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Abstract

Catalytic chemical reactions are intricate processes that can be represented as a system of
ordinary differential equations (ODESs) by deriving the rate laws for each of the species in a

reaction. Different kinetic mechanisms can be associated with these systems of ODEs.

A kinetic mechanism illustrates how the reaction rate depends on the kinetic constants
and the concentrations of the species. Analyzing the kinetics of a reaction is crucial for
understanding the behaviour of the reaction and for improving its performance. Chemists aim
to automate this process by enabling extraction of the kinetics from time-series concentrations
data. The problem is formulated as a least squares problem. The data used for the experiments
is generated numerically using a fourth order Runge-Kutta method. Different data sampling
is used to check how the distribution of the concentration data affects the final result. Three
sampling options are used in the experiments: equispaced sampling, points adaptively chosen
by Runge-Kutta-Fehlberg 4(5) and Chebyshev points.

Apart from receiving a solution that fits the data trajectories, it is important to obtain a
sparse solution. This can be achieved through the use of iterative thresholding algorithms
or regularization techniques. Therefore, the sequentially thresholded least squares (STLSQ)
algorithm and Lasso regularization have been utilized to extract interpretable system of ODEs

from the generated data trajectories.

The results obtained demonstrate that Lasso regularization is more robust against numer-
ical errors and more frequently identifies the correct “active” components (those with non-
zero coefficients on the right-hand side of the ODEs) compared to STLSQ. It has also been
observed that the choice of numerical approximation for derivatives and data sampling sig-

nificantly impacts the results.
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1 Introduction

A chemical reaction is a transformative process in which one or more reactants undergo a
conversion, resulting in the formation of one or more products. Some substances, known as
catalysts, have the ability to facilitate or accelerate these reactions. Consequently, chemical
reactions that involve catalysts are referred to as catalytic reactions. For example, a product

P is obtained from initial substrate A catalyzed by cat:

cat

A—P. (1.1)

Catalytic reactions are complex processes, as there may be different elementary reactions
hiding under the above expression. The transformation of A into P proceeds through a series

of elementary reactions that involve the collision of normally two species, for example:

k
A + cat k:l catA (1.2)
ko -
catA —— P + cat.
P

It is seen from the above that there are two intermediate catalysts cat and catA involved in
the reaction. The coefficients k,, k_;, k, and k_, in the equation above determine how fast
species react with each other. These constants are called kinetic constants. Catalytic reac-
tions can be represented in the form of a kinetic mechanism, which is a series of elementary
reactions. A kinetic mechanism shows the steps leading from the starting solutions to the for-
mulation of intermediates and final products. In catalytic reactions a catalyst is regenerated at
the end of a reaction, so it does not require a large amount of catalyst. A kinetic mechanism
can be shown graphically as in Fig. 1.1. It is seen that the catalyst reacts with substrate A and

the same catalyst is resulted at the end of the cycle, when catA reacts with P.

The kinetic mechanism and its equations show the dependency of the reaction’s rate with
the kinetic constants and species’ concentrations. There are many different types of mecha-
nisms. Even a simple transition from reactant A to product P can be interpreted using differ-
ent kinetic mechanisms (see Fig. 1.2), so it is hard to analyse which one corresponds to some

given set of time-series data.

Thus, a simple transformation of A into P can be interpreted as different mechanisms,
and it is essential to understand which is the correct one. A precise analysis of reaction’s

mechanism is necessary for its further usage, e.g. for its improvement, for using it in some
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Figure 1.1. Scheme of Alr reaction mechanism
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Figure 1.2. Diagrams of common kinetic mechanisms for one product and one reactant

industrial process or for stopping it in case if it is an undesired process.

Each kinetic mechanism can be represented as a system of ODEs. The differential equation
for each element can be formed by observing the kinetic cycle and breaking it down into
elementary steps. The direction of the step affects the sign of the step’s product in the resulting
ODE. For instance, the equation for the rate of change of the concentration of [cat] is formed
by observing two reversible transitions (1.2). As both of the reactions are reversible, each can
be represented in two elementary steps. Thus, the resulting ODE is shown as the sum of the

four steps (see Fig.1.3). The kinetic constants k,, k_;, k5, k_, show how fast the transition

10



- cat - cat - cat
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catA ”

Figure 1.3. Deriving a differential equation from kinetic cycle’s steps

of each step is.

The same procedure can be done for each element in the reaction. For instance:

d|P
dlP] = ky[catA] — k_,[cat][P],

dt

is the rate of product formation, which depends on concentrations of [catA] and [cat][P] at
time ¢. The kinetic coefficient k, has positive sign because of the forward direction of the
transition from catA to P, while £_, has negative sign because of opposite direction in the

reversible step (see Fig. 1.3).

By deriving the equations for each substrate in the reaction, we can describe the mecha-

nism Alr by a system of ODEs:

d[A]

i —k, [A][cat] + k_,[catA] (1.3)
ap]
T ky[catA] — k_,|cat][P]
% = —k,[A][cat] + k[catA] + k_; [catA] — k_,[cat][P]
d[c;ttA] =k, [A][cat] — k,[catA] — k_, [catA] + k_, [cat][P).

Knowing that the catalytic reactions can be represented in a form of a system of ODEs, it
is possible to formulate the problem mathematically. Further, if we were able to extract the
information about the reaction directly from the system of ODEs, we would be able to identify
the corresponding mechanism of the reaction. Analyzing the kinetics of a reaction is crucial
for comprehending its nature and enhancing its performance. However, the current methods
employed for kinetic analysis are highly limited as they often necessitate a manual comparison
between the obtained time-series concentration profiles and the expected characteristics of

plausible kinetic mechanisms. Among the most commonly used methods is the initial rates
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method, which focuses on the rate change of a single reactant and assumes the concentrations
of the remaining species to be constant. The primary drawback of this approach is that it
tipycally provides only the information about the kinetics at the beginning of the reaction and
does not consider the change of the reaction order. Over the last decades there have been
several computational approaches proposed for biochemical data analysis. One of the early
works in this area proposed correlation metric construction for time-series concentrations
to draw the diagrams of chemical reactions [1]. This method required quite a lot of priori
knowledge about the kinetic steps of the reaction, but as a result it provided possible kinetic

cycles of the mechanism.

One of the most obvious ways to perform the kinetic analysis is to hold a number of ex-
periments with different starting conditions (such as initial concentrations of reactants, tem-
perature, etc). By observing the behaviour of the reaction with different starting conditions,
chemists can define the type of mechanism and its kinetic properties. This is called the initial
rates method. However, this classical method entails repeating the experiments, which can

be both time-consuming and inefficient in terms of chemical reactant usage.

To overcome the described problem several methods such as reaction progress kinetic
analysis (RPKA) [2] were proposed. This method compares the rate trajectories and tries to
minimize the number of experiments held for identifying the kinetics. The disadvantage of
the RPKA method is that it uses not the time-series concentrations, but rate data obtained by

isothermal calorimetry, which is not suitable for some reactions.

A related method called variable time normalization analysis (VTNA) [3] can be used
for inferring kinetics. It also performs the visual comparison of the chemical data, but un-
like RPKA it uses reaction concentration profiles. Both RKPA and VTNA are quite simple
and the main advantage is that these methods minimize the number of experiments held to
define the kinetics of a reaction. However, these methods still require several experiments
to be carried out. The more complex the mechanism, the more experiments are required. In
addition to that, visual kinetic analysis does not obtain precise values of kinetic constants [4],
but measures the elasticities of the species, which show how much the rate of the reaction
changes with the change of concentration for each species. The main drawback of these
existing methods is that they generalize the whole information present in the kinetics over
several experiments with different initial value of just one reaction component. Classical ini-
tial rates method and visual kinetic analysis compare the given kinetics with several possible

mechanistic hypotheses, but they fail to represent complex mechanisms.

Extraction of reaction kinetics can be performed using general-to-specific (or “top-down’)
and simple-to-general (or “bottom-up”) iterative approaches [5]. These methods construct the
dictionary of possible components in the equation. General-to-specific model selection starts
with the full dictionary of all possible components and further reduces it iteratively. By con-
trast, the bottom-up approach chooses a single initial component of the equation and then adds
iteratively new ones. Both of these methods can be successfully applied for inferring kinetics

from time-series data [6]. The main drawback of these methods is their time-complexity and

12



inability to work with a large number of reacting species.

Some methods for reconstructing bio-chemical pathways solve inverse problems for dy-
namic models [7], [8]. Another possible approach is to use Bayesian inference in combination
with Markov chain Monte Carlo method for uncertainty qualification when inferring the ki-
netics of a reaction [9]. However, most of these methods require a priori knowledge about
the structure of a kinetic mechanism analyzed, which limits their applicability [10]. It is also
noted, that even the most promising methods fail to infer kinetics of complex models. For in-
stance, the accuracy in the reconstruction of the reaction topology depends on the number of
chemical species and their reaction kinetics when using MIKANA (method to infer kinetics

and network architecture) [11].

Generally, the idea is to have time-series data, obtained during the catalytic reaction, as
an input. These data should be processed by the algorithm, which can output a system of
ODEs, a scheme of a corresponding kinetic mechanism and its type. This concept is shown
in Fig. 1.4.

system of ODEs
time-series data of a catalytic reaction a4

A Alfat] + ket

Species Concentrations vs. Time P ks[catA] — k_z[cat][P]

—ka[A][cat] + ka[catA] + k_y[catA] — k_s[cat][P]

10 diat] _
08 \ 11[1{:1,_4]
. features extraction @ = falAllcat] = kafcatA] — k-sfcat ] + k-slcat] [P]
P algorithm scheme of the kinetic mechanism

- cat
0.4 —e— catA

o
o

concentration

» cat

o

10 20 30 4 50
time points

Figure 1.4. General concept of automating the kinetic mechanism identification

The application of neural networks can partly solve this problem and infer the type of
mechanism from the measured data [12]. However, the main goal is not to just identify the
mechanisms out of a “black box”, but to extract the differential equations, explaining the

behaviour of the reaction.

1.1 Mathematical Formulation

Each ODE of the system can be written as:

d
Exj :Fj(xl,...,a:n), (1.4)

where j € {1,2,...,n}, n is the number of species involved in a chemical reaction and

x; is the concentration of the j-th species changing over time ¢. The function F;(z4, ..., z,,)

13



represents the dynamic constraints that define the equation.

The input data of concentrations is then defined as a tall skinny data matrix X of size
[k x n], where k is the number of data points. The number of ODE:s in a system is the same

as the number of species. Then, the input data can be written as:

zy(t)) xo(ty) - w,(t) ] |
Y xl(:tQ) :1;2(:752) .’L‘ngtg) = |x, x, ~ x,|. (1.5)
Ty (ty) wo(ty) - x,(t) e |

The whole system of ODEs can be identified by introducing matrix X:

X=|F F, - F,|. (1.6)

n

The main goal is to recover each F}, j € {1,2,...,n}, from the measured data, representing
X as a combination of candidate functions. The candidate functions are presented using a
feature dictionary X. Each column of X is a candidate function of the columns of X. For
inferring kinetic mechanism problem, the feature dictionary stores original data vectors of
X, its squared terms and its pairwise products. By defining X as a matrix storing pairwise

products of the original data vectors, it can be said that:

X=[X,X,X%=|x, .. X, XXy ... X, ,X, X2 .. x2|. (1.7

2
n43n - as the fea-

The number of column vectors in this features dictionary is m =
tures dictionary includes n species, n element-wise squared vectors and the unique pairwise
Hadamard products of n species. Not all of the possible features are “active” components, i.e.
not all of them will be presented in the right-hand side of the ODEs. There are m possible
components (of features), but there are only s., number of the correct active components,
which should be presented in the right-hand side of the system. As not all of the m features
should appear in the ODE, it is necessary to determine their state by introducing the vectors
of coefficients w = [w; w, .. w,,] for each equation. Those features which are not
active will have zero coefficients. The active features should have the coefficients which can
be interpreted as kinetic constants. For the whole system of ODEs we get a matrix of weights

W of size [m x n], which satisfies the following expression:
X =XW. (1.8)

14



Species Concentrations vs. Time

system of ODEs

t

\\\\ sl (A] = —ky[A][cat] + b_1 [catA]
§“ -~ “N““*‘“" —— catA Pw = ko [ca,tA] — k72[ca’t} [P}

. [
';_v_". JOOO000000000NN [cat] = —k1[A][cat] + ka[catA] + k_i[catA] — k_z[cat][P]
[catA] = ki[A][cat] — ky[catA] — k_j[catA] + k_s[cat][P]

o
)

[ ] = >_< 2 2x by
= ) X [I ]
W
[m X n]
X % catA ”
[k X n] [k X m]

Figure 1.5. General scheme for ODEs extraction from time-series data

The general scheme for ODEs extraction process from chemical data is represented in
Fig. 1.4.

The matrices X and X are constructed using the input data trajectories of chemical con-
centrations. But in order to find the coefficients W, firstly it is necessary to obtain the values
of the derivatives matrix X (1.6), which is also a skinny matrix of the same size as X. To
do so, X could be approximated numerically. The matrix Y is introduced for the numeri-
cal approximation of X, which can be obtained e. g. using finite difference method or spline

approximation:

Y ~ X. (1.9)

Finally, it can be said that the goal is to find the values of the sparse matrix W, such that:

Y ~ XW. (1.10)

1.2 Mechanism Alr

In the following experiments we focus on the simplest mechanism with two intermedi-
ates called Mechanism Alr. The diagram of this mechanism is presented in Fig. 1.1 and its
behaviour is described by (1.3).

When investigating the equations more closely we can spot that there are linear relations

between the equations:

15



[A] = —k,[A][cat] + k_, [catA]

[P] = ky[catA] — k_,[cat][P] (1.11)
[cat] = —Fk,[A][cat] + k_,[catA] + k,[catA] — k_, [cat][P]
[catA] = k,[A][cat] — k_,[catA] — ky[catA] + k_,[cat][P].

[cat] = [A] + [P] (1.12)

When rewriting the system of ODEs in matrix form, the exact matrix of weights for mech-

anism Alris a [4 x 14| matrix:

000 k_, 0 —k, 0 0 0
000 k 0 0 —k 0 0
W, = 2 -2 (1.13)
000 ky+k, 0 —k —k, O 0
000 —ky,—k, 0 Kk ko O 0
- Cat - cat
A A
1 1y L 1],
a) b)

Figure 1.6. Mechanism Alr: a) kinetic constants: k; =1, k_; =1, ky = 1. k_, = 0 b) kinetic constants:
ki=1Lk i=1Lk=1k,=1

There are two sets of kinetic constants chosen for data generation. The first setis k; = 1,
k_, =1,k = 1. k_, = 0. The kinetic cycle with these constants is shown in Fig. 1.6(a).
Substituting these constants into (1.3) we get:

[A] = [catA] — [A][cat] (1.14)
[P] = [catA]

16



[cat] = 2[catA] — [A][cat]
[catA] = —2[catA] + [A][cat].

In this case the exact number of active features (the number of components with non-zero

coeflicients) is s, = 7.

The second set of kinetic constants is k;, = 1, k_; = 1, k, = 1. k_, = 1. The kinetic
cycle with this set of constants is shown in Fig. 1.6(b). By inserting these into (1.3), the

following equations with s_, = 10 active components are obtained:

[A] = [catA] — [A][cat] (1.15)
[P] = [catA] — [cat][P]
[cat] = 2[catA] — [A][cat] — [cat][P]

[catA] = —2[catA] + [A][cat] + [cat][P].

Knowing the system of ODEs, it is possible to generate data concentrations using numer-
ical methods, such as Runge-Kutta, LSODA [13], etc.

17



2 Simulating Chemical Reactions by

Numerical Integration

In order to conduct the experiments within this work, and so that we are able to measure
the error precisely, synthetically generated data can be used, rather than the experimentally-
obtained time- series concentrations obtained by chemists during a reaction. By knowing the
pre-defined system of ODEs for a particular kinetic mechanism, one can generate the species
concentrations by using different numerical integration methods, such as Euler methods or

Runge-Kutta methods.

2.1 Runge-Kutta Method

The Runge—Kutta 4th order method is a popular method also called as classic Runge—Kutta
method or RK45.

The basic idea of the method is to approximate the solution of the ODE at a discrete set of
points in time. At each time step, the method uses a weighted average of four function eval-
uations to estimate the solution at the next time step. Knowing that each governing equation

of the system can be written as an ODE (1.4), we can rewrite it in a vector form:

x=F(x;,...,Xx,) (2.1)

Then, by knowing the initial concentration x(°) for each ODE it is possible to find the next

concentration values of x as:

h
x(F+1) — x(k) ¢ 581+ 285+ 255 +5,), (2.2)

where £ is the chosen initial step value, which can be be estimated optimally by calculating

partial derivatives at ¢, [14]. The step value i depends on £, since it can be calculated as:

Nevertheless in order to keep the notation simple, the initial step value is used as h = h,.

The coeflicients s,, s,, 83, S, can be found as:
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s; = f(x™8,) (2.4)

h h
s, = f(x¥ 4+ 5517% + 5) (2.5)
h h
s, = f(x® + 282t t 5) (2.6)
s, = f(x® 4 hsy t, +h). (2.7)

The coeflicients in the weighted average (2.2) are chosen such that the method has fourth-
order accuracy, meaning that the error in the solution approximately decreases by a factor of
16 as the time step is halved. In other words, the global error of the computed solution after
several steps should be of order 4, while the truncation error accumulated at each iteration

can be of order 5.

If the above expressions are expanded as Taylor series and substituted to (2.2), the error

accumulated at each iteration is cancelled out to the 5th order, so it can be written as:

h
x40 = x4 2 (sy o+ 25, + 255 +5,) + O(h°). (2:8)

(k+1) in such a

It should also be noted that there can be many possible ways to compute x
way thatit results in the global error being of order 4. So, roughly speaking, Runge-Kutta of

4th order is not a single method, but a general name for a number of methods.

Runge-Kutta 4(5) or RK45 method is based on the Dormand-Prince (4,5) pair [15]. It
is a predictor-corrector method, which calculates four coeflicients, but also introduces two

additional terms to correct the solution for the 5th order method:

s, = f(x® 1), (2.9)
s, = hf(x® 4 %lsl,tk + ih), (2.10)
s, = hf(x® + 3%51 + %82,tk + gh), (2.11)
o T LTI ey
ss = hf(x® 4+ %sl — 8s, + 356183053 — 4814054s4, t, +h), (2.13)
s¢ = hf(x® — %sl + 28, — 222?53 + i§3354 — le—[l)sg)). (2.14)

Then the value of the solution at the given point is found as:

19



25 1408 2197 1

(k+1)  —  x(F) _ = 215
¥ X o16% T 2pes™ T am0a™ T 5% 1)

16 6656 28561 9 2
rk+1) = x(k) — — — 2.16
* U 135% T 12sa5™ T seaz0™ T ho% Taste (31O

The expected error can be now calculated as:
1

R = E|x’<k+1> — x|, (2.17)

It is important to choose the time step size that is small enough to accurately approximate
the solution, but not so small that the computation becomes too expensive. Runge-Kutta-
Fehlberg [16] or RKF45 uses step size control techniques during the computation. The main
difference between the Runge-Kutta 4(5) and Runge-Kutta-Fehlberg methods is that the for-
mer is a fixed-step method, while the latter is an adaptive step-size method that estimates the
error to adjust the step size in each iteration. The main idea of Runge-Kutta-Fehlberg is to
start with a moderate step size and then, depending on how large is the expected error, either
keep or recalculate the solution. If the error estimate exceeds the tolerance, the step size is
adjusted to reduce the error. The specific adjustment of the step can vary depending on the
algorithm’s implementation. If the expected error R is less than or equal to the chosen toler-
ance ¢ then the current solution is kept and the algorithm moves to the next step with the step

size 0h. The adjustment factor ¢ is calculated as:

5= (%), (2.18)

where p defines how significantly the step size is adjusted based on the error and is usually
chosen to be between 0.25 and 0.9. In our case p = 0.25, which is a classical choice [16]. If

the value of p is set to be larger, then the step size is changed more drastically.

The RKF45 method proves to be valuable in solving mildly stiff ODEs. These are cases
where the solution undergoes relatively rapid changes in certain parts of the time interval and
slower changes in others. Traditional fixed-step methods may not be efficient in such situa-
tions, as they often require small step sizes throughout the entire domain to ensure accuracy.
In contrast, the adaptive step size of the RKF45 method enables larger steps in regions where
the solution changes slowly and smaller steps in regions with rapid changes, resulting in more

efficient computational processes.

2.2 Data Generation

The RKF45 method provides adaptive stepping, meaning that the number of points for the
solution is changing with the change of the error tolerance value . Figure 2.1 represents the

number of points for which RKF45 evaluated the solution depending on the tolerance value.
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Number of time points vs error tolerance of RK45
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Figure 2.1. Number of points of the generated data depending on the error tolerance of RK45

In order to obtain an accurate solution during the data generation, the tolerance is fixed to
be ¢ = 1075, since the number of solution points does not change after decreasing the error
further. The RKF45 implementation given in [17] provides 86 data points when solving the
system of ODEs with e = 107,

For data generation each ODE of the pre-defined system of ODEs for mechanism 1 is
solved using the RKF45 method. As a result the data vector x for each chemical component

is generated.

By taking initial values as [A], = 1, [P], = 0, [cat], = 0.1 and [catA], = 0, we generate
the data trajectories for the chosen constants. The data trajectories generated for the period
starting from ¢; = 0, t;,, = 100 are presented in Fig. 2.2.

Species Concentrations X fork; =1,k_1=1,k; =1,k =0

1.0
0.8
c
2 0.6 —— A
Z P
5 —e— cat
g — tA
5 0.4 ca
[9]
0.2
 § M
001 ¥
0 20 40 60 80 100

time t

Figure 2.2. Data trajectories generated by RKF45
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Research findings have revealed that employing multiple initial conditions proves to be
more efficient in reconstructing mechanisms [18]. Consequently, we employ three sets of
initial conditions with different starting concentration of intermediate [cat],. For multiple
initial conditions experiments we use:

* [A]l, =1, [P], =0, [cat], = 0.1, [catA], = 0;

* [A]l, =1, [P], =0, [cat], = 0.15, [catA], = 0;

* [A]l, =1, [P], =0, [cat], = 0.05, [catA], = 0.

The obtained data matrices for ¢ sets of initial conditions are stacked on top of each other,

resulting a matrix of size [(k X n]

X=|"2. (2.19)

Species Concentrations X fork;=1,k_1=1,k,=1,k_,=0

1.0
0.8
e
©
= 5 P
] —e— cat
o
§0,4 —e— catA
0.2
| Wil oied
Teg “Seg
0.0
0 20 40 60 80 100

time t

Figure 2.3. Data trajectories generated by RKF45 using three sets of initial conditions for k; =1, k_; =1,
ko =1,k _5=0

The objective is to obtain the same set of ODEs or the set of ODEs with the coefficients
close to those of (1.14, 1.15) from the generated time-series data using the methods described

in the following chapters.
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3 Numerical Differentiation

Various numerical differentiation methods can be applied to obtain Y ~ X from known

values of X. One of the most straightforward approaches is finite difference approximation.

3.1 Polynomial Approximation

Derivatives of the concentrations can be approximated numerically. By knowing that the

derivative 4 corresponds to the rate of change of z(t), let us consider the points z(t;) and

z(t; + At), where At =t, , —t,.

(2

The gradient between these points can be approximated as:

dx  x(t; + At) — z(t;)
— . 3.1
dt At D
The above formula (or the forward difference approximation formula) can be derived by

writing Taylor’s series:

dx At? d?x A3 d3x
t+ At) = z(t At—(t ——(t ——(t 3.2
ot A0 = a(t) + A (1) + ST 20 1 20 ) 62

By rearranging (3.2):

dx = x(t+ At) —x(t)  Atd*x At? d3x

EO_ At 9l 42 () + 31 de3 (8) = (3.3)

The error of this approximation results from truncating other terms of Taylor series.

Analogically we can write Taylor series for z(t — At), At =t, —t, ;:

dz At? d%z At? 3z

The derivative Z—f (t) is found by rearranging the above series:

dx a(t) —z(t—At)  Atd’z AP dx

E(t) = AL + o a2 (1) STRTE (t) + ... (3.5)
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Truncating the above expression, we derive the backward difference approximation:

dr  x(t,) —x(t, — At)

-~
~

dt At

: (3.6)

Now for equally spaced data At =t;,, —t, =t, —t,_; we can subtract (3.4) from (3.2),

which leads to:

de, . x(t+ At)—z(t—At)  2A1° d°x
't = 2AL T D

(3.7)
The above expression can be truncated and used for a central difference approximation:

dr z(t; + At) —x(t; — At)
dt 2At

: (3.8)

The central difference approximation can be used for finding the derivatives numerically
for all data points except for the boundary ones. Derivatives at the first and last point cannot
be approximated, but one may use the forward difference for the initial point and backward

difference for the last point.

The problem is that backward and forward difference approximation is not as accurate
as central difference. Central difference has an error of order O(At?), while the error of
backward and forward difference is O(At).

It is possible to consider the same problem from the polynomial point of view [19, Chap-
ter 1]. The derivatives can be approximated numerically by fitting the Lagrange polyno-
mial [20, Chapter 3] (using piecewise interpolation by Lagrange interpolating polynomials

and differentiating them). The Lagrange basis polynomials are defined as:

kot—t
L= [ —~ (3.9)
=l i Y

The Lagrange interpolation polynomial is then given as a sum of local polynomials:

p(t) = a,Li(t). (3.10)

=1

When using linear interpolation, the polynomial is constructed using two neighbour points:

plt) =t 1) Gt ) G.11)

Assuming that the evaluation point is between ¢, and ¢, ;. So now we can rewrite the
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above formula as

(t; —ti1) (t; =t )
p(t,) =x(t; ;) x(t,, ) —— : (3.12)
' (ti—l - ti—l-l) ! (ti+1 - ti—l)
The value of the polynomial p(,) should follow the relation:
p(t;) =z, (3.13)

Thus, by using the known points &, ; and x, ; we construct a linear polynomial as:

p(t) — Clt + Co, (3.14)

such that

p(t, ) =city y +co =12,

p(tir1) = ity + o =244y
From the linear system above it is possible to find a slope of this polynomial:
/ Liv1 —Ti
pt) =———
tiyi —tia

The slope can be found for any time-point by using the above expression. Thus, the ap-
proximated derivatives for the interior nodes can be expressed by the following matrix vector

product:

S r 9 - - -
, -1 +1
p <t2> ts—ty 0 t3—t; x2
, 1 +1
p (t3> _ 0 ty—ty 0 ty—ty 3 (3.15)
/ —1 +1
P (1) th—tr o 0 t—ty_s L1
L7 ? L Lk~ |

Linear interpolation uses two points for evaluating the approximation somewhere between
those points. Thus, we can not evaluate the approximation at the initial point ¢ = ¢, or final
point t = ¢,..

In order to find the derivative at the boundary points ¢, and ¢, it is possible to apply
quadratic interpolation, in which the second-order polynomial goes through each of three

points:
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(Lt )t —ti0)
) G 6t 1O
(L=t )t —t,)

ti+1 - tifl)(tz#ltz#l - ti>.

(E—t)(t—1t;11)
ti—l - tz (ti—l —ti + 1)

—z(t; 1) (

Then the derivative p’(x) can be expressed as:

20—t —t. 20—t —t,
/ t) = t. 7 i+1 t. 1—1 1+1 o 317
U B [ A I T e ) B

The usage of quadratic polynomial approximation provides the same order of accuracy for

the derivative approximation at the boundary points as at the interior nodes.

3.2 Spline Interpolation

Another approach, which can be used to find the approximation of X, is spline interpola-
tion. A spline is defined as a numerical function, which is piece-wise-defined by a set of poly-
nomials [21]. Spline interpolation method constructs a spline interpolant s, (¢),i € {1, ..., k},
through the data points. This spline interpolant is usually a lower degree polynomial. So in-
stead of fitting all of the points with one higher-degree polynomial, the method splits it to
several intervals and fits lower polynomial spline on each interval. As an example one can re-
fer to Fig. 3.1, which represents some curve with uniform knot spacing which is interpolated

using three splines.

When using the cubic spline, for an interval [¢,_,,¢;] we can write:

5;(t) = a; +b,(t —t;) +c;(t — tz’)Q +d,;(t — ti>3' (3.18)

The key advantage of spline interpolation over the finite difference method is its ability to
provide a smooth approximation. This is achieved because the spline approximation requires

the following conditions:

s;(tiq) =8, 4(t;_1), (3.19)
si(ti 1) = s 4(ti 1), (3.20)
si(tiy) =87 4(t; 1) (3.21)
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Figure 3.1. An interpolating spline

The above conditions mean that the approximated line will not have any breaks in the

edges of the intervals, as it is twice continuously differentiable for each interval knots.

By using (3.18), we can find:

s5;(t;) = a; +b,(t, —t;) +c;(t; — ti)2 +d;(t; — tz‘)g = Q. (3.22)

The first derivative of the cubic polynomial at ¢, is

si(t;) = b; +2¢;(t —t;) + 3d,(t — ti>2| =b;. (3.23)

i

Calculating the second and third derivatives, we can find that:

st (t;) = 2¢; (3.24)

7

s7(t,) = 6d,. (3.25)

K2

We can find the derivatives of the neighbouring splines at ¢, ;:

s; 1 (tiq) =2¢, 4 (3.26)
si(t;q) = 2¢; +6d,(t,_, —t,). (3.27)

7

By using the conditions for continuity, from (3.21):

2¢; —6d,(t, —t,_1) = 2¢;_;. (3.28)
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Then the coefficient d, is found as:

C:. — C:
dy = =1 (3.29)
3(t; —tiy)
Defining the step h; = t, —t,_,, we can rewrite is as:
C. — C:
d =+ =1 3.30

1

By using the continuity conditions and knowing (3.30), it is possible to find another coef-

ficient:

a: — Q.

%. +c. Vh
bi — 2 h i—1 ( CZ +3Cz—1> 7 . (331)
The last one for natural cubic spline is:
a. — Q. . — Qs
Cithy 4+ 2¢;(hy + hiy) + ¢iqhyy = 3( Z+hl . ha%l ), (3.32)

i+1 %

where ¢, = s”(t;,) = 0 and s”(t,) = ¢; — 3d,hy = 0.

If we use natural cubic spline with ¢, = ¢;, = 0, then the coeflicients ¢, can be found by

solving a linear system with a tridiagonal matrix [22].

In the following simulations we will use cubic spline provided by UnivariateSpline class

of scipy Python library.

3.3 Numerical Experiments

By knowing the system of ODEs and the set of coeflicients, it is possible to calculate X
directly, by substituting the vectors of X to (1.3). The obtained ground truth vectors of X for

single set of initial conditions are plotted in Fig. 3.2.

The approximated values of X can be found without prior knowledge of the ODE system
by either finite difference approximation or spline interpolation. Let Yy, be the approxima-
tion found using finite difference method and Y be the approximation obtained using cubic

univariate spline. The obtained approximations of derivatives are presented in Fig. 3.3.

To obtain the error between Yy, and the ground truth X we can find the absolute and
relative residual. The absolute residual is just the Frobenius norm of the difference between

the approximation Y and ground truth X:

Eups = |Y — X| - (3.33)
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Figure 3.2. Ground Truth Derivatives X of Species Concentrations for mechanism Alr with k; =1,k_; =1,
ky=1.k_5=0,][cat], =0.1
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Figure 3.3. Approximation of derivatives Y of species concentrations for mechanism Alr with k; = 1,
k_y=1,ky=1.k_o =0,][cat], = 0.1: a) using finite difference; b) using cubic spline

The relative residual between the approximation and the ground truth vectors is found as :

=Xl

) : (3.34)
[ X1z

Optimizing the error in numerical differentiation can be achieved by carefully selecting
appropriate time points. One straightforward approach is to use equispaced points, where
the number of points matches those chosen by the RKF45 method during the data generation
process. In this case, each trajectory is approximated using a total of 87 equispaced points.

The results of this approximation can be seen in Table 3.1.

The table clearly demonstrates that spline approximation yields significantly more accurate

results compared to finite difference approximation. The obtained results indicate that spline
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Table 3.1. Derivatives approximation error at the equispaced points

[cat], = 0.1
5 5

[cat], = {0.05,0.1,0.15}
5 €

Approximation

abs abs

0.11356  0.53534 | 0.21324 0.56913
0.07880 0.38963 | 0.14838 0.41751

I T

Finite Difference
Cubic Spline

approximation provides greater stability due to the smooth and continuous nature of spline
functions. In contrast, finite difference approximation is sensitive to the chosen step size and

the location of the approximation points.

Another possible option is to use the same points, which were selected by RKF45. In-
ferring kinetics using Runge-Kutta methods for sparse identification of nonlinear dynamics
(RK4-SINDy) [23] is claimed to be more efficient than SINDy [24] for noisy data. Thus,
using the points selected by adaptive RKF45 algorithm is expected to be efficient. RKF45
selected k = 87 points to generate the data trajectories from ¢; = 0, ¢, = 100. The results
obtained by calculating the derivatives approximation Y using either polynomial or spline

interpolation at the points, selected by RK45 are presented in Table 3.2.

Table 3.2. Derivatives approximation error at the points chosen by RKF45

[cat], = 0.1
5 €

[cat], = {0.05,0.1,0.15}

3 3

abs r

abs

0.06277 0.16409 | 0.11647 0.16406

r

Approximation

Finite Difference

Cubic Spline 0.00027  0.00078 | 0.00047 0.00073

By comparing the results in Table 3.2 with those presented in Table 3.1, we can see the
advantage of using the RKF45-chosen points. When using finite difference approximation the
absolute error became roughly two times smaller and the relative error roughly three times
smaller for RKF45-chosen points. The most drastic difference however can be noticed when
using the univariate cubic spline approximation, since the errors became roughly a hundred

times smaller.

The density of the points selected by the RKF45 method is higher in regions of the data
trajectory where the most significant changes occur. In contrast, when equispaced points
are used, the density remains uniform throughout the entire trajectory, regardless of whether
the concentration remains relatively stable or undergoes drastic changes. As a result, the

approximation of the derivative Y'is less accurate when equispaced points are employed.
Apart from the RKF45-chosen points, it is also possible to use Chebyshev points:

(20 — 1)m

o) = L2k (3.35)

t, = cos(

Chebyshev points are selected in a way that ensures the polynomial oscillates between
the maximum and minimum distances from the function at each point. This characteristic of
Chebyshev points results in the error being evenly distributed across the interval, rather than

being concentrated at specific points.
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Chebyshev points are chosen based on the roots of certain orthogonal polynomials, which
have desirable numerical properties [25, Chapter 12]. Polynomial approximation using
Chebyshev points is more stable than other types of points, meaning that small changes in
the input data do not result in large changes in the approximation. Moreover, the convergence
rate of polynomial approximation using Chebyshev points is faster than the convergence rate

of the equispaced points or RKF45-chosen points [26].

The results obtained using Chebyshev points are presented in Table 3.3. It is seen that the

results are a bit more accurate than when using RKF45-chosen points (see Table 3.2).

Table 3.3. Derivatives approximation error at Chebyshev points

[cat], = 0.1
€

[cat], = {0.05,0.1,0.15}
5 5

Approximation €

abs abs

0.05936  0.15738 | 0.11144 0.16060

T T

Finite Difference

Cubic Spline 0.000131 0.00038 | 0.00025 0.00039

The advantage of using either RKF45 or Chebyshev points rather than equispaced points
can be presented graphically (see Figure 3.4). Comparing the plots of the ground truth X
(plotted with the black line) and the approximated derivatives at the different points, it can
be seen that the approximation at the equidistant points is much worse than the ones using
Chebyshev and RKF45-chosen points.

Spline Approximation at Equispaced Points Spline Approximation at RKF45-chosen Points Spline Approximation at Chebyshev Points
0.100 —— A 0.100 —— A 0100+ e A
3 P

0.075 at 0.075 cat 0.075 at

—— catA —— catA

0.050 e 0.050

0.025 0.025 '\ 0.025

0.000 0.000 0.000-
_0.025 _0.025 /’ o
|

—-0.050 —-0.050 —-0.050-

0.050-

-0.075 -0.075 -0.075

-0.100 ~0.100 ~0.100-

time t time t time t

a) b) c)

Figure 3.4. Spline approximation of the derivatives for mechanism Alrwith kb, =1,k_; =1, ky = 1.
k_, =0, [cat], = 0.1 for: a) equispaced points; b) RKF45-chosen points; ¢) Chebyshev points

The numerical experiments clearly demonstrate that the most accurate results are obtained
by employing spline approximation at Chebyshev points. Approximation at the points se-
lected by adaptive RKF45 method also provides relatively good results, while using equidis-
tant points is not a favorable choice for the specific case at hand.
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4 Sparse Identification of Nonlinear

Dynamics (SINDy)

The concept of extracting governing equations from measured data is not novel, as it plays
a crucial role in modeling the nonlinear dynamics of a system. One of the existing methods,
which is based on the least squares problem, is Sparse Identification of Nonlinear Dynamical
Systems (SINDy) [24]. This method is capable of extracting models of dynamical systems

from time series data.

4.1 SINDy Model and Regularization

The SINDy model assumes that the dynamics of a system can be expressed as a linear com-
bination of basis functions, often chosen as nonlinear functions of the system variables. The
resulting dynamical system model is typically represented as a system of ordinary differential
equations (ODEs) or partial differential equations (PDEs) [27]. One of the main strengths of
this method is that it not only produces a model that fits the time-series data but also returns
interpretable equations that describe the system’s behavior. These resulting ODEs usually
contain only a small number of terms, making them more interpretable and easier to uti-
lize for prediction and control purposes. In other words, SINDy provides a low-dimensional
and sparse model that captures the underlying dynamics of the system. However, as we will
observe, this does not necessarily imply that the system identified by SINDy is identical or
closely related to the system that generated the data.

SINDy offers the capability to identify accurate and interpretable systems, which holds
significant importance in various scientific and engineering domains. Its applicability extends
to modeling biological systems [28], nonlinear optics systems [29], and many other domains.

Furthermore, SINDy has also proven to be effective in modeling chemical reactions [30].

SINDy uses the mathematical formulation as described in Section 1.1 and is implemented
in the pySINDy python library [31] [32]. In this study, the pySINDy package is employed to

obtain the governing equations from the data of catalytic reactions.

The pySINDy library offers various optimizers, one of which is the sequentially thresh-
olded least squares algorithm (STLSQ), accessible through the “pysindy.optimizers.stlsq”
module. This optimizer finds the least-squares solution for coefficients . It eliminates
all the coefficients which are smaller than the chosen A threshold value. The procedure is

repeated recursively until there are no non-zero coeflicients with an absolute value less than
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the threshold value left. Further details on the STLSQ method can be found in Section 5.2

To promote sparsity in the SINDy model, a Ridge regularization term can be incorpo-
rated [33]. Ridge regression is claimed to be effective when there are near-linear relation-
ships among the independent variables of the system. In the presence of such relationships,
the data can be affected by multicollinearity, where variables are highly correlated with each
other. Multicolliniarity in our case is caused by the model specification itself. Such source

of multicollinearity was discussed in [34].

Ridge regression is a modified least squares regression with added ¢,-norm regularization

added. In order to tune the regularization, \ parameter is introduced:

w; = argmin |y; — X3 + A5, 3, 4.1

Wi

where ) is the Ridge regularization parameter on the weight vector. By tuning this parameter

it is possible to control the desired sparsity of the solution.

Ridge regression, in general, does not enforce coefficients in the matrix W to be exactly
zero. Instead, it shrinks the coefficients towards zero, resulting in relatively small values.

This characteristic can be leveraged to promote sparsity in the solution.

When using pySINDy model, the differentiation for approximating X is obtained using
smoothed finite difference method, which is a built-in numerical differentiation method in
pySINDy library [24].

4.2 SINDy Experimental Results

It has already been discovered, that the sparsity of the solution provided by SINDy can
be achieved by using iterative thresholding method called STLSQ or by adding a ¢,-norm

regularization.

We can evaluate the performance of the SINDy model by calculating the number of non-
zero terms in the extracted system of ODEs (sparsity s) and the error between the obtained
matrix of coefficients W and the exact one W, :

W =Wl

|
=W =, 2

By trying different values of the thresholding parameter v and Ridge regularization coef-
ficient ), it is seen how the sparsity of the obtained solution is changed (see Table 4.1).

Based on the results presented in Table 4.1, it is evident that adjusting the thresholding
and regularization parameters has an impact on the level of sparsity, while the error remains

constant for the obtained weight matrix. Furthermore, the error value is relatively high, reach-
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Table 4.1. SINDy results for ky = 1,k_y =1,ky =1, k_5 =0, [cat] | = [0.1]

! A e, (W) s

0.01 0.005 0.6746 49
0.01 005 0.6746 24
001 0.1 0.6746 25
0.05 001 0.6746 11
0.1 0.01 0.6746 10
0.1 0.1 0.6746 0

ing 0.6746. This suggests that although the SINDy algorithm can promote sparsity, it may

struggle to accurately extract the correct active components of the system of ODEs.

The regularization paths can represent graphically how tuning the thresholding parameter
« or Ridge regularization parameter A changes the obtained solution and which components
are extracted for the right-hand side of ODEs by SINDy. Plotting the regularization path is

an efficient method to estimate the efficiency of the linear models with convex penalties [35].
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Figure 4.1. Regularization paths for regularization parameter A in SINDy: a) [A]; b) [P]; ¢) [cat]; d) [catA]

By trying different values of A with the fixed value @ = 0.05, regularization paths are
obtained for each ODE of the system (see Fig. 4.1). Regularization paths show how the
coeflicients are changed with the change of the parameter. The dashed lines represent the
components of the feature matrix X, which should have zero coefficients according to the
original set of equations (1.14) with the chosen coefficients. The solid lines represent the

components of X, which should have non-zero coeflicients.

If the value of \ is fixed, we can vary « and see how it affects the results. The regularization

paths for fixed A = 0.015 and different o values are presented in Fig. 4.2.
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Regularization Path for [A] Equation using SINDy Regularization Path for [P] Equation using SINDy
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Figure 4.2. Regularization paths for thresholding parameter v in SINDy: a) [A]; b) [P]; ¢) [cat]; d) [catA]

It is seen from Fig. 4.1 that pySINDy with STLSQ and /, regularizer definitely proposes
sparsity of the solution, however it fails to identify the correct non-zero components. The
method does not eliminate the coefficients of the components which should be zero properly

for small values of \.

It can be concluded, that the model fails to identify correct components with non-zero
coeflicients. From the regularization paths plotted it is hard to see how each of the parameters
affects the results. The obtained system of ODEs can be written for each chosen pair of
threshold and regularisation parameters. For instance, by choosing @ = 0.01 and A = 0.05,
the following system of ODEs is extracted from the data by SINDy:

] = 1.01[catA] — 1.00[A][cat] (4.3)
] = 1.01[catA] — 0.01[catA][cat] — 0.01[A][A]

[cat] = 2.03[catA] — 1.01[catA][cat] + 0.02[A][A]
] = —2.03[catA] + 1.01[catA][cat] + 0.02[A][A].

It is easy to compare the above system of ODEs with the original system of ODEs for the

chosen kinetic constants (k; =1, k_;, =1, ky = 1. k_, = 0), which is:

[A] = [catA] — [A][cat] (4.4)
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[P] = [catA]
[cat] = 2[catA] — [A][cat]
[catA] = —2[catA] + [A][cat].

Despite the fact that pySINDy provides sparse solutions, it is seen that it fails to extract
the exact non-zero parameters. For instance, for the third equation of the system instead of
having [A][cat] the result of pySINDy has [catA][cat]. Due to that, it would be impossible to
define the type of mechanism correctly by the system of ODEs (4.3) extracted by pySINDy.

In the next chapter thresholding and regularization techniques are implemented without

the pySINDy library, to make their usage more understandable and flexible.
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S5 Regularized Least Squares Solution

5.1 Unregularized Least Squares

In our case the matrix X is a tall skinny matrix of size [k x m], where k > m. Since
there are more data points than the number of parameters needed to be estimated, the system
Xw = y is overdetermined. Thus, it is not possible to find an exact unique solution w that
satisfies all the equations. That is why methods like least squares approximation can be used
to find the best-fitting solution that minimizes the overall error between the equations and the

unknowns.

Solving a least squares problem is a standard approach for regression problems. The basic
idea behind least squares approximation is to minimize the sum of the squared differences
between the observed values and the values predicted by the system of equations. This is
done by adjusting the values of the unknowns to find the best-fit solution. The least squares
approach is widely used for various problems and the analysis of kinetic data is not the ex-

ception [36].

The least squares method minimizes the Frobenius norm between Y and the product XW:

W = argmin |Y — XW| 5. (5.1)
W

This is equivalent to minimizing the 2-norm of the difference between the column y; and

X w; corresponding to each ODE:
w; = argmin [|y; — Y@jHT (5.2)

We can perform a singular value decomposition of the feature matrix X = UZVT, where
U € R¥™*, V e R™™ are orthogonal and ¥ = diag(c,, ..., Opinimr) € R¥™. The

minimum norm least squares solution is then found as:
r T
. 1 J1
W; i = E (—)v;, (5.3)
; o;
=1 (2

~

where r = rank(X).

The scipy Python library [17] is applied to the data concentrations for solving the least

squares problem. The least squares solver obtains the coeflicients matrix W, which is used to
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restore the equations. By solving the obtained equations using RKF4S5 it is possible to find
the new concentrations matrix X. So, the new X are the concentrations that fit the solution

found by the solver. The relative error between X and X is computed as:

IR =X,
X) =12~ 2lr
&%) =11,

(5.4)
By forwarding X to the system of the obtained equations, we can find Y. The analogical
metrics can be used for finding the error between Y and the approximated Y found either by

spline approximation (Yy) or by finite difference approximation (Yzp):

e P =Y,
py=12 —lr
=) =9,

(5.5)
Analogically, we can compare Y, which fits the least squares solution, with the ground
truth X, which had been calculated previously numerically by forwarding X to the original

system of ODES. The error is calculated as follows:

o Y = X]p

e (V)= X (5.6)
1 X1

~

Obviously the error ¢,.(Y") obtained for ground truth derivatives is expected to be greater

than ¢/.(Y") obtained for the approximated ones, because there is the additional error occuring

during the numerical approximation (see Chapter 3.3).

The obtained matrix of coefficients W can be compared to the exact matrix of coefficients
W, (see (1.13)). The error then is found as:

W= W,
W)= ——¢12
=)= L

. (5.7)

Unregularized least squares solver does not provide sparse solution. In most cases for
mechanism Alr unregularized least squares provide [14 x 4] matrix W with 56 non-zero
elements (see Appendix). In some cases, however, the coefficients are small enough to obtain
a more sparse matrix. For instance, when using kinetic coefficients k&, = 1, k_; =1, k, =
1, k_5 = 0 for three initial conditions with Y = Y obtained using spline approximation,

unregularized least squares provides matrix W with sparsity s = 48 (see Table 5.1).

Overall, it can be observed that the unregularized least squares method provides a satis-
factory fit to the data. When using equispaced points and setting ¥ = Y, it is observed
that the method achieves the best fit with X, resulting in a relative error of er()A( ) = 0.0001.
However, there is a notable discrepancy between the obtained coefficients matrix 1 and the

exact coefficients matrix W

ex?

indicating a lack of sparsity in the solution. As a result, the
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Table 5.1. Unregularized least squares results for ky =1, k_; =1,ky =1, k_5 =0, [cat}o =0.1

Sampling Approximation  e.(Y) &.(Y) e (X) (W) s

T

RKF45 finite difference  0.2774  0.1025 0.0128 0.9933 56
RKF45 spline 0.0008 0.0001 0.000002 1.0297 56
Equispaced finite difference 0.4745 0.0229 0.0107 0.9995 56
Equispaced  spline 0.3216 0.0171 0.0043 0.9978 56
Chebyshev  finite difference  0.2641  0.0926 0.0140 0.9932 56
Chebyshev  spline 0.0004 0.0001 0.000003 1.0241 56

obtained system of ODEs is not interpretable and cannot be used for kinetic analysis. In order

to solve this issue several methods for promoting sparsity are discussed in the next sections.

5.2 Sequentially Thresholded Least Squares

Iterative thresholding methods are claimed to be quite efficient for finding an optimal
sparse approximation [37]. A simple iterative thresholding algorithm named sequentially
thresholded least squares (STLSQ) is used in [24] for efficient extraction of governing equa-

tions for Lorenz system.

The algorithm iteratively computes the least squares solution while comparing the entries
of the weight matrix W column w; with the threshold value «. If a coefficient w; ; is found
to be smaller than q, it is set to zero, and only the indices of the non-zero coefficients are
stored. The least squares solution is then recalculated using the remaining indices. This
iterative process continues until convergence is achieved for the non-zero coefficients. The

convergence properties of this algorithm have been studied by Zhang and Shaeffer [38].

Algorithm 1 Sequentially Thresholded Least Squares

n < number of species

m <+ 2n+ C?

[k xn] Y « derivatives approximation
[k xm] X « feature matrix

« <— threshold parameter

[mxn] W

Input: X, Y, o
Output: W

for i from 1 to n do
integer [1 x m] idx < [0,1,2,...,m — 1]
w i= argmin_ [Y[:,i] — X4,
while len(idx) # 0 do
for j from 1 to m do:
if |w[j]| < o then
idx = idx.remove(y)
w = argmin_ [|Y[:,i] — X[:, idx]w,
end if
end for
end while
Wi, idz] = w
end for

By manipulating the parameter «, the sparsity of the weights matrix W can be adjusted.
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Increasing the value of « leads to a sparser solution. To determine the optimal value of the

thresholding parameter «, regularization paths can be plotted and analyzed.

Tuning the value of «, however, may not always affect the solution. For instance, by
observing the regularization paths for equispaced sampled solution with finite difference ap-
proximation (see Fig. 5.1), it is seen that the sparsity of the solution does not change and the
algorithm provides the same coefficients I/ no matter which value of « is chosen. There is
a slight change noticed in the regularization path for the second equation of the system (see
Fig. 5.1(b)), however it is still not significant.
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Figure 5.1. Regularization paths for STLSQ (equispaced points, finite difference approximation, k_, = 0): a)
[A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation

Changing the approximation method to that of spline approximation, does not provide
sufficiently good results either, however it is seen from the regularization paths presented by

Fig. 5.2 that changing « affects the final result.

A good example of the regularization paths can be observed when the equispaced sampling
is replaced with points adaptively selected by RKF45. The regularization paths plotted for
RKF45 sampling with spline approximation are depicted in Fig. 5.3.

Fig. 5.3 represents regularization paths for four ODEs of the system, showing the active
components which should have non-zero coefficients with solid lines and others with dashed
lines. Whenever there is a region, where active component’s coefficients are non-zero and

the dashed lines are zero, we mark it with green window, saying it is a “good” region,

It is seen from the regularization paths that the best result is achieved for o ~ 0.4. The
results obtained using this threshold with different sampling and approximation methods are
presented in Table 5.2.
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Regularization Path for [A] using STLSQ Regularization Path for [P using STLSQ
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Figure 5.2. Regularization paths for STLSQ (equispaced points, spline approximation, k_, = 0): a) [A]
equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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Figure 5.3. Regularization paths for STLSQ (RKF45 points, spline approximation, k_, = 0): a) [A] equation;
b) [P] equation; c) [cat] equation; d) [catA] equation

By observing Table 5.2, it can be concluded that STLSQ yields distinct outcomes for
different sampling and approximation methods when a fixed thresholding parameter is em-
ployed. When using equispaced sampling STLSQ provides completely non-sparse solution
with s = 56.

The sampling chosen by RKF45 achieves s = 54 when using the finite difference approxi-
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Table 5.2. STLSQrresults for ky = 1,k_; =1, ky =1,k_5 =0, [cat], = 0.1

Sampling Approximation — « e (Y) e (Y) e (X) e(W) s
Equispaced finite difference a =04 04762 0.0267 0.0149 09995 56
Equispaced  spline a=04 0.3224 0.0163 0.0002  0.9978 56
RKF45 finite difference a=0.4 0.2774 0.1025 0.0128  0.9932 54
RKF45 spline a=05 0.0368 0.0368 1.4108  0.7562 5
RKF45 spline a=04 0.0008 0.0001 0.000008 0.0003 7
Chebyshev  finite difference «=0.4 1.0269 0.8246 0.1891 09931 54
Chebyshev  spline a=04 0.7986 0.7984 0.1814 0.00004 7

— —

mation of the derivatives. The errors €,.(X ) and €,.(W) do not significantly change compared
to the equispaced sampling with finite difference approximation. However, when the deriva-
tives are calculated using spline approximation, RKF45 sampling achieves almost zero ¢, (5(\ )

and the obtained weights matrix W is very close to the exact one, since ¢, (W) = 0.0003.
The obtained system of ODEs for this case is:

| = 0.999568[catA] — 0.999759[cat][A] (5.8)
] = 1.00004[catA]

cat] = 1.999384[catA] — 0.999652[cat][A]
| = —1.999384[catA] + 0.999652[cat] [A].

It is evident that the method exhibits high sensitivity to errors. It demonstrates excellent
accuracy when utilizing spline approximation, however, when employing finite difference
approximation, the method struggles to identify the correct active components of the right-
hand side of the system of ODEs. This observation is further supported by the analysis of the

regularization paths shown in Fig. 5.4.

It is seen from Fig. 5.4 that when using finite difference approximation of the derivatives,
which is less accurate than spline approximation, STLSQ fails to identify correct components

with nonzero coeflicients, no matter which value of « is chosen.

The same trend holds for Chebyshev sampling. The regularization paths for spline ap-
proximation case have good regions for all four equations (see. Fig. 5.5), meaning that the

method correctly identifies the active components.

When using Chebyshev points and spline approximation of derivatives, STLSQ extracts

the following system of the governing equations:

[A] = 1.000032[catA] — 1.000002[cat] [A] (5.9)
[P] = 1.000013[catA]
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Figure 5.4. Regularization paths for STLSQ (RKF45 points, finite difference approximation, k_, = 0): a) [A]
equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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Figure 5.5. Regularization paths for STLSQ (Chebyshev points, spline approximation, k_, = 0): a) [A]
equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation

[cat] = 2.000051[catA] — 1.000005cat][A]
[catA] = —2.0000515[catA] + 1.000005]cat][A].

It is seen that the obtained ODEs are very close to the exact ones for k&, = 1, k_;

I
=
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ky =1, k_o = 0. The error between the obtained weights and the exact ones is now ¢,.(W) =
0.00004, which is even smaller than it was for RKF45 sampling.

Based on this specific case, it can be anticipated that STLSQ is a promising method for
inferring kinetics, offering a sparse and accurate solution. However, to attain such favorable
outcomes, it is crucial to identify the optimal thresholding parameter and select appropriate
data sampling and numerical approximation methods. When employing Chebyshev sampling
with the same thresholding parameter o, but utilizing a different approximation method, the
resulting solution is non-sparse (s = 54), and the relative error is 5T(I7I\/) = 0.9931. Upon
examining the regularization paths (refer to Fig. 5.6), it becomes evident that the method is
highly sensitive to noise. In the case of finite difference approximation, the method failed to

accurately identify the correct active components in all four equations.
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Figure 5.6. Regularization paths for STLSQ (Chebyshev points, finite difference approximation, k_, = 0): a)
[A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation

The results for STLSQ using three sets of initial conditions are presented in Appendix A,
and it can be observed that they are quite similar to those obtained using a single set of initial
conditions. In the case where the kinetic constant k_,, is set to 1 (see Appendix B), STLSQ
once again demonstrates better results when using either Chebyshev or RKF45-chosen points.
However, the accuracy of the results for k_, = 1 is slightly diminished due to the increased

complexity of the system.

In summary, the experimental results indicate that STLSQ is capable of providing accurate
and sparse solutions, achieving coefficients of the matrix with an error of only er(I//I\/) =
0.00004 (when using Chebyshev sampling with spline approximation). However, the main
limitation of the method is its sensitivity to noise. When less accurate approximations of the

derivatives are employed, it fails to identify interpretable solutions.
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5.3 Lasso Regularization

Lasso, short for “least absolute shrinkage and selection operator,” was introduced by R
Tibshirani in the middle of 1990s [39]. The Lasso regularization technique incorporates a
penalty term into the loss function of a model, which discourages large coeflicient values and
encourages them to approach zero. This regularization approach promotes the selection of

the most significant features while disregarding irrelevant ones.

The ¢, penalty used in Lasso regularization has the effect of forcing some of the model
coeflicients to become exactly zero, thereby performing feature selection as well as regu-
larization. This makes Lasso regularization particularly useful in situations where there are
many features, some of which may be irrelevant or redundant. Lasso regularization can be
tuned by adjusting the strength of the penalty term, which controls the amount of regular-
ization applied. Lasso regularization term can be added to the least squares for proposing

sparsity.

Lasso regularization minimizes the residual sum of squares subject to the sum of the ab-

solute value of the coefficients being less than some parameter \:

w = argmin |y — X@|3 + A, (5.10)

When the parameter A is set to zero, the algorithm behaves the same as an unregularized
least squares solver, described earlier (see Section 5.1). By choosing a small value for A,
it becomes possible to achieve a sparse yet accurate solution. For our implementation of
Lasso, we utilized the CVXPY Python library [40], [41], which proved to be more efficient

for convex optimization problems compared to the scipy library [17].

Again, the regularization paths can be plotted in order to investigate the appropriate values
of \. For now we just observe the values manually and choose the best one, however it is also

possible to implement a predictor-corrector method for adaptive A selection in Lasso [42].

Using Lasso regularization with equispaced sampling does not yield efficient results. When
employing finite difference approximation of X to evaluate the solution, the model fails to
correctly identify the active components of the reaction, as can be seen from Fig. 5.7. The
model extracts incorrect components from the right-hand side of the ODEs. For instance,

when using A = 3 - 1073, we can receive quite sparse system of ODEs, which is:

[A] = —0.03[A] — 0.01[A][A] (5.11)
[P] = 0.03[A] + 0.03[P][A]

[cat] = 0.02[P][A] —0.02][A][A]

[catA] = —0.02[P][A] — 0.02[A][A].
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Figure 5.7. Regularization paths for Lasso regression (equispaced points, FD approximation, k_, = 0): a)
[A]; b) [P]; ¢) [cat]; d) [catA]

Despite the fact that the extracted system of ODEs is sparse with s = 8, it is completely
different from the exact one (1.14), since the active components of right-hand side of the

equations are wrong.

The same trend persists when using spline approximation for equispaced sampling (see
Fig. 5.8). Despite the fact that using spline approximation significantly improves the appear-
ance of the regularization paths, it still mistakenly chooses certain components to be active.
For instance, in the first equation [catA][A] is chosen to have non-zero coefficients, while it
should be [catA] (see Fig. 5.8(a)).

The solution is noticeably improved by using the points adaprively selected by the RKF45
instead of equispaced points. This improvement is evident from the regularization paths
shown in Fig. 5.9. Even when using finite different approximation, which introduces a rela-
tively large error when approximating X, the method still provides quite good results. All of
the equations exhibit a range of A values that correctly identify the active components. How-
ever, it is observed that the range of \ values is relatively small in the case of finite difference

approximation.

It is possible to get a wider range of appropriate A values when using spline approximation
for RKF45 selected points. Spline approximation usage prevents high error at the derivatives
approximation step and provides better results. A perfect example of the regularization paths

is presented by Fig. 5.10.

It is evident from the plots that the model accurately identifies the active components of
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the right-hand side of the equations starting from a value of A ~ 3 - 1072. Additionally, for

A = 1074, the coefficients closely resemble those of the exact system of ODEs (1.14). By

47



Regularization Path for [A] using Lasso Regularization Path for [P] using Lasso

1.00 10
0.75 — catA — catA
- Zat*A 0.8 - ﬁ
0.50
=== P === cat
0.25 cat P*A
: PHA 06 cat*A
° cat*P o cat*P

catA*A catA*A
catA*pP 0.4 catA*P
-0.25 catA*cat catA*cat
0.50 o o
: - PP 0.2 oo
=== cat*cat === cat*cat
-0.75 ——- catA*catA —=- catA*catA
-1.00 0.0
1074 10-3 1072 1071 10°
A
a)

Regularization Path for [cét] using Lasso

2.01 10
— catA — catA
157 — cat*A 0.5 — cat*A
e A --- A
=P -=- P
1.0¢ cat 0.0 IR ) cat
P*A PA
S cat*P 2 _os cat*P
= 03 catara S catA*A
catA*P catA*p
[ L T T ————y 35— catA*cat -1.0 catA*cat
A*A A*A
——- PP -—- PP
—0.51 ——- cat*cat -15 —=- cat*cat
—=- catA*catA === catA*catA
_10. -2.0
1074 1073 102 107 10° 107t 10°? 10-2 107t 10°
A A
c) d)

Figure 5.10. Regularization paths for Lasso regression (RKF45 points, spline approximation, k_, = 0): a)
[A]; b) [P]; ¢) [cat]; d) [catA]

using A = 10~* Lasso regression obtains the following governing equations:

] = 0.98[catA] — 0.99]cat]|[A] (5.12)
] = 0.97[catA]

[cat] = 1.98[catA] — 0.99]cat]|[A]
| = —1.98]catA] + 0.99]cat|[A].

[A] = 1.00[catA] — 1.00[cat][A] (5.13)
[P] = 1.00[catA]
[cat] = 2.00[catA] — 1.00[cat][A]

[catA] = —2.00[catA] + 1.00[cat][A].

—

In this case the error between for concentrations fitis €,.(X ) = 0.00005, and for the matrix
of coefficients ¢,.(WW) = 0.00164.
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Apart from using equispaced sampling and the points adaptively chosen by RKF45, we
can also test the Lasso solver using Chebyshev points. However, when Chebyshev sampling is
combined with finite difference approximation, it does not yield efficient results, as evidenced
by the obtained regularization paths shown in Fig. 5.11.
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Figure 5.11. Regularization paths for Lasso regression (Chebyshev points, FD approximation, k_, = 0): a)
[A]; b) [P]; ¢) [cat]; d) [catA]

By comparing the obtained regularization paths with those plotted for RKF45-chosen
points with finite difference approximation (see Fig. 5.9), it is evident that using Chebyshev

points with finite difference approximation is not a good option, as the results worsen com-
pared to the RKF45 case.

However when changing the approximation type to spline method, the results, again, are
significantly improved. Comparing the regularization paths for Chebyshev points with spline
approximation in Fig. 5.12 with those presented in Fig. 5.10 for RKF45 points, it can be said
that the results are almost the same.

The extracted ODEs for A = 1075 are the same for Chebyshev points and for RKF45-
chosen points (5.14). The error for the concentrations fit however is slightly higher for Cheby-
shev points, with this error equal to &,(X) = 0.00006. The error for the coefficients is a bit
smaller, reaching ¢, (W) = 0.00132. However the difference between the results obtained

for Chebyshev points and for RKF45 points is negligible.

The results obtained during the experiments for equispaced sampling, RKF45-chosen
points and Chebyshev points are presented in Table 5.3. The table represent the results for
different approximation types (finite difference approximation and spline approximation) and

different A values, in order to see how the change affects the final result.
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Figure 5.12. Regularization paths for Lasso regression (Chebyshev points, spline approximation, k_, = 0): a)
[A]; b) [P]; ¢) [cat]; d) [catA]

Table 5.3. Lasso regression results for k; = 1, k_; =1, ky = 1,k_5, =0, [cat]0 =0.1

V) (X)) e (W) s

Equispaced finite difference A =0.001 0.4307 0.2757 0.0229 3.064 10
Equispaced finite difference A\ =1e-05 0.9997 0.9997 1.2282 1.1272 20

Sampling Approximation A (YY) e

T

Equispaced  spline A=0.001 09105 0.8904 0.0508 7.5710 11
Equispaced  spline A=1e-05 0.3219 0.0896  0.0025 1.9061 14
RKF45 finite difference A =0.001 1.0732 0.8596  0.2589 0.7275 14
RKF45 finite difference A =1e-05 1.0275 0.8181  0.2618 0.9990 16
RKF45 spline A=0.001 0.8014 0.8011 0.2502 0.1486 7
RKF45 spline A=1e-05 0.7800 0.7798 0.00005 0.0016 7

Chebyshev  finite difference A =0.001 0.2469 0.1211  0.0104 1.2316 13
Chebyshev  finite difference A =1e-5  0.2469 0.1211  0.0104 1.2316 13
Chebyshev finite difference A\ =0.01 0.0366 0.0367  0.0076 0.1489 8
Chebyshev  spline A=1le-5 0.0365 0.0367 0.00006 0.0013 7

Concluding the results obtained for Lasso regularization, it can be said that Lasso provides
a very accurate results for non-equispaced data distributions, which include Chebyshev points
and the points adaptively selected by RKF45. The equispaced data distribution provides very
low accuracy, selecting the wrong active components. However, it is seen from the first four
rows of Table 5.3 that even though the equispaced data usage provides a very erroneous so-
lution, Lasso still proposes sparsity quite efficiently. So for the equispaced data the obtained

system of ODEs is wrong, but interpretable.

The same trend holds when using several initial conditions (see Appendix A) and for
another set of kinetic constants (see Appendix B). According to the obtained results, it can

be concluded that using Lasso regularization with spline approximation for adaptively se-
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lected points or for Chebyshev points provide the best result. RKF45-chosen points provide
relatively good results even when using a finite difference approximation, which leads to ad-

ditional numerical error.

Comparing the results with those obtained by STLSQ, it can be concluded that the usage
of Lasso regularization is much more preferable due to its lower sensitivity to noise. Further-
more, Lasso consistently provides interpretable and sparse solutions, whereas STLSQ only

achieves sparsity when spline approximation is used.
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6 Concluding Remarks

The extraction of sparse coefficients for a system of ODEs from chemical time-series data
has been implemented using the least squares approach, which is a commonly applied method
for such problems [24]. Several experiments have been conducted by using pySINDy library
for sparse identification of nonlinear dynamics [31]. However, the application of SINDy
with the built-in STLSQ and Ridge regression did not yield relevant results, despite Ridge

regression being claimed to be effective for systems with linear relationships [43].

In order to solve the given problem, we employed a simple least squares approach with
various regularization techniques to promote sparsity in the solution. Additionally, we ex-
amined whether the sampling of the generated data influenced the final outcome. The results
obtained for inferring the ODEs of the Alr mechanism, with k;, = 1, k_; = 1, k, = 1

k_, = 0, using a single set of initial conditions, are summarized in Table 6.1.

Table 6.1. Simulation results

Solver Sampling Approximation  £,(X) e,(W) s
Unregularized Equispaced finite difference  0.0107 0.9995 56
Unregularized Equispaced spline 0.0043 0.9978 56
Unregularized RKF45 finite difference  0.0128 0.9933 56
Unregularized RKF45 spline 0.000002 1.0297 56
Unregularized Chebyshev finite difference  0.0140 0.9932 56
Unregularized Chebyshev  spline 0.000003  1.0241 56
STLSQ, a« =0.4 Equispaced finite difference 0.0149 0.9995 56
STLSQ, a =0.4 Equispaced spline 0.0002 0.9978 56
STLSQ, o =0.4 RKF45 finite difference  0.0128 0.9932 54
STLSQ, « =0.4 RKF45 spline 0.000008 0.0003 7
STLSQ, @« =0.4 Chebyshev finite difference 0.1891 0.9931 54
STLSQ, a =0.4 Chebyshev  spline 0.1814 0.00004 7
Lasso, A =1e-5 Equispaced finite difference 1.2282 1.1272 20
Lasso, A =1e-5 Equispaced spline 0.0025 1.9061 14
Lasso, A = 1le-5 RKF45 finite difference 0.2618 0.9990 16
Lasso, A =1le-5 RKF45 spline 0.00005 0.0016 7
Lasso, A =1e-5 Chebyshev finite difference 0.0076 0.1489 8
Lasso, A=1e-5 Chebyshev  spline 0.00006 0.0013 7

Research has discovered that employing Lasso regularization or STLSQ thresholding for
least squares solvers can enhance the sparsity of the solution obtained. Compared to the un-
regularized least squares solver, which yields a dense coefficient matrix W with s = 56, both
Lasso and STLSQ contribute to formulating more interpretable governing equations. Nev-
ertheless, STLSQ is highly sensitive to numerical errors, and fails to extract an interpretable
system when employing finite difference approximation, leading to a non-sparse W matrix
with s = 54. Lasso is more stable and proposes sparsity even when using a more erroneous

approximation method.
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It should be emphasized that achieving sparsity is not the ultimate objective; we must also
identify the correct components of the features matrix X with non-zero coefficients. This fact
is corroborated by the ¢,.(1¥) error, which measures the discrepancy between the acquired

matrix W and the correct W,,. The ¢,(X) error provides an indication of how closely the

derived solution aligns with the concentrations X.

The sampling of the generated X concentrations significantly affects the accuracy and
sparsity of the final result. All solvers yield inaccurate results characterized by high ¢, (W)
errors when employing equispaced points. However, adaptively chosen by RKF45 points and

Chebyshev points yield considerably superior outcomes, as evidenced by Table 6.1.

It has been discovered that using several sets of initial conditions can be a bit more efficient
(see Appendix A). The results derived from three sets of initial conditions with varying [cat],,

are marginally more accurate than those obtained from a single set of initial conditions.

When applying more intricate systems of ODEs, such as mechanism Alr with kinetic
constant k_, set to 1 rather than 0, the proposed methods frequently fail to extract the accurate
ODEs. The findings outlined in Appendix B prove that the complexity of the mechanism

directly increases the difficulty in extracting the correct governing equations.

In summary, it can be concluded that it is crucial to minimize the error in the numerical
approximation step by employing more accurate techniques (such as using cubic spline in-
stead of finite difference approximation) and by augmenting the density of points at the onset
of concentration trajectories. The impact of numerical error can be lessened through the use
of a Chebyshev distribution or adaptive RKF45. However, while these options are viable
when simulated data is employed, actual data may present more difficulties due to noise and

differing sampling techniques.

In general, numerical differentiation is not a favorable option when dealing with real, noisy
data. In future works, noise reduction may need to be performed prior to finding the approx-

imation of derivatives, or the integral form of the system could be used to mitigate errors.

An alternative solution could involve focusing on the system itself and eliminating linear
relations within it. The Variance Inflation Factor could be measured to detect highly corre-
lated components. The removal of certain highly correlated independent variables could help
avoid multicollinearity. Principal Component Analysis (PCA) may yield beneficial results in

addressing multicollinearity [44].

The multicollinearity problem discussed in Section 4.1 may also be solved in the future
by improving the thresholding and regularization method. For instance elastic net [45] might
provide better results than Lasso, combining both Lasso and Ridge regularization. Though
elastic net is more efficient for usage when the number of samples is smaller than the number
of unknowns, which is not our case, it still might be worth trying, since elastic net is claimed

to be efficient for highly correlated independent variables.

Yet another possible approach to solving the least squares problem involves the use of

Basis Pursuit Denoising (BDPN) [46], which bears resemblance to Lasso regression, as it
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also minimizes the ¢,-norm such that |)7 W |, is less than a predefined error value. BDPN

proves to be more efficient than Lasso when applied to real noisy data.

In conclusion, the extraction of kinetic constants from time-series data of kinetic mecha-
nisms can be efficiently accomplished using Lasso regularization and adaptive RKF45 sam-
pling. Nevertheless, it cannot be confidently stated that the proposed method will provide

satisfactory results for more complex kinetic mechanisms.

The implementation of the described methods can be found at https://github.com/

AyanaMussabayeva/Kinetic-Constants-Extraction.
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A Mechanism Alr, k_o9 =0

Initial conditions: [cat], = [0.05;0.1;0.15]

Table A.1. Simulation results for [cat], = [0.05;0.1;0.15],k_5, =0

Solver Sampling Approximation €, ()? ) e, (W) s
Unregularized Equispaced finite difference  0.0109 0.9927 56
Unregularized Equispaced  spline 0.0263 0.9598 56
Unregularized RKF45 finite difference  0.0128 0.9933 56
Unregularized RKF45 spline 0.000002 1.0297 56
Unregularized Chebyshev  finite difference  0.0140 0.9932 56
Unregularized Chebyshev  spline 0.000003  1.0241 56
STLSQ, a=0.4 Equispaced finite difference 0.0231 0.9952 56
STLSQ, « =0.4 Equispaced spline 0.0136 0.9423 23
STLSQ, =04 RKF45 finite difference  0.0129 0.9921 54
STLSQ, a =0.4 RKF45 spline 0.00006  0.0011 7
STLSQ, a=0.4 Chebyshev finite difference 0.1887 0.9931 52
STLSQ, o =0.4 Chebyshev  spline 0.1812 0.00003 7
Lasso, A =1e-5 Equispaced finite difference 0.0127 1.0545 30
Lasso, A =1e-5 Equispaced spline 0.0047 0.9693 12
Lasso, A =1e-5 RKF45 finite difference 0.2618 0.9990 16
Lasso, A =1e-5 RKF45 spline 0.00004 0.0013 7
Lasso, A =1e-5 Chebyshev finite difference 0.0079 0.1395 8
Lasso, A =1e-5 Chebyshev  spline 0.00005  0.0012 7
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A.1 Regularization Paths for STLSQ

Equispaced points:

Regularization Path for [A] using STLSQ

Regularization Path for [P] using STLSQ
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Figure A.1. Regularization paths for STLSQ (equispaced points, finite difference approximation, k_, = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.2. Regularization paths for STLSQ (equispaced points, spline approximation, k_, = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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RKF45-chosen points:

Regularization Path for [A] using STLSQ Regularization Path for [P] using STLSQ
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Figure A.3. Regularization paths for STLSQ (RKF45 points, finite difference approximation, k_, = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.4. Regularization paths for STLSQ (RKF45 points, spline approximation, k_y = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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Chebyshev points:

Figure A.5. Regularization paths for STLSQ (Chebyshev points, finite difference approximation, £_5 = 0,
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[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.6. Regularization paths for STLSQ (Chebyshev points, spline approximation, k_, = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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A.2 Regularization Paths for Lasso

Equispaced points:

Regularization Path for [A] using Lasso
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Figure A.7. Regularization paths for Lasso (equispaced points, finite difference approximation, k_, = 0,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.8. Regularization paths for STLSQ (equispaced points, spline approximation, k_, = 0,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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RKF45-chosen points:

Regularization Path for [A] using Lasso
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Figure A.9. Regularization paths for Lasso (RKF45 points, finite difference approximation, k_, = 0,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.10. Regularization paths for Lasso (RKF45 points, spline approximation, k_y = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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Chebyshev points:

Regularization Path for [A] using Lasso Regularization Path for [}5] using Lasso
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Figure A.11. Regularization paths for Lasso (Chebyshev points, finite difference approximation, k_y = 0,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure A.12. Regularization paths for Lasso (Chebyshev points, spline approximation, k_, = 0,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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Initial conditions: [cat],

=0.1

B Mechanism Alr, £_o =1

Table B.1. Simulation results for [cat], = 0.1, k_5 =1

Solver Sampling Approximation ¢, (X ) e (W) s

Unregularized Equispaced finite difference  0.0243 1.0023 56
Unregularized Equispaced spline 0.0141 0.9998 56
Unregularized RKF45 finite difference  0.0278 1.2235 56
Unregularized RKF45 spline 0.000002 1.0815 56
Unregularized Chebyshev  finite difference  0.1823 1.2186 56
Unregularized Chebyshev  spline 0.1393 1.1571 56
STLSQ, a =0.4 Equispaced finite difference 0.0211 1.0293 56
STLSQ, o =0.4 Equispaced spline 0.0142 0.9998 56
STLSQ, =04 RKF45 finite difference  0.5329 0.9821 52
STLSQ, o =0.4 RKF45 spline 0.6528 0.7997 6

STLSQ, a=0.4 Chebyshev finite difference 0.7883 0.9991 48
STLSQ, a =04 Chebyshev  spline 0.7108 0.7996 6

Lasso, A =1e-5 Equispaced finite difference 0.0173 1.3245 26
Lasso, A =1e-5 Equispaced spline 0.0148 33832 16
Lasso, A =1e-5 RKF45 finite difference  0.2913 0.8371 16
Lasso, A=1e-5 RKF45 spline 0.00006  0.6986 14
Lasso, A =1e-5 Chebyshev finite difference 0.0179 0.9395 16
Lasso, A =1e-5 Chebyshev spline 0.00006  0.6627 14
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B.0.1 Regularization Paths for STLSQ

Equispaced points:
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Figure B.1. Regularization paths for STLSQ (equispaced points, finite difference approximation, k_, = 1,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure B.2. Regularization paths for STLSQ (equispaced points, spline approximation, k_, = 1,
[cat], = 0.1): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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RKF45-chosen points:
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Figure B.3. Regularization paths for STLSQ (RKF45 points, finite difference approximation, k_, = 1,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Chebyshev points:

Regularization Path for [A] using STLSQ Regularization Path for [F"] using STLSQ
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Figure B.5. Regularization paths for STLSQ (Chebyshev points, finite difference approximation, k_, = 1,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure B.6. Regularization paths for STLSQ (Chebyshev points, spline approximation, k_, = 1, [cat], = 0.1):
a) [A] equation; b) [P] equation; ¢) [cat] equation; d) [catA] equation
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B.0.2 Regularization Paths for Lasso

Equispaced points:
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Figure B.7. Regularization paths for Lasso (equispaced points, finite difference approximation, k_, = 1,
[cat], = [0.05;0.1;0.15)): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure B.8. Regularization paths for STLSQ (equispaced points, spline approximation, k_, = 1,
[cat], = 0.1): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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RKF45-chosen points:
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Figure B.9. Regularization paths for Lasso (RKF45 points, finite difference approximation, k_, = 1,
[cat], = [0.05;0.1;0.15]): a) [A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Figure B.10. Regularization paths for Lasso (RKF45 points, spline approximation, k_, = 1, [cat], = 0.1): a)
[A] equation; b) [P] equation; c) [cat] equation; d) [catA] equation
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Chebyshev points:
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Figure B.11. Regularization paths for Lasso (Chebyshev points, finite difference approximation, k_y = 1,
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