, it is able to obtain the full Pareto front with a single
model. That is, for every nominal coverage, the Pareto front
contains a model that returns PIs as narrow as possible. On the
other side, its ease of use makes POPI-HN an interesting main
option to solve probabilistic regression problems. The method
does not employ additional parameters or configurations, and
no more hyper-parameters than a classical feed-forward neural
network are needed to be adjusted.

For comparative purposes, POPI-HN performance was evalu-
ated in eight different benchmarking datasets by obtaining six Pls
for six different coverage levels. The obtained PIs were confronted
with the ones obtained by Quality Driven Deep Neural Networks.
This QD-DNN is also a promising method for the direct estimation
of PIs. Its structure allowed easy training by gradient descent and
implementation of multiple PI outputs at once. However, QD-
DNN shows some disadvantages against POPI-HN: as the method
is single-objective, it is needed to decide in advance how many
PIs to be obtained, and to adjust an extra parameter of the loss
function A (important to compute the weight of the penalty for
PIs that do not satisfy the required coverage).

Results show similar and correct behavior of both methods
regarding the coverage objective. However, when we focus on
the width objective, POPI-HN outperforms QD-DNN for most PINC
values in the majority of datasets, achieving a width improve-
ment of up to 49% in some cases. This might be due to the
width optimization in the multi-objective framework. Further-
more, time complexity for POPI-HN method is close to QD-DNN.

In summary, the POPI-HN implementation has resulted in
a method that not only achieves the required coverage in our
experiments but it is also able to improve the PI width obtained
by QD-DNN. Furthermore, POPI-HN can obtain PIs for every pos-
sible nominal coverage, whereas QD-DNN requires the number of
different Pls and their nominal coverages to be predefined. It also
requires an additional trade-off A parameter in order to aggregate
the two objectives into a single-objective loss.

The current version of POPI-HN requires splitting the available
data into a training set and a validation set. The latter is used
to compute the validation front, which is required for mapping
nominal coverage values into preference vectors. It would be
interesting to carry out future research on alternatives that do
not depend on a validation set for this purpose, that for some
datasets might be too small. Also, in this work, POPI-HN has
been applied to standard feed-forward neural networks, but other
architectures appropriated for time series, such as Long Short-
Term Memory Neural Networks (LSTM) or temporal transformers
might benefit from it. Possible application fields could include,
for instance, the energy market to obtain multiple probabilistic
forecasts of wind energy, business problems to predict demands
at different levels of confidence, or financial markets to model a
stock price.
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