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Abstract 

Multiphase flow in porous media represents one of the most 

complicated processes that occur in a range of applications across 

science and engineering disciplines. The complexity escalates when 

the flows are driven under a negative pressure as often encountered in 

geotechnical engineering, petroleum exploration, and underground 

water resource cycling. The proposed study aims to model gas−liquid 

flows in porous media, calculate deformation of porous media induced 

by the two-phase flows, and capture pressure variation in vertical 

drains. This thesis comprises four article publications (Chapters 2 to 5) 

which are either published or submitted to journals for possible 

publication by the time of thesis lodgement.  

Chapter 1 is the Introduction. This chapter provides an overview of the 

research, highlights the research gaps, presents the research aims 

and objectives, and outlines the thesis structure.  

Chapter 2 comprises a paper “Large Strain Consolidation of 

Unsaturated Soil: Model Formulation and Numerical Analysis”. This 

paper has been published in the ACSE International Journal of 

Geomechanics. The content presents a novel numerical model to 

simulate the unsaturated soil consolidation utilising the Lagrangian–

Convective coordinate system. The proposed model was solved via 

the explicit finite difference method and was verified against the 

conventional analytical solution. The developed model enabled the 

nonlinear soil properties including soil water characteristic curve, 

shrinkage curve, compressibility curve and permeability curve. A 

parametric study was conducted to focus on the effect of the initial soil 
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degree of saturation on the consolidation degree. The results indicated 

that soil with a higher initial degree of saturation has a greater 

consolidation settlement, and vice versa.  

Chapter 3 presents the second paper manuscript, entitled “Vertical 

drain aided consolidation and solute transport”, which is under review 

by Computers and Geotechnics. This study coupled the consolidation 

model in Chapter 2 with the solute transport model and studied the 

dewatering and solute discharge efficiency under different 

consolidation conditions. The coupled equations were solved via the 

alternative direction finite difference time domain method. The model 

was experimentally verified and then applied to examine the effects of 

soil saturation conditions, solute transport conditions, and 

consolidation efforts on solute transport. The results showed that the 

dispersion process contributes to the solute discharge, whereas the 

contribution becomes less noticeable in unsaturated conditions. The 

solute sorption process counteracts the solute transport and delays the 

clean-up. The consolidation accelerates the transport of reactive 

chemicals but shows limited effects on the transport of non-reactive 

chemicals. 

Chapter 4 presents the third paper manuscript, entitled “Large strain 

consolidation model of vacuum and air-booster combined dewatering”. 

This manuscript was submitted to Computers and Geotechnics. The 

work presented a finite strain model for solving the vacuum and air-

booster combined consolidation problem. The model also took account 

of soil desaturation due to air injection. The model was solved 

numerically via the alternative direction finite difference time domain 

method, and the solution was verified against the field test and 

laboratory measurement.  
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Chapter 5 contains the fourth paper manuscript, entitled “Modelling air-

water flow in the vacuum-aided vertical drain”, which was submitted to 

Geosynthetic International. This modelling work presented a numerical 

method used to estimate the vacuum-induced two-phase flow pressure 

distribution along the vertical drain. The soil medium was modelled as 

the orifice along the vertical drain. The proposed model was validated 

against the experiment and computational fluid dynamic results. A 

parametric study was conducted, and the results indicated that the 

nonlinear pressure distributions occurred in the drainpipe, and the 

pressure dropped more noticeably in the presence of air. The 

modelling suggests under one-atmosphere vacuum pressure, the drain 

lift depth is approximately 6.3 to 7.5m depending on the orifice size.  

Chapter 6 is the Summary of this thesis, concluding research 

contributions achieved and suggestions for further work. 

 

 

 

 

 

 

Keywords:  Unsaturated soil; Soil consolidation; Large strain 

consolidation; Computational geomechanics; Dewatering; Ground 

improvement; Vertical drain; Finite difference method; Nonlinearity； 

Semi-analytical.



 

iv 

 

Statement of Originality 

I certify that this work contains no material which has been accepted 

for the award of any other degree or diploma in my name, in any 

university or other tertiary institution and, to the best of my knowledge 

and belief, contains no material previously published or written by 

another person, except where due reference has been made in the text. 

In addition, I certify that no part of this work will, in the future, be used 

in a submission in my name, for any other degree or diploma in any 

university or other tertiary institution without the prior approval of the 

University of Adelaide and where applicable, any partner institution 

responsible for the joint-award of this degree. 

I acknowledge that copyright of published works contained within this 

thesis resides with the copyright holder(s) of those works. 

I also give permission for the digital version of my thesis to be made 

available on the web, via the University’s digital research repository, 

the Library Search and also through web search engines, unless 

permission has been granted by the University to restrict access for a 

period of time. 

 

 

 

Signed: ……………………Date:  11/07/2023



 

v 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank.  



 

vi 

 

Acknowledgements 

I would like to express my deepest gratitude to my supervisors Dr An 

Deng and Dr Zhao Feng Tian. Your substantial support and 

mentorship have made this journey viable and enjoyable. A special 

appreciation goes to Dr Deng for his selfless and detailed technical 

support, professional suggestions, encouragement, and support over 

past years. Words cannot express my gratitude especially for his 

substantial support even after hours or during his leave. I also had the 

pleasure of working with Dr Tian. His professional suggestions and 

support from a mechanical engineering perspective have truly 

broadened my horizons. 

Gratitude is also extended to Dr. Chaoshui Xu for his mentorship and 

suggestions during my undergraduate years, which inspired and paved 

the way for me to embark on this PhD journey. 

I would like to thank all my friends and colleagues in the school for 

their friendship and support. I am immensely thankful to Dr. Peng 

Wang, as this endeavour would not have been possible without your 

invaluable suggestions and support, from the PhD application process 

to my career development. 

I would like to express my heartfelt appreciation to my parents, 

Mingming Huangfu and Guo Wang, for the countless sacrifices they 

have made on my behalf over the years. Their unwavering support for 

my academic pursuits has been invaluable. Appreciate also gives to 

my fiancée, Shujin Wang, who has been always being patient and 



 

vii 

 

supportive. We are ready to move into the next phase of our life I 

believe. Lastly, a special mention goes to my fluffy baby, Young Shell. 

You made my life fantastic.  

Lastly, I acknowledge the joint financial support that I have received for 

my research through the provision of the University of Adelaide and 

China Scholarship Council (CSC). 

 

 

 

 

 

 

 

 

 

 

 

 



 

viii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank.



Table of Contents 

ix 

 

Table of Contents 

Abstract ................................................................................................ i 

Statement of Originality .................................................................... iv 

Acknowledgements ........................................................................... vi 

Table of Contents .............................................................................. ix 

Publications Arising from This Thesis ........................................... xii 

List of Tables.................................................................................... xiii 

List of Figures ................................................................................... xv 

Chapter 1 Introduction ................................................................... 1 

1.1 Background ............................................................................ 1 

1.2 Limitation of existing consolidation analysis ........................... 2 

1.3 Research aim and objectives ................................................. 5 

1.4 Organisation of the Thesis ...................................................... 7 

Chapter 2 Large strain consolidation of unsaturated soil: Model 

formulation and numerical analysis .................................................. 9 

2.1 Introduction ........................................................................... 12 

2.2 Model development .............................................................. 16 

2.3 Numerical solutions .............................................................. 30 

2.4 Model verification ................................................................. 36 

2.5 Numerical simulations .......................................................... 40 

2.6 Model limitation .................................................................... 45 

2.7 Conclusions .......................................................................... 46 



Table of Contents 

x 

 

2.8 Notation ................................................................................ 48 

Chapter 3 Vertical drain aided consolidation and solute 

transport…………………………………………………………………...54 

3.1. Introduction ........................................................................... 57 

3.2. Model development .............................................................. 59 

3.3. Numerical simulations ........................................................... 67 

3.4. Model verification .................................................................. 72 

3.5. Numerical simulations ........................................................... 77 

3.6. Discussion ............................................................................ 86 

3.7. Conclusions .......................................................................... 87 

3.8. Nomenclature ....................................................................... 88 

Chapter 4 Large strain consolidation model of vacuum and air-

booster combined dewatering ......................................................... 93 

4.1. Introduction ........................................................................... 96 

4.2. Model development .............................................................. 97 

4.3. Numerical solutions ............................................................ 102 

4.4. Model validation .................................................................. 105 

4.5. Conclusion .......................................................................... 110 

Chapter 5 Modelling air-water flow in vertical drain ................ 111 

5.1. Introduction ......................................................................... 113 

5.2. Model development ............................................................ 115 

5.3. Validation ............................................................................ 121 

5.4. Numerical simulations ......................................................... 126 

5.5. Conclusion .......................................................................... 138 



Table of Contents 

xi 

 

5.6. Notations ............................................................................ 139 

Chapter 6 Conclusions ............................................................... 141 

6.1. Research contributions ....................................................... 141 

6.2. Scope of future work........................................................... 144 

References ...................................................................................... 146 

Appendix A. Initial pore pressures induced by surcharge load

 …………………………………………………………..169 

Appendix B. Hydro-mechanical model ...................................... 172 

Appendix C. Model derivation .................................................... 175 

Appendix D. Pressure drop at orifice ........................................ 177 

Appendix E. Gas volume ratio .................................................... 179 

Appendix F. Two-phase frictional pressure factor ................... 181 

Appendix G. Two-phase VOF model .......................................... 183 

 

 

 



Publications Arising from This Thesis 

xii 

 

Publications Arising from This 

Thesis 

The following peer-reviewed journal paper and unpublished 

manuscripts are the major outcomes of this research and they form the 

main body of this thesis. 

1. Huangfu, Z., and Deng, A., 2023. Large strain consolidation of 

unsaturated soil: Model formulation and numerical analysis. 

International Journal of Geomechanics, 23(9), 

https://doi.org/10.1061/IJGNAI.GMENG-7120 

 

2. Huangfu, Z., and Deng, A., 2023. Vertical drain aided 

consolidation and solute transport. Computers and Geotechnics. 

(Under review). 

 

3. Huangfu, Z., and Deng, A., 2023. Large strain consolidation 

model of vacuum and air-booster combined dewatering method. 

Computers and Geotechnics. (Under review). 

 

4. Huangfu, Z., Deng, A., and Tian, Z., 2023. Modelling of orifice 

induced air-water flow in vertical drains. Geosynthetics 

International. (Under review) 



List of Tables 

xiii 

 

List of Tables 

Table 2-1. Comparison of unsaturated soil consolidation models ___ 15 

Table 2-2. Soil properties used for model verification. ____________ 39 

Table 2-3. Model parameters for permeability and compressibility of 

the soil layer. ___________________________________________ 42 

Table 2-4. Initial conditions for Cases A to E ___________________ 43 

Table 3-1. Consolidation methods and soil conditions ___________ 78 

Table 3-2. Solute transport processes considered (Pu and Fox (2015))

 ______________________________________________________ 78 

Table 3-3. Soil parameters and initial conditions for saturated soil layer.

 ______________________________________________________ 79 

Table 3-4. Unsaturated soil properties. _______________________ 84 

Table 4-1. Soil parameters from dewatering site _______________ 106 

Table 4-2. Soil parameters from the laboratory test ____________ 109 

Table 5-1. Air discharge coefficient for air passing through orifice. _ 120 

Table 5-2. Simulation scenarios ___________________________ 128 

 

  



List of Tables 

xiv 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank



List of Figures 

xv 

 

List of Figures 

Figure 2-1. Model geometry: (a) soil layer in Lagrangian x–y 

coordinate system; (b) water flow model in Lagrangian coordinate; (c) 

water flow model in convective coordinate; (d) airflow in Lagrangian 

coordinate; and (e) airflow in convective coordinate. _____________ 17 

Figure 2-2. Compressibility constitutive surfaces of unsaturated soil in 

a volume–stress space for (a) volume of soil; and (b) volume of water. 

(Adapted from Fredlund et al. (2012)) ________________________ 31 

Figure 2-3. Diagram of coupled water–air finite-difference model. __ 34 

Figure 2-4. Numerical program flow chart. ____________________ 37 

Figure 2-5. Normalized pore air pressure versus time for mesh sizes 

from 0.025 to 0.4 m. ______________________________________ 40 

Figure 2-6. Comparison between the proposed model and existing 

solution with respect to consolidation results: (a) normalized pore air 

pressures; and (b) normalized pore water pressures, and (c) average 

degree of consolidation for the soil layer L×H under surcharge load p.

 ______________________________________________________ 41 

Figure 2-7. Comparison between the proposed model and the small 

strain method with respect to (a) average normalized pore air 

pressures; (b) average normalized pore water pressures; and (c) 

average degree of consolidation obtained for cases A to E of different 

initial degrees of saturation and matric suction pressures. ________ 44 

Figure 3-1. Lagrangian−convective coordinate system: (a) datum 

plane, (b) soil element, (c) water phase, and (d) air phase. ________ 60 

Figure 3-2. Explicit−implicit finite difference schematic diagram. ___ 69 



List of Figures 

xvi 

 

Figure 3-3. Solute concentration isochrones in porous medium: a) 

vertical profiles, and b) horizontal profiles. ____________________ 74 

Figure 3-4. Diagram of one-dimensional consolidation induced solute 

transport. ______________________________________________ 75 

Figure 3-5. Consolidation settlement and solute breakthrough data 

from one-dimensional consolidation test. _____________________ 76 

Figure 3-6. Settlement and concentration profile for Cases A, C and D.

 _____________________________________________________ 80 

Figure 3-7. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case A considering solute transport Models 1, 2 and 3.

 _____________________________________________________ 81 

Figure 3-8. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case C considering solute transport Models 1, 2 and 3.

 _____________________________________________________ 81 

Figure 3-9. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case D considering solute transport Models 1, 2 and 3.

 _____________________________________________________ 82 

Figure 3-10. Pore pressures and solute concentrations versus time for 

Case B. _______________________________________________ 85 

Figure 4-1. Model geometry of soil layer (a) elevation in x−y plane; (b) 

example element in Lagrangian (global) coordinate; and (c) example 

element in convective (local) coordinate ______________________ 98 

Figure 4-2. Explicit−implicit difference model _________________ 103 

Figure 4-3. Program flow chart ____________________________ 107 

Figure 4-4. Model validation against field test results ___________ 108 

Figure 4-5. Model validation against laboratory test ____________ 109 



List of Figures 

xvii 

 

Figure 5-1. Dewatering by vertical drain: (a) Model geometry and (b) 

algorithm flow chart. _____________________________________ 116 

Figure 5-2. Vertical drainpipe for CFD parameter calibration and model 

validation: (a) Air−water flow in confined drainpipe, (b) orifice-induced 

air−water flow in confined drainpipe, and (c) CFD meshes. _______ 123 

Figure 5-3. Pressure gradients in confined drainpipe comprising 

air−water mixture in different flow patterns. ___________________ 124 

Figure 5-4. Air−water volume contours obtained by CFD simulation for 

dewatering using drainpipe of 4 mm orifice. __________________ 125 

Figure 5-5. Validation of proposed model against CFD simulation 

results. _______________________________________________ 126 

Figure 5-6. Relationship between orifice location and maximum orifice 

diameter for vertical drain to draw water under 60 kPa vacuum 

pressure. _____________________________________________ 129 

Figure 5-7. Relationship between applied vacuum pressure and 

maximum orifice diameter for vertical drain to draw water when orifice 

is at 2 m location. _______________________________________ 130 

Figure 5-8. Relationship between orifice diameter and pressure 

gradient for single-orifice vacuum drain. _____________________ 130 

Figure 5-9. Maximum depth for drainpipe to lift water when varying 

location and size of orifice. _______________________________ 131 

Figure 5-10. Relationship between air volume ratio and orifice 

diameter for vacuum drain with a single orifice. ________________ 131 

Figure 5-11. Relationships between air velocity, water velocity and 

orifice diameter for vacuum drain with a single orifice. __________ 133 

Figure 5-12. Profiles of (a) vacuum pressure; and (b) air volume ratio 

of drainpipe involving multiple orifices. ______________________ 138 



List of Figures 

xviii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank.



Chapter 1  

1 

 

Chapter 1 Introduction 

1.1 Background 

Soils with poor engineering properties are commonly found in various 

locations, including wastewater treatment plants, port lands, marine 

shores, and artificial islands. These areas are highly valuable for 

human activities; however, the presence of subsoil profiles with 

inherent limitations hinders site development. Piling is often regarded 

as a feasible foundation solution, transferring superstructure loads to 

underlying firm strata. However, the soils under development are often 

weak and soft and not in an acceptable shape to provide access to 

piling machinery.   

To upscale ground conditions, dewatering and consolidation can be 

used to improve the soft soil. The technique densifies the soil by 

removing the moisture and air from the soil pores. By implementing the 

soil consolidation, the bearing and shear capacity of the soil are 

significantly enhanced, thereby rendering shallow foundations a more 

favorable option compared to costly deep foundations. Common 

consolidation technologies include the preloading consolidation, 

vacuum consolidation, electro-osmosis consolidation, and vacuum-air 

booster consolidation. These methods have been successfully adopted 

in many ground improvement projects including Indraratna et al. (2011); 

Shen et al. (2015); Micic et al. (2001) to name a few. Field studies 

have consistently yielded positive results, demonstrating the capacity 

of consolidation to enhance soil bearing capacity and shear strength.  
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The selection of the consolidation technology depends on factors such 

as in-situ subsoil conditions, site drainage requirement, buried utilities, 

project budget and timeline. Numerous numerical and analytical 

models have been proposed to estimate consolidation settlement, time, 

and the extent of soil improvement. These models range from the 

conventional preloading consolidation model by Terzaghi (1943) to the 

more recently vacuum consolidation model by Song et al. (2023). 

These models aid in scoping ground improvement project planning and 

managing associated risks. 

1.2 Limitation of existing consolidation 

analysis 

The emerged components of liquid, gas and organic matter in the 

subsurface has been an increasing concern in earth science. However, 

current studies in ground dewatering and consolidation are mainly 

focused on the fully saturated subsoils. The presence of air in soil 

pores are mostly neglected. 

Where air is present in soil pores, soil capillary effect governs the 

consolidation process. The difficulty for researchers in both analytical 

derivation and numerical simulation lies in soil nonlinear soil behaviour 

arising from the capillary effect. The capillary effect was first formulated 

by Leverett (1941) who examined only the subsurface capillary force 

and associated water flow. Owing to high non-linear behaviour, the 

inclusion of the capillary effect in two-phase porous media flow can 

only be solved numerically (Chen 1988; McWhorter and Sunada 1990). 

In the geotechnical engineering practice, the soil strain induced by 

capillary effect are commonly depicts by combination of three curves, 

namely soil water characteristic curve (SWCC), compressibility curve 
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and shrinkage curve (Fredlund and Morgenstern 1976). The SWCC 

depicts the soil hydraulic condition by correlating the soil moisture 

condition with suction level. The compressibility depicts the soil 

mechanical behaviour by correlating soil void ratio to the applied net 

stress. The shrinkage curve depicts the correlation between the soil 

void ratio and moisture condition and hence coupling the soil hydro-

mechanical condition. These constitutive relations have been applied 

to soil consolidation problem since Fredlund and Hasan (1979) in a 

simple linear form until the recent improved approaches by Qi et al. 

(2017) and Qi et al. (2020) who utilised the non-linear SWCC, 

compressibility and shrinkage curves. The utilisation of the non-linear 

curves enables an accurate mapping of the soil hydro-mechanical 

state during the consolidation simulation, and hence enhance the 

model accuracy (Qi et al. 2017). However, models were developed 

specifically to solve the one-dimensional self-weight and/or preloading 

consolidation problem.  

Soils that require consolidation treatment are clay in nature with poor 

drainage conditions. Conventional preloading consolidation methods 

are known time-consuming, and the consolidation degree at deep 

layers is suboptimal due to the one-way drainage. Installation of the 

vertical drain, and hence lateral drainage, is considered an alternative 

solution to accelerating the consolidation. Common consolidation 

methods utilising the vertical drains are preloading consolidation, 

vacuum consolidation, air booster consolidation or the combination 

thereof, and when drain aided soil consolidation is required, it shall be 

modelled using multi-dimensional models that simulates the lateral and 

vertical drainage. However, established models are mostly developed 

based on the fully saturated soil mechanics (Rujikiatkamjorn et al. 

2008), despite models are commonly adopted in modelling the 

unsaturated soil consolidation (Sun and Lu 2023).  
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To formulate the vertical drain aided consolidation on partially 

saturated soil, an earlier attempt by Qin et al. (2010) developed a 

semi-analytical solution by utilising the simplified linear Fredlund and 

Morgenstern (1976)’s constitutive model. The model was further 

extended by many researchers incorporating the cyclic loading 

condition (Wang et al. 2019), analytical solution (Ho et al. 2016a; Ho 

and Fatahi 2015), and well resistance and smear effect (Chen et al. 

2021); however, without improvement on the linear soil parameters. 

Clayey soils where require the drain-aided consolidation are often 

associated with the large deformation (Gibson et al. 1981). The 

deformation causes changes to soil parameters non-linearly, in an 

exponential or logarithmic function form (Geng & Yu, 2017; Wang et al., 

2020). Conventional small strain linear modelling in an Eulerian 

coordinate system (such as Huang and Zhao 2021; Zhou 2013) is not 

adequately accurate as it neglects the non-linear changes in soil 

parameters. Drain-aided partially saturated soil consolidation with large 

strain non-linear modelling approach is needed. 

In addition to the soil consolidation model, when soil is partially 

saturated and vacuum consolidation is required, the presence of the air 

in soil pores also reduces the drain well efficiency (Qiu et al. 2007). 

Where air is present in the drain well, a two-phase flow exists and the 

mixture pressure drop governs the vacuum pressure distributions (Qiu 

et al. 2007). Many researcher have contributed to studying the two 

phase flow pressure drop in vertical drain well Lote et al. (2018). 

However, developed pressure drop correlations require the inlet flow 

velocities to be specified. In ground dewatering, gas and liquid flow 

velocities are not available to calculate pressure distributions. Only 

outlet vacuum pressure and soil void ratio are specified.  Limited model 

was focused on the pressure distributions in drain wells where only the 

vacuum pressure and void ratio were available, and hence warrant a 
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model to study the extent of the pressure drop in the drain well when 

air phase is present in ground improvement application.  

The reviewing of the related studies arrives at the following research 

gaps: 1) existing drain-aided two-phase porous media dewatering and 

consolidation models were based on the small strain theory; 2) the 

two-phase flow pressure gradient in drain wells that is driven by 

vacuum force was not studied.  

1.3 Research aim and objectives 

This research aims to study vertical drain induced dewatering and 

consolidation of partially saturated soil using the finite strain 

consolidation modelling approach. Three consolidation methods, 

including drain-aided preloading consolidation, vacuum consolidation 

and vacuum air-booster consolidation, and their relevant drain 

efficiency are of interest. Research efforts on these topics will enable 

greater understanding of the ground improvement method, and hence 

guide engineering decision on consolidation method selection. For this 

purpose, the research objectives are: 

Objective 1. To propose a finite-strain soil consolidation model on 

drain-aided consolidation of unsaturated soil 

Objective 2. To propose a finite-strain soil consolidation model on 

vacuum-air booster consolidation considering the soil unsaturation 

induced by the injected air.  

Objective 3. To propose a two-phase flow model for drain well to 

estimate the pressure distribution in the vertical drain when air phase 

present.  
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To achieve the research objectives, following task break down are 

proposed: 

Objective 1: 

 Task 1.1. To study the effect of soil saturation degree on 

consolidation efficiency for conventional drain-aided preloading 

consolidation. 

Task 1.2. To study the effect of soil saturation degree on 

consolidation efficiency for vacuum preloading consolidation. 

Task 1.3. To couple the consolidation model with the solute 

transport model to study the contaminate transport efficiency associate 

with different consolidation method.   

Objective 2: 

Task 2.1. To validate the model against the field measurement. 

Task 2.2. To suggest a new modelling approach that 

appropriately model the vacuum air-booster combined consolidation. 

Objective 3: 

Task 3.1. To study the effect of the air entrance location to the 

drainage efficiency 

Task 3.2. To study the effect of the air entrance quantity to the 

drainage efficiency 
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Task 3.3. To propose a new modelling approach that 

appropriately model the vertical drain pressure distribution when air is 

present in soil. 

   

1.4 Organisation of the Thesis 

The main body of this thesis (Chapters 2 to 5) comprises the collection 

of four journal articles produced within this research0F 0F

1. A summary of 

the thesis chapters is given below. 

Chapter 2 (Journal paper 1) focuses on proposing a finite strain 

consolidation model for unsaturated soil consolidation and conducing a 

detailed parametric study to assess the effect of soil unsaturation on 

soil consolidation efficiency for the drain-aided preloading 

consolidation method. 

Chapter 3 (Journal paper 2) focuses on the coupling of the finite strain 

unsaturated soil consolidation model with the solute transport model 

and apply the coupled model on preloading, drain aided preloading, 

and vacuum preloading consolidation and contaminate transport 

problem. Moreover, a parametric study conducted evaluating the 

dewatering and contaminate discharge efficiency associate with 

different consolidation terminology.  

 

1 The journal paper manuscripts have been reformatted in accordance with University 
of Adelaide guidelines, and sections have been renumbered for inclusion within this 
thesis. 
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Chapter 4 (Journal paper 3) proposes a finite strain consolidation 

model for vacuum air booster consolidation method considering the 

soil unsaturation induced by the pressurised air booster system.  

Chapter 5 (Journal paper 3) proposes a two-phase flow model for 

vertical drain well and conducts a parametric study to assess the effect 

of the air phase on dewatering efficiency. 

Chapter 6 summarises the contributions of the research and 

recommends research work to undertake in the further. 
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Chapter 2 Large strain 

consolidation of unsaturated 

soil: Model formulation and 

numerical analysis 

Zhihao Huangfu1, An Deng2 

 

1 School of Architecture and Civil Engineering, The University of 

Adelaide, Adelaide, SA 5005, Australia.  

2 School of Architecture and Civil Engineering, The University of 

Adelaide, Adelaide, SA 5005, Australia. (Corresponding author). E-mail: 

an.deng@adelaide.edu.au 

 

Citation: Huangfu, Z., & Deng, A., 2023. Large strain consolidation of 

unsaturated soil: Model formulation and numerical analysis. 

International Journal of Geomechanics, 23(9), 

https://doi.org/10.1061/IJGNAI.GMENG-7120. 
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Abstract 

A non-linear large strain consolidation model for unsaturated soils is 

presented. The model uses the Lagrangian−convective coordinate to 

track the flow of air and water through a deformed layer, and the state 

surface approach to approximate the hydro-mechanical behaviour of 

unsaturated soils. The model comprises a set of governing equations 

to integrate the water flow, air flow and layer consolidation where large 

strain deformation of the layer occurs. The governing equations were 

discretised and solved using the finite difference method, with the 

solutions verified against the analytical answers. The model was 

implemented to surcharge preloading studies with a focus on the 

effects of initial wet degree of layers on consolidation. The results 

suggest that the initial wet degree affects the consolidation curves. 

Higher consolidation settlement occurs to the wet soil layers than to 

the less wet layers. In the same layer, the pore air pressure dissipation 

is completed earlier than the pore water pressure. 

Keywords: Unsaturated soil, nonlinearity, large strain consolidation, 

finite difference method, Lagrangian−convective, varied permeability 
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2.1 Introduction 

Although one usually assumes a saturated condition for consolidation 

analysis, the soils of concern often are partially saturated due to 

presence of air. Consolidation in a partially saturated condition involves 

flow of moisture and air and is relatively complex due to coupled hydro-

mechanical behaviour of soils. To this, Fredlund and Morgenstern 

(1976) analysed hydro-mechanical behaviour of unsaturated soils and 

proposed a semi-linear constitutive surface for soil deformation caused 

by flow of air and water. Based on the constitutive surfaces, Fredlund 

and Hasan (1979) developed the one-dimensional (1D) consolidation 

model of unsaturated soils. The model was then extended to plane 

strain (Ho and Fatahi 2015; Huang and Zhao 2021; Liu et al. 2022; 

Wang et al. 2018, 2020b) and axisymmetric consolidation (Ho et al. 

2016b; Jiang et al. 2022; Wang et al. 2020c). These models are valid 

for small strain consolidation and add to developing large strain 

consolidation models. 

Large strain consolidation needs to use deformable coordinate 

systems, therefore keeping track of flow of water and air accompanied 

by soil layer deformation. Deformable coordinate systems enable 

updating of soil parameters at each time step and therefore provide 

room to consider soil nonlinearity. Earlier studies have successfully 

integrated soil nonlinearity in consolidation analyses (e.g. Lloret and 

Alonso 1980, Qin et al. 2010). Most studies however took account of 

effects of a single parameter e.g., void ratio or stress. These single-

variable approaches work if limited changes occur to the parameters 

that are assumed constant, for example, when consolidating a 

relatively thinner layer. Multivariable modelling was conducted in Tang 
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et al. (2018). They modelled the hydraulic conductivity as a function of 

two variables, i.e. suction and degree of saturation. Their model also 

considered the effects of hydraulic hysteresis on consolidation by 

means of the approach in Khalili et al. (2008). However, their model 

used the Eulerian system which neglects the layer deformation. The 

problem can be solved by using a coupled Lagrangian−convective 

coordinate system (Gibson et al. 1981). In this coupled system, the 

Lagrangian coordinate represents soil layer deformation and the 

convective coordinate captures water and air flow. There is a 

mechanism of communication between the two coordinates at each 

time step, thus enabling accurate consolidation settlement.  

Lagrangian−convective coordinate approaches were adopted in 

Seneviratne et al. (1996) and Yao et al. (2002). Both studies analysed 

water and air flow in unsaturated conditions and effects of large strain 

on consolidation. The unsaturated conditions however were presumed 

to originate mainly from thermal evaporation. To eliminate the 

restriction, Qi et al. (2017) examined a general unsaturated condition 

and developed a numerical model for 1D large strain consolidation of 

unsaturated soils. The model has capabilities to integrate permeability 

function (i.e., Shuai 1996) and the compressibility constitutive surface 

(i.e., Vu and Fredlund 2006). The model was further improved by Qi et 

al. (2020) that coupled hydro- and mechanical behaviour and assessed 

the effect of hydraulic hysteresis on consolidation. The model gives 

excellent results for 1D self-weight consolidation, evaporation 

decantation, or their combination, but neglected the change in pore-air 

pressure and compressibility of pore-air. In addition the model in Qi et 

al. (2020) is limited to one-dimensional consolidation. Ho et al. (2015) 

proposed a model for 2D plane-strain problems. However, the model in 

their study is based on the simplified small strain conception and is not 

suitable for large strain consolidation. These studies are summarised 
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in Table 2-1. It is suggested that an alternative approach that enables 

the modelling of large strain consolidation of unsaturated soils in a 

plane-strain condition is required.  

In this study, a 2D model for vertical drain-aided consolidation of 

unsaturated soils is proposed. This model was developed using a 

Lagrangian-convective coordinate system. The model considers 

multivariable functions for void ratio, permeability and compressibility, 

therefore enabling a greater diversity of soil nonlinearity. The model 

incorporates two concepts in earlier studies, namely, the large strain 

approach (Geng and Yu 2017; Gibson et al. 1981) and the constitutive 

relationships for unsaturated soils (Brooks and Corey 1966, 

Dakshanamurthy and Fredlund 1980). The developed governing 

equations are written in conventional diffusion equation forms and 

therefore are adaptable to most equation-solvers. A finite difference 

solver was presented, aiming to demonstrate model performance. The 

model was verified against an analytical solution and implemented to 

case studies. Some interesting simulation results with respect to the 

effects of large strain deformation on consolidation of unsaturated soils 

were presented.  
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Table 2-1. Comparison of unsaturated soil consolidation models 

Coordinate system Reference Drained Solution type Space dimension 
Varied 

permeability 

Varied 

compressibility 

 Eulerian 

Qin et al. (2010) Yes SAS 1D, A Yes No 

Zhou (2013) Yes NS 1D, A No No 

Ho and Fatahi (2015) Yes AS 2D, P No No 

Ho et al. (2015) Yes AS 2D, P No No 

Ho et al. (2016) Yes AS 2D, A No No 

Wang et al. (2018) Yes SAS 2D, P No No 

Tang et al. (2018) Yes NS 1D,2D, P Yes Yes 

Wang et al. (2020a) Yes SAS 2D, P No No 

Huang and Zhao (2021) Yes SAS 2D, P No No 

Jiang et al. (2022) Yes SAS 2D, A No No 

Liu et al. (2022) Yes AS 2D, P No No 

Lagrangian-

convective 

Qi et al. (2017) No NS 1D Yes Yes 

Qi et al. (2020) No NS 1D Yes Yes 

This study Yes NS 2D, P Yes Yes 

Note: AS = analytical solution; SAS = semi-analytical solution; NS = numerical solution; A = axisymmetric; P = plane strain.  
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2.2 Model development 

2.2.1 Geometry 

A soil layer with a depth of H is enclosed laterally by two drain wells 

installed at a spacing of L as shown in Figure 2-1(a). The layer is 

subjected to a surcharge load p on the top boundary. The bottom 

boundary is impermeable and referred to as the datum. As in Ho and 

Fatahi (2015), the following assumptions are made: (i) The soil 

consists of three phases, i.e., solid particles, pore water and pore air, 

and the soil layer is homogenous at the outset. (ii) Soil particles and 

water are incompressible. (iii) Flow of water and air leads to soil 

deformation separately and the deformation is superimposable. (iv) 

Quasi-steady flow of pore water and pore air occurs in a small time-

step increment; the flow is governed by Darcy’s and Fick’s laws, 

respectively. (v) Environmental effects, such as temperature, 

evaporation, and air dissolution in water, are neglected. (vi) Well 

resistance and smear effect are not considered. (vii) Solely vertical 

deformation occurs.  

The water flow rates in the horizontal and vertical directions are 
w

xq  

and 

wq  respectively; the mass flow rates of air in the horizontal and 

vertical directions are 
a

xm  and 

am  respectively. The differences 

between the inflow and outflow contribute to the vertical deformation of 

the element. 
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Figure 2-1. Model geometry: (a) soil layer in Lagrangian x–y 

coordinate system; (b) water flow model in Lagrangian coordinate; (c) 

water flow model in convective coordinate; (d) airflow in Lagrangian 

coordinate; and (e) airflow in convective coordinate. 
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The vertical deformation is calculated by the convective coordinate, . 

At time step (t + 1), the thickness of element dxdy reduces to  w
 due 

to water flow and  a
 due to air flow, or a combination thereof. As a 

result, the element vertically relocates to 1 +

w

t , 1 +

a

t  or a lower elevation 

due to the combination effect. The local deformation is then 

summarised and fed to the global coordinate x-y, updating the soil 

layer deformation. The coupled Lagrangian−convective coordinate 

system outperforms an Eulerian coordinate system by calculating the 

pressure dissipation in a deformable system, thus enabling the 

computation of accurate consolidation settlement (Geng and Yu 2017; 

Gibson et al. 1981). 

The Lagrangian ordinate y and time t are independent variables. The 

convective coordinate   is a function of (y, t) and as per Gibson et al. 

(1981) and Geng and Yu (2017) is expressed as: 

0

1

1

e

y e

 +
=

 +  
(2-1) 

where e0 is the initial soil void ratio, and e is the soil void ratio at time t. 

Break down e as: 

a we e e= +  (2-2) 

where ea = (Va/Vs) is the air void ratio, ew = (Vw/Vs) is the water void 

ratio, and Va, Vw and Vs respectively are the volumes of the air, water 

and solids. Considering assumption (iii), Eqs. (2-1) and (2-2) are 

rewritten into: 

0

0

1

1

1

1

w w

w

a a

a

e

y e

e

y e





 +
=

 +


 + =
  +  

(2-3) 
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where 0

we  and 0

ae  are the initial water and air void ratios, respectively. 

2.2.2 Water flow equation 

The governing equations for water flow are adapted from the radial 

consolidation model of saturated soil (Geng and Yu 2017). According 

to Darcy’s law, the apparent velocities of water flow in the vertical and 

horizontal directions as in Figure 2-1(b), 

wv  and 
w

xv , are expressed as: 

w w w

w w w

x x x

v k i

v k i

  
 = −


= −  

(2-4) 

where 

wk , 
w

xk  are vertical and horizontal permeability of water, 

respectively; 

wi , 
w

xi  are the hydraulic gradient in the vertical and 

horizontal directions respectively and are given as: 

1

1

w
w

w w

w
w

x w

u
i

u
i

x


 



 
=




 =
   

(2-5) 

where w is unit weight of water, uw is the (excess) pore water pressure. 

Using soil phase relationships, the apparent velocities, 

wv  and 
w

xv , can 

also be expressed as: 

( ), ,

,

1

1

w
w w act s w

w

w
w w act

x xw

e
v v v

e

e
v v

e

  


= − +


 =
 +  

(2-6) 

where 
,



w actv  and 
,w act

xv  are the actual velocity of water in the vertical 

and horizontal directions respectively, 
,



s wv  is the actual velocity of soil 

particles in the vertical direction due to water flow, i.e., the soil 

deformation per unit time, which is a small value.  
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For soil element dxdy in Figure 2-1(b), the water inflow consists of 

 =w wq v dx  and =w

x

w

xq v d , and the outflow of ( )   +  w wq v d dx  and 

( ) + w w

x xv xq dxd . The change of flow, 
wdq , is 

( ) ( )    +  w w

x xv d dx v dxd . Substituting Eq. (6) to 
wdq  yields 

( ), , ,

1 1

w w
w w act s w w act

xw w

e e
dq v v d dx v dx d

e x e
   



          
= − +      

 +  +           

(2-7) 

The change of flow is equal to the water flow induced change of soil 

volume, dVw. Based on soil phase relationships, dVw can be expressed 

as a function of water void ratio ew:  

1

1

w
w

w

e
dV d dx

e t



= −

+   
(2-8) 

Combining Eqs. (2-7) and (2-8) gives 

( ), , ,1

1 1 1

w w w
w act s w w act

xw w w

e e e
v v v

e t e x e
 



     
− = − +   

+   +  +     

(2-9) 

Substituting Eqs. (2-3)−(2-6) to Eq. (2-9) leads to: 

( ) ( )
( )

2
02 2

2 2

1 1
 

1

w w w ww w w
x

w w w

k e k ee u u

t x ye



 

+ +  
= +

  +
 

(2-10) 

Eq. (2-10) gives the water flow continuity relationship. The water void 

ratio ew is expressed as a function of time t, location (x, y), and the 

pore water pressure uw. The permeability coefficients, 
w

xk  and 

wk , are 

determined experimentally. 

2.2.3 Air flow equation 

According to Fick’s law, the air mass fluxes, 

am  and 
a

xm , are expressed 

as:  
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a a
a

a a
a x
x

k u
m

g

k u
m

g x






 
= −




 = −
   

(2-11) 

where  

ak  and 
a

xk  respectively are the vertical and horizontal 

permeability of air (or air diffusivity) and determined experimentally, g 

is the gravitational acceleration and equals 9.81 m/s2, and ua is the 

(excess) pore air pressure.  

Alternatively, the air mass fluxes 

am  and 
a

xm  can be expressed as a 

relation of the air void ratio ea: 

( ), ,

,

1

1

a
a a a act s a

a

a
a a a act

x xa

e
m v v

e

e
m v

e

  




= − +


 =
 +  

(2-12) 

where 
,



a actv  and 
,a act

xv  are the actual velocity of air in the vertical and 

horizontal directions respectively, 
,



s av  is the velocity of soil particles in 

the vertical direction due to air flow, and  a
 is the density of air and, 

using the ideal gas law, is expressed as: 

a a

poreu
R





=

 
(2-13) 

where  is the molecular mass of air and equals 0.029 kg/mol, R is the 

universal constant and equals 8.314 J/mol/K,  is the temperature in 

Kelvin scale, and 
a

poreu  is the absolute pore air pressure and equals 

+a a

atmu u  where 
a

atmu  is the standard atmosphere of 101,325 Pa.  
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Similar to the water flow, the air flow through soil element dxdy in 

Figure 2-1(c) leads to the difference of air flow mass, 

adm  and 
a

xdm . 

Based on Eq.(2-12), 

adm  and 
a

xdm  are written as: 

( ), ,

,

1

1

a
a a a act s a

a

a
a a a act

x xa

e
dm v v d dx

e

e
dm v dx d

x e

   


 

    
= −   

 +    


  
=     +    

(2-14) 

Therefore, the total air flow mass difference, 
adm , is: 

a a

x

adm dm dm= +
 

(2-15) 

By density definition, the air mass change of the element, 
adM , is 

calculated as: 

a aa a adVM dd V = +
 

(2-16) 

where 
adV  is the change of air volume and is expressed using the air 

void ratio, ea, as: 

1

1

a
a

a

e
dV d dx

e t



= −

+   
(2-17) 

Using phase relationships, volume of air aV  can be written as: 

1

a
a e

V d dx
e

=
+  

(2-18) 

Based on the law of continuity, i.e., 
adm = adM , Eqs. (2-15) and (2-16) 

are combined into:  

( ), , ,

1

1

1 1 1
 


 



      
− + = − +   

+    +  +  + 

a a a a a
a a act a s a a act

xa a a

e e e e
v v v

e t t e x ee
 (2-19) 

Substituting Eqs. (2-11) and (2-13) to Eq. (2-19) and rearranging the 

equation, gives 
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( )( )
( )
( )

( )
( )( )

2
2 2

0

2 2

1 1(1 )
 

1 1

a a a aa a w a a a
x

a a a a a a a

atm atm atm

k e R k e Re e e u u u

t t x ye u u g u u g e u u

 

 

+ + +   
=− + +

   + + + + +
 

(2-20) 

Eq. (2-20) is the air flow equation. This equation provides the air void 

ratio ea as a function of time t, location (x, y), pore air pressure ua, and 

void ratio e. Parameter ew is determined from Eq. (2-10). Permeability 

coefficients 
a

xk  and 

ak .are determined experimentally. 

2.2.4 Consolidation equation 

The volume change of element dxdy in Figure 2-1(a), dV, consists of 

the volume changes of water and air, dVw and dVa. The volume 

changes are proportional to the initial volumes of the soil element, V0, 

as follows: 

0 0 0

w adV dV dV

V V V
= +

 

(2-21) 

The term 
0/dV V  can be determined from the methods proposed in 

Fredlund and Morgenstern (1976) and Alonso et al. (1990). Alonso et 

al. (1990) offered an elastoplastic framework and the framework was 

extended for example by Wheeler et al. (2003) and Pedroso and 

Farias (2011) to assess cyclic behaviour of unsaturated soil. Qi et al. 

(2020) however suggested the state surface model in Vu and Fredlund 

(2006) offers relatively greater flexibility with constitutive relations and 

better determination of inter-element flow. Meanwhile the state surface 

approach enables modelling from saturated to unsaturated conditions 

more conveniently. As per Dakshanamurthy and Fredlund (1980), 

0/dV V  is given as: 

( ) ( ) ( )1 2

0

a a a w

x pore y pore pore pore

dV
m d u d u m d u u

V
 = − + − + − 

 
 

(2-22) 

where x and y are the soil total stresses in x and y directions 

respectively, and m1 and m2 are the coefficients of soil volume 
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compressibility with respect to the net stress, (x − ua
pore)+(y − ua

pore), 

and the matric suction, (ua
pore−uw

pore), respectively. The uw
pore is the 

absolute pore water pressure and equals (uw+uw
hydro), and uw

hydro is the 

hydrostatic pore water pressure.  Similarly, the terms 
0/wdV V  and 

0/adV V  are written as: 

( ) ( ) ( )

( ) ( ) ( )

1 2

0

1 2

0

 

 

w
w a a w a w

x pore y pore pore pore

a
a a a a a w

x pore y pore pore pore

dV
m d u d u m d u u

V

dV
m d u d u m d u u

V

 

 


 


−



 



= − + − + −



 = − −


+ +

  

(2-23) 

where 1

wm
, 2 wm

, 1 am
 and 2 am

 are the coefficients of water and air 

volume change per unit change of the net stress and matric suction, 

respectively.  

Substituting Eq. (2-2) to Eq. (2-23) and taking derivative for time t, 

leads to: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 1 1 2

0 1 1 2

1

1

w
w a w a w a w

x pore y pore pore pore

a
a a a a a a w

x pore y pore pore pore

e
e m u m u m u u

t t t t

e
e m u m u m u u

t t t t

 

 

    
= + − + − + −       


     = + − + − + −        

(2-24) 

Considering a vertically deformed layer, Eq. (2-24) is written as 

( ) ( )

( ) ( )

0 1 2 1 2

0 1 2 1 2

1 2 2

1 2 2

a ww
pore porew w w w

a wa
pore porea a a a

u ue
e m m m m

t t t t

u ue
e m m m m

t t t t





    
= + + −  

      


   
= + + −      

−



−


 

(2-25) 

The changes of total stress with respect to time, / t , for water and 

air respectively are expressed as: 
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w

w

a

a

t t

t t

  



  



  
=

  


   =
     

(2-26) 

where, term /    as per Fredlund et al. (2012) is: 

g






=

  
(2-27) 

and term / t , the coordinate deformation with respect to time, is 

expressed in terms of void ratio as: 

0

0

1

1

1

1

w w

a a

e
y

t e t

e
y

t e t










= −

 + 

 
=








−




+  

(2-28) 

where ρ is the density of the element and Δy is the initial height of the 

element. Similarly, the change of pore water pressure is associated 

with the change of element height, as: 

w w w
pore

w

w a w
pore

w

u u
g

t t t

u u
g

t t t







  
= +

   


  
= +     

(2-29) 

Substituting Eqs. (2-26) to (2-29) into Eq. (2-25), the change of water 

and air void ratios with respect to time are: 

( )

( )
( )

( )

( )
( )

0

2 1 2

1 2

0

2 1 2

1 2

1
2

1 2

1
2

1 2

a ww
porew w w

w

a wa
po

w

rea a

w

w

a

a

a

ue ue
m m m

t t tg y m m

ue ue
m m m

t t tg y m m

 

 

  + 
= −  

   + −      


 + 
= −     + −

−

−
     

(2-30) 

The integration of Eq. (2-30) yields water and air void ratios, ew and ea, 

at time t, as: 
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( )

( )
( )( ) ( )

( )

( )
( )( ) ( )

0

-1 2 1 -1 2 -1

1 2

0

-1 2 1 -1 2 -1

1 2

1

1 2

1

1 2

2

2

w w

a a

w w w w a a w w w

t t t t t t

w

a a a a a w w

t t t t t taa

w

e
e e m m u u m u u

g y m m

e
e e m m u u m u u

g y m m

 

 

+
 = + −   + −  


+  = + −

   +

− − −

− − −
−

   

(2-31) 

Note that the operation signs of 1

wm , 2 wm , 1 am  and 2 am  have accounted 

for the effects of the net stress and matric suction on the water and air 

void ratios.  

Replacing terms / we t  and / ae t  in Eq. (2-30) with Eqs. (2-10) and 

(2-20) respectively gives:  

( ) ( ) ( )
( )

( ) ( )
( )( )

2
1 22 1

2

2 2 0

2
0

2
1 2

2

2 0

1 1 22

1

1 1 2

1 1

w ww ww a w
x w

w w w

w w
w

w

w w

w w

w w w

k e g y m mm mu u u

t m t m e x

k e g y m m u

ym e e



 



 



 + + −   = −
  + 

 + + −  −
+ +

−

 

(2-32) 

( )( )( )
( )( )( )( ) ( )

( )( ) ( )

( )( )( )( ) ( ) 
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2 0

0 2 1 1 2

2
1 2

2

0 2 1 1 2

2

0 1

1 1

1 1 2 (1 ) 1 2

1 1 1 2

1 1 2 (1 ) 1 2

1 1 1 2

a a aa w
atm

a a a a a w a

atm w

a a a
a

x w

a a a a a w a

atm w

a a

a

a

a

a

m e e u uu u

t te e m m u u e e g y m m

k R e e g y m m u

xg e e m m u u e e g y m m

k R e e g y m

 

  

  

 

+ + + 
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  + + + + + + −
 

 + + + −  +
 + + + + + + −

 

+ + +
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+
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2
2
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0 2 1 1 21 1 1 2 (1 ) 1 2

a
a

w

a a a a a a w a

atm w

a

m u

yg e e e m m u u e e g y m m



  

 −  

 + + + + + +
 

− + −
 

(2-33) 

Eqs. (2-32) and (2-33) are the equations coupling pore air and pore 

water pressure dissipation in soils. The water and air void ratios ew and 

ea are determined from Eq. (2-31). The permeability coefficients, 
w

xk , 



wk , 
a

xk  and 

ak , and the compressibility coefficients, 1

wm , 2 wm , 1 am  and 

2 am , are variables and determined separately. 
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2.2.5 Determination of permeability and compressibility 

Air and water permeability coefficients, 
w

xk , 

wk , 
a

xk  and 

ak , are varied 

nonlinearly with soil hydro-mechanical properties (Fredlund and 

Morgenstern 1976, Ba-Te et al. 2005). As per Brooks and Corey (1964) 

and Fredlund et al. (2012), water and air permeability coefficients are 

expressed respectively as: 

2 3

fw w

s

a
k k





+

 
=  

   

(2-34) 

2
2

1 1
f fa a

d

a a
k k

 

 

+      
= − −      

           

(2-35) 

where 
w

sk  is the water permeability measured in the saturated 

condition, 
a

dk  is the air permeability in the dry condition, af is the air-

entry suction, matric suction ψ = (ua
pore – uw

pore), and λ is the pore-

distribution parameter determined from the water retention curve.  

Substituting Eq. (2-34) for the permeability coefficients in Eq. (2-32), 

the water pressure dissipation equation gives: 

2 2

1 2 32 2

w a w wu u u u
W W W

t t x y

   
= + +

     

(2-36) 

where coefficients of consolidations W1, W2 and W3 are:  
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(2-37) 

where ,

w

s xk  and ,

w

sk  are the horizontal and vertical permeability 

coefficients of water in saturated conditions, respectively. Similarly, 

substituting Eq. (2-35) for the permeability coefficients in Eq. (2-33), 

the air pressure dissipation equation is written into: 

2 2

1 2 32 2

a w a au u u u
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(2-38) 

where coefficients of consolidations A1, A2 and A3 are:  

( )( )( )
( )( )( )( ) ( )

( )( ) ( )

( )( )( )( )

2 0

0 2 1 1 2

1 2

0 2 1 1 2

1

2
2

,

2

1 1

1 1 2 (1 ) 1 2

1 1 1 2

1 1 2 2

1 1

(1 ) 1

a

f fa

a a a

atm

a a a a a w a

atm w

a a

w

a a a a a w

a m

a

t

d x

a

A
y

a a
k

m e e u u

e e m m u u e e g m m

R e e g y m m

g e e m m u u e e g
A

y m m

 




 

 







+

=
−

     



+ + +

 

−


− − 

+ + + + +

    


+

    

+ −
 

+ +

=

+
 

+ + + + +

 

−



− ( ) 

( )( ) ( )

( ) ( )( )( )( ) ( ) 

2

0 1 2

0 2 1 1

2
2

3

2

, 1 1 1 2

1 1 1 2 (1 ) 1 2

1 1

a

w

a a

w

a a a a a

f fa

a w a

at w

a

d

a

m

R e

e

a a
k

A

e g y m m

g e e e m m u u e g y m m

 





  











+














       
− −      

          =
−

 
 

 + + + −

+


 

 + + + + + + −
   

(2-39) 

where ,

a

d xk  and ,

a

dk  are the horizontal and vertical permeability 

coefficients of air at dry conditions, respectively.  

Similar nonlinearity occurs to the compressibility coefficients, 
1m ,

2 m ,

1

wm ,
2 wm ,

1 am  and 
2 am . The six coefficients are reduced to four using the 
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continuity relationships, i.e., 
1

wm  + 
1 am  = 

1m  and 
2 wm  + 

2 am  = 
2m . 

Fredlund et al. (2012) graphically represented the four compressibility 

coefficients,
1m ,

2 m ,
1

wm  and
2 wm , in a volume−stress space as given in 

Figure 2-2 and suggested to determine the coefficients using Eq. 

(2-40):  
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(2-40) 

where, at and am are the coefficients of soil void ratio change at 

constant suction and net stress respectively, bt and bm are the 

coefficients of water content change at constant suction and net stress 

respectively, and Gs is the specific gravity of solids. As per Fredlund et 

al. (2012) and Shuai (1996), coefficients at and bm are determined 

experimentally, i.e., at from a compressibility curve of constant suction, 

bm from a water retention curve of constant net stress. Coefficient am is 

determined from coefficient bm through shrinkage curves; coefficient bt 

can be computed as (at /Gs) in saturated conditions and a function of 

{at,  } in partially saturated conditions. 

It is noteworthy that integrating varied permeability and compressibility 

to soil consolidation offers capabilities in capturing the hydro-

mechanical behaviour of a broader spectrum of soils. The capabilities 

are in favour of examining relatively thicker, more compressible, or 

drier soils. 
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Widely accepted hydro-mechanical models (e.g. Fredlund and Xing 

1994, Shuai 1996, Pham and Fredlund 2011, Sheng et al. 2008, Zhou 

et al. 2012, Zhou and Sheng 2015) are used or considered in this 

study to demonstrate the capabilities, whereas other hydro-mechanical 

models can also be used to solve for consolidation of unsaturated soils. 

The consolidation equations (i.e., Eqs. (36) and (38)) are coupled due 

to pore water−pore air interactions. In addition, the equations are non-

linear, second-order partial differential equations, with major 

parameters (i.e., W1, W2, W3, A1, A2 and A3) related to nonlinear soil 

properties (i.e. k, e, m, ua and uw). This means the equations are 

preferably solved by means of numerical solutions.  

2.3 Numerical solutions 

Although the finite element method works satisfactorily on a material 

coordinate space, it suffers a degree of instability on the fluid flow 

phenomena. To this, the finite difference approach can capture pore 

water and air pressure dissipation and is favourable for large strain 

consolidation (Fox and Berles 1997; Zhou et al. 2013). The finite 

difference approach is also versatile to capture a range of material 

properties and geometry as a function of time and location and 

therefore is used to solve for the consolidation equations. 
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Figure 2-2. Compressibility constitutive surfaces of unsaturated soil in 

a volume–stress space for (a) volume of soil; and (b) volume of water. 

(Adapted from Fredlund et al. (2012)) 

An explicit forward time centred space (FTCS) method is used to 

couple the flow of water and air (Dakshanamurthy and Fredlund 1980, 

Wang et al. 2019). Despite the fact that the method is conditionally 

stabile, the stabilisation and accuracy of the model are determined by 

the selection of the time step and the mesh size, as illustrated in Eq. 

 

(a) 

 

 

(b) 
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(2-48). The coupling is illustrated in Figure 2-3. The soil layer of L × H 

is discretised into a M × N mesh, with each element of ∆x × ∆y. Node 

(i, j), where i = 1, 2, …, M, and j = 1, 2, …, N, represents soil properties 

and consolidation characteristics at the locations of interest. The mesh 

develops in time domain t, at the time step increment ∆t, until the time 

step z∆t, where the time step number z = 0, 1, 2…, ∞. The mesh 

applies to water and air phases separately, while showing interactions 

between the meshes to solve for the coupled consolidation equations.  

Nodes A and C, as well as the neighbour nodes, that are pre-set with 

initial conditions at t = 0 contribute to obtaining nodes B and D of the 

same locations at t = ∆t by means of differencing for Eqs. (2-36) and 

(2-38), which gives: 
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and 
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(2-42) 

Combining for Eqs. (2-41) and (2-42), gives 
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and 
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(2-44) 

If the upper boundary is permeable, 0
=

=w

t j N
u  and 0

=
=a

t j N
u ; 

otherwise, /
=

 a

t j N
u y  = 0 and /

=
 w

t j N
u y  = 0. The drain wells are 

permeable, i.e., 
1,

0
=

=w

t i M
u  and 

1,
0

=
=a

t i M
u . At t = 0, the initial pore 

water and pore air pressures, 
0

wu  and 
0

au , that arise from the surcharge 

load p are determined from the approach in Fredlund et al. (2012). The 

details are given in Appendix A.  
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Figure 2-3. Diagram of coupled water–air finite-difference model. 

As per Ho et al. (2015), the average pore water and pore air pressures 

at time t, w

tu  and a

tu , can be obtained as: 
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(2-45) 

Integrating Eq. (2-22) in time domain, the volumetric strain of the layer 

at time t,  t , is:  
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(2-46) 

Using the volumetric strain, the average degree of consolidation, Uavg, 

is: 

t
avg

f

U



=

 

(2-47) 

where  f
 is the final volumetric strain.   

The time step increment, ∆t, is determined from the criteria for the 

FTCS method (Noye and Tan 1989), which is given as: 

( ) ( )
2 2

8 v

x y
t

c


 
 =

 

(2-48) 

where α is a parameter (of 0.4) (Fox and Berles 1997), and 

consolidation coefficient cv is determined as: 

 2 3 2 3max , , ,vc W W A A=
 

(2-49) 

Figure 2-4 shows the algorithm of the numerical computation. The 

input data consist of the model geometry, initial void ratio (e0), initial 

degree of saturation (S0), initial permeabilities (𝑘0
𝑎, 𝑘0

𝑤), curve fitting 

parameters for water retention, permeability, compressibility and 

shrinkage, and boundaries and termination criteria. After the 

computation program reads the initial data, the program locates the 

level of matric suction () on the water retention curve and determines 

the initial pore pressures (𝑢0
𝑎, 𝑢0

𝑤). After the program applies the 

boundary conditions, the computation loop starts using the time step 

increment (∆𝑡). At each time step, the program determines the 

permeability and compressibility coefficients using soil properties 

obtained in the previous time step. Then, the program feeds the 

obtained data to the coupled FTCS solver, updating the pore 

pressures, as well as the void ratios, matric suction, and the volumetric 

strain. The program uses the updated data for termination analysis, 

running a new loop or ending the loop. Finally, the program calculates 
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the final volumetric strain  f
 and the average degree of consolidation 

Uavg. 

2.4 Model verification 

The proposed model was verified against the analytical solution 

proposed by Ho et al. (2015). The analytical solution applies to the 

plane-strain consolidation of unsaturated soils. Ho’s solution 

considered small strain theory and hence used constant coefficients for 

compressibility and permeability. The assumption is suboptimal, as 

water or air permeability cannot change in consolidation. However, 

Ho’s solution considers coupled water−air flow and is recognised as an 

effective toolbox for verification. In a small strain condition, the 

permeability as in Eqs. (2-34) and (2-35) and compressibility in Eq. 

(2-40) use constant values.  

The soil layer is given in Figure 2-1(a). The soil layer is compressed 

under the surcharge load p = 100 kPa. As per Ho et al. (2015), the 

surcharge load cause an initial pore water pressure 
0

wu  = 40 kPa and 

air pressure 
0

au  = 20 kPa in the soil layer. Water and air in the soil 

layer discharge through the upper boundary and drain wells. The lower 

boundary is relatively impermeable to air and water. The model 

parameters, as given in Ho et al. (2015) and Wang et al. (2018), are 

provided in Table 2-2. The permeability coefficients in the vertical and 

horizontal directions are the same. As in Ho et al. (2015), three air to 

water permeability ratios /a wk k , i.e., 0.1, 1 and 10, are examined.  
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Figure 2-4. Numerical program flow chart. 
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The mesh sizes, ∆x and ∆y, are determined through iterations. A series 

of sizes that progressively decrease are attempted until the obtained 

degree of consolidation curves approach its asymptote. The sizes 

attempted were 0.4, 0.2, 0.1, 0.05 and 0.025 m. As per Wang et al. 

(2018), set  = x y , therefore enabling a square mesh.  

Figure 2-5 shows the pore air pressure at the location of x/L = 0.5 and 

y/H = 0.8 for the case of ak  = wk . In the figure, the elapse times t = 

105, 106, 107 seconds correspond to 1.2, 12 and 120 days, 

respectively. The curves cluster when the mesh sizes are 0.2 m or 

less. The zoom-in indicates the plots approach its asymptote when the 

size becomes 0.05 m, and hence a 0.05 m mesh size is used.  

The consolidation results obtained from the proposed model and Ho et 

al. (2015) are given in Figure 2-6. This figure consists of the 

normalised pore water and pore air pressures, 
0/a au u  and 

0/w wu u , and 

the average degree of consolidation, Uavg, versus time t. Excellent 

agreement between the proposed model and the analytical solution for 

the consolidation results is obtained. Minor discrepancies in the air 

pressure dissipation exist. The discrepancies are marginal since the 

coefficients of consolidation A2 and A3 are deformation dependent. 

That is, with the decrease in the air phase void ratio, the coefficients of 

consolidation are reduced and thus the pore air pressure dissipation 

rate decreases. The model is capable to capture the effects of /a wk k  

on the dissipation of air and water pressures. When /a wk k  increases 

from 0.1 to 10, the dissipation of the pore air pressure is completed 

increasingly earlier than the pore water pressure. As a result, the pore 

water dissipation prevails at the late stage of consolidation. The overall 

agreement suggests that the proposed model and numerical approach 

together can model the coupled water−air flow in the soil layer.  
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Table 2-2. Soil properties used for model verification. 

Soil property Value 

Initial soil void ratio, e0 1 

Initial degree of saturation, S0 80% 

Permeability of water, 
wk  (m/s) 1 × 10−10 

Permeability of air, 
ak  (m/s) 0.1

0

wk , 
0

wk  or 10
0

wk  

Coefficient of water volume change per unit 

change of net normal stress, 
1

wm  (kPa−1) 
−5 × 10−5 

Coefficient of water volume change per unit 

change of matric suction, 
2

wm  (kPa−1) 
−2 × 10−4 

Coefficient of air volume change per unit 

change of net normal stress, 
1

am  (kPa−1) 
−2 × 10−4 

Coefficient of air volume change per unit 

change of matric suction, 
2

am  (kPa−1) 
1 × 10−4 

Length of soil layer, L  (m) 2 

Height of soil layer, H  (m) 5 

Surcharge load, p (kPa) 100 

Standard atmosphere, 
a

atmu  (kPa) 101.3 

Unit weight of water, 
w  (kN/m3) 9.81 

Acceleration of gravity, g  (m/s2) 9.81 

Molecular mass of air,   (kg/mol) 0.029 

Universal gas constant, R  (J/mol/K) 8.314 

Absolute temperature,   (K) 293.16 
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Figure 2-5. Normalized pore air pressure versus time for mesh sizes 

from 0.025 to 0.4 m. 

2.5 Numerical simulations 

The verified model was used to conduct numerical simulations to gain 

an insight into effects of soil properties on consolidation of unsaturated 

soils. The simulations considered soil hydro-mechanical characteristics 

and used the water retention curve and constitutive relations given in 

Fredlund and Xing (1994), Shuai (1996) and Fredlund et al. (2002). 

The details of the hydro-mechanical characteristics are given in 

Appendix B. The water retention curve and constitutive relations were 

sourced from SoilVision Database (The Bentley System Team 2020) 

with the fitting parameters given in Table 2-3. The other soil properties 

remain the same as for the verification study. The soil layer is isotropic, 

i.e., ,

w

s xk  = ,

w

sk   and ,

a

d xk  = ,

a

dk  . 
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Figure 2-6. Comparison between the proposed model and existing 

solution with respect to consolidation results: (a) normalized pore air 

pressures; and (b) normalized pore water pressures, and (c) average 

degree of consolidation for the soil layer L×H under surcharge load p. 

Five cases, A to E, were simulated. The cases have different initial 

degrees of saturation S0 of from 70% to 90%, therefore examining the 

effects of volumetric water ratio on consolidation. Each of the cases 

falls on a location of zero net stress at the water retention curve as 

given in Table 2-4. Table 2-4 also gives the excess pore pressures 
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caused by the surcharge load p = 100 kPa which were calculated 

using the approach in Appendix A. 

The simulation results are provided in Figure 2-7. The results consist of 

the normalised pore pressures and the average degree of 

consolidation versus time for Cases A to E and the small strain case. 

Note the small strain case uses the constant values for permeability 

and compressibility. It is shown that the small strain method yields 

relatively fast dissipation of pore air and pore water pressures than the 

proposed model. Interestingly, the discrepancies are relatively small 

when S0 = 70% or 75% and grow when S0 = 85% or 90%.  

Table 2-3. Model parameters for permeability and compressibility of 

the soil layer. 

Parameter Value 

Saturated water content, ws 0.84 

Residual soil suction, hr (kPa) 714.41 

Coefficient of compression, Cc 0.33 

Water retention curve parameter, af 9.96 

Water retention curve parameter, nf 0.62 

Water retention curve parameter, mf 0.81 

Minimum void ratio, ash 0.44 

Slop of the line of tangency, bsh 0.16 

Curvature of the shrinkage curve, csh 3.04 

Matric suction adjustment factor, Ca1 86.9 

Matric suction adjustment factor, Ca2 3.45 

Matric suction index, Ce 0.28 

Parameter for permeability function, λ 0.12 

Saturated permeability of water, 
w

sk  (m/s) 1.25 × 10−8 

Dry permeability of air, 
a

dk  (m/s) 1.25 × 10−7 
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Table 2-4. Initial conditions for Cases A to E 

Property Case A Case B Case C Case D Case E 

S0 (%) 90 85 80 75 70 

e0 1.4 1.4 1.4 1.4 1.4 

𝑢0
𝑎(kPa) 23.25 14.59 9.87 7.06 5.25 

𝑢0
𝑤(kPa) 29.87 19.80 13.88 10.14 7.63 

The values of the initial saturation degree or wet degree affect the 

consolidation results. The pore air pressure in a less-wet layer 

dissipates faster than in a wet layer, and vice versa. Similar trend 

occurs to the pore water pressure dissipation when accompanying the 

pore air dissipation. The pore air dissipation is completed at 

approximately 0.1 day when 50% to 65% of pore water pressure has 

dissipated. The dissipation rates however change among the five 

cases. The pore water pressure dissipates relatively faster in the less-

wet layers when air and water are dissipating and faster in the wet 

layers at the late consolidation stage when only pore water is left to 

dissipate. These findings agree with Tang et al. (2018). One reason is 

air permeability increases with suction as shown in Eq. (2-35), whereas 

water permeability drops when suction goes up (Eq.(2-34)). Therefore 

pore air and pore water dissipate differently. Consolidation also 

progresses differently between pore air and pore water. Although the 

two phases start to dissipate simultaneously, pore air consolidates 

noticeably faster than pore water. Similar results were reported in 

Rahardjo (1990), Conte (2004) and Qin et al. (2010). One may argue 

air permeates faster than water. This hypothesis however does not 

stand, as the permeability coefficients of air and water fall on the same 

magnitude of 10−10 m/s when S0 = 90%, where pore air still dissipates 

noticeably faster. The dissipation rate can be related to the volume 

change coefficient with respect to the net stress. For case S0 = 90%, 

the volume change coefficient of air with respect to the net stress (10−4 
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kPa−1) is approximately ten times higher than the coefficient of water 

(10−5 kPa−1). The difference in the volume change coefficients possibly 

result in the earlier completion of the pore air pressure dissipation.  

 

Figure 2-7. Comparison between the proposed model and the small 

strain method with respect to (a) average normalized pore air 

pressures; (b) average normalized pore water pressures; and (c) 

average degree of consolidation obtained for cases A to E of different 

initial degrees of saturation and matric suction pressures. 
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The initial wet degree also affects the degree of consolidation. As 

shown in Figure 2-7(c), the consolidation curves of Cases A to E are 

consistent when Uavg < 80% (Stage 1). The curves move into Stage 2 

of Uavg > 80% when the pore air has dissipated completely. The 

air−water consolidation transits into the solo water consolidation. In this 

stage, the wet layers attain a higher consolidation degree than the 

less-wet soils. The wet degree affects the final settlement of soil layer. 

The wet soil layers deform more than the less-wet soil layers. The final 

settlements of Cases A to E range from 107 to 20 mm.  

2.6 Model limitation 

The proposed model offers to use most soil constitutive relationships 

and shows favourable agreement with analytical or simulation results. 

However, the verification against experimental studies has yet been 

conducted and therefore warrants further studies in vertical drain aided 

consolidation.  

The proposed model used an idealised Dirichlet boundary conditions 

which is not the case in some instances. Alternatively sophisticated 

boundary conditions are worth consideration. The model also 

neglected the environmental effects (i.e., evaporation and infiltration). 

The effects were reported affecting the consolidation rate (Qi et al. 

2017b; a, 2020). A solution is to improve the model to take account of 

multiple hydro-mechanical processes including drying, wetting, 

compressing and swelling, thus enabling full-scale modelling. 
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2.7 Conclusions 

The coupled water−air flow equations in unsaturated soils were 

developed. The equations use a Lagrangian−convective coordinate 

system to model two-phase flow and soil settlement. The equations 

integrate water retention capacity, compressibility, shrinkage and 

permeability constitutive relations.  The constitutive relations can be 

nonlinear and are expressed as explicit functions of stress and suction, 

enabling large strain consolidation analysis. The proposed equation 

can determine pore water and pore air pressures at a location in a soil 

layer at any time, consolidation degree of water and air, and layer 

settlement at any time. 

The coupled equations were solved numerically using the finite 

difference method. The solutions were verified and the equations were 

implemented to assess the effects of the initial saturation degree of soil 

on consolidation. The assessment arrived at the following results: 

• Under surcharge preloading, a wet layer takes longer time than 

a less-wet layer to reach the same consolidation degree at early 

consolidation stage when pore air and pore water are 

dissipating; when pore air dissipation is completed and only 

pore water is left to dissipate, the wet layer consolidate relatively 

faster. The time effects are more noticeable when using the 

large strain analysis.  

• For the cases examined, the pore air dissipation is completed 

earlier than the pore water dissipation. The pore air dissipation 

is completed at approximately 0.1 day when the consolidation 

degree is about 80%. 
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• It is necessary to use large strain consolidation analysis for 

unsaturated soils of relatively high saturation degree and 

compressibility. 
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2.8 Notation 

The following symbols are used in this paper: 

Roman  

1A , 2A , 3A  Coefficients of consolidation for air flow  

fa  Water retention curve fitting parameter 

sha  Minimum void ratio 

shb  Slope of line of tangency 

1aC  Matric suction adjustment factor 

2aC  Matric suction adjustment factor 

sC  Swelling index 

awC  Compressibility of water−air mixture, kPa−1 

wC  Compressibility of water, kPa−1 

shc  Curvature of shrinkage curve 

vc  Coefficient of consolidation, m2/s 

e  Soil void ratio 

e 0 Initial soil void ratio 

ae  Air void ratio 

0

ae  Initial air void ratio 

we  Water void ratio 

0

we  Initial water void ratio 

g  Gravitational acceleration, m/s2 

H  Height of soil layer, m 

rh  Residual matric suction 

i  The ith node in horizontal direction 

w

xi  Hydraulic gradient in horizontal direction, m/m 
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wi  Hydraulic gradient in vertical direction, m/m 

j The jth node in vertical direction 

k Coefficient of permeability 

a

dk  Permeability of air in dry condition, m/s 

a

xk  Horizontal permeability of air, m/s 

,

a

d xk  Horizontal permeability of air in dry condition, m/s 

 ak  Vertical permeability of air, m/s 

, a

dk   Initial permeability of air in dry condition, m/s 

w

sk  Permeability of water in the fully saturated condition, m/s 

w

xk  Horizontal permeability of water, m/s 

,

w

s xk  Horizontal permeability of water in the fully saturated condition, 

m/s 

wk  Vertical permeability of water, m/s 

,

w

sk   Vertical permeability of water in the fully saturated condition, 

m/s 

L  Spacing of vertical drains, m 

M Mesh node count in vertical direction 

adM  Air mass per time, kg/s 

1

am  Coefficient of air volume change with respect to net stress, 

kPa−1 

2

am  Coefficient of air volume change with respect to matric suction, 

kPa−1 

am  Air mass flux through the element, kg/m2/s 

a

xm  Air mass flux in horizontal direction, kg/m2/s 

a

xm  Air mass flow rate in horizontal direction, kg/s 

am  Air mass flux in vertical direction, kg/m2/s 

am  Air mass flow rate in vertical direction, kg/s 
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m1 Coefficient of soil volume change with respect to net stress, 

kPa−1 

1

wm  Coefficient of water volume change with respect to net stress, 

kPa−1 

m2 Coefficient of soil volume change with respect to matric 

suction, kPa−1 

2

wm  Coefficient of water volume change with respect to matric 

suction, kPa−1 

fm  Water retention curve fitting parameter 

N Mesh node count in horizontal direction 

n Porosity 

fn  Water retention curve fitting parameter 

p Surcharge load, kPa 

w

xq  Flow rate of water in horizontal direction, m2/s per m run 

wq  Flow rate of water in vertical direction, m2/s per m run 

R  Universal gas constant, J/mol/K 

S  Degree of saturation 

t  Elapsed time, s 

t  Time step increment, s 

Uavg Average degree of consolidation 

au  Excess pore air pressure, kPa 

0

au  Initial excess pore air pressure, kPa 

a

poreu  Absolute pore air pressure, kPa 

a

atmu  Standard atmosphere, kPa 

wu  Excess pore water pressure, kPa 

w

poreu  Pore water pressure, kPa 

 

w

hydrou  Hydrostatic pore water pressure, kPa 

 

( , )w

tu i j  Excess pore water pressure of node (i, j) at time t, kPa 
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( , )a

tu i j  Excess pore air pressure of node (i, j) at time t, kPa 

0

wu  Initial pore water pressure, kPa 

a

tu  Average pore air pressure at time t, kPa 

w

tu  Average pore water pressure at time t, kPa 

0V  Initial volume of soil, m3 

aV  Volume of pore air, m3 

sV  Volume of solids, m3 

vV  Volume of void, m3 

wV  Volume of pore water, m3 

a

xv  Actual velocity of air flow in horizontal direction, m/s 

av  Actual velocity of air flow in vertical direction, m/s 

,a act

xv  Actual velocity of air flow in horizontal direction, m/s 

,a actv  Actual velocity of air flow in vertical direction, m/s 

,s av  Velocity of soil particles in vertical direction due to air flow, m/s 

w

xv  Apparent velocity of water flow in horizontal direction, m/s 

wv  Apparent velocity of water flow in vertical direction, m/s 

,s wv  Velocity of soil particles in vertical direction due to water flow, 

m/s 

w

xv  Actual velocity of water in horizontal direction, m/s 

wv  Actual velocity of water in vertical direction, m/s 

,w act

xv  Actual velocity of water in horizontal direction, m/s 

,w actv  Actual velocity of water in vertical direction, m/s 

1W , 2W , 3W  Coefficients of consolidation for water flow 

sw  Saturated gravimetric water content 

x  Abscissa in Lagrangian coordinate 

x  Mesh size in horizontal direction, m 
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y  Ordinate in Lagrangian coordinate 

y  Mesh size in vertical direction, m 

z Time step number 

  

Greek  

∆ Differential change 

α Parameter for time step increment 

t  Volumetric strain of the layer at time t 

f  Final volumetric strain of the layer 

1

a

t +
 Elevation of element (xt, yt) due to air flow 

1

w

t +
 Elevation of element (xt, yt) due to water flow 

  Temperature in Kelvin scale, K  

λ Parameter for permeability function 

a  Density of air, kg/m3 

  Density of element, kg/m3 

 x Horizontal total stress, kPa 

 y Vertical total stress, kPa 

w  Unit weight of water, kN/m3 

  Matric suction 

  Molecular mass of air, kg/mol 

  

Superscripts  

a Pore air 

s Soil soild particles 

w Pore water 

  

Subscripts  

t Time 

x Horizontal direction in Lagrangian coordinate system 

y Veridical direction in Lagrangian coordinate system 

 Veridical direction in convective system 
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0 Initial condition 

1 With respect to net stress 

2 With respect to matric suction 

  

Coordinates  

x Horizontal axis in Lagrangian coordinate system 

y Veridical axis in Lagrangian coordinate system 

  Veridical axis in convective system 
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Abstract 

Land and groundwater pollution is increasingly threatening public 

health and ecological safety. Vacuum aided vertical drain is recognised 

as an effective solution to clean up contaminated lands. Clean-ups 

often involve complicated hydro-chemical transport processes and are 

difficult to manage. This study presents a consolidation−solute 

transport model to assist with clean-up management. The model can 

predict coupled consolidation and chemical transport in diverse ground 

conditions, e.g., fully or partially saturated, less to highly deformable, or 

permeable to impermeable layers. To factor in the varied ground 

conditions, the model integrates the unsaturated flow characteristics, 

finite deformation theory and finite difference method into a set of 

governing equations and numerical solutions. The model was 

experimentally verified and then applied to examine effects of soil 

saturation conditions, solute transport conditions, and consolidation 

efforts on solute transport. The results show that the dispersion 

process contributes to the chemical clean-up, whereas the contribution 

becomes less noticeable in unsaturated conditions. The solute sorption 

process counteracts the solute transport and delays the clean-up. The 

consolidation accelerates the transport of reactive chemicals but 

shows limited effects on transport of non-reactive chemicals.  

Keywords: Unsaturated soil, solute transport, large strain 

consolidation, finite difference method, Lagrangian−convective. 
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3.1. Introduction 

Illegal dumps from industry operations and municipal activities have 

caused serious threats to land and groundwater systems. Clean-ups 

and site management are applied to remediate polluted soil and 

groundwater. Pump and treat is the most common technology for site 

remediation, but is restricted to relatively permeable ground such as 

sandy strata. To suit broader ground conditions, vacuum aided vertical 

drain is recognised as a technique that can effectively transport water 

and solutes in strata and meanwhile consolidate the strata. Notably, 

consolidation and solute transport interact each other, mostly in the 

form of consolidation aided solute transport (Lee and Fox 2009; Peters 

and Smith 2002; Wu et al. 2020). The interaction of the two processes 

is complex and therefore remains intriguing. 

Analytical and numerical models were developed to depict 

consolidation induced solute transports. Potter et al. (1994) coupled 

the advection−dispersion equation with the Terzaghi consolidation 

theory in a one-dimensional space. Their study was extended to a two 

dimensional space considering the effects of lateral seepage (Loroy et 

al. 1996), sorption (Peters and Smith 1998), and boundary conditions 

(Alshawabkeh et al. 2005). However, these models are suitable for 

none to small strain deformation conditions where consolidation and 

transport parameters are assumed constant. However, many studies 

(such as Fox and Berles 1997; Fox and Lee 2008; Gibson et al. 1981) 

showed that large strain deformation occurs to thick, compressible 

strata when consolidated. As a result, the consolidation and transport 

parameters are changing with the soil porosity and stresses applied. 

Consolidation results are not accurate if using the small strain 
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assumption. Advanced modelling that takes account of changing 

consolidation characteristics is required.  

Gibson et al. (1981) developed the finite deformation consolidation 

model using a Lagrangian−convective deformable coordinate system. 

The model used void ratio as a variable and considered non-linear 

changes of compressibility and permeability during consolidation. 

Smith (2000) used a similarly deformable coordinate system and 

solved for contaminate transport through porous media. Using the 

same coordinate system Peters and Smith (2002) examined solute 

breakthrough and found less time required for solutes to breakthrough 

in a compressible layer than in a non-compressible layer. These 

studies were extended to the assessing of two-dimensional transport 

(Fox 2007a; b), nonlinear sorption (Fox and Lee 2008), and constant 

rate of strain (Pu and Fox 2015). The finite deformation models were 

also applied to predict preloading consolidation induced solute 

transport in layered soil (Pu and Fox 2016; Yu et al. 2018), self-weight 

consolidation induced solute transport (Pu et al. 2020), electro-osmosis 

induced solute transport (Deng and Wang 2014), and landfill leaches 

through geomembrane (Lewis et al. 2009). These studies are only 

suitable for fully saturated soil layers. In partially saturated layers, 

presence of air complicates consolidation and solute transport, 

therefore warranting development of more robust approaches. 

Consolidation induced solute transport in an unsaturated layer is 

solved by using a pore fluid compressibility factor. The factor accounts 

for pore air compression induced layer deformation and can be 

integrated to general consolidation equations (Fredlund et al. 2012). 

Zhang et al. (2012, 2013) and Wu et al. (2020) applied this conception 

to model consolidation induced solute transport in partially saturated 

layers. Their models can consider saturation degrees but are 
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unsatisfactory in capturing coupled water−air pressure dissipation. The 

coupled dissipation is a non-linear process and is affected by water 

retention capacity and constitutive relationships e.g., shrinkage curve 

and compressibility curve (Fredlund and Zhang 2013; Huangfu and 

Deng 2023; Qi et al. 2017b, 2020; Shuai 1996b; Tang et al. 2018). Due 

to difficulty to measure pore air pressures, previous models considered 

the pore fluid only, and did not take account of the coupled dissipation 

when predicting consolidation induced solute transport. Failing to 

capture the liquid and gas combined dissipation likely results in errors 

in predicting seepage velocity and solute transport. 

This study presents a model for consolidation induced solute transport. 

As a further step to the consolidation model in Huangfu and Deng 

(2023), the current model considers four phases, i.e. pore air, pore 

water, solids and pore solute, and develops the governing questions 

for consolidation and solute transport in unsaturated soil layers. The 

model is solved numerically using unconditionally stable alternative 

direction implicit finite difference time domain algorithm. The 

performance of the model was verified against the analytical and 

experimental studies. Some interesting example problems were solved, 

showing site clean-up results in relation to soil saturation conditions, 

solute transport characteristics, and consolidation boundaries.   

3.2. Model development 

3.2.1 Coordinate system 

A layer with vertical drains installed at spacing of L and depth of H is 

assumed, as shown in Figure 3-1 (a). A Lagrangian-convective 

coordinate system consists of two coordinates, i.e. spatial coordinate 
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(x, y) in Figure 3-1 (b) and temporal coordinate (x,  ) in Figure 3-1 (c 

and d). The coordinate system enables a real-time update of the 

element location and element state and hence enables the finite 

deformation analysis.  Vertically, spatial coordinate (x, y) has height y 

fixed at the datum, capturing the soil layer deformation; temporal 

coordinate (x,  ) has height   fixed in the soil layer, determining the 

element deformation. Superscripts w and a represent the water and air 

phases respectively, and dy, d  are the element height in spatial and 

temporal coordinates respectively.  

 

Figure 3-1. Lagrangian−convective coordinate system: (a) datum 

plane, (b) soil element, (c) water phase, and (d) air phase. 

In coordinate (x,  ), and over a time step increment t, the thickness 

of element dxdy reduces to 
w  due to water volume change, 

a  due 

to air volume change, or a combination thereof. Correspondingly, the 

element relocates to 
1

w

t +
, 

1

a

t +
, or a lower elevation due to the 

combination effect. The results obtained in coordinate (x,  ) are used 
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to calculate element location in coordinate (x, y). The calculations 

follow the relationships as: 

0

0

1

1

1

1

w w

w

a a

a

e

y e

e

y e





 +
=

 +


 + =
  +

 (3-1) 

where, ew and ea are water and air void ratios respectively, and 

subscript 0 is the initial condition.  

3.2.2 Consolidation equation 

Huangfu and Deng (2023) developed a mass conservation equation 

based on Darcy’s and Fick’s laws. Their method adopted the following 

assumptions: 1) Soil particle and water phase are incompressible; 2) 

Flow of water and air leads to soil deformation separately and the 

deformation is superimposable; 3) Environmental effect such as 

evaporation, temperature and air dissolving in water are neglected; 4) 

Smear effect and well resistance are neglected; and 5) Deformation 

occurs in vertical direction only, the radial deformation is neglected. 

The equation governs the volume change of water and air in term of 

the pore stresses is adopted from Huangfu and Deng (2023) and is 

expressed as: 
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(3-2) 

where, xk  and k  are permeabilities in horizontal and vertical 

directions respectively, 
w  is the specific gravity of water, 'u  is the 

excess pore pressure, ω, R, θk, and a

atmu  are the molecular mass of air, 

universal constant, temperature in Kelvin, and the standard 

atmosphere pressure respectively. As per Dakshanamurthy and 

Fredlund (1980), the volume changes of water and air are related to 

the soil compressibility as: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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     = + − + − + −      

 (3-3) 

where au and wu are the pore water and pore air pressures respectively, 

m1 and m2 are the soil volume change coefficients with respect to net 

stress, and matric suction respectively, and are determined from soil 

retention, compressibility and shrinkage curves respectively.  

Combining Eq. (3-2) and (3-3), the dissipation of excess pore 

pressures are written as: 
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(3-4) 

or in a matrix form as: 

1 2 3' ' 't xx yyu u u  = +  (3-5) 

where, 
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It is noteworthy that the volume change coefficients of solid, 
1

sm , 
2

sm , 

and volume change coefficients of water, 
1

wm , 
2

wm , become the 

coefficient of volume change, mv, when the soil layer is fully saturated 

(Fredlund et al. 2012). Meanwhile the volume change coefficients of air, 

1

am , 
2

am , become zero. Therefore Eq. (3-4) is simplified into the two-

dimensional large strain consolidation equation of fully saturated soil. 

The processes are given in Appendix C. The simplified consolidation 

equation is written as: 
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(3-7)  

3.2.3 Solute transport equation 

For consolidation induced solute transport, the fluid is less likely to be 

vaporised due to the relatively low seepage rate, and hence the solute 

infiltration into the air phase can be neglected (Wu 2019). Assuming 

the solute is carried out by water phase only, solutes in porous media 

generally transport in four processes, i.e. advection, diffusion, 

dispersion and adsorption (Fox 2007b; Zhang et al. 2013). These 

processes obey the mass conservation law. Applying the law to soil 

solids, Zhang et al. (2013) suggested the following relationship:  

( ) '1 s

a sn S f
t y


 →

  
− = 

  
 (3-8) 

where 
s  is the density of solids, n is the porosity, '

a sf →
 is the solid 

adsorption induced solute loss in pore water, and S is the mass ratio of 

solute adsorbed to solids, also known as Freundlich adsorption 

isotherm. The isotherm is determined as 
d

fS K c=  (Peters and Smith 

2002), where Kd is the partitioning of the contaminant and determined 
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experimentally, and cf is the pore solute concentration. For pore fluid, 

Zhang et al. (2013) proposed the mass conservation relationship as: 

'

r f f a snS c J f
t y


→

  
= − − 

  
 (3-9) 

where Sr is the degree of saturation, and Jf is the fluid flux in Cartesian 

coordinate. The divergence of Jf, fJ , in two-dimensional space has 

following form:  

( )
r

f fw s w

f r f r f x r x

c cnS D
J nS c v v nS c v nS D

y x y M y x x





      
    = − + − −              

 (3-10) 

where, 
wv , w

xv  are the water flow velocity in vertical and horizontal 

directions respectively, 
sv is the solids settling speed, M is the ratio 

between temporal and spatial coordinate, i.e. /M y=   , and D is the 

hydrodynamic dispersion coefficient. Note ( )w sv v −  in Eq. (3-10) 

represents the true velocity of water in the vertical direction. In terms of 

Darcy’s law, the water flow velocities in relation to the coordinates 

have the following relationships: 
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(3-11) 

Combining Eqs. (3-8) to (3-11) leads to the solute transport equation 

as: 
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     +
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 (3-12) 

The hydrodynamic dispersion coefficient D takes account of 

mechanical dispersion and effective diffusion (Peters and Smith 2002). 

For unsaturated soil, Li and Liu (2006) and Zhang et al. (2013) 
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suggested to determine the coefficients in vertical and horizontal 

directions respectively as: 

( ),l w s w

t w

x x x x

D v v

D v

    

 

= − +

= +

 (3-13) 

where 
l

  and t

x  are the longitudinal and transverse dispersion, and 

  and 
  are the longitudinal and transverse mechanical dispersion 

respectively. In unsaturated soil, the mechanical dispersion coefficients 

are written as: 

1.1
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w w
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w w
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 (3-14) 

where t  is the residual water content, and 
fD  and f

xD  are the free 

diffusion coefficients in vertical and horizontal directions, and are 

written as  

,0
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1

1

d

d

M

f f

M

f f

x x

e
D D

e

e
D D

e

 

 
=  

+ 

 
=  

+ 

 (3-15) 

where ,0

fD  and ,0

f

xD  are the free diffusion coefficients in vertical and 

horizontal directions, and Md is the diffusion constant. Note the 
  and 

x  are equal to 
fD  and f

xD  in fully saturated conditions.  

Substituting Eq. (3-13) into Eq. (3-12), the solution equation is written 

as: 

2 2

1 2 3 42 2

f f f f fc c c c c
C C C C

t x y x y

    
= + + +

    
 (3-16) 

where, 



Chapter 3  

67 

 

( )

( )

( )

( )

( )
( )

( )
( )

1

0

2 2

0

3

4

'

'

'

1

1 '

1

1

w w
x

w

w w

w

w w

w

w

w w
x

t w

xw

x

s d w

l

w

w

s d w

w

s d w

w

s d w

e
e

C
M K e

e
e

C
M K e

e
C

yM K e

e
C

x

k u

x

k u

M e

k

K

y

k u

u





























  +
  −

 





   =
+

 +
  −

    =
+

+ 
=

+

+ 





=
+

 (3-17) 

where the excess pore water pressure differences are solved using the 

centre difference method as follows: 

1, 1,
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=
 

−
 (3-18) 

Eq. (3-16) governs the solute concentration at locations (x, y). The 

solute equation is coupled with the consolidation equation (Eq. (3-5)). 

The parameters in the consolidation equation including e, ew, 
wk , w

xk  

and u'w are solved and fed in the counterparts in the solute transport 

equation. The remaining parameters such as 
fD , 

l

  and t

x  are 

determined experimentally.  

3.3. Numerical simulations 

The consolidation and solution equations can be solved numerically 

using the finite difference method. The L × H soil layer (in Figure 2) is 

discretised into a Q × N mesh, with each element of ∆x × ∆y, as shown 

in Figure 2. The soil properties of an element is represented by node (i, 
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j), where i = 1, 2, …, Q, and j = 1, 2, …, N. The mesh extends in time 

domain until z∆t, where the time step number z = 0, 1, 2, 3, ∞ (or a 

number large enough for numerical termination). 

Differential equations are often solved using the explicit finite 

difference approach. The approach is suitable to solve most uncoupled 

governing equations, but as per Purnaditya et al. (2019) suffers 

computation instability when solving coupled governing equations such 

as Eqs. (3-5) and (3-16). Applying the implicit finite difference method 

to a two-dimensional problem less likely gives results in first-order 

accuracy in time (Hoffman and Frankel 2018). Alternative direction 

implicit finite difference time domain (ADI-FDTD) method outperforms 

the explicit and implicit finite difference by achieving unconditional 

stability (Douglas and Rachford 1956) and second order accuracy in 

time and space. This approach was applied successfully to solve 

coupled consolidation equations such as Hu et al. (2014) and solute 

transport equations (Purnaditya et al. 2019). ADI-FDTD approach 

breaks one time step into two and discretises the governing equation 

into a tridiagonal matrix form (Chen et al. 2021; Thomas 1949). Figure 

3-2 shows the splitting of the time step increment t. Time step t to (t + 

t) consists of two sub-steps, i.e. t to (t + 0.5t) and (t + 0.5t) to (t + 

t).  In the first sub-step, discretise the soil layer domain implicitly in x-

axis and explicitly in y-axis; then in the second sub-step, swap the 

axes, discretising the domain explicitly in x-axis and implicitly in y-axis. 

The combination of two sub-steps eliminates explicit discretisation, 

therefore achieving unconditionally stable computation.  

 



Chapter 3  

69 

 

 

Figure 3-2. Explicit−implicit finite difference schematic diagram. 

3.3.1. Consolidation equation solution 

The discretisation of the consolidation equation uses Taylor series 

expansion. In the first time sub-step, the consolidation equation (Eq. 

(3-5)) is written as: 

1/2 1/2 1/2 1/2

, , 1, , 1, , 1 , , 1

1 2 32 2

' ' ' 2 ' ' ' 2 ' '

/ 2 2 2

t t t t t t t t

i j i j i j i j i j i j i j i ju u u u u u u u

t x y
  

+ + + +

+ − + −
     − − + − +

= +                 

 (3-19) 

Eq. (3-19) can be simplified as 
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, 1 , , 1 ,2 2 2

1 1 1

' 1 ' '
4 2 4

t t t t

i j i j i j i j

t t t
u u u b

y y y

  

  

+ + +

+ −

   
− + + − = 

   
 (3-20) 

where 

2 2 2
, 1, , 1,2 2 2
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 (3-21) 

Let 3
1 2

14

t

y







=


, 3

2 2

1

1
2

t

y






 
= + 

 
 and P0 = excess pore pressure at 

the open boundaries. Considering the boundary conditions in Figure 1, 
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i.e. ,1 0'tiu P= , 1, 0't ju P= , , 0'tQ ju P= , and 
,'

0

t

i Nu

t


=


, Eq. (3-20) is written 

into a matrix form as: 

1/2
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+

+
− − − −−

+

    
    

− −     
    =
    

− −     
    −    

 (3-22) 

where I is the 2D identity matrix, and as per Chen et al. (2021) the 

lower diagonal at the boundary layer is 
1 ,2 i N− . Eq. (3-22) is solved 

using the Tridiagonal Matrix Algorithm (TDMA) (Chen et al. 2021; 

Thomas 1949). Specifically, the resulting excess pore pressures at the 

bottom boundary (
1/2

,'ti Nu +
) are replaced with 

1/2

, 1'ti Nu +

− , denoting the 

impervious base. Iterate through the domain mesh by columns from i = 

1 to (Q−1) to solve for the pore pressures 
1/2

,'ti ju +
. Use the pore 

pressures as the initial conditions for the calculations in the second 

time sub-step. The consolidation equation in the second sub-step is 

then written as: 

1 1 1 1/22 2 2
1, , 1, ,2 2 2

1 1 1

' 1 ' '
4 2 4

t t t t

i j i j i j i j

t t t
u u u b
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 (3-23) 

where 
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Similarly, let 2
3 2

14

t

x







=


 and 2

4 2

1

1
2
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= + 

 
. Applying the boundary 

conditions, Eq. (3-20) for the domain mesh by rows is: 
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 (3-25) 

Eq. (3-25) is solved using the algorithm as for solving Eq. (3-22). The 

combination of Eqs. (3-22) and (3-25) is applied to the mesh towards 

the desired length of time e.g., the computation termination. Note that 

the time-dependent consolidation parameters, i.e. void ratio and 

permeability, are obtained from the respective constitutive relations. 

Alternatively, extract the parameters from the respective constitutive 

surfaces that are determined experimentally.  

3.3.2. Solute transport equation 

The solute transport equation (Eq. (3-16)) is solved similar in process 

to solving the consolidation equation. Defining the solute concentration 

at the appropriate boundaries as c0, the matrix for calculations in the 

first sub-step, t to (t + 0.5t), is: 
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  =   
     
     
         

 
(3-26) 

and in the 2nd sub-step as: 
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(3-27) 

where 
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(3-28) 

To enhance the computation efficiency, χ matrix in Eqs. (3-26) and 

(3-27) are written in a sparse matrix form in MATLAB and solved using 

matrix operation.  

3.4. Model verification 

The proposed model was verified against two results. The solute 

transport model was verified against the analytical results proposed by 

Bear (1972). The consolidation−solute coupling model was then 

verified against the experimental results in Lee and Fox (2009). The 

analytical and experimental verifications collectively can prove the 

validity of the proposed model. 
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3.4.1. Solute transport in rigid porous media 

Bear (1972) presented a point-source pollution example. The solute 

originates from the point source pollution and, under uniform steady 

flow conditions, transports in a fully saturated layer. The transport 

involves advection and dispersion processes. The layer, 0.5 (W) × 1 (H) 

m, is assumed non-deformable and open at the boundaries. Bear 

(1972) determined the solute concentration as: 

( ) ( )( ),
22

00

, exp
4 44

w

xt s
i j

xx

w s wy y tx x v tM
cf

D t D tn

v

t D

v

D 









 − −− − = − −



−




 

 (3-29) 

where Ms is the solute mass injected at location (x0, y0), and n is the 

porosity of the porous media. This equation shows solute 

concentration cf at location (x, y) and time t.  

The point source pollution involves injecting a mass of Ms = 10 g solute 

into the layer at location x0 = 0.25 m and y0 = 0.5 m. The proposed 

model used a 0.01 m square mesh for the layer. The modelling 

adopted the soil properties in Fox (2007b), which include the 

transverse dispersity of 0.01t

x = , longitudinal dispersity 0.1l

 = , 

transverse seepage velocity 85 10w

xv −=   m/s, and the longitudinal 

seepage velocity ( ) 95 10w wv v

−− =   m/s. 

The analytical and numerical results are given in Figure 3-3. The 

results consist of the solute concentration isochrones drawn in vertical 

and horizontal directions at t = 1 × 106 seconds (i.e. 11.6 days). 

Excellent agreement between the numerical and analytical results is 

obtained. This means the numerical solutions for the point-source 

pollution induced solute transport are verified.   
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Figure 3-3. Solute concentration isochrones in porous medium: a) 

vertical profiles, and b) horizontal profiles. 

3.4.2. Solute transport in compressible porous media 

The solute transport in compressible porous media was verified 

against the experiment conducted by Lee and Fox (2009).  The 

experiment setup as shown in Figure 3-4 mimics an oedometer 

consolidation cell. The kaolinite clay slurry is enclosed in a cylinder 

compartment. The slurry sample consists of the 21.1 mm 

uncontaminated layer and 50.6 mm contaminated layer, separated with 

the layer of filter paper. The porous disk at the top allows an open, 

equal-strain boundary. The vertical loads were applied in stages of 3.1, 

5.6, 10.4 20.1 kPa, each load applied for 3 days. The effluent 

discharged at the top and bottom was collected to maintain the zero 

head boundary conditions.  
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Figure 3-4. Diagram of one-dimensional consolidation induced solute 

transport. 

Lee and Fox (2009) generated a volume of potassium bromide solution 

and used this solution to prepare the contaminated layer. The initial 

concentration was 270.4 mg/L. The other soil characteristics were: 
l

  

= 20 mm, 
,0D  = 19.6 x 10-10 m2/s, Md = 1.82. They proposed to use 

the following compressibility and permeability relationships: 

0

'
log

'
c

ovb

e e C




 
= −  

 
 (3-30) 

( )

10 k

e

Cwk





−

=  

(3-31) 

where we e=  when the soil is fully saturated, 0e  is the weighted initial 

void ratio and equals 2.47,   is the permeability fitting parameter and 

equals 8.16, Cc and Ck are the compressibility and permeability 

coefficient and are 0.65 and 0.765 respectively, '  is the effective 
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stress and equals ( )w

y u − , and 'ovb  is the initial overburden stress. 

Using the method in Lee and Fox (2009) 'ovb  was determined as 

0.771 kPa. These parameters and relationships were adopted for the 

numerical simulations. 

The solute breakthrough and layer settlement data are shown in Figure 

3-5. The simulation results are in good agreement with the 

experimental results throughout. Notably, the simulations replicate the 

soil settlement and solute concentration induced by the staggered 

loading. The consolidation−solute coupled model is verified. 
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Figure 3-5. Consolidation settlement and solute breakthrough data 

from one-dimensional consolidation test.  
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3.5. Numerical simulations 

The verified model was used to conduct numerical simulations, aiming 

to gain insights on effects of soil characteristics on consolidation 

induced solute transport. A soil layer, 2 (L) × 10 (H) m, is laterally 

enclosed by two vertical drains, as in Figure 3-1 (a). The soil layer is 

uniformly contaminated with a solute concentration C0 = 100 mg/mL, 

and is consolidated by means of vacuum pressure or surcharge 

preloading, so to compare clean-up effectiveness of the two 

consolidation means. The simulation cases, including the consolidation 

methods and boundary conditions, are summarised in Table 3-1. Case 

A involves the conventional preloading consolidation applied to a fully 

saturated layer with open top and closed bottom boundaries. Case B 

also uses preloading consolidation, but the layer is partially saturated, 

with open lateral boundaries and closed top and bottom boundaries. 

Cases C and D apply vacuum pressures to fully saturated layers. Case 

C is aided with a drained top boundary, and Case D is not. Each of the 

four cases applies a vertical load of Δq = 100 kPa at the top boundary. 

Note the 100 kPa load in Cases C and D arises from the 100 kPa 

vacuum pressure, assuming no vacuum pressure drop. 

Solutes in Cases A to D can transport in different processes depending 

on the solute nature. Four transport models are considered as given in 

Table 3-2. Model 1 combines advection and diffusion processes and 

suits less reactive, less adsorptive solutes. Model 2 considers relatively 

reactive but less adsorptive solutes, and Model 3 for relatively reactive, 

adsorbable solutes. 
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Table 3-1. Consolidation methods and soil conditions 

Case 
Consolidation 

method 
Soil layer 

Lateral 

boundary 

Top 

boundary 

Bottom 

boundary 

A 

Preloading 

without 

vertical drain 

Fully 

saturated 
Closed Open Closed 

B 

Preloading 

with vertical 

drain 

Partially 

saturated 
Open Closed Closed 

C 

Vacuum-

aided vertical 

drain 

Fully 

saturated 
Open Open Closed 

D 

Vacuum-

aided vertical 

drain  

Fully 

saturated 
Open Closed Closed 

Table 3-2. Solute transport processes considered (Pu and Fox (2015)) 

Solute transport 

model 

Advection Diffusion Dispersion Sorption 

1 ✓ ✓   

2 ✓ ✓ ✓  

3 ✓ ✓ ✓ ✓ 

3.5.1. Solute transport in fully saturated layer 

Cases A, C and D involve solute transport in a fully saturated layer 

under the different boundaries. The case examples are solved by 

applying the constitutive relations of saturated soils i.e., Eqs. (3-30) 

and (3-31) to the consolidation−solute transport governing equations 

(Eqs. (3-5) and (3-16)). The soil properties are sourced from Lee and 

Fox (2009), as shown in Table 3-3. A small initial preconsolidation 
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stress of 0.5 kPa was used to determine the parameters. Note the soil 

layer is isotropic during the simulation. 

Table 3-3. Soil parameters and initial conditions for saturated soil layer. 

Parameter Value 

Initial diffusion coefficient, 
,0xD , 

,0D
 19.6 × 10−10 m2/s 

Initial void ratio, 
0

we  2.47 

Compression index, Cc 0.65 

Hydraulic conductivity index, Ck 0.765 

Diffusion constant, 
dM

 1.82 

Dispersion constant, t

x , 
l

  0 for solute transport Model 1 and 0.2 

m for Models 2 and 3, 

Freundlich’s isothermal constant, Kd 0 for solute transport Models 1 and 2 

and 1.96 mg/L for Model 3 

Permeability fitting parameter,   8.16 

Specific gravity, Gs 2.61 

The simulation results are given in Figure 3-6. The figure shows the 

consolidation settlement and solute transport towards t = 1,000 days 

for Cases A, C and D where solute transport Models 1 to 3 are 

considered. In the figure, the solute concentration is defined as the 

layer averaged normalised concentration (LANC), 

0

1 1 1 1

/
N M N M

t

f f

i j i j

LANC c c
= = = =

=   . The results suggest that the solute 

concentration is related to the consolidation methods and solute 

transport processes considered. For example, the non-adsorbed 

reactive chemicals are cleaned up faster in solute transport Model 2 

than in the other models. This finding agrees with the results in Fox 

(2007b). The sorption effect, i.e. solute transport Model 3. significantly 

reduces the solute transport due to the chemicals adsorption to the 
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solid particles. Similar effects were also reported by Fox (2007b) and 

Zhang et al. (2013). 

For reactive chemicals, the fluid flow affects the solute transport 

process. For example, Case C yields relatively higher settlement, and 

hence facilitates the reactive chemical discharge. In contrast, Case A 

shows the lowest settlement and hence the chemicals trend to 

dissipate relatively slower. The non-reactive chemical (as of solute 

transport Model 1) is independent to the solute discharge where the 

solute discharge curves from different consolidation cases overlap.  
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Figure 3-6. Settlement and concentration profile for Cases A, C and D. 

To gain further insights into the solute concentrations at a location, the 

proposed model calculates the normalised solute concentration, i.e., 

( )0/ 100%t

f fc c  , in the soil layers of Cases A, C and D. The solute 

concentrations are presented in contours as shown in Figure 3-7 to 

Figure 3-9. Each example case examines the three solute transport 

scenarios Models 1 to 3 for the soil layer at three time points, i.e., t = 1, 
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2.5, and 5 days, when major changes to solute concentration occur. 

The results of after 5 days gradually move towards full clean-ups.  

 

Figure 3-7. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case A considering solute transport Models 1, 2 and 3. 

 

Figure 3-8. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case C considering solute transport Models 1, 2 and 3. 
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Figure 3-9. Solute concentrations at t = 1, 2.5 and 5 days for 

consolidation Case D considering solute transport Models 1, 2 and 3. 

When the solutes are non-reactive and Model 1 governs the solute 

transport, the solute distributes uniformly across the layer as shown in 

Figure 3-7 (a) to Figure 3-9 (a). The even solute distribution results 

suggest that the solute is cleaned up at same rate in the layer, 

regardless of the different boundary conditions applied. This is 

because the transport of non-reactive chemicals is solely related to the 

advection and diffusion coefficient which is determined by the soil 

matrix. Despite the consolidation method, the concentration at the 

boundary layer is drained instantaneously, followed by concentration 

within the layer moving toward the boundaries. The solute 

concentration gradually decreases when the location moves from the 
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domain centre towards the boundaries, which agrees with the 

analytical results of Bear (1972).  

For reactive, non-adsorptive chemicals, i.e., solute transport Model 2, 

the use of the vertical drain path (Case C) does not affect the solute 

transport significantly, whereas fluid is discharged significantly faster. 

One reason is that the porosity at the top boundary is reduced 

significantly, which in turn further reduces the solute transport 

parameter at the top boundary. The top boundary becomes less 

permeable to the solute, hence reducing the solute breakthrough. The 

reactive chemicals transport at a lower rate than the non-adsorptive 

chemicals due to the mass of chemicals adsorbed on solid particles.  

Overall, the solute transport is clearly related to the consolidation 

method and the solute reactivity. For non-reactive chemicals, the 

choices of consolidation methods do not change the solute transport. 

For reactive chemicals, the greater the settlement and settlement rate 

are, the faster the solute will transport. Therefore, it is suggested to 

consider the use of both horizontal and vertical drainage to effectively 

remediate a land that is polluted with reactive chemicals.  

3.5.2 Solute transport in partially saturated layer 

Simulation Case B mimics solute transport in a partially saturated layer 

caused by the 100 kPa surcharge load. The load causes an initial 

excess pore water and pore air pressure as determined from 

Dakshanamurthy and Fredlund (1980) and Huangfu and Deng (2023). 

The soil profile is sourced from sample 12442 of Basaltic clay from 

SoilVision database (The Bentley System Team 2020). In addition to 

the solute transport characteristics in Table 3-3, the soil has the 

following assumed values, i.e., the residual volumetric water content of 
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θt = 0.05, the initial degree of saturation of Sr = 90%, and the initial 

suction pressure of  = 74 kPa. Note that the definition of the Hydraulic 

conductivity index, Ck, remains the same as in the fully saturated state, 

i.e., Ck =0.5e0. However, it's important to clarify that the initial void ratio, 

represented as e0 in above expression refers to the initial soil void ratio 

during the laboratory test. In the context of soil consolidation problems, 

the term ‘initial void ratio’ specifically denotes the void ratio of the in-

situ overburden soil conditions. The initial void ratio is obtained by 

fitting the saturation degree and suction into the water retention curve. 

The hydro-mechanical characteristics of the unsaturated soil, i.e., the 

soil shrinkage curve, soil-water characteristic curve and compression 

curve, and permeability curve are the same as in Huangfu and Deng 

(2023). Other soil properties are given in Table 3-4. 

Table 3-4. Unsaturated soil properties. 

Parameter Value 

Saturated water content, ws 0.84 

Residual soil suction, hr (kPa) 714.41 

Hydraulic conductivity index, Ck 0.765 

Permeability fitting parameter,   8.16 

Coefficient of compression, Cc 0.33 

Water retention curve parameter, af 9.96 

Water retention curve parameter, nf 0.62 

Water retention curve parameter, mf 0.81 

Minimum void ratio, ash 0.44 

Slop of the line of tangency, bsh 0.16 

Curvature of the shrinkage curve, csh 3.04 

Matric suction adjustment factor, Ca1 86.9 

Matric suction adjustment factor, Ca2 3.45 

Matric suction empirical index, Ce 0.28 

Parameter for permeability function, λ 0.12 

Dry permeability of air, a

dk  (m/s) 
1.25 × 10−7 
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The simulation results for Case B are given in Figure 3-10. The results 

consist of the normalised pore water and pore air pressure over time 

and the normalised solute concentrations for solute transport Models 1 

to 3. The pore water pressure exhibits a two-stage dissipation process. 

The first stage of towards t = 0.2 day is coupled with the air dissipation. 

In this stage, the pore air pressure dissipates at a fast rate, providing 

immediately accessible space for pore water pressure to dissipate at a 

similarly fast rate. The dissipation coupling process at stage 1 leads to 

the completion of pore air dissipation and approximately 70% 

dissipation of pore water pressure. Moving into t > 0.2 day, i.e. the 

second stage of consolidation, solo pore water dissipation occurs and 

the process is noticeably slower, attaining 5% pore water dissipation 

towards t = 1,000 days. This means approximately 25% pore water 

pressure remains at t = 1,000 days. The two stage dissipation of pore 

pressures agree with the studies conducted by Qin et al. (2010), Ho et 

al. (2016) and Huangfu and Deng (2023). 
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Figure 3-10. Pore pressures and solute concentrations versus time for 

Case B. 
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The two stage dissipation processes affect the solute concentration 

profiles. No significant changes of the solute concentration occur in the 

first stage. Noticeable clean-ups occur in the period of t = 0.2 to 10 

days where transport Models 1 and 2 are considered, and to up to 100 

days for Model 3. Interestingly, the solute profiles for Models 1 and 2 

overlap, suggesting neglectable effects of dispersion (of relatively 

reactive chemicals) on solute clean-up. Sorption, the additional 

process in Model 3, is time-consuming, therefore the longer period for 

chemicals to clean up. Note similar solute profile differences occur to 

the saturated layers (Figure 3-6). For example, the profiles for Model 3 

are approximately 40 days delay in relation to Models 1 and 2. The 

comparison results indicates the marginal effects of the soil saturation 

condition on the chemical sorption process.  

3.6. Discussion 

The proposed model can simulate consolidation induced solute 

transport in two-dimensional conditions of from fully to partially 

saturated soils. The model uses the finite strain theory and deformable 

coordinate system. As a result, the simulations are more reliable and 

open to most hydro-mechanical constitutive models. The solver 

algorithm ADI-FDTD features unconditional stability and computation 

efficiency, outperforming the traditional finite difference and finite 

element methods. It took less than 2 minutes to execute the 

simulations for the 4,000 mesh domain towards elapsed time 1,000 

days.  

Albeit computationally stable and efficient, the proposed model has 

limitations. The first limitation is related to the assumptions made to 

develop the model. The dispersion relationship calculates the 

dispersion coefficient using merely the gravimetric water content. 
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Effects of soil suction, net stress and void ratio are ignored. Similarly, 

the adsorption relationship neglects effect of soil suction on adsorption 

capacity. A further investigation is needed to correlate suction, net 

stress, void ratio and degree of saturation to dispersion and sorption 

relationships. The model can also be improved by simulating more 

complex while practical situations. One situation is a soil layer 

containing a volume of air bubble which identifies the layer nearly 

saturated but complicates consolidation and solute transport processes. 

Additional research lies in examining environmental effects, i.e., 

evaporation and infiltration on consolidation and solute transport. A 

solution is to determine the access to air, water, and solute at the 

boundaries and to use a decision model to formulate the top boundary 

conditions.  

3.7. Conclusions 

A consolidation-induced solute transport model was developed. The 

model considers the finite deformation consolidation in fully and 

partially saturated soil layers and determines the consolidation induced 

solute transport in two-dimensional space. The model integrates non-

linear soil and solute transport characteristics and is solved using an 

unconditionally stabilised ADI-FDTD algorithm. The model was applied 

to predict the transport of reactive and non-reactive chemicals in fully 

and partially saturated soil layers and arrived at the following results. 

The lateral flow path enhances the consolidation efficiency and 

accelerates the chemical clean-up. The effects of consolidation on 

chemical clean-up are significant for fully reactive chemicals, moderate 

for reactive, non-adsorptive chemical, and marginal for non-reactive 

chemicals. For non-reactive chemicals, the dispersion effect facilitates 
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the solute discharge, and the combined sorption and dispersion effects 

significantly reduce the discharge rate.  

The excess pore water pressure in unsaturated soil dissipates in two 

stages. Stage 1 involves water−air coupled flow, completion of pore air 

pressure, and fast dissipation of pore water. Stage 2 is a solo process 

of pore water dissipation, and the process is relatively slow. Stage 2 

significantly reduces the chemical dispersion process. Similar chemical 

sorption effects are in fully and partially saturated soils. 

3.8. Nomenclature  

Roman  

1A ,
2A ,

3A  Coefficients of consolidation for air flow  

a  Parameter for permeability function 

fa  
Water retention curve fitting parameter 

sha  Minimum void ratio 

shb  Slope of line of tangency 

1C ,
2C ,

3C ,
4C  Coefficients of solute transport  

1aC  Matric suction adjustment factor 

2aC  Matric suction adjustment factor 

Cc Coefficient of soil compressibility 

eC  Matric suction empirical index 

Ck Coefficient of soil permeability 

awC  Compressibility of water−air mixture, kPa−1 

wC  Compressibility of water, kPa−1 

c0 Solute concentration at boundary 

cf Solute concentration 

shc  Curvature of shrinkage curve 

D  Hydrodynamic dispersion coefficient  



Chapter 3  

89 

 

fD  
Free diffusion coefficient  

*D  
Effective dispersion coefficient 

e  Soil void ratio 

e 0 Initial soil void ratio 

ae  Air void ratio 

0

ae  
Initial air void ratio 

we  Water void ratio 

0

we  
Initial water void ratio 

'

a sf →  
Sorption induced solute loss 

Gs Specific gravity of soil 

g  Gravitational acceleration, m/s2 

H  Height of soil layer, m 

rh  Residual matric suction 

i  The ith node in horizontal direction 

Jf Fluid flux in Cartesian coordinate 

j The jth node in vertical direction 

Kd Freundlich linear isothermal constant 

k Coefficient of permeability 

L  Spacing of vertical drains, m 

M Ratio between temporal and spatial coordinate 

Md Diffusion constant 

Ms Solute mass 

m  Coefficient of unsaturated soil volume change  

fm  Water retention curve fitting parameter 

vm  
Coefficient of saturated soil volume change 

N Number of meshes in vertical direction 

n Porosity 
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fn  Water retention curve fitting parameter 

P0 Pressure at boundary 

Q Number of meshes in horizontal direction 

R  Universal gas constant, J/mol/K 

S Sorption ratio 

rS  Degree of saturation 

t  Elapsed time, s 

t  Time step increment, s 

u’ Excess pore pressure vector 

u  Pore pressure, kPa 

'au  Excess pore air pressure, kPa 

a

atmu  
Absolute pore air pressure, kPa 

a

atmu  
Standard atmosphere, kPa 

'wu  Excess pore water pressure, kPa 

' ( , )tu i j  
Excess pore pressure vector of node (i, j) at time t, kPa 

' ( , )w

tu i j  
Excess pore water pressure of node (i, j) at time t, kPa 

sv  Velocity of soil particles in vertical direction due to water flow, 

m/s 

w

xv  
Actual velocity of water in horizontal direction, m/s 

wv  Actual velocity of water in vertical direction, m/s 

1W ,
2W ,

3W  Coefficients of consolidation for water flow 

sw  Saturated gravimetric water content 

x  Abscissa in Lagrangian coordinate 

y  Ordinate in Lagrangian coordinate 

  

Greek  

∆ Differential change 

l

  Longitudinal dispersity 
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t

x  
Transverse dispersity 

, x   Longitudinal and transverse mechanical dispersion parameter 

  Permeability fitting parameter 

1

a

t +  
Elevation of element (xt, yt) due to air flow 

1

w

t +  
Elevation of element (xt, yt) due to water flow 

  Volumetric water content 

k  Temperature in Kelvin scale, K  

t  Residual volumetric water content 

a  Density of air, kg/m3 

s  
Density of soil element, kg/m3 

'  Effective stress 

'ovb  
Initial overburden stress 

 x Horizontal total stress, kPa 

 y Vertical total stress, kPa 

w  Unit weight of water, kN/m3 

  Matric suction 


 

Molecular mass of air, kg/mol 

  

Superscripts  

a Pore air 

b Parameter for permeability function 

c Parameter for permeability function 

F Parameter for nonlinear Freundlich isotherm 

M Parameter for saturated soil dispersion coefficients 

s Soil solid particles 

w Pore water 

  

Subscripts  

0
 Initial condition 
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1 With respect to net stress 

2 With respect to matric suction 

t Time 

x Horizontal direction in Spatial coordinate system 

y Veridical direction in Spatial coordinate system 

 Veridical direction in Temporal coordinate system 

  

Coordinates  

x Horizontal axis in Spatial coordinate system 

y Veridical axis in Spatial coordinate system 

  Veridical axis in Temporal coordinate system 
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Abstract 

Vacuum aided prefabricated vertical drain (PVD) is an established 

ground improvement method. Mimicking drinking straws, PVDs are 

installed to convey vacuum pressure in the ground and lift groundwater.  

The dewatering performance are suboptimal in consolidating fine-

grained layers.  Practical applications have shown that better 

dewatering performance is achieved through aiding the vacuum 

dewatering with an air-booster.  Air boosters are installed in an 

alternate pattern adjoining PVDs, adding to pore pressures and 

unclogging pores.  This study presented a numerical model for this 

vacuum and air-booster combined dewatering solution.  Taking 

account of the large strain deformation, this model used the 

Lagrangian-convective coordinate to track the global and local 

deformation of the soil layer separately, thus enabling accurate 

determination of consolidation.  This model also considered air booster 

induced unsaturated conditions and the associated effects on water 

flow. The numerical model was verified against the field test results 

and laboratory measurement.  

Keywords: Vacuum consolidation; air booster; unsaturated soil; 

vertical drain; tensile fracture; shear fracture  
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4.1. Introduction 

Soil consolidation can upscale field conditions but is time consuming. 

Earlier attempts (such as Barron 1948) were to install vertical drain to 

facilitate consolidation, which however is costly in haulage and 

earthwork. Kjellman (1952) replaced embankment preloading with 

vacuum aided preloading, which proves cost effective in applications 

(such as Gao and Zhang 2020; Indraratna et al. 2011; Rujikiatkamjorn 

et al. 2007). Albeit promising, the dewatering performance of the 

vacuum preloading diminishes with time mainly due to clogging (Shi et 

al. 2018; Yang et al. 2014). One solution is to flush soil and unclog 

pores using pressurised air and meanwhile to raise effective stresses 

(Shen et al. 2015). Field tests demonstrated that the proposed method 

can effectively unclog pores and accelerate consolidation (Cai et al., 

2019; Feng & Zhou, 2022; Wang et al., 2016).  

Research was conducted to assess vacuum and air-booster combined 

consolidation. Lu and Sun (2022) modelled the combined consolidation 

in an axisymmetric condition. Their model was based on conventional 

sand drain consolidation theory, with the air booster treated as an 

impulse load. Their model was further improved by Sun and Lu (2023) 

who considered the drain clogging effect. Their studies assumed 

saturated conditions of soils. However, in dewatering practice, the 

subsoils are not always fully saturated and may not be governed by 

conventional fully saturated soil formulations. The unsaturated 

conditions are sourced from the pressurised air. Once the applied 

pressure exceeds the tensile or shear failure threshold of soil, the soil 

becomes unsaturated (Hu et al. 2021). The air booster can decrease 

the degree of saturation by up to 10% (Yao et al. 2023). To these ends, 
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it is required to consider soil unsaturation when assessing the vacuum 

and air-booster combined consolidation.  

The vacuum and air-booster combined dewatering also leads to large 

deformation, typically exceeding 25% strain (Anda et al., 2020; Wang 

et al., 2016). The large strain deformation causes changes to soil 

compressibility and permeability (Geng & Yu, 2017; Huangfu & Deng, 

2023; Wang et al., 2020). Conventional small strain modelling in an 

Eulerian coordinate system (such as Lu & Sun, 2022; Sun & Lu, 2023) 

is not adequately accurate as it neglects the non-linear changes in soil 

parameters. Large strain modelling approach is needed. 

In this paper, a two-dimensional numerical model governing the 

vacuum−air booster consolidation was proposed. The model 

incorporated the large strain deformation, the deformable coordinate 

system, and the unsaturated soil conditions induced by the air booster. 

The governing equation was solved numerically. To validate the 

proposed model, a comparison between the model result and the field 

measurement was conducted.  

4.2. Model development 

4.2.1. Coordinate system 

A soil layer with a width of L and a depth of H is laterally enclosed with 

two vertical drain wells, as in Figure 4-1a. The tips of the drains are 

connected to the vacuum pump and air pump respectively, providing 

the lateral boundaries for water lift and air injection. The upper 

boundary is the airproof membrane sealing the soil layer, and the lower 

the impermeable stratum as the datum.  
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Figure 4-1. Model geometry of soil layer (a) elevation in x−y plane; (b) 

example element in Lagrangian (global) coordinate; and (c) example 

element in convective (local) coordinate 

The soil layer sits on the Lagrangian-convective coordinate, as shown 

in Figure 4-1(b and c). The Lagrangian-convective coordinate consists 

of two coordinates, i.e., the Lagrangian (called global thereafter) 

coordinate and the convective (called local thereafter) coordinate. The 

global coordinate (x, y) uses the vertical axis y (against the datum) to 

capture the total deformation of the soil layer; the local coordinate ζ 

which is fixed in the soil layer captures soil element deformation. The 

(b) 
(c) 

Vacuum drain 

(b) 

 

(c) 

 

(a) 
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example soil element has dx, dy and dζ for the width and the height in 

global coordinate, and the height in local coordinate respectively.  

The global and local heights are correlated. In global coordinate (x, y), 

due to the water discharge, the element height, dy, reduces to dζ, over 

a time step increment. Meanwhile, the location of the element in the 

local coordinate is updated to (x, ζt+1). The updated location can also 

be explicitly substituted into the global coordinate, feeding the next 

computation loop. As per Gibson et al. (1981) the transformation 

between the global and local coordinate systems is written as  

0

1

1

e

y e

 +
=

 +
 (4-1) 

where e is the void ratio and subscribe 0 is the initial condition. 

4.2.2. Consolidation equation 

As in Zhang et al. (2013), the fluid phase continuity is governed by: 

( )w wnS q
t z


 

  
= − 

  
 (4-2) 

where t is the time of consolidation, n is the porosity and is written as 

e/(1+e), S is the degree of saturation, w is the fluid density, and q is 

the flow rate and as shown in Figure 4-1 comprises qx and qy in 

horizontal and vertical directions respectively. Geng and Yu (2017) 

suggested to express the flow rate as:  

'

'

x
x

w

y

w

k u
q

g x

k u
q

g





 


= 


 =

 

 (4-3) 

where kx and kz are horizontal and vertical permeability respectively, g 

is the gravitational acceleration, and u' is the excess pore water 
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pressure. Assuming the fluid phase is a barotropic phase, Fredlund et 

al. (2012) proposed the following relationship: 

w
w

u





=


 (4-4) 

where u is the pore water pressure, and  is the pore compressibility 

parameter and falls in the range of 2x10-6 – 2x10-7 for saturation 

degree of 80% to 100% (Zhang et al. 2012). Substituting Eqs. (4-1), 

(4-3) and (4-4) into Eq. (4-2), gives: 

' 1 ' 1 '
x

w w

u S u u
Sn k k

t y t y g x x g y y


  


  

          
+ = +   

           
 (4-5) 

The self-weight of the soil changes during the consolidation. As per 

Fredlund et al. (2012), the vertical total stress satisfies the relationship: 

b g






=


 (4-6) 

where ρb is the bulk density of the soil. Similarly, the hydrostatic 

pressure satisfies the relationship: 

w

u
g




=


 (4-7) 

Substituting the effective stress concept, i.e., ' 'u u = − − , the soil 

compressibility coefficient, i.e., 'va e = −  , and Eq. (4-6) to Eq. (4-7), 

the changes of the excess pore water pressure in horizontal and 

vertical direction are written as: 

( )

' 1

' 1

v

b w

v

u e

x a x

u e
g

a
 

 

 
=  


  = − +

  

 (4-8) 

Differentiating each side of the effective stress equation, ' 'u u = − − , 

the change of the excess pore water pressure with respect to time, 

'u t  , is expressed as: 
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' 'u u

t t t t

    

  

      
= − −

      
 (4-9) 

Substituting Eqs. (4-6) and (4-7), and the change in booster pressure, 

/ Q t , to Eq. (4-9), givens: 

( )

0

1'

1 v

b w z e Q e

e t t a t

gu

t

    
+ +

+

 −
=

   
 (4-10) 

Substituting Eqs. (4-8) and (4-10) to Eq. (4-5), the consolidation of the 

nearly saturated soil in the global coordinate is governed by: 
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(4-11) 

where /S e   can be obtained through the soil shrinkage curve.  

4.2.3 Tensile and shear failure 

Soil becomes unsaturated when the pressurised air penetrates the 

soil−drain interface and causes cracks (Anda et al. 2020). The cracking 

involves two soil failure types, i.e., tensile failure and shear failure 

(Zhang et al., 2008). The occurrence of tensile and shear cracks leads 

to soil unsaturation, consequently impacting the degree of saturation in 

Eq. (4-11). The tensile failure applies when the minor principal stress 

become negative, equal to, or greater than the soil tensile fracture 

strength. Anda et al. (2020) suggested to determine the tensile fracture 

threshold, Pf,t, as: 

, 3 23f t tP   = − +  (4-12) 

where 2  and 3  are middle and minor principal stresses respectively, 

and t  is the tensile strength of the soil.  
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The shear fracture occurs when the applied booster pressure crosses 

the Mohr-Coulomb strength envelope. Based on this concept, Anda et 

al. (2020) determined the shear fracture threshold, Pf,s, as:   

( )( ) ( ), 3 2

1
3 1 sin cos 1 sin

2 2

t
f sP c


    = − + + + +  (4-13) 

where   is the internal angle of friction and c is the undrained shear 

strength of the soil and is estimated as: 

( )
2

1

0.21L

c
I

=
−

 
(4-14) 

where IL is the liquidity index. 

It should be noted that the friction angle   and tensile strength t  are 

assumed to be zero under undrained conditions. A lateral pressure 

coefficient at rest of K0 = 0.6 is assumed (Anda et al. 2020).  

4.3. Numerical solutions 

The proposed consolidation governing equation, i.e., Eq. (4-11), was 

solved numerically using the finite difference method. The alternative 

direction implicit finite different time domain method (ADI-FDTD) offers 

unconditional stability (Douglas and Rachford 1956; Staker et al. 2003) 

and outperforms the conventional explicit scheme in reducing time step 

restrictions and achieving computational efficiency.  Therefore, ADI-

FDTD was used to solve the governing equation. 

The finite difference mesh is shown in Figure 4-2. The mesh, which 

coincides the soil layer in x−y plane, comprises M x N elements, each 

element in ∆x × ∆y dimensions. The soil properties of each element 

are represented by node (i, j), where i = 1, 2, …, M, and j = 1, 2, …, N. 

The computation runs over time, z∆t, where ∆t represents the time 
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increment and z is the time step number, i.e., z = 0, 1, 2, …, ∞. Note 

that the ADI-FDTD scheme splits the single time step into two sub-

steps, i.e., 0 to 0.5t and 0.5t to t. In the first sub-step, the soil layer 

(L x H) is discretised implicitly along the y-direction and discretised 

explicitly along the x-direction, namely y-sweep. Similarly, x-sweep 

comprises an implicit discretisation along the x-direction and an explicit 

discretisation along the y-direction, as shown in Figure 2.  

  

Figure 4-2. Explicit−implicit difference model 

As specified in the consolidation model on Figure 4-1, the soil layer 

has the following boundaries: a closed top, ,1 / 0  =t

ie t , a closed bottom, 

, / 0  =t

i Ne t , and an open PVD, 1, (1, )

t

j r je e= , where fe  is the final void 

ratio and is determined from the compression line as: 

( ) ( )( ) ( ) ( )( )0(1, ) 0(1, )

(1, ) 0(1, ) 10

0(1, )

' '
log

0.435 '

 



 + − + −
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a Q t p t Q t p t
e e  (4-15) 
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where Q(t) is the booster pressure and p(t) is the vacuum pressure. 

Note that the compression index, Cc, in Eq. (4-15) was expressed in 

term of the coefficient of compressibility, av, i.e., av = 0.435Cc/σav as 

per (Lambe and Whitman 1979), where σav is the average effective 

stress. Assumes the time increment is relatively small, the ultimate 

effective stress can be adapted to represent the residual consolidation 

state. The air booster boundary can be open when the air booster is on 

and closed when switched off, and accordingly is written as: 

( )

( ) ( )( ) ( ) ( )( )
( )

,

0( , ) 0( , )

, 0( , ) 10

0( , )

0, if 0

' '
log , if 0

0.87 '

 




= =


  + − + −
 = −  
   

t

M j

v M j M jt

M j M j
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e
Q t

t

a Q t p t Q t p t
e e Q t

 
(4-16) 

Using the boundary conditions, Eq. (4-11) is solved, giving the void 

ratio of each of the elements at any time. The void ratio is used to 

determine column i settlement, t

i , as: 

,

0
1 ,

1

1


=

+
= − 

+


jN
i jt

i

j i j

e
H y

e
 (4-17) 

Using the settlement, the average degree of consolidation, Uavg, is: 

1 1

  

= =

=  
M M

t z t

avg i i

i i

U  
(4-18) 

Figure 4-3 illustrates the program flow chart. The input data comprises 

the model geometry, time step increment, vacuum load, booster load, 

and soil parameters including permeability, degree of saturation, 

coefficient of lateral pressure, compressibility, friction angle, liquid limit, 

tensile strength, non-linear permeability curve and soil shrinkage curve. 

After the program reads the input data, the program initialises the 

problem, including the setup of the soil matrices and calculations for 

the initial void ratio, effective stress, and principal stresses. Following 

the problem initialisation, the program applies the time step increment 

and meanwhile switch on (or off) the air booster as scheduled. When 
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the booster is off, the program feeds the obtained data to the ADI-

FDTD solver, updating the soil settlement and the void ratio. Note the 

degree of saturation remains unchanged when the booster is off. When 

booster is on, the ADI-FDTD solver runs the algorithms. Upon 

completion of each iteration, the applied booster pressure is compared 

with the soil principal stresses on the soil−booster interface, 

determining the soil fracture type. The degree of saturation of each soil 

element is updated based on the fracture type. Then the algorithms 

update the void ratio and soil settlement. Upon termination of the 

computation, the program calculates the degree of saturation, Uavg.  

4.4. Model validation 

The proposed model was validated against the field test results in 

Wang et al. (2016). The field test comprised the dewatering of the soft 

clay in Wenzhou, China, using the air booster aided vacuum 

consolidation method. The field layout coincides with the model in 

Figure 4-1. The 0.4m (L) x 4m (H) soil layer was laterally enclosed by 

two vertical drains. The PVD was connected to the vacuum pump with 

a vacuum pressure of 80 kPa, and the air booster conduit to the air 

pump with a booster pressure of 20 kPa. The booster was switched on 

98 days following the start of the vacuum dewatering and ran 2 hours 

per day for 15 days in parallel aiding the vacuum dewatering. The soil 

properties are shown in Table 4-1. Besides, a typical value of pore 

compressibility parameter, β = 1 x 10-7 as suggested by Zhang et al. 

(2013) was adopted. The threshold values of saturation were 95% in 

the tensile failure condition and 90% in the shear failure condition. A 

hydraulic conductivity correlation, i.e., k=k0x10(e-e0)/Ck, from Geng and 

Yu (2017) was adopted to model the non-linear hydraulic conductivity 

change, where Ck is the hydraulic conductivity coefficient and is 
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typically taken as 0.5e0. As the soil shrinkage behaviour was not tested 

in the referenced field test, three assumed linear shrinkage values 

were adapted, i.e., 0.15, 0.2 and 0.25. Note the actual shrinkage curve 

is non-linear and requires the combination of water retention and 

compression curve to determine the gradient. Tensile strength and 

internal angel of friction were assumed zero in the undrained condition, 

and as per Anda et al. (2020) the lateral pressure coefficient used K0 = 

0.6. 

Table 4-1. Soil parameters from dewatering site 

Soil Property Value 

Initial soil void ratio, e0 1.4 

Initial degree of saturation, S0 100% 

Horizontal permeability, kx 5.6 x 10-8 m/s 

Vertical permeability, kζ 2.9 x 10-8 m/s 

Compressibility coefficient, cc 0.8 

Liquid limit, IL 50% 

Bulk unit weight, γb 16.5 kN/m3 

The numerical results, versus the field results, are provided in Figure 

4-4. The results are the settlement accumulated over the 113 days 

dewatering time. Three scenarios were tested, and the results 

suggested that the soil unsaturation properties predominate the 

consolidation process. The ∂S/∂e = 0.15 was most suitable for the 

referenced field test. Albeit the minor discrepancies at the initial stage, 

good overall agreement between the proposed model and the field 

measurement was achieved. There are no direct reasons for the 

discrepancies, but soil variability can be a potential cause as reported 

in similar observations from Lu and Sun (2022) and Peng et al. (2022).  

The validation suggests that the proposed model can predict the 

consolidation induced by vacuum and air booster combined method. 
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Figure 4-3. Program flow chart 
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Figure 4-4. Model validation against field test results  

Additional model verification was conducted against experimental 

results in Anda et al. (2020). The meso-scale laboratory test involved a 

model cylinder with a diameter of 560 mm and a height of 1200 mm. 

PVD drains were installed at intervals of 400 mm, and a booster tube 

was placed between the drains. A layer of clayey silt/ silty clay, 

measuring 1100mm in thickness, was added to the cylinder. Various 

standard soil parameters, such as particle size distribution and 

Atterberg limits, were determined. Empirical models, including those 

proposed by Bilardi et al. (2020) and Azzouz et al. (1976) were 

employed to estimate the soil's hydro-mechanical properties. The soil 

properties are shown in Table 4-2. The unsaturated soi properties, 

shrinkage, and tensile/shear fracture parameters are assumed 

identical to the field verification. 

A vacuum pressure of 90 kPa was maintained throughout the 

experiment via the PVD, while a booster pressure of 20 kPa was 
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applied through the booster tube for 2 hours each day, commencing 12 

days after the application of the vacuum pressure. Figure 4-5 shows 

the comparison between the laboratory test and the proposed model. 

Good agreement was achieved when ∂S/∂e = 0.15. Some 

discrepancies were observed, which may be attributed to the absence 

of laboratory measurements for certain soil parameters, especially the 

unsaturated soil properties and soil consolidation behaviours, including 

compressibility and permeability. 

Table 4-2. Soil parameters from the laboratory test 

Soil Property Value 

Initial soil void ratio, e0 2.7 

Initial degree of saturation, S0 100% 

Horizontal permeability, kx 1 x 10-8 m/s 

Vertical permeability, kζ 1 x 10-8 m/s 

Compressibility coefficient, cc 0.8 

Liquid limit, IL 50% 

Specific gravity, Gs 2.72 
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Figure 4-5. Model validation against laboratory test 
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Figures 4-4 and 4-5  also depict soil settlement when the booster tube 

is activated. It can be observed that the soil experiences a rapid 

increase in settlement when the booster tube is activated, followed by 

a gradual decrease when the booster pressure is removed, thereby 

indicating the effectiveness of the air-booster. 

4.5. Conclusion 

This paper developed a new model for the hybrid vacuum−air booster 

consolidation. The proposed governing equation used the two-

dimensional Lagrangian-convective coordinate system to model the 

dewatering processes and the soil settlement. This equation integrates 

the air-booster induced soil unsaturation and non-linear soil 

parameters. The equation can determine the soil void ratio, 

consolidation degree, and settlement in a soil layer at any time. The 

proposed equation was solved numerically using the alternative 

direction implicit finite difference time domain method. The solution 

was verified against the field measurement and laboratory test. The 

proposed model can depict the settlement induced by the air-booster, 

and hence highlights the effectiveness of the air-booster
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Abstract 

Vacuum-aided vertical drain is an established method for dewatering. 

The pressure difference exerts a force inside the drain, lifting the 

groundwater and lowering the groundwater table. Along with the 

inflowing groundwater, a volume of air often gathers towards the drain 

and forms an air−water mixture transporting in the drainpipe. The 

presence of air complicates the pressures in the conduit and therefore 

affects the dewatering efficiency. This paper presented a numerical 

model for orifice-induced air−water flow in vertical drains. Using the 

mass conservation, the model can calculate pipe pressure distributions 

and water discharge capacity. The model was validated against the 

results obtained from the computational fluid dynamic calculations. The 

proposed model was applied to the example problems to examine the 

effects of orifices on the pipe pressure distributions, water discharge 

rates, and lift depths.  Nonlinear pressure distributions occurred in the 

drainpipe, and pressure dropped more noticeably in the presence of air.  

More water was discharged when the orifice was located closer to the 

lower end than to the upper end.  Under one standard atmosphere 

vacuum pressure the lift depth was approximately 6.3 to 7.5 m 

depending on the orifice size. 

Keyword: Vacuum dewatering; vertical drain; water flow; CFD; lift 

depth.  
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5.1. Introduction 

Vacuum dewatering is an approach widely used to lower groundwater 

tables. This approach applies a vacuum force in pipelines and lift 

groundwater to discharge. The lift depth and water volume to 

discharge, two dewatering performance indicators, are closely related 

to the nature of mass transporting in the pipelines. Air that is present in 

vadose zones often transports with water, forming an air−water flux 

(Indraratna et al. 2004; Qiu et al. 2007). The air−water flow 

complicates the determination of the two performance indicators 

drastically more than water flow does. The complication is evident from 

analogous examples such as oil−gas extracting (Hanafizadeh et al. 

2011) and nuclear reactor coolant recirculating (Quiben 2005). An 

important step to achieve dewatering efficiency is to monitor pressure 

distributions in pipelines and to optimise dewatering design. 

Pressures in confined pipelines diminish with distance, whether the flux 

comprises a single phase or a mix of gas and liquid. When transporting 

gas−liquid mixture, the pressures distribute in more complicate models 

than in a single-phase flow. The models depend on the flow patterns 

the fluxes take such as an annular, stratified or transitional pattern 

(Afshin and Swanand 2014; Ide and Matsumura 1990; Lee and Lee 

2001; Lu et al. 2018). The flow pattern is mainly determined by the 

phase flow velocity and gas−liquid volume ratio (Cheng et al. 2008; 

Mishima and Ishii 1984; Wu et al. 2017; Xu and Fang 2014). Empirical 

models (such as Hamad et al. 2017; Kiran et al. 2020; Lockhart and 

Martinelli 1949; Müller-Steinhagen and Heck 1986) used the two-

phase flow velocities as the initial conditions to estimate the pressure 

distributions in the pipelines or sand columns. Similar estimates were 

obtained by computational fluid dynamic (CFD) modelling 
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(Alizadehdakhel et al. 2009; Kiran et al. 2020). These studies can 

determine pressure drops where pipeline inlet conditions (e.g., gas or 

liquid moving velocity) are specified. When the inlet conditions are not 

given in applications such as dewatering, the pressure drops are yet 

determined. In addition, albeit versatile, the CFD modelling has 

limitations, such as, convergence difficulties (Vallée et al. 2008), 

sensitivity to models chosen (Lote et al. 2018), expertise skills for 

meshing, and high performance computer system (Lote et al. 2018). 

In ground dewatering, gas and liquid flow velocities are not available to 

calculate vacuum pressure distributions. Possible solutions are to 

approximate two-phase flow based on one-phase flow scenarios 

(Moreno Quibén and Thome 2005) or to model pressure distributions 

using measured data (Amaziane et al. 2010; Bhagwat 2015). These 

approaches are empirical and fail to provide accurate enough results 

for complex two-phase flow scenarios. Advanced gas−liquid models 

(such as Conte 2004; Fredlund 1979; Qi et al. 2020; Sheng et al. 2008) 

can determine pore water and air pressures given the pressure 

boundary conditions. However, the solutions are restricted to porous 

media where air−water flow is induced by capillary actions or 

surcharge pre-loading. Li et al. (2013) studied gas-liquid flow in 

vacuum pipe when pumping sewage. Their study assumed that liquid 

and gas are injected at the pipe inlet. The conditions do not apply to 

vacuum dewatering. In summary, the past studies required the inflow 

speed of gas and liquid to determine the pressure distribution, 

air−water ratio and outflow speed when discharged. The inflow speed 

however is not available when performing vacuum dewatering. Instead, 

vacuum dewatering merely specifies pressures applied at the inlet and 

outlet. To these ends, research is needed to explore alternative 

solutions to depicting air−water flow characteristics.  
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This study developed a closed-form solution to vacuum powered two-

phase flow in vertical drainpipes and presented algorithms to calculate 

pipe pressures distributions. This model can accommodate the 

pressures at the inlet and outlet and outperform the CFD modelling in 

the aspects of convergence, expertise skills and computational effort. 

Nevertheless, CFD modelling was employed to validate the proposed 

model. The validated model was applied to some interesting example 

problems, aiming to examine the effects of the air−water ratio on the 

vacuum pressure distribution and discharge rate. The solutions 

determine the maximum depth to lift water, the maximum water 

discharge rate, the minimum vacuum pressure required to lift water, 

and the air content, in the presence of air−water flow. The research 

results are expected to gain insights into vacuum-aided dewatering in 

particular the pressure variation in response to the transporting of 

air−water mixture and to optimise dewatering performance. 

5.2. Model development 

5.2.1 Geometry 

An open-ended circular pipe, as shown in Figure 5-1a, has an internal 

diameter of D and a length of L. The pipe is adequately thin in relation 

to the diameter, so the thickness is negligible. The pipe sits vertically 

with the bottom inlet flush with the water table and the top outlet under 

a pressure Pout. The pipe is rigid and does not deform on exposure to 

the ambient pressure of P0 (which is > Pout). The pipe wall is perforated 

with an array of (n−1) orifices, where n > 1. The series of orifices divide 

the pipe into n segments, at lengths of l1, l2, … ln, respectively. The 

orifices are round, d1, d2, … d(n−1) in diameters, and presumably face 

the same angle. Each orifice allows free access to air.  
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Figure 5-1. Dewatering by vertical drain: (a) Model geometry and (b) 

algorithm flow chart. 

The pressure difference, (P0 − Pout), drives a volume of water and air 

inflowing the pipe and transporting upward against the direction of 

gravity. The inflowing of water causes a pressure drop 0P  at the inlet, 

and the inflowing of air causes pressure drops iP  at Orifice i, where i 

= 1, 2, …, (n−1). Additional pressure drops, at gradient 
iP , occur over 

Segment i, due to the work acted against the gravity, skin frictions and 

fluid viscosity. Therefore, the pressure difference (P0 − Pout) can be 

expressed as:  

( )
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0 0

1 1

n n

i i i
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P P P lP P
−

= =

=  + − +   (5-1) 

Note pressure gradient 
iP  on Segment i is constant as per the steady 

flow suggested by Lote et al. (2018) and Montoya et al. (2019). Eq. 

(5-1) is a linear indeterminate equation and can be solved by iterations. 
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5.2.2 Algorithms 

The iterations to solve Eq. (5-1) are shown in Figure 5-1b. Instead of 

meshing the domain of problem, the proposed algorithm divides the 

domain into n segments based on the (n − 1) orifices. Iterative method 

is applied to the segments and orifices in sequence until the pressure 

difference converges. The first step is to initialise pressure P1 at the 

upper end of Segment 1. The initial value of P1 is determined by 

trialling a linear pressure distribution, i.e., ( )( )1 0 0 1outP P P P l L= − − . 

Applying the pressure boundaries (P0 and P1) to Segment 1, the 

algorithms determine the water velocity, vl, and water mass flow rate, 

lm . Moving up to Orifice 1, the algorithms determine gas mass flow 

rate, 
, 1g Om , which enters the pipe through Orifice 1 and merges with 

the pipe water. The merging causes a pressure drop P1. The next 

step involves the air−water mixture transporting through Segment 2. 

The algorithms use the results of vl, lm , 
, 1g Om  and (P1 − P1) to 

calculate pressure gradient 2P  and then upper end pressure P2. 

Repeat the above processes towards Segment n and determine outlet 

pressure Pn. If pressure difference ( )n outP P−  satisfies the pre-set small 

value of 1 Pa, the calculations converge and are terminated. Otherwise 

adjust initial pressure P1 by 1 Pa and re-execute the algorithms. The 

algorithms are carried out by segments and orifices as outlined below. 

5.2.2.1 Pressure drop on pipe Segment 1 

Segment 1 involves water flow. The flow is governed collectively by the 

ambient pressure P0, pressure drop at the inlet P0, pressure gradient 

1P  of Segment 1, segment length l1, and the pressure at the upper end 
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P1. The governing equation for the segment pressure drop, (P0−P1), is 

written as: 

0 1 0 1 1P P P Pl− =  +  (5-2) 

where, P0 is related to the fluid momentum and as per Elger et al. 

(2016) is calculated as: 

2

0

1

2
l lP v =  (5-3) 

where 
l  and vl are the density and superficial velocity (called velocity 

thereafter) of water respectively. Pressure drop 1 1Pl  originates from the 

combined effects of skin friction, fluid viscosity and gravitation actions 

and is written as: 

2

1
1 1 1

2

l l
l

fl v
Pl l g

d


= +  (5-4) 

where g is the acceleration of gravity, and as per Swamee and 

Swamee (2007) hydraulic friction factor f is determined using the 

processes given in Appendix E.  Note that the processes for friction 

factor f takes account of the fluid viscosity. 

Substituting Eqs. (5-3) and (5-4) into Eq. (5-2) and rearranging Eq. 

(5-2), the velocity of water in Segment 1 is obtained as: 
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Note that the friction factor f is a function of the velocity of water, and 

hence Eq. (5-5) is solved using numerical iterations. Based on the 

velocity of water, the water mass flow rate in Segment 1, lm , is 

calculated as: 
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2

4
l l l

d
m v


=  (5-6) 

The water velocity vl and mass flow rate lm  feed in Segment 2. 

5.2.2.2 Pressure drop at Orifice 1 

Pipe pressure drops when air enters the pipe through an orifice. The 

pressure drop, 1P , at Orifice 1, is determined from Appendix D as: 

( )

( )

2

, 1

1 2
2

1 1

8 g Om RT
P

MP d
 =  (5-7) 

where , 1g Om  is the air mass flow rate, R is the ideal gas constant of 

8.314 J/(K⋅mol), and T is the temperature of air in Kelvin, M is the 

molar mass of air and is 28.97 g/mol for dry air. Sharipov (2004) 

suggested to determine the air mass flow rate using the air pressure 

ratio, Pi/P0, and the critical pressure ratio, rc, which is given as: 

12

1
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where   is the specific heat ratio of air and is approximately 1.4 for air 

at the normal ambient conditions (Fujimoto and Usami 1984). When 

Pi/P0   rc, the air mass flow rate through Orifice 1 is:  
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When Pi/P0 < rc, the air mass inflow rate is: 
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where C is the discharge coefficient and as per Sharipov (2004) is 

related to the pressure ratio Pi/P0 as given in Table 5-1.  

Table 5-1. Air discharge coefficient for air passing through orifice. 

Pressure ratio Pi/P0 Air discharge coefficient C 

0 0.835 

0.1 0.830 

0.5 0.742 

0.9 0.632 

5.2.2.3 Pressure drop on pipe Segment 2 

Segment 2 involves a two-phase flow, comprising the mass of water 

inflowing from Segment 1 and the air entering through Orifice 1. 

Sadatomi et al. (1982) suggested to determine the pressure gradient of 

the two-phase flow, 
2P , using Eq. (5-11): 

2 2 2grav frictP P P= +  (5-11) 

where 2gravP  and 2 frictP  are the component pressure gradients induced 

by gradational and frictional forces respectively. Component pressure 

gradient 2gravP  is written as: 

( )( )2 1grav g lP g  = + −  (5-12) 

where  is the air volume ratio as determined from Appendix E, and g 

is the density of air as determined in Appendix D. Component pressure 

gradient, 2 frictP , is determined from the velocities of air and water. Two 

models are available to calculate 2 frictP , i.e., the homogeneous flow 

model (HFM) and the separate flow model (SFM). SFM model works 

on the liquid and gas fluxes separately and combines the individual flux 

contributions to determine the total frictional pressure drop (Bhagwat 
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2015). As per Müller-Steinhagen and Heck (1986), the SFM model is 

written as: 

2

2 2 ,frict frict lP P=   (5-13) 

where   is the factor calculated using SFM correlations as in 

Appendix F, and 2 ,frict lP  is the air−water equivalent pressure gradient 

and is determined as: 

( )
2

, 1
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m m
P f
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+
=  (5-14) 

Note to use the total air mass flow rate for , 1g Om  when determining 

pressure gradients for Segments 3 to n. 

5.3. Validation 

The proposed model was validated against the CFD simulations. The 

validation involved two parts: (i) the CFD parameters calibration, and (ii) 

the validation against the calibrated CFD model. Part (i) was to 

determine the computation mesh size, multiphase phase flow and 

turbulent model, and related discretisation method. Part (i) calibration 

used the experiment results in Lu et al. (2018). Following the 

calibration, the CFD and the proposed models were applied to the 

example problem of vertical drain to validate the proposed model. 

Part (i) calibration used the experimental set-up in Lu et al. (2018). As 

shown in Figure 5-2a, an open-ended vertical pipe, with a D = 50.8 mm 

internal diameter and a L = 3,200 mm length, is exposed to an 

air−water injection at the bottom inlet. The air and water inject at an 

initial speed of (vg, vl) respectively, driving the air−water mixture 

towards the outlet. This calibration considered three speed 

combinations, (vg, vl) = (0.15, 4), (0.52, 3), (1.3, 2) m/s, representing 
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bubbly, cap-bubbly and slug flow patterns respectively. A 5   10−4 s 

time step was used to attain the convergence criteria: (i) < 1 x 10−4 

residual, (ii) mass conservation, and (iii) steady volume ratio and 

pressures at the the outlet and mid-height. The grid sensitivity study 

arried at the optimal meshs as shown in Figure 5-2c. The meshes 

consists of a total of 450,000 three-dimensional hexahedron elements. 

O-grids refinement was applied to the air−water flux domain. The 

properties of water and air have been adapted from the Fluent 

database. The simulation used the Volume-of-Fluid (VOF) model 

(Appendix G) for the sake of no fluid interoperating, less computational 

effort, and reasonable accuracy (Alizadehdakhel et al. 2009). The 

standard k-  model was selected due to its robust and efficient features 

in governing turbulent flow. The governing equations in Fluent were 

discretised using the parameter combinations of Coupled Pressure-

Velocity, Least Square Cell Based Gradient, PRESTO pressure, and 

Second Order Upwind for Momentum, Volume Fraction and Turbulent 

Discretisation. CFD modelling results were benchmarked to the 

experimental results in Lu et al. (2018), as shown in Figure 5-3. 

Excellent agreement between the modelling and experimental results 

is obtained.  
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Figure 5-2. Vertical drainpipe for CFD parameter calibration and model 

validation: (a) Air−water flow in confined drainpipe, (b) orifice-induced 

air−water flow in confined drainpipe, and (c) CFD meshes. 
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Figure 5-3. Pressure gradients in confined drainpipe comprising 

air−water mixture in different flow patterns. 

Part (ii) involves validating the proposed model using the calibrated 

CFD model. Both models were applied to the orifice-induced two-

phase flow in the drainpipe, as shown in Figure 5-2b. The drainpipe 

uses the same setting as in the CFD calibration (Figure 5-2a), except 

the presence of the groundwater table and the orifice. The orifice sits 

at 1.5 m above the groundwater table.  The orifice is open to air, at P0 

= 101.3 kPa ambinent pressure. The vaccum equipment supplies a 

Pout = 61.3 kPa pressure at the outlet, therefore enabling a 40 kPa 

vacuum pressure across the pipe. The vacuum pressure draws a mass 

of water from the inlet and air from the orifice towards the outlet. The 

air−water mass flow obtained by the CFD simulation for a 4 mm orifice 

is given in Figure 5-4. The figure shows the air volume contours for a t 
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= 0 to 5 s period, on x-y and z-y planes respectively. Flow can be 

classified as the slug flow, agreeing to the flow pattern map in Afshin 

and Swanand (2014). The air volume ratios are varied with the location 

and time. At t = 0.75 s, the air−water volume becomes steady. These 

observations suggest that the CFD model can simulate the air−water 

flow and the simulation results are reasonably acceptable. 

 

Figure 5-4. Air−water volume contours obtained by CFD simulation for 

dewatering using drainpipe of 4 mm orifice. 

The model validation involved the dewatering in the presence of 

different orifice sizes, i.e., 2, 4, 6 and 8 mm. The results that were 

obtained from the CFD simulations and proposed model are given in 

Figure 5-5. The figure shows the pressure gradients above the orifice 

(i.e., air−water mixture). Reasonably good agreement between the 

CFD and the proposed model results is obtained. In addition, in terms 

of the flow pattern map in Afshin and Swanand (2014), the proposed 

model suggested a slug flow which agrees with the CFD simulations 

shown in Figure 5-4. These agreed results mean that the proposed 

model is validated to capture the air−water flow in the drainpipe. Note 
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that the proposed model used less than 1 minute for a standard office 

desktop to complete one scenario simulation. The computation cost is 

much lower than the over 72 hours for the CFD to complete the same 

workload, despite the time on meshing and model calibration. The 

proposed model is computationally efficient. 
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Figure 5-5. Validation of proposed model against CFD simulation 

results. 

5.4. Numerical simulations 

5.4.1 Scenarios 

The numerical simulations were conducted on a vertical drain, similar 

to the model in Figure 5-1a. The drain measures 4,000 (Length) × 100 

(Width) × 4 (Depth) mm. The lower inlet is flush with the groundwater 

table, and the upper outlet is connected to the vacuum pressure 
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supplier. The ambient atmospheric pressure, P0, is 101.3 kPa (i.e., 1 

atm). Orifices are aligned on the centreline of the surface of the vertical 

drain. The model assumes (i) the ambient pressure and the 

groundwater table are constant, (ii) the cross-sectional area of the 

drain remains unchanged, and (iii) no vaporisation occurs. 

Four scenarios were designed to examine dewatering capacity of the 

vertical drain. These scenarios are given in Table 5-2. Scenario 1 

involves one orifice and assesses the relationship between the size 

and location of the orifice. The orifice sits at the elevation of l = 0.5, 0.6, 

0.7, …, 3.4 or 3.5 m. At each location, the orifice diameter d is 

progressively increased until no water is drawn. A no-draw occurs 

when the velocity of water is equal to or less than vl = 0.001 m/s, or the 

air volume ratio is  = 99.99% or above, whichever occurs earlier. The 

inlet pressure P0 = 101.3 kPa and outlet pressure Pout = 41.3 kPa are 

maintained when trialling the orifice diameter d. Scenario 2 also 

involves one orifice, which sits at the l = 2 m elevation. The inlet 

pressure is P0 = 101.3 kPa; the outlet pressure is varied as Pout = 1.3, 

2.3, 3.3, …, and 56.3 kPa. Under each pair of pressures, adjust the 

orifice size d until a no-draw occurs.  

Scenario 3 examines the water volume discharged under a vacuum 

pressure. The vacuum pressure is Pv = 60 kPa, resulting from a 101.3 

kPa inlet pressure and 41.3 kPa outlet pressure. This scenario involves 

one single orifice placed at one of five locations, i.e., l = 1, 1.5, 2, 2.5 

and 3 m. At each location, adjust the orifice size, from d = 0.01 mm to 

20 mm or a diameter yielding a no-draw, whichever occurs earlier. The 

diameter increment is 0.01 mm. On each orifice size, Scenario 3 

determines the pressure distributions, air volume ratios, and velocity of 

water and air. Scenario 4 uses a lot of five orifices in the diameters of 

0.15, 0.4, 0.3, 0.25 and 0.2 mm respectively.   
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Table 5-2. Simulation scenarios 

Scenario 

Orifice 

quantity 

Orifice location l 

(m) 

Orifice 

diameter d 

(mm) 

Pressure at 

inlet P0 

(kPa) 

Pressure at 

outlet Pout 

(kPa) 

1 1 
0.5, 0.6, 0.7, …, 

3.5 
⎯ 101.3 41.3 

2 1 2 ⎯ 101.3 
1.3, 2.3, 

3.3, …, 56.3 

3 1 1, 1.5, 2, …, 3  

0.01, 0.02, 

0.03, …, 

20.00 (up to) 

101.3 41.3 

4 5 
1, 1.7, 2.3, 3, 

3.4 

0.15, 0.4, 0.3, 

0.25, 0.2 
101.3 31.3 

The five orifices sit at 1, 1.7, 2.3, 3 and 3.4 m elevations respectively. 

The quantities, sizes and locations of the orifices were chosen to 

spread over the drainpipe and to represent varied sizes of orifices. A 

relatively higher vacuum pressure of 70 kPa was applied to this 

scenario. Upon flow equilibrium, Scenario 4 plots the pressures and air 

volume ratios by distance. 

5.4.2 Simulation results 

The results from Scenario 1 are given in Figure 5-6. Scenario 1 

determines the maximum orifice diameter for the drain to lift water at Pv 

= 60 kPa vacuum pressure. The curve is a parabola (U-shaped) with 

the vertex at the 2.8 m location and the 6.8 mm orifice diameter. This 

means that the 60 kPa vacuum pressure can lift water if only the orifice 

is less than 6.8 mm. When the orifice is larger than 6.8 mm, a no-draw 

occurs depending on the location of the orifice. When the orifice sits 

higher than 2.8 m, the no-draw orifice size increases from 6.8 mm to 

7.3 mm. When the orifice sits between 2.8 and 0.5 m, the no-draw 
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orifice size increases from 6.8 mm to 9.5 mm. The parabola 

relationship suggests that the closer the orifice is to the drain inlet, the 

larger the orifice is for the drainpipe to lift water. The simulations also 

suggested that an annular flow pattern occurs upon a no-draw. 
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Figure 5-6. Relationship between orifice location and maximum orifice 

diameter for vertical drain to draw water under 60 kPa vacuum 

pressure. 

Figure 5-7 shows the results from Scenario 2, i.e., the maximum 

diameter of orifice for the drain to lift water versus the applied vacuum 

pressure, while the orifice is located at 2 m elevation. The vacuum 

pressure curve shows that the maximum diameter increases with the 

applied vacuum pressure. When the vacuum pressure is 100 kPa, the 

maximum orifice diameter for the drain to lift water is as large as 8.95 

mm. The orifice diameter decreases to 5.89 mm when the vacuum 

pressure reduces to 45 kPa. The orifice size to vacuum pressure ratio 

(i.e., the line gradient) is approximately 0.055 mm/kPa. Note that the 

trendline in Figure 5-7 should hold when changing the drain setting 
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including the drain cross-section and orifice location, but the orifice 

size for drainpipe to lift water may vary.  
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Figure 5-7. Relationship between applied vacuum pressure and 

maximum orifice diameter for vertical drain to draw water when orifice 

is at 2 m location. 
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Figure 5-8. Relationship between orifice diameter and pressure 

gradient for single-orifice vacuum drain.  
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Figure 5-9. Maximum depth for drainpipe to lift water when varying 

location and size of orifice. 
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Figure 5-10. Relationship between air volume ratio and orifice 

diameter for vacuum drain with a single orifice. 
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The results from Scenario 3 are given in Figure 5-8 to Figure 5-11. 

Figure 5-8 shows the pressure gradient versus the orifice size when 

keeping the orifice location and vacuum pressure (of 60 kPa) 

unchanged. The pressure gradient equals the pressure difference over 

the distance and is segment specific. The orifice divides the drain into 

two segments, i.e., Segment 1 of below the orifice and Segment 2 of 

above.  

Segment 1, consisting of water, has pressure gradients varied with the 

locations and diameters of the orifices. The pressure gradients are up 

to 13.7 kPa/m when the orifice diameter is as small as 0.65 mm. The 

gradients decrease with the orifice diameter of up to 3.5 mm and then 

sit at 10 kPa/m with the diameter until the drain fails to draw water.  

The gradient range is narrow considering the varied orifice locations (of 

1 to 3 m) and orifice diameters (0.01 to 8.5 mm). In particular, the 

orifice locations show marginal effects on the pressure gradients, 

where the orifice diameters remain the same. Note the pressure 

gradient values fall below the nominal pressure gradient of the 

drainpipe, i.e., 15 kPa/m (or 60 kPa per 4 m). This means the pressure 

gradient over the full length of the drain is uneven and Segment 2 acts 

a pressure gradient higher than Segment 1 does.  

Segment 2, comprising a mix of air and water, shows noticeably 

different results from Segment 1’s. First, the air−water mixture 

transports in one of the three flow patterns, i.e., slug, churn and 

annular, depending on the orifice diameter. By benchmarking the 

calculated mass flow rates against the flow pattern in Afshin and 

Swanand (2014), the mixture transports in a slug pattern when 0 < d < 

1.9 mm, a churn pattern when 1.9 < d < 4.2 mm, and an annular 
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pattern when the orifice size is 4.2 mm to as large as 8 mm. No water 

is lifted for a larger orifice drainpipe.  
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Figure 5-11. Relationships between air velocity, water velocity and 

orifice diameter for vacuum drain with a single orifice. 

Second, Segment 2 shows pressure gradient profiles different from the 

counterparts of Segment 1. When the orifice is located at 1 m, the 

pressure gradients slowly increase with the orifice diameter and, when 
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the diameter is greater than 4 mm, flat out. Moving the orifice to the 

higher elevations, the pressure gradient profiles change. The pressure 

gradients initially decrease with the orifice diameters, turn at 0.65 mm 

diameter, and then increase with the orifice diameters. When the 

orifices are larger enough e.g., d > 4 mm, the pressure gradients reach 

constant values. The pressure gradients in Segment 2 on average fall 

on a wider and higher range than in Segment 1. The values, which are 

as high as 18 kPa/m, are higher than the maximum 13.7 kPa/m 

gradient in Segment 1 and the 15 kPa/m nominal gradient. The higher 

pressure gradients in Segment 2 suggest the drastic pressure drops 

caused by air. The pressure drops more noticeably when the air 

contents increase with the orifice size and the flow turns into churn or 

annular.  

The pressure drop is also related to the orifice location. The pressure 

drops more noticeably when the orifice is closer to the outlet than to 

the inlet. For example, when the 7 mm orifice sits at the 3 m elevation, 

the pressure gradient in Segment 2 is 18.1 kPa/m. Moving the same 

size orifice down to the 1 m elevation, the pressure gradient is 15.30 

kPa/m. The main reason is that more air is drawn from the orifice due 

to the greater pressure difference, resulting in a greater pressure drop. 

The pressure drop in essence is related to the air volume ratio present 

in the drainpipe and agrees to the findings from Scenario 1. 

The maximum depth, lc, for a confined drainpipe to lift water assesses 

the performance of dewatering systems. The lift depth under 1 atm is 

approximately 10.3 m if no air and orifice present. The lift depth 

decreases in the presence of orifice and can be determined from the 

pressure gradient in Figure 5-8. The lift depth is calculated as: 
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− −  − 
= +  (5-15) 

The lift depths for one-orifice drainpipe, 100 (Width) × 4 (Depth) mm, 

under 1 atm are shown in Figure 5-9. The maximum depth to lift water 

is 7.9 m, where one 0.65 mm orifice is present at 3 m. The lift capacity 

diminishes nonlinearly with the orifice size and flats out when the 

orifice is as large as 3 to 4 mm depending on the locations of the 

orifices. The lift depths eventually fall on 6.3 to 6.8 m depending on 

where the orifice sits. Interestingly all relationship curves coincide on 

the coordinate (2.2 mm, 6.8 m). This is also a turn point for the curve 

trendlines. That is, when the orifice is less than 2.2 mm, the lift 

capacity goes up with the orifice elevation, and vice versa when the 

orifice is larger than 2.2 mm. This means that the size and location of 

orifice interact each other when assessing the lift capacity. These 

observations agree with the finding in Qiu et al. (2007).  

Figure 5-10 shows the air volume ratios in Segment 2 when varying 

the size and location of the orifice. The air volume ratio is positively 

related to the orifice diameter. The relationship follows a double logistic 

curve, showing two growth stages for the air volume ratio and, 

between the two stages, a phase with nearly zero growth. The growth 

stages align with the development of flow patterns in Figure 5-8, where 

the maximum growth rate occurs in the slug flow regime as air 

continues to enter the pipe. This is followed by the flat-out of the 

growth rate, indicating the churn flow regime, where the large air 

bubbles turn into a distinct air phase. The growth rate of the air volume 

ratio reaches the second peak where a continuous air phase is formed, 

indicating the annular flow regime. The drain fails to draw water when 

the orifice diameter is as large as 8 mm. In contrast, the orifice location 

shows less effects on the air volume ratio than the orifice diameter 

does.  
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The velocities of air and water in Segment 2 of the drain are given in 

Figure 5-11. The air and water move in varied speeds depending on 

the locations and sizes of the orifices. The water departs at a speed of 

ranging from 0.8 to 12.8 m/s when involving a 0.01 mm orifice. The 

speeds go down and up reaching the peak speeds when the orifice 

diameter increases to 0.6 mm. With the orifice size further increasing, 

the speeds of water gradually decrease until the drain fails to draw 

water. In the meantime, the air phase travels faster when the orifice 

size increases providing the orifice is fixed at a location. With the 

orifice moving closer to the outlet, the air stream moves drastically 

faster at a speed as high as 150 m/s. Although the air stream moves 

as high as 100 times faster than the water stream in the drainpipe, the 

air does not move as fast as the water when the orifice is less than 0.6 

mm in size.   

The results from Scenario 4 are given in Figure 5-12.  This figure 

presents the vacuum pressures (Figure 5-12a) and air volume ratios 

(Figure 5-12b) determined over the five-orifice drainpipe. In Figure 

5-12a, the vacuum pressures (in relation to a 101.3 kPa atm) drop from 

0 kPa at the lower inlet to 70 kPa on the upper outlet, which agrees to 

the observation by Qiu et al. (2007). The vacuum pressure profile is 

stepped at each of the orifice locations, therefore showing the 

instantaneous pressure drops due to the entering of air. Interestingly 

the drops are not proportional with the orifice diameters or locations. 

For example, the maximum pressure drop (10 kPa) occurs at the 

second smallest orifice (0.2 mm diameter) that is at 3.4 m. The 

pressure drops verify the results from Scenario 1. That is, the closer 

the orifice is to the vacuum outlet, the higher the pressure difference at 

the orifice will be, and hence, the higher the pressure drop is. The 

stepped slopes represent the pressure gradients. The gradients 

increase with the elevation and upon approaching the outlet decrease. 



Chapter 5  

137 

 

One reason for the varied pressure gradients is that the decrease in 

the air volume ratio decreases the gravitational pressure gradient. The 

observation agrees with the results in Qiu et al. (2007) that the vacuum 

pressure distribution is not uniform. The trendlines in the vicinity of the 

outlet suggest that the frictional component governs the pressure drop 

when the air volume dominates the flow. The increase in the frictional 

component may potentially offset the reduction in the gravitational 

component.  

A similarly stepped profile occurs to the air volume ratios as in Figure 

5-12b. The air volume accumulates through the steps, reaching a 0.75 

air volume ratio at the outlet. The relationships agree to the results 

from Scenario 1 and suggest that air enters the drainpipe more 

drastically closer to the inlet, and vice versa. One may explain the 

relationship using the results in Figure 5-10, where the air volume ratio 

increases in two stages in terms of the orifice size. 

5.4.3 Engineering applications 

This proposed model is applicable to the vacuum dewatering practice. 

In vacuum dewatering, a vertical drain is installed inside the soil with its 

upper outlet located above the ground surface and connected to the 

vacuum pump. The lower inlet is submerged below the groundwater 

table, replicating Segment 1 in Figure 5-1a. The top portion of the pipe 

is adjacent to the unsaturated zone where air is present. As air can 

permeate through the fabrics of vertical drain, forming air−water mixed 

flow as in Segments 2 to n. Therefore, the model in Figure 5-1 can 

represent dewatering applications. 
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Figure 5-12. Profiles of (a) vacuum pressure; and (b) air volume ratio 

of drainpipe involving multiple orifices. 

The solutions to the four example problems give some interesting 

results. First the vacuum pressure inside the drainpipe is non-linear. 

The upper portion, which is near the ground surface, shows a greater 

pressure drop than the lower portion. The fluid follows a slug flow 

pattern and comprises a chain of large bubbles which likely impact on 

steady flow. As the vacuum pressure in practice is often less than 1 

atm, the lift depth is less than 10 m. The presence of orifices tents to 

further reduce the lift depth. This means, less water will be lifted in 

unsaturated zones than in the saturated zones. 

5.5. Conclusion 

This study modelled the orifice induced air−water flow in vertical 

drainpipes. The proposed model took account of the compressibility of 

air, drift flux velocity in confined pipelines, and Bernoulli's energy 

principle. This study presented the numerical algorithms to solve the 
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proposed model and validated the solutions. The model was applied to 

the example problems and arrived at the following results: 

• The vacuum pressures distribute nonlinearly inside the 

drainpipe. The nonlinear distributions are related to the size and 

location of orifices. The vacuum pressure drops more noticeable 

in unsaturated zones. 

• Under 1 atm vacuum pressure, the drainpipe lift depth falls on 

6.8 to 7.5 m for a one-orifice drainpipe provided orifice diameter 

is less than 2.2 mm and 6.3 to 6.8 m if the diameter is 2.2 to up 

to 7 mm. One >7 mm orifice stops the drainpipe from lifting 

water. 

• Pipe pressures drop more noticeably when lifting air−water 

mixture than lifting water. Drawing up air−water flux in 

unsaturated zones reduces drainpipe lift capacity.  

• The air volume ratio in the drainpipe increases with the orifice 

diameter. The relationship follows a double logistic curve. The 

air volume ratio increases relatively noticeably when the orifice 

size falls in the ranges of from 0 to 1.8 mm and from 5.2 to 6.5 

mm. 

5.6. Notations 

Roman  

C Discharge coefficient 

D Drainpipe diameter 

d Orifice diameter 

f Friction factor 

g Gravity acceleration 

L Drainpipe length 

l Orifice location 

M Molar mass 
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m Mass flow rate 

P Pressure 

P  Pressure gradient 

R Ideal gas constant 

Re Reynold’s number 

rc Critical pressure ratio 

T Temperature 

V Volume 

v Velocity 

z Elevation 

  

Greek  

α Air volume ratio 

γ Specific heat ratio 

  Pipe roughness height 

μ Dynamic viscosity 

ρ Density 

σ Surface tension 

  Two-phase correlation factor 

  

Subscripts  

0 Initial value 

frict Frictional 

g Gas or air 

gm Drift flux 

grav Gravitational 

i The ith orifice or segment 

l Liquid or water 

O Orifice 

out Outlet 

v Vacuum 
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Chapter 6 Conclusions 

6.1. Research contributions 

The thesis comprised four theoretical research articles.  These articles 

systemically studied the drain aided consolidation of partially saturated 

soil.  

A novel finite strain two-dimensional unsaturated consolidation model 

was proposed in Chapter 2 (paper 1). The model utilised the 

Lagrangian and Convective coordinate system and was solved via the 

in-house finite difference code. The model enabled non-linear soil 

parameters including soil Water characteristic curve, shrinkage curve, 

and permeability curve. The proposed governing equation was written 

in a conventional advection and diffusion equation form, enabling 

adaption with different numerical solver.  

A parametric study was conducted in Chapter 2 with a focus on the 

initial wet degree of layer on consolidation. The modelling result 

suggested that the initial soil saturation degree affects the 

consolidation curve. The higher the initial degree of saturation, the 

greater the settlement is, and vice versa. The air tends to dissipate 

faster than the water in the same soil layer.  

Using the consolidation model in Chapter 2, Chapter 3 studied the 

effect of the consolidation method on dewatering and solute transport 

efficiency. A solute transport model was coupled with the proposed 

consolidation model, simulating the contaminate transport during the 
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unsaturated soil consolidation. The coupled equation was solved via 

the unconditional stable Alternative Direction Finite Different Time 

Domain method. The method enhanced the computational time 

compared to the conventional explicit method.  

The proposed governing equations and numerical algorithm were 

verified against the laboratory test. A numerical study was carried out 

to examine the consolidation and solute discharge efficiency for 

different consolidation method and contaminate types. The results 

suggested that vacuum consolidation approach has a greater 

dewatering efficiency compared to the conventional preloading 

consolidation. The consolidation accelerated the transport of reactive 

chemicals but showed limited effects on transport of non-reactive 

chemicals. The solute dispersion process contributed to the 

contaminate discharge; however, became less noticeable when soil 

became unsaturated. The sorption process reduced the contaminate 

clean-up rate.  

Chapter 4 proposed a numerical model governing the vacuum air 

booster consolidation. The model utilised the Lagrangian-Convective 

finite strain framework and solved via the ADI-FDTD method. The 

model considered the soil unsaturation induced by the pressurised air 

system by determining the soil fracture state in each iteration. The 

model was verified against the field test. 

Chapter 5 studied the drainage efficiency of the vertical drain when air 

was present in soil. A preliminary modelling framework was proposed. 

The framework comprised empirical void fraction and two-phase 

pressure drop correlation and determined the pressure gradient of the 

drain well by inputting the applied vacuum pressure and soil void ratio. 

It should be noted that the preliminary model considered the soil 



Chapter 6  

143 

 

medium as the orifices along the drain. A detailed model is required to 

accurately estimate the pressure drop.  

A preliminary study was conducted by the proposed model. The result 

stated that the nonlinear pressure distributions occurred in the 

drainpipe, and pressure dropped more noticeably in the presence of air. 

More water was discharged when the orifice was located closer to the 

lower end than to the upper end. Under one standard atmosphere 

vacuum pressure the lift depth was approximately 6.3 to 7.5 m 

depending on the orifice size. 

In summary, this research provides a comprehensive modelling 

approaches for drain-aided consolidation of unsaturated soil. Models 

were developed using finite deformation approach and enables 

accurate prediction of the consolidation time and settlement. With 

guidelines proposed in this thesis, engineers or researchers can: 

• Evaluate the unsaturated soil consolidation behaviour, 

• Evaluate the saturated and unsaturated soil solute transport, 

• Assess the drainage efficiency when vertical drains are utilised 

for unsaturated soil improvement, and 

• Estimate the consolidation time and settlement when vacuum-

air-booster consolidation method is adopted. 
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6.2. Scope of future work 

The recommendation for future work is related to soil consolidation test 

and drain well efficiency assessment.  

The proposed large-strain unsaturated soil consolidation model has 

been verified against the laboratory tests and analytical models. The 

tests however did not consider some important soil properties, such as 

the non-linear soil water characteristic curve and shrinkage curve, as 

the existing laboratory test did not provide the detailed soil parameters. 

A mesoscale laboratory experiment with vertical drains was also 

missed in existing documents. To verify the model accuracy, and 

hence apply the model in estimating the consolidation settlement/time 

in situ, a mesoscale laboratory experiment utilising the vertical drain 

with SWCC, shrinkage, permeability and compression curves 

measurement is warranted.  

The developed unsaturated soil consolidation models can simulate 

either saturated or unsaturated soil consolidation individually. However, 

the model is unable to smoothly transition from a fully saturated state 

to an unsaturated state because it is governed by the SWCC, where 

soil suction and air entry values are used to determine the soil 

saturation degree. Soils become unsaturated only when the soil 

suction exceeds the air entry value. In cases where vacuum 

consolidation or preloading consolidation is employed, quantifying soil 

suction becomes challenging. Further research is needed to facilitate a 

seamless transition from saturated to partially saturated states, thus 

improving the modelling of in-situ soil consolidation. 

For the vacuum air booster consolidation, it is clear the soil 

unsaturation is present due to the pressurised air; however, 
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unsaturated soil parameters were missed in some field and laboratory 

tests. A detailed mesoscale test is required to verify the proposed 

model.  

The two-phase flow model of the drain well in its current form is 

considered as a preliminary model. To apply the model in practice, 

further enhancement by detailing the orifice layout, i.e., >100,000 

orifices with orifice diameter <20 μm, is required.  This can be 

achieved by upscaling the model automation and computational 

efficiency. A field or mesoscale laboratory test is also warranted. 
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Appendix A.  Initial pore 

pressures induced by 

surcharge load 

The pore pressures at location (x, y), uw and ua, that are induced by a 

surcharge load p are herein summarised in terms of Fredlund and 

Rahardjo (1993) and Fredlund et al. (2012). Assuming a 0K  loading 

condition for the layer in Figure 2-1(a), the soil volume change ratio, 

dVv/V0, can be expressed by using the net stress increment, ( )a

yd u − , 

and matric suction increment, ( )a wd u u− : 

( ) ( )1 2

0

v
a a w

y

dV
m d u m d u u

V
= − + −  (A-1) 

where Vv is the volume of void. The volume change ratio can also be 

expressed in terms of pore−fluid compressibility: 

0

v
aw

y

dV
C nd

V
=  (A-2) 

where n is the soil porosity, and 
awC  is the coefficient of air−water 

compressibility and is expressed as: 

1
a

a

w a
aw w

y ybs

du S hS du
C

d u
SC

d 

    − +
= +       

    

 (A-3) 

where S is the degree of saturation, 
wC  is the compressibility of water 

and equals 4.2×10−7 kPa−1 at 293.1 K and 1 atm, and h is the 

volumetric coefficient of solubility and is 0.02.  
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Combining Eqs. (A-1) to (A-3) and rearranging it, the change in pore 

water pressure, duw, is rewritten as: 

1 2

w a

ydu R du R d= +  (A-4) 

where coefficients R1 and R2 are: 

( )( )
2 1

1

2

1
2

2

1
a

bs

w

w

a

S hS n
m m

R
m SnC

m
R

m S C

u

n

 − + 
− −  

  =
+


 =
 +

 (A-5) 

Eq. (A-4) consists of two unknowns, i.e., wdu  and adu , and can be 

solved by introducing air volume compressibility relationship which is 

as follows: 

( ) ( )1 2

0

a
a a a a w

y

dV
m d u m d u u

V
= − + −  (A-6) 

Based on compressibility of air, the air volume change ratio, dVa/V0, 

can be also expressed as: 

( )

0

1a
a

a

S hS ndV
du

V u

− + 
=  

 
 (A-7) 

Combining Eqs. (A-6) and (A-7), dua can be expressed using duw and 

yd  as follows: 

( ) ( )3 4

a w

ydu R du R d= +  (A-8) 

where coefficients R3 and R4 are: 

2
3

2 1

1
4

2 1

(1 )

(1 )

a

a a

a

a

a

abs

a

a

a

bs

m
R

S hS n
m m

m
R

S hS n
m

u
m

u


=

 − + − −    

 =
  − +

− −  
  

 (A-9) 

Solving the combination of Eqs. (A-4) and (A-8), the changes in pore 

air and pore water pressure are written as: 
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2 3 4

1 3

2 1 4

1 3

1

1

a

y

w

y

R R R
du d

R R

R R R
du d

R R





−
= −


− =

 −

 (A-10) 

Apparently, the three stress increments represent the excess pore 

pressures and surcharge load respectively, i.e.
0

a adu u= , 
0

w wdu u= and 

y = p. 

It is noteworthy that coefficients 1R , 3R  and 4R  contain the absolute 

pore air pressure a

absu = a a

atmu u+ . Excess pore pressure au  is an 

unknown in the first instance and therefore has to be solved by 

iterations.  
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Appendix B.  Hydro-

mechanical model  

The model adapted constitutive relationships as given in Fredlund and 

Xing (1994), Shuai (1996) and Fredlund et al. (2002). The drying curve 

is given as: 

( )

( )

6

ln 1
1

1
10

ln 1
ln exp 1

f
f

r

s m
n

r

f

h
w w

h
a







 
   

+    
   = −         +     +               

 (B-1) 

where ws is the saturated water content, hr is the residual matric 

suction, and af, nf and mf are the curve fitting parameters. 

Differentiating Eq. (B-1) with respective to matric suction  yields 

parameter bm. Substituting bm to Eq. (2-40) gives the coefficient of 

water volume change with respect to the matric suction as: 

( ) ( ) ( )( )

( ) ( )( )

6

6 1
1

2

0

6

1

10
ln 1 ln exp(1) ln

10
ln 1 ln 1 ln exp(1) ln1

10
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f f
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f f f

f

f

m
n n

r f f f

r

mw s s n n n

f f f f f

r r
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n r
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r f

h a n a
h

w G
m n m a n ae h h

h
a

h a

 


 



− −
−

 
−  

 + + + − 
  
 

     = + − + + −     +
     −
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(B-2) 

Fredlund et al. (2002) represented soil shrinkage curve as: 
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( )

1

1
sh sh
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c c
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sh

w
e w a

b

 
= + 

 
 (B-3) 

where ash is the minimum void ratio, bsh is the slope of the line of 

tangency, and csh is the curvature of the shrinkage curve. 

Differentiating Eq. (B-3) with respective to the water content gives: 

( ) ( )
1

1

sh

sh sh sh

sh

c

c c c
shc

sh

sh

de w b
w

bd
a

w

−

−
+

=  (B-4) 

Substituting Eq. (B-1) to Eq. (B-4) and considering Eq. (2-40), the 

coefficient of soil volume change with respected to the matric suction, 

2m , becomes: 
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(B-5) 

In Shuai (1996), the compressibility curve gives: 

1 20.435 a aC C

t ca C




−

+
=  (B-6) 

where Cc is the compression index, Ca1 and Ca2 are the fitting 

parameters. Substituting Eq. (B-6) to Eq. (2-40), the coefficient of soil 

volume change with respected to the net stress, 1m , is: 
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1 2

1

0

0.435
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a aC C

cC
m

e




−

+

=
+

 (B-7) 

As per Shuai (1996), the coefficient of water volume change with 

respected to the net stress, 
1

wm , becomes : 

1 2

1

0

0.435

1

a a

e

C C
Cw cC

m
e






−
+

−
=

+
 (B-8) 

where Ce is an index that shows the relationship between water (
1

wm ) 

and soil (
1

sm ) volume change indexes in term of the matrix suction. The 

index is determined experimentally. 
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Appendix C.  Model derivation 

As per Fredlund et al. (2012), the unsaturated soil volume change 

indexes, 
1

wm , 
2

wm  , are reduced to the fully saturated soil volume 

change index, mv. In fully saturated condition, the Eq. (3-3) is simplified 

to: 

( )01
w

w

v x y

e
m e u

t t
 

 
 = + + −  

 (C-1) 

The change of total stress with respect to time, 
y t  , is expressed 

as: 

y y

t t

  



  
=

  
 

(C-2)  

The term 
y    equals 

s g , and the Eq.(C-2) is then written as: 

01

s w
y y e

t e t

g  
= −

 + 
 

(C-3) 

The pore water pressure, wu , is the sum of the hydrostatic pressure, 

,w hstu , and the excess pore water pressure, 'wu , and the change of 

pore water pressure with respect to time, 
wu t  , is expressed as: 

, 'w w hst wu u u

t t t

  
= +

  
 

(C-4) 

And similarly, the term 
,w hstu t   is written as ( )( ),w hstu t     , and 

Eq. (C-4) becomes: 

0

'

1

www wu y e u

t e t t

g   
= − +

 +  
 

(C-5) 
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Substituting Eqs. (C-3) and (C-5) into Eq. (C-1), and assuming the 

change of horizontal stress during the consolidation is neglected, the 

change of void ratio with respect to time, 
we t  , is written as: 

( )

( )
01 '

1

w w
v

v

s w

m ee u

t tm gy  

+

−


= −

 + 
 

(C-6) 

Combining Eqs. (C-6) and (3-2), the governing equation for excess 

pore water pressure dissipation in the fully saturated condition is 

simplified as: 

( ) ( )( )
( )

( ) ( )( )
( )

0
2 2

2 20

1 1 1 1' ' '
 

1 1

w w w w
w w w
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e
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m e





 



 + +  + + 



−  
= − −

−

 + +

 
(C-7) 

where, as per Lambe and Whitman (1979) and Lewis et al. (2009), the 

volume change index, mv, is written as:  

( )

( )( )

0 /

0

0

10

' ln 10 1

w we e Cc

v w
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m

e

−

=
+

 

(C-8) 
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Appendix D.  Pressure drop at 

orifice 

Pipe pressure will drop when a mass of air enters the pipe through an 

orifice. Adapting Eq. (5-3), the pressure drop at Orifice 1 is written as: 

2

1 1 , 1

1

2
g g OP v =  

(D-1) 

where the density of air, 
1g , is determined from the Ideal Gas Law, as 

1
1g

MP

RT
 =  

(D-2) 

where M is the molar mass of air and is 28.97 g/mol for dry air, P1 is 

the pipe pressure at Orifice 1, R is the ideal gas constant of 8.314 J/(K

⋅mol), and T is the temperature of air in Kelvin. In Eq. (D-1), the air 

velocity at the orifice 
, 1g Ov  is determined from the air mass flow rate 

, 1g Om  as: 

, 1

, 1 2

1
1

4

g O

g O

g

m
v

d


=
 
 
 

 

(D-3) 

where d1 is the diameter of Orifice 1. Substituting Eq. (D-2) for Eq. 

(D-3), gives 

, 1

, 1 2

1 1

4 g O

g O

m
v RT

MP d
=  

(D-4) 

Substituting Eqs. (D-2) and (D-4) for Eq. (D-1), the pressure drop at 

Orifice 1 is: 
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Appendix E.  Gas volume ratio 

As per Hibiki et al. (2004), the gas volume ratio, , of a gas−liquid 

mixture transporting in a pipeline is determined as: 

0

g

gm m

v

v C v
 =

+
 (E-1) 

where vgm is the drift-flux velocity, vm is the mixture velocity and equals 

(vl + vg) (Afshin and Swanand 2014), and vg is the velocity of air and 

equals 

1

g

g

m
v RT

MPD
=  (E-2) 

where mg is the cumulative mass flow rate of air, D is the pipe diameter, 

and C0 is the distribution parameter and is written as: 

( )
( )

( )( ) ( )

( )

2/5
1

2 2

0,12

0 2 2

1 / cos / 1 cos
2 /

1 /1000 1 /1000

g

g l

g l

m m

C

C
Re Re



   
 

− 
  + + +   −   = +

+ +
 

(E-3) 

where θ is the pipe orientation angle from horizontal, Rem is the 

mixture Reynold number and equals (vmρlD/μl) where μl is the liquid 

dynamic viscosity, and C0,1 is a variable and is written as: 

( ) ( ) ( )
0.15 1.5

0,1 1 1 / 2.6 1g l MC c c f x   = − − − −
   (E-4) 

where, the constant c1 is 0.2 for a circular pipe, λ is the gas to mixture 

velocity ratio, i.e. (vg/vm), x is the gas to mixture mass flow rate ratio 

and equals (mg/(mg+ml)), and fm is the friction factor and is determined 

by substituting the mixture velocity for the liquid friction factor equation 

in Swamee and Swamee (2007), as: 
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64 5.74 2500
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3.7
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m m m

f
Re d Re Re


−        

 = + + −      
         

 (E-5) 

where ε is the pipe roughness height and equals 0.0015 mm for 

smooth pipe. 

The drift-flux velocity, vgm, in Eq. (E-1) is written as: 

( )
( )( )

2 3

1
0.35sin 0.45cos

n l g

gm

l

gd
v c c

  
 



− −
= +  (E-6) 

where g is the gravity acceleration, coefficient c2 is 1 for the liquid 

dynamic viscosity 0.01l   Pa×s. Otherwise c2 is written as: 

( )

0.15

2

10

0.434

log / 0.001l

c


 
=   

 
 (E-7) 

Coefficient c3 is related to the Laplace number, La. c3 = 1 for 

0.025La  . Otherwise c3 is expressed as: 

( )
0.9

3 / 0.025c La=  (E-8) 

Laplace number La is related to the surface tension of mixture, σ, and 

is determined as: 

( )
1

l g

La
dg



 
=

−
 (E-9) 

Note that Eqs. (E-1) to (E-9) are solved through iterations. Assuming 

an initial gas volume ratio α, calculate the required parameters to 

determine the new gas volume ratio. Compare the assumed and new 

volume ratios with the pre-set criterion. If the criterion is satisfied, the 

gas volume ratio is accepted. otherwise, adjust it until the criterion is 

satisfied.
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Appendix F.  Two-phase 

frictional pressure factor 

As per Bhagwat (2015) and Ghajar (2020), the factor, Φ, for two-phase 

friction pressure is given as: 

( ) ( )  ( )
0.33 22 2 2 3

1 2 31 1 1 1 1x B x Y B Y x B x   = − + − + + −
     (F-1) 

where, Y is the parameter determined from Müller-Steinhagen and 

Heck’s equation (Müller-Steinhagen and Heck 1986) as: 

,

,

frict g

frict l

P
Y

P
=  (F-2) 

where ,frict gP  is the pressure gradient of the gas by assuming the gas 

flows at the mixture mass flux, and is written as: 

( )
2

, 3

4
2

g l

frict g g

g

m m
P f

d

+
=  (F-3) 

where gf  is the gas friction factor and determined using the method for 

the liquid friction factor.  

The fitting parameters, B1, B2, and B3 are given as: 

( ) 1 1 2 30.85 1.703 1 exp 6.25B Bo= + − −       (F-4) 

2 1 /g lB  = −  (F-5) 

( )

( )

16.25

3 4.1

0.3 1 sin 0.3 for 0 20

0.012 1 sin 0.34 for 20 90
B

 

 

− − + +    
= 

− + +    

 (F-6) 

where: 
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( ) 1 1 2.65 1 exp 1.677 lN
  = + − −   (F-7) 

2

0.55 for 1, 1

1 for 1, 1

Bo

Bo





 
 = 

 
 (F-8) 

3

1
1 0.005

x

x

−
 = +  (F-9) 

( )( )
2

/ 2l gg d
Bo

 



−
=  (F-10) 

( )

0.5

l
l

l

l g

N

g






 

 

=
 
 

− 
 

 

(F-11) 

0.25

2.5
gl

ref l




 

 
=  

 
 (F-12) 

where ρref is the reference value of density and equals the density of 

water, and μg are dynamic viscosity of air
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Appendix G.  Two-phase VOF 

model 

As per Ansys Inc. (2020), the VOF model assumes the velocity field is 

shared among phases. A single momentum equation is solved: 

( ) ( ) ( )T

m m mV VV P V V g F
t

   


 +  = − +   + + +
 

 (G-1) 

where F is the surface force vector; 
m  and 

m  are mixture density 

and viscosity, and are written as:  

( )1m l l l g    = + −  (G-2) 

( )

( )

1

1

l l l l g g

m

l l l g

     


   

+ −
=

+ −
 (G-3) 

Assuming the gas (air) is the primary phase and liquid (water) is the 

secondary phase, and no mass transfer between phases, the liquid 

volume ratio l satisfies the following equation: 

( ) ( ) 0l l lV
t

 


+  =


 (G-4) 

 




