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Abstract Motivated by recent theoretical arguments that
expanding strings can be regarded as having a temperature
that is inversely proportional to the proper time, τ , we inves-
tigate the consequences of adding a term ∝ 1/τ to the string
tension in the Lund string-hadronization model. The lattice
value for the tension, κ0 ∼ 0.18 GeV2 ∼ 0.9 GeV/fm, is
then interpreted as the late-time/equilibrium limit. A generic
prediction of this type of model is that early string breaks
should be associated with higher strangeness (and baryon)
fractions and higher fragmentation 〈p⊥〉 values. It should
be possible to use archival ee data sets to provide model-
independent constraints on this type of scenario, and we pro-
pose a few simple key measurements to do so.

1 Introduction

Hadronization is an essential stage of high-energy particle
collisions within QCD, describing how quarks and gluons
transform into observable hadrons. Although this process is
intrinsically non-perturbative, a successful starting point for
physical models has been the observation, e.g., in lattice cal-
culations (see, e.g., [1]), that the potential between two static
QCD charges (in an overall colour-singlet state) becomes
asymptotically linear at long distances r � 1 fm. This is the
starting point for the Lund string fragmentation model [2–
4], which via its implementation in the Pythia Monte Carlo
event generator [5,6] is among the most widely used models
today.

Despite a track record of describing experimental mea-
surements of particle production rates acceptably well in
many contexts (see, e.g., the http://mcplots.cern.ch web site
[7]), it is worth keeping in mind that it remains a phe-
nomenological model, whose underpinnings and simplify-
ing assumptions can in principle be up for reevaluation in
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the light of new experimental results and/or new theoretical
insights.

One major simplifying assumption that has come under
strong scrutiny in recent years is the fact that in the original
formulation of the string-fragmentation model, each colour-
singlet system is hadronized independently of any others. The
mounting clear evidence of effects that appear to be collective
in origin, including observations of flow-like effects [8–14]
and strangeness enhancements [15–19] in pp collisions at the
LHC, has spurred much activity in the theoretical community
on how would-be independent string systems may fragment
collectively in one way or another [20–40]. Common to these
new modelling efforts is typically that they aim to account for
the physical differences between fragmentation of a single
string in isolation, such as in hadronic Z decays, and the
simultaneous hadronization of multiple such systems, such
as in pp or heavy-ion collisions, without making any direct
modifications to the baseline single-string scenario.

Given the renewed focus on the non-perturbative dynam-
ics of hadronization, and the potential for new revealing mea-
surements to be made at the LHC, it is worthwhile to reex-
amine also some of the foundations of the string model for
the case of a single isolated string. There are of course very
strong constraints from e+e− → hadrons, but to the extent
that those constraints are mainly sensitive to various effective
average quantities in the model, one may still ask questions
such as whether a more dynamical picture could imply differ-
ent fluctuations and/or different correlations without neces-
sarily being excluded by the currently available constraints.
Given the relative simplicity of the LEP data sets, such efforts
may also be helpful in formulating new interesting measure-
ments that could be made by groups with access to those data
sets.

In this work, we consider the implications of introduc-
ing an effective string tension which only asymptotically
approaches the universal constant value observed on the lat-
tice. There are at least three conceptual motivations for this:
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• The linear potential observed on the lattice and used as the
starting point for the string model is, intrinsically, only a
statement about the steady-state long-distance/late-time
limit. It would not be invalidated by introducing depar-
tures from the strictly linear behaviour at early times,
short distances, and/or in non-equilibrium situations.

• At short distances/early times, both lattice and pertur-
bative QCD agree that there is a Coulomb component
to the potential, which makes the potential well deeper
than that of the simple linear asymptote. The asymptotic
short-distance limit should be accounted for via pertur-
bative g → qq̄ splittings in the parton shower, but an
effective non-linearity may remain, associated with the
transition region between the perturbative shower and
the non-perturbative long-distance limit. Allowing for a
larger effective string tension at early (proper) times may
be a first (crude) way of mimicking the effect of a larger
initial potential gradient. We freely admit, however, that
it is not obvious to us that the string description as such
remains appropriate in the presence of such contributions.

• It was recently highlighted [41] that an expanding string
may differ significantly from the steady-state situations
studied on the lattice and in hadron spectroscopy. In
particular, different regions of the string are necessar-
ily entangled, implying the existence of a non-trivial
entropy that increases with time. The string can therefore
be interpreted as a thermal state, with a temperature that
decreases with invariant (proper) time as T ∝ 1/τ . With-
out any attempt at further justification, we take this as an
additional motivation to study a string with an effective
tension κ(τ) ∝ 1/τ .

We note that the possibility of a fluctuating string tension
has been studied by other authors [42,43]. The overall conse-
quences are similar: broader hadron p⊥ spectra and modified
strangeness ratios, and we expect that either type of model (as
well as any of a similar ilk) could be constrained by the same
set of experimental measurements. The possibility of a higher
effective tension in the vicinity of heavy-quark endpoints has
also been raised [44]. Differences should show up in correla-
tions (for instance with Nch), which will depend on the details
of the proposed physics scenario, such as whether high string
tensions can only occur at early times (τ -dependent tension),
at any time (fluctuating tensions), and/or for specific event
topologies (heavy-flavour endpoints, gluon hairpin configu-
rations, etc.).

This paper is organised as follows. In Sect. 2, we give
an ultra-brief summary of the properties of the Lund string
model that will be relevant for our study. In Sect. 3 we
describe the modifications we make to the Lund model and
define two example sets of toy-model parameters which are
subsequently validated against a few salient LEP measure-
ments in Sect. 4, in which we also propose a small set of new

simple measurements that could be done on archival ee data.
Finally, in Sect. 5 we conclude and give an outlook to future
work.

2 String fragmentation mini review

The linear potential seen on the lattice at large distances is
interpreted within the Lund model as the potential of a string,
V (r) = κr . Here, r is the separation between the qq̄ pair
and κ is ordinarily taken to be a constant string tension of
around 0.18 GeV2 or 0.9 GeV/fm. A stable meson consists
of a qq̄ pair which converts kinetic energy into potential
energy stored in the string as the quarks move apart, before
the quarks move back towards one another after exhausting
all their kinetic energy and the process repeats. This oscilla-
tory motion is called the Yoyomode. If there is enough energy
present in the string, qq̄ pairs can be created between the ini-
tial endpoint quarks, breaking the string into two distinct
pieces. These breaks are modelled as a quantum mechani-
cal tunnelling process, as originally devised by Schwinger in
the context of e+e− pair production in a strong electric field
[45]. This leads to a Gaussian distribution for the probability
of producing a pair of quarks of mass mq and (oppositely
oriented) transverse momentum, p⊥:

P(m2
q , p

2⊥) ∝ exp

(
−πm2

q

κ

)
exp

(
−πp2⊥

κ

)
. (1)

String breaks will continue to occur until all remaining
string pieces have sufficiently low invariant masses that they
can be mapped onto hadronic states. This string fragmenta-
tion process is performed in hyperbolic coordinates, defined
as [4, p.149]:

y = 1

2
log

x+
x−

, (2)

� = κ2x+x−. (3)

Here, x± = t ± x corresponds to light-cone space-time
coordinates. The coordinate y is then the rapidity, or the
hyperbolic angle. Meanwhile, � is related to the squared
proper time of the vertex, x+x− = t2 − x2 = τ 2.

Individual string breaks are separated by spacelike inter-
vals and are therefore causally disconnected, meaning that the
string can be fragmented from the endpoints inwards rather
than in a time-ordered fashion. Hadrons can then be split off
iteratively from the endpoints in each step, according to the
Lund symmetric fragmentation function [2]:

f (z) = N
1

z
(1 − z)a exp

(
−b(m2

h + p2⊥h)

z

)
. (4)

This function defines the probability for a produced hadron
of mass mh and transverse momentum p⊥h (relative to the
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string axis), to take a fraction z of the remaining energy-
momentum, and is defined so that the fragmentation process
is independent of which endpoint is chosen in each step. The
parameters a and b are determined experimentally, while N
is a constant defined to make f (z) integrate to unity.

The probability distribution for �, and hence of τ =√
�/κ via Eq. (3), is proportional to a modified area-law

exponential [2],

P(�) ∝ �a exp(−b�). (5)

3 Time-dependent tension

Motivated by the finding [41] that an expanding string
may be described as having a temperature with an inverse
dependence on proper time, we introduce a modified time-
dependent string tension:

κ(τ) = κ0 + A

max(τ, τ0)
, (6)

where A sets the relative size (in GeV) of the τ -dependent
term, κ0 is the asymptotic string tension for late times which
we take to be κ0 = 0.18 GeV2 ∼ 0.9 GeV/fm in line with
lattice results (e.g., [1]), τ is the proper time defined so that
τ = 0 coincides with the production vertex of the hard (entan-
gled) endpoint partons, and τ0 is a regularisation parame-
ter that we introduce to ensure that the effective string ten-
sion has a maximum value at κ0 + A

τ0
beyond which it is

not allowed to increase any further. This prevents the model
from generating unphysically large effects at very short dis-
tances (τ → 0 which we expect to be dominated by per-
turbative effects anyway). A natural choice for τ0 can be
obtained by associating it with the inverse of the parton-
shower cutoff in the model, which in PYTHIA by default is
set at 0.5 GeV (TimeShower:pTmin), yielding a guess of
τ0 = 2 GeV−1.

An alternative way to constrain τ0 is by integrating the
(time-dependent) potential energy stored in the string as a
function of the quark–antiquark separation distance R, which
for a general τ -dependent tension can be expressed as:

V (R) = 2
∫ R/2

0

κ(τ) τ dτ√
R2/4 − τ 2

, (7)

and choosing τ0 such that the form of the Cornell potential
[46] is approximately reproduced deeper into the Coulomb
region. This is not a mandatory constraint, to the extent that
the model is intended to represent physics (such as expan-
sion) that may not be captured by the steady-state Cornell
potential, but it furnishes an interesting option for a pos-
sible constraint. Allowing the effective value of the strong
coupling that normalises the Coulomb term in the Cornell
potential to vary between its Lüscher value, VCoulomb =

Fig. 1 Modified string tension κ(τ) compared to constant tension κtune
with τ distribution for different definitions of τ0 and A

−π/(12R) [47], and the original Cornell value from char-
monium ∼ −0.5/R [46], we find the following rough range
for “Coulomb-inspired” τ0 values:

1

π2A
� τ0 � 2

π2A
. (8)

As a final constraint, we require that the average value of
κ in string breaks in our toy scenarios should be the same as
the effective κ value used in the baseline (Monash 2013) tune
of PYTHIA [48]. This will ensure that average hadron-level
observables will, at least to a first approximation, remain the
same as in the Monash tune.

The τ distribution for string breaks in e+e− → hadrons
is illustrated by the orange histogram in Fig. 1, for the
reference tune. The corresponding constant value κtune =
0.353 GeV2 ∼ 1.8 GeV/fm (obtained from the p⊥ broad-
ening of the reference tune, see below) is indicated by the
dark blue horizontal line. The two lighter-blue histograms
illustrate two variants of our model constrained to keep
〈κ(τ)〉 = κtune

1:

• A = 0.484 GeV, τ0 = 2 GeV−1,
• A = 0.391 GeV, τ0 = 0.536 GeV−1,

where the former corresponds to letting the shower cutoff
define τ0, with maximal tension κmax = κ0 + A/τ0 ∼
2.3κ0 ∼ 1.2κtune (i.e., only slightly higher than the aver-
age value in the reference tune) while the latter represents an
example of using the “Coulomb-inspired” constraint,2 cho-
sen such that the maximal tension is substantially larger than

1 Calculated using the same τ distribution as for the reference model.
The actual τ distribution will be slightly broader in the τ -dependent
scenarios, but this has a small effect on the average value.
2 Note that we allowed a slight violation of the bound expressed by
Eq. (8) to get a nice integer number for the ratio κmax/κ0.
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Fig. 2 The effective
quark–antiquark potential,
V (R). The two example cases of
τ -dependence parameters used
in our study (shown with
dot-dashed blue and dashed
cyan lines), compared with the
standard linear part (solid
black), and two variants of the
Cornell potential (shaded gray
band)

in the reference tune, κmax = 5κ0 ∼ 2.5κtune, with the trade-
off that it is then only active for a relatively short time.

The τ distribution in Fig. 1 is determined by the parame-
ters a = 0.68 and b = 0.98 of the reference tune via Eq. (5).
Reducing the a parameter would in principle allow one to
probe even earlier τ (and hence possibly larger variations
in the effective string tension); but this would have to be
accompanied by a similar reduction in b to maintain the same
average charged multiplicity. In practice, we did not find that
variations with e.g. a = 0.23 (a third of the reference value)
and b = 0.49 (half of the reference value) produced substan-
tial changes in the distributions we explore in this work. Thus
we show only results obtained with the reference values for
a and b in what follows.

In Fig. 2, we compare the effective potentials V (R) for
these two toy scenarios (dot-dashed and dashed respectively)
to the Cornell potential (grey shaded band), in all cases
choosing the constant V0 term so that the same behaviour
is obtained for asymptotically long distances. It is clear
that only the Coulomb-inspired (dashed cyan) model resem-
bles the Cornell potential down to fairly low R (beyond
which, presumably, the physics is anyway fully perturbative).
Since our model was not originally conceived to describe
Coulomb effects, we emphasise that we do not regard either
of these scenarios as more or less well motivated than the
other. They simply represent a variation between allowing
a slightly increased tension for a relatively long time (the
shower-cutoff-motivated scenario) versus allowing a highly
increased tension for a shorter time (the Coulomb-inspired
scenario). Other combinations of A and τ0 that result in
the same 〈κ(τ)〉 are collected in Table 1 in the Appendix.
Whichever values of A, τ0, and κ0 are used, a modified string
tension will result in a modified κ in Eqs. (1) and (3).

The first factor in Eq. (1) relates to the yield ratio of strange
quarks to up/down quarks:

P(s : u/d) = P(m2
s )

P(m2
u/d)

= exp

(
− (m2

s − m2
u/d)

κ

)
, (9)

where ms is the mass of the strange quark and mu/d is the
mass of the up/down quarks. Since the values of these masses
are highly scheme dependent and appear in an exponent here,
the above formula is normally not useful for practical appli-

cations; instead, the approach in PYTHIA is to parameterise
the strangeness suppression parameter, P(s : u/d), directly
and fit that to experimental data (see, e.g., [48]), resulting in
a strangeness ratio of around 0.2–0.3 for a very wide range of
CM energies [48,49]. Under our modified string tension, at
early times the strangeness ratio will be increased, and at later
times it will be decreased. Denoting the average strangeness
suppression by 〈P(s : u/d)〉, the suppression factor for a
string break that occurs at (proper) time τ is:

P(s : u/d)(τ ) = 〈P(s : u/d)〉(〈κ〉/κ(τ)). (10)

For baryons, PYTHIA’s modelling is based on string
breaks involving diquarks, as described e.g. in [5, Sec-
tion 12.1.3]. Analogously to what we do for strangeness, we
introduce modifications to the diquark production parame-
ters, following the method detailed in [26]. Specifically, we
assume that the suppression factor for strange diquarks rela-
tive to non-strange ones scales in the same way as in Eq. (10),
and that this also applies to the rate of spin-1 diquarks relative
to spin-0 ones. That then leaves only the scaling of the overall
suppression factor for producing diquarks relative to quarks
to be determined. This is complicated somewhat due to the
underlying so-called “popcorn” mechanism of diquark pro-
duction. According to the popcorn picture, there is first a qq̄
fluctuation which leaves the string intact, with a probability
we denote β, followed by a second qq̄ fluctuation which tun-
nels out to break the string, with a probability γ . The overall
diquark-to-quark suppression factor is then ξ = αβγ , where
α can be expressed in terms of the other suppression factors
mentioned above:

α = 1 + 2xρ + 9y + 6xρy + 3yx2ρ2

2 + ρ
, (11)

with ρ and xρ the strangeness suppression factors for quarks
and diquarks respectively, and y the suppression factor for
spin-1 diquarks relative to spin-0 ones. Since γ is a tunnelling
probability, we assume that it scales in the same way as the
other suppression factors, i.e. as γ̃ = (γ )〈κ〉/κ(τ), while β is
the constant popcorn production probability. The modified
diquark suppression factor (ξ̃ ) is therefore given by:

ξ̃ = α̃βγ̃ = α̃β

(
ξ

αβ

)〈κ〉/κ(τ)

. (12)
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The second factor in Eq. (1) relates to the width of the p⊥
spectrum:

σ 2 = 〈p2⊥〉 = π

κ

∫ ∞

0
p2⊥ exp

(
−πp2⊥

κ

)
dp2⊥ = κ

π
. (13)

Inserting theσ value of the Monash tune,StringPT:sigma
= 0.335 (GeV), we get

κtune = 0.353 GeV2 ∼ 1.8 GeV/fm, (14)

which we used to constrain the average tension, 〈κ(τ)〉,
above. For late times, the lattice value κ0 = 0.18 GeV2 ∼
0.9 GeV/fm corresponds to a p⊥ broadening of σ0 =
0.24 GeV, while the largest tension reached for τ ≤ τ0

by the Coulomb-inspired scenario, κmax ∼ 0.9 GeV2 ∼
4.5 GeV/fm, corresponds to σmax = 0.54 GeV.

As with the strangeness ratio, the average p⊥ will be
unchanged in the scenarios we study here, but the p⊥ given
to individual hadrons will depend on the τ at which their
corresponding string breaks occurred. This will alter the p⊥
correlations among hadrons which share a particularly early
(or late) string break, and it will also alter the p⊥-strangeness
correlations.

In addition, the definition of the hyperbolic coordinate �

will change from Eq. (3) to:

� =
(

κ0 + A

max(τ, τ0)

)2

τ 2, (15)

which maintains Lorentz invariance since τ is the proper
time.

In this work, we neglect possible modifications to the lon-
gitudinal aspect of the fragmentation. In principle, the τ -
dependent tension will lead to a different rate of energy loss
dE/dt for the endpoint quarks, by analogy with Eq. (7),
and this may in turn affect the longitudinal momentum spec-
trum of produced hadrons. However, since our model does
still maintain the property of self-similarity (and hence left-
right symmetry) for each (fixed) value of τ and since f (z)
does not depend explicitly on the string tension, we believe
modifications to the longitudinal properties of the fragmen-
tation should be small. Therefore, while we think it would
be interesting to follow up on this question in a future study
(especially if experimental measurements should support the
predictions we make for the strangeness, baryon, and p⊥
aspects), for now we let PYTHIA select z and � values using
the a and b parameters of the reference tune without modifi-
cations. We then compute τ and κ(τ) using Eq. (15). Finally,
we modify the strangeness ratio and p⊥ using Eqs. (10) and
(13).

At the technical level, we make use of the UserHook
functionality within PYTHIA, which allows to intervene
at various stages of the hadronization process and mod-
ify the properties of each string break on an individual

basis. This is important since each string break will have
its own τ , so a blanket value cannot be specified for the
strangeness ratio and p⊥. Our modifications were introduced
using the doChangeFragPar method, which reinitialises
the PYTHIA settings with our adjusted values. In this case,
the relevant settings were StringFlav:probStoUD,
StringFlav:probQQtoQ, StringFlav:probSQto
QQ, StringFlav:probQQ1toQQ0 and StringPT:
sigma.

4 Results

The results presented in this section were obtained by gen-
erating 4 million ee → hadrons collisions at

√
s = 91 GeV,

with standard LEP settings (ISR switched off, and parti-
cles with lifetimes cτ > 100 mm treated as stable). We
use PYTHIA 8.243, augmented by an implementation of
our model via the UserHooks framework, and compare the
two example scenarios for τ0 discussed above to the base-
line PYTHIA modelling. For reference, the toy scenarios we
include are:

• Toy Scenario 1: A = 0.484 GeV, τ0 = 2 GeV−1,

κ0 = 0.18 Gev2, with τ0 set to the inverse of the par-
ton shower cutoff and κ0 set to its lattice value.

• Toy Scenario 2: A = 0.391 GeV, τ0 = 0.536 GeV−1,

κ0 = 0.18 GeV2, roughly motivated by producing a
Coulomb-like deviation from the linear term in the poten-
tial.

All parameters not explicitly mentioned are fixed to their
Monash 2013 values [48], which is the default parameter set
for all PYTHIA 8.2 versions.

Firstly, since our example scenarios are both constrained
to give roughly the same average value of κ as for the Monash
tune, we expect overall event properties, such as average
multiplicities and average strangeness fractions, to remain
roughly the same. This is validated in Fig. 3, where we show
the charged multiplicity distribution (top left), the produc-
tion rates of various meson types (top right), the charged
xp = 2|p|/ECM distribution (bottom left), and the thrust
(τ = 1 − T ) event-shape distribution, in comparison to
the same reference measurements [50,51] that were used for
the Monash tune. The green and yellow shading in the ratio
panes denote 1σ and 2σ experimental uncertainties respec-
tively, with systematic and statistical uncertainties added in
quadrature. (Inside the green band, the statistical component
by itself is indicated by a slightly lighter green shading.)

By contrast, a measured distribution which does exhibit
some change as a result of our modelling is the out-of-
plane p⊥ distribution (with similar but smaller changes for
the in-plane ditto), shown in Fig. 4, compared to a DEL-
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Fig. 3 Overall event properties in hadronic Z decays, specifically the charged multiplicity (top left), meson fractions (top right), charged momentum
spectrum (bottom left), and Thrust distribution (bottom right). Data from [50,51]

PHI measurement [52]. (Specifically, the plotted quantity is
the charged-hadron momentum component along the Thrust
minor axis.)

We emphasise that the p⊥out distribution is among the
most challenging observables for all event generators.3 In
the hard tail beyond p⊥out ∼ 1 GeV this probably involves
an interplay with perturbative physics beyond O(α2

s ); more
interesting from the perspective of non-perturbative mod-
elling is the peak of the spectrum in the region below 1 GeV.
In this region, PYTHIA’s default modelling (blue open cir-
cles) results in a slightly too hard spectrum, with too many
hadrons in the range p⊥out ∈ [0.4, 1] GeV and not quite

3 See, e.g., the comparisons available on the http://mcplots.cern.ch web
site [7]).

enough at smaller p⊥out values. This feature is closely linked
to the width of the Gaussian p⊥ distribution for string breaks.

While our model does not change the hard tail of the distri-
bution beyond 1 GeV, the non-perturbative component does
change, becoming broader, with hadrons associated with very
early string breaks acquiring higher average p⊥ values, while
others, associated with late string breaks, become somewhat
softer. (At the very lowest p⊥out values, however, it remains
dominated by p⊥ kicks generated by hadron decays.)

If anything, the changes produced by the two toy scenarios
we include here are too mild, possibly motivating investiga-
tions of more dramatic shape changes. Any firm conclusion
on this would, however, require addressing the deficit in the
hard tail as well, which is beyond the scope of our study. An
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Fig. 4 The out-of-plane charged-particle p⊥ distribution, as measured
along the Thrust minor axis. Data from [52]

alternative, which we elaborate on a bit further below, could
be to separate the hard and soft components of the measured
distribution by excluding events with more than 2 jets and/or
measuring p⊥ with respect to a local axis for each jet.

More information can be gained, however, if we incorpo-
rate flavour and multiplicity dependence of the p⊥ distribu-
tions, instead of just looking at charged particles in general.
While the baseline Schwinger model predicts that all string
breaks have the same (Gaussian) p⊥ spectrum, regardless
of flavour, a generic aspect of many alternative scenarios,
including ours, is that heavier quarks (i.e., strange ones)
should be associated with higher p⊥ values. This is illus-
trated by the plots in Fig. 5, which show the average p⊥ of
various meson types, relative to the average p⊥ of pions,
as a function of the free model parameter, A, in the range
[0, 3] GeV, for fixed τ0 = 2 GeV−1.

The left-hand edge of the plots corresponds to the baseline
(Monash 2013) modelling, while the right-hand edge (A =
3 GeV) represents an extreme scenario not really compatible
with non-perturbative physics but included to illustrate the
asymptotics of the model. (We expect realistic A values to be
below 1 GeV.) A rapidity cut requiring |y| < 3 (with respect
to the string axis) was imposed to suppress the influence of
the first-rank hadrons which (due to the absence of a non-
perturbative p⊥ kick to the endpoint quarks and the flavour
dependence of the Z0 → qq̄ branching fractions) exhibit
differences between otherwise nearly related particle types
such as K ∗0 and K ∗±.

Focusing first on the left-hand plot, which shows the dis-
tributions for primary hadrons, i.e., without including the
effects of hadron decays, we observe that the p⊥ of primary
strange mesons all increase, relative to the pions, while those
of non-strange ones are approximately independent of A.
Thus, even if the model were retuned (as will be done below)
to preserve the reference value for, e.g., the average charged-
particle p⊥, our model (and any others of a similar ilk) will
still predict a different pattern of dependence on hadron mass
and strangeness; it should be possible to determine this pat-
tern experimentally in archival ee data.

A further feature that can be noted in the left-hand plot is a
slight tapering off towards the largest A values. This is due to
phase-space suppression. We are here running at

√
s = mZ ,

and as A becomes very large the phase space starts to be
slightly constraining. (This conclusion was verified by noting
that the tapering goes away for very large

√
s.)

The right-hand plot shows what happens when we include
the effect of hadron decays. This smears out the distributions,
moreover we see the 〈p⊥〉 of non-strange hadrons (specifi-
cally, ρ0,ρ± and ω) beginning to scale with A as well, relative
to pions. This is mainly due to the fact that about half of pions
come from hadron decays, hence their 〈p⊥〉 increases much
less quickly with A in absolute terms, steepening all other
curves relative to the pions.

The hallmark feature of our model is of course the pos-
tulate that string breakup properties could have a τ depen-
dence. In the absence of techniques for femtometre-scale
vertexing, however, the actual τ values for string breaks are
not measurable quantities. The next-best thing is a physical
observable that is correlated with τ . One such, suggested to
us in discussions with T. Sjöstrand, is plotted in Fig. 6: the
average multiplicity of charged hadrons. In both the base-
line model and in our τ -dependent variants there is clearly
an approximately linear relationship between 〈τ 〉 and 〈NCh〉.
The physics behind this is that a string break at a low τ

value removes a relatively large fraction of the forward light
cone that would otherwise have been available for further
string breaks; thus systems with low-τ breaks should have a
lower-than-average total number of string breaks (and hence
smaller numbers of hadrons). Within the general paradigm
of the string model, therefore, for a given string invariant
mass, low-NCh events will exhibit an enhancement of low-τ
breakups relative to high-NCh ones.

While the NCh dependence of pp phenomenology has
been extensively investigated, it is completely different from
that of e+e− annihilations since the main drivers for mul-
tiplicity fluctuations in pp collisions are the numbers and
invariant masses of strings produced via multi-parton inter-
actions, not the fluctuations of individual strings of fixed
invariant mass; see e.g. [53]. To our knowledge, the NCh

dependence of ee collision properties has not been similarly
investigated. We are therefore not in a position to compare
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Fig. 5 Ratio 〈p⊥〉Meson/〈p⊥〉π+ for various meson species, as a function of A for fixed τ0 = 2 GeV−1, before (left) and after (right) including the
effects of hadron decays. In both plots, a cut requiring |y| < 3 was imposed to suppress endpoint effects

Fig. 6 Variation in average τ with charged multiplicity for our model
(blue) and baseline PYTHIA (orange)

to measurements, but instead highlight the opportunities we
see, and use our model to illustrate them.

Within the context of our model, low τ implies a higher
string tension and hence higher p⊥ and strangeness fractions.
We would therefore expect these features to be enhanced
in low-multiplicity e+e− → hadrons events, relative to the
baseline model. As a first step towards testing this, we study
an idealised case in which the string axis is forced to lie
upon the z axis, so that there is no ambiguity in which
axis to choose. Comparisons between our model and base-
line PYTHIA were performed for charged pions (no strange
content), charged kaons (1 strange quark) and φ mesons (2
strange quarks). In the baryon sector, the same comparisons
were generated for protons (no strange content), as well as �

(1 strange quark), charged � (1 strange quark) and charged
� (2 strange quarks), yielding the plot shown in Fig. 7.

The first obvious trend is that all the models, irrespective
of τ dependence, exhibit decreasing tendencies of 〈p⊥〉 with
NCh, the opposite of what is observed in pp collisions. This is
a consequence of energy conservation; in e+e− → hadrons,
the total invariant mass is fixed (the Z mass) and hence if
we want to produce many hadrons, each of them must have
somewhat smaller momenta.

Looking beyond this overall trend, differences between
the models emerge, especially at low NCh for strange
hadrons. While the τ0 = 2 GeV−1 variant does not have
much influence on the 〈p⊥〉 vs multiplicity spectra, the
τ0 = 0.536 GeV−1 variant which allows a large increase
in the effective string tension at very early times, predicts a
statistically significant effect, with the φ mesons exhibiting
the steepest gradient compared to the relatively flat prediction
of base PYTHIA. Unfortunately the LEP-sized samples used
for this study appear to contain too few � baryons (cf. the
lower right-hand pane of Fig. 7) for these to furnish a use-
ful additional test of the scaling with the number of strange
quarks, at least in the context of the effects produced by the
scenarios considered here.

Turning now to a more realistic case in which the string
axis is a priori unknown, we measure the p⊥ with respect
to the Thrust axis, and show the in-plane p⊥ component in
Fig. 8.

It is evident that the ambiguity in the choice of axis some-
what smears the picture, but again especially the Kaon spec-
trum, and to some extent the φ and � ones, appear to offer
discriminatory power. We expect that an experimental anal-
ysis could be optimised beyond what we are doing here by
systematically comparing different options for how to choose
the axis (e.g., thrust vs sphericity vs jet axes), measuring p⊥
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Fig. 7 Mean p⊥ versus
charged multiplicity for π+, p,
K+, �, φ and �

values with respect to individual jet axes or excluding 3-
jet events to make the global axis choice more appropriate,
focusing on mid-rapidity hadrons that are unlikely to be con-
taminated by the original endpoint quarks from the Z → qq̄
decay, and/or even trying to isolate the two hadrons stem-
ming from a specific low-τ break by looking at relative p⊥
differences between neighbouring pairs of hadrons in rapid-
ity space.

We note that the discriminatory power highlighted in the
previous two figures diminishes if one uses the out-of-plane
p⊥ component instead of the in-plane one. A possible rea-
son for this is that low-multiplicity events are already domi-
nated by 2-jet events in which the perturbative activity barely
defines a plane, so that the non-perturbative corrections can
be significant in determining what is “in” and what is “out”.
If so, a single large p⊥ value generated by a non-perturbative
breakup would show up in 〈p⊥in〉 but not in 〈p⊥out〉.

As our final examples of salient distributions that could
be measured in archival ee data, we show the hadron/π dis-
tributions for different hadron species as functions of NCh in

Fig. 9. To suppress effects of the original Z → qq̄ endpoint
quarks, we include only particles with rapidities |y| < 3
with respect to the Thrust axis, for events with low values of
1−T ≤ 0.1 , i.e., reasonably pencil-like events for which the
Thrust axis should provide a fairly good global axis choice.
The number of particles remaining after both of these cuts
is reduced by around 36%. The relationships between parti-
cle yield ratio and charged multiplicity for these hadrons are
shown in Fig. 9.

At low multiplicities, we see higher strangeness fractions,
reflecting the earlier 〈τ 〉 values. This trend is particularly
pronounced for strange baryons such as � and � shown in
the bottom two panes. This plot indicates that effects such
as those represented in our model can have a significant
effect on the correlation between strangeness and particle
multiplicity. Generically, if earlier times are associated with
higher scales, our prediction is for higher average p⊥ and
strangeness fractions at lower multiplicities, the opposite of
the trend observed for pp collisions. However, as already
mentioned the overall main driving factor for the behaviour
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Fig. 8 Mean p⊥ along thrust
major axis versus charged
multiplicity for π+, p, K+, �,
φ and �

in ee is the fixed total invariant mass, which does not carry
over directly to pp. A dedicated study of pp phenomenology
is, however, beyond the scope of this work.4 The main point
we would wish to make in connection with pp phenomenol-
ogy is the following: that the modelling of individual strings
(as in ee) is the starting point for the modelling of several
ones, and hence our ability to draw firm quantitative con-
clusions from the pp data will ultimately depend on how
thoroughly we think we understand the reference case of a
single isolated string.

5 Conclusions and outlook

In this work, we have developed a toy-model extension to
the conventional Lund string fragmentation model, in which

4 This is partly due to a purely technical limitation to do with how
PYTHIA’s UserHooks framework is currently structured, which
causes our model to run about an order of magnitude slower than the
standard fragmentation model.

we allow for the string tension, κ , to depend on proper time.
The main inspiration comes from recent arguments [41] that
an expanding string may exhibit thermal excitations with a
characteristic temperature that depends inversely on proper
time. We also consider a variant inspired by the Coulomb
term in the Cornell potential.

Such effects would lead to correlations between the
proper times of string breakups and their p⊥ broadening
and strangeness fractions, which are absent from the baseline
Lund model. While the proper time is not directly measur-
able, we demonstrate that the average charged multiplicity
can be used as a proxy, at least in the context of a fixed total
invariant mass of the string, such as in e+e− → hadrons.

We are not aware of an experimental study in ee collisions
of the dependence of average p⊥ or strangeness on charged
multiplicity as we have studied here. We believe that such
an analysis would be worthwhile to constrain not only the
scenarios considered here but any model of a similar ilk.

Given the correlation we have observed between strange
particle production and charged multiplicity, our model could
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Fig. 9 Particle yields as a ratio
to pions for K+, φ, p, �, � and
� after cuts

be extended to pp collisions, where a clear dependence
between these two quantities has been observed at the LHC
[16]. The claim is not that the effects incorporated in our
model could account for the LHC observations, if anything
the effect we predict in the ee context is of opposite sign com-
pared with that seen in the LHC data, but that the we think the
(uncertainties on the) properties of the single string in iso-
lation may be relevant to our interpretation of the collective
effects seen in pp.

An interesting extension to our model could be to allow for
background fields to modify the effective tension as well; this
could provide an avenue for incorporating collective effects
in this framework, possibly in conjunction with asymmetric
contributions to the p⊥ distributions to represent repulsion
effects along a similar vein as recently proposed in [40].
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Appendix A: Constrained values of A and τ0

With the τ distribution obtained for ee → hadrons using
default settings of PYTHIA, see Fig. 1, the constraint
〈κ(τ)〉 = κtune = 0.353 GeV2 implies the following rela-
tionship between τ0 and A (Table 1).
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Table 1 Constrained A value
for several values of τ0 subject
to 〈κ(τ)〉 = κTune

τ0 (GeV−1) A (GeV)

0.1 0.381

0.2 0.382

0.3 0.383

0.4 0.386

0.5 0.389

0.6 0.393

0.7 0.397

0.8 0.401

0.9 0.406

1 0.412

1.1 0.418

1.2 0.424

1.3 0.430

1.4 0.437

1.5 0.444

1.6 0.452

1.7 0.459

1.8 0.467

1.9 0.476

2 0.484

2.1 0.493

2.2 0.503

2.3 0.512

2.4 0.522

2.5 0.533
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