LONDON

Nonlinearity MATHEMATIGAL  10P Publishing
EST. 1865
PAPER « OPEN ACCESS You may also like

H . . . . - On the determination of ischemic regions
Homogenization of the Navier-Stokes equations in & ronsoman modclofcadac

electrophysiology from boundary

perforated domains in the inviscid limit mesa:
ena Beretta, Cecilia Cavaterra and Luca
Ratti
To cite this article: Richard M Héfer 2023 Nonlinearity 36 6019 - Enerqgy conservation in the limit of filtered

solutions for the 2D Euler equations
Takeshi Gotoda

- Analysis of a continuum theory for broken

bond crystal surface models with
evaporation and deposition effects
Yuan Gao, Jian-Guo Liu, Jianfeng Lu et al.

View the article online for updates and enhancements.

This content was downloaded from IP address 132.199.144.87 on 23/10/2023 at 08:10


https://doi.org/10.1088/1361-6544/acfe56
https://iopscience.iop.org/article/10.1088/1361-6544/ab9a1b
https://iopscience.iop.org/article/10.1088/1361-6544/ab9a1b
https://iopscience.iop.org/article/10.1088/1361-6544/ab9a1b
https://iopscience.iop.org/article/10.1088/1361-6544/ab9a1b
https://iopscience.iop.org/article/10.1088/1361-6544/ac8715
https://iopscience.iop.org/article/10.1088/1361-6544/ac8715
https://iopscience.iop.org/article/10.1088/1361-6544/ab853d
https://iopscience.iop.org/article/10.1088/1361-6544/ab853d
https://iopscience.iop.org/article/10.1088/1361-6544/ab853d

OPEN ACCESS

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 36 (2023) 6019-6046 https://doi.org/10.1088/1361-6544/acfe56

Homogenization of the Navier—Stokes
equations in perforated domains in the
inviscid limit

Richard M Hofer

Faculty of Mathematics, University of Regensburg, Regensburg, Germany

E-mail: richard.hoefer @ur.de

Received 17 November 2022; revised 4 August 2023
Accepted for publication 28 September 2023
Published 10 October 2023

Recommended by Dr Theodore Dimitrios Drivas @
CrossMark
Abstract
We study the solution u. to the Navier—Stokes equations in R* perforated
by small particles centered at (¢Z)3 with no-slip boundary conditions at the
particles. We study the behavior of u. for small ¢, depending on the diameter
e*, a> 1, of the particles and the viscosity €7, v > 0, of the fluid. We prove
quantitative convergence results for u. in all regimes when the local Reynolds
number at the particles is negligible. Then, the particles approximately exert a
linear friction force on the fluid. The obtained effective macroscopic equations
depend on the order of magnitude of the collective friction. We obtain (a) the
Euler-Brinkman equations in the critical regime, (b) the Euler equations in the
subcritical regime and (c) Darcy’s law in the supercritical regime.
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1. Introduction

The homogenization of fluid flows in perforated domains has been intensively studied in the
last decades. Various models for the fluids reaching from incompressible inviscid flows (see
e.g. [HLW22, LLN18, LM16a, MP99]) to compressible viscous flows (see e.g. [BO23, HKS21,
Mas02, Osc22]) and even non-Newtonian fluids (see e.g. [Mik18]) have been considered with
different boundary conditions, including Navier slip conditions (see e.g. [All191]) and so-called
sedimentation boundary conditions (see e.g. [DG21, GH21, NS20]).

From the application oriented point of view, interest in such homogenization problems
arises from the study of flow through porous media and of suspension flows. In the case of
such particulate flows, homogenization problems where the particle evolution is frozen or pre-
scribed can be considered as a first step towards the derivation of fully coupled models between
the fluid flow and the dispersed phase.

The limiting behavior of solutions to the incompressible (Navier-)Stokes equations with
fixed viscosity in perforated domains with no-slip boundary conditions is by now quite well
understood. On the microscopic lengthscale of the particles, the fluid inertia becomes negli-
gible. Therefore, in the limit of many small particles, a linear friction relation (Stokes law)
prevails, giving rise to an effective massive term, the so-called Brinkman term. Depending
on the particle sizes and number density, the Brinkman term becomes negligible, dominant
or of order one in the homogenization limit, leading to the (Navier-)Stokes equations, Darcy’s
law and the (Navier-)Stokes—Brinkman, respectively, see e.g. [Al190a, A1190b, CH20, DGROS,
FNN16, GH19, Giu21, HJ20, HMS19, LY23, Mik91, Tar80].

For the case of the Navier—Stokes equations with vanishing viscosity, only very few results
are available though. The problem of considering such fluids in perforated domains with very
small viscosity (or more precisely large macroscopic Reynolds numbers) is a very relevant one
in applications. Indeed, in the modeling of sprays, it is not unusual to couple kinetic equations
for the dispersed phase to the Euler equations (see e.g. [BD06, CDM11]). On the other hand,
regarding porous media, understanding flow at large Reynolds number is very important (see
e.g. [BMW10]) and nonlinear extensions of Darcy’s law, in particular the Darcy—Forchheimer
equations, are proposed at very large Reynolds numbers. Although the rigorous derivation
of such nonlinear effective models seems currently out of reach, the present work aims at
identifying the effective behavior in all scaling limits where a linear friction law prevails. We
emphasize that the effective models we obtain are completely different from the ones that
result by starting from the Euler equations in perforated domains (see e.g. [HLW?22, LLN18,
LMI16a, MP99] for such models). Instead, correspondingly to the (Navier-)Stokes equations
with constant viscosity, we identify and prove homogenization limits in a critical, subcrit-
ical and supercritical regime yielding the Euler—Brinkman equations, the Euler equations and
Darcy’s law, respectively. To the author’s knowledge, the Euler—Brinkman equations have not
even been formally derived in the literature before. This can be viewed as a first step towards
the rigorous justification of spray models like the one analyzed in [CDM11] that couples the
incompressible Euler equations to a Vlasov equation through a linear friction force.

1.1. Setting and outline of the main results

Let 7 € By ,4(0), the reference particle, be a fixed closed set with smooth boundary, such that

B (0)\ T is connected and 0 € 7. For 0 < & < 1, we consider particles centered at x¥ := ei,
i € 7Z3. Moreover, precisely, for a > 1, we define

Q. =R\ Ujepn T, T =xi +e°T.
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Then, for some 7 >0, v >0 and py > 0, we consider solutions u. to the Navier—Stokes
equations

Oite + ue - Vue — poe? Au. + Vp. = f in (0,7) x Q,
divu, =0 in (0,7) x ., (1.1
u. =0 on (0,7) x 082, '
ue (0,) = uf in Q.

for some given f. € L*(0,T;L*(R?)) and u§ € L% (12.), where
L2(Q):={veL*(Q.):divww=0,v-n=00n0}.

It is well known that then at least one Leray solution u. exist, i.e. a weak solution which
satisfies the energy inequality

1
5””5 (1) Hiz(ﬂg) +N057||V”5H22((0,z)x95)

1 t

We focus on the case o > 1 which characterizes the regime where the particle diameters e
are small compared to the inter-particle distance ¢. In a nutshell, the effect of the particles on
the fluid can then be described through a superposition of linear friction laws provided that the
fluid inertia is negligible on the lengthscale of the particles. More precisely, we consider the
particle Reynolds number

. particle diameter x fluid velocity
Repart = =

U.e®™7 (1.3)

viscosity

where U,, the order of magnitude of the fluid velocity, has yet to be determined. Then, if

Re§art < 1, the influence of each particle on the fluid can be approximated by a friction force

determined from the unique solutions (wx, ;) € H'(R?) x L?(R?) to the linear Stokes problem

—Aw+Vgqgr =0 inR3\ T,
divw, =0 inR3\ T, (1.4)
Wy = e on 0T

through the associated resistance matrix R € R3*?
72jk = ‘7VVkZ ‘7Mg, (1.5)

which is a positive definite symmetric matrix. Neglecting fluid inertia and particle interaction,
classical scaling considerations imply that each particle approximately contributes a friction
force F; = —poe® "R (u.); where (u.); should be understood as a suitable average of u. on
some lenthscale e < d. < € around x7. Taking into account that the particle number density
is €72 leads to approximating the fluid velocity u. by . which satisfies the Navier—Stokes
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Figure 1. Scaling regimes of effective equations.

equations in the whole space with an additional linear friction term poe® 73 Rii., sometimes
referred to as Brinkman force. More precisely, provided Regart < 1, we expect u. ~ ii. where

Oyt + it - Vite — muoeY At + poe® V3 Rite +Vpe = f- in (0,7) x R?, (1.6)
divu. =0 in (0,7) x R3. '

From this approximation, we may easily identify the limiting behavior, where we distin-
guish the critical regime as v + o = 3, the subcritical regime as v+ « > 3 and the supercrit-
ical regime as v + o < 3. Before writing down the limiting equations, we revisit the constraint
Rep, < 1. In the critical and subcritical regime, the Brinkman force is at most of order one,
and therefore the solution ., and thus u. and U, from (1.3), are expected to be of order 1,

provided ug and f. are of order 1. Thus, in the critical and subcritical regime,

e* ™7
e __
Repart - ’
Ho

which leads to the condition o« > 7.
On the other hand, in the supercritical regime, the Brinkman force dominates thus slows

down the fluid velocity to U, = e3=2=7 Therefore, in the supercritical case,

32y
9
e __
Repart - ’
Ho

leading to the condition v < 3/2.
Taking the formal limit in (1.6), assuming f. — f and ug — uo leads to the following limit
systems. The regimes are illustrated in figure 1.
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e In the critical regime o 4+ v = 3 with > 1 and a > v > 0, we obtain (for py = 1 for sim-
plicity) the Euler—Brinkman equations?

Ou+u-Vu+Ru+Vp =f in (0,7) x R3,
divu =0 in (0,7) x R3, (1.7)
u(0,-) = up in R3.

e In the subcritical regime for v+~ >3 with a>1 and a >~ > 0, we obtain the Euler
equations

Ou+u-Vu+Vp =f in (0,7) x R?,
divu =0 in (0,7) x R?, (1.8)
u(0,-) = up in R3.

Since the particles do not create any effective perturbation on the limit system, the asymp-

totically linear friction law guaranteed by o > v > 0 is actually not required to obtain this

limit case but it instead suffices that Rej,, < co for some co > 0 independent of . This cor-
responds to the regime «« =y > 3/2 with o > M for some M sufficiently large.

e In the supercritical regime, for v + v < 3 with & > 1 and y < 3/2, u. — 0. Thus, we rescale
time and velocities to obtain a nontrivial limit. More precisely, if ii. is a solution to (1.1) with
po = 1, we consider the function u. (t,x) = e2T7 =34, (€*T7=3¢,x). This rescaled velocity
solves (after rescaling accordingly f-, p. and #® without renaming them)

667204727 (atue +u, - VME) _ 537@Aus —+ VPE = fs in (07 T) X Qs7
divu, =0 in Q,
“ 0 o507y x 0., (19
Ue (0,) = 148 in QE.

Performing the same rescaling on the system (1.6), we formally obtain Darcy’s law in the
limit € — 0, namely

Ru+Vp =f in (0,7) x R?,

divu =0 in (0,7) x R3. (1.10)

1.2. Statement of the main results

The precise results are the following quantitative convergence results for u. in all three regimes
under regularity assumption on the solution u to the respective limit system. Smooth solutions
exist at least for short times. Moreover, in the supercritical regime, we obtain in addition a weak
convergence result in L2(0, T;L?(IR?)) assuming only a weak solution u € L2(0,T; L*(R?)) to
Darcy’s law (1.10).

Theorem 1.1 (Critical regime). Let « € (3/2,3), v=3—« and po=1. Let T>0, uy €
H*(R?), f € C(0,T;H*(R?)) and (u,p) € C1(0,T;H*(R?)) x L>(0,T;H;..(R?)) be a solu-

tion to (1.7). Moreover, for 0 <e <1 let uj € L2(S), f- € L*(0,T;L*(2.)) and let u. €
L2(H)(Q:)) N C(0,T;L*(Q)) be a Leray solution to (1.1). Then, there exists C>0 which

2 One might argue that Euler-Darcy would be a more appropriate name for this system but this is already used for a
different system that arises as homogenization limit of the 2-dimensional Euler equations in perforated domains, see
e.g. [MP99].
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depends only on the reference particle T and, monotonously, on T,
lull o1 0,734 (m3y) and ||Vpll oo (0,132 (r3)) such that for all t <T

llzoe 0,750,2(R3))»

It =) ),y < € (02— w0l 1 Aoy + (270 4572 ).

Theorem 1.2 (Subcritical regime). Ler o >0, o> 3/2,7 >0 satisfy 3 —a <y < a. Let
T>0, up € H(R?), f € C(0,T;H*(R?)) and (u,p) € C'(0,T; H*(R3)) x L>°(0, T; H;,.(R*))
be a solution to (1.8). Moreover, for 0 < e <1 let u§ € L2(S), f- € L*(0,T;L*(Q.)) and
let u. € L*(H) () N C(0,T;L*(2.)) be a Leray solution to (1.1). Then, there exists M >0
depends only on the reference particle T and, monotonously, on T, |[f|lp (o r.m®5))
lullcr 0, 13m0 r3y) and || Vpl| s 0,7:2(w3)), and C >0 which depends additionally on jig such
that, if either o« > v or o = M, we have forall t <T

2 0 2 2 2a+42v—6 2a—3 2
(e = ) () 22y < € (I = iy + e = Ao mzceryy + (2572770 477 47)).

In the supercritical regime, we remind that we consider the rescaled system (1.9). The cor-
responding energy inequality reads

1 o
5””@ (t) H%Z(QE) +ert 3||Vu6||i2(0,t;L2(Qa))

1 t
<§|\uélliz(gg)+6“““6/0/Qfs~u5dxds (1.11)

forall 0 <r<T.

Theorem 1.3 (Supercritical regime—quantitative result). Letr o € (1,3) and 0 <~y <
min{3/2,3 —a}. Let T>0 and f € C'(0,T;H*(R?)) and let (u,p) € C'(0,T;H*(R?)) x
CY(0,T; H; .(R%)) be the unique solution to (1.10) (up to constants for the pressure). For >0
letu§ € L2 (9).) and let u. be a Leray solutions to (1.9). Then, there exists C > 0 which depends
only on the reference particle T and, monotonously, on T, ||fl| o 0,12 (3))» [l o1 (0,704 (®3))

VPl (0,702 (r3)) and ||u2]|2(qr.y such that for all t < T

iZ(szE) +[Ife =1

1S a1y 93 _’_612—404—4'\/) .

2 6—2a—2 0 2
llue — ullz2(0.myx0.) < C(5 T g — o 2((0,1)x.)

Remark 1.4.

e The three theorems above imply in particular that for any sequence € —0 with [[u? —
M0||L2(R3) — 0 (respectively 66*20‘*27Hu2 — uo||1%2(95) —0), and f. — fin L*(0,T;L*(R?))
we have u. — u in L= (0, T; L*(IR3)) (respectively in L*(0,T;L*(R3))). Here, f., u? and u.
are to be understood as defined in R? through extension by 0. Note that one may choose
f. =fin Q.. Moreover, one may choose u® = wuy with w® as in section 2. Then, estim-
ate (2.2) guarantees ||u? — uo|| 2(r) — 0 for any choice of the parameter ¢* < 7. < ¢ that
we depends on. Optimizing 7. yields [[u — uo||7, ®) S Ce3a—3,

e The regularity assumptions on u could probably be weakened but we do not pursue to optim-
ize here.

6024



Nonlinearity 36 (2023) 6019 R M Hofer

o In the supercritical regime, we do not obtain pointwise estimates in time. Indeed, there are
boundary layers in time which prevent pointwise estimates under the stated assumptions.
These boundary layers are due to the initial datum u. but also due to possible jumps in time
of the force f-.

Theorem 15 (Supercritical regime—qualitative result). Assume « € (1,3), 0 <y <
min{3/2,3 — a}. For T>0 and >0, assume uf € L*(Qc) such that &~ ||uf||;2(.) is
uniformly bounded and f. € L*(0,T;L*(R?)) converges weakly to some f in L*(0,T;L*(R?)).
Let u. € L*(H)(Q2)) N C(0,T;L*(2)) be a Leray solution to (1.9). Then, i —u in
L?(0,T;L*(R?)), where u is the unique weak solution in L*(0,T,L*(R?)) to (1.10) and where
U is the extensions of u. to R3 byu.=0in R3 \ Q.

1.3. Previous results

The vanishing viscosity limit is a classical problem in the study of incompressible fluids, we
refer to [MM18] for a review on the topic. In bounded domains with no-slip boundary condi-
tions, the limiting behavior is not well-understood due to the onset of boundary layers. This is
the reason why we consider the whole space in this paper.

In dimensions two and three, the vanishing viscosity limit has been studied in [ILNO9] in the
presence of a single shrinking body. The convergence to the Euler equations has been estab-
lished provided that the local Reynolds number is sufficiently small i.e. the same condition
ae < cpe < 1, where a. and p. denote the particle diameter and fluid viscosity, respectively,
and c is a sufficiently small constant (depending on the initial data, time, and the reference
particle).

There is a vast literature on homogenization in perforated domains. Modeling the fluid
velocity u. by the stationary Stokes equations, Darcy’s law has been obtained in [Tar80] in the
case of particle of the same size as the inter-particle distance, i.e. « = 1. Later, Allaire [All190a,
Al190b] proved homogenization results for the Stokes equations for all ranges of e > 1, identi-
fying Darcy’s law for « € (1,3), the Stokes—Brinkman equations for « =3 and the Stokes
equations for o > 3. Allaire’s results cover all space dimensions d > 2 with appropriate adapt-
ations of the ranges of a for d > 4. In the two-dimensional case, the critical regime corresponds
to particle diameters a. such that e~%loga. ~ 1. By compactness, Allaire’s results also apply
to the stationary Navier—Stokes equations (in dimensions d < 4).

The results of Allaire have been refined in a number of works, for example considering
more general distributions of particles, non-homogeneous Dirichlet boundary conditions, the
study of higher order approximations and fluctuations. We refer to the recent results [CH20,
DGRO0S8, GH19, Giu21, HJ20, HMS19] and the references therein.

The homogenization limits for the full instationary Navier—Stokes for fixed viscosity cor-
respond to the one of the stationary Stokes equations and are displayed in figure 1. Formally
they are obtained by setting v =0 in (1.6) and taking the limit € — 0. The critical regime,
a =3, leading to the Navier—Stokes—Brinkman equations, has been considered by Feireisl,
Necasovd and Namlyeyeva [FNN16], whereas the subcritical case o > 3 and the supercritical
case « € (1,3) has been treated recently by Lu and Yang [LY23].

The case av=1, including the full range of vanishing viscosities v € [0,3/2) has been
treated by Mikeli¢ [Mik91].

We emphasize that the Darcy’s law in [LY23, AlI90b] is exactly the same as (1.10) whereas
the Darcy’s law in [Tar80, Mik91] differs quantitatively, in terms of a different resistance
tensor Rper Which is obtained analogously as R from (1.5) but by solving the Stokes equations
in the torus instead of the whole space. The reason for this difference is that in the case o =1
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the particle diameter is comparable to the interparticle distance. Therefore, the superposi-
tion of friction forces through single particle problems in the whole space (cf (1.4)) must be
replaced by studying the collective forces through the problem with periodic boundary con-
ditions. Mathematically, the analysis of the case o =1 is somewhat easier as it only involves
two lengthscales, the microscopic lengthscale € and the macroscopic lengthscale. Since the
study of the case a = 1 requires different corrector problems and is rather well understood, we
restrict our attention to o > 1 in the present paper.

Reflecting its importance for applications, there are several works concerning the derivation
of non-linear Darcy’s laws, especially the Darcy—Forchheimer equations. They seem to focus
on the case ov=1, where nonlinear effects are expected to become important for v > 3/2.
Most of these works do not contain rigorous proofs, we refer to [BMW 10] for an overview of
the literature. Concerning rigorous results, Mikeli¢ [Mik95] and Marusi¢-Paloka and Mikelié
[MMO0] tackled the critical case & = 1, v = 3/2 in dimensions two and three starting from the
stationary Navier—Stokes equations. The obtained limit system is a nonlinear nonlocal Darcy
type equation. Moreover, in the subcritical case, o =1, v < 3/2, Bourgeat, Marusi¢-Paloka
and Mikeli¢ [BMMO95] justified nonlinear versions of Darcy’s law as higher order corrections
to the linear law.

We also mention that the homogenization of the instationary Stokes equations with van-
ishing viscosity has been studied by Allaire [AlI92] for oo = 1. In this case, the critical scaling
(in any space dimension) is v =2 and a Darcy’s law with memory effect is obtained as limit
system.

The only previous result the author is aware of concerning the homogenization of the
Navier—Stokes equations with vanishing viscosities when the particle diameters are much
smaller than the interparticle distance (o > 1) is due to Lacave and Mazzucato [LM16b]. In
dimension two, they recover the unperturbed Euler equations under assumptions on the particle
sizes, distances and the viscosity, which guarantee that the particle Reynolds number is suf-
ficiently small and that the particles do not exert a significant collective force on the fluid
(subcritical regime).

14. Elements of the proof

The proof of the (quantitative) main results is based on an energy argument to estimate u. — u
which is, at its core, classical in the study of vanishing viscosity limits. However, simil-
arly as in [ILNO9, LM16b], we face the problem, that the limit fluid velocity u does not
vanish inside of the particles and thus u is not an admissible testfunction for the PDE of
u.. As in [ILN09, LM16b], we therefore consider functions #. obtained from u by a suit-
able truncation. In [ILNO9], the truncation is performed on the level of the stream function
(respectively the vector potential in three dimensions). In [LM16b], the fluid velocity itself is
truncated, i.e.

ite = gt + he,

where A, is a suitable Bogovskii type correction such that #, is divergence free.

As in [LM16b], we perform the truncation on the level of the fluid velocity itself. However,
we need to be more careful, since the truncation needs to contain information of the boundary
layers at the particles that produce the Brinkman term in the limit. Thus, instead of the scalar
function ¢, in [LM16b] that truncate in a € neighborhood around the particles, we choose a
variant of the matrix-valued oscillating testfunction w® used by Allaire [Al190a, Al190b] that
are build on the solutions to the resistance problem (1.4).
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These functions w® from [All90a, Al190b] (which go back to corresponding functions in
[Tar80] and similar functions for the Poisson equations used by Cioranescu and Murat in
[CM82]) have been used with some modifications in many related works, see e.g. [GH19,
LY23]. However, w® truncates on an e-neighborhood around the particles, and therefore we
could only use them directly in the present context provided the Reynolds number on the &-
lengthscale is small. This is the case if v < 1 in the (sub-)critical regime and v < 2 — «/2 in
the supercritical regime. To overcome this restriction, we modify the testfunctions of Allaire,
to truncate on a lengthscale 7., €* < 1. < €. Aside from estimates analogous to their standard
versions, we then use a Hardy-type estimate in order to control some error-terms arising from
the nonlinear convection term.

1.5. Some possible generalizations and open problems

In this paper, we focus on periodic distributions of identical particles for the sake of the clarity
of the presentation. The methods of proof do not rely on periodicity, though, and presumably
apply to more general settings.

From the viewpoint of applications to suspensions, it would also be interesting to study
non-homogeneous Dirichlet boundary conditions, i.e. u. = V; on 9T; which have been treated
for the corresponding model without vanishing viscosity in [DGROS, FNN16].

As in many related works, we focus here on the three-dimensional case. Extensions to two
dimensions are possible with the necessary modifications similar as in [All90a, AlI90b]. As
mentioned above, parts of the subcritical regime is treated in [LM16b]. There is one important
difference between the two- and three-dimensional case, however, that seems to make it more
difficult to analyze all the cases in dimensions two where the particle Reynolds number tends
to zero. Namely, in three dimensions, the Stokes resistance of a particle of size a. in the whole
space is well approximated by solving Stokes problems in an 7.-neighborhood of the particle,
for any lengthscale 1. with 1. > a.. This allows us to consider the intermediate scale 7. as
outlined in the previous subsection. In two dimensions, however, just like for capacities, only
relative Stokes resistances are meaningful. As observed in [Al190a, AlI90b], it turns out that
the relative resistance in a cell of order of the inter-particle distance ¢ is the correct object to
consider in order to study the collective effect of the particles®. Therefore, the use of an inter-
mediate lengthscale 1. does not seem suitable in 2 dimensions, at least not in the critical and
supercritical regimes. As discussed above, this would restrict to assuming that the Reynolds
number on the scale ¢ is of order one, in order that the (accordingly modified) proof given in
this paper still works.

It would be of great interest to understand the regimes where the particle Reynolds number
Rep, is not tending to zero, i.e. v > max{«a,3/2}, displayed in orange in figure 1. However, as
discussed above, the case when the particle Reynolds number is large is not even understood in
the case of a single shrinking particle. In the case where the particle Reynolds number is small
but fixed, we proved that one still obtains the Euler equations in the subcritical regime. One
could still expect convergence to the Euler equations in the subcritical regime. In the critical
and supercritical regimes, one could expect the onset of nonlinear behavior similar to the one
obtained in [Mik95, MMOO] at v = 3/2.

3 To be more precise, since the relative Stokes resistance scales like |log(ne /ac)| ™! in two dimensions, it does not
matter whether one chooses e = € or e = . However, one should allow a. to be much smaller than powers of &
in order to include the critical case —&?2 logas ~ 1.
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1.6. Outline of the rest of the paper

The rest of the paper is organized as follows.

In section 2, we define the correctors w* and prove some useful estimates on them. Mostly,
these are standard adaptions of previously established estimates.

Section 3 contains the proofs of the main results. In section 3.1 we give the proofs of the-
orems 1.1 and 1.2, which are largely analogous.

Section 3.2 contains the proof of theorems 1.5 and 1.3. The proof of theorem 1.3 is very
similar to those of theorems 1.1 and 1.2. For the proof of theorem 1.5, we first use a well-
known Poincaré inequality in the perforated domain (see proposition 2.4) to get a uniform
a-priori estimate of u. in L2(0,T;L*(R?)). We use a classical duality argument that allows us
to pass to the limit in the weak formulation of the PDE by applying the correctors w*® to smooth
testfunctions instead of the solution u of the limit problem as in the proof of the quantitative
results.

2. Corrector estimates

Throughout this section, we write A < B for A, B € R when A < CB for some constant C that
depends only on the reference particle 7 and possibly the exponent p of some Sobolev space
involved in the estimate.

Lete® < n. < €. We denote by Of the open cubes of length ¢ centered at x{ that (essentially)
cover R*. We split each cube Qf into four areas, displayed in figure 2,

Q; =TFUC UD; UK;,
Ci :=Bue (x;)\ T,

Di :=Bug (x7) \ Bze (x7),
K7 =07 \ B (x7).

2

Then, recalling the definition of (wy, g ) from (1.4), we define wg, g5 as the e-periodic functions
that satisfy (w§,q5) € Wy ™ () x L® (), and, in QF

wE (xX) = ex —wy (%) . qi(x) = —e % (x;f’g> in C§,
—AwE (x)+Vg* =0, divwi=0 in Df,
wi=cer, q;=0 in K% .

Here, ¢, denotes the kth unit vector of the standard basis of R®. Note that the Stokes equations in
D¢ are complemented with inhomogeneous no slip boundary conditions due to the requirement
wyg € W(l)’OO Q). We will write w® for the matrix-valued function with columns w¢, and ¢° for
the (row-)vector with entries g;. We summarize properties of w* in the following lemmas.
Some of the estimates are very similar to the ones given in [All90a, AllI90b] and other works.

Lemma 2.1. The functions w¢, q° satisfy
(i) we € W(l)’oc(QE), g° € L=(Q,), divwi =0 fork=1,2,3 and

[[WE lloo ey + €% (IVWE [lzoo ) + 167 oo ey) S 1 2.1
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AQ)

L s

Figure 2. Decomposition of cell the Q5.

(ii) For all compact sets K C R?, we have w® — Id strongly in L*(K). Moreover, for all 3/2 <
p <3andall p € W (R3)

3_q a3

llo (d—w) Iy Sné € 7 lellwer @) (2.2)
Furthermore,
o (1d —w) || 3y S e Hlogel? [ @llwes@sy  forall o € W23 (R?), (2.3)

a—3
leVwollpes) + ledllee) Se 7 llelwe)  foraly e # (R), 24)
1 1 1 a3

Vw2l + Il Pellee) Snie ™ |elmey — forall g € H (RY).  (2.5)

(iii) Forall ¢ € H)()

el
Vw2 ¢l

, !
) T2 el SnelIVell . (2.6)

Proof. Step 1: Pointwise estimates and proof of (i).

IId —w®| (x—x7) < | g in C; UDS, 2.7
X — X

1

The estimates on C; follow immediately from standard decay estimates for the Stokes
equations in exterior domains (see [Galll, theorem V.3.2]) applied to (wy,gx) from (1.4) and
the definition of w®, ¢° through rescaling on C5. Consequently, the estimates on D are deduced
from the estimates on OD7 and standard regularity theory for the Stokes equations.

Clearly, (i) follows directly from these pointwise estimates.
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Step 2: Proof of (ii). Using (2.7) and w® = Id in K§, we compute for one cell, for all p < 3,

M=l gy S [ e e ST,

£
ne /2\ M

For any compact K C R?, we can cover K by C(K)e~3 many cubes Q5. Hence, ||Id —

W faky S C(K )(ne/e)eX @) — 0 as e — 0 since n. < and > 1.

Denoting (¢); = f os ¢ dx, we have for p >3 /2 by the Sobolev embedding W2*(Q5) C
L>(Q5) and the Poincaré inequality that
I () ~ (V) = 5) i gr) < ColV 0 ln(r).

Scaling considerations imply C. = Ce>~3/?, Thus, using also that |(t);| < e=3/7||»

(Qr):

||SD||L°°(Q[5) < HSD - (‘P)i - (Vap)l-(x—xis) HL°°<Q’5>
+1(0); [+l (Vo) 55_3/1)H(p||wlm<gf>'

Hence, for p € (3/2,3)
i (1d = W) |15, gy < Z el gy SMETET e ey (29

Estimates (2.3)—(2.5) are proved analogously. For (2.3) we use in addition that Bs.« (x5) C 7;*
for some ¢ > 0 that depends only on the reference particle 7. Therefore w® = 0 in Bsco (x5).

Step 3: Proof of (iii): It suffices to prove that for all ¢ € C*>°(Q5) with ¢ =01in 7%, we
have

V912201 gr) S e 1901 g

Without loss of generality, we assume x; = 0. By the pointwise estimate (2.8) and the funda-
mental theorem of calculus, we have for all x € Cf U D? with § > 0 as above

o (2)lo)

3

B} ) i ) i |x]
VW () [le ()7 < lew(ﬂl S TP (/5

e

This implies

ne/2 ne/2 ne/2 2
Vw2 ||L1 (0?) <£ //5 | (rn) |*drdn < //6 /6 |V (m)|de | drdn
co

ne /2
5775604/ rz\V<p(rn)| drdn/ —dr<n8||V4pHLZ(QE)
N

2Jdex de

as claimed. The proof of the estimate for the term involving ¢° is analogous. O
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Lemma 2.2. We can write
—AW + Vg =M. — . (2.10)

for some M,~. € W=1°°(R?) where (v.,v) =0 for all v € H\(Q.) and, for all ¢ € H*(R?)
and all ¢ € H'(R?),

—% 3

1 3
(M: =R)p, ) S (ﬂ§1€a||1/)||LZ(R3) + e 2€5||¢H1111(1R3)) el @sy,  (2.11)

where the matrix R is defined in (1.5).

Proof. We observe that —Aw*® + Vg° is supported on | J, 0C; UOD; = J; OD; U0f). and
we define 7. to be the part supported on 9S). which consequently satisfies (7., v) = 0 for all
veE H(l)(QE). Then (2.10) holds with Mg, the columns of M*, being

M; =" (mf; + div (1p: (gf1d — Vnf))) (2.12)

i

15 —« - i i ,Hz|a}3na/4(xiE
my;=¢ (qeld — Vwy) (5 x) n|8Bn5/4|5n5/4, 5,75/4 = 7@3 P [
Ne i

(2.13)
and where wy, g are as in (1.4) and n is the unit normal on 83775 /4 (x%). By [AlI90a, lemma
2.3.5] (which follows from the fact that wy, g asymptotically behave as the fundamental solu-
tion of the Stokes equations), we have

60&

m]ii = 7 (Rk+3 (Rk . n)n“!_’r]s_lgari’j) 625/47 Hrz,iHWLOO(BB,,EM) S—’ 1

To conclude the proof, it suffices to show that for all ¢ € H*(R?) and all ¢» € H'(R?)

53 . 13
® (Rk 5 (Ri+3(Re-n)n) | 6,4 <ne e ol @2, (2.14)
i H—1(R3)
3—« : IS e -1
e dew(ID; (a1 =V9D)|,., o 7 ' el (2.15)
. L 3
(06> 10, 1400 ) Sl (Illze) +n2 223 [ llm e ) 2.16)

Indeed, 1 e® < 1 by assumption and thus (2.12)—(2.16) imply the assertion.
To prove (2.14), we begin by observing that for all v € H'(Qf) we have due to Sobolev
embedding

||v_(v)iHL5<Qf> <CHVV\|L2(Q5)7 2.17)

where we recall the notation (v); = f oV and where the constant C is universal due to scaling
considerations. Similarly, we have the Poincaré-type inequality

faBWs /4 (XIE)

1
V*f de’dygﬁg 2vaHL2(Bn5/4(XfE))' (2.18)
Bne /4 xxs)
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Since

[\

][ f(Rk+3('Rk n)n) dx =Ry,
037/5 /4
we deduce that for any v € H' (Qf) that

1
/5 (V.Rk_z][azan s E)v-(Rk—l—S(ka)n) dy> dx‘

2‘][63 —( )i)'(Rk+3(Rk-n)n)dx‘

ne/4

S n;féHVv\le(Bw(x,.s)) v f el

ns/4<xs)

~

3 3 _
28,4 (o)) T 2NV = Oillis(s, ()
§n2553\\Vv\|Lz(Qf).

Therefore, for ¢ € H*(R3) and ¢ € H'(R?),

<cp< k——Z (Ri+3(Ri-n) )5;'75/4>,1/;>

S 77;5532 IV () 2 (o)

1
2

13
St ol e ( "3 ol o )

_1 3
S e 22 (|9l o) ol ey,

where the last inequality is shown as in (2.9)
We turn to (2.15). We use the pointwise estimates (2.8) to bound

3—a<(p Z div (1DF (g7ld — Vw,f)) ﬂl)>

S0 3 = Ve )9 o) Il o

< 53 «@ 2 —2 (1 3/2|

< nén; [Vl ) Il o )

= 77;?55 19 g (R3) ||‘P||H3(R3)-

It remains to show (2.16). Using again (2.17) and (2.18), we have for any v € H' (05)

‘][ vdx‘SJ[ v—][ vdy‘dx—i—][ v—(v);,|dx+|(v),]
OBUE/4(xf) aan/4(xf) Bn5/4(xf) an/4(xf)

1 _
Sne’ ||VV||L2(Qf) +e 3/2||V||L2(Qf)'
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Thus, for ¢ € H*(R?) and ¢ € H'(R?), using (2.13),

. —1
<¢53Z ) S D Wl (o2 19l = 07)
+72 3 Wl o) Il (or)
L3
S Npllngesy (n € bl ey + I iz ) -

This finishes the proof. O

Lemma2.3. Forall 1 < p < oo, there exists a linear operator B. : WP (R3) — WP (R3) such
that for all ¢ € W'"P(R?) that are divergence free we have

divB. (p) =w®: Vo (2.19)
and

IVBe (@) [l S 11 (d = w) : Vo1, 1B= ()l < nel| (Hd = w) - Vgl (2.20)

Proof. It suffices to construct the linear operator on the subspace of divergence free functions
¢ € WP (R3). We observe that then w® : Vo = 0 in R* \ Af where AF := Cf U DS and, since
the functions wy are divergence free,

/WE:chdx: wE:Vgodx:/ div((w® —1d)p)dx=0
As AFUTE AFUTE

as w® =1d on 9D;. Therefore we may employ a Bogovski operator in A;. More precisely,
by [DFL17, lemma 3.1] (which is a consequence of [ADMO06, DRS10]), there exist operators
B : L5(AS) — Wy” (A%) (I¥y denotes the subspace of I functions with vanishing mean) such
that for all & € L{(Af)

divB; (h) = h, 185 (h) ||W(])”’(Af) S ||hHLg(Af)'

We then deduce that B.(p) := >, Bf (w® : V) satisfies (2.19) as well as the first inequality
in (2.20). The second inequality in (2.20) follows from the first one and the Poincaré inequality
in the domains A C B,,_(x;). O

For the treatment of the subcritical case, we will rely on the following Poincaré inequality
in €2.. It is proved in [All90b, lemma 3.4.1] when 2. is a bounded domain. Since the proof is
based on a local Poincaré inequality in each of the cubes Qf, it still applies here.

Proposition 2.4 ([All90b, lemma 3.4.11). For all ¢ € H)(9.)

3—a
el S IVl (2.21)
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3. Proof of the main results

As outlined in section 1.4, the strategy for the proof of the main results is based on energy
estimates for the difference

Ve =wWu—u. — B (u). 3.1

Here u. is the solution to (1.1) in the critical and subcritical case and to (1.9)in the supercritical
case and u is the solution to (1.7), (1.8) and (1.10), respectively. Moreover, w® is the matrix
valued function defined at the beginning of section 2 and depends on a parameter €* < 7. < €
that we will choose later. Finally, B. is the operator from lemma 2.3.

We first observe that the difference (w® — Id)u — B, (u) between v, and u — u. is very small,
namely

ol

_3
[[ve — (u —u.) ||L°°(0,T;L2(R3)) <Cnze 2, 3.2)

where the constant C depends only on 7" and |[u|| ;o (0, 7; (3))- Indeed, this follows immedi-
ately from (2.2) and (2.20).

3.1. Proof of theorems 1.1 and 1.2

Throughout this subsection, we assume that the parameters « and ~y are in the range of the
critical or subcritical regime specified in theorems 1.1 and 1.2, respectively, that is « > 3/2
and v >0, v € [3—a,a) or v =« and o > 1. Moreover, v, is defined by (3.1) where u. is
the solution to (1.1) and u is the solution to (1.8) or (1.7).

The main technical part of the proof of the main results is an energy estimate for v, stated
in the following proposition. Thereafter, we show how theorems 1.1 and 1.2 follow from this
proposition and Gronwall’s inequality.

Proposition 3.1. Let ¢ < 1. < . Then,
(i) Then, under the assumptions of theorem 1.1 we have for all t < T

[[ve () ||i2(95)+ (g7 —Cne) ||VVs||%2((o,z)xQ€)
< v (0) HiZ(QE) +Cl| (f: =) ||%2((0,T)xsz£) JFCHVsHiZ((o,z)xQE) (3.3)
+C(n* P 4 E T+ )

for some constant C which depends only on T, T |[f|| Lo (0,7:r2(r3))»

IVPllze< (0,72 (R3))-
(ii) Under the assumptions of theorem 1.2 we have for all t < T

ullcro,r:mt w3y and

||Va(f)|\22(§25)+(N05Y - Cne)||VVe||iZ((0,z)xQE)
< v (0) ”%Z(QE) +C||(f. = f) ||i2(o,r)><95) + Cl[ve H%Z(O,t;LZ(QE)) (3.4)
+ C,ug (52a+2'y—6 +n€82a—’y—3 + n5—182a+’y—3 +€2’y +77§)

for some C which depends only on T, T, |[flliormm) ullciorme),
VDIl Lo (0,702 (w3)) and some C,,, which depends additionally on .
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Proof of theorem 1.1. We choose 7. = %e” such that we may drop the second term on the
left-hand side of (3.3). Note that as v =3 — « and « € (3/2,3), the assumption e* < 7, < &
is satisfied for all € sufficiently small (for € of order 1, the assertion of the theorem is an
immediate consequence of the energy inequality (1.2)).

Then, by Gronwall’s inequality, proposition 3.1 yields

[[ve (1) HiZ(QE) S e (0) H%Z(QE) + (- =) HiZ(O,T;LZ(QE)) + (52a—3 +86—2a)

and we deduce with (3.2), which only gives a higher order error, that

1t =) (1) By 11 =) ) [y + 1 =) oy + (€527 +72)
This finishes the proof. O
Proof of theorem 1.2. We choose 7. = §¢? with 3 = min{~, 1} and

1 if v=

c if v<oa.

This choice guarantees € < 7. < ¢ is satisfied for all € sufficiently small. Moreover, choosing
M = C, the assumption py > M if v = « allows us to drop the second term on the left-hand
side in (3.4) in all cases. Therefore, arguing as in the proof above yields

I (e =) (1) 12,y S 11 (e =) (0 1720,y + 112 =) 20,7522,

— 3 —
+ (62a+2’y 6 + €2a +52a+'y 4 +€2'y) )

We observe that 2ac + v — 4 < max{2a — 3,2+ 2y — 6} to finish the proof. O

Proof of proposition 3.1. We focus on the critical case v = 3 — a where u solves (1.7). We
discuss the necessary adaptions for the subcritical case v >3 — « in the last step of the
proof. Throughout the proof we write < for < C with C as specified in the statement of the
proposition.

Step 1: PDE solved by i1, := w®u — B, (u): We observe that i, satisfies it. = 0 on (0,7) X
09, and, in (0,7) x Q.

Oite — " Aite +w® (u-Vu) +wVp =wf+ (M. —w*R)u—e"Vq-u
—2"VwVu —e"w* Au+ B. (Ou) + " AB. (u),
(3.5)

with M. as in (2.10). Moreover, divit, = 0.
Step 2: Relative energy inequality: We consider the relative energy %va Hiz We estimate
using the energy inequality (1.2) for u. as well as it. € L>°(H"), d,ii. € L' (H™")

1 1 . 1, .
5”"5 )220,y = 5””5 () 172y — (e (1) e (1) 20y + 5””8 ) 7200, (3.6)
t t
i:(QE)_E’Y/ ||vu5|‘i2(95)d5+// fE-MdedS
0 0 Ja.
t t

—// (Ot - ue + Opute - ite ) dxds+// Oyl - Ut dxds.

0 Jo. 0 Ja.
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Using the equation solved by u., we have
t !
—/ / O, - it dxds = / / ((ue - Vug)-ite +"Vue - Vite — fe - it ) dxds (3.7
0 JQ, 0 JQ,

and likewise, using the equation of i,
t
/ / Oulte - Ve = — / / (e"Vite - Vve + (w* (u- Vu)) - (ite — u)
0 Ja.
(Wf+F.)- vs) dxds (3.8)
where

F.=—w'Vp+ (M. —w'R)u—e'Vqgu—2e"VwVu
— "W Au+ B. (Ou) + " AB (u).

inserting (3.7) and (3.8) in (3.6) and denoting
F. :Fs+(wsf7fs)

yields
1 2 ! 2
Sl <7 [ 190 B, s

<// ((te - Vue) -ite — (W (- Vu)) - ve + Fe - ve) dxds. (3.9)
Qe

Thus, we deduce

1 1
5”"5 (ﬂ”izm gw||VVs||L’((0 HxQe) S ||v€( )||%2(QE)+|11|+|12| (3.10)

where

w-[f (e Vi) i (0 a9 - s

t
12:// F.-v.dxds.
o Ja.

Step 3: Bound of I;: We first manipulate the first term in /;. Using u. = it = 0 on 0€). as
well as divu = divu. = 0 yields by integration by parts

13 t
// (uE-VuE)-lZdedSZ—// (ue - Vitg) - (ue — ite) dxds

0 JQ. 0 JQ,

t
——// (ve - Vit ) - vedxds (3.11)

0 Ja.

t
+// (ite - Viig) - ve dxds.
0 Ja.
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This allows us to rewrite

t t
[1:—// (vE-Vitg)-vadxds—k// (Id —w®) (u- Vu) - v. dxds
0 Ja. 0 Ja.
t
+// ((te —u) - Vu)-v.dxds
0 Ja.

t
+// (ite -V (ite —u)) -vedxds =1} + B+ L +13.
0 Ja.

We recall &t = w®u — B.(u) to estimate by the regularity assumptions of u, (2.6) and (2.20)
combined with (2.3) and another integration by parts
IS MVellZ2 0 22000y We llz o) 1 Vatll e 0,52 )
1 VWe Ve Pl 0,0 (0 1l s (0,10 (r3))
F I Vvellz o2 o) Vel 20,505 (20 )) |1Be (@) | Lo 0,750 2. (3.12)
S Vel + e (142 [logel Ve [0 20y
S Vel 0200 + 1Vl B0 02200

where we used o > 1 in the last estimate.
By the regularity assumptions of u and (2.2), we have

‘I%I S ||V€||22(0’t;L2(QE)) + 775€2a_3.
Similarly, relying additionally on (2.20),
‘I?l N ”Vs”[z}(o’;;[](gi)) + 775620[73.
Finally, we estimate by another integration by parts
1 —_ ~ ~
111 < 2 IV VelZ20 a2y & et = ulllzz 0. 0y)-

We estimate using that u and w® are uniformly bounded in L* as well as (2.20) and (2.2) and
Sobolev embedding

t
litlie =l 02000 / (10w = 10)ullE ) + 1B () gy + B2 (@) ) ds

t
< [ (10 =10y, + 1B oy + VB0 )
S 775520473'

In summary, we find,

1 e
1] < Cllvellfao 2.y + <457 +Cn5> IVvellfaonizgany) + Cnee®™ 772 (3.13)

Step 4: Bound of I,: We split
L=L+LE+B+1
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where

1 ! € _ _ .
12—/0/96«1d W) (Vp— )+ —12) -ve deds,

t
I%:/O/Q ((M: —w*R)u) - v dxds,

12
B= —67/ / 2Vw*Vu+wAu+ Vqu) - v dxds,

/ / e (Ou) - ve + 7V B (1) Vve) dxds.
We estimate

5] S 1w =1d) VplIE2 (0. xany + I (W — Id)ﬂ@((o,r)xﬂe)
+ |Ife —ﬂ|%2((o,t)ms) + HVEH%Z((OJ)XQE)
Snee 4 If —ﬂ|i2((0,:)x95) + ||V5||i2((0,t)><95)'

We rewrite

t t
15 :/ / (w® —Id)Ru-vdedH—/ ((M: —R)u,ve)ds.
0 Ja. 0

The first term on the right-hand side is estimated as above. Combining this with (2.11) to
estimate the second term on the right-hand side yields for some § > 0 to be chosen later

Bl < Cnee® 3 + 22 + |vel B 0.
+Csn e C€_7+6E’y||vv6‘|i2(01L2(Q )
< Cnee® 7+ Con ' &7 + Iellfao iz + 087 IVVel 220 012000 )

where we used that 7. > &® and o >3 — to absorb the term 12>, Next, we estimate
using (2.5) and (2.6)

! 1
Bl < ce / (VW[ + 151 )Tz | (991 + gl + 1w o e 12 ) ds

S Cse M2 + 87 [Vve 2o 1200y + €2 + IVellf 0.2 (0.

S C6775 + 6€7||Vv€||L2(0,t;L2(QE)) +e¥ 4+ HVEHLZ(O,z;LZ(QE)’

where we used « 4 v > 3 in the last inequality.
Finally, we estimate, relying on (2.20) and (2.2)

5] < CZnee® ™ + vellf2 0,2 (00y) + Coe ™0™ 7> + 07 Ve 20,02 (0. )) -

Thus, choosing § sufficiently small, we obtain in summary, after absorbing some higher order
terms,

1
L < ZE’YHVVEHiZ(O,t;LZ(QE)) + C”VE”i?(O,t;LZ(QE)) +ClIf: —ﬂ|22(o,r;L2(QE)) (3.14)
+C(ne P+ e+ +02).
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Step 5: Conclusion: Inserting the bounds for /; from (3.13) and I, from (3.14) into (3.10)
yields (3.3).

Step 6: Adaptations in the subcritical case: Letnow v > 3 — avand let u solves the the Euler
equations (1.8). There are only very little changes in the proof in this case. In Step 1, the only
differences are that in the PDE solved by i, (3.5) all inctances of €7 should be replaced by
toe” (in the critical case, we assumed 19 = 1) and that (M. — w®R)u has to be replaced by
o T 3M_u . Consequently, estimate (3.10) still holds up to replacing all instances of £” by
toe” and where in the source F. (appearing in I3) the term (M. — w*R)u is likewise replaced
by poe¥ T 3M_u. In particular, the estimates for I, in steps 3 still apply, and all the estimates
of step 4 for I, are unaffected except for the estimate of /3 which now takes the form

t
I§:u057+0‘_3// (Mcu) - vedxds
0 Ja.

t t
= pper T3 / / ((Me —R)u) - vedxds + poe? T3 / / (Ru) - v dxds.
0 Ja. 0 Ja.
Thus, we estimate with lemma 2.2

5] < pge? 270 (72 + 1) + el 2 0. xa

+ Copronz €270 4 Gpuge™ || Vv ||i2((0,r)><§25)

274206 4 6—1€2a+'y—3)

< HVEH%Z((O,{)XQE) + 557HVV6||%2((0,:)XQE) +Cuo.s (5 Ui

and we obtain

1
L] < ZIU’OE’YHVVE||i2(0,t;L2(QE)) + CHVE”%Z(OJ;LZ(QE)) +Cl(f- 1) Hiz(o,z;Lz(Qe))

+ Cpy (0?73 12073 p 2042770 4 27 4 )

Combining this estimate as before with the estimates for 11, (3.13), yields (3.4). O

3.2. Proof of theorems 1.3 and 1.5

In this subsection, we consider u. a Leray solution to (1.9) and u the solution to (1.10).

Proof of theorem 1.3. We follow closely the proof of proposition 3.1 to obtain an estimate for
Ve = il — U, where it. ;== wu — B.(u) with w® as in section 2 and with 5. as in lemma 2.3.
Recall that w® depends on a parameter 7). We take 7. = ¢ for some 1 < 8 < o to be chosen
later.
Step 1: PDE solved by ii.: We have it =0 on (0,7T) x 0, and, in (0,7T) x Q.

87290, — 3 At =f — Vp+ (M. — R)u+ 52" 0,
— VG U — 23TV VU — 3T W Au+ 2T AB. (u),
with M. as in (2.10). Moreover, diviz, = 0.

Step 2: Relative energy inequality: Thanks to the energy inequality (1.11) as well as the
PDE:s solved by u. and it., we have, correspondingly to (3.9),
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6672a72’y

T
e D+ [ IVl

56—204—2'y T
< Oy + [ [ (Fer o) vedsar
0 Ja.
T
—|—5672°‘72A’/ / ((ue - Vue) - ite + Oylic - ve ) dxdt,
0 Ja.

where
Fo=(M.~R)u—e"°Vqu—2"VwVu— "W Au+ & *AB. (u).

Thus, using the Poincaré inequality (2.21) and Young’s inequality,

15 e
553 HVVEH%Z(O,T;LZ(QE)) g 56 2 Z’YHV&‘ (O) |‘%2(QS)

+[Ife _ﬂ‘iz(O,T;LZ(QE)) + I + L], (3.15)
T
11:/ (Fe,ve)dt,
0

T
12 = 56_20_2’)’/ / ((ua ° vua) ° 125 + 8[125 N VE) dxdt

Step 3: Estimate of I,: We estimate with (2.2) as well as lemma 2.2 and the Poincaré
inequality (2.21)

_ -8
e* ﬂ||V6||L2(0,T;L2(QE))+€ > velle o, 90

/ (M= Ry <
0

S( T 4 )| Vvl
S LR

where we used o > ( in the last inequality. Moreover, since divv, = 0 and using (2.5) and (2.6),

T
3*“// (ve - Vq°) -udxdt // -Vu) dxdt
0o JQ.

atp=3
< et eH [Vvellz0,7.22(020))

iza g
=g ¢ ”VVe”LZ(O,T;Lz(QE))y

and similarly

T
3_a/ / Ve - (VWEVu—i—aj_O‘wEAu) dxdt

e 7P | Vvl + € el o)

Se
< (5 T e +sT) Vel
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Finally, by (2.20) and (2.2)

T
g / / Vv, : VB. (u) dxdt
0 JQ.

_ _3-B 348
SET%E T Vvl =€ 7 IIVVellzo iz,

: 348 3—a 3-8
Since a« > > 1 and o < 3, we observe that e 2 < gz b <e77 toconclude

3-8 9-3a
0 <€ (5 +65% ) IVvllzore.)
1

<
8

53_a||vvé||iZ(O,T;L2(QE)) +C (e P27, (3.16)

Step 4: Estimate of I: Using the identity (3.11) that still holds since u. = it. = 0 on 0f),
and divu = divu. = 0, we can decompose

T

L, = 5672a727/ / (vs . VIZE) -ve dxdrs

0 Ja.
T
+ 56*204*27/ / ((ite - Vite) - ve + Oyt - ve) dxdt
0 Jo.
=L+5

Combining the estimate (3.12) with the Poincaré¢ inequality (2.21), we have

1] S 0727 (7% 4 £F) HVVEH%Z(O,T;LZ(QE))'

Moreover, we estimate using again (2.21) as well as (2.6), (2.4) and (2.20) combined with (2.2)

T
—2a— 1 1.
Bl < Cef72 2”/0 (HVEHLZ(QE)+|HVW6|ZVEHLZ(Qa)|||VW6|2”‘6HL2(QE)

JrHVVEHLZ(QE) | Be (u)

(.)) dt
T
—Do— 3—a .
< C02 27/ (6 = Vel + 2V Vel | Vite 2.
0

—I—HVvEHLz(QE)EﬁsﬁJr“_%) dr
1

<
8

Es_aHVVSHiZ(O,T;L?(QE)) =+ C(59—30¢—4'y52,ﬁ€a—3 + Lr_:12—4a—4’y) )

Combining these estimates yields

—« —2a— —a— 1
L] <& (C56 Za=dy 4 cgdmamvth 8) IVvellZ20,m2000))

s (6672a74'y+2[3 + 61274(1747) ' (3.17)
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Step 5: Conclusion: Inserting (3.16) and (3.17) into (3.15) yields

4

ST ve (0) 12y + Ife = A0, m2000)
+ 6672a747+2ﬁ + 6047,3 + 697311 + 61274(174')/.

a1 —2a— o
3 < — Ceb 2y o3 ZWH}) ||VV8H%2(O,T;L2(QE))

We choose

ﬁ:min{l,a—6;4v}.

Then, for all € sufficiently small, using the assumptions v < 3/2 and a4+ < 3, the left-hand
side is positive and, combination with the Poincaré inequality (2.21) yields

el gy S €207 (O) gy 1~ razcany
+€67347 +5a—1 +E9—3a_~_€12—4a—47.

Applying (3.2) and observing that this only produces a higher order error since 2ac + 3 —
3> «a— (thanksto a > 5 > 1, we find

lJue — “HiZ((o,T)xszg) St |ul - “0||i2(95) +[Ife _ﬂ|i2((0,T)><L2(QE)

+ 52 40—l 4 93 | 12—da—dy

This concludes the proof. O

Proof of theorem 1.5. For simplicity of the notation, we write u. instead of u. for the exten-
sion of u. by 0 to R3. Note that the energy inequality (1.11) does not immediately provide
uniform a priori estimates for u.. The first step of the proof therefore consists in combining
the energy inequality with the Poincaré inequality from proposition 2.4 to deduce a uniform
a priori bound for u. in L?(0,T;L*(R?). Then, u. — u for some u € L*(0,T;L*(R?)) along
subsequences and it suffices to show that u solves (1.10).

Step 1: Uniform a priori estimate We claim that,

ia —a,— €
12(0,T;L2(R3) “+e 2 ||vu5||L2(07T;L2(R3) S 53 £ ’YHMOHLZ(R}) + “fEHLZ((),T;LZ(]R}) 5 1.
(3.18)

e |

By the energy inequality (1.11) and the Poincaré inequality (2.21) we have

e (0)]17202, + €€ I Vtella0 20

3a—9

= Ifel

o) [ Viellzone @)

S ugllzz . +e>e

Applying Young’s inequality, this establishes the estimate for Vu,, and the estimate for u.
follows by another application of the Poincaré inequality (2.21).

Step 2: Testing with w®p — B.(¢): Let ¢ € C°((0,T) x R?) with divep = 0. Then, we test
the equation (1.9) of u. with

e =W =B (),
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where w® is as in section 2 and depends on a parameter 7. which we take as 1. = ¢ for some
1 < B < « to be chosen late. This yields

T T
53—a/ Vu. : V. dxdr = / f. - pedxdt
0 R3 0 R3

T
+ 5672&727/ /3 (us - Oipe + g - (”6 ’ VQDE)) dxdr.
0 R

It remains to show

T T
I, ::/ f5~<p5dxdt%/ f-pdxdr,
0 JR3 0 JR3

T
L= 56_2"“_27/ / (e - Orpe + e - (ue - Vo)) dxdr — 0,
0o JRs

T
L ;:g‘*a/ /Svus;wsdde/Ru-go.
0 R

Step 2: Convergence of I: Recalling the assumption that f. — fin L*(0,T;L*(R?))) and
that w. — Id strongly in L?(suppy) by lemma 2.1 (ii), we have

T T
/ fer (W) dxds — / f - dxds.
o JR3 0 JR3
Moreover, by (2.2) and (2.20)

5
<ePer=7 =% T 50

T
/ feB: (¢) dxdr
0 JRr3

as>1.

Step 3: Convergence of I:

We have by the regularity of u, using (2.6), the a priori estimate (3.18) and the estim-
ates (2.20), (2.2) and (2.3)

t
L) 556*2“*27/0 (luellz oy (10 N2 (2. + 1B= ()| 2(2.))

Flluellzo @) Vel @i [1B= ()l .
el IVl (0) + e PYWE L) 10l (@) dxds

86—2&—27(1 -‘,—gﬂga"’? +5a—35[3(1 +€a—1|10g5|%))

S
5 E6—2a—2'y +€3+5—a—2’y.

Thanks to the assumption o> 1, v <3 — « and v < 3/2, we may choose /3 > 1 such that
B € (a+ 27— 3,, which implies I, — 0 as € — 0.
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Step 4: Convergence of Iz: With M. as in lemma 2.2, we rewrite
T T
63_0/ Vu. : Vo.dxdt = / (@Mg,us)dt+s3_a/(u5 -V¢°) - pdxdr
0 JR3 0
T
+ 6376“/ Vu. : VB () dxdt
0 J®3

T
—53_0‘/ / u. - 2Vw Voo + w'Ap.) dxde
0 JRrs
= L+5+L+0.

By lemma 2.2 and (3.18), we have

T
e [ Rue] 5 (=
0 R3

_ a=3 3-8
<P reTeT 50

3-8
|20, 12(3)) t€ 72 HVMEHLZ(O,T;LZ(R3))) el 0, 732 (r3))

since B < a. Moreover, we estimate using (2.4)

T
B = 53—a/0 /R (V) uedxdr| <7 = 0.

Furthermore, by lemma (3.18) and (2.20) and (2.2)

\I;\ < P S SN}
Finally, by (2.4) and (2.1)
1] <e ™ 0.
Therefore, the desired convergence of I3 is established and this finishes the proof. O
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