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Abstract

Sequencing deals with the problem of assigning slots to agents who are waiting for a
service. We study sequencing problems as coalition form games defined in optimistic and
pessimistic scenarios. Each agent’s level of utility is his Shapley value payoff from the cor-
responding coalition form game. First, we show that while the core of the optimistic game
is always empty, the Shapley value of the pessimistic game is an allocation in its core. Sec-
ond, we impose the “generalized welfare lower bound” (GWLB) that ex-ante guarantees each
agent a minimum level of utility. One of many application of GWLB is the “expected costs
bound”. It guarantees each agent his expected cost when all arrival orders are equally likely.
We prove that the Shapley value payoffs (in both optimistic and pessimistic scenarios) satisfy
GWLB if and only if it satisfies the expected costs bound (ECB).
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1 Introduction

There is a finite set of agents who are in need of a service. Each agent has one job to process
and the service provider can serve one agent at a time. A job can not be interrupted once it
starts getting processed. Each agent is identified by two parameters namely, his per unit time
waiting cost and his job processing time. We allow both the parameters to vary across agents.
An agent’s urgency is defined as the ratio of his per unit time waiting cost to his job process-
ing time. Each agent is assigned a position and makes a monetary contribution to the service
provider (can either be a payment or reward). Preferences are defined over pairs consisting of a
position and a monetary contribution. They are quasi-linear. A rule is a mapping that specifies
for each problem of this type, an order in which agents are served and a list of monetary contri-
butions. Efficiency entails minimizing the aggregate job completion cost by serving agents in a
non-increasing ordering of their urgency indices.

This paper models sequencing problems as cooperative games. Each sequencing problem is
associated to a coalition form game and the worth of a coalition is defined based on the priority
of serving its members. First, we define the optimistic scenario where the members of a coalition
are always served first. The optimistic worth of this coalition is the minimum job completion
cost of serving its members, as if they are the first to arrive. Second, we define the pessimistic
scenario where the members of a coalition are always served last. The pessimistic worth of this
coalition is the minimum job completion cost of its members if they are the last to arrive and the
non-coalitional members are served before them. We calcuate the Shapley value payoffs for both
these games. This allows us to design (for both the optimistic and pessimistic scenarios) a list of
equitable monetary contributions when agents are served efficiently.

An allocation rule is a Shapley value rule if it selects those allocations that assign to each agent,
a utility level equal to his Shapley value payoff from a corresponding coalition form game.
Banerjee et al. [3] introduce the “generalized welfare lower bound” in which each agent is guar-

anteed a minimum level of ex-post utility. This bound is a unifying representation of several



specific lower bounds in the literature !. One specific application of this bound is the expected
costs bound that guarantees each agent a utility level (in the absence of transfers) equal to his
expected cost when all arrival orders are equally likely. We show that the Shapley value rule
satisfies the generalized welfare lower bound if and only if it satisfies the expected costs bound.

We also study the set of core stable solutions of both the optimistic and pessimistic coalition
form games. The core of the optimistic games is always empty. Whereas, the Shapley value of

the pessimistic game belongs in its core.

2 Literature

The literature studies sequencing from both incentive and normative point of views 2. Sequenc-
ing problems are a subclass of indivisible object allotment problems. This general class has been
examined from the cooperative game point of view (see Abdulkadiroglu and Sonmez [1], Moulin
[26]) as well as from the fair allocation perspective (see Alkan et al. [2], Cres and Moulin ([13],
[12]); Tadenuma [31], Tadenuma and Thomson ([32], [33], [34]); Thomson [35]). Moulin [26]
showed that in a rich class of problems of fair division with money, the Shapley value solution
indeed has many normatively appealing properties.

Curiel et al. [14] are the first ones to study cooperation in sequencing situations. They intro-
duce the ‘equal gain splitting rule” in a cost saving game when customers are rearranged with
the objective of minimizing the total cost. The equal gain splitting rule is shown to belong to
the core of the corresponding coalition form game where the worth of a coalition is the maximal
cost saving its members can ensure by rearranging themselves efficiently. They also calculate
the Shapley value and the T value of this game.

A special case of sequencing problems in which agents have identical job processing times

1See Moulin [25] and Yengin [36] (study identical costs bound (ICB)), Maniquet [19], Chun [6], Banerjee et. al [3],
Kayi and Ramaekars [18], and Mitra [24] (study both identical costs bound (ICB) and expected costs bound (ECB)),
Chun and Yengin [11] (study the k-welfare bounds)

2For sequencing problems with incentives, see Dolan [17], Mendelson and Whang [20], Suijs [30], Mitra ([22],
[23]), De [15], Banerjee et al. [3]. For the normative studies, see Chun [5], Chun, Mitra and Mutuswami ([8], [9],
[10]), Chun and Yengin [37], and De [16]



are the class of queueing problems. Maniquet [19] studies queueing problems as coalition form
games and defines the worth of a coalition in an optimistic manner. Chun [6] takes an identical
approach but defines the worth of a coalition in a pessimistic manner. The minimal (maximal)
transfer rule has been derived by applying the Shapley value solution to the corresponding
coalition form game and characterized axiomatically.

Mishra and Rangarajan [21] also characterize the Shapley value solution for sequencing games
in the optimistic case. [7] explores the consistency and monotonicity axioms in sequencing prob-
lems and studies how the maximal transfer rule responds to changes in waiting cost and pro-
cessing time. Moulin [27] studies scheduling problems in which agent have identical waiting
costs but differ in their job processing times. The server can monitor the length of the job but not
the identity of the user; thus leading to merging, splitting or partially transferring jobs to offer
cooperative strategic opportunities. He shows that the Shapley value solution is merge proof,

but not split proof.

3 The model

A finite set of agents N = {1,2,...,n} are in need of a service. A facility provider processes
their jobs but can only do so one job at a time. For each i € N, agent i is identified by a pair of
parameters (6;,1;) € R%, where 6; is his per unit time waiting cost and /; is his job processing
time. Let L; denote the job completion time for agent i and 7; be his consumption of money.
Agent i has quasi linear preferences defined over R, X R. They are assumed to be continuous
and strictly monotone with respect to money. Given (L;, 7;), agent i gets a utility of u;(L;, ;) =
—0;L; + 7; where —6;L; is his cost of job completion and 7; is the amount of money he either pays
or receives. A sequencing problem with agent set N is a list Q = (0,1) where 6 = (64,...,0,) is
the vector of per unit waiting costs and I = (I4,...,1,) is the vector of job processing times. The
set of all sequencing problems is given by SN.

An order is a bijection o : N — N that assigns a position to each agent i € N. For instance,



if 0; = 3 then i occupies the third position. Let X be the set of all possible serving orders on
N. For a given order o € I, let Pi(0) = {j € N\ {i} | 0; < o0j} be the set of predecessors
of i and Fi(0) = {j € N\ {i} | 0j > 0;} be the set of successors. Let T € RN specify each
agent’s consumption of money. For Q € SY, an allocation is a pair (0,7) € £ x RN. An
allocation rule 1) associates to each Q € SN a non-empty subset 1(Q) of allocations. Given
0 € L, the job completion time for agentiis L;(0') = ¥ jep,(s) /j + Li and his cost of job completion
is C;(0) = 0;L;(0). Foreach Q € SN and each (o, 7), utility of agent i is u;(o, 7;) = —6;L;(0) + ;.

The total cost of job completion is C(0) = Y;cn 6;Li(0). Let the ratio of the waiting cost to
the processing time of agent i, given by 6;/I;, be agent i’s urgency index. For Q € SV, an order
o € L is efficient’ if 0 € argmin, C(0). It is well known that efficiency can be achieved if and
only if for each pairi,j € N, 6;/l; > 0;/1; = 0; < 0j (Smith [29]). In case of a tie between two
agents i, j € N, we first take the linear order 1 < 2 < ... < n on the set N and then pick the
order o with 0; < 0 iff i < j. When we deal with a strict subset of agents S C N, the order o is

restricted to S and written as o5 € £° where Z° is the set of all possible orderings of agents in S.

4 Sequencing games - optimistic scenario

Let CN be the set of all coalitional games with the agent set N. To analyse sequencing problems
as cooperative games, we associate to each Q € SV a coalitional game v € CN. The worth of a
coalition can be calculated in two ways depending on whether its members are served first (op-
timistic scenario) or last (pessimistic scenario). The former has been studied by Maniquet [19].
In the optimistic definition, for each S C N, the worth v°F!(S) is the minimum job completion

cost of S when the members of S are served first. Formally, for each QO € S N and each S C N,

UOpt(s) - _ Z Qi(li + Z l]) = — Z GiLi(US)- (1)

icS j€Pi(os) icS

3In general, we define efficiency for an allocation. However, due to the assumption of quasi linear preferences it
meaningful to speak of the efficiency of an ordering.



where o € X% is an efficient order on S when they are served before N\ S.
For a game v € CV, the burden imposed by agent i € N on each S C N\{i} is defined by

o(SU{i}) —v(S). For vOrt € CN we get,

O (SUfi}) oM (S) = —6(Li+ Y L)-L Y 6
j€P(osuiy) j€Fi(osugiy)

where og(; € 259U is an efficient ordering over S U {i}. The burden imposed by i is the sum
of his individual waiting cost and the cost imposed on his successors in S U {i}.

The Shapley value of an agent is the average burden he imposes on all coalitions when all
possible permutations of the grand coalition are considered. In other words, it is the expected
value of i’s burden on each coalition when all possible orders are equally likely. For each Q € SN

and each i € N, the Shapley payoff assigned to agent i is

[S[H(NT = 18| = 1)!

Shi(vOPt) = L

SCN\{i}

0P (S U {i}) — oOP(S)].

Using the primitives (6,1) of the model, the following lemma gives us the Shapley payoff of

agenti € N.

Lemma 1. Let o be an efficient ordering on N. For each i € N, the Shapley value of i in v is

Shi(v°P) = —0il;,— Y. 61;/2— Y oi;/2. 2)
jEP;(0) j€Fi(o)

For a set of agents N, we first define a game ur € CN on a coalition T C N before proving

the lemma.

Definition 1. Let T C N. The unanimity game on T is the game (N, u7) defined by setting
ur(S) =1if T C S, and ur(S) = 0 otherwise.

Remark 1. A coalitional game v € CN can be uniquely expressed as a linear combination of

unanimity games, i.e., for each v € CN and each S C N there exists (8s)scy, such that, v =



Yscn Osug. Foreach S C N, é is the dividend of S in v that is defined as follows: if |S| = 1,

bs =v(S)andif |S| > 1,65 =v(S)— ¥ Or.
TcS
T#3

Claim 1. Consider the game vOPt € CN. Foreach S C N, the dividends dg are

;

—0;l; if [S| = 1
0s = —mini,]'eg{ei/li, 9]/1]}111] if |S| =2 3)
0 if |S| > 3

Proof.
 Case 1: When |S| = 1,let S = {i}. We have &, = vOPH(i) = —0;l;.
* Case 2: When [S| = 2,let S = {i, j} and 0;/]; > 0;/1;. We then have &; i, = oOPHi, i} —
5{1’} - 5{]} = —9]'11' = —min{@i/li, 9]/1]}111]
e Case 3: If |S| = 3, let S = {i, j,k} and without loss of generality 6;/I; > 0;/1; > 6;/I;.
Let 8(;,jx) = 0OP{i, j, K} = iy = (jxy = Sginy =S4y — 8¢y — Spsg = —O3li =Gl +1)) +
lei + le]' + 6, l; = 0.

By induction on the size of the coalition S, let us assume 6y = 0 where 3 < S| < |S|. With-
out loss of generality, let S = {1,2,...s} be such that 6,/ > 6,/I, > ... > 65/Is. Using
the induction hypothesis, 55 = vOP{(S) — Y res;|T|=2 0T — Lres;T=10T = — Yijes0Lj(0s) +

Yjes Qj(zmepj(o-s) Im) + Yjes 0jl; = 0. This proves the claim and we can now show Lemma 1.

Proof. The Shapley value of player i € N in the game v is given by SV;(v) = ¥ s By

substituting Eq. (3) in this expression, we obtain

Shi(vopt) = — Qili — 1 Z min{@,-/li, 9]/1]}111]
JEN\{i}
:—Qili— Z 91'1]'/2— Z 9]'11'/2.
j€Pi(o) jeFi(o)

7



The desired conclusion. ]

Remark 2. For each Q € SN and each (o, T) where o € I is an efficient ordering on N, the utility

Opt

of each agent is his Shapley payoff from v~?* (in Lemma 1). Agent i’s consumption of money is

T, = Z Bll]/Z— Z 9]11/2

j€EP;(0) j€Fi(o)

41 Core

This section provides insights on the existence of the core in the defined coalitional form games.
We first provide a few preliminary definitions to understand the nature of allocations in the core
and use the necessary and sufficient condition provided by Bondareva [4] and Shapley [28], for
the core of a game to be non-empty. Let GV denote the set of all coalitional form games with the
player set N.

Given v € GV, we define an outcome of the game (a payoff vector) as an n-dimensional vector
x = (x1,x2,...,%,). Let, for each coalition S C N, x(S) be the sum of individual payoffs assigned
to the members of S. A payoff vector x € R" is individually rational for N if for eachi € N, we
have x; > v({i}). It is totally rational if x(N) = v(N). An imputation is a pay-off vector that is
both individually and totally rational. The core of v is the set of all those imputations that satisfy

x(S) > v(S) for all non-empty coalitions S C N. The core of the game v is denoted by C(v).

Definition 2. A collection ® = {T1,Tp,... Ty} C 2N of non-empty coalitions is balanced if for

each i € N, there exist positive numbers A;, j € {1,2,...,k}, such that Y A=L1
i€{1,2,...k
/ {iBT]' }

Theorem 1. The core of the optimistic game v°?! is always empty, that is C(v°P!) = ¢.

Opt

Proof. We first show that the core of the game v*~*" is empty.

Let ® = {Ty,..., Ty} be a balanced family with corresponding balancing weights {Ar, }r,co. The

core of a game v is non-empty if and only if for all balanced collections ® = {T7,..., Ty} and

8



their corresponding balancing weights {Ar, }1,co, the inequality Y.1.co Ar;0(T;) < v(N) holds.

For the game 09/, it follows that for each T; C N, we have v°P!(T;) = — Yier, 0iLi(0™(01,))-

The left hand side of the above inequality can be expressed as,

Y AroOP(T; :—Z)\T[ZQL }

Tic® Tic® i€T;
= — Z AT]{Z Qi(li+ lk)}
Ticd ieT; keP;(o*(6N)

gl xelLE, (B
ieEN Tic® ieN keP, T;>i
Tjai Tak

= — Z 91' (ll -+ Z ( Z ATj)lk)
ieN kep(o (o)) \ 150
T]9k

> Z 0; (li + Z lk>
ieN keP;(o*(6n))
=9(N)

This inequality established the result.

5 Sequencing games: pessimistic scenario

The worth of a coalition is defined using the pessimistic approach in Chun [6]. The worth of
S C N is denoted by v"*(S) and is defined by taking the sum of its members’ job completion
cost in an efficient ordering provided the members of S are served after the members of N\ S. In

other words, the members of S are the last to be served in the queue. Formally,

vPeS(S) _ Zei(Li(US) + Z I) = Z)OPt‘ ZQ Z Ix) 4)

i€S kEN\S €S keN\S



where og € Z° is an efficient ordering on S.
Lemma 2. Let o be an efficient ordering over N. For each i € N, the Shapley payoff of an agent

i in game 07 € CN is

Shi(UPes) = —91'(11' + Z l]) + Z 9]11/2 + Z Qll]/z (5)
j#i jePi(o) jeLi(0)

Proof.

Claim 2. Consider the game vPes € CN. For each S C N, the dividends &5 are

(

—0;(li + Lji 1)) if[S] =1
05 = maxi,]-es{ei/li, 9]/1]}111] if |S| =2 (6)
0 if |S] > 3

\

Proof
e When |S| =1, let S = {i}. We have é(;, = oPE({i}) = —6;(li + Xjsi ).

e If |S| = 2,letus S = {i,j} and without loss of generality suppose that 6;/1; > 0;/1;. We
then have 5{11]} = Z)pes{i, ]} - 5{1} - 5{]} = QZZ] = max{@i/li, 9]/1]}111]

e If [S| = 3 and let S = {i, j, k} and without loss of generality let 6;/I; > 0;/1; > 6/I.
We define 5{1',]-’](} = vPes{i, j, k} — 5{1,]} — 5{],](} — 5{1"](} — 5{1} — 5{]} — 5{k} = —91(11 + lk) —
Qj(li + 1) —6c(l; + l]') + Qi(l]' + 1) + 9]'(11' + 1) + 6k (1; + l]') =0.

By induction on the size of the coalition S, let us assume 6y = 0 where 3 < S| < |S|.
Without loss of generality, let S = {1,2,...s} be such that 61/l; > 6/l > ... > 65/I.
By induction hypothesis, 55 = v"*(S) — Lrcg;r(=2 01 — Lrcsr1=1 07 = — Lies 0i(Li(os) +
Yken\s k) — Lies 0i(Xicr(o5) Ij) + Lies 0i(li + Ljzilj). The term Y;;1; in the last expression

can be written as, ¥ cs\ (i} [j + Ljen\s j. Further, the expression } ;g\ (;} [j can be expressed

10



as Yicp(os) lj + LjcF(os) [j- We prove the claim by rewriting }.;;/; in terms of these expres-

sions. O

Ay(S)
Ei

The Shapley value of player i € N in the game v is given by SV;(v) = ¥,
SCN
ie€S

. By substituting

Eq. (6) in this expression, we obtain

1
Shi(0") = —0;(Li+ Y 1;) + 5 Y, max{6;/1;,6;/1;}1;

j#i jeN\{i}
=—0; Y i+ Y o2+ Y 6i1/2
JEN j€Pi(o) j€Fki(o)
This gives us the desired conclusion. O

Remark 3. For each Q € SNand each (o, 7) where 0 € I is an efficient ordering on N, each
agent'’s utility is his Shapley payoff from the game v"* (given by Lemma 2). The consumption

of money by each agenti € N is

T, = Z 9]‘11'/2 — Z Qil]'/z.

j€P;(0*(0N)) j€Fi(0*(6N))
51 Core

This section studies the existence of core in the above coalition form games. We show that the

Shapley value belongs to the core of the game v"*.

Theorem 2. The Shapley value of the game v"* belongs to its core, that is, Sh(v"*) € C(v"*).

Proof. To prove that Sh(v"®) € C(v"%), we first show that the allocation (Shy (v7%), ..., Sh, (v7%))

is an imputation. Using equation (4) we can write,

11



ey = o+ ¥ 1)

jEN\{i}
=—6: )
jEN
< Y oL/2+ Y 6i1j/2-6;) I
jePi(0*(0)) jeFi(a*(6)) jeN
= Sh;(v"*)

Further,

Shi(v"™) =Y [6: Y. si— Y 6s/2— )  6:s)/2]

ieN  jeN j€Pi(o*(ON)) jEF(o*(ON))

:—-Z [91'(81'—1- Z i+ Z S]')— Z 9]'81'/2— Z 91'5]'/2]
S jEP;(0*(ON)) jEFi(o*(0n)) jEPi(0*(ON)) jEF(a*(ON))

= —.Z [Qi(Si-I- Z S]')+ Z 9,‘5]'— Z 9]‘51'/2— Z QiSj/Z]
ieN j€Pi(o*(ON)) j€Fi(0*(0N)) j€Pi(o*(On)) jEF(o*(On))

= —-Z [Bi(si+ Z S]')—i— Z 91'8]'/2— Z 9]'51'/2]
IEN j€Pi(o*(0N)) j€Fi(o*(0n)) j€Pi(o* (0n))

=-Y 6+ Y s)-Y( Y Osp)/2+)( ) 0s)/2
ieN j€Pi(o*(ON)) ieN jeF(o*(On)) ieN jePi(o*(0N))

==Y 0i(si+ ) s
ieEN jEPi(0*(ON))

= Z)PCS(N).

The next step is to prove that for all non-empty coalition S C N, we have ¥;cg Sh;(v"%) >

12



oP%(S). For any given coalition S we have the following,

ZShi(vPES):—ZGi<ZS]')+Zsi( )/z+29( y sj)/z
i€S i€S jEN i€S ]eP(a*(eN i€S j€F;(0*(6N))
— — Y 6,Si(0" (o) —i—Zsl( >/2—Ze( y sj)/z
Jepw*(eN jeF (o™ (0n)

ieS ies i€s (0% (6N
—-Yo(st ¥ s+ ¥ og)+Xs( ¥ g/
ieS jGPi((T*(eN)) jeP,-(o*(@N)) ieS ]EP O'* QN
j€ES j¢S

_Zgi

ieS <j€Fi((T*(9N))

:—Zei(si—i— Z s])—291< Z S])—ZQZ( )/2
ieS jEP;(0*(6N)) i€s P;(o*(6n)) ies ]GF

jes j¢S ]§é5

_Zei(]g( o )/2+Zsz(]ep )/2+Zsl<]ep )/z

i€S €S i€S
jes ]géS

:_Zei(5i+j€p.(2 sj)—291'< ) s]')/z

ieS (0% (6n)) i€s JEN\S
jes
+{zsi( ) 91)—291'( L Sfﬂ/z
i€S jep;(a*(0y)) i€S j€Pi(o*(ON))
j¢s j¢s
Claim 3. For any i € S, the term [Zies Si( L 9]’) — Lies Qi( )] /2 20
J'GP(f;é N)) ]'EP(¢
J

Proof. Without loss of generality, let us assume that 6, /s; > ... > 0,/s,. By the definition of
outcome efficiency, for any i € N and for any j € P;(o * (9)), where 0*(0) is an efficient ordering
of agents in a non-increasing order of their urgency indices, we have 6;/s; > 6;/s; implying
si0;j > s;0;. We can thus say, ¥ ;cs { - (Z( : (siGj — Qisj)} > 0 by the above argument.

j€

j#s

13



Given the above claim, for any S C N observe that,

Y Shi(0P) — oPe(S) = Zei( y sj)/z+ [Zsi( y e]-) —291-( y s,-)]/z
ics icS  \jEN\S i€s  \jepr(o"(6y)) i€S  \jep(o"(6y))
j¢S j¢S

>0

This completes the proof.

6 Shapley value and GMWB

Definition 3. The Shapley rule is an allocation rule that serves agents in their efficient order and
assigns transfers such that the payoff of an agent is his Shapley value in the corresponding

coalition form game.

Definition 4 (Banerjee et.al [3]). An allocation rule v satisfies expected costs bound if for any Q €

SN with % = S—; =...= S—Z, for each (0, T) € P(Q) and for each i € N we have:

u; > —0; [Si + ZS]/Z]
j#i
This means the utility of each agent is atleast as much as their expected cost when no transfers
are allowed and every possible ordering is equally likely.
Define O; : R", — R" .. Given a sequencing problem Q € SN, let O;(s) represent the

welfare level of agent i and O(s) := (O1(s), ..., On(s)) € R" be the welfare vector.

Definition 5 (Banerjee et.al [3]). An allocation rule 1 satisfies GWLB if for any Q € SN with an

associated O(s), for each (o, T) € P(Q) and for each i € N we have:

(0, Ti) > —0;04(s)

14



where,

—0,0;(s) is the minimum utility guaranteed to i

The generalized welfare lower bound imposes a lower bound on each agent’s utility function,
in the form of a minimum guarantee. Banerjee et al. [3] have introduced this bound which
is a unified and comprehensive representation of several specific lower bounds that have been
previously examined in the literature. The expected costs bound is one application of this bound.

This section provides the necessary and sufficient condition for the Shapley value rule to

satisfy the generalized welfare lower bound (GWLB) property.

Theorem 3. For both the optimistic and the pessimistic formulations, the Shapley value rule

satisfies generalized welfare lower bound if and only if it satisfies expected costs bound.

Proof. Part A. The first part of the proof considers the corresponding characteristic form game
under the optimistic approach given by v°?f. The transfers are designed so that the utility of
each agenti € N is given by the Shapley value Sh;(v°F").

For a sequencing problem Q € SV with an associated O(s), the utility of player i € N (corre-
sponding to the Shapley value of the game v°F*) will satisfy the GMWB property if, Sh;(vOP!) >
—0,0;(s) implying —0;s; — ¥jcp,(o+(oy)) 0i5i/2 — Ljer o+ (0y)) 0j5i/2 = —0:0i(s). Or, 6;(O;(s) —
si) — Ljen(or(oy)) 9i5j/2 — Lick(or(oy)) 0j5i/2 > 0. Let, O;(s) = s; + ¥ +is;/2 + €. Thus we
have, 0;€; +0;(¥;£i5i/2) — Ljep o+ (o)) 05j/2 — Licr,(o+(oy)) 0j5i/2 = 0. Thisimplies, ¥ icr, o+ (ay)) (0iSj —
0is;)/2+ 6;; > 0. Or, Yicr o+ (oy)) (i — uj) + 6;¢; > 0. We must have ¢; > 0. This proves neces-
sity.

For any i € N, it is given that O;(s) > s; + ¥;sj/2. The utility of player i is given by his
Shapley value Sh;(v°P!). For any such player, consider the expression Sh;(vOP!) + 6;0;(s) =
—0iSi — Ljep,(o*(60y)) 0;s;/2 — Y.icF(o*(6y)) 0jsi/2 + 0;s; + 0; L j+;8;/2. Since 0*(0y) is an efficient
ordering of the members of the grand coalition (N), then for any agenti € N, if an agent j €
Fi(0*(6n)) we must have 6;/s; > 0;/s;. This means, Sh;(v°"") + 6,0;(s) = Yicr(o+(oy)) (0is] —

6s;) > 0. For any i € N, we have Sh;(v9") > —6;0;(s). This proves sufficiency.
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Part B. We define the associated cooperative game (v"%) using the pessimistic approach. The
utility of each player i € N corresponds to the Shapley value of this game, Sh;(0v"¢).

For a given sequencing problem Q € SN with an associated O(s), the utility of player
i € N (corresponding to the Shapley value of the game v') will satisfy the GMWB prop-
erty if, Shi(v"*) > —6;0;(s) implying —6;(¥jen 5;) + Ljepi (o (oy)) 0j51/2 + Ljck o+ (0y)) 0i5j/2 =
—0;0i(s). Or, 6;(0i(s) — Ljen5j) + Ljep(o+(0y)) 075i/2 — LjcF (o (0y)) 0iSj/2 = 0. Let, Oi(s) =
Si+¥j+i8j/2+ €;. Thus, 0;; — 0;(¥ £ 5;/2) + Yiep(o*(6n)) 0is;/2 + Yicr(o*(0y)) 0;5;/2 > 0. This
then implies, ¥ jcp,(o+(0y)) (0j8i — 0i5}) /2 + i€ > 0. O1, Ljcp,(o+(0y)) (#j — i) + i€ > 0. We must
have €; > 0. This shows the necessary part.

For any i € N, it is given that O;(s) > s; + ¥;+;s;/2. The utility of player i is given by

Pes). Por any such player, consider the expression Sh;(v"%) + 6,0;(s) =

his Shapley value Sh;(v
—0i(Ljen §j) T Ljen(o+(on)) 05i/2 + Ljer (o (on)) 0i8/2 + Oisi + 0: Xj2i8j/2 = —6i Ljisj/2 +
Yiep(o+(0y)) 075i/2 T Licr (o (0y)) 0iSj/ 2. Since 0*(Oy ) is an efficient ordering of the members of
the grand coalition (N), then for any agent i € N, if an agent j € P;(0*(6y)) we must have
0/sj > 6;/s;. This means, Shj(v°P") + 6,0i(s) = Ljcp(o*(ay))(0)5i — 0isj) > 0. Forany i € N, we

have Sh;(v"®) > —0,;0;(s). This proves the sufficiency part. O

7 Conclusion

This paper maps sequencing problems to cooperative games and adopts an optimistic and a
pessimistic approach to define the worth of a coalition. We study two solution concepts: the
core, which deals with stability of feasible allocations and the Shapley value, which assigns the
outcome in a fair and an impartial manner. We observe that the core of of the optimistic game is
always empty. For the pessimistic game, the Shapley value has been shown to be a core-stable
allocation. Under both the scenarios, the consumption of money by each agent is such that, the

utility of each individual corresponds to his Shapley payoff from the associated coalition form
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game. We show that it is both necessary and sufficient for the Shapley value rule to satisfy the
expected costs bound for it to satisfy the generalized welfare lower bound. Expected costs bound

guarantees each agent his expected cost when every possible order of arrival is equally likely.
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