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PREFACE

The abstract fixed point theory of single-valued mappings has evolved as
a natural extension of the corresponding classical theory on Euclidean spaces
considered by Brouwer. This theory has been a popular area of research and
has applications in various fields. The best known result in this theory is the
Banach contraction mapping principle: “Every contraction selfmapping of a
complete metric space has a unique fixed point”. It has become a vigorous
tool for studying nonlinear volterra integral equations and nonlinear func-
tional differential equations in Banach spaces. In the last several decades a
number of generalizations of Banach principle have appeared in the litera-
ture. Browder [22] and Gohde [46], in 1965, proved fixed point theorems for

nonexpansive mappings in a uniformly convex Banach space.

In 1969, the study of fixed points of multivalued nonexpansive mappings
was initiated by Nadler [85] and using the concept of Hausdorff metric, he
established the multivalued contraction principle containing the Banach prin-

ciple as a special case. Since then, the fixed point theory of such mappings

viii



has received attention of many researchers. For a survey of this subject and
more useful references, see, Singh et al. [114]. In recent past, more inter-
est has developed in finding coincidence and common fixed points for many
classes of single-valued and multivalued mappings (see, De Marr [31], Dotson
[35], Itoh [56], Khan [66], Khan and Hussain [67], Khan et al. [70], Petryshyn

93], Tarafdar [128] and Xu [136-137]).

Approximation theory is an important subject, which has applications in
analysis, artificial neural networks, wavelets and engineering. The appli-
cation of fixed point theorems to approximation theory was initiated by
Meinardus [84] in 1968. Brosowski [21], in 1969, obtained the following gen-
eralization of a theorem of Meinradus [84]: “ Let T" be a linear nonexpansive
selfmapping of a normed space X and M be a T-invariant subset of X. If
u is a fixed point of T and the set of best approximations to u from M is
nonempty compact convex, then there exists a best approximation y which is
also a fixed point of T”. Singh [113] observed that the linearity of the opera-
tor and the convexity of the set of best approximations can be relaxed. Since
then, many results have been obtained in this direction (see, Habinaik [48],
Hicks and Humphries [49], Sahab et al. [100], Smoluk [115]). All the above
mentioned results are summarized and extended by Al-Thagafi [3]. Recently,

various interesting papers have appeared in this area (see, e.g. Hussain and

Khan [50-51], Khan [65], Shahzad [106]).

X



Approximating fixed points by successive iteration has been one of the
central problems of fixed point theory ever since the introduction of one-
step Mann iteration process and two-step Ishikawa iteration process (see,
Lions [80] Schu [103], Tan and Xu [125-126]). In recent years, the iteration

processes have been studied extensively by various authors for:

(a) approximating fixed points of nonlinear mappings,
(b) finding solutions of nonlinear operator equations,
(c) investigating variational inequalities,

(d) seeking convergence of the iterates to a common fixed points of map-
pings,

in Hilbert and Banach spaces (see, [25, 33, 37, 38, 72, 86, 124, 132, 138]).

The Prague School of probabilists, in 1950s, initiated systematic study
of random operator equations by employing methods of functional analysis.
The study of random fixed point theory is the core around which the theory
of random operators has been developed. It is also worth mentioning that as
applications of random fixed point theorems, a number of existence theorems
for random approximation theory, random nonlinear Hammerstein equations
and stochastic partial differential equations have been given by many authors.
Random fixed point theorems for random contraction mappings on separable

complete metric spaces were first proved by Spacek [116]; the survey article by



Bharucha - Reid [19] attracted the attention of several mathematicians in this
area of investigations. Itoh [55] extended Spacek’s theorem to multivalued
random contraction mappings. Now a days, this theory has become full
fledged research area. Many authors have studied the existence of random
fixed points of various classes of random operators; see, Beg [8-10], Beg et al.
[12], Beg and Shahzad [13-14], Khan and Hussain [68-69], Khan et al. [71],

Liu [81], Papageorgiou [92], Ramirez [98], Xu [134-135], Yuan and Yu [139].

We divide this thesis into five chapters.
Chapter 1 summarizes some basic definitions and known results about fixed
points, coincidence points, best approximations, iterative procedures and

random operators.

In Chapter 2, we prove some coincidence and common fixed point theo-
rems for nonself mappings (not necessarily continuous) satisfying different
contractive conditions on an arbitrary nonempty subset of a metric space.
Applications of these results are given in the best approximation theory and
eigenvalue problems. Our work improves, unifies and sets analogues of the
earlier results by Aamri and El Moutawakil [1], Baskaran and Subrahmanyam

7], Ciri¢ [28], Hussain and Khan [51] and Al-Thagafi [3].

Chapter 3 concerns general iteration schemes for a finite family of asymptot-

ically quasi-nonexpansive mappings; here we study weak and strong conver-

xi



gence of these schemes to a common fixed point of the family of mappings.
Our results are generalizations and refinement of the results of Ghosh and
Debnath [40], Kuhfitting [77], Petryshyn and Williamson [94], Qihou [96],
Rhoades [99], Shahzad and Udomene [110], Tan and Xu [126] and Xu and

Noor [133].

Chapter 4 deals with multivalued mappings. We obtain coincidence and com-
mon fixed point theorems in a metric space by using Lipschitz type conditions
for hybrid mappings which are not necessarily continuous. Some applications
to best approximation theory and eigenvalue problems are also included. Our
work extends the results of Kamran [64], Pant [90], Shastry and Murthy [101]

and Singh and Hashim [111].

In Chapter 5, rand om versions of some results obtained in chapters 2-4 are
established; in particular, we give random analogues of Theorems 2.2.1, 2.2.4,
3.2.2,3.3.2,3.3.3 and 4.2.1. We also study random fixed points of inward ran-
dom multivalued operators on a separable Banach space with characteristic

of noncompact convexity less than 1.
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CHAPTER 1
PRELIMINARIES

1.1 Introduction

The purpose of this chapter is to recall some relevant basic definitions and
some known fundamental results from the existing literature for the conve-
nience of later references. In addition, necessary notations and terminology
used in the sequal are also fixed (for more details, see [5, 6, 29, 43, 45, 47,

54, 122, 129, 130, 140]).

1.2 Single-Valued Mappings

Let C be a nonempty subset of a metric space (X,d) and f,¢g:C — X. A
point z € C'is called a fixed point of f if fx = x. A coincidence (respectively,

common fixed) point of f and g is an # € C such that fx = gz (respectively,

x = fr=gx).

Definition 1.2.1 Let f and g be selfmappings of a metric space X. The



mappings f and g are

(1) commuting if

fgr=gfx, forall ze€ X,
(2) weakly commuting if
d(fgx,gfx) < d(fr,g2), forall z € X,

(3) compatible if

lim d(fgx,,gfx,) =0,

whenever {z,} is a sequence in X such that

lim fz, = lim gz, =t, forsome te X,

n—oo

(4) weakly compatible if they commute at their coincidence points; i.e., if

fu = gu for some u in X, then fgu = gfu,
(5) satisfying the property (E- A) if there exists a sequence {x,} such that

lim fz, = lim gz, =t, for some t e X.

n—oo

Note that weakly commuting mappings are compatible and compatible
mappings are weakly compatible but the converse in each case does not hold

(for examples and counter-examples, see [1], [59] and [61]). It is easy to see



that two noncompatible mappings satisfy the property (E - A) (see [1], Re-
mark 1). Some fixed point results for noncompatible mappings are obtained

in [89].

Definition 1.2.2 Let C' be a subset of a metric space X and f,g: C — X.

Then f is:
(i) nonexpansive if

d(f, fy) < d(x,y), forall aye X,

(ii) g-nonexpansive if
d(fx, fy) < d(gz, gy), forall x,ye€ X,

Definition 1.2.3 Let M be a subset of a metric space X and u € X. We

denote by Pps(u), the set of best approximations to u from M; that is,
Py(u) ={y € M : d(y,u) = d(u, M)},
where d(u, M) = inf{d(u,m) : m € M}.
For f: M — X, we follow Al-Thagafi [3] to define:
Ci(w) = {z € M : fr € Py(u)}

and
DY, (u) = Pys(u) () Cy(u).

Remark 1.2.4 By [3, Proposition 3.1], we have



(i) D}, (u) = Py(u) = Cf,(u) whenever f is the identity mapping on M;

(i) if f(Py(u)) € Py(u), then Py(u) € CI (u) and hence DI (u) =

Py (u);
(iii) if £(C};(u)) € CY;(u), then f(Df;(u)) C f(CY;(u)) C DY, (u).

The existence of common fixed points in Py (u) and D, (u) has been studied
by various authors; see Al-Thagafi [3], Hussain and Khan [51], Jungck and
Sessa [63], Kamran [64], O’'Regan and Shahzad [87], Sahab et al. [100] and
Shahzad [106].

For solutions of eigenvalue problems of nonself mappings on closed balls,

we need the following result.

Theorem 1.2.5 ([30], p. 92). Let X be a reflexive Banach space, B = {z €
X :|lz|| £r}and f: B — X be a weakly continuous mapping. Suppose

that for each x € OB (boundary of B), one of the following conditions holds:

() [fzll < max{|[fe— =, |[«[},
(ii) there exists p > 1 such that ||fx||? < || fz — z|P + ||z|]P.
Then f has a fixed point in B.

Now, we recall definitions of some important classes of Banach spaces.

Definition 1.2.6 A Banach space X (or the norm || - ||) is said to be strictly



convex if the following implication holds for all z,y € X :

|zl < 1,|ly|l < land ||z — y|| > 0 imply that Hx‘;yH -1

This is equivalent to the condition that the unit sphere (or any sphere)
contains no line segments. In such a space, any three points x,y, z satisfying

|z — 2| + ||z — y|| = ||z — y|| must lie on a line.

A strong form of the above definition was introduced by Clarkson, in 1936,

which turned out to be very useful in Banach space and operator theory.

Definition 1.2.7 A Banach space X is said to be uniformly convex if for
each € € (0,2], there exists § > 0 such that, for all x,y € X, the following

holds:
|lz| <1, |yl <1 and |z —y|| > € imply that H%“’H <.

Obviously, uniformly convex spaces are strictly convex. Moreover, the two
concepts are equivalent in finite dimensional spaces (since balls in such spaces

are compact).

The simplest example of uniformly convex space is a Hilbert space. It is
well-known that every uniformly convex Banach space is reflexive (see [43,

45).

Lemma 1.2.8 [23, Theorem 8.4]. Let C' be a bounded closed convex subset



of a uniformly convex Banach space X, and 7" : C' — X a nonexpansive

mapping. Then

(i) If {x,} is a weakly convergent sequence in C' with weak limit =, and
if (I —T)x, converges strongly to w in X (here [ is the identity

mapping), then (I —T)zy = w.

(ii) (I —T)(C) is a closed subset of X.

1.3 Iterative Algorithms

Let C' be a nonempty subset of a real Banach space X and T a selfmapping

of C. Denote by F(T), the set of fixed points of T. Throughout this section,

we assume that F(T') # ¢.
Definition 1.3.1 The mapping 7T is said to be
(i) quasi-nonexpansive if

Tz —p|| <|lz—p|, forall xe€C and pe F(T);

(ii) asymptotically nonexpansvie if there exists a sequence {u,} in [0, +00)

with lim u, = 0 and

7" = T"y|| < (1 + un)||z =yl

forall z,y e Candn=1,2,..;



iii) asymptotically quasi-nonexpansive if there exists a sequence {u,} in
Y y

[0, +00) with nh_}rgo u, = 0 and
1772 = pll < (1 + un)llz = pl],
forallz € C, pe F(T) and n=1,2,.. ;
(iv) uniformly L-Lipschitzian if there exists a constant L > 0 such that
7"z = T"y| < Lz =y,

forall z,y e Candn=1,2,3,...;

(v) (L —+) uniform Lipschitz if there exist constants L > 0 and v > 0 such
that

[Tz = T"y|| < Lz =yl
for all z,y € C'and n =1,2,3,... (cf. Qihou [97], p. 468);
(vi) semi-compact if for a sequence {z,} in C with lim ||z, — Tx,| = 0,

there exists a subsequence {x,,} of {z,} such that z,, — p € C.

Remark 1.3.2 From the above definitions, it follows that:

(i) a nonexpansive mapping must be quasi-nonexpansive and asymptoti-

cally nonexpansive;

(ii) an asymptotically nonexpansive mapping is an asymptotically quasi-

nonexpansive;



(iii) a uniformly L-Lipschitzian mapping is (L — 1) uniform Lipschitz.

However, the converse of these statements are not true, in general (see

96-97)).

Definition 1.3.3 The mapping 7' : C' — X is said to be demiclosed at 0 if
for each sequence {x,} in C' converging weakly to = and {T'z,} converging

strongly to 0, we have T'z = 0.

Definition 1.3.4 A Banach space X is said to satisfy Opial’s property if
for each x € X and each sequence {z,} weakly convergent to z, the following

condition holds for all z # y:
liminf ||z, — x| < liminf ||z, — y]|.

If lim inf ||z, —z|| < lim inf ||z, —y|| holds,then X satisfies the nonstrict

Opial’s property

It is well known that all Hilbert spaces and ¢,(1 < p < co) spaces are Opial

spaces while L, spaces (p # 2) are not (cf. [119], [126]).

Let C be a convex set and z; € C. Mann [83], in 1953, defined an iterative
procedure as:

Tpr1 = (1 — ap)x, + Ty, (1.3.1)

where oy, € [0,1], n=1,2,3,....



In 1973, Petryshyn and Williamson [94] proved a necessary and sufficient
condition for the Mann iteration to converge to a fixed point of a quasi-
nonexpansive mapping.

Ishikawa [52], in 1974, devised an iteration scheme:

Tor1 = (1—an)zn, + an Ty,
where ay,, 3, € [0,1], n = 1,2,3,...; to establish convergence of a Lip-

schitzian pseudocontractive mapping in the context of a Hilbert space where
the Mann iteration process failed to converge.

If 5, = 0 for all n, then (1.3.2) becomes (1.3.1).

In 1997, Ghosh and Debnath [40] extended the results of Petryshyn and
Williamson [94] to the Ishikawa iteration.

Let {T;:i=1,2,...,k} be a family of selfmappings of C. Kuhfittig [77], in
1981, defined the following iteration: Let xy € C, Uy = I (identity mapping

on (), «ae€(0,1),

U1 = (1—0()]+06T1U0,
U2 == (1—OZ)I+(ITQU1,
Uk = (1 — Od)[ + OéTkkal,

(1.3.3)
Thr1 = (1—a)z,+aTUpq x,, n=1,2,3,...
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Let S and T be two selfmappings of a convex set C. In 1998, Atsushiba
and Takahashi [4] introduced the following Mann’s type iteration:
= +(1 1y S'T7 (1.3.4)
Tl =0Ty +( —an)n2 2} T, 3.
1,)=

where vy e Cand 0 < a,, <a<1l,n=12,....

The iteration scheme (1.3.4) has been studied by many authors to ap-
proximate common fixed points of S and T (see, for example, Atsushiba and
Takahashi [4], Suzuki [118-119] and Suzuki and Takahashi [120]).

Rhoades [99] noted that the iteration scheme (1.3.4) is much more compli-
cated than (1.3.3), and the results obtained on the basis of it generally need
commutativity of S and T and certain conditions on their domain such as
the Opial condition (see, for example, Theorem 1 in [4], and Theorem 4 of
Suzuki in [118] and [119]).

Schu [103], in 1991, considered the following modified Mann iteration process:

Tpi1 = (1 —ap)e, + @, Te,, n=1273,... (1.3.5)

where {a,} is a sequence in (0, 1) which is bounded away from 0 and 1, i.e.,
a < a, <bforall nand some 0 < a < b < 1. In 1994, Tan and Xu [126]

studied the modified Ishikawa iteration process:

Tpi1 = (1 —ap)x, + o, T"((1 — Bn)xn + BnT"x,), n=1,2,3,... (1.3.6)
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where {a,} and {f3,} are two sequences in (0, 1) such that {«,} is bounded
away from 0 and 1 and {3,} is bounded away from 1.

Xu and Noor [133], in 2002, introduced a three-step iteration as follows:

Zn = (1 - ’Yn)xn + ’YnTnxna

(1.3.7)
Tpy1 = (1 - an)xn + anTn Yn, N = 17 27 37 SR

where {a,}, {06.}, {7} are real numbers in [0, 1].
We need the following useful known lemmas for the development of our

convergence results.

Lemma 1.3.5 (cf. [117, Lemma 2.2]). Let the sequences {a,} and {u,} of

real numbers satisfy:
ani1 < (14 uy,)a,, where a, > 0,u, >0, foralln=1,2,3,...

and Zun < 4+00. Then

n=1

(i) lim a, exists;

n—oo

(ii) if liminfa, = 0, then lim a, = 0.

n—oo n—o0

Lemma 1.3.6 [103, Lemma 1.3]. Let X be a uniformly convex Banach
space. Assume that 0 < b <t, <c<1l, n=123,... Let the sequences

{z,,} and {y,} in X be such that
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(i) Timsup [l2.]| < a,

n—oo

(ii) limsup ||y,| < a,

n—oo

(iii) lim [[t,zn + (1 —t)yull = a,

n—oo

where a > 0. Then lim ||z, — y,|| = 0.

We now state two useful conditions:

Condition A ([53]). A real sequence {«,} is said to satisfy Condition A if

Ogan§b<1,n:0,1,2,...,andZo¢n:oo.
n=0

Condition B ([82], Condition A]). The mapping T': C' — C with F(T) # ¢
is said to satisfy Condition B if there exists a nondecreasing function f :
[0,00) — [0, o0) with f(0) = 0 and f(r) > 0 for all » € (0,00) such that
|lx—=Ty| > f(d(xz, F(T))) for z € C and all corresponding y = (1—t)x+tTx,

where 0 <t < 3 < 1.

Note that if £ = 0, the Condition B reduces to the Condition I of Senter
and Dotson, Jr. [104] and the Condition A of Tan and Xu [125].

We need the following known results:

Theorem 1.3.7 [53, Theorem 1]. Let C' be a closed subset of a Banach
space X, and T a nonexpansive mapping from C' into a compact subset of

X. Suppose that there exists {a,} satisfying the Condition A. If {z,} is
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defined by (1.3.1) with z,, € C for all n, then T has a fixed point in C' and

{z,} converges strongly to a fixed point of T

Theorem 1.3.8 [96, Corollary 1]. Let C' be a nonempty closed convex subset
of a Banach space X, and T a quasi-nonexpansive selfmapping of C'. Assume
that F(T') # ¢. Then the Ishikawa iteration, defined by (1.3.2), converges

strongly to y € F(T) if and only if lim inf d(z,,, F/(T)) = 0.

n—oo

Theorem 1.3.9 [82, Theorem 1]. Let C' be a nonempty closed convex
subset of a uniformly convex Banach space X, and T a quasi-nonexpansive
selfmapping of C satisfying the Condition B. Then, the Ishikawa iteration
scheme (1.3.2), with 0 < a < a, <b < 1and 0 < 3, < [ < 1, converges

strongly to a fixed point of T'.

Lemma 1.3.10 (cf.[103, Lemma 1.6]). Let C' be a nonempty closed convex
subset of a uniformly convex Banach space X satisfying Opial’s property,
and T : C' — C be asymptotically nonexpansive. Then I — T is demiclosed

at 0.

Theorem 1.3.11 [34, Theorem 4]. If C'is a weakly compact convex subset
of a strictly convex normed linear space, and {7, } is a commutative family

of quasi-nonexpansive selfmappings of C, then ﬂ F(T,) # ¢.

[0}

Theorem 1.3.12 [44, Theorem 3.1] Let C' be a nonempty compact convex
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subset of a Banach space X, and 7 a commutative semigroup of asymptoti-
cally nonexpansive selfmappings of C. Then there exists a point x € C' such

that Tx = z for each T € 7.

1.4 Multivalued Mappings

Throughout this section, (X, d) denotes a metric space. Suppose that x € X
and A C X. We denote by 2% (respectively, C(X),CB(X), K(X), KC(X))
the class of all nonempty subsets (respectively, nonempty closed, nonempty
closed bound, nonempty compact, nonempty compact convex subsets) of X.

Let H be the Hausdorff metric with respect to d; that is,

H(A, B) = max {sup d(x, B),sup d(y,A)} , for every A, B € C(X).

€A yeEB

Definition 1.4.1 Let f : X — X and S : X — C(X). A point u €
X is a coincidence (respectively, common fixed) point of f and S if fu €

Su (respectively, u = fu € Su). The mappings f and S are:

(1) weakly commuting if fSx € C(X) for all x € X, and
H(Sfx, fSz) < d(fz,Sx);

(2) compatible if

lim H(fSx,,Sfx,) =0

n—oo

whenever {z,} is a sequence in X such that

lim Sz, =A€C(X) and lim fz, =t ¢€ A;

n—oo n—oo
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(3) weakly compatible if they commute at their coincidence points; i.e., if

fu € Su for some u in X, then fSu = S fu;

(4) R-weakly commuting if fSz € C(X) for all z € X, and there exists a

real number R > 0 such that

H(Sfx, fSx) < Rd(fz, Sz);

(5) pointwise R-weakly commuting if fSz € C(X) for all z € X, and for

a given x in X, there exists a real number R > 0 such that

H(Sfx, fSz) < Rd(fx,Sx);

(6) (IT)-commuting at x € X if fSx C Sfx (cf. [111]);
(7) f is S-weakly commuting at z € X if ffz € Sfz (see [64));

(8) satisfying the property (E.A) (called tangential mappings by Sastry

and Murthy [101])if there exists a sequence {z,} such that

lim Sz, =A€ C(X) and lim fz,=t¢€ A

n—oo n—oo

Remark 1.4.2 Note that
(i) weakly commuting mappings are R-weakly commuting and compatible;

(ii) compatible mappings are weakly compatible;
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(iii) weakly compatible mappings are R-weakly commuting;
(iv) R-weakly commuting mappings are pointwise R-weakly commuting;

(v) weakly compatible mappings are (I7)-commuting at their coincidence

points;

(vi) f and S are (IT)-commuting at the coincidence points implies that f

is S-weakly commuting;

but the converse in each case does not hold (for examples and counter exam-
ples, see [59-61], [64], [91], [111] and [112]). We remark that commutativity,
compatibility, R-weak commutativity and weak compatibility of f and S are

equivalent at their coincidence points (cf. [111]).

Definition 1.4.3 Let E be a normed space. A real number \ is said to be
an eigenvalue of a mapping S : E — 2F (respectively, S : E — E) if there
exists a point z # 0 in E such that Az € Sx (respectively, Ax = Sx).
Solutions of nonlinear eigenvalue problems for single-valued mappings on
a Banach space have been obtained by many authors (see Baskaran and

Subrahmanyam [7] and Kim [74]).

Definition 1.4.4 Let C be a nonempty closed subset of a Banach space X.

A multivalued mapping T : C' — 2% is said to be :

(i) upper semicontinuous if {x € C': Tx C V'} is open whenever V' C X is
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open;

(ii) lower semicontinuous if 771(V) = {z € C : Tz(\V # ¢} is open

whenever V' C X is open;
(iii) continuous if it is both upper and lower semicontinuous (see [16, 29]);

(iv) Lipschitz if there exists a constant k£ > 0 such that
H(Tx,Ty) < k||lz —y||, for allz,y € C;

If 0 <k < 1 (respectively, k = 1), then T is called contractive (respec-

tively, nonexpansive);

(v) demiclosed at 0 if the following implication holds:
{z,} in C,{x,} converges weakly to z, y, € Tz, and y, — 0 imply

that 0 € Tx.

There is another different kind of continuity for multivalued operators:

T :C — CB(X) is said to be continuous (with respect to the Hausdorff
metric H) if

H(Tx,,Tz) — 0whenever z,, — x.

It is not hard to see that both definitions of continuity are equivalent if T'x

is compact for every x € C (see[6, 16]).
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Let C' be a convex subset of a linear space E. Then f : C' — R is convex if

for any z,y € C and t € [0, 1],

fltz+ (1 =t)y) <if(x)+ (1 —1)f(y).

Lemma 1.4.5 [122, Lemma 1.3.9] Let C be a closed convex subset of a
Banach space X and T be a convex function of C' into (—oo, +00). Then, T
is lower semicontinuous if and only if 7" is lower semicontinuous in the weak

topology.
Let X be a metric space. The diameter of a subset B of X is
diam B = sup{d(z,y) : =,y € B},

with diam ¢ = 0. It is known that diam B = 0 if and only if B is an empty
set or consists of exactly one point. Some other important properties of the

diameter are the following:
(i) If By C By then diam B; < diam By;
(ii) diamB = diam B; here — stands for the closure;

(iii) Contor’s intersection theorem: If { B, } is a decreasing sequence of non-

empty closed bounded subsets of X and lim diam B,, = 0, then ﬂ B,

n—o00
n=1

is nonempty and consists of exactly one point (cf. [130]).
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The set B C X is said to be r-separated (or,r-separation of X) if

d(xz,y) >r, forallz #y in B and some 7 > 0.

In recent years measures of noncompactness have been utilized to define
new geometrical properties of Banach spaces which are interesting for fixed
point theory. The notion of a measure of noncompactness was originally

introduced in metric spaces as in the following:

Definition 1.4.6 The Kuratowski, Hausdorff and separation measures of
noncompactness of a nonempty bounded subset B of X are, respectively,

defined as the numbers

a(B) = inf{r > 0: B can be covered by finitely many sets of diameter < r},
X(B) = inf{r >0: B can be covered by finitely many balls of radius < r},

B(B) = sup{r > 0: B has an infinite r — separation}.

Definition 1.4.7 The mapping T : C' — 2% is called y-condensing (respec-
tively, 1- y-contractive) where v = «(.) or x(.) if, for each bounded subset B

of C' with vy(B) > 0, the following holds:

Y(T(B)) <~(B) (respectively, y(T(B)) < v(B)),

where T'(B) =,z T

zeEB :

Definition 1.4.8 Let X be a Banach space and ¢ = «, Bor x. Then:
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(i) the modulus of noncompact convexity associated to ¢ is defined by
Ax 4(€) =inf{1 — d(0, A) : A C By is convex, ¢(A) > €},
where By is the unit ball of X,

(ii) the characteristic of noncompact convexity of X associated to the mea-

sure of noncompactness ¢ is defined by

€s(X) =sup{e > 0: Ax 4(e) =0},

(iii) if €4(X) =0, then the space X is called nearly uniformly convex.

The following relationships among the different moduli are easy to obtain
(see[130])
Ax.a(€e) < Axple) < Axy(e),

and consequently

calX) 2 €(X) 2 e(X).
When X is a reflexive Banach space we have some alternative expressions
for the moduli of noncompact convexity associated to § and Y :
Axg(e) = inf{l —|z| :{z,} C Bx,z =w — limz,,sep({z,}) > €},
Ax, () = inf{l —|z|:{z,} C Bx,z =w —limz,, x({zn}) > €}.

Note that if €,(X) < 1, then X is reflexive (this is true also if €,(X) < 1

where ¢ = x or 3) (see Theorem 5.1.7 and Remark 5.1.7 in [130]).
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In order to study the fixed point theory for nonself mappings, we must

introduce some terminology.
Definition 1.4.9 The inward set of C' at x € C' is defined by
Ie(x) ={z+ Ay —z): A>0,y € C}.

Clearly, C' C I(z) and it is not hard to show that I-(x) is a convex set as

C is so. A multivalued mapping 7 : C — 2% is said to be inward if
Tx C Io(z), Vo € C.

Let Io(x) = 2 +{\(z — ) : 2 € C, X > 1}. Note that for a convex set C,

we have Io(x) = Io(z), and T is said to be weakly inward on C' if
Tz C Io(z), Vo € C.

Lemma 1.4.10 (cf.[16]) Let X be a Banach space and ¢ # C' C X be closed
bounded convex. Let T': C' — 2% be upper semicontinuous -condensing

with closed convex values, where 7(.) = a(.) or x(.). If Tax(Ic(x) # ¢ for

all x € C, then T has a fixed point.

Lemma 1.4.11 [79] Let C be a nonempty closed convex subset of a Banach

space X and T': C' — K(X) a contraction. If 7" satisfies

Tx C Io(z), for allz € C,

then T" has a fixed point.
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Definition 1.4.12 Let C' be a nonempty bounded closed subset of a Ba-
nach space X and {z,} a bounded sequence in X, we use r(C,{z,}) and
A(C,{z,}) to denote the asymptotic radius and the asymptotic center of

{z,,} in C, respectively, i.e.

r(C,{z,}) = inf {limsup |xn — x| : @ € C'} ,

n—oo

ACAz,}) = {x € C :limsup ||z, — z|| = r(C, {xn})} .

If D is a bounded subset of X, the Chebyshev radius of D relative to C' is
defined by

rc(D) = inf{sup{||x —y| :y € D} : x € C}.

Remark 1.4.13 The convexity of C' implies that A(C, {z,}) is convex. The
set A(C, {x,}) is nonempty weakly compact if C' is weakly compact, or C' is

a closed convex subset of a reflexive Banach space X (see [17]).

Definition 1.4.14 Let C be a nonempty bounded closed subset of a Banach
space X. Then a sequence {x,} in X is called regular with respect to C' if
r(C,{z,}) = r(C,{x,,}) for all subsequences {z,,} of {x,}; while {z,} is
called asymptotically uniform with respect to C' if A(C,{z,}) = A(C,{zn,})

for all subsequences {x,,} of {z,}.

Lemma 1.4.15 [41, 78] Let {x,} and C be as in Definition 1.4.14. Then:

(i) there always exists a subsequence of {x,,} which is regular with respect
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to C';

(ii) if C is separable, then {x,} contains a subsequence which is asymptot-

ically uniform with respect to C.

Theorem 1.4.16 [16, Theorem 3.4] Let C be a closed convex subset of a
reflexive Banach space X, and let {z,} be a bounded sequence in C' which

is regular with respect to C. Then

ro(A(C,zn)) < (1= Axp(17))r(C, {an}).

Moreover, if X satisfies the nonstrict Opial’s property then

re(A(C; ) < (1= Axx(17)r(C{zn}).

Let A be a set and B C A. A net {z, : @ € D(directed set)} in A is
eventually in B if there exists oy € D such that x, € B for all a > ay. A
net {z, : @ € D} in a set A is called an ultranet if either {z, : @ € D} is
eventually in B or {z, : @ € D} is eventually in A\B, for each subset B of

A. Tt is well-known that every net in a set has a subnet which is an ultranet

(ct. [17]).

Theorem 1.4.17 [17, Theorem 3.2] Let C be a closed convex subset of a

reflexive Banach space X, and let {z3 : § € D} be a bounded ultranet. Then

ro(A(C,xp)) < (1= Axa(17))r(C, {2s}).
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A sequence {z,} is called asymptotically T-regular if lim d(x,,Tx,) = 0.

n—oo

Definition 1.4.18 Let C be a nonempty weakly compact convex subset of a
Banach space X and T': C'— KC(X). The mapping T is called subsequen-
tially limit-contractive (SL) if for every asymptotically T-regular sequence

{z,,} in C, we have
limsup H(Tx,, Tx) < limsup ||z, — z||,
n—00 n—00

for all z € A(C, {z,}).

It is clear that every nonexpansive mapping is an SL mapping. The converse

does not hold (for example and counter example see Shahzad and Lone [109)]).

1.5 Random Operators

Let (€2, >°) be a measurable space (> denotes o-algebra of subsets of ) and

C' be a nonempty subset of a Banach space X.
Definition 1.5.1 Let ¢ :Q — C and 5,7 : Q2 x C — X. Then
(i) ¢ is measurable if £1(U) € Y, for each open subset U of X,

(ii) T is a random operator if for each fixed x € C, the mapping 7'(.,x) :

() — X is measurable,

(iii) ¢ is a deterministic fixed point of the random operator T if

T(w,&(w)) = &(w), for eachw € Q,
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(iv) £ is a random fixed point of the random operator 7' if £ is measurable
and

T(w,&(w)) = &(w), for eachw € Q,

(v) € is a random coincidence (respectively, common fixed) point of S and

T if £ is measurable and for each w € Q,
S(w,€(w)) = T(w,&(w))

(respectively, £(w) = S(w, {(w)) = T'(w,&(w))).

Definition 1.5.2 Let C be a subset of a separable metric space X and

S, T:QxC — X. Then S and T are:

(i) compatible if S(w,.) and T'(w,.) are compatible for each w € € [14];
(ii) weakly compatible if

T(w, 5w, (W) = S(w, T(w, E(w))),
for every w € Q2 whenever T'(w,{(w)) = S(w,&(w)) where £ : Q — C'is

a measurable mapping;

(iii) said to satisfy the random property (E.A) if there exists a sequence

{&,} of measurable mappings from 2 to C' such that for every w € Q,

lim S(w, &n(w)) = lim T(w, & (w)) = &(w),

n—oo n—oo

where £ : 2 — X is a measurable mapping.



26

The set of random fixed points of 7" will be denoted by RF(T). For a
mapping T, the nth iterate T(w, T (w, T(w,...,T(w,z)))) will be written as
T"(w, ), and T° stands for the random operator [ : Q x C' — C defined by

Hw,z) ==x.

Definition 1.5.3 A random operator T : Q2 x C — X is called:

(i) continuous (respectively, demiclosed, nonexpansive, contractive, SL,
uniformly L-Lipschitzian, (L — ) uniform Lipschitz) if the mapping
T(w,.) is continous (respectively, demiclosed, nonexpansive, contrac-

tive, SL, uniformly L-Lipschitzian, (L — ) uniform Lipschitz);
(ii) quasi-nonexpansive random operator if

1T (w; n(w)) = EW)l < [In(w) = W),

for each w € Q) where £ : 0 — (' is a random fixed point of 7" and

n : Q) — C is any measurable mapping;

(iii) asymptotically nonexpansive random operator if there exists a sequence
of measurable mappings u,, : 2 — [0,00) with lim u,(w) = 0, for each
n—oo

w € €, such that for arbitrary x,y € C, we have
[T (w, 2) = T"(w, y)|| < (1 + un(w))]|lz =y, for eachw € €

(iv) asymptotically quasi-nonexpansive random operator if there exists a

sequence of measurable mappings u, : 2 — [0, 00) with lim wu,(w) = 0,

n—oo
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for each w € €2, such that

17" (w; n(w)) = E@)I| < (1 + un(w))ln(w) = &I,

for each w € €1, where £ : 2 — (' is a random fixed point of T" and

n : ) — (' is any measurable mapping;

(v) semi-compact random operator if for a sequence of measurable map-
pings {£,} from Q to C with lim ||§,(w) — T(w, &, (w))|| = 0, for every

w € Q, there exists a subsequence {¢,,} of {¢,} such that
&n,(w) — &(w), for eachw €

where ¢ is a measurable mapping from 2 to C.

Definition 1.5.4 (Random Mann iteration). Let T : Q@ x C — C be a
random operator, where C'is a nonempty convex subset of a separable Banach
space X. The random Mann iteration is a sequence of mappings {&,} defined
by

Enr1(w) = (1 = an)&u(w) + anT(w, &n(w)), (1.5.1)

for each w € Qn = 1,2,3,..., where 0 < o, < 1l and & : Q — (' is an

arbitrary measurable mapping.

Note that the convexity of C' implies that &, is a mapping from 2 to C' for

each n.
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Remark 1.5.5 Let C be a closed convex subset of a separable Banach space
X, and the sequence of mappings {,}, defined as in the above definition,
is pointwise convergent; that is, &,(w) — ¢ = &(w), for each w € Q. Then
closedness of C' implies that £ is a mapping from 2 to C'. Since C' is a subset
of a separable Banach space X, so, if T is a continuous random operator then
by [6, Lemma 8.2.3], the mapping w — T'(w, f(w)) is a measurable mapping
for any measurable mapping f from Q to C. Thus {¢,} is a sequence of
measurable mappings. Hence £ : Q — C, being the limit of the sequence of

measurable mappings, is also measurable (see [11]).

Definition 1.5.6 (Random Ishikawa iteration). Let T': Q x C' — C be a
random operator, where C' is a nonempty closed convex subset of a separable

Banach space X. The random Ishikawa iteration scheme is defined by

Enri(w) = (1= an)én(w) + anT(w,nu(w)),
nn(w> = (1 - Bn)gn(w> + BnT(wagn(w))ﬂ (1'5‘2>

for each w € Q,n = 1,2,3,..., where 0 < «,,, 3, <1, & : Q — Cis an
arbitrary measurable mapping and {&,} and {7, } are sequences of mappings

from Q — C.

It is remarked that if 5, = 0, for all n in (1.5.2), then the random Ishikawa

iteration reduces to the random Mann iteration (1.5.1).

We shall need the following result:
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Proposition 1.5.7 [9, Proposition 3.4]. Let C' be a nonempty bounded
closed convex subset of a separable Banach space X, and T : Q x C' — C a
nonexpansive random operator. Suppose that {£,} is a sequence of mappings

from 2 to C' defined by
éni1(w) = (1 — a)ép(w) + aT(w, &y (w)), for eachw € Q, (1.5.3)

where 0 < a < 1,n=1,2,3,..., and & : Q2 — C is an arbitrary measurable

mapping. Then for each w € €2,

Tim [£,(w) — T(@, &x()| = 0.

Now we present some definitions and results for multivalued mappings.

Definition 1.5.8 Let C be a subset of a metric space X :

(i) a multivalued operator T :  — 2% is measurable if, for any open

subset B of X, then T71(B) € > where
T (B)=(weQ:T(w)[ B # o}

(ii) a mapping = : 0 — X is said to be a measurable selector of a mea-
surable multivalued operator T : © — 2% if x(.) is measurable and

r(w) € T(w) for all w € €

(iii) an operator T : Q x C' — 2% is called a random operator if, for each

fixed x € C, the operator T'(.,z) :  — 2% is measurable;
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(iv) amapping x : 2 — C is said to be a random fixed point of T': O x C' —

2% if x is measurable and
z(w) € T(w,z(w)), foreach w € Q;
(v) a mapping z : Q — C is a random coincidence (respectively, random

common fixed) point of random operators 7' : Q x C' — 2% and f :

Q) x C — X if x is measurable and
fw,z(w)) € T(w, z(w))
(respectively, z(w) = f(w, z(w)) € T'(w, z(w)));

(vi) a random operator T : Q x C' — 2% is continuous (respectively, con-
tractive, nonexpansive etc.) if for each w € Q,7T(w,.) is continuous

(respectively, contractive, nonexpansive etc.).

We will denote by F(w), the fixed point set of T'(w,.), i.e.,
Flw)y={zeC:zeT(w,x)}.

Note that if we do not assume the existence of fixed point for the deterministic

mapping T(w,.) : C — 2%, F(w) may be empty.
For later convenience, we list the following results.

Lemma 1.5.9 [131] Let (X,d) be a complete separable metric space and

T : Q — C(X) a measurable operator. Then T" has a measurable selector.
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Lemma 1.5.10 [55] Suppose {7},} is a sequence of measurable multivalued
operators from Q to CB(X) and T": Q — C'B(X) is an operator. If, for each
w € €,

H(T,(w), T(w)) = 0,
then 7' is measurable.
Lemma 1.5.11 [127] Let X be a separable metric space and Y a metric

space. If f:Q x X — Y is measurable in w € ) and continuous in z € X,

and if x : Q — X is measurable, then f(.,z(.)) : 2 — Y is measurable.
As an application of Proposition 3 of Itoh [55], we have the following result.

Lemma 1.5.12 (cf. [95]) Let C be a closed separable subset of a Banach
space X,T : Q x C — C a random continuous operator and F :  — 2¢
a measurable closed-valued operator. Then for any s > 0, the operator

G : Q — 2¢ given by
Gw)={r e Fw): |t —T(w,2)| < s}, we
is measurable and so is the operator cl{G(w)} (the closure of G(w)).

Lemma 1.5.13 [18] Suppose that C' is a weakly closed nonempty separable
subset of a Banach space X, F : Q — 2% is measurable with weakly com-

pact values, f : 2 x C' — R is a measurable, continuous and weakly lower
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semicontinuous function. Then the marginal function r : 2 — R defined by
= inf
r(w) ,f f (w,2)

and the marginal mapping R : ) — X defined by

R(w) ={r € F(z): f(w,z) =r(w)}

are measurable.



CHAPTER 2

COINCIDENCE AND FIXED
POINTS OF NONSELF

CONTRACTIVE MAPPINGS

2.1 Introduction

Common fixed point theorems for families of commuting contraction map-
pings have been a popular area of research (see, e.g. Al-Thagafi [3], Belluce
and Kirk [15] and Jungck and Sessa [63]). In 1982, Sessa [105] introduced
the concept of weakly commuting mappings to generalize commutativity.
Jungck [59], in 1986, generalized weak commutativity to the notion of com-

patible mappings. In 1996, Jungck [61] further weakened compatibility to

33
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the concept of weak compatibility. Since then, many interesting fixed point
theorems of compatible and weakly compatible mappings under various con-
tractive conditions have been obtained by a number of authors (see, for
example, Aamri and El Moutawakil [1], Djoudi and Khemis [32], Jachymski

[57], Jungck [58-62], and Pant [89]).

In [58], Jungck generalized the Banach contraction principle to the case
of two commuting selfmappings on a metric space. Baskaran and Subrah-
manyam [7] noted that the commutativity of the mappings in Jungck’s the-
orem can be replaced by weak commutativity and then they obtained some
common fixed point theorems for two mappings on the closed ball of a Banach
space. They also provided a solution to a nonlinear eigenvalue problem for
operators on the closed ball of a Banach space. The existence of fixed points
of mappings defined on closed balls has been studied by several authors; for
example, see Delbosco [30] and Liu [81].

Aamri and El Moutawakil [1], in 2002, defined the property (E.A) for self-
mappings (need not be continuous) on a metric space, and extended the
theorem of Jungck [58] to the case of weakly compatible mappings satisfy-
ing the property (E.A) and certain contractive conditions. Very recently,
Ciri¢ [28] has established fixed point theorems for continuous nonself map-

pings satisfying certain contractive conditions on a nonempty closed subset



35

of a metric space of hyperbolic type (Takahashi [121] uses the term “convex
metric space” ).

In this chapter, we establish new results related to coincidence and common
fixed points of weakly compatible nonself mappings satisfying the property
(E - A) and strict contractive conditions on an arbitrary nonempty subset
of a metric space. Applications of our results to best approximation and

eigenvalue problems will also be given.

2.2 Coincidence and Fixed Point Results

Throughout this section, B denotes an arbitrary nonempty subset of a metric
space X. We obtain some coincidence and common fixed point theorems for
weakly compatible nonself mappings (which need not be continuous) satisfy-
ing the property (E - A) and strict contractive conditions. We begin with an
extension of Theorem 1 of Aamri and El Moutawakil [1] for nonself mappings
on B C X; our result is also an improvement of Theorem 2.2 of Ciri¢ [28] in
the sense that continuity of the mapping and compactness of the domain are

removed.
Theorem 2.2.1 Let f,g: B — X be such that:
(i) f and g satisfy the property (E - A),

(ii) gB is complete or fB is complete with fB C ¢B,
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(iii) for all x # y in B, the following contractive condition holds:

d(fe, fy) < max{d(gz,gy)rd(fr,gz) + ad(fy, gy).

%[d(f% gy) + d(fy, gfr)}}
where r € [0, +00) and « € [0, 1).

(2.2.1)

Then f and g have a coincidence point in B. Further, if a is a coincidence
point of f and g such that fa € B and f and g are weakly compatible, then

f and g have a unique common fixed point in B.

Proof. By (i), there exists a sequence {z,} in B such that

lim fz, = lim gz, =t, for somet € X.

n—oo

If gB is complete, then

lim gz, =t = ga, for somea € B.

n—oo

Now, we show that fa = ga. By (iii), we have

d(fzy, fa) < max{d(gzy, ga), rd(fz,, gz,) + ad(fa, ga)
31070 90) + dl a0, .
Taking the limit as n — oo, we obtain
d(ga, fa) < max{d(ga, ga), rd(ga, ga) + ad(fa, ga),
%[d(ga, ga) + d(fa, ga)]}
~ max {ad( fa, ga), %d( fa. ga)} .
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This is possible only if d(ga, fa) = 0; that is, fa = ga.
Now, if fa € B and f and g are weakly compatible, then ffa = fga =

gfa = gga. We prove that fa is a common fixed point. Suppose not; then

d(fa, ffa) < max{d(ga,gfa),rd(fa,ga)+ad(ffa,gfa),

Sldfa.af0) + d(ffa.go}
= d(fa, ffa)
a contradiction. Thus
ffa=gfa=fa.

Similarly, we can prove the case fB is complete and fB C ¢gB. Finally,
assume that a # b are two common fixed points of f and g. Then by (iii),

we get

d(a,b) = d(fa, fb) < max{d(ga,gb),rd(fa,ga)+ ad(fb, gb),
Slatfa.g0) + (7o g0] |

= d(a,b)

a contradiction. Hence a =b. N

The following example shows that our theorem works where Theorem 1 of

Aamri and El Moutawakil [1] is not applicable.
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Example 2.2.2 Let X be the usual space of reals. Define
f(z) =2* and g(z) = 2*.

It is easy to verify that f and g satisfy the property (E - A) for the sequence
1

{1 + —} , n=1,23,... Note that the contractive condition of Theorem 1
n

in [1] is not satisfied (take x = 1 and y = 0). Now, if f,g : B — X where

B =[1,2], then for all z # y in B, (2.2.1) holds because

[f(@) = f)l = |2* = y*| < |2* = 9*| 2" + %] = 2" = y*| = |g(2) — g(v)].
Thus all the conditions of Theorem 2.2.1 are satisfied and 1 is the common

fixed point of f and ¢ in [1,2].

In the following result, we replace the property (E-A) in Theorem 2.2.1 by
a mapping ¢ satisfying a contractive condition. The proof is similar to that

of Corollary 2 in [1] and hence is omitted.

Corollary 2.2.3 Let f,g: B — X be such that:

(i) there exists a mapping ¢ : B — R™ (the set of all nonnegative reals)

such that

d(fz,gx) < ¢(gz) — ¢(fx), forallzin B,
(ii) ¢gB is complete or fB is complete with fB C ¢B,

(iii) for all x # y in B, (2.2.1) holds.
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Then f and g have a coincidence point in B. Further, if a is a coincidence
point of f and g such that fa € B and f and g are weakly compatible, then

f and ¢ have a unique common fixed point.
Suppose that F': RT — R* satisfies the following conditions:
(i) F' is nondecreasing,
(i) 0 < F(t) <t, forall te(0,00).

The next theorem deals with four nonself mappings under a contractive con-
dition in terms of the function F’; this theorem is a considerable improvement
of Theorem 2 of Aamri and El Moutawakil [1] for nonself mappings on an

arbitrary subset of a metric space (compare our result also with Theorem 2.3

in [28]).
Theorem 2.2.4 Let f,g9,p,q: B — X be such that:
(i) the pair (f,p) or (g, q) satisfies the property (E - A),

(ii) the range of one of the mappings f, g, p or q is complete, fB C ¢B and

9B < pB,
(iii) for all z,y in B, the following condition holds:

d(fz,gy) < F(max{d(pr,qy), d(pz, gy), d(qy, gy)})- (2.2.2)
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Then:

(a) f and p have a coincidence point, and g and ¢ have a coincidence point,

(b) if a is a coincidence point of f and p such that fa € B and f and p are

weakly compatible, then they have a common fixed point,

(c) if b is a coincidence point of g and ¢ such that gb € B and g and q are

weakly compatible, then they have a common fixed point,

(d) f,g,p and g have a unique common fixed point provided (b) and (c)

hold.

Proof. (a) Assume that g and ¢ satisfy the property (£ - A); that is, there
exists a sequence {z,} in B such that lim gz, = lim gz, = t, for some
n—oo n—oo

t € X. Since gB C pB, there exists a sequence {y,} in B with gz, = py,,

for all n. So, lim py, = t. By (iii), we have

A(fYn, 97n) < F(max{d(pyn,qzn), d(pyn, 974), d(qxy, 97,)})
< F(d(92n,qrn))

< d(gxn, qxy).

Thus lim d(fy,,t) = 0 and so, lim fy, = t. Let pB be complete. Then

n—oo

t = pa, for some a € B. By (iii), we get

d(fa,gz,) < F(max{d(pa, gz,), d(pa, gz,), d(qz,, gz,)}).
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Taking the limit as n — oo, it follows that fa = pa. Also fB C ¢B implies
that fa = ¢b, for some b € B. We show that fa = gb. Suppose not; then
d(fa,gb) < F(max{d(pa,qb),d(pa, gb),d(gb, gb)})

< F(d(fa,gb))

< d(fa,gb)
a contradiction. Thus fa = pa = gb = gb.
(b) If fa € B and f and p are weakly compatible, then

[fa= fpa=pfa=ppa.

We show that fa is a common fixed point of f and p. If not; then

d(ffa, fa) = d(ffa,gb)
< F(max{d(pfa,qb),d(pfa, gb),d(gb, gb)})
< F(d(ffa, fa))
< d(ffa. fa)

sets a contradiction. Thus

fa=ffa=pfa.

(c) As in (b), we can prove that gb is a common fixed point of g and q.
(d) Since fa = gb, therefore fa is a common fixed point of f,g,p and g¢.

The proof is similar if ¢B, fB or gB is complete. Finally, if u # v are two
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common fixed points of f, g, p and ¢, then

d(u,v) = d(fu,gv)

< F(max{d(pu, qv), d(pu, gv), d(qv, gv)})
< F(d(u,0))
< d(u,v)

gives a contradiction. Thus u = v proves the uniqueness of the common fixed

point. W

2.3 Invariant Approximation

In this section, we obtain common fixed points of best approximation on the
basis of results obtained in the previous article. Our work provides analogues
of most of the well-known results for the class of weakly compatible mappings
on a metric space.

Recently, Hussain and Khan [51] have obtained in Theorem 3.1, a gener-
alization of Theorem 3 by Sahab et al. [100] for a class of noncommuting
selfmappings on a Hausdorff locally convex space. An analogue of Theorem

3.1 in [51] is given below in the setup of an arbitrary metric space.

Theorem 2.3.1 Let M be a subset of a metric space X and f and g be

selfmappings of X. Assume that u is a common fixed point of f and g, and
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D = Py (u) is nonempty. Suppose that:
(i) f and g are weakly compatible and satisfy the property (F - A) on D,

(ii)) gD = D, f(OM) C M (OM denotes the boundary of M), and fD or

D is complete,
(iii) f is g-nonexpansive on D U {u},
(iv) for all z # y in D, (2.2.1) holds.

Then f and g have a unique common fixed point in Py (u).

Proof. Lety € D. Then gy € D. By the definition of Py(u), y € OM
and since f(OM) C M, it follows that fy € M. As f is g-nonexpansive on

D U {u}, so

d(fy,u) = d(fy, fu) < d(gy, gu) = d(gy, u).

Now, fy € M and gy € D imply that fy € D; consequently, f and ¢ are
selfmappings of D. By Theorem 2.2.1, there exists a unique b € D such that

b= fb=gb. N
The following example illustrates our theorem.
Example 2.3.2 Let X =R and M = [1,4]. Define

flz) = %(m +2) and g(z) = %(x +1).
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The mappings f and g being commuting are weakly compatible and satisfy

1
the property (F - A) for the sequence {1 + —} , n=1,2.... Also,
n

|fx — fy| <|gx —gy|, forall z#y in M.

All the conditions of Theorem 2.3.1 are satisfied. Clearly, Py(0) = {1} and

1 is the common fixed point of f and g.

The existence of a unique common fixed point from the set of best ap-
proximations for four weakly compatible mappings is established in the next
result. It is remarked that the study of best approximations in the context

of four mappings is a new one in the literature.

Theorem 2.3.3 Let f,g,p and ¢ be selfmappings of a metric space X and
M be a subset of X. Assume that u is a common fixed point of f,g,p and

q, and D = Py(u) is nonempty. Suppose that:

(i) the pairs (f,p) and (g, q) are weakly compatible, and the pair (f,p) or

(g, q) satisfies the property (£ - A) on D,

(ii) pD = D, ¢D = D, f(OM) C M, g(OM) C M, and D, fD, or gD is

complete,
111 is p-nonexpansive and ¢ is g-nonexpansive on D U {u},
g

(iv) for all z,y € D, (2.2.2) holds.
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Then f,g,p and ¢ have a unique common fixed point in Py (u).

Proof. As in the proof of Theorem 2.3.1, we can prove that fy € D and
gy € D. Thus f,g,p and g are selfmappings of D. Therefore, by Theorem

2.2.4, there exists a unique b € D such that b is a common fixed point of

fig,pandq. N

We establish the analogues of Theorem 3.2 by Al-Thagafi [3] and Theorem

3.3 due to Hussain and Khan [51] in the following result.

Theorem 2.3.4 Let f and g be selfmappings of a metric space X and M
be a subset of X. Assume that u is a common fixed point of f and g, and

D* = D%,(u) is nonempty. Suppose that:
(i) f and g are weakly compatible and satisfy the property (F - A) on D*,
(ii) g is nonexpansive on Py (u)U{u} and f is g-nonexpansive on D*U{u},
(iii) ¢D* = D*, f(OM) C M, and fD* or D* is complete,
(iv) for all z # y in D*, (2.2.1) holds.
Then f and g have a unique common fixed point in D*.

Proof. Let y € D*. Then gy € D*. By the definition of D*, y € OM and
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so fy € M. As [ is g-nonexpansive on D* U {u},

d(fy,u) = d(fy, fu) < d(gy, v).

Therefore, fy € Py(u). Since g is nonexpansive on Py (u) U {u}, therefore

d(gfy,u) = d(gfy, gu) < d(fy,u) = d(fy, fu) < d(gy, gu) = d(gy, u).

Thus, gfy € Py(u) and so fy € C4;(u). Therefore, fy € D*. Hence f and
g are selfmappings of D*. Thus, by Theorem 2.2.1, there exists a unique

be D* C Py(u) such that b= fo=9g0. W

2.4 Eigenvalue Problems

The aim of this section is to seek solutions of certain nonlinear eigenvalue
problems for operators defined on a normed space and closed balls of a re-
flexive Banach space.

We now apply Theorem 2.2.1 to solve an eigenvalue problem as follows:

Theorem 2.4.1 Let X be a normed space and f be a selfmapping of X

with f(0) # 0. Suppose that:

(i) there exists a sequence {x,,} such that

lim f,x,, = lim z,, =t, forsome te€ X,

m—00 m—0o0

1
where f, = (1——) fin=2234,...,
n
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(ii) X or fX is complete,
(iii) for all z # y in X, the following condition holds:

Ife = fyll < max{le =yl ol fu -2l + ol foy il
1
31 =l + o =) (24.)
where r € [0, +00) and « € [0,1).

Then M, =1/ (1 — 1) is an eigenvalue of f.

Proof. Clearly, f, and I (the identity mapping on X) are commuting and

satisfy the property (E - A). Note that
1oz = fayll < |lfz = fyll, for each n > 1.

By this and (iii), for all z # y in X and each n > 1, (2.2.1) is satisfied for
the mappings f,, and I. By Theorem 2.2.1, there exists x,, € X such that
Tn = fnx, for each n > 1; that is, fx, = M,z, for each n > 1. This and
f(0) # 0 imply that x, # 0 for each n > 1. Thus, for each n > 1, z,, is an

eigenvector and M, is an eigenvalue for f. W
Example 2.4.2 Let X = R? and f be defined by

f(x,y) = (JZ—Ly—i—l)

Clearly, f(0,0) # (0,0) and (2.4.1) holds in view of

|f(z1,91) — f(z2,92)] = [(21,91) — (w2, 42)]-



48
Now, for the sequence (x,,y,) = (% -1, % + 1) , n=12 ...,

1
lim fo(x,,y,) = lim if(xn,yn) = (=1,1) = lim (x,, y,).

Thus, by Theorem 2.4.1, M, = 2 is an eigenvalue of f. The corresponding

eigenvector is (—1,1).

In the sequel, B denotes the closed ball B = {z € X : ||z| < r}.
Theorem 2.4.3 Let X be a reflexive Banach space and f : B — X be
weakly continuous with f(0) # 0. Suppose that for each x € 9B and for

k € (0,1], one of the following conditions holds:

(1) [Ifzll < max{|[kfz — x|, ||},
(ii) there exists p > 1 such that ||fz||? < ||kfx — z||” + ||=||P.

1
Then M = z is an eigenvalue for f.

1
Proof. Let M = o k € (0,1]. Define, fr = kf. Assume that (i) or (ii)

is satisfied; then we get one of the following:
(@) [[fexll < [lfzl] < max{|[foz — x|, |||},

(b) N fel” < [l 2" < {ll for = ||P, |||}

By Theorem 1.2.5, there exists u € B such that fyu = u. So fu = Mwu. This
and f(0) # 0 imply that u # 0. Thus u is an eigenvector for f and so M is

an eigenvalue for f as desired. W
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As an application of Theorem 2.4.3, we obtain the following analogue of

Theorem 3.2 in [7].

Theorem 2.4.4 Let C be a closed and bounded subset of R"® and T :

LP(C) — LP(C). Suppose that:

(i) H = H(t,s) : C x R — R is weakly continuous with respect to s

uniformly in ¢,
(il) z(t) € LP(C) implies H(t,Tz(t)) € LP(C),
(iii) for z(t) € LP(C) with ||z(t)], = 1,
[H (¢, T (), < max{L, [[kH(t, Tx(t)) — ()|, },
where k € (0, 1],
(iv) H(t,T(0)) #0.
Then the operator equation
H(t,Tx(t)) = uz(t) (2.4.2)
has a solution in By, the closed unit ball of L?(C'), for each u = %, ke (0,1].

Proof. We know that L? (1 < p < o0) is a reflexive Banach space. The

operator S defined by

Sz(t) = H(t, Tx(t))
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maps LP(C) into itself by (ii). In view of (iii), for the operator S : B; —
Lr(C),

[Sz(@)llp < max{{lz(t)llp, [|kSz(t) — ()]}
for each x(t) € 0B, and k € (0,1]. By (iv), we have S(0) # 0. Now, let
{z,(t)} converges weakly to x(t). This implies, by (i), that {H (¢, z,(t)} con-
verges weakly to Sz(t). Thus S is weakly continuous. Now all the conditions
of Theorem 2.4.3 are satisfied and hence for each u = %, k € (0,1], we get,

Sz(t) = ux(t); that is, the operator equation (2.4.2) has a solution in By for
cachu=14, ke (0,1. W
The following example supports the above theorem.
Example 2.4.5 The eigenvalue problem
e — |lz(t)]| = ux(t)

has a nontrivial solution in the closed unit ball By of L*([0,1]).

Solution Set H(t,s) = €' — s, Tx(t) = ||z(t)]], C = [0,1] and p = 2 in

Theorem 2.4.4.

(i) Assume that {s,} converges weakly to s. Then, for any continuous

linear functional f, we have

[f(H(E, sn)) = F(H(E,9)] = |f(sn = s)| = [f(s) = f(sn)l.
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Thus H(t,s,) converges weakly to H(t,s) and so H is weakly continu-

ous with respect to s uniformly on ¢.
(ii) If 2(t) € L?, then clearly
H(t, Tx(t)) = ¢' — ||lz(t)]| € L*([0, 1)).
(iii) For z(t) € L?([0,1]) with ||z(t)]]s = 1, we get H(t, Tz(t)) = e’ — 1.

So,
1 1/2
|H(t,Tz(t))]2 = (/ \et — 1]2dt) < 1.
0

(iv) Since
1/2

1O = e = ([ ear) =1

So, H does not map B into itself and H(¢,7(0)) # 0.

Now, the conclusion follows from Theorem 2.4.4.



CHAPTER 3

ITERATIVE ALGORITHMS
FOR A FINITE FAMILY OF

MAPPINGS

3.1 Introduction

Finding common fixed points of a finite family {7} : ¢ = 1,2,...,k} of map-
pings acting on a Hilbert space is a problem that often arises in applied
mathematics. In fact, many algorithms have been introduced for different
classes of mappings with a nonempty set of common fixed points. Unfortu-
nately, the existence results of common fixed points of a family of mappings
are not known in many situations. Therefore, it is natural to consider ap-

proximation results for these classes of mappings. Approximating common

52
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fixed points of a finite family of nonexpansive mappings by iteration has been
studied by many authors (see, for example, Kuhfittig [77], Rhoades [99] and
Takahashi and Shimoji [123]). Ghosh and Debnath [39] proved some conver-
gence results for common fixed points of finite families of quasi-nonexpansive
mappings in a uniformly convex Banach space (see also, Ahmed and Zeyada
2], Dotson, Jr. [34], Ghosh and Debnath [38, 40], Maiti and Ghosh [82] and
Petryshyn and Williamson, Jr. [94]).

Goebel and Kirk [42], in 1972, introduced the notion of an asymptotically
nonexpansive mapping and established that if C' is a nonempty closed convex
bounded subset of a uniformly convex Banach space X and 7' is an asymp-
totically nonexpansive selfmapping of C', then T has a fixed point. Bose [20]
initiated in 1978, the study of iterative construction for fixed points of as-
ymptotically nonexpansive mappings. Xu and Ori [138], in 2001, introduced
an implicit iteration process for a finite family of nonexpansive mappings.
Sun [117], in 2003, modified this implicit iteration process for a finite family
of asymptotically quasi-nonexpansvie mappings. Khan and Takahashi [73]
have approximated common fixed points of two asymptotically nonexpan-
sive mappings by the modified Ishikawa iteration. Recently, Shahzad and
Udomene [110] established convergence theorems for the modified Ishikawa
iteration of two asymptotically quasi-nonexpansive mappings to a common

fixed point of the mappings.
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For a finite family of mappings, it is desirable to devise a general itera-
tion scheme which extends the modified Mann iteration (1.3.5), the mod-
ified Ishikawa iteration (1.3.6), Khan and Takahashi scheme [73] and the
three-step iteration (1.3.7) by Xu and Noor [133], simultaneously. Thereby,
to achieve this goal,we introduce a new iteration process for a finite fam-
ily {T; : i = 1,2,...,k} of asymptotically quasi-nonexpansive mappings as

follows:

Let C be a convex subset of a Banach space X and x; € C. Suppose that
apm €00,1], n=1,2,3,...andi=1,2,... k. Let {T;:i=1,2,...,k} bea

family of selfmappings of C. The iteration scheme is defined as follows:

Tpy1 = (1 - akn)xn + O‘k:nT]? Yk—1)n;
Yk—1m = (1 —@—1)n)Tn + ap—1nTh 1 Yk—2)n
Yh—2m = (1= —2yn)Tn + =201} Yk—3)n>
Yon = (1 - OéQn)xn + OQTLTQn Yin,
Yin = (1= aun)zn + 1,17 Yon, (3.1.1)

where o, = z,, for all n.
Clearly, the iteration process (3.1.1) generalizes the modified Mann iter-

ation (1.3.5), the modified Ishikawa iteration (1.3.6) and the three-step it-
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eration scheme (1.3.7) from one mapping to the finite family of mappings
{T;:i=1,2,...k}.
k
Throughout this chapter, we assume that F' = m F(T;).

i=1
The main purpose of this chapter is to:

(i) establish a necessary and sufficient condition for convergence of the
iteration scheme (3.1.1) to a common fixed point of a finite family of

asymptotically quasi-nonexpansive mappings in a Banach space;

(ii) prove weak and strong convergence results of the iteration scheme
(3.1.1) to a common fixed point of a finite family of (L —-y) uniform Lip-
schitz and asymptotically quasi-nonexpansive mappings in a uniformly

convex Banach space;

(ili) obtain weak and strong convergence results about common fixed points
of a finite family of quasi-nonexpansive mappings in a Banach space by

a generalized Ishikawa iterative scheme.

Our work is a significant generalization of the corresponding results of Khan
and Takahashi [73], Kuhfittig [77], Petryshyn and Williamson [94], Qihou
[96], Schu [103], Shahzad and Udomene [110], Tan and Xu [126] and Xu and
Noor [133]. Moreover, our results provide analogue of the results of Sun [117],

for the iteration scheme (3.1.1) instead of the implicit iteration.
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3.2 Convergence of Iterative Algorithms

The aim of this section is to prove some results for the iterative process (3.1.1)
to converge to a common fixed point of a finite family of asymptotically quasi-

nonexpansive mappings in a Banach space. We begin with the following:

Lemma 3.2.1 Let C be a nonempty closed convex subset of a Banach space,
and {7; : i = 1,2,...,k} a family of asymptotically quasi-nonexpansive
selfmappings of C, i.e., || 1"z — p;|| < (14 ui)||x —pi|| for all z € C and p; €
F(T;), i=1,2,...,k where {u;,} are sequences in [0, +00) with nlggo Ui, = 0

for each i. Assume that F' # ¢ and Zum < +o0o for each i. Define the
n=1

sequence {x,} as in (3.1.1). Then
(a) there exists a sequence {1, } in [0, +00) such that Z vp < 400 and
n=1

1ne1 = pll < (L4 v)*fln — pll
for all p € F' and all n;
(b) there exists a constant M > 0 such that
|Zntm — pll < M|z — pll,
forallpe Fand n,m=1,2,3,...
Proof. (a) Let p € I and

Vp, = max u;,, forall n=1,23,....
1<i<k
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oo oo
Since Z Ui, < +oo for each i, therefore Z v, < +o0o. Now we have

n=1 n=1

lyin =l < (1= onn)l[zn = pll + a1a |17 20 = pl]
< (1= aw)llzn = pll + a1 + uw) ||z, — pll
= (14 awun)|[zn — pl|
< (T4 w)llzn = pll.
Assume that
[yin — 2l < (1 + ) |2 = pl]

holds for some 1 < j < k — 2. Then

lyg+n =2l < (1= agsya)llzn = pll + agrnall T yim — 2l
< (I =ag+yn)llzn = pll + ag+a(l + ugrin)[ym —
< (L= agrya)llen = pll + ageya(l +ugena) (L + va) |2, = pl
< (1= agym)llzn = pll + ool + v}z, —pl|

= (I =agyn)llzn = pll

j+1
(J+1)j J+2 r) .
(1+z 2w —

j+1

G+Dj---G+2-1) ,
L+ oty Z o V| lzn = Dl
r=1 )

< (v e —pll-

Thus, by induction, we have

lyin — 2l < (1 + ) |l2n — pl|, foralli =1,2,... k—1. (3.2.1)
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Now, by (3.2.1), we obtain

[enia =2l < (1= awn)l[zn = Pl + rnl [T Y(k-1)n — 2|
< (1= ag)llzn =l + w1+ wrn) [|yg-1)n = pll
< (1= ama)llon = pll + a1+ wen) (1 + 1) [l — p

< (1= ag) |7 = pl| + gn (1 + Vn)kH:[n -l

k
k(k—1)---(k — 1
= 1— o, +apn <1+Z ( ) ( I )VZL>] ||xn_p”

= rl
r k

1) (e — 1
_ 1+almz k(k Yoo (k—r+ )V;

rl

[z — pl|

r=1

< (L4 va)llzn —pll.

This completes the proof of (a).

(b) If t > 0, then 1+t < e’ and so,
1+t <e k=1,2....
Thus, from part (a), we get

nim =2l < (14 vosm—1)* |Tnsem-1 — Pl

< exp{kvptm—1}t|Tnsm_1 —p| <

n+m—1

. exp{k 5" ui}uxn—pu
=1

. exp{kzvi}llxn—pﬂ-
=1

Setting M = exp {k Z uz}, completes the proof. W

i=1
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The above lemma generalizes Theorem 3.1 for two asymptotically quasi-
nonexpansive mappings by Shahzad and Udomene [110] to the case of any
finite family of such mappings.

The next result deals with a necessary and sufficient condition for the con-
vergence of {x,} generated by the iteration process (3.1.1) to a point of F’;

for this we follow the arguments of Qihou ([96, Theorem 1).

Theorem 3.2.2 Let C' be a nonempty closed convex subset of a Ba-
nach space X, and {7} : i = 1,2,...,k} a family of asymptotically quasi-
nonexpansive selfmappings of C| i.e., |7z — p;|| < (1 + uin)||z — pi|, for all
x € Cand p; € F(T;), ©=1,2,...,k. Suppose that F' # ¢, 1 € C and
Z Uip < oo for all . Then the iterative sequence {z,}, defined by (3.1.1),
Z(?rllverges strongly to a common fixed point of the family of mappings if and

only if liminf d(z,, F) = 0.

n—oo

Proof. We will only prove the sufficiency; the necessity is obvious. ;jFrom

Lemma 3.2.1(a), we have
ns1 = pll < (1 +v)"[lan = pll,
for all p € F and all n. Therefore,
d(xpi1, F) < (1+ Vn)kd(xn, F)

k
_ 1+Zk(kz—1)---(k:—r+1)yT>d(me)'

7l "
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o0
As ZV” < 400, 50

n=1
o k
k(k—1)---(k— 1
oy ey ke )
r!
n=1 r=1
By Lemma 1.3.5 and lim inf d(z,, F') = 0, we get that
lim d(z,, F) = 0.

Next, we prove that {z,} is a Cauchy sequence. From Lemma 3.2.1(b), we

have
| Zpim — pl| < M||zp —pl|, for all p € F and all n,m =,1,2,3,... (3.2.2)

Since lim d(z,, F) = 0, therefore for each ¢ > 0, there exists a natural

n—oo

number n; such that

€
d(z,, F) < e for all n > n;.

Hence, there exists z; € F' such that
€
iFrom (3.2.2) and (3.2.3), for all n > n,, we have
[Zntm — Tull < Tngm — 21l + |20 — 21|
< Mllzn, — 21l + M|jzn, — 2|
€ €
< M (55) + ¥ (577)
- 2M + 2M

= €.
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Thus, {z,} is a Cauchy sequence and so converges to ¢ € X. Finally, we

show that ¢ € F. For any € > 0, there exists a natural number n, such that

|lzn — q|| < 2 , for all n > na. (3.2.4)

2+ V1)
Again, lim d(x,, F') = 0 implies that there exists a natural number nz > ny

such that

d(z,, F) < 3 , for all n > ng.

€
(4 +3m1)
Thus, there exists 2o € F' such that

€

e — < 3.2.5
Hx 3 Z2H —_ 2(4+3V1) < )
From (3.2.4) and (3.2.5), for any T;, i =1,2,... k, we get
ITig —all = |Tiqg — 22 + 22 = Titn, + Tittn, — 22+ 22 — Tny + Tny —

< Tig — z2ll + 2| Tiwn, — 22/l + |20, — 22/l + l|l2n, — qll

< (T +un)llg — 2l + 201+ v1)||zn, — 22|

Hlzng = 20l + |20y — 4l

IA

(L v)llong = gl + (1 + vi)llzn, = 21l + 200 + 1)[[2ns — 2|
Hllwng = 22| + |20, — 4l

= @+ v)llen, =gl + 4+ 30|20, — 2l

< (2+mn) + (4 + 311)

€ €
2(2+V1) 2(4+3V1)

= €
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Since € is arbitrary, therefore
ITiq — qll = 0, forall 4,
e, Tig=q,0=1,2,...,k. Thusqge F. 1

Remark 3.2.3 Theorem 3.2.2 contains as special cases, Theorem 3.2 of
Shahzad and Udomene [110] and Theorem 1 by Qihou [96] together with its
Corollaries 1 and 2, which are themselves extensions of the results of Ghosh
and Debnath [40] and Petryshyn and Williamson [94].

An asymptotically nonexpansvie mapping is asymptotically quasi-nonexpansive,

so we have:

Corollary 3.2.4 Let C' be a nonempty closed convex subset of a Banach

space X, and {T; : i =1,2,...,k} a family of asymsptotically nonexpansive

selfmappings of C, i.e., |17z — Tyl < (14 win)||lx —y||, for all z,y € C and

1 =1,2,... k. Suppose that F' # ¢, xr; € C and Zum < +o0, for all i.
n=1

Then the iterative sequence {z,}, defined by (3.1.1), converges strongly to a

point p € F' if and only if liminf d(x,, F)) = 0.

n—oo

Corollary 3.2.5 Let C, {T;:i=1,2,...,k}, F and u;, be as in Theorem
3.2.2. Then the iterative sequence {x, }, defined by (3.1.1), converges strongly
to a point p € F if and only if there exists a subsequence {x,, } of {x,,} which

converges to p.
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Corollary 3.2.6 Let C' be a nonempty closed convex subset of a Banach
space X, and {T; : i = 1,2,...,k} a family of asymptotically nonexpansive
selfmappings of C. Suppose that F' # ¢, r; € C and ium < +oo for
all i. Let {x,} be the sequence defined by (3.1.1). If nh_)nijﬂlxn — Tiz,|| = 0,

i=1,2,...,k and one of the mappings is semi-compact, then {z,,} converges

strongly to p € F'.

Proof. Let T; be semi-compact for some 1 < ¢ < k. Then there exists a

subsequence {x,,} of {x,} such that z,,, — p € C. Hence
|lp —Tipl| = lim |z, — Tizy,|| =0, foralli=1,2,... k.
n;—0o0

Thus, p € F and by Corollary 3.2.5, {z,} converges strongly to a common

fixed point of the family of mappings. W

Theorem 3.2.7 Let C, {T;:i=1,2,...,k}, F and uy, be as in Theorem
3.2.2. Suppose that there exists a mapping 7} which satisfies the following

conditions:
(i) lim [, — Ty, = 0:
(i) there exists a constant M such that

|z, — Tjz,|| > Md(z,, F), forall n.
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Then the sequence {z,}, defined by (3.1.1), converges strongly to a point
peF.
Proof. From (i) and (ii), it follows that lim d(z,, F') = 0. By Theorem

3.2.2, {x,} converges strongly to a common fixed point of the family of

mappings. W

3.3 Results in Uniformly Convex Banach
Spaces

In this section, we establish some weak and strong convergence results for the

iterative scheme (3.1.1) by removing the condition liminf d(z,, F') = 0 from
n—-+00

the results obtained in Section 3.2; for this we have to consider the class of

(L — ) uniform Lipschitz and asymptotically quasi-nonexpansive mappings

on a uniformly convex Banach space.

Lemma 3.3.1 Let C' be a nonempty closed convex subset of a uniformly

convex Banach space X, and {T; : ¢ = 1,2,3,...,k} a family of (L — ~)

uniform Lipschitz and asymptotically quasi-nonexpansive selfmappings of C,

ie, |77z — pill < (1 + up)||z — pi|| for all z € C and p; € F(T;), where

{u;,} are sequences in [0, 00) with Zum < oo, for each i € {1,2,3,...,k}.
n=1

Assume that F' # ¢ and the sequence {x,} is asin (3.1.1) with o, € [§,1—4]

for some o € (0, %) Then
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(i) lim ||z, — p|| exists for all p € F;

(ii) lim ||z, — T}'y-1)nll = 0, for each j =1,2,,... k;

n—oo

(iii) T}Lrgo |z, — Tjz,|| = 0, for each j =1,2,... k.

Proof. Let p € F and v, = max u;,, for all n.
1<i<k

(i) By Lemma 1.3.5(i) and Lemma 3.2.1(a), it follows that
lim ||z, — p|| exists for all p € F.

Assume that

lim ||z, —p|| = ¢ (3.3.1)
(ii) The inequality (3.2.1) and (3.3.1) give that

limsup ||y;, —p|| < ¢, for 1 <j<k-—1. (3.3.2)

n—oo

We also note that:

|zner —pll = 11— ara)(@n — p) + Qn (T3 Y10 — D)l
< (1 - O‘kn)Hxn _pH + O‘kn(l + Un)Hy(k—l)n - p||
< (1= apn@e—yn - agnyn) (1 0a) [l — pl|

F 0 Qe—1yn -+ a1y (1 + va) 7y — pl|.
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Therefore,

[ — pll |41 = pll
SE=3  OFi(1+ vp)k + 1y = ll

[z = pl| <
and hence
c < hyllriiogf lyin —pll, for1<j<k-—1. (3.3.3)
JFrom (3.3.2) and (3.3.3), we have
nh—{EoHy]" —p|l=¢, foreach j =1,2,3,... k- 1.
That is,

lim (1 = ajn)(zn — p) + (T} Y1 — Pl = ¢,

foreach j =1,2,3,...,k— 1.
Also, from (3.3.2), we obtain
limﬁsup 175" yG-1n — Pll < ¢, foreach j =1,2,3,... k- 1.
By Lemma 1.3.6, we get
nll_{go |75 y(j—1n — ol = 0, for each j =1,2,3,... .,k —1.  (3.3.4)

For the case j = k, by (3.2.1), we have

1T y—1yn — 2l < (14 Upn) |Yg—1yn — Pl

< (1 upn) (L + v) 2 — pll-
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But lim |z, — p|| = ¢, by part (i). So,
limsup || T} yk—-1yn — p|| < c.

Moreover,

lim [[(1 = agn) (@0 = p) + (T Ye-1)n =PI = 1m0 {2040 —pf| = c.

Again by Lemma 1.3.6, we get
nh_)rn lzn — T3 y—1)nl| = 0. (3.3.5)

Thus, (3.3.4) and (3.3.5) imply that

hm |T5"y(j—1n — nl| = 0, for each j =1,2,3,... k. (3.3.6)

(iii) For j =1, from part (ii), we have
lim |77z, — ,|| = 0.
If j=2,3,4,...,k, then we have

[T — anll = (1720 = T}yG-1n) + (T3YG-1)n — 20) |l
< Llzw = yg-vall” + 175 yG-1n — 2all

= Llag-vmllrn =T yi—2nll)” + 1T} YG-1)n — 2all — 0.

Hence,

[T}y — 2p]| — 0 asn — oo, for 1 < j < k. (3.3.7)
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Let us observe that:

lzn = Tjzall < lln = Zaga | + 12ns = T7 2|

+||,Ivjn+1xn+1 - ,I‘;H—Ian + ||1—;n+117n - CZ—;J%H

IN

il — Tyl + [T — T |

+L(anl| 70 — Tl?y(/’ﬂ—l)nH)7 + L”Tjnxn — x|
Using (3.3.6) and (3.3.7), we get

lim ||z, — Tjz,|| =0, for 1 <j <k.

Theorem 3.3.2 Let C' be a nonempty closed convex subset of a uniformly
convex Banach space X satisfying the Opial property and let {7} : i =
1,2,3,...,k} be a family of (L — ) uniform Lipschitz and asymsptoticaly
quasi-nonexpansive selfmappings of C, i.e., |77z — pil| < (1 + win)||z — pi|
for all z € C and p; € F(T;), i =1,2,3,...,k where {u;,} are sequences
in [0, 00) with ium < oo for each i = 1,2,3... k. Let the sequence {z,}
be as in (3.1.1)n:vlith iy, € [6,1 — 6] for some § € (0,3). If F # ¢ and each

I-T;i=1,2,3,...,k, is demiclosed at 0, then {z,,} converges weakly to a

common fixed point of the family {7;::=1,2,3,... k}.

Proof. Let p € F. Then lim ||z, — p|| exists as proved in Lemma 3.3.1(i)
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and hence {z,} is bounded. Since a uniformly convex Banach space is re-
flexive, there exists a subsequence {z,,} of {z,} converging weakly to some

z1 € C'. By Lemma 3.3.1,

lim ||z, — Tiz,|| =0, for i=1,2,... k.

Since I — T; is demiclosed at 0 for ¢ = 1,2,3,...,k, so we obtain Tjz; = z;.
That is, z; € F. In order to show that {x,} converges weakly to z;, take
another subsequence {z,, } of {z,,} converging weakly to some 2z, € C'. Again,
as above, we can prove that zo € F. Next, we show that z; = 2z5. Assume

21 # 2z9. Then by the Opial property

lim ||z, — 2] = lm ||z, — 2|

< lm [z, — 2|
=00

= lim ||lx, — 2|
n—oo

= lim |z, — 2
ng—00

< lim ||z, — 2|
N —00

= lim ||z, — 2]

n—oo
This contradiction proves that {z,} converges weakly to a common fixed

point of the family {7} :i=1,2,3,...,k}. &

Theorem 3.3.3 Under the hypotheses of Lemma 3.3.1, assume that, for
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some 1 < i < k, T" is semi-compact for some positive integer m. Then

{x,} converges strongly to some common fixed point of the family {7} : j =

1,2,3,...,k}.

Proof. By Lemma 3.3.1(iii), we have

lim ||z, — Tjz,|| =0, for 1 <j <k. (3.3.8)
Fix i € {1,2,3,...,k} and suppose T™ to be semi-compact for some m > 1.

;From (3.3.8), we obtain

T 2 — aall < T2y — T || + T g — T 2|
o T2 — Tiaall + | Titn —
< |Tizn = 2l + (m — DL Ts20 — 2l — 0.
Since {z,} is bounded and 7™ is semi-compact, {z,} has a convergent sub-

sequence {xz,, } such that z,, — ¢ € C. Hence, from (3.3.8), we have
lq — Tiq|| = lim ||z, — Tiwy,|| =0, foralli=1,2,3,... k.

Thus ¢ € F and by Corollary 3.2.5, {z,,} converges strongly to a common

fixed point ¢ of the family {7;:7=1,2,3,...,k}. W

Our results in Chapter 2 can be used to guarantee the existence of a unique
common fixed point of families of two or four mappings. We apply Theorem

2.2.1 and Theorem 2.2.4 to obtain the following two results, respectively.
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Theorem 3.3.4 Let C' be a nonempty closed convex subset of a uniformly
convex Banach space X satisfying Opial’s property, and S and T be (L — )
uniform Lipschitz and asymptotically quasi-nonexpansive selfmappings of C'
with iun < 400 and i Vp < +00 ({u,} and {v,,} are the corresponding
seque;zles for S and T,n:rlespectively). Suppose that S and T are weakly
compatible, and I — S and I — T are demiclosed at 0. If the conditions (i)
- (iii) in Theorem 2.2.1 are satisfied (where f = S and g = T'), then the

modified Ishikawa iteration scheme (1.3.6), with a,, £, € [6,1 — 4] for some

J € (0, %), converges weakly to a unique common fixed point of S and 7.

Proof. By Theorem 2.2.1, there exists p € C' such that p is a unique common

fixed point of S and 7. Now, by Theorem 3.3.2, {x,} converges weakly to p.

Theorem 3.3.5 Let C' be a nonempty closed convex subset of a uniformly
convex Banach space X, and {7; : i = 1,2,3,4} be a family of (L — 7)
uniform Lipschitz and asymptotically quasi-nonexpansive selfmappings of C'
with i Ui < 400,17 =1,2,3,4 ({w;,} is the corresponding sequence for T5).
Suppg:el that [ — T;,i = 1,2, 3,4, are demiclosed at 0, and the pairs (17, T53)
and (75, T,) are weakly compatible. If the conditions (i)-(iii) in Theorem
2.2.4 are satisfied (where f = T1,g = Ty,p = T3,q = T}), then the seuence
{,.}, defined by (3.1.1) where k = 4 and o, € [§,1 — 8] for some § € (0, 3),

converges weakly to a unique common fixed point of 1,75, T3 and T}.
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Proof. By Theorem 2.2.4, the mappings 17,75, T5 and T, have a unique
common fixed point p € C. Now, Theorem 3.3.2 implies that {x,} converges

weakly to p.

3.4 Asymptotically Nonexpansive Mappings

The family of (L—-) uniform Lipschitz and asymptotically quasi-nonexpansive
mappings in Lemma 3.3.1 can be replaced by a family of asymptotically non-
expansive mappings. We state this result as follows; the proof is similar to

that of Lemma 3.3.1.

Lemma 3.4.1 Let C' be a nonempty closed convex subset of a uniformly

convex Banach space X, and {7;:7=1,2,...,k} a family of asymptotically

nonexpansive selfmappings of C. Assume that F' # ¢ and Zum < oo for
i=1

eachi=1,2,... k. Let {z,,} be as in (3.1.1) with ay, € [4,1 — d] for some

6 € (0,3). Then (i), (i) and (iii) of Lemma 3.3.1 hold.
Remark 3.4.2 Note that

(a) Lemma 3.3.1(i) extends Lemma 2.1 of Tan and Xu [126]. Lemma
3.3.1(ii) extends Theorem 3.3 of Shahzad and Udomene [110] for two
uniformly continuous asymptotically quasi-nonexpansive mappings to

any finite family of (L —-y) uniform Lipschitz and asymptotically quasi-
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nonexpansive mappings.

(b) Lemma 3.4.1(ii) and Lemma 3.4.1(iii) contain as special cases, Lemma

2.2 of Xu and Noor [133] and Lemma 1.5 of Schu [103], respectively.

On the lines of the proof of Theorem 3.3.2 and using Lemma 1.3.10 and

Lemma 3.4.1, the following result can be easily proved.

Theorem 3.4.3 Under the hypotheses of Lemma 3.4.1, assume that the
space X satisfies the Opial property. Then the sequence {z,} converges

weakly to a common fixed point of the family of mappings.

The special cases of Theorem 3.4.3 are Theorems 3.1-3.2 of Tan and Xu

[126] and Theorem 2.1 due to Schu [103].

Following the arguments of the proof of Theorem 3.3.3, we can prove:

Theorem 3.4.4 Under the assumptions of Lemma 3.4.1, suppose that, for
some 1 < i < k, and a positive integer m, T;™ is semi-compact. Then {z,}

converges strongly to some common fixed point of the family of mappings.

The above theorem contains as a special case, Theorem 2.2 of Schu [103].

Remark 3.4.5 To guarantee the existence of a common fixed point of a finite
family of asymptotically nonexpansive mappings, one can use, for example,

Theorem 1.3.12 for a commutative semigroup of such mappings.
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Remark 3.4.6 Theorem 3.2.2, Corollary 3.2.5, Theorem 3.3.3 and Theorem
3.4.4 about the iteration scheme (3.1.1) are analogues of Theorem 3.1, Corol-
lary 3.2, Theorem 3.3 and Theorem 3.4, in the context of implcit iteration

process, by Sun [117], respectively.

3.5 Quasi-Nonexpansive Mappings

We introduce a generalization of the Ishikawa iterative scheme by improving

the Kuhfittig iteration scheme (1.3.3) as follows:

Definition 3.5.1 Let C' be a convex subset of a Banach space X, x; €
C, Uy = I (the identity mapping on C), ay, S, € (0,1], for all n =
1,2,3,...,and j = 1,2,...,k, and {T% : i = 1,2,...,k} be a family of
selfmappings of C'. We define a generalization of Ishikawa iterative scheme

as:

Ul = (1 - ﬁln)l + ﬁlnTlUm

Uy = (1= Ban)] + (2,120,

Ue = (1= 0rn)! + BinTiUi-1,

3.5.1
Tnt1 = (1 - Oén>xn + anTkUk—l L, - ( )

Indeed, if £ = 2 and 77 = T, = T in (3.5.1), then we get the Ishikawa

iteration (1.3.2).
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We present strong and weak convergence results of the generalized Ishikawa
successive approximations (3.5.1) to a common fixed point of a family of
quasi-nonexpansive mappings {7; : i = 1,2,...,k} in the context of a Banach

space.

Theorem 3.5.2 Let C' be a nonempty closed convex subset of a strictly con-
vex Banach space X, and {T; : i = 1,2,..., k} a family of quasi-nonexpansive
selfmappings of C' with F' # ¢. Then the sequence {z,}, defined by (3.5.1),
converges strongly to a common fixed point of the family if and only if

lim inf d(z,, F') = 0.

n—oo

Proof. The necessity is obvious. Thus we will only prove the sufficiency. It
is easy to see that the families {U;,..., U} and {T7,...,T}} have the same
set of common fixed points. We prove that U; and T;U;_,, j =1,2,...,k
are quasi-nonexpansive selfmappings of C'. Let p € F. Clearly, T Uy is

quasi-nonexpansive. Now,

Uiz —pll = (1= Bim)z+ BinTiz — (1 = bin)p — Pin p
< (1= Bw)llz = pll + Bl Tz = p|
< (1= Bw)llz = pll + Bunllz = pll

= llz—=pl.
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So, U is quasi-nonexpansive. Subsequently,
1201z — pl| < [|Urz = pl| < ||lz— pl|,

and hence, ThU; is quasi-nonexpansive.
Similarly, we can prove that U, is quasi-nonexpansive.
Repeating this procedure, we prove that U; and T;U;—1, j = 1,2,...,k
are quasi-nonexpansive.
If p € F, then in view of the fact that {71,...,T} and {Uy, ..., Uy} have
k
the same common fixed points, p € ﬂ F(U;); therefore, p € F(TyUg_1) and

i=1

so F Q F(TkUk_l) Thus,

lim inf ||z, — F(TxUk-1)|| =0

because h,?igif |z, — F|| = 0.

By Theorem 1.3.8, the sequence {x,} defined by (3.5.1) converges strongly
to a fixed point y of TpUj_;.

Next we show that y is a common fixed point of T}, and Uy_; (k > 2). For
this, we first show that T, _1Uy_oy = y. Suppose not; then the closed line

segment [y, Tj_1Ux_2 y] has positive length. Let

2=Up1y = (1= Br-1)n) ¥ + Bo—1)nTh-1Ur—2 y.

Since F' # ¢ and {T},..., Ty} and {Uy, ..., Us} have the same common fixed
points, therefore

Ty 1Ug2p=p, for peF.
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By the quasi-nonexpansiveness of T,Uy_o and T}, we get

|Tk-1Uk—2y — pll < lly — pl| (3.5.2)

and

|Txz —p| < ||z —p|.

In view of Tyz = TyUx_1y = vy, it follows that

ly —pll <z —pl.
As X is strictly convex, for noncollinear vectors a and b in X, we have
lla+ 0| < |la]| + ||b]| (see [130, Definition 4.1.1]). This implies that
ly—pll < [l=z—pl
= [[(1 = Bor—1)n) ¥ + Bo—1ynTh-1Ur—2y
—(L = Bk=1yn) P = Bre—1)n Pl

< (1= Bu-—va)lly = pll + Bre—1yn | Th=1Ur—2y — p||-

So, we get
ly = pll < [ Ti-1Ur—2y — pl|
which contradicts (3.5.2). Hence,
T U2y =1y.

Subsequently,

U1y = (1 = Bae-1n)¥ + Bre—1)nTh-1Ur—2y =y



78

and

y=Ty U1y ="Ty.

Thus, y is a common fixed point of Ty and Uy_;.

Since T}, _1U,_sy = y, we may repeat the above procedure to show that

Ti—oUksy =1y

and thereby y must be a common fixed point of T},_; and Uj_5. Continuing
in this manner, we conclude that 71Uy y = y and y is a common fixed point of
Ty and U;. Consequently, y is a common fixed point of {T;: i =1,2,... k}.
|

Corollary 3.5.3 Let C' be a nonempty weakly compact convex subset of a
strictly convex Banach space, and {T; : i = 1,2,..., k} a commutative family
of quasi-nonexpansive selfmappings of C'. Then the sequence {x,}, defined
by (3.5.1), converges strongly to a common fixed point of the family if and

only if liminf d(z,, F) = 0.

n—oo

Proof. By Theorem 1.3.11, it follows that F' # ¢. Since C' is weakly
compact, therefore it is closed strongly. The result follows from Theorem

3.52. 1
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Theorem 3.5.4 Let C' be a nonempty closed convex subset of a uniformly
convex Banach space X, and {T; : i = 1,2, ..., k} a family of quasi-nonexpansive
selfmappings of C' with F' # ¢. Let {x,} be defined by (3.5.1) with 0 < a <
a, <b<land 0 < B, < B < 1. If the map T,Uj_, satisfies the Condition
B (see Section 1.3), then {x,} converges strongly to a common fixed point

of the family.

proof. A uniformly convex space is strictly convex, so one can use the
arguments of the proof of Theorem 3.5.2 with the exception that we will

employ Theorem 1.3.9 in lieu of Theorem 1.3.8. W

Remark 3.5.5 Note that Theorem 3.5.4 is an extension of Theorem 1 of

Maiti and Ghosh [82], and Theorems 1 and 2 of Senter and Dotson, Jr. [104].

Theorem 3.5.6 Let C' be a nonempty closed convex subset of a Banach
space X, and {T; : i = 1,2,...,k} a family of quasi-nonexpansive self-
mappings of C' with F' # ¢. Then the sequence {x,}, defined by (3.5.1),
converges strongly to a common fixed point of the family if and only if

liminf d(x,,, F') = 0.

n—oQ

Proof. Similar to that of Theorem 3.2.2 and hence is omitted. W
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In the sequel, we obtain some results for a family of nonexpansive mappings

{T; :i=1,2,...,k} without the condition lim inf d(z,, F') = 0.

n—oo

Theorem 3.5.7 Let C be a compact convex subset of a strictly convex
Banach space X, and {T; : i« = 1,2,...,k} a family of nonexpansive self-
mappings of C' with F' # ¢. Then the sequence {z,}, defined by (3.5.1) with
{a,} satisfying Condition A (see Section 1.3) and (;, = §; for all n and

j=1,2,... k, converges strongly to a common fixed point of the family.

Proof. It is easy to show that U; and T;U;_;, j =1,2,...,k are nonexpan-
sive selfmappings of C, and the families {T3,...,T}} and {Uy,...,Us} have
the same set of common fixed points.

By Theorem 1.3.7, the sequence {x,} defined by (3.5.1) converges strongly
to a fixed point y of TU,_1. The rest of the proof is similar to that of

Theorem 3.5.2 and is omitted. W

Corollary 3.5.8 [77, Theorem 1]. Let C' be a compact convex subset of
a strictly convex Banach space X, and {T; : i = 1,2,...,k} a family of
nonexpansive selfmappings of C' with F' # ¢. Then the iterative sequence

{z,,} in (1.3.3), converges strongly to a common fixed point of the family.

The following result is an improvement of the theorem of Rhoades [99] in
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the sense that we use (3.5.1) instead of (1.3.3); the same proof carries over

for the modified scheme.

Theorem 3.5.9 Let C' be a closed convex subset of a uniformly convex
Banach space X, and {T; : i = 1,2,..., k} a family of nonexpansive selfmap-
pings of C' with F' # ¢. Then the sequence {z,}, defined by (3.5.1) with {a,}
satisfying Condition A and (3;, = ; for all n and j = 1,2,..., k, converges

weakly to a common fixed point of the family.

Remark 3.5.10 (i) Theorem 3.5.6 is an extension of Corollary 1 of Qihou
[96] for a family of quasi-nonexpansive mappings; this corollary of Qihou
itself improves Theorem 1.1 and 1.1’ of Petryshyn and Williamson [94] and
Theorem 3.1 of Ghosh and Debnath [40].

(ii) Theorem 3.5.6 generalizes Theorem 3.5.9 to an arbitrary Banach space
setting where the iteration scheme (3.5.1) converges strongly to a common

fixed point of a finite family of quasi-nonexpansive mappings.



CHAPTER 4

COINCIDENCES OF
LIPSCHITZ TYPE HYBRID

MAPPINGS

4.1 Introduction

Pant [88] generalized weak commutativity of mappings to R-weak com-
mutativity and then, in [89], he introduced the notion of pointwise R-weak
commuting mappings which extends R-weak commutativity and compati-
bility, simultaneously. Pant and Pant [91], obtained a unique common fixed
point of two noncompatible pointwise R-weakly commuting selfmappings un-

der a strict contractive condition on a metric space.
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Singh and Mishra [112] considered the notion of (I7")-commutativity for a
hybrid pair of a single-valued and a multivalued mapping and proved that R-
weakly commuting hybrid pairs need not be weakly compatible (see [112, Ex-
ample 1]). Recently, Kamran [64] introduced that the concept “f is T-weakly
commuting” for hybrid mappings f and T to generalize (IT)-commuting map-
pings (see [64, Example 3.8]); then he extended Theorem 1 of Aamri and El
Moutawakil [1] to hybrid selfmappings f and T where f is T-weakly com-
muting. Singh and Hashim [111] generalized the results in [1] for a hybrid
pair of (IT)-commuting nonself mappings under strict contractive conditions

(see also, Chang [24] and Sastry et al. [102]).

In this chapter, we establish new coincidence and common fixed point re-
sults for hybrid mappings (not necessarily continuous) satisfying Lipschitz
type conditions on a metric space. Our results extend the results of Kam-
ran [64] and Singh and Hashim [111]. As applications, we demonstrate the
existence of common fixed points from the set of best approximations in
metric spaces. Further, we provide a solution of an eigenvalue problem for a

multivalued mapping on a normed space.
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4.2 Coincidences of Hybrid Mappings

We obtain some coincidence and common fixed point theorems for a hy-
brid pair of mappings (not necessarily continuous) satisfying the property
(E.A) and Lipschitz type conditions on a metric space X. We begin with a
generalization of Theorems 3.4 and 3.10 of Kamran [64] and Theorem 3.1
due to Singh and Hashim [111] (see also Theorem 2.1 of Pant and Pant [91]);
the Lipschitz type condition we use, on the one hand, is simpler than their
contractive conditions and on the other hand, contains as a special case the
condition due to Pant [90].

Theorem 4.2.1 Let Y C X, S:Y — C(X)and f:Y — X be such that:

(i) f and S satisfy the property (E.A); i.e., there exists a sequence {z,}

in Y such that lim Sz, = A€ C(X) and lim fz, =t € A;

(ii) fY is a complete subspace or SY is a complete subspace with SY C

1Y

(iii) for all z,,m =1,2,3,...and a € Y with fa = t, the following Lipschitz

type condition holds:

H(Szp,Sa) < (14 u,)max{r,d(fz,, fa),
rnd(STy, fr,) + a,d(Sa, fa),

rnd(Sxy, fa) + and(Sa, fz,)} (4.2.1)
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where {u,},{r,} and {«,} are sequences in [0, +00) with lim w, =0,

lim r,=r and lim «, = a, for some r € [0, +00) and «a € [0, 1).

Then a is a coincidence point of S and f. Moreover, if fa € Y, f is S-weakly

commuting at @ and ffa = fa, then S and f have a common fixed point.

Proof. If fY is complete, then lim fz, =t = fa for some a € Y. We
show that fa € Sa Suppose not; taking the limit as n — oo in (4.2.1), we

get

H(A,Sa) < max{rd(fa, fa),rd(A, fa) + ad(Sa, fa),
rd(A, fa) + ad(Sa, fa)}

= «ad(Sa, fa).

Since fa =t € A, it follows from the definition of the Hausdorff metric H
that

d(fa,Sa) < H(A, Sa) < ad(Sa, fa).

Since 0 < o < 1, we get a contradiction. Thus fa € Sa.
Now assume that fa € Y, f is S-weakly commuting at a and ffa = fa.
Thus fa = ffa € Sfa and so fa is a common fixed point of S and f.

Similarly the case SY is complete and SY C fY can be verified. W

The following example shows that our Theorem extends substantially The-
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orems 3.4 and 3.10 of Kamran [64] and Theorem 3.1 of Singh and Hashim

111,

Example 4.2.2 Let X be the space of usual reals. Define fz = 22 and

0,23 if >0
Sz =
[3,0] if =<0

Note that the contractive condition of Theorem 3.1 in [111] is not satisfied;
in particular, the contractive condition of Theorems 3.4 and 3.10 in [64] does
not hold (take x = 2 and y = 0). Hence those theorems are not applicable
here. Now, f and S satisfy the property (E.A) for the sequences {%} and

{1—21};incaseof {1};t=0,a=0and (4.2.1) is satisfied because

1 (5(2) s0)- = hma(o(2) o)

Same concerns the case of the sequence {1 — %} . All the conditions of The-
orem 4.2.1 are satisfied and S and f have common fixed points 0 and 1.
Corollary 4.2.3 Let Y C X and f,g:Y — X be such that:
(i) f and g satisfy the property (E.A); i.e., there exists a sequence {z,} in
Y such that lim fz, = lim gz, =t € X;

(ii) fY is a complete subspace or gY is a complete subspace with g C fY;

(iii) for all z,,,m =1,2,3,...and a € Y with fa = t, the following condition
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holds:

d(gz,,ga) < (14 u,)max{r,d(fz,, fa),
rad(gn, f2n) + and(ga, fa),

rad(gzy, fa) + and(ga, f2,)}
where {u,},{r,} and {«,} are as in the statement of Theorem 4.2.1.

Then a is a coincidence point of f and g. Further, if fa € Y, f and g are

weakly compatible and ffa = fa, then f and g have a common fixed point.

Proof. By Theorem 4.2.1, a is a coincidence point of f and g. Since f and

g are weakly compatible, it follows that

ffa=fga=gfa=gga
Thus ga is a common fixed point of f and g. W

Remark 4.2.4 If the condition (iii) in Corollary 4.2.3 is replaced by the

following condition: for all x,y € Y with x # v,

d(gz,gy) < max{d(fz, fy),rd(gz, fx)+ ad(gy, fy),

%[d(gfc, fy) +d(gy, fo)]}

where r € [0,4+00) and a € [0,1), then f and g have a unique common

fixed point. Moreover, if r = a = %, then we obtain Corollary 3.6 of Singh
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and Hashim [111] which itself is an extension of Theorem 1 of Aamri and El
Moutawakil [1].
The following result extends Theorem 4 of Sastry and Murthy [101] which

itself is a generalization of the Theorem of Pant [90].
Theorem 4.2.5 Let Y C X and f,g:Y — X be such that:
(i) f and g satisfy the property (E.A);
(ii) fY is complete or gY is complete with gY C fY;

(iii) g is f-continuous; i.e., if fx, — fz, then gz, — gx whenever {z,} is

a sequence in Y and z € Y.

Then f and g have a coincidence point. Further, if a is a coincidence point

of f and g such that fa € Y, f and g are weakly compatible, and

d(fa, ffa) # max{d(fa,gfa),d(f fa,gfa)}

whenever the right hand side is nonzero, then f and g have a common fixed

point.
Proof. By (i), there exists a sequence {z,} in Y such that

lim fz, = lim gz, =t, for some t € X.

n—oo
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If fY is complete, then

lim fxz, = fa, for some a €Y.

n—oo

By (iii), lim gz, = ga. Thus fa = ga. Weak compatibility of f and g implies

that fga = gfa and so
Jfa=fga=gfa=gga.
Suppose ffa # fa, then
d(fa, ffa) # max{d(fa,gfa),d(gfa, ffa)} = d(fa, ffa)

a contradiction. Thus fa = ffa = gfa; i.e., fa is a common fixed point of

fandg. N

The following theorem concerning four mappings improves upon Theorem

3.2 in [111] (compare the result with [1, Theorem 2| and [91, Theorem 2.3]).

Theorem 4.2.6 LetY C X, S,7T:Y — C(X) and f,g:Y — X be such

that:

(i) there exists a sequence {x,} in Y such that

lim Tz, = A e C(X) and lim gz, =t € A4

n—oo n—o0
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(ii) fY or TY is a complete subspace, gY or SY is a complete subspace,

SY CgY and TY C fY;

(iii) for any sequence {y,} in Y with lim gy, = ¢ and each z € Y with

yn # x, the following condition holds:

H(Sz,Ty,) < (14 u,)max{r,d(fz,gy,),
nld(gYn, Tyn) + d(fz, Sz)],

anpld(fx, Ty,) + d(gyn, Sz)|} (4.2.2)

where {u,},{r,} and {«,} are sequences in [0, +00) with lim w, =0,

n—oo

lim r,=r, lim «, = «a, for some r € [0, +00) and a € [0, 1).

n—oo n—oo

Then:

(a) f and S have a coincidence point, and ¢g and T have a coincidence

point;

(b) if a is a coincidence point of f and S with fa € Y, f is S-weakly
commuting at a and ffa = fa, then f and S have a common fixed

point;

(c) if b is a coincidence point of g and T with gb € Y, ¢ is T-weakly
commuting at b and ggb = gb, then g and T have a common fixed

point;
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(d) S, T, f and g have a common fixed point provided that (b) and (c) hold.

Proof. (a) By (i) and TY C fY, there exists a sequence {y,} in Y such

that fy, € T'x,, for each n, and

lim fy,=te€ A= lim Tz,.

n—oo

We show that lim Sy, = A. If not,then there exists a subsequence {Syy} of

n—oo

{Sy,}, a positive integer n and a real number € > 0 such that for k£ > n,

we have H(Syg, A) > e. From (iii), we get

H(Syi, Try) < (14 w) max{ryd(fyx, gzi),
ay [d(gzy, Toy) 4+ d(fyr, Syr)]

o [d(fyr, Tog) + d(gog, Syx)]}

IN

(1 + wp) max{red(fyx, gzr),

ar[d(fyr, Try) + d(gaw, A) + H(A, Syy)]}-
Taking the limit as k£ — oo, we obtain

lim H(Sy, A) < ozklirn H(A, Sy).

k—o0

Since 0 < o < 1, we get a contradiction. Thus

lim Sy, = A.

n—oo
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Consequently, f and S satisfy the property (E.A) for the sequence {y,}. If
fY or TY is complete, then there exists a point a € Y such that lim fy, =

t = fa. We show that fa € Sa. If not, then
H(Sa,Tx,) < (14 u,) max{r,d(fa, gzr,), a,[d(gz,, Tx,) + d(fa, Sa)],

anld(fa, Txy,) + d(gz,, Sa)]}.

Taking the limit as n — oo, we have
H(Sa,A) < ad(fa,Sa).

Thus,

d(Sa, fa) < H(Sa,A) < ad(fa,Sa)

a contradiction by virtue of fa =t € A. Thus fa € Sa;i.e., ais a coincidence
point of f and S. Since SY C gY, therefore there exists a sequence {z,} in

Y such that gz, € Sy,, for each n, and

lim gz, =t € A= lim Sy,.

n—oo

As above, we can show that lim Tz, = A. If gY or SY is complete, then

n—oo

there exists a point b € Y such that lim gz, =t = gb. Take the sequence

b, = b, for all n, so, lim gb, = t. Suppose gb ¢ Tb. Using (iii) and taking

the limit as n — oo, we obtain

H(Sa,Tb) < ad(gb,Th).
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Hence

d(gb,Tb) = d(fa,Tb) < H(Sa,Tb) < ad(gb,Tb);

a contradiction. Thus gb € Tb; i.e., b is a coincidence point of g and T
(b) Now, if fa € Y, f is S-weakly commuting at a and ffa = fa, then
fa=ffaeSfa
and so fa is a common fixed point of f and S.
(c) Similar to case (b).
(d) Immediate, in view of fa =gb=1¢. B
4.3 Approximation Results

As an application of Theorems 4.2.1, we obtain common fixed points from
the set of best approximations in a metric space in the following theorem

which extends Theorem 3.14 of Kamran [64].

Theorem 4.3.1 Let M C X, u € X and D = Py;(u) be nonempty. Suppose

that f: X — X and S : X — C(X) satisfy:
(i) there exists a sequence {x,} in D such that

lim Sz, = A€ C(D) and lim fzx, =t € A;

n—oo n—oo
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(ii) fD is complete or SD is complete with SD C fD;
(iii) for all z,,n=1,2,3,... and a € D with fa =t, (4.2.1) holds.

If D is S-invariant and fD = D, then a is a coincidence point of f and S.
Further, if f is S-weakly commuting at @ and ffa = fa, then f and S have

a common fixed point in Py (u).

Proof. Since SD C D, it follows that S maps D into C(D). The result

follows from Theorem 4.2.1. W

The existence of common fixed points from the set of best approximations
for four mappings is established in the next result which can be easily verified

on the basis of Theorem 4.2.6.

Theorem 4.3.2 Let M C X, u € X and D = Py(u) be nonempty and

complete. Assume that f,g: X — X and S,T : X — C(X) satisfy:

(i) there exists a sequence {z,,} in D such that

lim Tz, = A e C(D)and lim gz, =t € A;

n—oo n—oo

(ii) for any sequence {y,} in D with lim gy, =t and each x € D, (4.2.2)

holds.

(iii) D is S and T-invariant, fD = D and gD = D.
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Then:

(a) fand S have a coincidence point a € D, and g and T have a coincidence

point b € D;

(b) if f is S-weakly commuting at a and ffa = fa, then f and S have a

common fixed point from D;

(c) if g is T-weakly commuting at b and ggb = gb, then g and T have a

common fixed point from D;

(d) S,T, f and g have a common fixed point from D provided that (b) and

(¢) hold.

Recently, Hussain and Khan [51] obtained in Theorem 3.1, a generalization
of Theorem 3 by Sahab et al. [100] for a class of noncommuting single-
valued selfmappings of a Hausdorff locally convex space. An improvement
of Theorem 3.1 in [51] is given below for hybrid mappings in the setup of a

metric space.

Theorem 4.3.3 Let M C X and D = Py (u) be nonempty where u is a

common fixed point of the mappings f,g: X — X. Suppose that:
(i) f and g satisfy the property (E.A) on D;

(ii) fD is complete or gD is complete with gD C fD;
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(i) fD = D and g(OM) C M (here OM denotes the boundary of M);

(iv) g is f-nonexpansive on D |J{u}; i.e., d(gz,gy) < d(fz, fy), for all

z,y € DU{u} with = # y.

Then f and g have a coincidence point a in D. Further, if f and g are weakly
compatible and ffa = fa, then f and g have a unique common fixed point

in D.

Proof. Let y € D. Then fy € D. By the definition of Py (u), y € OM and

so gy € M. By (iv), we have

d(gy, ) = d(gy, gu) < d(fy, fu) = d(fy,u).

Now, gy € M and fy € D imply that gy € D; consequently, f and g are
selfmappings of D. Now, the result follows from Corollary 4.2.3 and Remark

424. 1R

We establish an analogue of Theorem 3.2 in [3] and Theorem 3.3 [51] for

hybrid mappings (which need not be continuous) on a metric space.

Theorem 4.3.4 Let M C X and D* = D! (u) be nonempty where v is
a common fixed point of the mappings f : X — X and § : X — C(X).

Suppose that
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(i) there exists a sequence {x,} in D* such that

lim Sz, = A€ C(D*) and lim fz, =t € A;

(ii) fD* is complete or SD* is complete with SD* C fD*,
(iii) for all z,,n=1,2,3,... and a € D* with fa =t, (4.2.1) holds.

If D* is S-invariant and fD* = D*, then a is a coincidence point of f and S.
Further, if f is S-weakly commuting at a and ffa = fa, then f and S have

a common fixed point in D*.

Proof.  Since SD* C D*, therefore S maps D* into C(D*). The result

follows from Theorem 4.2.1. N

For yet another application of Theorem 4.2.1, we solve an eigenvalue prob-

lem.

Theorem 4.3.5 Let E be a normed space, Y C E and S : Y — C(E)

satisfy:
(i) there exists a sequence {z,} in Y such that

lim Sz, = A€ C(F)and lim Az, =t € A

n—oo n—oo

where ) is a real number;
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(ii) AY is a complete subspace or SY is a complete subspace with SY C \Y’;

(iii) for all z,,n = 1,2,3,... and a € Y where a = t/\, the following

condition holds:

H(Sxz,,Sa) < (14 u,) max{r,||x, — al|, r, d(Sx,, A\x,) + a,, d(Sa, Aa),

T'n d<an7 )\CL) + Qn d(S(l, /\In)}

where {u,},{r,} and {«,} are as in Theorem 4.2.1.

Then S has an eigenvalue.

Proof. Let f : Y — FE be defined by fxr = Ax. Then, by Theorem
4.2.1, fa € Sa; i.e., A\a € Sa. Thus X is an eigenvalue of S and a is the

corresponding eigenvector. W



CHAPTER 5
RANDOM SOLUTIONS

5.1 Introduction

The main purpose of this chapter is to establish random fixed point theo-
rems. Here we provide random analogues of some results from Chapters 2-4.
In Section 5.2, we introduce random iteration algorithms which are random
versions of the iteration procedures (1.3.3), (3.1.1) and (3.5.1). We study the
convergence of these random iterations to a common fixed point of differ-
ent classes of random operators. Section 5.3 deals with random fixed points
of multivalued inward random operators on a separable Banach space with
€o(X) < 1. Finally, in Section 5.4, we obtain random common fixed points
theorems in Banach spaces and metric spaces; these results are stochastic

versions of Theorems 2.2.1, 2.2.4 and 4.2.1.
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5.2 Random Iterative Algorithms

Approximation of random fixed points by iterative processes has been
studied by several authors (see, Beg [9], Choudary [26-27], Duan and Li
[36]). In 2006, Beg and Abbas [11] studied convergence of different random
iterative algorithms for weakly contractive and asymptotically nonexpansive

random operators in the setting of a Banach space.

In this section, we extend the iterative procedures (1.3.3), (3.1.1) and (3.5.1)
to the random case. It is shown that the random schemes converge to a ran-
dom common fixed point of the families of quasi-nonexpansive (asymptoti-
cally quasi-nonexpansive) random operators in Banach spaces. It is remarked
that our random schemes contain as special cases the random Mann itera-
tion (1.5.1), the random Ishikawa iteration (1.5.2) and the three-step random

iteration from [11].

Let C' be a nonempty closed convex subset of a separable Banach space X,
and {T; :i=1,2,...,k} a family of random operators from 2 x C to C. Let

&, 0 €0 — C be a sequence of mappings where &; is assumed to be measurable.

We begin with the random version of Kuhfitting iterative scheme (1.3.3):
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Definition 5.2.1 Let 0 < a < 1. For each w € €2, define

nt1(w) = (1 = a)én(w) + aTi(w, Up-1(w, £ (w))), (5.2.1)

where U; : QO x C — C,i=1,2,...,k, are random operators given by

Up(w,&n(w)) = &nlw),
Ui(w,&w)) = (1 - a)é(w) +aTi(w, Up(w,&(w))),
U2<w7§n(w)) = (1—a)fn(w)+aT2(w,U1(w,§n(w))),

Up(w,6n(w)) = (1= a@)u(w) + aTi(w, Up-1(w, (),

for each w € Q.

We introduce a generalization of the random Ishikawa iteration to the case
of a finite family of mappings as follows (note that this scheme is the random

case of the iteration scheme (3.5.1)):

Definition 5.2.2 Let 0 < a,,08;, < 1, for all n = 1,2,3,... and j =

1,2,..., k. Then for each w € €2, define

nr1(w) = (1 = an)én(w) + anTi(w, Upa (@, &n(w))), (5.2.2)
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where U; : QO x C — C,1=1,2,...,k, are random operators given by

Up(w,&n(w)) = &nlw),
Ur(w, &n(w)) = (1 = fin)én(w) + SinTi(w, Un(w, &n(w))),

Us(w,&n(w)) = (1= f2n)€n(w) + Bon To(w, Ur(w, £n(w))),

Ur(w; &n(w)) = (1= Brn)€n(w) + Bin T (w, Up1(w, € (w))),

for each w € €.

Remark 5.2.3 If we take k = 2 and 7} = T = T in (5.2.2), then we get

the random Ishikawa iterative scheme (1.5.2).

The random version of the iterative scheme (3.1.1) is given in the following:

Definition 5.2.4 Let 0 < q;, <1,foralln=1,2,3,...andi=1,2,...,k.

Then, for each w € €2, define

bnr1(w) = (1 — arn)n(w) + Ty (W, Up—1(w, €n(w))), (5.2.3)
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where U; : Q x C' — C,i=1,2,... k, are random operators given by
Uo(UJ, §n<w)) = gn(w)a
Ul(wa fn(w)) = (1 - Oéln)gn(w) + alnTln(w7 UO(wa gn(“)))v

UQ(wu §n<w)) = (1 - a2n)§n(w) + QQnTQR(wa Ur, (wvfn(w)))7

Ur(w,&(w)) = (1= ak,)én(w) + ap, Ty (w, Up-1(w, &a(w)),
for each w € Q2.

First we present an analogue of Theorem 1 in [53] for random operators in

the following:

Lemma 5.2.5 Let C' be a nonempty compact convex subset of a separable
Banach space X, and T : 2 x C' — C a nonexpansive random operator. Then
T has a random fixed point and {,}, defined by (1.5.3), converges strongly

to a fixed point of T

Proof. The compactness of C implies that {{,} has a convergent subse-

quence {,, }. Assume that
én,(w) — ((w), for eachw € €. (5.2.4)
By Proposition 1.5.7, we have

lim [|&,, (w) — T'(w, &, (w))]] = 0, for eachw € Q.

k—o0
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We utilize nonexpansiveness of T' to obtain, for each w € €2,

1T (w,¢(w)) = ¢l < [[T(w,{(w)) = T(w, &, (W)

T (W, En (@) = Enic (W] + 1€n (@) = C(W) ]
1€(w) = & (W) + 1T (w; &ny, (W) = &ni (W)
Hlléne (@) = CW]]

= 2[¢(w) = & (W) + T (w; &y (W) = Eni (W)]]-

IA

Taking the limit as k — oo, we get
T(w,{(w)) = ((w), for eachw € Q.
Moreover,

[€n1(w) = C@)l = 11 = an)én(w) + anT(w, &n(w)) — C(W)|
< (1 =an)[[én(w) = ¢l
+an[T(w, &n(w)) = T(w, (W)
< (1= an)llgn(w) = S| + anl[én(w) = C(w)]
= [&(w) = ¢, (5.2.5)

for each w € € and any positive integer n. From (5.2.4), it follows that for

any € > 0, there exists an integer ng such that

1o (W) = C(w)]| <,
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for each w € Q. Therefore, by (5.2.5), we get

1€n(w) = C(w)Il <€,

for any integer n > ny and each w € €. Since € is arbitrary, therefore

&n(w) = C(w),

for each w € . The mapping ¢ : 2 — C, being the limit of a sequence of
measurable mappings, is also measurable. Thus ( is a random fixed point of

7.

The following result generalizes Theorem 1 of Khufittig [77] for random

operators.

Theorem 5.2.6 Let C' be a nonempty compact convex subset of a sepa-

rable strictly convex Banach space X, and {T; : i = 1,2,...,k} a family of
k

nonexpansive random operators from Q2 x C' to C with D = ﬂ RF(T;) # ¢.
i=1

Then {¢,}, defined by (5.2.1), converges strongly to a random common fixed

point of the family.

Proof. It is easy to see that £ :  — (' is a random common fixed point
of {T; : i =1,2,...,k} if and only if £ is a random common fixed point of

{U; :i=1,2,...,k}, for each w € Q.
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Define S; : Q2 x C' — C' by
Si(w,x) =T)(w,U;i_1(w,x)),i =1,2,3,... k.
Obviously, U; and S;,7 = 1,2, ..., k, are nonexpansive.
By Lemma 5.2.5, {{,} defined by (5.2.1), converges strongly to a random
fixed point ¢ : Q@ — C of Sj. Next we show that { is a random common fixed
point of Ty and Uy_1(k > 2). For this, we first show that { is a random fixed

point of Si_1. Suppose not; then the closed line segment [((w), Sk—1(w, ((w))]

has positive length for some w € 2. Assume that

P(wi) = Up—1(wy, ((w1))

= (1 —a){(w)+ aTk—1 (w1, Ug—2(w1, {(w1))),

for some w; € Q. Since {T; : i = 1,2,...,k} and {U; : i = 1,2,...,k} have

the same random common fixed points and D # ¢, therefore
Se—1(wr, 0(w1)) = Th1 (w1, Up—a(wi, 0(w1))) = 0(wr),

where # € D. By the nonexpansiveness of S;_; and T}, we have

1Sk—1(wi, C(w1)) = O(wr)|| = [|Sk=1(wr,{(w1)) — Sk—1(wr, B(wr))||
< [[¢(wr) = O(wr) ]| (5.2.6)
and
| T (w, Y(w1)) — O(w)|l = [|Th(wr, Y(wr)) — Ti(wr, O(w1))]|
< [W(wr) = 0(w)]]
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(5.2.7)
In view of
Ti(wr, d(wr)) = Tio(wr, Up—1 (w1, ((w1))) = Sk(wr, (wr)) = ¢(wr),
it follows, by (5.2.7), that
1¢(wr) = Bw)l] < [le(wr) — O(wr)]].

As X is strictly convex, we obtain

1C(w1) = 0wl < [[¥(wr) — B(wi)]]
= [I(1 = a)¢(w1) + aTk—1(wr, Up—2(wr, {(w1)))
—(1 = @)f(wr) = ad(w)]|
< (I =a)f[¢(wr) = Owr)ll

+a||Ty—1 (w1, Ug—2(w1, C(w1))) — O(wr)]]-
Thus

[¢(w1) = O(w)l| < [ Th-1(w1, Uk—a(wr, C(w1))) — O(w1)||

= |[Sk-1(wr, C(w1)) — O(w1)|

which contradicts (5.2.6).

Hence, ( is a random fixed point of Siy_;1. Subsequently;

Uk_l(w, C(UJ)) = (1 - O‘)C(w) + osz_l(w, Uk—?(wa C(W))) = C(w)v
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for each w € €2, and so

((w) = Sk(w, (W) = Ti(w, U1 (w, ((w))) = Ti(w, ((w)),

for each w € Q2. Thus ( is a random common fixed point of T} and Uy_;.

Since Ty_1(w, Ux_2(w,((w))) = ((w), for each w € Q, we may repeat the
above procedure to show that Tj_o(w, Up_3(w, ((w))) = ((w), for each w € Q,
and thereby ¢ must be a random common fixed point of Ty ; and U .
Continuing in this manner, we conclude that 7' (w, Up(w, ((w))) = ((w), for
each w € ) and ( is a random common fixed point of T; and U;. Consequently,

¢ is a random common fixed point of {7;:i=1,2,...,k}. N

The weak convergence result of the Theorem of Rhoades [99], is established

for random operators in the following result.

Theorem 5.2.7 Let C be a nonempty bounded closed convex subset of a
separable uniformly convex Banach space X, and {7} : i =1,2,...,k} a fam-

k
ily of nonexpnsive random operators from Q x C' to C' with D = ﬂ RF(T;) #

=1

¢. Then {&,}, defined by (5.2.1), converges weakly to a random common fixed

point of the family.

Proof. Suppose that the mappings S;,2 = 1,2, ..., k, are defined as in the

proof of Theorem 5.2.6. Since X is uniformly convex, therefore it is reflexive
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and so, {{,} has a subsequence {&,,} converging weakly to ( : Q — C.

Now by Proposition 1.5.7,

J

Lnglo [€n, (W) = Sk(w, &n;(w))]| =0, for each w € Q.
Hence by Lemma 1.2.8, we get

Sk(w, ((w)) = ((w), for each w € Q.
That is, ¢ is a random fixed point of Sj.

A uniformly convex space is strictly convex, so one can use the correspond-
ing arguments of the proof of Theorem 5.2.6 to show that ( is a random

common fixed point of {T;:i=1,2,...,k}. N

In what follows, we provide a random form of Lemma 3.2.1.

Lemma 5.2.8 Let C be a nonempty closed convex subset of a separable
Banach space X, and {7} :i = 1,2,...,k} a family of asymptotically quasi-

nonexpansive continuous random operators from €2 x C' to C| i.e.,

177 (w, n(w)) = &) < (1 + uin(w))lIn(w) = &),

for each w € €, where & :  — C is a random fixed point of T; for each

i,m : Q@ — C is any measurable mapping, and u;, : 2 — [0,00) a sequence
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of measurable mappings with lim um(w) = 0, for each w € Q and i =

1,2 , k. Assume that D = ﬂ RF(T;) # ¢ and Z Uin(w) < +00, for each
=1

weQandi=1,2,... k. Let{gn}bea81n(523)andCED Then

(i) there exists a sequence of measurable mappings v, : 2 — [0, 00) such

that Z Vp(w) < 400, for each w € ), and

1€n41(w) = C < (1 + va(W))*ll€n(w) = (W),
foreachw e Qandn=1,2,3,...;

(i) there exists M > 0 (depending on w) such that

[€ntm (w) = ()| < M|[&n(w) — C(w)]],

foreach w € Q and n,m =1,2,3,....

Proof. (i) Let v, : Q — [0,00) be defined by

Vp(w) = max u;,(w), for eachw € Qandn =1,2,3,...

1<i<k
oo

Clearly, {v,} is a sequence of measurable mappings. Since Z Uin (W) < 400,
n=1

for each 7 and w € €, therefore

Zyn(w) < +o0, for eachw € Q.
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As in the proof of Lemma 3.2.1, we can prove, by induction, that

HUin<w7 5n(w)) -

C@l < X+ (W) lén(w) = CW@)I,

foreachw e Qand 1 <i<k—1. Thus

1€n+1(w) = C(W)]]

<

IN

IN

IN

for each w € Q and n =

1

(1 = gn) [|€n(w) = C(W)]]

g || T} (W, Uk-1(w, €n(w))) = (W)

(1 = an) [[€n(w) = (W)

+otgn (1 + e () (L + v (@) [[€n(w) = C(W)]
(14 an)[[€n(w) = C(W)

ot (1 + (W) *[|6n(w) — C(w)]

(1 + va(@))*[1€n(w) = C@)lI,

12,3,

(i) Ift >0, then 1+t <e' and so, (1 +¢)* < ekt k=1,2,.... Thus from

part (i), for each w € Q, we get

1€nm (w) = C(W)]]

IN

IN

IN

(1 + Vnsm-1(@)) [€nsm-1(w) = )
exp {kvnm—1(w) Hlgntm-1(w) = (W) < ...

exXp {k Z vi(w }an — ¢(w)ll
eXp { Z’/z }”’Sn C(w)]-
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i=1

Let exp {k: i Vi(w)} = M (depending on w). Thus
[€n4m (W) — (W) < M[gn(w) = C(W),

for each w € Qandn,m=1,2,3,.... N

As an application of Lemma 5.2.8, we obtain a strong convergence result

for a family of random operators.

Theorem 5.2.9 Under the assumptions of Lemma 5.2.8, the random itera-
tion scheme {¢,,}, defined by (5.2.3), converges strongly to a random common
fixed point of the family {7; : i = 1,2,...,k} ifand only if lim inf d(§,(w), D) =

0.

Proof. We will only prove the sufficiency, the necessity is obvious. From

Lemma 5.2.8, we have

€n+1(w) = CW)II < (1 + v (w))*[|€a(w) = C(@)II,

for each w € Q and n = 1,2,3,..., where ¢ : 2 — (' is a random common
fixed point of the family {7; :i =1,2,...,k}. Therefore

(&1 (W), D) < (1 +vn(w))"d(&a(w), D)

_ <1+Zk:(k:—l)...(k—rjtl)yg(w)) 4(6.(). D).

7!
r=1
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o0
. From Z v, < +oo, for each w € (2, we have

n=1

n

sz(k—l)...'(k—t+1)yr(w><+oo, for each w € €.
T

n=1 r=1

Thus, by Lemma 1.3.5, we have

lim d(¢,(w), D) = 0.

As in the proof of Theorem 3.2.2, we can prove that {&,} is a Cauchy sequence
and hence it is convergent. So there exists a measurable mapping ¢ : 0 — C'
such that lim §,(w) = ¥(w), for each w € Q. Now we can easily prove that

n—oo

1 € D by using the arguments used in the proof of Theorem 3.2.2. B

An analogue of this theorem for a finite family of quasi-nonexpansive ran-
dom operators may similarly be verified. We include its statement for com-

pleteness sake.

Theorem 5.2.10. Let C' be a nonempty closed convex subset of a separable

Banach space X, and {T; : ¢ = 1,2,...,k} a family of quasi-nonexpansive
k

continuous random operators from Q x C to C' with D = ﬂ RF(T;) # ¢.
i=1

Then the generalized random Ishikawa iteration (5.2.2), converges strongly to
arandom common fixed point of the family if and only if lim inf d(&,(w), D) =

n—oo

0.

Corollary 5.2.11 Under the assumptions of Lemma 5.2.8, {,,} defined by
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(5.2.3), converges strongly to ¢ € D if and only if there exists a subsequence

{&n,} of {&,} which converges to (.
A stochastic version of Lemma 3.3.1 is obtained in the result to follow.

Lemma 5.2.12 Let C be a nonempty closed convex subset of a separable
uniformly convex Banach space X, and {7; : i = 1,2,...,k} a family of
(L — ) uniform Lipschitz and asymptotically quasi-nonexpansive random
operators from €2 x C' — C' with the sequence of measurable mappings u;, :

Q2 — [0,00) satisfying Zum(w) < 400, for each w € Qi = 1,2,...,k.

n=0

k
Suppose that D = ﬂRF(Ti) # ¢ and the sequence {,} is as in (5.2.3),
i=1
where ;, € [0,1 — 0] for some § € (0,1). Then for each w € €,

(i) lim €0 (w) — ((w)]|| exists for each ( € D;
(i) Tim 6 () — T (0, Uy .60 (@) | = 0,5 = L2, s

(i) Tim [}6() ~ Ty(w, ()] = 0.5 = 1,2, k.

Proof. Let ( € D and v, : 2 — [0,00) be defined by

Up(w) = Igfgium(w), foreach w e and n=1,2,3,....

(i) By Lemma 5.2.8 (i), we have

) — )l < (1 py M by l)u;xw)) Jén(e) )l

r=1
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for each w € Q and n = 1,2,3,.... Since Zyn(w) < 400, for each w € (),
n=1

therefore

co k

k(k—1)...(k— 1
ZZ ( ) 7“'( Lt )Vr(w)<+oo, for eachw € €.

n
n=1 r=1

Thus, from Lemma 1.3.5, it follows that lim ||, (w) — {(w)]|| exists, for each

w € Nandall ( €D.

The proofs of (ii) and (iii) are similar to their counter parts in Lemma 3.3.1

and so are omitted. W

We now establish weak and strong convergence of the random iteration

(5.2.3) to a common fixed point of the family.

Theorem 5.2.13 Under the hypotheses of Lemma 5.2.12, assume that X
satisfies Opial’s property and I —T; is a demiclosed random operator at 0 for
each i = 1,2,... k. Then the sequence {¢,}, defined by (5.2.3), converges

weakly to a random common fixed point of the family.

Proof. Let ( € D. Then, by Lemma 5.2.12(i), lim ||§,(w) — ((w)|| exists for
each w € Q, and hence {¢,} is bounded. Since X is reflexive, there exists
a subsequence {&,,} of {{,} converging weakly to a measurable mapping

m : Q2 — C, for each w € Q. By Lemma 5.2.12(iii) and the demiclosedness of
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I — T}, we obtain
Ti(w,m(w)) = m(w), for eachw € Q.

Thus, ; € D. In order to show that {&,} converges weakly to 7, take another
subsequence {¢,, } of {{,} converging weakly to a measurable mapping 7, :
Q) — C, for each w € Q. Again, as above, ny € D. Assume that 7, (w) # na(w)

for some w € ). Then, by Opial’s property, we have

Jim [[6, (@) —m@)l = lim [|&,(w) —m(w)]

5

< Jim 16, (@) —m()
= lim [l&u(@) = m(w)]
= I 6, )~ m)]

nj—00

< lim ||&,, (w) — m(w)]]

ng—00
— im0 (@) = (@)l
This contradiction proves that 7;(w) = ma(w), for each w € Q. Thus {&,}

converges weakly to a random common fixed point of the family {7; : i =

1,2,...,k}. =

Theorem 5.2.14. Under the hypotheses of Lemma 5.2.12, assume that,
for some 1 < j < k and a positive integer m,T]" is semi-compact. Then

{&.}, defined by (5.2.3), converges strongly to a random common fixed point

of the family {7;:7=1,2,...,k}.
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Proof. By Lemma 5.2.12 (iii), we obtain

177", (@) = &u@) < 1T} (W, (@) = T (w, &)
HIT7 ™ (w, 6 (@) = T (w, &a(w)) ]
+. T (@, () = Ti(w, & (W)
HTj(w, &n(w)) = &nl(@)]

(m = DL Tj(w, &n(w)) = &n(@)]]”

T (w, €n(w)) = &n(@)] — 0.

IN

Since {&,} is bounded and Tj" is semi-compact, {{,} has a convergent
subsequence {¢,, } converging to a measurable mapping 1 : @ — C. Hence,

again by Lemma 5.2.12 (iii), we have

() = Tifw, n@))| = i [len, () = Ti(w, £, ()] =0

for each w € Q and ¢ = 1,2,...,k. Thus n € D and so by Corollary 5.2.11,

{&.} converges to n. B

Remark 5.2.15 On the lines of the proofs of Lemma 5.2.12, Theorem
5.2.13 and Theorem 5.2.14, we can easily prove analogues of these results for
a family of asymptotically nonexpansive random operators instead of (L —-y)

uniform Lipschitz and asymptotically quasi-nonexpansive random operators.
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5.3 Multivalued Inward Random Operators

One of the most general fixed point theorems for multivalued nonexpansive
selfmappings has been obtained by Kirk and Massa [75], in 1990, proving the
existence of fixed points in Banach spaces for which the asymptotic center
of a bounded sequence in a closed bounded convex subset is nonempty and
compact. This occurs, for instance, if X is a uniformly convex space, but it
is known that (see [76]) when X is nearly uniformly convex, the asymptotic
center of a bounded sequence can be a noncompact set. This fact forced
Benavides and Ramirez [16] to generalize Kirk-Massa theorem to a class of
Banach spaces where the asymptotic center of a sequence is not necessarily a
compact set. Specifically, they gave a fixed point theorem for a multivalued
nonexpansive and 1 — y-contractive compact convex valued selfmapping of a
Banach space whose characteristic of noncompact convexity associated to the
separation meausre of noncompactness is less than 1. In 2004, Benavides and
Ramirez [17] obtained results similar to those in [16] for nonself mappings
satisfying the inwardness condition. In particular, they proved the following

result.

Theorem 5.3.1 Let X be a Banach space such that ¢,(X) < 1 and C be a
closed bounded convex subset of X. If T': C' — K(C(X) is a nonexpansive

and 1 — y-contractive mapping such that 7'(C') is a bounded set, and which
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satisfies T'x C I¢(x), for all x € C, then T has a fixed point.

Shahzad and Lone [109] extended the above theorem for SL mappings (see
Definition 1.4.18), and Plubtieng and Kumam [95] have obtained a random

analogue of Theorem 5.3.1.

In this section, we randomize the results of Shahzad and Lone [109]; inci-

dently our results extend the work of Plubtieng and Kumam [95].

Lemma 5.3.2. Let C' be a nonempty closed bounded convex subset of a

Banach space X. Suppose that T': C' — KC(X) is an SL mapping such that
Tx C Io(z), for allz € C.

If {x,} is a sequence in C' with lim d(z,,Tx,) = 0, then there exists an

n—oo

ultranet {z,_} of {x,} such that
T\ 1a(z) # ¢, for allz € A,
where A = A(C,{z,.}) .

Proof. Let {n,} be an ultranet of the positive integers {n}. The com-
pactness of Tz, implies that for each n,, we can take y,, € Tx,, such

that

||xna - yna || - d ('Tnoﬂ Txna) *
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By the compactness of Tz, for each x € A, there exists a sequence {z,,} in
Tx such that

lim z,, =2z¢€Tx

a—00

and

Hyna - ZnoaH = d<yna’T$)

< H(Tz,,,Tx).

We show that z € I4(z). As T is an SL mapping and {z,, } is asymptoti-

cally T-regular, so we have

lim sup H (T'zy,,, Tx) < lim sup ||z, — ||

a— 00

for all z € A. Thus, we obtain

lim [z, — 2| = T {jyn, =z, ]|
a— 00 a— 00
< lim sup H (Tx,,,Tx)
a— 00
<

lim sup ||z, — z||
=r
where r =1 (C,{z,,}). As z € Tx C Ic(x), so there exist A > 0 and v € C

such that

z=x+ \Nv—uz).
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If A <1, then by the convexity of C,z € C' and hence, by the definition of

A,z € AC I4(x). Now, assume that A\ > 1, then we can write

V—l + 1—l
=7 5 )

Thus

a—00

1 1
lim ||z, —v| < X lim ||z, — 2| + (1 — X) lim ||z,, —z| <7
This implies that v € A and so z € [4(z). B

The following result, on the one hand, is a stochastic version of Theorem
3.3 of Shahzad and Lone [109] (which itself extends Theorem 3.4 of Benavides
and Ramirez [17]), and on the other hand, improves Theorem 3.3 of Plubtieng

and Kumam [95].

Theorem 5.3.3. Let C' be a nonempty closed bounded convex separable
subset of a Banach space X with €¢,(X) < 1land T : Q x C — KC(X), a
continuous 1 — y—contractive and SL random operator. If T satisfies the

inwardness condition
T(w,z) C Io(x), for allz € Candw € Q,
then T" has a random fixed point.

Proof. Let zg € C be fixed and consider the measurable mapping z(w) =
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xg, for all w € Q. For each n > 1, define T, (w,.) : C — KC(X) by
n n

T (w,x) = lxo(u)) + <1 - l) T(w,z), for allx € C.

Then T, is contractive and 7T},(w, z) C I¢(x), for all z € C. Hence, by Lemma

1.4.11, each T, has a deterministic fixed point z,(w) € C. So,

d(zp(w), T(w, zp(w)) <

diam C — 0 as n — oo.

S|

Thus

Fy(w) = {x €C:dz,T(w,x)) < %diamC’}

is nonempty closed and convex. By Lemma 1.5.12, each F}, is measurable.

Then, by Lemma 1.5.9, F,, admits a measurable selector z,,(w) such that

1
d(zp(w), T (w, zy(w)) < —diamC — 0 as n — oo.
n

Define f:Q x C — [0,00) by
f(w,z) = lim sup ||z, (w) — x|,z € C.

It is easy to see that f(w,.) is continuous and f(.,x) is measurable, so by
Lemma 1.5.11, f(.,x) is measurable. Obviously, f(w,.) is convex. Therefore,
by Lemma 1.4.5, it is weakly lower semicontinuous. Note that, €,(X) < 1, so
X is reflexive. Therefore, C' is weakly compact (see[129]). Hence, by Lemma

1.5.13, the marginal function

() = inf f(w,7)
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and the marginal mapping
Aw)={z € C: f(w,z) =rw)}

are measurable. By Remark 1.4.13, A(w) is a weakly compact convex subset
of C. For any w € 2, we may assume that the sequence {z,,, (w)} is an ultranet
in C. Note that A(w) = A(C,{zp,(w)}) and r(w) = r (C,{z,, (w)}). We can

apply Lemma 1.4.17 to obtain
re(Aw)) < Ar (C{zn, (w)}),
where A =1— Ax,(17) < L.

For each w € © and n > 1, we define the multivalued contraction T} (w, .) :
Alw) = KC(X) by
X 1 1
T (w,z)=—21(w)+ |1 = — | T(w,z), for eachx € C. (5.3.1)

n n

By Lemma 5.3.2, we have

T(w, ) ﬂ]A(w)(x) # ¢, for allz € A(w). (5.3.2)
Since I4(,)(x) is convex, it follows, from (5.3.1) and (5.3.2), that

T w, ) ﬂ[A(w)(x) # ¢, for allz € A(w).

Let B be a bounded subset of C. Since T' is 1 — y-contractive and T} (w, 3) =
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%xl(w) + (1 — l) T(w, ), so

n

AT ) = x G+ -

- (1 - %)nxmw, B))
< (1 - %) \(B)

Thus T} (w,.) is x-condensing. Hence, by Lemma 1.4.10, T!(w,.) has a

fixed point z}(w) € A(w); ie., F(w) [ A(w) # ¢.

Clearly,

d(zp(w), T(w, 2} (w))) < %diamC —0 as n — oo.
Thus
Flw)={z € AWw) : d(z,T(w,z)) < %diam C}

is nonempty closed and convex for each n > 1. By Lemma 1.5.12, each F! is

1

- a measurable selector of

measurable. So, by Lemma 1.5.9 we can choose z
F!. Thus we have z} € A(w) and d (. (w), T(w, zl(w))) — 0 as n — oo. Let

fa: Qx C —[0,00) be defined by

fo(w, ) = lim sup ||z} (w) — z]|, for allw € Q.
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As above, f5 is measurable and weakly lower semicontinuous. Also, the
marginal function

raw) = inf falw.)

and the marginal mapping
Al(w) ={r € A(W) : folw,x) = ro(w)}

are measurable. Since A'(w) = A (A(w),{zL(w)}), it follows that A'(w) is
weakly compact and convex. We also note that ry(w) = r (A(w), {z}(w)}).
Again, for any w € Q, we can assume that the sequence {z; (w)}a is an

ultranet in A (w). As above, by Lemma 5.3.2 and Lemma 1.4.17, we obtain
T(w,2(w)) [ Lare) (@(w)) # ¢, for allz(w) € A'(w)
where A'(w) = A (A(w), {;, (w)}) and
ro(A'(w)) < Ar (Aw), {zn(w)}) < Are(Aw)) (5.3.3)

By induction, for each m > 1, we take a sequence {z7(w)}, C A™ ! such
that

lim d ()" (w), T (w, z0'(w))) = 0, (5.3.4)

n—oo
for each w € ). By means of the ultranet {:Effa (w)}a , we construct the set

A™ = A (C, {2 (w)}) such that

ro(A™) < AMra(A).
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Since diamA™(w) < 2rg(A™) and A < 1, it follows that lim diam A™(w) =

m—00

0. Note that {A™(w)} is a descending sequence of weakly compact subsets
of C' for each w € . Thus, by Cantor’s intersection theorem, we have

ﬂ A™(w) = {z(w)} for some z(w) € C. Furthermore, we see that
H(A™(w),{z(w)}) < diam A™(w) — 0 as m — oo.
Therefore, by Lemma 1.5.10, z(w) is measurable.

Finally, we show that z(w) is a random fixed point of 7. For each m > 1,

we have

d(z(w), T(w, 2(w))) < l2(w) = 23" (W) + d (27'(w), T (w, 2" (w)))

+ H(T(w,27'(w)), T(w, 2(w))) (5.3.5)

Since T'is an SL mapping, for m > 1 and {z]'(w)} asymptotically T-regular,
so we have
lim sup H (T (w, 7, (w), T'(w, 2(w))) < lim sup [|27"(w) — z(w)||  (5.3.6)

Thus, by (5.3.4) - (5.3.6), we obtain

d(2(w), T(w, 2(w)) < 2 lim sup [[2(w) — 2" (w)]

< 2diam A™(w).

Taking the limit as m — oo, we have z(w) € T'(w, 2(w)). B
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We remark that if C' is a weakly compact subset of a reflexive Banach space
satisfying the nonstrict Opial’s property, then we can follow the proof of
Theorem 4.5 in [16] to deduce that a nonexpansive mapping 7' : C' — K(X),
with bounded range is 1 — y-contractive. Then, in view of Theorem 5.3.3,

we can state the following corollary.

Corollary 5.3.4. Let X be a Banach space satisfying the nonstrict Opial’s
property and €,(X) < 1. Suppose that C' is a nonempty closed bounded
convex separable subset of X and T : Q x C' — KC(X) is a nonexpansive

random operator such that T'(C') is a bounded set and
T(w,x) C Ic(x), for allz € C' and w € Q.
Then T has a random fixed point.
Remark 5.3.5. The ultranet in Lemma 5.3.2 can be replaced by a sequence
which is asymptotically uniform with respect to C' (see [41,78]). This allows

us to rewrite the proof of Theorem 5.3.3 to 3 and x moduli of noncompact

convexity.

The following two theorems follow from the above remark and Lemma

1.4.16.

Theorem 5.3.6. Let C' be a nonempty closed bounded convex separable

subset of a Banach space X with eg(X) < 1 and T : Q2 x C — KC(X),
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continuous 1 — y-contrctive and SL random operator. If T satisfies the

inwardness condition, then 7" has a random fixed point.

Theorem 5.3.7. Let X be a Banach space satisfying the nonstrict Opial’s
property and €, (X) < 1. Suppose that C' is a nonempty closed bounded
convex separable subset of X and 7' : Q@ x C — KC(X) is a nonexpan-
sive random operator such that T'(C) is a bounded set and T satisfies the

inwardness condition. Then 7" has a random fixed point.

5.4 Random Common Fixed Points

In this section we establish results about random coincidence and random
common fixed points of nonself mappings in separable metric and Banach
spaces; in particular, we provide random versions of Theorems 2.2.1 and
2.2.4. Further, we apply Theorem 4.2.1 to obtain random common fixed

points of hybrid random operators.

We shall need the following result.
Theorem 5.4.1 [107, Theorem 3.1] Let X and Y be separable Banach spaces.
Let C' be a nonempty weakly compact subset of X, and f,T: QxC — Y be
continuous random operators such that, for each w € Q,T(w, C) is bounded
and (f —7)(w,.) is demiclosed at 0. If the set {x € C': f(w,z)—T(w,z) =0}

is nonempty for each w € {2, then there exists a measurable mapping £ : Q2 —
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C' such that f(w,&(w)) — T(w,&(w)) =0, for each w € Q.
We begin with a random version of Theorem 2.2.1

Theorem 5.4.2 Let C' be a subset of a separable metric space X, and S, T :

Q) x C — X be random operators such that
(i) S and T satisfy the random property (E.A);

(ii) T'(w,C) is a complete subspace of X, or S(w, C) is a complete subspace

with S(w,C) C T'(w, (), for every w € ;
(iii) for all z # y in C' and every w € €, the following condition holds:

d(S(w,x),S(w,y)) < max{d(T(w,x),T(w,y)),
rd(S(w,z), T(w,x)) + ad(S(w,y), T (w,v)),

Hd(S(w, ), T(w,y))+d(S(w,y), T(w,2))]}  (5.4.1)
where r € [0, +00) and « € [0,1).

Then S and T have a random coincidence point. Further, if { : Q@ — C'is
a random coincidence point of S and 7" such that S(w,((w)) € C for each
w € Q, and S and T are weakly compatible, then S and T have a unique

random common fixed point.

Proof. By (i) there exists a sequence of measurable mappings &, : Q2 — C
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such that
lim $(,6,()) = lim T, &) = £

for each w € €2, where £ : 2 — X is a measurable mapping. Suppose that

T(w,C) is complete for every w € 2, then there exists a measurable mapping

¢ : 0 — C such that
T(w,((w)) = &(w), for each w € Q.
We show that S(w,((w)) = T'(w,((w)), for every w € Q. By (iii), we have

d(S(w, &n(w)), S(w, ¢(w))) < max{d(T(w, &n(w), T(w, ((w))),
rd(S(w, &n(w)), T(w, &n(w)))
+ad(S(w, ((w)), T(w, ((w))),

1

5[d(S(w, &), T(w, C(w)))

+d(S(w, (W), T(w, &n(w)))]}
for every w € ). Taking the limit as n — oo, we get

d(T(w,¢(w)), S(w,¢(w))) < max{ad(S(w,((w)), T(w,((w))),

%d(S(w, C(w)), T(w, C(w)))},

for every w € (). This is possible only if

d(T(w,((w)), S(w,((w))) =0, forevery w € Q,
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that is,

T(w,((w)) = S(w,((w)), forevery w € .

If S(w,((w)) € C for each w € Q, and S and T" are weakly compatible, then

T(w, T(w, (W) = T(w,S5w,((w)))
= 5w, T(w,((w)))

= Sw, 5w, ¢(w))),
for every w € 2. We show that
S(w, S(w,((w))) = S(w,(w)), for every w € Q.
Suppose not, then for some w € €2, we get

(5w, 5(0,C())), S, () < max{d(T(w, S, (), T(w, ()
(S, 8(0, (), T(w, 5(, ),
Fad(S(w, ¢(w)), T, ¢(w),
(8w, S, C@)), T(w, ()
(S, (), T, S, (@)

= d(S(w, S(w,((W))), S(w,¢(w)))

a contradiction. Thus

T(w,Sw,((w))) = 5w, S(w, ((w)) = S(w, ((w)),
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for every w € Q. Similarly, we can prove the case, S(w,C) is complete with
S(w,C) C T(w,C), for every w € €. The uniqueness can be easily verified
by using (iii).

In the context of Banach spaces we can replace the random property (E.A)

by the deterministic one as follows:

Theorem 5.4.3 Let C' be a nonempty weakly compact subset of separable
Banach space X and S,T : 2 x C' — X be continuous random operators

such that

(i) the mappings S(w,.) and T'(w,.) satisfy the property (E.A), for each

w €

(ii) T'(w,C) is complete or S(w,C) is complete with S(w,C) C T'(w,C),

for every w € ;
(iii) for all z # y in C' and every w € Q, (5.4.1) holds;
(iv) (S—=T)(w,.) is demiclosed at 0 and T'(w, C') is bounded, for each w € .

Then S and T have a random coincidence point. Further, if { : Q@ — C'is
a random coincidence point of S and T such that S(w,((w)) € C for each
w € ), and S and T are weakly compatible, then S and T have a unique

random common fixed point.
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Proof. By Theorem 2.2.1, the mappings S(w,.) and T'(w,.) have a deter-
ministic coincidence point; that is, the set {x € C' : S(w,z) = T(w,x)} is
nonempty, for each w € Q). Thus, by Theorem 5.4.1, there exists a measurable

mapping ( : €2 — C such that

S(w,((w)) = T(w,((w)), for each w € Q;

that is,  is a random coincidence point of S and 7. The rest of the proof is

similar to that of Theorem 5.4.2 and is omitted.

The next result is about four mappings which can be proved on the lines

of the proof of Theorem 2.2.4.

Theorem 5.4.4 Let C' be a subset of a separable metric space X, and

F,.G,S,T:Q xC — X berandom operators such that:
(i) the pair (F,S) or (G,T) satisfies the random property (E.A);
(ii) F(w,0),G(w,C),S(w,C) or T(w,C) is complete, for every w € ;
(ili) F(w,C) CT(w,C) and G(w,C) C S(w,C), for every w € Q;
(iv) for all z,y in C' and every w € €2, the following condition holds:

d(F(w,z),G(w,y)) < ¢(max{d(S(w,z), T(w,y)),

d(S(w, z), G(w,y)), d(T(w,y), G(w,y))}),
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where ¢ : RT — RT is nondecreasing and 0 < ¢(t) < t, for all

t € (0,+00).

(v) (F = 9)(w,.) and (G — T)(w, .) are demiclosed at 0, and S(w,C) and

T(w,C) are bounded, for each w € €.

Then:

(a) F and S have a random coincidence point, and G and T have a random

coincidence point,

(b) If { : 2 — C is a random coincidence point of F' and S such that
S(w,((w)) € C for each w € Q, and S and F' are weakly compatible,

then F' and S have a random common fixed point,

(c) If p : © — C is a random coincidence point of G and T such that
T(w,n(w)) € C for each w € €2, and G and T are weakly compatible,

then G and T have a random common fixed point,

(d) F,G,S and T have a unique random common fixed point provided (b)

and (c) hold.

Theorem 5.4.5 Let C' be a nonempty weakly compact subset of a separable
Banach space X, and F, G, 5, T : Qx(C — X be continuous random operators

satisfying conditions (ii) - (iv) in Theorem 5.4.4. If the pair (F(w,.), S(w,.))



135

or (G(w,.),T(w,.)) satisfies the property (E.A), for each w € Q, then (a) -

(d) in Theorem 5.4.4 hold.

Proof. By Theorem 2.2.4, F' and S have a deterministic coincidence point,
and G and T have a deterministic coincidence point. Now, Theorem 5.4.1
implies that ' and S have a random coincidence point, and G and T" have a
random coincidence point; this completes the proof of (a). Using the argu-

ments of the proof of Theorem 5.4.4, we can easily prove (b) - (d).

For random common fixed points of hybrid mappings, we need the following

useful results.

Theorem 5.4.6 [108, Theorem 3.1]|. Let M be a nonempty separable weakly
compact subset of a Banach space X, and f : Q@ x M — M a random
operator which is both continuous and weakly continuous. Assume that
T :QxM — CB(M) is a continuous random operator such that (f—7")(w, .)
is demiclosed at 0 for each w € €. If f and T have a deterministic coincidence

point, then f and T have a random coincidence point.

Theorem 5.4.7 [108, Theorem 3.12]. Let M be a nonempty separable
complete subset of a metric space X, and let T : Q@ x M — C(X) and
f:Qx M — X be continuous random operators satisfying condition (A°);

that is, for any sequence {z,} in X,D € C(X) such that d(z,,D) — 0
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and d(fx,,Tx,) — 0 as n — oo, there exists y € D with fy € Ty. If f
and T have a deterministic coincidence point, then f and 7" have a random

coincidence point.

We apply Theorem 4.2.1 to prove the following:
Theorem 5.4.8 Let Y be a nonempty separable weakly compact subset of
a Banach space X, and f : Q x Y — Y a random operator. Assume that
S:QxY — CB(Y) is continuous and f(w,.) and S(w, .) satisfy conditions
(i) - (iii) in Theorem 4.2.1, for all w € §. Suppose that f is both continuous
and weakly continuous and (f — S)(w, .) is demiclosed at 0 for each w € .
Then f and S have a random coincidence point. Moreover, if for each w € €2
and any © € M, f(w,z) € S(w,x) implies f(w, f(w,z)) = f(w,z), and f is
S-weakly commuting random operator, then f and S have a random common

fixed point.

Proof. By Theorem 4.2.1 f and S have a deterministic coincidence point.
By Theorem 5.4.6, f and S have a random coincidence point ¢ : 2 — Y
ie. f(w,¥(w)) € S(w,¥(w)) for each w € Q. Let (w) = f(w,(w)) for each

w € Q. Then £ : 0 — Y is measurable. Thus, for each w € €2, we have

{w) = flw W) = flw, f(w,P(w))) = flw,§(w))-
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Since f is S-weakly commuting, we get

{(w) = fw,{(w)) € S(w, f(w,¥(w))) = S(w,&{(w))
for each w € ). Hence £ is a random common fixed point of f and S.

Similarly, a combination of Theorem 4.2.1 and Theorem 5.4.7, gives the
following result.
Theorem 5.4.9 Let Y be a nonempty separable complete subset of a metric
space X, and f : 2 x Y — X be a continuous random operator. Assume
that the random operator 7' : 2 x Y — C(X) is continuous and f(w,.) and
S(w, .) satisfy the conditions (i) - (iii) in Theorem 4.2.1, for all w € Q. If
f(w,.) and S(w,.) satisfy the condition (A°) for each w € Q, then f and
T have a random coincidence point. Moreover, if for each w € Q and any
e M, flw,x) € S(w,z) implies f(w, f(w,x)) = f(w,x), and f is S-weakly
commuting random operator, then f and S have a random common fixed

point.

We apply Theorem 5.4.3 to prove weak and strong convergence of the ran-
dom modified Ishikawa iteration ((5.2.3) with k =2,71 = S and T, = T) to

a unique random common fixed point of two random operators S and 7.

Theorem 5.4.10 Let C' be a nonempty weakly compact convex subset of a

separable uniformly convex Banach space X, and S and T be two (L — )
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uniform Lipschitz and asymptotically quasi-nonexpansive continuous random
operators from 2 x C' — C. Suppose that S and T" are weakly compatible.
If the conditions (i)—(iv) of Theorem 5.4.3 are satisfied, and (I — S)(w,-)
and (I — T')(w,-) are demiclosed at 0, then the random modified Ishikawa
iteration converges weakly to a unique random common fixed point of S and

T.

Proof. By Theorem 5.4.3, S and T have a unique random common fixed
point (say (). Then, by Lemma 5.2.12 (i), nh_)n;onn(w) — ((w))]|| exists for
each w € €2, and hence {¢,} is bounded. Since X is reflexive, there exists a
subsequence {&,, } of {&,} converging weakly to a measurable map n : 2 — C,
for each w € Q. By Lemma 5.2.12 (iii) and the demiclosedness of I — S and
I-T, S(w,nw)) =T(w,nw)) =n(w), for each w € Q. Thus, n(w) = ((w),
for each w € Q. In order to show that {,} converges weakly to (, take
another subsequence {¢,, } of {{,} converging weakly to a measurable map
Y Q — O, for each w € . Again, as above, ¥(w) = ((w), for each w € Q,
so {&,} converges weakly to (. W

On the lines of the proof of the above theorem, we can prove the following:

Corollary 5.4.11 Let C' and X be as in Theorem 5.4.10, and .S and 7" be two
asymptotically nonexpansive random operators from €2 x C' — C'. Suppose

that S and T are weakly compatible and the conditions (i)-(iv) of Theorem
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5.4.3 are satisfied. Then the random modified Ishikawa iteration converges

weakly to a unique random common fixed point of S and T'.

Theorem 5.4.12 Let C' be a nonempty weakly compact convex subset of a
separable uniformly convex Banach space X, and S and T be as in Lemma
5.2.12. Suppose that S and 7" are weakly compatible, the conditions (i)-(iv)
of Theorem 5.4.3 hold and for some integer m, T™ or S™ is semi-compact.
Then the random modified Ishikawa iteration converges strongly to a unique

random common fixed point of S and T'.

Proof. By Theorem 5.4.3, S and T" have a unique random common fixed
point. Let 7™ be semi-compact (the proof is similar if S™ is semi-compact).

By Lemma 5.2.12, we obtain

1T (@, &) = &)l < IT™(w, (W) = T (w, &a(w))]
HIT™Hw, &) = T™*(w, & (W)
+o TP (W, (W) = T(w, &n(w))
T (w, Enlw)) = &n(w)l

(m = DL|T(w, &n(w)) = &n(@)]”

IN

+H|T(w, &n(w)) — En(w)]] — 0, as n — oc.

Since {,} is bounded and 7™ is semi-compact, {,} has a convergent

subsequence {§,, } converging to a measurable map 7 : 2 — C. Hence, again
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by Lemma 5.2.12 (iii), we have

I€(w)=S(w, (Wl = [[<(w) =T (w, ) = lim[&n, (W) =T (@, &n, (@) = 0,

for each w € Q. Thus RF(S,T) = {¢}. As lim ||&,(w) — ((w)|| exists, so

{&.} converges strongly to ¢. W

Remark 5.4.13 (i) Following the arguments of the proof Theorem 5.4.12,
we can prove analogue of this result for two asymptotically nonexpansive
random operators instead of (L — ) uniform Lipschitz and asymptotically
quasi-nonexpansive random operators.

(ii) Corollary 5.4.11 extends Theorems 3.1-3.2 of Tan and Xu [126] to the
case of two asymptotically nonexpansive random operators.

(iii) Theorem 2.1 [27] and Theorems 3.1-3.3 [36] deal with one continuous
random operator whereas Theorem 5.4.12 gets hold of two continuous random
operators.

(iv) Theorem 5.4.12 is a random version of Theorem 3.4 of Shahzad and
Udomene [110] without the assumption that the set of common fixed point

is nonempty.
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