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Due to the rapid evolution of wireless communications technology, radio spectrum

is rapidly becoming one of the most precious resources on our planet. Spectrum

scarcity is considered as a significant challenge for future wireless communication

systems. According to the recent studies, the allocated radio spectrum is not effi-

ciently exploited together with the increasing demand for high data rate wireless

services. Based on this, cognitive radio (CR) has been proposed to cope with both

the under-utilization and scarcity of the radio spectrum. The main purpose of CR

is to permit the secondary users (SUs), unlicensed users, to share the radio spec-

trum of the primary users (PUs), licensed users, which enhances the utilization of

the radio spectrum. On the other hand, the performance of the PUs should not

be affected by the interference caused by the SUs. Thus, the interference must

xv



not exceed a predetermined threshold.

The aim of this thesis is to analyze the capacity of underlay cognitive radio net-

works in terms of two relevant performance metrics, namely the outage probability

and the ergodic capacity over generalized-K composite fading channels for three

particular scenarios for CR systems. The first scenario considers a single PU with

two SUs in which both average and peak received power constraints are taken

into account. Closed-form expressions for the two performance metrics, the er-

godic capacity and the outage probability, are derived. To gain more insights, two

interesting cases for different shadowing scenarios are studied in details. In the

second part of this thesis, the performance of CR networks is examined under the

peak power constraints for multiple primary users where closed-form expressions

for both the heavy and moderate shadowing scenarios are derived. In addition,

the effect of the number of PUs on the performance metrics is revealed. In the

final part of this thesis, the capacity of underlay cognitive multihop relaying is in-

vestigated over generalized-K fading channels. In doing so, we derive upper bound

expression for both the ergodic capacity and the lower bound expression for outage

probability of the SU. Using both expressions, new insights in the performance of

the cognitive multihop amplify-and-forward (AF) relaying are revealed. Finally,

for all parts in this thesis, the derived expressions and the obtained results are

verified by Monte-Carlo simulations.
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الأطروحةملخص   

 

 الأسم ماجد حمود خشافه

عبر قنوات التلاشي و التظلیل دراسة أداء الشبكات الرادیویة الإدراكیة من حیث السعة  عنوان الأطروحة 

یةائالهندسة الكهرب  القسم 

2016دیسمبر    التاريخ 

 

الطیف الرادیوي واحد تصالات اللاسلكیة، سرعان ما اصبح لإلى التطور السریع في تكنولوجیا اا إنظر  

تصالات لإم التحدیات التى تواجهها أنظمة اأهمن  الرادیوي رد في كوكبنا. تعتبر ندرة الطیفمن أثمن الموا

لطلب ل ا  یف الرادیوي بكفاءة عالیة مصاحبلطلستغلال إهناك عدم ففقا للدراسات الحدیثة واللاسلكیة. و

الشبكات الرادیویة  قتراحإل سرعة نقل البیانات. فقد تم معدزیادة المتزاید على الخدمات اللاسلكیة مثل 

وعدم  طیف الرادیويال لتغلب على مشاكل ندرةل (Cognitive Radio Networks) الإدراكیة

السماح للمستخدمین الغیر مرخص أساس ساسیة لعمل هذة الشبكات تقوم لأ. الفكرة اله مثللأستغلال الإا

مشاركة تلك الحزمة مع المشتركین المرخص لهم واستخدام حزمة معینة من الطیف الرادیوي بلهم 

خل الناتج عن اساسیین. لذلك یجب ان یكون مقدار التدلأضرار بالمستخدمین الإستخدامها بشرط عدم اا

یة الإدراكیة لا یتم تجاوزها. لهذا تعتبر الشبكات الرادیو ا  ن الثانویین ضمن قیمة محددة مسبقالمستخدمی

 تصالات الحالیة والمستقبلیة.                    لإنظمة الأهمیة كبیرة أذات 

             الهدف من هذه الأطروحة هو دراسة أداء الشبكات الرادیویة الإدراكیة من حیث السعة 

(Ergodic Capacity و )إ( حتمالیة القطعOutage Probability عبر قنوات التلاشي من نوع ) 

(Generalized-K Composite Fading Channels .) على ثلاثة  طروحةلأفي هذة اوقد تم العمل

ساسي واحد و مستخدمین أول یتألف من مستخدم لأسیناریوهات في الشبكات الرادیویة الإدراكیة. النوع ا

ن هناك إالتداخل الناتج من المستخدم الثانوي, فثانویین هما المرسل و المستقبل. من خلال النظر في 

شتقاق صیغ إتم وقد في عملیات التحلیل الریاضي.  عتبارلإا بعیننوعین من قیود الطاقة سیتم أخذهما 

لى النوع الثاني, فأنه یتألف من عدد من إجبریة لأداء تلك الشبكات في هذا السیناریو. أما بالنسبة 

افة الى مستخدمین ثانویین المرسل والمستقبل. لمعرفة المزید من تأثیر المستخدمین الاساسیین بالأض

 تم اشتقاق الصیغ الجبریة و التأكد من دقتها.فقد الشبكات في هذا السیناریو, التظلیل و التلاشي على أداء 

ستخدام إعبر  الشبكات الرادیویة الإدراكیة دراسة وتحلیل أداء تفي الجزء الاخیر من هذة الأطروحة, تم

حد الجبریة ذات الصیغة الو  سعةللعلى لأشتقاق الصیغة الجبریة ذات الحد اإ. فقد تم رحلات المتعددةالم  

الشبكات كشف عن معلومات جدیدة توضح أداء لاستخدام هذة الصیغ إبتم  حتمالیة القطع.لإدنى الا

علیها. و قد تم التلاشي  و التظلیل من لكلا  تأثیر المتبادل الحلات المتعددة و ر  الرادیویة الإدراكیة ذات الم  
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تم فقد  أضافة الى ذلك .مقارنةلغرض ال النتائج الدقیقةو من النتائج المحددة  رسم وتوضیح كلا  ایضا  

 لجمیع السیناریوهات في هذة الأطروحة صیغ التحلیلیة المشتقة و النتائج المكتسبةجمیع الالتأكد من صحة 

    .                                                                                           محاكاة الحاسوبیةلل كارلو مونت بواسطة
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Recently, there has been witnessed a dramatic development of wireless commu-

nication technologies which has led to more scarcity of spectrum resources. In

order to utilize the available spectrum efficiently, spectrum usage strategies were

extensively investigated by researchers to overcome the issue of spectrum scarcity.

Cognitive radio (CR) was proposed as one of the candidate schemes to cope with

the issue of spectrum deficiency[6].

CR networks can be defined as intelligent wireless networks which can adapt

to their environment, so they can dynamically regulate their parameters such as

frequencies, waveforms, and protocols to efficiently access the shared spectrum

band. In CR networks, the users are classified into primary users (PUs) and

secondary users (SUs). The PUs are the licensed users and they have priority

in utilizing the specific spectrum band. However, the SUs are allowed, using a

1



certain protocol, to share the spectrum with the PUs [7].

The capacity of CR networks has received attention as the main metric which

is utilized to quantify the performance of the CR networks. In wireless chan-

nels, the radio wave propagation is experienced by many factors like small-scale

fading (multipath) and large-scale fading (shadowing). For the multipath fad-

ing, the channel is described by various models based on the radio propagation

environment such as the Rayleigh model for non-line-of-sight (NLOS) channels,

the Nakagami or Rician models for LOS channels, and the Lognormal or Gamma

models for shadowing. However, wireless channels might be jointly affected by

both multipath and shadowing. This phenomenon can be seen in some scenarios

such as the congested urban areas with slow mobility and for geographically dis-

tributed receivers. Thus, the generalized-K composite fading model was proposed

to model this phenomenon [8]. The aim of this thesis is to investigate and analyze

both outage probability and ergodic capacity of an underlay CR networks under

received-power constraints over generalized-K composite fading channels. In this

thesis, closed-form expressions for both the outage probability and the ergodic

capacity of an underlay CR are derived for different scenarios. The thesis con-

sists of three different frameworks of CR settings: CR with single PU, CR with

multiple PUs, and CR with multihop relaying. Furthermore, the results are com-

pared with unshadowed Rayleigh channels and the analytical results are verified

by Mont-Carlo simulations for different fading scenarios.
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1.2 Thesis Motivation

In this section, we discuss the main motivations that lead to this thesis work and

how they are important to the area of research in CR networks.

Over the last few decades, wireless communication services have been rapidly

growing that has produced considerable changes in several aspects of our life.

As a result, wireless communications have become an essential part of mankind

life throughout the world. Despite many wireless systems have been successfully

used such as satellite systems, television broadcasting, mobile cellular systems,

and wireless local area networks, various challenges have been risen for wireless

communication systems. The efficient use of the inadequate frequency resources

(spectrum scarcity) is considered as one of the crucial challenges in wireless com-

munications. The evolution of new wireless applications, as well as the increasing

demands on higher data rates of different wireless communication services, have

driven to a significant lack of radio frequency bands. However, allocated spectrum

bands are not well used. On the report of Federal Communications Commission

(FCC) [9], the specified frequency bands are not utilized efficiently. Thus, spec-

trum scarcity is a very important issue in current and future wireless networks.

Cognitive radio (CR) was proposed in [6] as a candidate scheme that has been

put forward as a promising technology for future wireless communication.

The performance of an underlay cognitive systems is of a great interest to

present insights on designing modern wireless communication networks. As can

be seen from the open literature, the capacity of CR networks was extensively

3



discussed and evaluated by researchers over several fading channel models under

different received power constraints. However, the capacity of the SU can be

increased by taking the advantages of the fading effect between the SU transmitter

(SU-Tx) and the PU receiver (PU-Rx). Furthermore, recently, the generalized-K

composite fading model received interest as a tractable model used to analyze the

capacity of the CR networks.

Motivated by the considerable importance of analyzing CR capacity over fad-

ing channels, in this thesis, three different scenarios of cognitive systems are pre-

sented. In the first scenario, the capacity of the cognitive radio networks is studied

for single PU over generalized-K composite fading channels for both peak and av-

erage power constraints . In the second scenario, the same analysis is applied with

multiple PUs. Finally, the performance analysis is investigated and evaluated for

the cognitive multihop relaying scheme.
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1.3 Thesis Contributions

The main contributions of this thesis work are briefly discussed in this section .

• The capacity of an underlay cognitive radio networks is studied over

generalized-K composite multipath fading and shadowing channels while

taking the peak and average power constraints into account where closed-

form expressions are derived for both the outage probability and the ergodic

capacity of the SU. The obtained results reveal new details on the joint effect

of shadowing and the multipath fading on the capacity of the SU where the

increase of the ergodic capacity and degradation of the outage probability

are demonstrated and quantified. To gain more insights, two tractable and

relevant composite fading scenarios, Rayleigh multipath fading with heavy

and moderate shadowing are analyzed in details.

• The performance metrics of CR networks are examined under the peak

power constraints with multiple PUs over two interesting scenarios, namely

Rayleigh multipath fading channels with both heavy and moderate shadow-

ing. To do so, the cumulative distribution function (CDF) and the prob-

ability density function (PDF) are derived. In particular, closed-form ex-

pressions are derived for both performance metrics for two interesting cases.

More importantly, the obtained results reveal and quantify the effect of

shadowing on performance of CR networks for different numbers of the mul-

tiple PUs. Moreover, the effect of the number of PU on the performance of

CR networks is discussed. Furthermore, in order to evaluate the obtained

5



results, Mont-Carlo simulations are unitized to confirm the analytical ex-

pressions.

• Whereas the CR capacity has been well studied in the open literature, to the

best of our knowledge, none of the previous work has investigated the ergodic

capacity and outage probability for underlay CR networks in amplify-and-

forward (AF) multihop relaying over independent and nonidentical distri-

bution (i.n.d.) generalized-K shadowed multipath fading channels. In this

thesis, we analyze both of these performance metrics to gain more insight

into the combined effects of shadowing and multipath fading on the perfor-

mance of the underlay CR networks. To do so, the PDF of end-to-end SNR

is derived for this scenario. In this respect, the PDF expression is utilized

to derive lower and upper bound expressions for both the outage proba-

bility and ergodic capacity, respectively. Interestingly, the obtained results

provide interesting details on the joint effect of shadowing and multipath

fading on the capacity of the SU in relay-assisted underlay CR networks.

Furthermore, the analytical results are verified by Mont-Carlo simulations

for different fading scenarios. For comparison purposes, the exact results

using simulations are utilized to compare with the upper and lower bound

results.
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1.4 Thesis Organization

The purpose of this thesis is to analyze the performance of underlay CR

networks over generalized-K composite fading channels. This thesis is pre-

pared as the following; Chapter Two presents the background of cognitive

radio networks, fading channels, channel capacity, and the generalized-K

composite fading model considered in this thesis. The chapter also presents

a literature review related to the capacity of CR networks over fading chan-

nels. Chapter Three presents the first scenario considered in this thesis.

This chapter provides a comprehensive analysis of underlay cognitive net-

works with single PU in terms of the ergodic capacity and the outage prob-

ability. Chapter Four shows the second scenario studied in the thesis. In

this chapter, the CR capacity analysis with multiple PUs is investigated.

Chapter Five presents the third system model analyzed in this work. In this

chapter, multihop cognitive relaying is analyzed for both ergodic capacity

and outage probability. In addition, the upper bound PDF of end-to-end

SNR is derived. Furthermore, tight formulas are derived for the performance

metrics. Finally, Chapter Six concludes the thesis work by highlighting the

main contributions and conclusions of the thesis. It also proposes future

work on the relaying and multiple-input and multiple-output (MIMO) CR

networks.
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CHAPTER 2

BACKGROUND AND

LITERATURE REVIEW

2.1 Background

In this section, the background of topics related to the thesis work is dis-

cussed. The scarcity of spectrum resources problem is investigated and

CR networks are discussed in details. In addition, channel capacity is in-

troduced. Moreover, fading channels are explored as the main problem in

wireless communication systems. Furthermore, the generalized-K composite

fading channel is described in details as the main channel model used in this

work. Finally, a brief literature review is introduced.
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2.1.1 Scarcity of Spectrum Resources

The increasing demand for high data rate multimedia applications and ser-

vices has motivated researching spectrum efficient schemes that allow op-

timal utilization of the allocated electromagnetic spectrum. According to

the Federal Communications Commission (FCC) [9], the assigned frequency

bands are not efficiently utilized. Spectrum scarcity is a very important

issue in current and future wireless networks. Furthermore, the use of the

spectrum is regulated, hence, a lot of services and applications can be used

in specific spectrum band without interference. However, there is no more

Figure 2.1: Spectrum usage [2].

available spectrum for the fast growth of wireless communications services

[7]. In addition, a lot of studies showed that the spectrum is not utilized

effectively as shown in Fig. 2.1. A study was made in Chicago, 2005 to

measure the spectrum utilization for two days measurements period. The

results illustrated that about 17.4% of the allocated spectrum was only used

[10]. Moreover, another study was done in 2009 to measure the utilization

of the licensed spectrum radio bands from 0.1 GHz up to 3 GHz [1] as shown
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Table 2.1: Spectrum utilization [1]
System Frequency [MHz] Utilization [%]
TETRA 380−385/390−395 37.5
CDMA 1 410.2−412.8/420.2−422.8 50.7
CDMA 2 451.5−455.54/461.5−465.54 47.2

TV 470−862 20.4
E-GSM 888−915/933−960 51.9

GSM 1800 1710−1785/1805−1880 21.8
UMTS TDD 1920−1980/2110−2170 3.8

ISM 2400− 2483.5 1.0

in Table 2.1. The study concluded that the total radio spectrum utilization

is lower than 6.96%.

These studies concluded that an advanced technology should be used to

utilize the spectrum efficiently. As a result, CR network was proposed as

one of the candidate schemes to cope with this issue [6].

2.1.2 Cognitive Radio Networks

The CR networks are of great interest for current and future wireless com-

munications. They have been put forward as a promising technology for

future wireless communication. Furthermore, CR networks have the ability

to gather information about their surrounding environment, such as power,

frequency, bandwidth, modulation, etc. Thus, they can reconfigure their

parameters depending on interaction with their surrounding where they op-

erate.
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Cognitive Radio Characteristics

In CR schemes, the three main characteristics are reconfigurability, sensing,

and learning and adaptability.

– Reconfigurability: the capability to adapt the operating parameters

of the CR such as frequency, access method, modulation, etc., in real

time to the variations of the radio environment [7].

– Sensing: the capability to detect the signals of the PU to find the

spectrum holes and to measure interference from the surrounding en-

vironment. Sensing is very important to the CR network because the

change in the operating parameters depends on the given information

of the radio environment. There are many techniques that are used

in the spectrum sensing like maximum eigenvalue technique, matched

filter sensing, energy sensing, and cyclostationary sensing techniques.

Furthermore, hybrid techniques which consist of the above methods are

used to increase the performance of the detection [2].

– Learning and adaptability: the capability to recognize and analyze

the given data to modify the operational parameters of the CR network

according to the prior data [5].

CR Network Paradigms

The CR networks are classified into three paradigms [3]: underlay, inter-

weave and overlay CR networks.
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– Underlay CR: The underlay paradigm comprises techniques that per-

mit communication of the SUs at the same time when the PUs are

transmitting their signals too, taking in account that the amount of

the interference caused by SUs is known as shown in 2.3 a. As a re-

sult, the power constraints are applied on SU-Tx to guarantee that

the amount of the interference created by SU does not harm the PU.

Spread spectrum techniques are used in this method, so the transmit-

ted power by SU is spread over a large band of spectrum. In this

part of the spectrum, the transmitted signals by SU is considered as a

noise for the PU. Moreover, ultra wide band (UWB) can be employed

in this approach. The UWB technology is particularly convenient for

underlay spectrum sharing due to the spread of the SU’s signal over a

wide bandwidth. In both techniques, the transmitted signal of the SU

should be below the interference threshold that the PU can tolerate. In

the underlay spectrum sharing, the control of the transmitted power of

the SU is much important than the detection of the PU to ensure that

the amount of interference created by SU on the PU is less than a defi-

nite threshold. For this paradigm, the channel state information (CSI)

of the interference channel between the SU-Tx and PU-Rx should be

perfect for the SU [2].

– Interweave CR: The original idea for CR [6] was based on the inter-

weave paradigm. It is an intelligent CR network that regularly mon-
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itors the radio spectrum, effectively detects the spectrum holes, and

then SUs can access to the spectrum as shown in 2.3 b. In doing

so, sensing techniques are utilized to detect the existence of the PUs.

Moreover, the frequency division multiplexing (FDM) technique is em-

ployed in this type. Furthermore, orthogonal (OFDM) is also used

in interweave CR because the subcarrier transmission is provided by

OFDM to transmit only the signal of the SU when the PU is absent

[5].

– Overlay CR: In overlay paradigms, the SU-Tx has knowledge of the

PUs codebooks as well as its messages. In this respect, the cognitive

radio utilizes advanced coding and signal processing to enhance the

quality of service (QoS) of PUs where the SUs act as relays for the

PUs [3].

Figure 2.2: Spectrum sharing paradigms [3].
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In this thesis, the underlay CR scheme is used because it is more simple than

overlay and interweave schemes. Moreover, it efficiently uses the spectrum

compared with the other schemes.

Cognitive Radio Network Architecture

As the technology of CR is developed, SUs who are not the licensed users can

temporally use the unoccupied spectrum band owned by PUs. Thereby, the

components of the CR network architecture comprise both secondary and

primary networks as illustrated in Fig. 2.3. Moreover, the primary network

is the licensed network that has a license to operate in a specific frequency

band. In addition, it is composed of a set of PUs with an infrastructure.

Moreover, the PUs are controlled by the primary base station (BS). On the

contrary, the CR network is the secondary network that consists of a set of

SUs with/without an infrastructure. Moreover, the CR base stations can be

used to control the SUs [4].

As illustrated in Fig. 2.3, CR operates in two spectrum bands: licensed and

unlicensed spectrum bands. The SUs have three various access methods

which are a primary network, CR ad hoc access and CR network. The CR

network access means that the SUs can connect to the CR BS by using

unlicensed and licensed frequency bands. Moreover, SUs can establish a

connection by using the ad hoc network. Furthermore, the primary network

access can be used by SUs to access to the primary BS by using the licensed
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Figure 2.3: Architecture of cognitive radio network [4].

band [4].

Cognitive Radio Networks Applications

The key applications of the CR networks are the interoperability and the

dynamic spectrum access (DSA) as shown in Fig. 2.4. CR schemes allow

radios operating in various standards and protocols to establish communi-

cations among each other. This is called the interoperability. For instance,

a CR scheme can establish a communication between several radio systems

with different standards, protocols and carrier frequencies such as military

and public safety networks. Due to the ability of CR network to reconfigure
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its parameters to communicate with different communication systems em-

ployed in the field. Moreover, CR network is able to transmit in unoccupied

radio spectrum whereas the licensed user is not affect by the interference;

that is known as the DSA [5].

Figure 2.4: Cognitive radio applications [5].

Cognitive Radio Networks Challenges

The CR networks are used to cope with the issue of the spectrum scarcity

but this benefit is gained at the expense of producing extra interference

to the PUs. However, in the case of underlay CR networks , power con-

straints are applied to protect the PUs from the interference. In addition,

for interweave CR network, the obtained information from the surrounding

radio environment should be highly accurate to observe and detect the spec-

trum space. Furthermore, the sensing and learning processes are complex

to implement.
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2.1.3 Fading Channels

There are many characteristics that describe the fading channels in wireless

communication systems. First of all, the envelope and phase fluctuation is

one of the main characteristics of the fading channel. As a result of fading,

the received signal changes in envelope and phase over the time duration.

For non-coherent receivers, the phase fluctuation doses not affect the system

performance while it causes harm effects on the coherent receivers. More-

over, envelope fluctuation is very important for both systems [8]. Second,

fast and slow fading depict the behavior of the channel according to the

coherent time and the Doppler rate. Coherent time is defined as the time

duration over which the received signals have a strong correlation while

Doppler effects take place due to the fact that the receiver and the trans-

mitting source are in motion relative to each other. Therefore, when the

symbol duration of the signal is smaller than the coherence time, the fading

is called slow fading; otherwise, it is called fast fading. Third, fading can

be classified into frequency-selective fading and non-frequency-selective fad-

ing or flat fading. This classification depends on the coherence bandwidth

which is defined as the range of frequency when two components of the fre-

quency are highly correlated. In other words, if the transmitted bandwidth

is larger than the coherence bandwidth, the channel is called frequency-

selective channel; otherwise, it is called flat channel [11].
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For the fading channel, the SNR is given by,

γ =
P

NoB
|h|2 (2.1)

where γ is the SNR, P is the power of the signal, No is the power spectral

density of AWGN noise, and h is the channel gain. The instantaneous

capacity (Co) of the fading channel is expressed as

Co = B log2

(

1 +
P

NoB
|ho|

2

)

(2.2)

where B is the channel bandwidth.

Rayleigh Multipath Fading Model

For multipath fading with non-line-of-sight (NLOS) channel, Rayleigh model

is considerably used. In this model, the number of obstacles is large between

the source and the destination in the propagation environment. Hence, the

received signal in this model experiences high variations. However, due

to the diffractions, reflections, and scattering, there are some propagation

paths. The PDF of Rayleigh distribution is expressed as,

fX(x) =
x

σ2
exp(

−x2

2σ2
), x ≥ 0, (2.3)
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However, the instantaneous SNR,γ, would be exponentially distributed,

fγ(γ) =
1

γ
exp(−

γ

γ
), γ ≥ 0, (2.4)

where γ is the average SNR.

Nakagami Multipath Fading Model

Nakagami distribution can be used to model the random variation of the

signal envelope in a multipath fading channel with two main parameters,

multipath fading parameter mm, and local power Ω. When Ω is unity, the

PDF of Nakagami distribution is given by [12],

fX(x) =
2mmm

m x2mm−1

Γ(mm)
exp(−mmx2), mm ≥

1

2
, (2.5)

where Γ(.) denotes the gamma function which can be calculated as, Γ(mm) =

∫∞
0

tmm−1e−tdt. If the mutipath fading parameter mm equals to unity, the

distribution represents the Rayleigh model. As the value of mm becomes

higher, the fading channel becomes less severe. Furthermore, for the Nak-

agami model, γ is distributed as Gamma distribution [8],

fγ(γ) =
mmm

m γmm−1

(γ)mmΓ(mm)
exp(−

mmγ

γ
), γ ≥ 0, (2.6)
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Log-normal Shadowing Model

In terrestrial systems, the channel is affected by slow variation of the local-

mean power owning to shadowing. Shadowing is caused by large obstacles

affecting the wave propagation such as buildings, trees, and hills. According

to the empirical measurements, the Log-normal distribution is good to model

the shadowing. In addition, Log-normal shadowing is described by dB-

spread that is related to the standard deviation σs. The dB-spread has

typical ranges from 4 to 12 dB [11]. The PDF of Log-normal distribution is

expressed as,

fX(x) =
1

x σs

√
2π

exp

(

−
(log(x) − μ)2

2σ2
s

)

, x > 0, (2.7)

where σs is the standard deviation of the shadowing and μ is the mean.

However, the PDF in (2.7) is difficult to analyze. Thus, the Gamma model

is used as an alternative of the Log-normal PDF because it has a good fit

for shadowing measurements [13]. The Gamma PDF is given by,

fγ(γ) =
mms

s γms−1

(γ)msΓ(ms)
exp(−

ms γ

γ
), γ ≥ 0, ,ms > 0, (2.8)

where ms indicates the shadowing parameter. Similar to the mm parameter,

the severity of the shadowing decreases when the ms increases. The moment

matching can be used to determine the relationship between parameters of
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Gamma model in (2.8) and Log-normal model in (2.7) as [14],

ms =
1

exp (σs/8.686)2 − 1

2.1.4 Generalized-K Composite Fading Model

In some wireless channels, the radio wave propagation is distinguished by

the joint effect of multipath fading and shadowing. For analyzing this type

of composite fading, the model should contain multipath fading in addition

to shadowing. The composite fading is the key to precise modeling of some

practical wireless channels such as congested areas with low mobility [8]. For

this model, Nakagami distribution and Log-normal distribution are normally

used to model the multipath fading and the shadowing, respectively. How-

ever, the Log-normal distribution is difficult for analysis. For this reason,

there are not closed-form expressions of the performance measures by using

Log-normal distribution. Therefore, the Gamma distribution was suggested

to model the shadowing fading as it approximates the Log-normal distribu-

tion.

For composite fading models, other models are used such as Rayleigh-

lognormal, and Rician-lognormal models. Rayleigh-lognormal model is suit-

able for NLOS links. However, it is intractable [15]. Furthermore, Rician-

lognormal is proposed for LOS links. However, it is not tractable. In ad-

dition, Nakagami-lognormal model is suggested because Nakagami distribu-
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tion is mathematically tractable and it is fit for both NLOS and LOS links.

Nevertheless, this composite model is not tractable [16]. For the composite

fading, the generalized-K (Gamma-Gamma) model is utilized. To model

scattering in radar, the generalized-K model was proposed [17]. In this con-

text, this model has received worthy attention in wireless communications

literature. In [14], a new expression for the PDF of the signal-to-interference

ratio (SIR) was derived for the generalized-K composite fading channel. In

addition, the new expression was used to analyze the outage probability, and

BER. The authors in [18] analyzed the performance of the wireless networks

like outage probability, ergodic capacity, and BER over the generalized-

K fading channels. Furthermore, the derived expressions were evaluated

by using the generalized hypergeometric function [19]. In [20], the outage

probability was analyzed over the generalized-K composite fading channels.

However, the extended generalized-K distribution was proposed in [21] to

derive the PDF, CDF and moment generating function (MGF) of the SIR.

Furthermore, the gained results were utilized to investigate the outage prob-

ability in the interference-limited systems [22].

By using (2.6) and (2.8), the composite multipath/shadowing can be mod-

eled by using the generalized-K distribution [23],

fγ(x) =
2

Γ(ms)Γ(mm)
qms+mmx(ms+mm

2 )−1

× Kms−mm(2q
√

x), x > 0,ms > 0,mm ≥ 0.5,

(2.9)
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where q =
√

mmms

Ω0
, and Kv(∙) indicates the modified Bessel function of the

second kind and order v [24]. However, for the generalized-K model, it is

analytically difficult for further derivations due to the special function that is

involved in. Thus, an approximation method was developed in [23] to obtain

more tractable expressions. By using moment matching method, Gamma

model can be utilized to approximate the generalized-K composite model as

K(mm,ms, Ω)≈ Gamma(κ, Θ) which simplify the analysis. The parameters

κ and Θ can be computed as [25],

κ =
mm ms

mm + ms + 1 − mm ms ε
and Θ =

Ω

κ
(2.10)

where ε represents an adjustment factor.

2.1.5 Performance Metrics

Many metrics have been used to evaluate the performance of CR networks

such as ergodic capacity, outage probability, average bit error rate, and

outage capacity. In this thesis, the two main metrics are the ergodic capacity

and outage probability.

Channel Capacity

In wireless communication systems, it is very important to know the limits

of the achievable data rate. As a result, the concept of channel capacity
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evolved to determine these limits. In this context, the channel capacity

can be defined as the maximum achievable data rate that can be gotten by

the channel without an error [26]. The well-known formula of the channel

capacity is known as Shannon’s capacity formula [27]. Consequently, the

channel capacity over an AWGN can be calculated by,

C = B log2 (1 + γ) (2.11)

where B is the channel bandwidth, and γ is the SNR. The unit of the

capacity is bit per second (bits/sec) for the binary system that is expressed

by the subscript 2 in log2. However, the channel capacity can be normalized

by B and then the capacity is measured by bits/sec/Hz, usually known

as the spectral efficiency (SE). To simplify the computation of the channel

capacity, the Natural logarithm log is used instead of log2. For this reason,

the channel capacity is measured in nats/sec/Hz.

In practice, the CSI denotes the properties of the channel at the commu-

nications link. From these properties, the effect of scattering, shadowing,

interference, and fading can be known on the signal propagation from the

transmitter to the receiver. Thus, CSI should be estimated at the receiver

and then fed back to the transmitter. However, the wireless channel ca-

pacity relies on the CSI at both the transmitter and the receiver. Most

importantly, one of the most advantages of perfect CSI is that the receiver

and the transmitter adapt to the changing channel conditions [26].
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Ergodic Capacity

The ergodic capacity can be defined as the maximum average data rate that

can be transmitted over the channel with a low probability of error. Ergodic

capacity is a suitable metric for delayed transmissions [26]. Hence, capacity

is computed after averaging over all values of channel gain and picking the

maximum of all these averages when the allocated power vary. In order to

average over power channel gain (g), the CSI is needed and the capacity is

expressed by [28],

C = max
P (g)≥0

E

[

log

(

1 +
P (g) g

N0B

)]

(2.12)

Outage Probability

The outage probability can be defined as the probability that a specific

transmission rate, R, is not supported because of channel variations. It is

used as a performance metric for real-time applications [26]. The outage

probability for a target rate (R) can be express as [28],

Pout(R) = Pr

{

log(1 +
gγ

No

) < R

}

(2.13)
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2.1.6 Power Constraints

To maintain the QoS of the PU, the capacity of the SU in CR networks

is analyzed under different power constraints. Hence, the interference pro-

duced by the SU on the PU should not overtake a predetermined threshold.

The power constraints are classified into long-term power and short-term

constraints [29].

In short-term power constraints, there are two kinds of power constraints:

peak received-power and peak transmitted-power constraints. In the former

paradigm, the transmitted signal by the SU should be below a peak received-

power threshold (Qpeak). In addition, this constraint describes the real-time

systems. In the latter paradigm, the transmitted power by the SU should

not exceed a peak transmitted-power threshold (Ppeak).

For the long-term power constraints, the average power constraints are

used. They are categorized into average received-power (Qav) and average

transmitted-power (Pav) constraints at the PU. The Qav denotes the certain

average received-power threshold and Pav represents the average transmit

power. This constraint describes the systems with delay.

2.2 Literature Review

In this section, the literature review is introduced
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2.2.1 Cognitive Radio Networks

The CR technology has received worthy interest as a new technology to

utilize the radio spectrum effectively. In [6], CR was proposed to permit

many users from different networks to share the spectrum. This purpose

can be done by collecting information from the radio environment, so CR

network can be adapt by changing its parameters based on that information.

As a result, PUs and SUs can share the same spectrum to overcome the

shortage of the electromagnetic spectrum and to improve the capacity.

By using spectrum sensing, CR network can get the necessary information

about its radio environments. This technique is utilized to sense the holes in

the spectrum and to discover the presence of the PUs. Therefore, Many pa-

pers have focused on the spectrum sensing techniques, for instance, energy

detector is used to uncover an unknown signal by using energy detector [30].

Moreover, [31] studied the detection of the strange signals over fading chan-

nels. More important, a new technique is used in [32] for spectrum sensing

which is the maximum eigenvalue method. This technique is appropriate for

very much similar signals. Other methods such as matched filter detection

and cyclostationary were used [33]. Energy detection is more popular than

other methods because it has less complication. Consequently, it is used in

cognitive networks for fast sensing. New methods are suggested by apply-

ing two-step sensing method to enhance the performance of the detection.

[34] presented two-step energy detection for sensing the spectrum holes. On
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the other hand, a hybrid method is used in [35] which consists of two-stage

sensing scheme where the first step is energy detection and the next step is

cyclostationary detection. This method improves and achieves the detection

in a much lower time of spectrum sensing.

2.2.2 Capacity and Power Constraints

Spectral efficiency (SE) is used to enhance the performance of the cellular

systems. It measures the efficient exploitation of the spectrum. For fading

point-to-point channels, the ergodic capacity was studied under the different

power constraints in [36]. The analysis was carried out for two scenarios:

with perfect CSI at both transmitter and receiver, and with CSI only at the

receiver.

For the link-level CR network scenario, the capacity was first analyzed in

[37] under the received-power constraint, at the PU-Rx, for AWGN chan-

nels where the closed-form expressions were derived. However, the average

received-power is assumed to be known for the system where the system

has the ability to avoid the interference harm on the PU by decreasing the

amount of the transmitted power from the SU. In [38], the ergodic capacity

of CR networks was investigated in the fading environments. Closed-form

expressions were derived for both the peak and average received-power con-

straints. Moreover, the CSI was supposed to be perfect and known at both

the receiver and the transmitter. In addition, the ergodic capacity for the SU
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was evaluated for various fading models such as lognormal shadowing model,

Rayleigh, and Nakagami multipath fading models. The results showed that

the capacity of the SU increases in more severe fading conditions. This

is primarily because the SU-Tx can transmit with higher power when the

interference channel between the PU-Rx and the SU-Tx is in deep fade.

Furthermore, the derivations were extended to the multiple PUs scenario

only for Rayleigh channels. For joint power constraints, the authors in [39]

analyzed both the outage and ergodic capacities of SU under combinations

of transmitted and received power constraints. To do so, the optimal power

allocation was obtained for both outage and ergodic capacities for each case

of the joint power constraint combination where Rayleigh, Nakagami, and

lognormal fading models were used. The results showed that the effect of

the peak power constraints is more strict than the average power constraints

to increase the SU capacity in the fading environments. In this context, the

authors in [40] provided closed-form expressions for the minimum rate, out-

age, and ergodic capacities on CR networks for the Rayleigh fading model.

That work was done jointly under both peak and average power constraints

and perfect CSI at SU’s transmitter and receiver. However, the obtained

results showed that the peak received-power constraint has not a substantial

effect on the ergodic capacity when the average received-power constraint

is applied. On the contrary, the outage capacity is actually affected by the

peak power constraint. For extended system model, the PU transmitter was
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added for the model in [41] and its interference effect on the SU receiver was

investigated over Rayleigh fading channels.

For the system-level CR network, capacity was analyzed in [42] under the

average received-power constraint. Furthermore, it was also studied for mul-

tiple PU-Rxs as well as SU-Txs. The results showed that the uplink capacity

in the CR based central access network is large with a small number of PU-

Rxs. Nevertheless, the capacity decreases rapidly when the number of the

primary users increases.

2.2.3 MIMO Cognitive Radio Networks

For CR networks, the main goal is to increase the capacity of the SU, whereas

saving the PU from the interference caused by the SU. Recently, a lot of stud-

ies have been focused on using multiple-input and multiple-output (MIMO)

in CR networks. In [43], the fundamental limits for MIMO CR networks

were analyzed for link level between single SU and PU. The authors in [44]

presented three schemes for MIMO technology in CR when the SU-Tx has

perfect, partial, or imperfect knowledge of CSI to the PU receiver. The op-

timal SU-link beamforming was analyzed for the three scenarios in MIMO

CR networks. In another study [45], the PU receiver was designed with

multi-antenna and the cognitive beamforming (CB) was used to overcome

the imperfect CSI problem. The idea ,effective interference channel (EIC),

was utilized where the EIC can be estimated at SU transmitter by obser-
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vation of the PU signals. The results showed that by using CB with EIC,

the capacity of the SU can be improved. In this context, the limits of the

capacity of CR networks was studied with imperfect CSI [46].

2.2.4 Relaying in Cognitive Radio Networks

The first three-terminal communication model was introduced in [47] to in-

vestigate the concept of relaying. For this model, the capacity was analyzed

for feedback, degraded, and reversely degraded relay channels. Since then,

the relaying concept has been used in wireless communication systems to

present worthy improvements in the diversity as well as the capacity [48].

Furthermore, decode-and-forward (DF) as well as amplify-and-forward (AF)

were recognized as the two main strategies that were introduced in [49] for

wireless relay networks. Moreover, the former type is better for the relays

that are near the receiver while the latter is better for the relays that are

near the transmitter.

Relaying has received more attraction in the CR networks by minimizing

the interference and choosing terminals that produce less interference on

the PU. As a result, relaying improves the capacity of the SU [50]. In this

context, the authors in [51] analyzed the capacity of the relaying model for

the SU in the spectrum-shearing networks under the power constraints. In

addition, closed-form expressions were derived for both outage and ergodic

capacities in multipath and shadowing environments for the DF protocol.
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The obtained results showed that how the capacity of the relay channel

changes according to cognitive requirements as well as the fading terms.

For DF relay-assisted CR networks, the outage probability and the ergodic

capacity of the SU were analyzed in [52] under the peak power constraint.

Furthermore, the results showed that while the number of the relays in-

creases, the outage probability decreases. Consequently, the ergodic capac-

ity increases. The best selection relay scheme was used in [53] to analyze

both outage and ergodic CR capacities over Nakagami multipath fading

channels where closed-form expressions were derived. In addition, the re-

sults showed that the effect of interference link has less impact than the

fading links on both capacities. In particular, the impact of the PU-Tx on

the performance of the cognitive relaying networks was examined in [54]

using multiple antenna-receivers and DF multihop relaying.

For composite fading channels, the outage probability of CR was analyzed

for SU systems with relays in [55] over independent and identical distri-

bution (i.i.d) generalized-K composite fading channels only for the peak

power constraint. For multipath fading, the outage and ergodic capacities

increase rapidly when the fading parameter decreases. For the multihop

spectrum-sharing relaying, the ergodic capacity and the BER were studied

in the composite fading channels. The analysis was done under the peak

power constraint where the upper-bound and lower-bound expressions were

derived for the ergodic capacity and the average BER, respectively [56]. Fur-
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thermore, dual-hop relays were used in [57] to analyze the ergodic capacity

of CR network over non-identical generalized-K composite fading channels.

33



CHAPTER 3

CAPACITY OF CR WITH

SINGLE PU

3.1 Introduction

Chapter three contains a thorough performance analysis for an underlay

CR network capacity with a single PU over generalized-K composite fad-

ing channels. In addition, the performance metrics, ergodic capacity and

outage probability, are analyzed by taking the consideration of peak and

average power constraints. Moreover, for both performance metrics, closed-

form expressions are derived in terms of special functions that can be com-

puted using Matlab or Mathematica software. Up to our best knowledge,

no work in open literature has investigated the CR capacity for the aver-

age received-power constraint over generalized-K composite fading channels.

Furthermore, the remainder of this chapter is arranged as follows: Section

34



3.2 describes both the system and channel models; Sections 3.3, and 3.4 pro-

vide the analysis for ergodic capacity and outage probability, respectively;

Section 3.5 discusses the results and simulations; and Section 3.6 states the

conclusions.

3.2 System Model-Single PU

As illustrated in Fig. 3.1, the system model for the underlay CR network

involves non-cognitive receiver (PU-Rx), a cognitive receiver (SU-Rx), and

a cognitive transmitter (SU-Tx). In addition, the PU has the right to utilize

the spectrum band freely. On the other hand, the SU is permitted to share

the frequency band without harming the PU. So, in this model, the SU

Figure 3.1: System model - Single PU.

operates on the PU’s band when the received power at the PU-Rx does

not exceed a specific interference threshold Q. The gs and gp indicate the

instantaneous channel gains for both links SU-Tx to PU-Rx and SU-Tx to
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SU-Rx, respectively. Both channel gains are supposed to be ergodic and

stationary with flat fading and perfect CSI. The gs and gp are assumed to

model the joint effect of multipath fading as well as shadowing.

Composite fading is usually modeled using Log-normal-based models; how-

ever, the generalized-K composite fading model has lately received interest as

a more tractable model that has allowed obtaining closed-form expressions

for several performance metrics (refer to [16] and the references therein).

The PDF of the generalized-K model is given as in (2.9).

3.3 Ergodic Capacity

3.3.1 Ergodic Capacity Under Average Received-

Power Constraint

In this section, the closed-form expressions of the SU ergodic capacity over

generalized-K composite channel are derived. The channel capacity in the

fading environment is achieved by finding the optimal power allocation. For

this reason, the next optimization problem should be solved to obtain the

channel capacity [36],

C = max
P (gp,gs)≥0

E

[

B log

(

1 +
gs P (gp, gs)

N0 B

)]

,

s.t. E [gpP (gp, gs)] ≤ Qav

(3.1)
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Then (3.1) can be rewritten as,

C = max
P (gp,gs)≥0

∫

gp

∫

gs

B log

(

1 +
gs P (gp, gs)

No B

)

fp(gp)fs(gs)dgpdgs, (3.2)

s.t.

∫

gp

∫

gs

gpP (gp, gs)fp(gp)fs(gs)dgpdgs ≤ Qav,

where Qav is the maximum average power tolerated at the PU-Rx, P (gp, gs)

is the optimal power allocation. By using the Lagrangian method to obtain

the optimal power allocation from (3.1), the P (gp, gs) can be obtained as,

P (gp, gs) =

(
1

λo gp

−
No B

gs

)+

, (3.3)

where (.)+ is max(., 0), λo indicates the Lagrange multiplier used to find the

optimal power allocation and it can be found from (3.1) when the average

received-power constraint equals to Qav. From (3.3), it can be seen that

the cutoff level for gs is obtained when gs = λ0 No B gp. Moreover, if gs

gp
is

greater than λ0 No B, the data will be transmitted. More importantly, the

ergodic capacity over fading channels was derived in [38] with assuming full

CSI at the receiver and the transmitter, respectively as,

C = B

∫ ∞

1
γ0

log (γ0 χ) f gs
gp

(χ)dχ, (3.4)

where the random variable (RV) χ = gs

gp
, f gs

gp
(.) is the PDF of χ, α = Qav

No B
,

γ0 = 1
λ0 No B

. The parameter γ0 is obtained by solving the following equation
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for a given α,

α =

∫ γ0

0

(γ0 − χ) f gs
gp

(χ)dχ, (3.5)

For the generalized-K composite fading model, we have the parameters mmp,

mms, msp, and mss for the power gains gp and gs. For the PU signal, the

parameters mmp and msp characterize fading and shadowing , respectively.

Similarly, For the SU signal, mms and mss characterize multipath fading and

shadowing.

In this respect, the PDF of χ for generalized-K composite fading channels,

where both gp and gs are independent RVs, is given by [16],

f gs
gp

(χ) = Ψ G2,2
2,2

(

Δ χ

∣
∣
∣
∣
∣

−mmp ,−msp

mms − 1 ,mss − 1

)

, χ > 0, (3.6)

where Ψ = mmsmssΩ0,p

Γ(mms)Γ(mss)Γ(mmp)Γ(msp)mmpmspΩ0,s
, Δ =

(
mmsmssΩ0,p

mmpmspΩ0,s

)
, and

Gm,n
p,q

(

χ

∣
∣
∣
∣
∣

ap

bq

)

represents the Meijer G-function [24, (9.301)]. By substi-

tuting (3.6) in (3.5), the α can be obtained by using [58, (2.24.2.2)] as,

∫ γ0

0

(γ0 − χ) × Ψ G2,2
2,2

(

Δ χ

∣
∣
∣
∣
∣

−mm,p ,−ms,p

mms − 1 ,mss − 1

)

dχ = α,

α Ψ−1 =G2,3
3,3

(

Δ γ0

∣
∣
∣
∣
∣
−mmp + 2 ,−msp + 2 , 2

mms + 1 ,mss + 1 , 1

)

− G2,3
3,3

(

Δ γ0

∣
∣
∣
∣
∣
−mmp + 2 ,−msp + 2 , 1

mms + 1 ,mss + 1 , 0

)

.

(3.7)
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By inserting (3.5) in (3.4) and performing the integration numerically, the

ergodic capacity can be obtained.

Remark I: For large γ0, the ergodic capacity can be obtained by utilizing

the Meijer G-function in terms of the logarithm function [58, (8.4.6.5)],

log(γ0 χ) = G1,2
2,2

(

γ0 (χ − 1)

∣
∣
∣
∣
∣

1, 1
1, 0

)

. Afterwards, by using the integration

formula in [24, (7.811.1)], the ergodic capacity can be approximated as,

C ≈ B

∫ ∞

0

G1,2
2,2

(

γ0 (χ − 1)

∣
∣
∣
∣
∣

1, 1

1, 0

)

×Ψ G2,2
2,2

(

Δ χ

∣
∣
∣
∣
∣

−mmp ,−msp

mms − 1 ,mss − 1

)

dχ,

C ≈
B Ψ

Δ
G3,4

4,4

(
γ0

Δ

∣
∣
∣
∣
∣
−(mms − 1) ,−(mss − 1) , 1, 1

mmp ,msp , 1 , 0

)

(3.8)

Also, this expression can be utilized for the exact ergodic capacity for the

peak received power constraint in the i.n.d generalized-K composite fading

channels.

However, closed-form expressions for both the parameter α and the ergodic

capacity can be derived for the following interesting cases (see Appendix

A.1).

Case I: Rayleigh multipath fading channels with heavy shadowing

(mm = 1 and ms = 0.5).

In this case, for the equivalent Log-normal shadowing model, the corre-

sponding dB-spread (σs) is 9.1 dB. For this case, the PDF can be derived

as,
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f gs
gp

(χ) =
1

2
√

χ(
√

χ + 1)2
, χ ≥ 0. (3.9)

Moreover, the expressions for both α parameter and ergodic capacity are

obtained as,

γ0 + 2 log(1 +
√

γ0) − 2
√

γ0 = α, (3.10)

and,

C = B

[

log(γ0) + 2 log(1 +
1

γ0

)

]

. (3.11)

The obtained theoretical PDF expression is verified by Monte Carlo simu-

lations as shown in Fig. 5.2.

Case II: Rayleigh multipath fading with moderate shadowing

(mm = 1 and ms = 2).

In addition, the dB-spread (σs) is 5.5 dB. The PDF of Rayleigh multipath

fading with moderate shadowing can be derived as,

f gs
gp

(χ) =
χ3 + 9χ2 − 3χ (3 + 2 (1 + χ) log(χ)) − 1

0.5 (χ − 1)5 , (3.12)

Furthermore, the ergodic capacity and the parameter α may be derived as,

α =
γ2

0 (γ2
0 − 2γ0log(γ0) − 1)

(γ0 − 1)3 . (3.13)
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Figure 3.2: The Monte-Carlo simulation and analytical plots for the f (χ) of
Rayleigh multipath fading channels with heavy shadowing

and,

C = B

[

log(γ0) +
log(γ0) (1 − 3γ0) + 2γ0(γ0 − 1)

(γ0 − 1)3

]

. (3.14)

Again, the complete match between the analytical PDF expression and the

Monte-Carlo simulation is shown in Fig. 3.3.

Remark II: In both (3.11) and (3.14), we note that there are additional

terms due to the effect of the shadowing as compared to the capacity of

unshadowed Rayleigh as in (3.17). Moreover, from the capacity expressions

of both cases, we may observe that the additional terms in (3.11) and (3.14)
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Figure 3.3: The Monte-Carlo simulation and analytical plots for the f (χ) of
Rayleigh multipath fading with moderate shadowing.

will vanish for large γ0 to reduce the ergodic capacity expression to log(γ0)

for both shadowed and unshadowed Rayleigh channels as demonstrated in

the numerical results part.

For the unshadowed Rayleigh channel (mm = 1), the channel gains gp, and

gs have exponential distribution with unit mean. As a result, the RV gs

gp
has

a simpler distribution which is the log-logistic distribution as,

f gs
gp

(χ) =
1

(1 + χ)2 , χ ≥ 0, (3.15)
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By substituting (3.15) in (3.5), the parameter α is obtained as in [38] as,

γ0 − log(1 + γ0) = α (3.16)

and

C = B log(1 + γ0) (3.17)

3.3.2 Ergodic Capacity over Nakagami Fading Chan-

nel

This section investigates and analyzes the ergodic capacity of the CR net-

works over Nakagami fading channels. For the average power constraint,

closed-form expressions are derived. The ratio PDF of gs

gp
is given by [59],

f gs
gp

(χ) =

(
mmp

mms

)mmp xmms−1

β(mmp,mms)
(
χ + mmp

mms

)mmp+mms
, χ ≥ 0, (3.18)

where β(mmp,mms) denotes the beta function that can be represented as,

β(mmp,mms) = Γ(mmp)Γ(mms)

Γ(mmp+mms)
. When mm = mmp = mms, (3.18) can be

reduced to,

f gs
gp

(χ) =
xmm−1

β(mm,mm) (χ + 1)2mm
, χ ≥ 0, (3.19)
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By substituting (3.19) in (3.5), the parameter α can be obtained as,

α =
γmm+1

0 2F1(mm, 2mm; mm + 1;−γ0)

mm β(mm,mm)
−

γmm+1
0 2F1(2mm,mm + 1; mm + 2;−γ0)

(mm + 1) β(mm,mm)
.

(3.20)

By substituting (3.19) in (3.4), the ergodic capacity can be obtained as,

C =
B (γmm

0 ) × {3F2(mm,mm, 2mm; 1 + mm, 1 + mm;−γ0)}
β(mm,mm) m2

m

. (3.21)

The detailed derivation is given in Appendix A.1.

3.3.3 Ergodic Capacity Under Peak Received-Power

Constraint

This section considers the ergodic capacity of the SU for peak received-

power constraint where closed-form expressions are derived. However, the

type of the power constraint depends on the QoS used by the PU. Hence,

if the instantaneous QoS is provided by the PU, the peak received-power

constraint is used. Let Qpeak represent the peak received power at PU-Rx

[39] and it can be expressed as,

gpP (gp, gs) ≤ Qpeak (3.22)

From (3.22), it can be seen that the maximum instantaneous power permit-

ted by PU-Rx is
Qpeak

gp
. Therefore, the ergodic capacity can be obtained by
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substituting (3.22) in (3.2) as,

C = B

∫ ∞

0

log (1 + αχ) f gs
gp

(χ) dχ (3.23)

where the parameter α =
Qpeak

No B
. The ergodic capacity of the SU can be de-

rived by substituting (3.6) in (3.23). Hence, the ergodic capacity is evaluated

as,

C =

∫ ∞

0

B log (1 + αχ) × Ψ G2,2
2,2

(

Δ χ

∣
∣
∣
∣
∣

−mmp ,−msp

mms − 1 ,mss − 1

)

dχ (3.24)

By using the representation of the logarithm function in terms of the Meijer

G-function [58, (8.4.6.5)], log(1 + α χ) = G1,2
2,2

(

α χ

∣
∣
∣
∣
∣

1, 1
1, 0

)

, the integration

in (3.24) can be written as,

C = B

∫ ∞

0

G1,2
2,2

(

α χ

∣
∣
∣
∣
∣

1, 1

1, 0

)

× Ψ G2,2
2,2

(

Δ χ

∣
∣
∣
∣
∣

−mmp ,−msp

mms − 1 ,mss − 1

)

dχ

(3.25)

Then, by using the integration formula in [24, (7.811.1)], the ergodic capacity

can be obtained as,

C =
B Ψ

Δ
G3,4

4,4

(
α

Δ

∣
∣
∣
∣
∣
−(mms − 1) ,−(mss − 1) , 1, 1

mmp ,msp , 1 , 0

)

(3.26)

Nevertheless, the ergodic capacity expressions can be simplified to the next

practical cases:

Case I: Rayleigh multipath fading channels with heavy shadowing.
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By substituting the PDF (3.9) in (3.23) and evaluating the integral, the

ergodic capacity is expressed as,

C = B

[
π
√

α + α log(α)

1 + α

]

(3.27)

Case I: Rayleigh multipath fading channels with moderate shad-

owing.

By substituting the PDF (3.12) in (3.23) and evaluating the integral, the

ergodic capacity is derived as,

C = B α

[
(1 + α)(−2 + α(5 + α)) log(α) + 3α log(α)2 − 3(1 + α[2 − π2 + α])

(1 + α)2

]

(3.28)

3.4 Outage Probability

3.4.1 Outage Probability Under Average-Power Con-

straints

This section presents the outage probability (Pout) of CR networks over

generalized-K composite fading channels where closed-form expressions are

derived while taking into consideration the average power constraint. The
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optimization problem can be described as [39],

min
P (gp,gs)

Pout

{

log2

(

1 +
gsP (gp, gs)

N0

)

< R

}

, (3.29)

s.t. E [gp P (gp, gs)] ≤ Qav,

The Pout for a given target rate R , Pout(R), over fading channels assuming

perfect CSI at SU-Tx was derived in [39] as,

Pout = 1 − P

{
gs

gp

< y

}

= 1 −
∫ y

0

f gs
gp

(χ)dχ, (3.30)

where y = 1
λ0No(2R−1)

is obtained by solving (3.31) for a given Qav,

∫ y

0

χ f gs
gp

(χ)dχ =
Qav

No (2R − 1)
, (3.31)

Then, the closed-form expression for the outage probability can be derived

by substituting (3.6) in (3.30) and evaluating the integration to get,

Pout(R) = 1 − Ψ y G2,3
3,3

(

Δ y

∣
∣
∣
∣
∣

−mmp ,−msp , 0

mms − 1 ,mss − 1 ,−1

)

(3.32)

Also, by substituting (3.6) in (3.31), we get,

Ψ y2 G2,3
3,3

(

Δ y

∣
∣
∣
∣
∣

−mmp ,−msp ,−1

mms − 1 ,mss − 1 ,−2

)

=
Qav

No (2R − 1)
, (3.33)
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Moreover, the closed-form expressions for both the Qav and the outage prob-

ability simplifies for the following interesting cases as shown in Appendix

B.

Case I: Rayleigh multipath fading with heavy shadowing channel.

For this case, the expressions for both Qav and outage probability can be

simplified as,

Pout(R) =
1

1 +
√

y
. (3.34)

and,
√

y
(
2 +

√
y
)

1 +
√

y
− 2log(1 +

√
y) =

Qav

No (2R − 1)
, (3.35)

Case II: Rayleigh multipath fading with moderate shadowing chan-

nel. The expressions for both Qav and outage probability can be simplified

as,

Pout(R) =
2y3 + 3y2 (1 − 2log(y)) − 6y + 1

(y − 1)4 . (3.36)

and,

y2(1 + (4 − 5y)y + 2y(2 + y)log(y))

(y − 1)4
=

Qav

No (2R − 1)
. (3.37)

For the unshadowed Rayleigh channel (mm = 1), By substituting (3.15) in

(3.30), the outage probability is obtained in [39] as,

Pout =
1

1 + y
. (3.38)
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where y is obtained as,

log(1 + y) −
y

1 + y
=

Qav

No (2R − 1)
, (3.39)

Remark III: The outage probability expression in (3.34) results in higher

outage probability as compared to unshadowed Rayleigh channel in (3.38)

for high SNR as shown in the result and simulation part.

3.4.2 Outage Probability Under Peak Received-Power

Constraint

The outage probability can be derived for generalized-K composite fading

channels for the peak received-power constraint in (3.22) as,

Pout(R) =

∫ z

0

f gs
gp

(χ)dχ, (3.40)

where z = N0(2R−1)
Qpeak

. By substituting (3.6) in (3.40), we get,

Pout(R) = Ψ z G2,3
3,3

(

Δ z

∣
∣
∣
∣
∣

−mmp ,−msp , 0

mms − 1 ,mss − 1 ,−1

)

(3.41)

and can be simplified to the following cases:

Case I: For Rayleigh multipath fading with heavy shadowing channels, the
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Pout(R) can be reduced to,

Pout(R) =

√
z

1 +
√

z
(3.42)

Pout(R) =

√
N0 (2R − 1)

√
Qpeak +

√
N0 (2R − 1)

(3.43)

Case II: For Rayleigh multipath fading with moderate shadowing channels,

the Pout(R) expressions can be reduced to,

Pout(R) =
z (6z log(z) + z (3 + z (z − 6)) + 2)

(z − 1)4
(3.44)

3.5 Results and Discussions

In this section of the thesis work, some simulations and analytical results of

the discussed topics are presented and investigated.

3.5.1 Ergodic Capacity

In Fig. 3.4, the ergodic capacity of the SU is depicted for Nakagami fading

and AWGN cases with average power constraint. For m = 1, the capacity

of the SU is larger than the other cases for all values of Qav. The capacity

of the SU increases as a result of the effect of the multipath fading. As a

result, the SU takes the advantage of this situation by transmitting a higher
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Figure 3.4: The ergodic capacity of the SU for several Nakagami fading scenarios.

power without harming the PU-Rx.

The capacity of the SU over generalized-K fading channels is shown in Fig.

3.5 under the average received-power constraint. Three cases are considered:

Rayleigh multipath fading with heavy shadowing, Rayleigh multipath fading

with moderate shadowing, and unshadowed Rayleigh channels. In addition,

the results are compared to the AWGN case.

Another interesting point is that the ergodic capacity of the SU gets higher

as mm, the multipath parameter, and ms, the shadowing parameter, get

smaller. In the Rayleigh multipath fading with heavy shadowing channels
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Figure 3.5: Ergodic capacity of SU for different composite fading scenarios.

(mm = 1 and ms = 0.5) the SU has the maximum capacity at low Qav. For

the Rayleigh multipath fading with moderate shadowing channels (mm = 1

and ms = 2) the capacity of SU is close to the case of unshadowed Rayleigh

channel. Another interesting point is that for all the cases, the capacity of

SU approaches AWGN at high Qav as the effect of fading diminishes.

However, Fig. 3.6 represents the ergodic capacity of SU for both the peak

and average power constraints (Qpeak = Qav = Q), respectively for Rayleigh

multipath fading with heavy shadowing, Rayleigh multipath fading with

moderate shadowing. It can be observed that the capacity of the SU in-

creases the shadowing parameter ms gets smaller. It can also be seen that
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the capacity of SU for the Qpeak is higher than the Qav case as a consequence

of that the peak power constraint is more restrictive than the average power

constraint. For all cases, the capacity of SU approaches AWGN at high

Qpeak and Qpeak as the effect of fading diminishes as expected.
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Figure 3.6: Ergodic capacity of SU for different composite fading scenarios for
Qav = Qpeak = Q.

For i.n.d. case with peak power constrains, the ergodic capacity is illus-

trated in Fig. 3.7. We can note that the role of the msp parameter (i.e,

the shadowing conditions of the PU link) is the dominant one where the

maximum capacity is obtained when the PU link is in heavy shadowing.

The generalized-K distribution can be approximated by using single Gamma
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Figure 3.7: Ergodic capacity of SU for different composite fading scenarios.

distribution where the parameters are obtained by using (2.10). In Fig.

3.8, the comparison between the exact and the approximation for the

generalized-K composite fading channel is illustrated for different values

of multipath and shadowing parameters. In addition, different ε values are

used. For the first case, K(1,0.5,1)≈ G(0.38,2.6), the exact and the approx-

imation curves match very well in high Qav while there is a difference at low

Qav. The similar observation appears for the other two cases.
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Figure 3.8: Ergodic capacity for both exact and approximation cases.

3.5.2 Outage Probability

Figure 3.9, illustrates the outage probability of the SU vs Qav for the

generalized-K composite fading channel. The target rate is R = 1

bit/sec/Hz. Moreover, the outage probability is shown for three scenar-

ios: Rayleigh multipath fading with heavy shadowing, Rayleigh multipath

fading with moderate shadowing, and unshadowed Rayleigh multipath fad-

ing channels. Furthermore, for small Qav, the curves overlap for all the

scenarios. The major effect of heavy shadowing on the outage probability is

demonstrated in Fig. 3.9 where the probability of outage at 5 dB for heavy

shadowing is 0.15 and it decreases to 0.04 and 0.17 for moderate shadowing
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and unshadowed Rayleigh, respectively. At small Qav, below the overlap

point, the effect of msp is dominant as compared to mss. On the other hand,

mss is dominant for large Qav. Then, the Rayleigh with heavy shadowing is

better than the others.
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Figure 3.9: Outage probability of generalized-K Composite fading channel for Qav.

The effect of the SU shadowing mss parameter is dominant as compared to

the msp parameter as shown in Fig. 3.10.
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3.6 Conclusions

In this chapter, we considered both the ergodic capacity and outage proba-

bility of underlay CR networks over generalized-K composite fading channels

under both average and peak received-power constraints. For the ergodic

capacity and the outage probability under both the average and peak power

constraints, closed-form expressions are derived. To gain more insights, two

tractable relevant composite fading scenarios: Rayleigh multipath fading

with heavy shadowing and Rayleigh multipath fading with moderate shad-

owing for single PU are studied in details. The obtained results quantified
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the increase in the ergodic capacity and the decrease of the outage proba-

bility for the SU because of the joint effect of both multipath fading and

shadowing for single PU. In addition, the results show that the peak con-

straints are more restrictive than average constraints. As a result, from CR

networks perspective, the average power constraints are better from peak

constraints because of gaining more capacity. However, the obtained results

will serve as a benchmark for other architectures of underlay CR networks.
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CHAPTER 4

CAPACITY ANALYSIS OF

CR WITH MULTIPLE

PRIMARY USERS

4.1 Introduction

In this chapter, the analysis of CR network capacity with multiple PUs is

provided over generalized-K composite fading channels. The ergodic ca-

pacity and outage probability of underlay CR are studied under the peak

received-power constraint. In our analysis, we derive closed-form expres-

sions for the ergodic capacity and the outage probability for two interesting

cases: Rayleigh multipath fading with heavy and moderate shadowing.

The ergodic capacity of underlay CR networks with multiple PUs was consid-

59



ered in [38] for only the Rayleigh multipath fading model. Both the ergodic

capacity and outage probability are analyzed under peak constraint of multi-

ple PUs over Nakagami fading channels for single-relay CR networks in [60].

Moreover, the derivations were extended to the effect of interference caused

by the PU transmitters on the SU relay and SU receiver in [61]. The best

relay selection scheme was considered in [62] to analyze the outage capacity

over Nakagami multipath fading channels where closed-form expression was

derived. In addition, the analysis was extended for imperfect CSI in [63].

For CR with multihop relaying, the outage probability and ergodic capac-

ity were studied in [64] for multiple PUs over Nakagami multipath fading

channel. In [65], the orthogonal spectrum band is utilized to minimize the

interference caused by SU transmitter and SU relays on the PUs.

To the best of our knowledge, no work in open literature has investigated

the CR capacity with multiple PUs for the peak received-power constraint

over shadowed multipath fading channels. So, the purpose of this chapter

is to analyze the performance metrics of CR networks for peak power con-

straint over shadowed Rayleigh composite fading channels. The remainder

of this chapter is arranged as the following; Section 4.2, outlines both the

system and channel models; Section 4.3 provides the performance; Section

4.4 discusses the obtained results; and Section 4.5 states the conclusion.
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4.2 System and Channel Models

Considering an underlay CR network with multiple PUs, the system model

for the underlay CR comprises multiples non-cognitive receivers (PU-Rxj),

SU-Tx, and SU-Rx as illustrated in Fig. 4.1. In this model, the SU operates

on the PU’s band when the received power at the PU-Rxs does not exceed

a specific interference threshold Qpeak. The ergodic and stationary gs and

gpj are assumed to model the joint effect of shadowing as well as multipath

fading.

Figure 4.1: System model- multiple PUs.
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4.3 Capacity of CR Network with Multiple

Primary Users

In this section, closed-form expressions of the capacity are derived for some

tractable interesting scenarios of multipath fading shadowing scenarios for

the peak power constraint as general expressions for any value of mm and

ms are not tractable. The analysis is performed to multiple PUs with single

SU. For this model, the transmitted power of the SU is undergone to more

power constraints. As a result, the CR capacity decreases. In this model,

the capacity of SU is analyzed under peak received-power constraint over

generalized-K composite fading channels when n PU-Rxs are present. Let

gpj represent the channel gain of SU-Tx to jth PU-Rx. Hence, the power

constraint is obtained as in [38],

gpj P (gp1, gp2, ...., gpn, gs) ≤ Qpeak j , j = 1, 2, .....n (4.1)

The constraint in (4.1) can be written as,

P (gp1, gp2, ...., gpn, gs) ≤ min
j

Qpeak j

gpj

(4.2)

Furthermore, to simplify the analysis, it can be assumed that Qpeak j =

Qpeak, j = 1, 2, ....n.

62



4.3.1 Ergodic Capacity

In this section, closed-form expressions of the SU ergodic capacity over shad-

owed Rayleigh fading channels are derived under the peak received-power

(Qpeak) constraint of multiple PUs. The ergodic capacity over fading chan-

nels assuming full CSI at both the receiver and the transmitter was derived

in [38] as,

C =

∫

χ

B log(1 + α χ)fχ(χ) dχ (4.3)

where χ = gs

maxj gpj
.

Case I: Rayleigh multipath fading with heavy shadowing for both the SU

and the PUs (mm=1, ms=0.5). In this case, for the equivalent Log-normal

shadowing model, the dB-spread (σdB) is 9.1 dB. The PDF of RV χ is derived

as (see Appendix B.1),

f(χ) =
n

2
√

χ

n−1∑

k=0

(−1)k

(
n − 1

k

)
1

(1 +
√

χ + k)2
. (4.4)

By substituting f(χ) from (4.4) in (4.3), the ergodic capacity can be obtained

as,

C = B n
n−1∑

k=0

(−1)k

(
n − 1

k

)

×

π
√

α + α (1 + k) (2log(1 + k) + log(α))

1 + α(1 + k)2
.

(4.5)
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From Fig. 4.2, the Monte-Carlo simulation and the analytical result of the

PDF match each other perfectly.
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Figure 4.2: Monte-Carlo simulations and analytical results for the f (χ) of Rayleigh
multipath fading with heavy shadowing for different n.

Case II: Rayleigh fading with moderate shadowing (mm=1, ms=1.5) where

the dB-spread (σdB) is 6.2 dB for SU and Rayleigh multipath fading with

heavy shadowing for the PUs (ms=0.5). Thus, the PDF can be obtained as

(see appendix B.1),

f(χ) = 3 n
n−1∑

k=0

(−1)k

(
n − 1

k

)
1

(1 +
√

3 χ + k)3
. (4.6)

Then, the PDF in (4.6 )is used to derive ergodic capacity as in (4.7),
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C = B n
n−1∑

k=0

(−1)k

(
n − 1

k

)

×
1

(3 + (1 + k)2α)2

×
(
6 π

√
3 α − (1 + k)α[−6 + (1 + k)2α(−2 + log(3)) + 9log(3)]

+ (1 + k)α(9 + (1 + k)2α)(2log(1 + k) + log(α)).

(4.7)

4.3.2 Outage Probability

Considering an underlay CR networks with multiple PUs, the outage prob-

ability for a specific target rate R, Pout(R), over fading channels assuming

perfect CSI at SU-Tx was derived in [39] as in (3.40).

Case I: Rayleigh multipath fading and heavy shadowing for both the SU

and PUs (mm=1, ms=0.5).

The outage probability can be obtained by substituting (4.4) in (3.40), to

get,

Pout(R) = n
n−1∑

k=0

(−1)k

(
n − 1

k

) √
z

(1+)(1 + k +
√

z)
. (4.8)

Case II: Rayleigh fading with moderate shadowing for SU and Rayleigh

multipath fading with heavy shadowing for PUs. Thus, the Pout(R) can be

derived by substituting (4.6) in (3.40) as,

Pout(R) =3 n

n−1∑

k=0

(−1)k

(
n − 1

k

)

×

z

(1 + k)(3 z + (1 + k)(1 + k + 2
√

3z))
.

(4.9)
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4.4 Results and Discussions

In this section, we show and discuss the obtained results for both the ergodic

capacity and the outage probability. In Fig. 4.3, the SU’s ergodic capacity

is depicted for multiple PU-Rxs (n = 1, 2, 3) over heavy-shadowed Rayleigh

multipath fading channel ( mms = mmp = 1 and mss = msp = 0.5). We see

that as the number of PU-Rxs increases, the capacity of the SU decreases

as expected.
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Figure 4.3: Ergodic capacity of SU vs Qpeak.

According to Fig. 4.3, the ergodic capacity decreases from 0.4 to 0.05

bits/sec/Hz at -15dB when the number of PUs increases from 1 to 3 for

mms = mmp=0.5. In addition, the gain due to shadowing is demonstrated,
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however, the relative gain is smaller for n=3 due to the higher probability

relative to single user scenario, n = 1, of having a larger channel gain to-

wards one of the multiple PUs. Furthermore, the analytical results match

perfectly with Mont-Carlo simulations.
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Figure 4.4: The outage probability of the SU with multiple PUs vs Qpeak with
heavy and moderate shadowing Rayleigh fading channels for the SU.

Figure 4.4 illustrates the outage probability for Rayleigh fading with both

heavy and moderate shadowing conditions for the SU and Rayleigh multi-

path fading with heavy shadowing for the PUs. The target rate is R = 1

bit/sec/Hz. It can be seen that the outage probability of Rayleigh fading

with moderate shadowing improves as compared to the heavily shadowed
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case as expected. The improvement is significant even for n=1.

4.5 Conclusions

This chapter considers both the ergodic capacity and outage probability of

underlay CR networks over shadowed Rayleigh fading channels under the

peak received-power constraint of multiple PUs. In order to evaluate the

impact of PUs on the performance of an underly CR networks, we derived

closed-form expressions for Rayleigh fading channels with both heavy and

moderate shadowing. The obtained results quantified the effect of both

multipath fading and shadowing on both the ergodic capacity and outage

probability of the SU for different numbers of multiple PUs. Moreover, the

effect of a varying number of PUs on the CR performance is investigated as

the number of PUs increases, the ergodic capacity declines, and the outage

probability rises. Finally, the analytical results are confirmed by using Mont-

Carlo simulation.
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CHAPTER 5

CAPACITY OF UNDERLAY

MULTIHOP COGNITIVE

RELAYING

5.1 Introduction

Recently, multi-hop relaying systems are of great interest for achieving a

higher date rate coverage demanded in future wireless networks. In addition,

they are used to enhance the channels performance. Multi-hop relaying

systems consist of multiple serial relays which carry the signals from a source

to a destination. As a result of this relaying, the coverage is extended

and the transmitted power is reduced at the source which results in lower

interference [66]. Relaying techniques are utilized when there is no line of
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sight between the source and the destination and the large scale fading or

the power constraints affected on the direct transmission. The dual-hop

relay system is a simple case of the relaying system where the main purpose

of this technique is to relay the forward link into the reverse link. It is used

in satellite and microwave communications [66]. Based on the complexity

and type of the relays, relayed transmission systems are categorized into

two approaches, specifically, AF and DF relays. In the first type, the relays

only amplify and forward the received signal without making decoding. In

addition, the AF relays are less complex that the DF types. Furthermore,

this type of relaying is more beneficial when the transmitted information is

more sensitive for the time like live video or voice. In the latter type, the

relay decodes the signals which are transmitted from the previews relay and

the decoded signal is retransmitted into the following relay. From relay to

relay in these systems, the noise vanishes. On the other hand, the error

probability increases at each relay.

5.1.1 System and Channel Model

Considering the AF multihop cognitive relaying, the system model consists

of an SU-Tx communicating with an SU-Rx by a number of CR relays

(N-1) between them as illustrated in Fig. 5.1. For underlay CR, the CR

network performs time-division multiple access (TDMA), and the relays are

implemented with half-duplex antennas. In this respect, the AF relaying
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technique is used in this model. To this end, it is assumed that NLOS link

between the SU-Tx and the SU-Rx. Thus, the end-to-end communication

is implemented using relays. Furthermore, the communication links are

assumed to subject to composite multipath fading. The communication

Figure 5.1: System model- multihop cognitive relying.

between the SUs is achieved under the Qpeak, where the SU-Tx and the CR

multihop relays have to consider the Qpeak at the PU-Rx. Hence, if the

transmission power is Pk of the kth terminal, then Pk gpk ≤ Qpeak, and the

maximum transmission power can be expressed as Pk =
Qpeak

gpk
. Consequently,

the end-to-end SNR (γe2e) at the SU-Rx is obtained in [67] as,

γe2e =

[
N∑

k=1

1

γk

]−1

. (5.1)

For the relay Rk, the instantaneous SNR is γk where it can be written as

γk =
Qpeak gsk

No gpk
. However, the γe2e expression in (5.1) is not mathematically

attractable as a result of the lack of a close-form expression of the PDF of

the sum in (5.1). Hence, the following upper bound for the γk is used [68].
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γe2e ≤
1

N

Qpeak

No

N∏

k=1

(Xk)
1
N (5.2)

Now, the end-to-end upper-bound PDF of the γe2e is derived. From (5.2),

the upper-bound SNR (γup
e2e) is expressed as,

γup
e2e =

1

N

Qpeak

No

N∏

k=1

(Xk)
1
N . (5.3)

where Xk = gsk

gpk
are i.i.d. generalized-K RVs, gs and gp are two i.n.d.

generalized-K RVs. Afterwards, the PDF of the RV T =
∏N

k=1 (X
1
N
k ) can be

expressed as,

fT (x) =
N ΨN

ΔN−1
G2N,2N

2N,2N

(

(Δ x)N

∣
∣
∣
∣
∣

(A1)1 , (A2)1 ...... (A1)N , (A2)N

(A3)1 , (A4)1 ...... (A3)N , (A4)N

)

. (5.4)

where A1 = −mmp − 1
N

+ 1, A2 = −msp − 1
N

+ 1, A3 = mms − 1
N

, and

A4 = mss − 1
N

.

Proof : See Appendix C.1. �

The obtained theoretical PDF expression is verified by Monte Carlo simu-

lation as shown in Fig. 5.2.

72



0 0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

 f T
(x

)

 

 

Monte-Carlo Simulation
Analytical

N=2

N=3

Figure 5.2: Analytical and Monte-Carlo simulation plots for the PDF f (x) of
multihop cognitive relaying over composite fading channels for mms = mmp =
1, mss = msp = 2, N = 2, 3.

5.2 Ergodic Capacity

Considering the AF multihop cognitive relaying, the ergodic capacity of

the SU is analyzed under peak received-power constraint. However, it is

proposed to the systems that are not sensitive to delays. Generally, the

ergodic capacity can be expressed as [38],

C = B

∫ ∞

0

log (1 + αx) fe2e(x) dx. (5.5)
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where α =
Qpeak

No N
, and fe2e(x) is the end-to-end PDF. Hence, a closed-form

expression of an upper bound on the ergodic capacity (Cup) can be derived,

by substituting (5.4) in (5.5), where C ≤ Cup. For the derivation of the

expression in (6.1), the logarithm function is expressed in terms of Meijer

G-function as [24, (8.4.6.5)], log(1 + α x) = G1,2
2,2

(

α x

∣
∣
∣
∣
∣

1, 1
1, 0

)

. As such, the

ergodic capacity can be derived by substituting (5.4) in (5.5) as,

C ≤ Cup =B

∫ ∞

0

G1,2
2,2

(

α x

∣
∣
∣
∣
∣

1, 1

1, 0

)

×

N ΨN

ΔN−1
G2N,2N

2N,2N

(

(Δ x)N

∣
∣
∣
∣
∣

(A1)1 , (A2)1 ...... (A1)N , (A2)N

(A3)1 , (A4)1 ...... (A3)N , (A4)N

)

dx

(5.6)

Thus, for the multihop cognitive relaying over i.n.d. generalized-K composite

fading channels, the upper bound on the ergodic capacity is obtained by

utilizing the integration formula in [58, (2.24.1.1)]. Hence, the ergodic

capacity can be derived as,

Cup =
B ΨN μ N

1
N

α (2π Δ)N−1
×

G4N,3N
4N,4N

(
ΔN

αN

∣
∣
∣
∣
∣

(A1)1 , (A2)1 .... (A1)N , (A2)N , Δ(N,−1), Δ(N, 0)

(A3)1 , (A4)1 .... (A3)N , (A4)N , Δ(N,−1), Δ(N,−1)

)

.

(5.7)

where α =
Qpeak

No N
, μ =

∑N
i=1 ((A3)i + (A4)i) −

∑N
i=1 ((A1)i + (A2)i) + 1 and

Δ (N, a) = a
N

, a+1
N

, ........, a+N−1
N

.
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5.3 Outage Probability

The outage probability is considered as a performance metric for delay sensi-

tive applications. In this section, the lower bound on SU outage probability

is derived over generalized-K composite fading channels. In this respect, the

lower bound of the outage probability (P l
out) for a specific target rate R,

P l
out(R), for cognitive multihop relaying can be obtained as,

Pout ≥ P l
out = Pr

{

log2

(

1 +
Qpeak T

No N

)

< R

}

= Pr

{

T <
N No

(
2R − 1

)

Qpeak

}

,

(5.8)

Let z =
N No(2R−1)

Qpeak
.

Thus, the P l
out can be derived as below,

P l
out(z) =

∫ ∞

z

N ΨN

ΔN−1
×G2N,2N

2N,2N

(

(Δ x)N

∣
∣
∣
∣
∣

(A1)1 , (A2)1 ... (A1)N , (A2)N

(A3)1 , (A4)1 ... (A3)N , (A4)N

)

dx,

(5.9)

The integration in (5.9) can be evaluated by using the formula in [58,

(2.24.2.2)]. Hence, the P l
out can be obtained as,

P l
out(z) =

ΨN

z Δ(N−1)
×

G2N,3N
3N,3N

(

(Δ z)N

∣
∣
∣
∣
∣

Δ (N, 0) , (A1)1 , (A2)1 ...... (A1)N , (A2)N

(A3)1 , (A4)1 ...... (A3)N , (A4)N , Δ (N,−1)

)

.

(5.10)
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5.4 Results and Discussion

Considering the AF multihop cognitive relaying, the obtained results and

simulations for both ergodic capacity and outage probability are presented

in this section. Figure 5.3 depicts the exact and the upper-bounded CR

ergodic capacity for AF multihop relaying system. When the number of

the relays increases, the ergodic capacity decreases as expected. This is

essentially due to the amplification of the additive noise after each AF relay.

Also, from Fig. 5.3, the ergodic capacity of the SU increases when the PU

link experiences heavy shadowing (msp = 0.5) while the SU link has light

shadowing (mss = 5). For both cases, the equivalent dB-spread (σdB) of the

Log-normal shadowing model are 9.1 dB and 3.7 dB. For higher values of

Qpeak, the exact and the bound curves match.

As illustrated in Fig. 5.4, the ergodic capacity is analyzed for the i.n.d. case

where mms = mmp = 1, mss = 2 and different values of the msp parameter.

We can see that the role of msp parameter (i.e., the shadowing conditions

of the PU link) is dominant where the maximum capacity is obtained when

the PU link is in heavy shadowing. Furthermore, for the moderate and light

shadowing, the effect on the ergodic capacity is similar; however, the heavy

shadowing effect is more significant. From figures (5.3) and (5.4), it can be

seen that tightness of the bound on the ergodic capacity is better for similar

values of both the shadowing and multipath fading parameters of the SU

and PU, and small values of N .
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Figure 5.3: Ergodic capacity versus Qpeak for N = 2, 4.

The outage probability is plotted in Fig. 5.5 for Rayleigh multipath fading

with moderate shadowing (mms = mmp = 1, mss = msp = 2) and R =

1bit/sec/Hz. Furthermore, the outage probability increases with increasing

the number of relays as expected.

Figure 5.6 illustrates the outage probability for several scenarios of shad-

owed Rayleigh fading channels. The obtained result demonstrates the effect

of the shadowing parameter mss of the SU link where the outage probability

significantly increases in heavily shadowed environments. Another interest-

ing point is that the bound on the outage probability gets loose due to the

difference between the exact PDF/CDF and the approximating one in the

lower tail region. However, the lower bound demonstrates the same trend
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Figure 5.4: The ergodic capacity vs Qpeak for different fading and shadowing
conditions, N = 3.

of the exact results.

5.5 Conclusions

In this chapter, the performance of AF multihop cognitive relaying was an-

alyzed. To do so, an expression for the PDF of the γe2e was derived and

then the derived PDF was utilized to obtain the expressions of the upper

and lower bound end-to-end for ergodic capacity and outage probability,

respectively. The obtained results quantified the effect of both multipath

fading and shadowing on the ergodic capacity and the outage probability,
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Figure 5.5: The outage probability verse Qpeak for different number of relays.

respectively. In addition, the effect of a varying number of AF relays on the

CR performance is investigated. As the number of AF relaying increases,

the ergodic capacity declines, and the outage probability rises. For compar-

ison purposes, the exact curves are plotted by using Mont-Carlo simulation.

Moreover, the analytical results are confirmed by using Mont-Carlo simu-

lation. Furthermore, for the various modulation schemes, the expressions

for the average BER can be easily obtained using the derived expressions in

this chapter.
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CHAPTER 6

CONCLUSIONS AND

FUTURE WORK

In this chapter, we conclude the thesis work presented in the previous five

chapters including the introduction, background and literature review, ca-

pacity of SU with single PU, capacity of SU with multiple PUs, and capacity

of cognitive multihop AF relaying. In addition, we propose some interesting

topics in cognitive radio capacity to be considered in our future research.

6.1 Conclusions

6.1.1 Capacity of SU with Single PU

In the analysis of the ergodic capacity and outage probability of SU with

a single PU, it was found that the ergodic capacity improves due to the
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joint effect of both multipath fading and shadowing under both average and

peak received-power constraints. To gain more insight, attractable scenarios

are investigated in details. In addition, the ergodic capacity under average

received power is better than peak received power constraint in the CR

networks perspective. From primary networks perspective, the peak power

constraints protect the PUs better than average power constraints. More-

over, the effect of both multipath fading and shadowing results in higher

outage probability. Furthermore, the approximation of generalized-K distri-

bution is investigated using a single gamma distribution where it matches

perfectly with small errors at low SNR. Finally, for Nakagami fading chan-

nels, an expression for ergodic capacity is derived with taking the average

power constraints into account. In order to verify the analytical results,

Mont-Carlo simulations are utilized.

6.1.2 Capacity of SU with Multiple PUs

For more practical platform, the system model in chapter four is extended

by including multiple PUs. In this respect, both the ergodic capacity and

outage probability of underlay CR networks are analyzed over generalized-K

composite fading channels where the peak received-power constraint is taken

into account. For interesting cases, namely Rayleigh fading channels with

both heavy and moderate shadowing, closed-form expressions are derived.

Further insights into the effect of both multipath fading and shadowing on
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the CR performance are revealed. Interestingly, the impact of the number

of PUs is investigated where CR performance is degrading as the number

of PUs increases. Furthermore, the analytical results and the simulations

match very well.

6.1.3 Capacity of Cognitive Multihop Relaying

In the analysis of the performance of multihop AF relaying in cognitive radio

over generalized-K composite fading channels, the PDF of the product of the

rational power of the ratio of two generalized-K RVs is derived. Interestingly,

the obtained result is utilized to derive both the upper and lower bound

expressions for ergodic capacity and outage probability, respectively. In

order to evaluate the impact of multipath fading and shadowing, the analysis

examined different fading scenarios. More importantly, the obtained results

quantified the effect of the number of relays on the CR performance. To gain

more insight, both bounded and exact results were illustrated. In order to

confirm the bounded analytical results, Mont-Carlo simulations have shown

a perfect match.

6.2 Future Work

There are many open research problems in the capacity of cognitive radio

networks over generalized-K composite fading channels that need to be
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investigated and evaluated under different system models and parameters.

In some extensions of the studied problems in this thesis are proposed as

follows:

– Relaying has gained more attraction in the CR networks by reducing

the interference and choosing terminals that produce less interference

on the PUs. As a result, cognitive relaying is utilized to improve the

performance of the CR networks. In this respect, many techniques are

used in relay-assisted CR networks such as the best selection relay and

multihop relaying. We focused on the cognitive AF multihop relay-

ing. However, the best selection scheme can be utilized to examine the

performance of the CR networks over generalized-K composite fading

channels. To do so, DF relaying protocol can be used where the best

intermediate relaying is chosen to relay the information from SU-Tx to

SU-Rx. In doing so, in order to evaluate the impact of SU-Tx and DF

Relaying on the PUs, the power constraints is taken into account.

– Cognitive MIMO relaying is considered as a novel framework to cope

with spectrum scarcity. From power viewpoint, cognitive MIMO relay-

ing contributes to increasing the reliability of the SUs whereas satisfy-

ing power constraints to protect the PUs. Nevertheless, the advantages

of cognitive MIMO relaying could be limited by the power constraints.

In order to decrease the impact of the restricted power, transmit an-
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tenna selection (TAS) is proposed as a novel design managing the inter-

ference by using DF relaying. In this respect, two protocols are used,

namely TAS with receive selection combining (TAS/SC) and TAS with

receive maximal-ratio combining (TAS/MRC). Based on these, the per-

formance of an underlay cognitive MIMO relaying can be investigated

to gain more insights into the shadowed multipath environments.
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APPENDICES

APPENDIX A

A.1 Ergodic Capacity

Ergodic Capacity - Single PU

The PDF of the quotient in (3.6) reduces to [14, (15)],

f gs
gp

(χ) =ωmss ν χmss−1×

{2F1(mss + msp,mmp + mss; mms + mmp + mss + msp; 1 − ω χ)} .

(6.1)

where ω =
(

mssmms

mspmmp

)(
Ω0,p

Ω0,s

)
, ν = β(mmp+mss,mms+msp)

β(mms,mmp)β(mss,msp)
.

where 2F1 (., .; .; .) represents the Gauss hypergeomatric function [24, (9.14)],

and β(., .) denotes the beta function [24, (8.380)]. When mss = msp = ms ,

mms = mmp = mm and Ω0,p = Ω0,s=1, (6.1) reduces to,

f gs
gp

(χ) = ν χms−1 × {2F1(2ms,mm + ms; 2mm + 2ms; 1 − χ)} . (6.2)
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For the Rayleigh multipath fading with heavy shadowing channel, mm = 1

and ms = 0.5, the hypergeometric function simplifies to [58, (7.3.3.158)] ,

2F1(1, 1.5; 3; 1 − χ) =
4

(
√

χ + 1)2
, (6.3)

Therefore, the expression in (6.2) reduces as in (3.9).

By substituting (3.9) in both (3.4) and (3.5), the parameter α and the

capacity can be obtained as in (3.10) and (3.11), respectively.

For the Rayleigh multipath fading with moderate shadowing channel, mm =

1 and ms = 2, the hypergeometric function simplifies to,

2F1(4, 3; 6; 1 − χ) =
χ3 + 9χ2 − 3χ (3 + 2 (1 + χ) log(χ)) − 1

0.1χ (χ − 1)5 , (6.4)

Thus, the expression in (6.2) reduces as in (3.12).

By substituting (3.12) in both (3.4) and (3.5), the parameter α and the

capacity can be obtained as in (3.13) and (3.14), respectively.

Ergodic Capacity over Nakagami Channels

By substituting (3.19) and (3.5), the α can be obtained as,

1

β(mm,mm)

∫ γ0

0

(γ0 − x)
xmm−1

(x + 1)2mm
dx = α,
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1

β(mm,mm)

[∫ γ0

0

γ0
xmm−1

(x + 1)2mm
dx −

∫ γ0

0

xmm

(x + 1)2mm
dx

]

= α,

From [24, (3.194.1)], the above integration can be evaluated as in (3.20).

A.2 Outage Probability - Single PU

For the Rayleigh multipath fading with heavy shadowing channel, mm = 1

and ms = 0.5, by substituting (3.9) in both (3.30) and (3.31), we get,

Pout(R) = 1 −
∫ y

0

1

2
√

χ(
√

χ + 1)2
dχ,

and,
∫ y

0

χ

2
√

χ(
√

χ + 1)2
dχ =

Qav

No (2R − 1)
,

Therefore, the Pout(R) and y can be obtained as in (3.34) and (3.35), re-

spectively.

For the Rayleigh multipath fading with moderate shadowing channel, mm =

1 and ms = 2, by substituting (3.12) in both (3.36) and (3.37), we get,

Pout(R) = 1 −
∫ y

0

χ3 + 9χ2 − 3χ (3 + 2 (1 + χ) log(χ)) − 1

0.5 (χ − 1)5 dχ,
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and,

∫ y

0

χ

(
χ3 + 9χ2 − 3χ (3 + 2 (1 + χ) log(χ)) − 1

0.5 (χ − 1)5

)

=
Qav

No (2R − 1)
, (6.5)

Thus, the Pout(R) and y can be obtained as in (17) and (18), respectively.

APPENDIX B

B.1 PDF Derivations - Multiple PUs

Heavily shadowed Rayleigh fading channels for the SU and PUs

Let gpj (j = 1, 2, ...., n.) be i.i.d. RVs. In addition, we assume that gs is

independent of all gpj . Now, gp,max can be defined as [38],

gp = max
j

gpj , j = 1, ..., n (6.6)

Thus, the CDF of gp can be expressed as,

Fgp(y) =
n∏

j=1

Fgpj
(y),

89



Then, by using the generalized-K CDF expression for integer values of mm

in [69], we may write,

Fgp(y) =

(

1 −
2(Ξ y)

ms
2

Γ(ms)

mm−1∑

l=0

1

l!
(Ξ y)

l
2 Kms−l(2

√
Ξy)

)n

, (6.7)

where Ξ = msmm/Ω0. Then by substituting ms = 0.5, mm = 1, and Ω0=1

in (6.7) and using K0.5(z) =
√

π
2z

e−z [24, (8.469.3)] to get,

Fgp(y) =
(
1 − e−

√
2y
)n

. (6.8)

To find the PDF of gp, we differentiate (6.8) as,

fgp(y) =
dFgp(y)

dy

=
n e−

√
2y
(
1 − e−

√
2y
)n−1

√
2y

.

(6.9)

Also, the PDF of gs for mm=1 and ms=0.5 simplifies to,

fgs(x) =
e−

√
2x

√
2x

. (6.10)
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Thus, the PDF of χ = gs

gp,max
can be obtained using [70],

f(χ) =

∫ ∞

0

|y| fgs(yχ)fgp(y)dy

=

∫ ∞

0

|y|
e−

√
2yχ

√
2yχ

(
n e−

√
2y
(
1 − e−

√
2y
)n−1

√
2y

)

dy

=
n

2

n−1∑

i=0

(−1)i

(
n − 1

i

) ∫ ∞

0

e−
√

2y(1+i+
√

χ)

√
χ

dy

(6.11)

By evaluating the integration in (6.11), the PDF of χ is expressed as in

(4.4).

Moderately shadowed Rayleigh fading channel for the SU

For the case when the gs has the parameters (mm = 1 and ms = 1.5) while

the gpj has (mm = 1 and ms = 0.5). By substituting the parameters of gs

in (2.9), the generalized-K PDF reduces to,

fgs(x) = 3 e−2
√

1.5 x (6.12)

By substituting (6.12) and (6.9) in (6.11), the PDF of χ for this case is

expressed as in (4.6).

91



APPENDIX C

C.1 PDF Derivations - Multihop Relaying

The PDF of the ratio of the two i.n.d. generalized-K RVs gs and gp in X can

be given in terms of the Meijer G-function as in (3.6). In addition, by using

the upper bound in (5.3), the PDF of the end-to-end SNR can be derived.

The PDF of rational power of the ratio of two Generalized-K RVs Y = X
1
N

can be derived by using [71, Theorem (6.4.2)] as,

fY (x) = Ψ Δ
1
N
−1H2,2

2,2

(

Δ
1
N x

∣
∣
∣
∣
∣

(
−mmp − 1

N
+ 1, 1

N

)
,
(
−msp − 1

N
+ 1, 1

N

)

(
mms − 1

N
, 1

N

)
,
(
mss − 1

N
, 1

N

)

)

(6.13)

where Hm,n
p,q

(

x

∣
∣
∣
∣
∣

(ap,cp)
(bq ,cq)

)

is the Fox H-function [72, (2.1)]. Furthermore, the

PDF of the product of the rational power of X , T =
∏N

k=1 Yk, can be

obtained by using [71, Theorem (6.4.1)] as,

fT (x) =
ΨN

ΔN−1
×

H2N,2N
2N,2N

(

Δ x

∣
∣
∣
∣
∣

(
A1,

1
N

)
1

,
(
A2,

1
N

)
1
...
(
A1,

1
N

)
N

,
(
A2,

1
N

)
N(

A3,
1
N

)
1

,
(
A4,

1
N

)
1
...
(
A3,

1
N

)
N

,
(
A4,

1
N

)
N

)

,

(6.14)

Now, the PDF in (6.14) can be written in terms of Meijer G-function [72]

as in (5.4) where it can be simply calculated by using the MATHEMATICA

software implementation.
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[1] V. Valenta, Z. Fedra, R. Maršálek, G. Baudoin, and M. Villegas, “To-

wards cognitive radio networks: spectrum utilization measurements

in suburb environment,” in Radio and Wireless Symposium, 2009.

RWS’09. IEEE. IEEE, 2009, pp. 352–355.

[2] B. Wang and K. R. Liu, “Advances in cognitive radio networks: A

survey,” IEEE Journal of Selected Topics in Signal Processing, vol. 5,

no. 1, pp. 5–23, 2011.

[3] A. Goldsmith, S. A. Jafar, I. Marić, and S. Srinivasa, “Breaking spec-
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