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Abstract

This research investigates the turbulent ŕow past a blunt bluff body. The square-back Ahmed

body is considered a canonical bluff body, representing a simpliőed road vehicle. Wall resolving

Large Eddy Simulations (LES) were used to investigate the dynamics of the unforced ŕow and

accordingly inform control strategies for drag reduction.

The turbulent wake behind a square-back Ahmed body in close proximity to the ground ex-

hibits bi-modal switching. This manifests as the centre of the wake switching between one of two

asymmetric positions, either horizontally or vertically. Switches occur over random timescales,

with the wake recovering symmetry in the long time-average. The present work investigates nu-

merically feedback control for suppressing horizontal (lateral) wake bi-modality of a square-back

Ahmed body at ReH ∼ 3.3 × 104 based on the body height. Base-mounted pressure sensors are

used to estimate the position of the wake as an input signal for the controller, while actuation

targets the near-wake region via synthetic jets emanating from a gap around the perimeter of the

Ahmed body base. A nonlinear feedback controller based on a Langevin model of the wake dy-

namics is synthesised. This successfully suppresses the wake lateral bi-modal switching. However,

this switching is replaced by a time-periodic streamwise motion of the large coherent structure

occupying the near-wake region. Further, the controller ampliőes the higher frequency dynamical

wake modes. The action of feedback control also leads to base pressure recovery and a reduction

in pressure drag. A trade-off between the degree of bi-modality suppression and drag reduction is

observed upon varying the controller parameters. A maximum drag reduction of 7.4% is achieved

for a semi-symmetrised wake, with a fully symmetrised wake achieving a 2.5% reduction.

Wake bi-modality is found to be sensitive to different parameters, including the free stream tur-

bulent intensity, the underbody ŕow and the dynamics of the upstream boundary layers developed

along the longitudinal surfaces. Boundary layers separate and reattach close to the body’s fore-end

before reaching the base. Following this recently-established link by Hesse and Morgans (2021),

the second part of this research investigates the effect of suppressing boundary layer separations

on wake bi-modality. Hairpin vortices, formed at the reattachment points, grow along the surfaces

before breaking down upstream of the base. The resultant smaller vortices from the top and side

surfaces interact as they are convected downstream, which is suggested to be a trigger of the wake

bi-modal switching. Suppressing boundary layer separations interrupts this interaction, which is

found to have a damping effect on the ŕuctuations just upstream of the base. Steady suction

was applied on the longitudinal surfaces of the body to suppress boundary layer separations. The

results showed that horizontal bi-modality is completely suppressed by suppressing the separation



of the boundary layers on the surfaces normal to the switching direction without affecting the

vertical wake position. Different conőgurations for suppressing boundary layer separations affect

the momentum and the turbulent kinetic energy of underbody ŕow. The wake can fully be sym-

metrised by reducing the momentum of the underbody ŕow with a reŕected vertical asymmetric

position. The results of these cases open doors for using feed-forward controllers with actuation

signiőcantly upstream the base separation to reduce the drag rather than forcing the wake directly,

which involves some trade-offs between different dynamics in the wake.

2



Acknowledgements

I would like to express my sincere gratitude to my supervisor, Prof. Aimee S. Morgans. This

work would never have been achieved without her support, technical guidance, and encouragement.

She was always open to discussing and pursuing new ideas. She supports me in securing extra

funding. I strongly appreciate her ŕexibility in dealing with the research during the uncertain

pandemic period. I appreciate having this chance to work under her supervision.

I would also like to thank the Islamic Development Bank (IsDB), Gordon Memorial College

Trust and the British Federation of Women Graduates for funding this research. I extend my thanks

to Imperial High-Performance Computing (HPC), the UK National Supercomputer ARCHER and

ARCHER2 and the UK Turbulence Consortium for providing the computational facilities for this

research. I would like to thank Morgans’ lab team, who were quite supportive and created a unique

research environment. Special thanks to Dr. Juan Guzman Inigo for the brainstorming discussions

and continuous support. Dr. Faron Hesse, who was an excellent guide from the start and kept his

support throughout. I appreciate the time and discussions with Dr. Renaud Gaudron, Dr. Lionel

Hirschberg, Dr. Xiao Hu, Dr. Dong Yang and Dr. Saikumar Reddy.

Finally, a sincere note of gratitude to my family and friends, who always had faith in me.

Special thanks to my mother Dr. Lubna Abbadi, for her unwavering support. Special thanks to

my sister Mariam, who motivates me to do my best.



Publications

Some of the results presented in this thesis have been presented in the following articles:

1. Ahmed, D. and Morgans, A., 2022, žWake bi-modality: the effect of upstream boundary layer

dynamicsž, Journal of Fluid Mechanics (submitted).

2. Ahmed, D. and Morgans, A., 2022, žNonlinear feedback control of bimodality in the wake of

a three dimensional bluff bodyž, Physical Review Fluids 7, no. 8 (2022): 084401.

3. Ahmed, D., Hesse, F., Morgans, A., 2020, žNonlinear feedback control of the bi-modal ŕow

behind a three-dimensional blunt bluff bodyž, 55th 3AF International Conference on Applied

Aerodynamics, Poitiers, France.

Conferences

Some of the results presented in this thesis have been presented in the following conferences:

1. 14th European Fluid Mechanics conference, "Wake bi-modal switching and its dependence

on the upstream bluff body boundary layers", 2022, Athens, Greece.

2. Parallel CFD conference, "Feedback control of the bi-modal ŕow behind a blunt bluff body",

2022, Alba, Italy.

3. Aerovehicles4, "Nonlinear feedback control of the bi-modal wake past an Ahmed body", 2021,

Berlin, Germany.

1



4. 74th Annual Meeting of the APS Division of Fluid Dynamics, "Wake bi-modal switching and

its dependence on the upstream bluff body boundary layers", 2021, Phoenix, USA.

5. 55th 3AF International Conference on Applied Aerodynamics, "Nonlinear feedback control

of the bi-modal ŕow behind a three-dimensional blunt bluff body", 2021, Poitiers, France.

6. 73rd Annual Meeting of the APS Division of Fluid Dynamics, "Feedback control of the bi-

modal ŕow behind a blunt bluff body", 2020, Chicago, USA.

7. UK Turbulence Consortium online talks; žTowards industrial and real life casesž, 2020, Lon-

don, UK.

8. UK Fluids Conference, "Non-linear feedback control of the bimodal behaviour behind a

three-dimensional blunt bluff body", 2019, Cambridge, UK.

2



Contents

Publications 1

Conferences 1

List of Figures 6

List of Tables 20

1 Introduction 25

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.2 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.3 Thesis outlines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Background 29

2.1 Bluff Body Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.1.1 Flow past the Ahmed body . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2 Flow Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2.1 Control of ŕow past the Ahmed body . . . . . . . . . . . . . . . . . . . . . 39

3 Numerical Setup and Data Analysis 46

3.1 Flow Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.1 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.2 Turbulence modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.3 Flow solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Data Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Reduced Order Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3.1 Proper Orthogonal Decomposition . . . . . . . . . . . . . . . . . . . . . . . 54

3.3.2 Spectral Proper Orthogonal Decomposition . . . . . . . . . . . . . . . . . . 56

3



4 Unforced flow past the Ahmed body 61

4.1 Simulation setup for the Ahmed body . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2 Time-averaged ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3 Wake dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.3.1 Wake bi-modality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3.2 Periodic modes in the wake . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5 Feedback control for a square-back Ahmed body 77

5.1 Model for wake bi-modality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2 Feedback Control Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.3 Feedback Control Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.3.1 Bi-modality suppression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.2 Mean ŕow properties and wake topology . . . . . . . . . . . . . . . . . . . . 87

5.3.3 Ahmed body drag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.3.4 Periodic modes in the wake . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.4 Non-linearity and Bi-modality Suppression . . . . . . . . . . . . . . . . . . . . . . 92

5.4.1 Wake symmetry, wake oscillations and body drag . . . . . . . . . . . . . . . 92

5.4.2 Control performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.4.3 Insights into bi-modal switching mechanism . . . . . . . . . . . . . . . . . . 97

5.5 Proper Orthogonal Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.5.1 Unforced POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.5.2 Controlled POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6 The effect of the upstream body boundary layers on the wake dynamics 105

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.2 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2.1 Suppressing boundary layer separations . . . . . . . . . . . . . . . . . . . . 109

6.3 Unforced ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.4 Suppression of upstream boundary layer separations . . . . . . . . . . . . . . . . . 114

6.4.1 Boundary layer separation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.4.2 Effect on wake conőguration . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.4.3 Effect on mean wake ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6.4.4 Effect on the underbody ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.4.5 POD of the underbody ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4



7 3D modal reduction of the Ahmed body flow field 148

7.1 Unforced ŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.2 Case-1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.3 Case-2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.4 Case-2-II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

7.5 Case-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

8 Conclusions and future perspectives 177

A 180

A.1 Artstein-Sontag Universal controller . . . . . . . . . . . . . . . . . . . . . . . . . . 180

A.2 Backstepping method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

A.3 Optimal control - Hamiltonian-Jacobi-Isaacs . . . . . . . . . . . . . . . . . . . . . . 182

B 184

Bibliography 186

5



List of Figures

1.1 2018 statistics of the GHG emissions from the transport sector in the EU, adapted

from Buysse and Miller (2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.2 Power required to overcome the rolling friction and the aerodynamic drag as function

of the vehicle speed, adapted from Office of Scientiőc and Technical Information

(U.S. Department of Energy) (2000). . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.1 A sketch explaining the pressure and skin friction drag for a ŕow past a car model,

adapted from Li (2017). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2 The general models of the canonical Ahmed body and the most relevant real road

vehicles. The fast-back with the slant angle of α is shown in (a) and the square-back

with α = 0 is shown in (b), adapted from Choi et al. (2014). . . . . . . . . . . . . . 30

2.3 Time-averaged wake past the Ahmed body with a slant angle of α between the top

and slant surfaces, adapted from Choi et al. (2014) . . . . . . . . . . . . . . . . . 31

2.4 Time-averaged wake past the a simpliőed bus geometry, showing the ring vortex in

the near wake region, W, using pressure iso-surfaces (p = −0.2) and the longitudinal

vortex core, P, on one side of the wake, depicted with streamlines. This őgure is

adapted from Krajnovic and Davidson (2003). . . . . . . . . . . . . . . . . . . . . . 32

2.5 Top (xz), side (xy) and rear (yz) views of the wake past the square-back Ahmed

body, indicates the evolution of instabilities as Re number increases from 310 to

415. This őgure is adapted from Grandemange et al. (2012). . . . . . . . . . . . . . 33

2.6 A map for bi-modality direction in the turbulent wake past a square-back Ahmed

body, as a function the height to ground C∗ = C/W and the body height H∗ =

H/W , where W is the body width. Experimental data is shown on the left side, and

model-based data is shown on the right. Note that the cross-ŕow directions y and z

here represents the horizontal and vertical directions, respectively, and opposite to

the directions used in this research. This őgure is adapted from Grandemange et al.

(2013a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

6



2.7 Vertical bi-modality, i.e. top to bottom switching event in the wake past a lorry,

suggesting link between a stochastic shedding of the hairpin vortex and the wake

switching. The top row shows time-resolved pressure coefficient on the central plane,

the second row shows the toriodal vortex as an iso-surface of the pressure coefficient

(CP = −0.2) and the bottom row shows a schematic view of the switching event.

This őgure is adapted from Dalla Longa et al. (2019). . . . . . . . . . . . . . . . . 36

2.8 A schematic for the classiőcation of the control methods used to control the ŕow

past bluff bodies, adapted from Choi et al. (2008). . . . . . . . . . . . . . . . . . . 37

2.9 A schematic of the general elements of the closed-loop control. . . . . . . . . . . . 38

2.10 A schematic for the different control techniques used to control the wake of the

square-back Ahmed body, adapted from Choi et al. (2014). From left to right,

streamwise blowing, splitter plate, base-cavity and boat tail. . . . . . . . . . . . . 39

2.11 Change in drag coefficient CD for different slant angles of the boat tail for the GM

model (equivalent to square-back Ahmed body), adapted from Choi et al. (2014).

Schematics of the ŕow pattern are shown for different slant angles (Yi et al., 2007). 40

2.12 Conditional averaged velocity őeld on a horizontal plane for the asymmetric wake in

the absence and presence of base suction shown in (a) and (b), respectively, adapted

from Hsu et al. (2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.13 Left: schematic of the base of the square-back Ahmed body, showing the lateral

slits R and L. Right: time-resolved őltered horizontal pressure gradient ∂̂CP

∂y∗
with

the associated probability density function (top) and zoomed view indicating the

threshold value of ∂̂CP

∂y∗
, α∗ for the actuator to switch on, adapted from Li et al.

(2016). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.14 Right: a schematic for the typical components of a synthetic jet actuator, adapted

from Strzelczyk and Gil (2016). Left: instantaneous vorticity of the ŕow in the cavity

superimposed with velocity vectors (blue arrows) on the top and the equivalent top-

hat velocity proőles on the bottom, adapted from Aram et al. (2010) . . . . . . . . 44

3.1 General arbitrary shape of a control volume (cell). dV is the volume, dS is the

surfaces area of the CV. Si is the area on the face i, whose unit vector is n⃗. . . . 48

7



3.2 The main steps of the SPOD algorithm, adapted from Schmidt and Towne (2019).

The slices indicate the snapshots of the data in both the time and the frequency

domains. The őrst two rows shows the data (Q(nblk)) subdivided into Nblk blocks

in the time domain. The third row shows the blocks’ data (Q̂(nblk)) transformed

to the frequency domain using Fourier transform. Frequency based categorisation

is applied, as shown in the fourth row (Xnfreq
). Finally the POD is applied per

frequency, shown in the last row, indicating the SPOD modes Φnfreq
per frequency.

Note that nblk in the őgure is equivalent to Nblk in the text. . . . . . . . . . . . . 59

4.1 Square-back Ahmed body scaled by one fourth, with body height H = 72mm.

Pressure sensors on the base are marked by the blue and red lines in the vertical

(y) and the horizontal (z) directions, respectively. Point (0, 0, 0) is positioned at the

center of the front surface indicated with the black +. . . . . . . . . . . . . . . . . 62

4.2 Solution domain with a vertical body-centred plane (red) and horizontal body-

centred plane (green). Air ŕows in +x direction. . . . . . . . . . . . . . . . . . . . 63

4.3 Mesh details on the vertical plane (xy). The zoomed view (in the blue box) shows

the prism layers on the body surface. . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.4 Mesh details on the horizontal plane (xz ). The zoomed view (in the blue box) shows

the prism layers used to resolve the boundary layers on both the body and the

ground surfaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.5 y+ distribution on the Ahmed body for the mesh size of 11× 106 cells. . . . . . . . 64

4.6 Top view of the separation bubble in the wake superimposed with in-plane stream-

lines at the mid-plane of y/H = 0. Zoomed views (in the red dashed box) show the

frontal separation bubbles caused by the boundary layer separation on the sides. . 66

4.7 Side view of the separation bubble in the wake superimposed with in-plane stream-

lines at the mid-plane of z/W = 0. A zoomed view (top) showing the frontal

separation bubble caused by the boundary layer separation on the top body surface. 66

4.8 Top (a) and side (b) views of the distribution of mean pressure coefficient CP at

mid-body planes and mean base pressure coefficient (c). . . . . . . . . . . . . . . . 66

4.9 Three-dimensional view of the toroidal-vortex in the near-wake region, deőned as

iso-surface of Cp = −0.22 coloured by the time-averaged streamwise velocity and

superimposed with streamlines projected on plane y/H = 0 (left) and plane z/W =

0 (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.10 u′

x
2

(top), u′

xu
′

z (middle) and u′

z
2

(bottom) at the mid-plane of z/W = 0 super-

imposed with separation bubbles, coloured with grey. . . . . . . . . . . . . . . . . 68

8



4.11 u′

x
2

(top), u′

xu
′

y (middle) and u′

y
2

(bottom) at the mid-plane of y/H = 0 super-

imposed with separation bubbles, coloured with grey. . . . . . . . . . . . . . . . . . 68

4.12 Time evolution of the horizontal (top) and vertical (bottom) gradients of pressure

coefficient on the base. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.13 Left: Iso-contours of the coefficient of pressure CP = −0.22, as well as the vorticity

distribution on the body top surface, indicating the near wake vortical structures

for different wake positions. Right: The associated Cp on the base. . . . . . . . . . 70

4.14 Top view of the separation bubble in the wake superimposed with in-plane stream-

lines at the mid-plane of y/H = 0. The asymmetric wake associated with ∂Cp/∂z <

0 is shown on the top, ∂Cp/∂z = 0 is shown on the middle and ∂Cp/∂z > 0 is shown

on the bottom of the őgure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.15 Time history of the area-averaged base pressure coefficient < CP−base > (a) and

drag coefficient < CD > (b). The red line indicates the mean values in the presence

of horizontal bi-modality. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.16 u′

x
2

(top), u′

xu
′

z (middle) and u′

z
2

(bottom) at the mid-plane of z/W = 0 su-

perimposed with separation bubbles, coloured with grey for the asymmetric wake.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.17 u′

x
2

(top), u′

xu
′

y (middle) and u′

y
2

(bottom) at the mid-plane of y/H = 0 super-

imposed with separation bubbles, coloured with grey for the asymmetric wake. . . 74

4.18 Premultiplied spectra of the (a) horizontal and (b) vertical anti-symmetric base

pressure signals for the unforced wake ŕow. Gray and red shaded areas indicate

the broad frequency band related to the bubble pumping mode and vortex shedding

frequency, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.19 Symmetric premultiplied base pressure signals the unforced wake ŕow. The gray

shaded area indicates the broad frequency band related to the bubble pumping mode. 74

5.1 Ahmed body scaled by one fourth, with height H = 72mm. The circles on the base

show the sensor positions used to calculate the vertical (grey) and horizontal (blue)

pressure gradients. Actuation is via synthetic jets placed around the base perimeter

with a thickness of 0.04H; actuation is antisymmetric in z as shown by the blue

dashed and the black solid areas. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2 Double-well potential function of the deterministic part of the Langevin equation

used to model bi-modality Brackston et al. (2016). V (r) is the potential function

and re = ±
√

α
λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

9



5.3 (a) Mean Square Displacement (MSD) of the horizontal centre of pressure r(t) in the

unforced case (blue) and a linear őt (red dashed line) to estimate the noise intensity

σ2. (b) Probability Density Function of the model (dashed red line) and the data

of one asymmetric stable position of the wake (blue dots). . . . . . . . . . . . . . . 80

5.4 Block diagram of the feedback control loop. . . . . . . . . . . . . . . . . . . . . . . 81

5.5 Probability Density Function (PFD) for the bi-modality model in the absence and

the presence of the nonlinear controllers designed using different methods. . . . . . 83

5.6 Time-history of r(t) as applied to toy model of RSB behaviour. The controller input

signals are shown in the presence (yellow, green and pink) and absence (blue) of the

nonlinear feedback controllers. The unforced signal shown in blue and the controlled

signal based on Lyapunov function (a), Artestin-Sontag universal controller (b),

backstepping-1 (c), backstepping-2 (d) and Hamiltonian-Jacobi-Isaacs (e). . . . . . 84

5.7 Horizontal (top) and vertical (bottom) gradients of the coefficient of pressure CP

(left) before and after switching the controller on (black dashed line). The corre-

sponding Probability Density Functions, PDF (right) for the uncontrolled case (blue

bars) and the controlled case (orange line). the controller parameters A and B are

10 and 60, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.8 Iso-contours of the coefficient of pressure CP = −0.2 (left) and vorticity distribution

on the body surface, indicating the effect of the feedback controller on the near wake

vortical structures, with the associated Cp projected on the base (right). . . . . . . 87

5.9 Streamlines based on the time-averaged streamwise velocity projected on a plane at

mid-height of the body. The unforced case is shown on the left and the controlled

case with B = 1 and B = 60 are shown on the middle and the right, respectively. . 88

5.10 Effect of feedback control on the drag coefficient (CD). The controller is switched on

at t∗ = 935 shown with black dashed line. The values of the controller parameters

A and B are 10 and 60, respectively. The red line indicates the mean values of CD

prior and after switching on the controller. . . . . . . . . . . . . . . . . . . . . . . . 89

5.11 Premultiplied spectra of the (a) horizontal and (b) vertical anti-symmetric base pres-

sure signals for both the unforced (red) and the controlled (black) cases. Gray and

red shaded areas indicate the broad frequency band related to the bubble pumping

mode and vortex shedding frequency, respectively. . . . . . . . . . . . . . . . . . . 90

5.12 Symmetric premultiplied base pressure signals for both unforced (red) and controlled

(black) cases. Gray and blue shaded areas indicate the broad frequency band related

to the bubble pumping mode and the frequency associated with the streamwise

motion of the toroidal vortex, respectively. . . . . . . . . . . . . . . . . . . . . . . . 91

10
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Chapter 1

Introduction

This chapter covers a brief discussion about the motivation behind this research, followed by the

objective and the outlines of this thesis.

1.1 Motivation

Driven by the imperative of climate change associated with greenhouse gas (GHG) emissions,

reducing the rapidly increasing energy demand is targeted. The International Energy Agency (IEA)

reported that the transportation sector accounts for 27% of carbon dioxide emissions in 2018 (IEA,

2018). Transport emissions grow with an average annual rate of 1.7%, outweighing other sectors

(IEA, 2022). Similarly, the European Environmental Agency (EEA) reported a decline in GHG

emissions across different sectors except for transportation, in which the emissions are increased

by 33% since 1990 (European Environmental Agency, 2022). The statistics of 2018 showed that

transportation is responsible for 29% of total economy-wide GHG emissions in Europe (őgure 1.1).

The most signiőcant contributor to this is the light-duty vehicles (LDV), which include passenger

cars and vans. LDV is followed by heavy-duty vehicles (HDV), including trucks and busses, which

contributes 5% to GHG emissions, as shown in őgure 1.1. These őgures only highlight the direct

emissions from vehicles, excluding the fuel production processes. The recent rebound in transport

activity after the COVID lockdowns increases GHG emissions. The EU commitment to reducing

GHG emissions by 55% by 2030 and the "no net emission" by 2050, i.e. the European Green Deal,

impose challenges for the transportation sector to reduce GHG emissions (Buysse and Miller, 2021).

GHG emissions are related to conventional road vehicles, where internal combustion engines

(ICE) burn fuel to overcome the aerodynamic drag, the vehicle’s inertia and the rolling resistance.

Figure 1.2 compares the power consumption for the aerodynamic drag and the rolling resistance

as a function of the vehicle speed. It can be seen that the aerodynamic drag increases rapidly

25



Figure 1.1: 2018 statistics of the GHG emissions from the transport sector in the EU, adapted
from Buysse and Miller (2021).

Figure 1.2: Power required to overcome the rolling friction and the aerodynamic drag as function
of the vehicle speed, adapted from Office of Scientiőc and Technical Information (U.S. Department
of Energy) (2000).

with speed compared to the rolling resistance, making it an essential element in reducing GHG

emissions. The recent development of electric vehicles (EVs) is expected to reduce GHG emissions.

A reduction of 3.3 mb/d in fuel consumption is expected by 2040, if half of the total LDV ŕeet

is replaced by electric vehicles (IEA, 2018). The uptake of EVs faces different challenges, such

as the range anxiety, charging anxiety, charging time and purchase cost (Burkert et al., 2021).

Range anxiety was the most commonly reported concern amongst potential EV buyers in the UK

(Berkeley et al., 2018). This anxiety is caused by the driver’s perception of not having enough

range to reach the destination. The range of EVs depends on different design factors, which

include batteries’ capacity, aerodynamic drag and the size/weight of the electric motor (Mruzek

et al., 2016). A reduction of 0.01 in aerodynamic drag increases the EV’s range by 2.5% (based on

Mercedes Vision EQXX model) (Hubbard, 2022). This conőrms the importance of aerodynamic

drag for the range of EVs.

Considering those őgures, reducing the drag force of road vehicles is targeted. The aerodynamic

drag of the road vehicle consumes at least 50% of the vehicle’s power at typical high speeds

(Hucho and Sovran, 1993, Moghaddam and Neishabouri, 2017). Two major components comprise
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the aerodynamic drag; the pressure drag (also known as form drag) and the skin friction drag.

The őrst causes approximately around 80% of the total aerodynamic drag, and it is essentially

caused by the ŕow separation over the rear of the road vehicle, which creates a low-pressure wake

region. The magnitude of the pressure drag force depends on the location of the ŕow separation

and, consequently, the size and dynamics of the wake generated. Investigating the structures

and topology of the wake generated behind the body is therefore essential to identify the form

drag and inform the strategy of drag-reduction (Evstafyeva et al., 2017). Thus, controlling the

ŕow separation is of immense importance in this case. Many techniques have been considered to

control the ŕow separation, some preventing or delaying the separation occurrence, which affect

the wake’s size and topology. Other control techniques manipulate the wake topology by directly

forcing the wake region (Choi et al., 2008). This research focuses on employing feedback control

for reducing form drag for a ŕow past the canonical Ahmed body. Due to the őxed position of the

ŕow separation point, in this case, drag reduction is targeted by forcing the wake region directly.

Feedback control uses body-mounted pressure sensor signals to force the actuators at the vehicle’s

rear in response. A numerical technique to simulate the ŕow domain is employed to investigate

the dynamical behaviours of the wake and their contribution to drag reduction.

1.2 Objectives

This research focuses on analysing the topology and dynamics of the turbulent wake behind the

square-back Ahmed body numerically and designing a feedback control for drag reduction. The

main objectives of this research are to:

1. Explore the potential of a non-linear model-based feedback controller to suppress wake bi-

modality and investigate its effect on other dynamics behaviour in the wake.

2. Investigate the link between the bi-modal switching in the wake and the upstream boundary

layer separations. This includes investigating different conőgurations of suppressing boundary

layer separations, i.e. suppressing the top and bottom boundary layers, the boundary layers

on the sides and all four longitudinal body surfaces.

3. Provide further understanding of the Ahmed body wake ŕow and its sensitivities to help

inform future bi-modality suppression and drag reduction strategies.

1.3 Thesis outlines

This thesis is subdivided into eight chapters, as follows:
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1. Chapter 2 covers a background about the ŕow past the square-back Ahmed body and the

control techniques used to reduce drag.

2. Chapter 3 shows the mathematical basis of the ŕow simulations and the data analysis tech-

niques used in this research.

3. Chapter 4 investigates the unforced ŕow past the square-back Ahmed body numerically and

validates the results with the literature body.

4. Chapter 5 reviews different techniques for nonlinear model-based feedback control on a toy-

model őrst, then investigates implementing them in the real case, with a detailed comparison

of the wake ŕow in the presence and the absence of the control.

5. Chapter 6 explains the link between wake bi-modality and the upstream boundary layer

separations just aft the body nose. This is done by investigating the wake ŕow in the absence

of these separations.

6. Chapter 7 extends the investigation of the effect of upstream dynamics using reduced order

modelling, the Spectral Proper Orthogonal Decomposition (SPOD).

7. Chapter 8 provides conclusions and outlook of this research.
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Chapter 2

Background

This chapter covers an overview of the previous research on ŕow past bluff bodies and the different

control methods for drag reduction. It is subdivided into two sections; the ŕow past bluff bodies

and ŕow control.

2.1 Bluff Body Flows

The relevance of bluff bodies to the transportation industry drives the need for bluff body aerody-

namic drag reduction, targeting a decrease in energy consumption. Ground vehicles such as lorries,

buses and light-duty vehicles are classiőed as bluff bodies. Sudin et al. (2014) indicated that the

aerodynamic drag consumes 50% of the total fuel burnt by a passenger car at typical highway

speeds, compared to 65% for trucks, as reported by Seifert et al. (2009). The drag force exerted

on a solid body moving in a ŕuid stream is classiőed into pressure drag and friction drag (Hucho,

1987). The former is related to the pressure difference between the frontal and rear sections of

the body in the streamwise direction, while the latter is associated with the friction between the

surfaces of the solid body and the moving ŕuid, i.e. the development of boundary layers. This is

shown in őgure 2.1 for a schematic of a car model. For bluff bodies, pressure drag (also known as

form drag) dominates, constituting approximately 80% of the total drag in case of ŕow past an

Ahmed body (Ahmed et al., 1984). This dominance makes pressure drag the focus of the studies

targeting drag reduction.

The pressure drag of a bluff body primarily arises due to the pressure deőcit on the rear part

of the body caused by large-scale ŕow separation, which is forced by the abrupt change in the

body geometry, as shown in őgure 2.1. It depends on the location of ŕow separation as well as

the dynamics and topology of the wake ŕow downstream of the body. For three-dimensional bluff

bodies whose ŕow separation position is őxed, such as the axisymmetric bodies in the studies by
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Figure 2.1: A sketch explaining the pressure and skin friction drag for a ŕow past a car model,
adapted from Li (2017).

Figure 2.2: The general models of the canonical Ahmed body and the most relevant real road
vehicles. The fast-back with the slant angle of α is shown in (a) and the square-back with α = 0
is shown in (b), adapted from Choi et al. (2014).

Rigas et al. (2014), Grandemange et al. (2014a) and rectilinear bluff bodies (Ahmed et al., 1984,

Duell and George, 1999, Krajnovic and Davidson, 2003), some key common dynamical features

can be identiőed. These include the development of multiple boundary layers along the surfaces

of the body, which separate at the rear edges of the body, creating free shear layers which bound

the recirculation region in the near wake. The recirculation region extends from the rear part of

the body up to the so-called free stagnation point. The shear layers experience Kelvin-Helmholtz

instability, thus amplifying disturbances in the wake downstream of the body. The interaction

between each parallel pair of separated shear layers leads to coherent vortex shedding in the wake

(Bearman, 1997, Grandemange et al., 2013a, Lahaye et al., 2014, Volpe et al., 2015). The whole

recirculation region also exhibits a pumping motion in the streamwise direction, which is associated

with oscillations of the free stagnation point in the wake (Duell and George, 1999, Khalighi et al.,

2001, Verzicco et al., 2002).

2.1.1 Flow past the Ahmed body

The present research considers a three-dimensional blunt bluff body in the form of the square-back

Ahmed body, representing a simpliőed road vehicle geometry. This geometry reproduces most

of the essential ŕow features presented in the wake of an actual road vehicle. Two types of this
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Figure 2.3: Time-averaged wake past the Ahmed body with a slant angle of α between the top
and slant surfaces, adapted from Choi et al. (2014)

canonical geometry were presented in the literature, the slanted and the square-back Ahmed body,

with zero slant angle (α), shown in őgure 2.2. The time-averaged wake topology and characteristic

frequencies of the Ahmed body were the focus of early studies by Ahmed et al. (1984) and Mason

and Beebe (1978) and are now well-established. A slanted-back geometry was used in the study

by Ahmed et al. (1984). In this case, the separation point on the body back, and accordingly

the wake dynamics and the drag, depend on the slant angle α. In the time-averaged wake, when

the ŕow separates and reattaches on the slanted surface, two counter-rotating longitudinal vortices

were observed to emanate from the vertical sides. A pair of horseshoe vortices were observed in

the near-wake region, as shown in őgure 2.3, which form a ring vortex when the two horseshoe

vortices have the same strength. Similarly, Barlow et al. (1999) used the time-averaged analysis to

investigate the effect of the body aspect ratio on the drag coefficient. They intended to replicate

the results of a commercial van, which showed that taller bodies exhibited relatively lower drag

compared to shorter bodies, opposite to the trend reported in the literature. On the other hand,

the time-averaged ŕow past the Ahmed body was simulated by Han (1989) using Reynolds Average

Naiver-Stokes K − ϵ turbulence model, as one of the earliest numerical investigations. Later on,

Krajnovic and Davidson (2003) simulated the ŕow past a simpliőed bus geometry at Reynolds

number of 2.1 × 105, resolving coherent structures similar to those described by Ahmed et al.

(1984). These include the ring vortex in the near wake region, W, and the longitudinal counter-

rotating pair of vortices, P, further downstream in the wake, as shown in őgure 2.4. Another pair

of longitudinal corner vortices were evidenced, T, and a thin vortex core was captured around the

base perimeter, B.

The focus was then shifted to investigate the unsteady ŕow őeld, as the dynamics of the in-

stantaneous ŕow őeld have quite different features from that of time-averaged ones. This affects

31



Figure 2.4: Time-averaged wake past the a simpliőed bus geometry, showing the ring vortex in
the near wake region, W, using pressure iso-surfaces (p = −0.2) and the longitudinal vortex core,
P, on one side of the wake, depicted with streamlines. This őgure is adapted from Krajnovic and
Davidson (2003).

the aerodynamic properties of the ŕow past road vehicles and informs different control strate-

gies for drag reduction Choi et al. (2008, 2014). An unsteady behaviour of the wake past the

square-back Ahmed body has recently been identiőed experimentally (Grandemange et al., 2012,

2013a,b), known as bi-modality, or bi-stability. It manifests as random switching of the wake

between off-centred (asymmetric) preferred positions. While the time-averaged turbulent wake ex-

hibits symmetry, instantaneously, the wake exhibits a random switching between two asymmetric

states, with the timescales between switching events being relatively long. Similar wake-switching

behaviour has been observed in the wakes of other bluff bodies. The laminar ŕow past a sphere at

a sufficiently high Reynolds number exhibits axisymmetry breaking in the wake, which increases

the drag, the degree of increase increasing with Reynolds number (Bouchet et al., 2006). A planar

symmetry replaces axisymmetry in the laminar wake of blunt-based axisymmetric bodies. In the

turbulent wake behind the latter, the rotational symmetry breaking is preserved, with a random

dynamical behaviour in the azimuthal position of the symmetry plane (Rigas et al., 2014, 2015) ś

this is known as multi-modality or multi-stability. Similar behaviour is observed in the turbulent

wake of the sphere (Grandemange et al., 2014a). Compared to axisymmetric bodies, the symmetry

of the base surface of the square-back Ahmed body permits only two azimuthal positions of the

wake, promoting bi-modality instead of multi-modality.

The evolution of instabilities in the wake of the Ahmed body follows a similar pattern to that

alluded to for axisymmetric bodies. Reŕectional Symmetry Breaking (RSB), observed initially in

the laminar ŕow regime, őrst occurs when the Reynolds number exceeds a critical value, Recritical.

This value has been experimentally found to be 365 (based on body height) for the square-back

Ahmed body with ground proximity of 60% of the body height (Grandemange et al., 2012). The

value of Recritical was found to be inversely proportional to the clearance between the body and the
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Figure 2.5: Top (xz), side (xy) and rear (yz) views of the wake past the square-back Ahmed
body, indicates the evolution of instabilities as Re number increases from 310 to 415. This őgure
is adapted from Grandemange et al. (2012).
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ground (Cadot et al., 2015). The steady horizontal symmetric state of the wake in the z direction

(shown in őgure 2.5a, at Re = 310) transitions to steady asymmetric (őgure 2.5c) after a short

unsteadiness period (őgure 2.5b), as Re increases. The wake maintains this asymmetric state at

higher Re numbers in the laminar ŕow regime. As Reynolds number increases, an unsteady bifur-

cation emerges, causing periodic vortex shedding in the wake, i.e. breaking the temporal symmetry

in the wake. The same laminar ŕow sequence of RSB was captured numerically by Evstafyeva

et al. (2017) using LES with an in-house Finite Volume Solver (FVM) as the őrst numerical inves-

tigation to capture RSB. The simulated ŕow őeld allowed a thorough wake description compared

to the experiment. Their study showed that wake symmetry is associated with a centered vortex

in the near-wake region, while RSB forced it towards one side of the base. It also concluded that

the wake retains its horizontal asymmetry in the laminar ŕow regime.

In the turbulent regime, the RSB static modes arising from the laminar ŕow bifurcations

have been shown to persist. However, turbulent perturbations now cause the wake to switch

randomly between off-centred preferred positions (Rigas et al., 2015). The wake resides at one

stable asymmetric position until it is sufficiently perturbed to be able to switch to the other

reŕected position. This behaviour is found to be Re-independent in the turbulent ŕow regime at

least up to a value of Re of 3 × 106 (based on the body height), matching the scale of actual

road vehicles in real driving conditions (Grandemange et al., 2013a). The asymmetric wake forces

the horizontal vortex shedding to be one-sided following its asymmetry state. The associated

topology shift is the skewness of the near wake toroidal-vortex towards and away from the base

surface (Grandemange et al., 2013b, Kourta and Leclerc, 2013, Dalla Longa et al., 2019) ś the

instantaneous asymmetric position of the wake is correlated with the proximity of one of the sides

of the toroidal-vortex structure to the base.

Bi-modality or random reŕectional symmetry breaking (RSB) in the wake has been the subject

of several recent experimental studies (Grandemange et al., 2012, 2013a,b, Cadot et al., 2015,

Volpe et al., 2015, Brackston et al., 2016, Barros et al., 2017, Haffner et al., 2020, Plumejeau et al.,

2020). It has been found to be a uni-directional behaviour that occurs either in the horizontal

(side to side) or vertical (top-bottom) direction, depending on the aspect ratio of the body base,

the ground proximity and the yaw angle. Grandemange et al. (2013a) mapped the direction of the

bi-modality, for a 0◦ yaw angle, as a function of the base aspect ratio and the ground clearance,

which affects the development of the under-body ŕow, shown in őgure 2.6. Three regimes were

identiőed depending on the ground proximity normalized by the body width, C∗. For low ground

clearances, C∗ < 0.05, horizontal switching occurred for 0.3 < H/W < 0.65, where H and W are

the base height and width, respectively. For slighter larger ground clearances, 0.05 < C∗ < 0.09,

wake switching was inhibited as a result of the detachment of the under-body ŕow. For C∗ > 0.09,
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Figure 2.6: A map for bi-modality direction in the turbulent wake past a square-back Ahmed
body, as a function the height to ground C∗ = C/W and the body height H∗ = H/W , where W
is the body width. Experimental data is shown on the left side, and model-based data is shown on
the right. Note that the cross-ŕow directions y and z here represents the horizontal and vertical
directions, respectively, and opposite to the directions used in this research. This őgure is adapted
from Grandemange et al. (2013a).

bi-modal switching occur in the direction of the longest edge. Plumejeau et al. (2020) recently

investigated the effect of the under-body ŕow on the interactions of the wake dynamics, noting a

change in the frequency of the vortex shedding mode accompanied by the transition of the wake

from stable to bi-stable. Barros et al. (2017) investigated the sensitivity of the wake dynamics to

disturbances induced in the under-body ŕow, introducing a coupling based on Langevin dynamics

between the vertical wake asymmetry and the horizontal bi-modality. The study concluded that

the sensitivity of the wake to the under-body ŕow could be represented by a bifurcation scenario,

as the vertical asymmetric wake transitions to a horizontal bi-modal wake.

In terms of numerical investigations, Rao et al. (2018) captured the asymmetry state of the

turbulent wake past the Ahmed body, using unsteady partially-averaged Navier-Stokes (PANS)

simulations. Eddy-resolving techniques employing Large Eddy Simulations (LES) and Detached

Eddy Simulations (DES) captured the spatial symmetry breaking of the wake but not the switching

(Serre et al., 2013, Pasquetti and Peres, 2015, Lucas et al., 2017). Wassen et al. (2010) reported

a low-frequency lateral motion in the wake using LES, although the phenomenon was not well-

deőned by then. This study is probably one of the őrst attempts to indicate the wake horizontal

switching. The study of Dalla Longa et al. (2019) captured the bi-modal switching behaviour

of the wake behind three-dimensional blunt bluff bodies; a square-back Ahmed body and a lorry

model. The study employed wall-resolved LES to simulate the ŕow using a Finite Volume Solver. It

suggested that wake-switching events are associated with a stochastic shedding of a hairpin vortex

in the near wake region, as shown in őgure 2.7. The őgure depicts a top-to-bottom switching

(vertical bi-modality) in the wake past a lorry model, with the skewed toroidal vortex indicating
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Figure 2.7: Vertical bi-modality, i.e. top to bottom switching event in the wake past a lorry,
suggesting link between a stochastic shedding of the hairpin vortex and the wake switching. The
top row shows time-resolved pressure coefficient on the central plane, the second row shows the
toriodal vortex as an iso-surface of the pressure coefficient (CP = −0.2) and the bottom row shows
a schematic view of the switching event. This őgure is adapted from Dalla Longa et al. (2019).

the asymmetric wake. The recent LES study by Hesse and Morgans (2021) suggested that the

upstream separation bubble just aft of the body nose is linked to the wake switching. When this

separation bubble and its associated disturbances are suppressed, the wake locks in one asymmetric

position and random switching does not occur. The direct numerical simulation (DNS) results by

Podvin et al. (2020) captured the deviation of the wake and indicated the same dynamics shown in

the LES results except for bi-modality. Simulating wake bi-modality is challenging given its long

and random time scales compared to other wake dynamics, requiring longer simulation time.

Wake bi-modality has been found to have implications for drag. The experimental study by

Grandemange et al. (2013b) found that wake bi-modality contributes up to 9% to pressure drag and

creates unfavourable side forces and moments that affect the stability of the body. Haffner et al.

(2020) showed that the averaged base pressure coefficient reduced by 9% during the switching

events of the wake compared to the asymmetric wake. The wake is instantaneously symmetric

during these switching events, indicating that wake re-symmetrisation has a favourable effect on

the base pressure and, consequently, the pressure drag. Previous studies presume that the wake’s

state affects the drag by inŕuencing base pressure recovery. The effect of wake re-symmetrisation

on drag has been exploited in passive and active ŕow control studies, which will be discussed in

section 2.2.
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Figure 2.8: A schematic for the classiőcation of the control methods used to control the ŕow past
bluff bodies, adapted from Choi et al. (2008).

2.2 Flow Control

Flow control techniques are the methods by which the ŕow őeld dynamics are manipulated to

achieve a speciőc goal, such as drag reduction, lift enhancement and noise suppression. Techniques

of controlling the ŕow around the bluff body can be classiőed into three main categories based

on the energy expenditure; passive, active open-loop (predetermined active control) and feedback

(closed loop) control (őgure 2.8) (Choi et al., 2008). Passive ŕow control methods require ge-

ometry modiőcations without any power input for actuation. Numerous passive techniques have

been reported in the literature, such as modifying surface roughness, surface groves, helical wires,

splitter plate, and secondary control cylinders. The most effective method for reducing drag is the

geometric modiőcations near the ŕow separation point in the spanwise direction. Although most

of these techniques prove successful in drag reduction, they are only rarely utilized industrially due

to their impracticality for most applications (Choi et al., 2014). In addition, the controller loses

its efficiency at the off-design operating points, which can enhance rather than suppress the drag

(Flinois, 2015).

Active ŕow control methods utilise external power to control the ŕow őeld, whether open-loop

or closed-loop. For open-loop ŕow control, actuators with power input are required without sensors,

as in the closed-loop control, also known as feedback control. The main difference between the two

methods is that the closed-loop controller actuates the ŕow based on the feedback signal from the

sensors in the ŕow system, while in the open-loop case, the ŕow is actively actuated, neglecting

the response of the ŕow system. Numerous studies have shown that forcing the wake of a two or

three-dimensional bluff body at high frequencies reduces the drag and forces the vortices shed in

the two shear layers to be in phase (Tokumaru and Dimotakis, 1991, Cabitza, 2014, Oxlade et al.,

2015). Compared to passive ŕow control, active open-loop control has the advantage that it has

37



Figure 2.9: A schematic of the general elements of the closed-loop control.

the ability to be switched on and off at any given time, yet the common feature is that open-loop

control can also generate more disturbances in the ŕow, accordingly increasing the drag. Feedback

or closed-loop control can offer improvement for these cases. As shown in őgure 2.9 the signal of

the targeted ŕow property is measured by the sensor and translated into an actuation through the

controller. In this case, energy is utilised efficiently to favourably modify the ŕow compared to the

open-loop active control case.

Examples of active ŕow control applied for bluff bodies include; steady or periodic suction

and blowing, rotary, streamwise and transverse oscillations, which are categorised as secondary

ŕow techniques. The magnetic őeld is another technique that controls the boundary layers by

utilising the force generated when an electric-conducting ŕuid moves in a magnetic őeld (Lorentz

force). The electric discharge is also used to control the ŕow when electric force is produced to

modify the velocity őeld in the ŕuid (Rashidi et al., 2016). Bluff body ŕow control techniques

can further be classiőed into two-dimensional and three-dimensional forcing. If the actuation

property varies along the spanwise or azimuthal direction, the control method is known as three-

dimensional forcing, and if not, it is categorised as two-dimensional forcing. Another classiőcation

for bluff body ŕow control techniques, based on the strategy of manipulating the dynamics of the

ŕow, is boundary layer control or direct wake control. In the boundary layer control method,

the ŕow separation is delayed, for example by triggering the transition of the boundary layer ŕow

from laminar to turbulent, signiőcantly reducing the drag. Separation is delayed by enhancing

the streamwise momentum in the near-wall region close to the separation point to overcome the

adverse pressure gradient in the rear part of the bluff body. This method is applicable for bluff

bodies with movable separation points, such as the ŕow around a circular cylinder. Direct wake

control targets controlling the wake characteristics, which is applicable for bluff bodies with both

movable and őxed separation points. A splitter plate located at the rear surface of the bluff body

and base bleed are examples of direct wake control, which delays the interaction of the top and
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Figure 2.10: A schematic for the different control techniques used to control the wake of the
square-back Ahmed body, adapted from Choi et al. (2014). From left to right, streamwise blowing,
splitter plate, base-cavity and boat tail.

bottom separated shear layers, thus stabilising the near wake region and suppressing the vortex

shedding in case of a two-dimensional bluff body. This, consequently, increases the base pressure

of the rear surface of the bluff body and reduces the drag.

2.2.1 Control of flow past the Ahmed body

For ŕow past the square-back Ahmed body, the recirculation bubble formed downstream of the

rear surface is the primary source of pressure drag; reducing its size (cross-section) or shifting it

further downstream of the base ś elongating the bubbleś is seen to increase the base pressure and

signiőcantly reduced the drag (Balkanyi et al., 2002, Gilliéron and Kourta, 2010, Littlewood and

Passmore, 2012). The common control devices/techniques reported in the literature employing

these mechanisms are shown in őgure 2.10. Blowing air at the base of the bluff body successfully

reduces the drag as it moves the low-pressure recirculation region further downstream, allowing

for base pressure recovery (Englar, 2001, Howell et al., 2003, Littlewood and Passmore, 2012).

However, the usage of this method is limited in practice due to the power required for blowing.

Different passive control techniques, which promote base pressure recovery, have been reported

in the literature. One of these is placing a vertical splitter plate in the near wake region (Gilliéron

and Kourta, 2010), which would disturb the formation of the recirculation bubble and consequently

reduce the drag; however, it is an impractical choice for the realistic cases, as for heavy vehicles,

for instance (Choi et al., 2014). Employing a base cavity or a boat tail appears more practical and

effective for drag reduction than the vertical splitter plate. A base cavity comprises four extensions

from the four base edges, forming a cavity. While, a boat tail is a tapered extension with a slant

angle α from the base edges. The cavity pushes the recirculation region downstream by delaying

the ŕow separation, whereas the boat tail deŕects the ŕow inwards (Balkanyi et al., 2002, Verzicco

et al., 2002, Yi et al., 2007, Choi et al., 2014).

Balkanyi et al. (2002) investigated experimentally the effect of the boat tail and base cavity

on the generic model (GM) (very similar to the square-back Ahmed body with slightly different

lengths). The experimental study found that signiőcant drag reduction (up to 48%) is achieved

using the base cavity. It further showed that combining the base cavity and the boat tail enhances
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Figure 2.11: Change in drag coefficient CD for different slant angles of the boat tail for the GM
model (equivalent to square-back Ahmed body), adapted from Choi et al. (2014). Schematics of
the ŕow pattern are shown for different slant angles (Yi et al., 2007).

Figure 2.12: Conditional averaged velocity őeld on a horizontal plane for the asymmetric wake
in the absence and presence of base suction shown in (a) and (b), respectively, adapted from Hsu
et al. (2021).

the base pressure recovery and drag reduction. The drag reduction is found to be sensitive to

both the length and the angle of the boat tail (Choi et al., 2014). The study by Yi et al. (2007)

showed the inŕuence of the boat tail slant angle on the drag. Figure 2.11 depicts the change in the

drag coefficient CD with the boat tail slant angle, α, based on Yi et al. (2007) study. The drag

is reduced for a range of α between 0◦ and 15◦. The maximum drag reduction is achieved when

the ŕow separates over the slanted surfaces and reattaches before reaching the end of the slanted

surface. This is similar to the ŕow structure of the Ahmed body with a slant angle α ∼ 15◦. When

α exceeded 20◦, a pair of longitudinal vortices were seen to emanate from the sides, increasing the

drag, as seen in őgure 2.11.

Most of the studies mentioned in the previous paragraph focused on the effect of the control

on the time-averaged wake topology. Following the recent focus on the instantaneous dynamics
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of the wake, speciőcally wake bi-modality, the effect of wake re-symmetrisation on drag has been

exploited in passive and active ŕow control studies. Evrard et al. (2016) used a base cavity to

control the turbulent wake past the square-back Ahmed body. The study found that for a cavity

depth of 27% of the body height, the bi-modal switching of the wake was suppressed, achieving

a 9% drag reduction and 18% base pressure recovery. Grandemange et al. (2014b) examined the

wake sensitivity experimentally by placing a vertical cylinder in the recirculation region. The study

found that the most receptive position for symmetrising the wake is the centre of the recirculation

region. In this case, wake symmetry was preserved, elongating the recirculation region, increasing

the base pressure recovery and reducing drag by 5%.

Active ŕow control has managed much smaller drag reductions through targeting wake sym-

metrisation compared to these passive ŕow control approaches. The restriction of forcing with

body-mounted actuators may be a possible reason, as the latter study concluded that the most

receptive position to force the wake is located in the centre of the recirculation region. Barros et al.

(2016) investigated the impact of periodic forcing around the base of the wake. It was found that

when the wake was forced with a lower frequency (0.1 ≤ StH ≤ 3.7), the jet enhanced the wake

entrainment, shortened the recirculation length and increased the drag. The opposite occurred

when the wake was forced with a higher frequency, equivalent to StH ≥ 4, as drag reduction and

base pressure recovery were seen. These were attributed to two mechanisms; shear layer deviations

caused a ŕuidic boat-tailing effect in the wake and reduction in momentum entrainment in the

wake. A gradual increase in base pressure with forcing frequency was observed, with a maximum

recovery of 16% for a StH ∼ 12. The maximum drag reduction reported in this case was 10%.

An even higher drag reduction of ∼ 20% was achieved, when high-frequency periodic forcing was

combined with the Coanda effect caused by installing curved surfaces. Similar to Schmidt et al.

(2018), drag reduction is enhanced when combined ŕow control mechanisms are used.

Fluidic oscillators were used around the base perimeter to actuate the Ahmed body wake in

the experimental study by Schmidt et al. (2018). The study investigated the effect of active

ŕow control on the vertical bi-modality in the presence of ŕaps, which extended from the base

and tilted inwards. Vertical bi-modality was found to persist for ŕap angles ≥ 15◦, while other

dynamics in the wake were weakened. Applying active ŕow control through the ŕuidic oscillator

with an oscillating frequency of StH ∼ 24 suppressed both the vertical bi-modality and the higher

frequency dynamics, but the bubble pumping mode persisted. This was found to reduce the

drag by 14% and signiőcantly reduce the base pressure for a shorter recirculation region. These

studies showed that forcing the shear layers with different time scales can control the absolute

and convective instabilities in the wake of the square-back Ahmed body. Low-frequency forcing

ampliőes the vortex shedding and shear layer mixing, while high-frequency forcing suppresses these
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Figure 2.13: Left: schematic of the base of the square-back Ahmed body, showing the lateral

slits R and L. Right: time-resolved őltered horizontal pressure gradient ∂̂CP

∂y∗
with the associated

probability density function (top) and zoomed view indicating the threshold value of ∂̂CP

∂y∗
, α∗ for

the actuator to switch on, adapted from Li et al. (2016).

and the long-time dynamics related to bi-modality.

The recent experimental study by Hsu et al. (2021) investigated the effect of steady suction

around the base perimeter on the bi-modal wake past the square-back Ahmed body. They found

that steady suction shortened the recirculation region for all the values of suction ŕow rates in-

vestigated. Weak suction was found to intensify the RSB modes of the wake, while higher suction

suppressed these modes and symmetrised the wake. This can be seen in őgure 2.12, where the ve-

locity őelds in the presence and absence of the base suction are shown, indicating a symmetric wake

for the latter case. Wake symmetry was related to the increased curvature of the free shear layers

in the wake. Steady blowing was used in the study by Khan et al. (2022); however, it was applied

through a centrally square aperture on the base. They found that the optimum blowing coefficient

correlated with a symmetrised wake and a drag reduction of 6%. A lower drag reduction of 3%

was achieved using a sweeping jet actuator at mid-base height (Veerasamy et al., 2022). Similarly,

Wassen et al. (2010) used steady blowing through slits along the base perimeter to reduce the drag

of the square-back Ahmed body. They found that the wake is symmetrised when the jet is tilted

by 20◦, reducing the drag by 7%. Blowing was also used in the numerical study by Pasquetti and

Peres (2015) employing micro-jets around the base edges. A relatively high frequency inclined jet

(45◦) reduced the drag by 4%, but does not affect much the horizontal asymmetry of the wake.

Pulsed-blowing was used in the experimental study by Fan et al. (2020a), where the explorative

gradient method was used to optimise the actuation parameters. For optimised parameters, the

pulsed-blowing suppressed wake bi-modality and reduced the drag by 11%. These studies showed

that the jet dynamics and the actuator position are key factors in enhancing drag reduction.

Fewer studies were conducted using feedback control for drag reduction than open-loop active

ŕow control. The experimental study by Brackston et al. (2016) applied a linear feedback control,
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using side ŕaps on the square-back Ahmed body to suppress wake bi-modality. Their feedback

control was designed based on the stochastic Langevin dynamics, which was used previously by

Rigas et al. (2015) to model the multi-modality in the wake of an axisymmetric body. The latter

study employed a two-dimensional model, while for the Ahmed body, the unidirectional nature of

the bi-modality required a one-dimensional Langevin model. Although the model used here was

nonlinear, it was linearised around the base center for designing a linear controller. The controller

suppressed bi-modality and symmetrised the wake achieving 2% drag reduction. Feedback control

is proved to be more efficient than the steady suction cases reported earlier. In this case, the

controller used 24% of the total power saved due to drag reduction.

An opposition control strategy was experimentally applied by Li et al. (2016) to symmetrise

the turbulent wake past the square-back Ahmed body. Lateral slits on the sides of the base were

used to actuate the wake. Following the base pressure gradient (input signal), actuation occurred

on one side at a time, either the left or right slit, shown as L and R, respectively, in őgure 2.13.

When the actuator was activated, a jet pulsed with a frequency of StH = 0.8, which was found to

be the optimum frequency to symmetrise the wake. The controller suppressed bi-modality, as seen

in őgure 2.13. The drag was slightly affected, as the favourable effect of symmetrising the wake

was balanced by the adverse effect of the control amplifying the shear layers mixing and vortex

shedding. These match with the results from Barros et al. (2016), where periodic wake forcing at

the same frequency induced higher entertainment and ampliőed shear layers mixing. In most cases,

the use of linear feedback control to suppress bi-modality was found to signiőcantly augment wake

ŕuctuations around the center compared to the ŕuctuations around the uncontrolled asymmetric

position. Additionally, forcing the ŕow in the near-wake region enhances turbulent activity in the

free shear layers, promoting high-frequency dynamics in the wake and inhibiting drag reduction.

Recently, Hesse (2021) used a linear feedback controller to actuate the wake of the square-back

Ahmed body using LES. The wake response to actuation was represented as a dynamically linear

system, which was identiőed by measuring its response to harmonic forcing at various amplitudes

and frequencies, i.e. treating the wake as a black box. The feedback control was synthesised by

tuning the sensitivity transfer function to be less than unity in the range of targeted frequencies

(0.01 ≤ StH ≤ 0.20). The resulting feedback controller suppressed the base pressure ŕuctuations

as designed, but there was no accompanying increase in mean base pressure or reduction in drag.

Similar attempts were tried previously for the square-back Ahmed body by Evstafyeva (2018) with

negligible drag reduction.

Previous studies conőrmed that wake symmetry allows base pressure recovery promoting drag

reduction. However, this mechanism depends on the control strategy and its effect on the wake

dynamics. The control strategies reported in the open-loop framework forced the wake directly
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Figure 2.14: Right: a schematic for the typical components of a synthetic jet actuator, adapted
from Strzelczyk and Gil (2016). Left: instantaneous vorticity of the ŕow in the cavity superimposed
with velocity vectors (blue arrows) on the top and the equivalent top-hat velocity proőles on the
bottom, adapted from Aram et al. (2010)

using steady/periodic suction, blowing and sweeping jets. The reported mechanisms of actuating

the wake using feedback control were the side ŕaps, opposition side blowing and synthetic jets.

In this research, both active open-loop and feedback control will be used to control the wake

past the square-back Ahmed body. The feedback control employs synthetic jets to manipulate the

wake dynamics to suppress bi-modal switching and reduce drag. The synthetic jet (also known

as zero-net-mass-ŕux (ZNMF) jets) working principle is based on generating linear momentum in

the ŕow with zero net mass ŕux. The actuator consists of an oscillating diaphragm in a cavity

and a small hole upstream of the cavity, transferring the ŕuid into the main stream, as shown in

őgure 2.14. The oscillation of the diaphragm motivates the ŕuid ŕow inwards or outwards with

respect to the cavity. The unique feature of the synthetic jet is that it transfers momentum into

the ŕuid domain with zero net mass injection, which is achieved by intermittent suction from the

same domain, i.e. altering momentary suction and ejection through the hole or the oriőce (Glezer

and Amitay, 2002). It has been used previously in experimental (Oxlade et al., 2015, Henning and

King, 2005) and numerical (Dahan et al., 2012, Dalla Longa et al., 2017) bluff body ŕow control

studies. Experimentally, the jet is generated using a loudspeaker in the cavity, which forces the

diaphragm to pulse the air in and out of the cavity alternately. A zero net mass ŕux is maintained

over a single cycle with a non-zero net momentum (Glezer and Amitay, 2002). In numerical studies,

simulating the ŕow dynamics through the cavity is computationally expensive. Alternatively, a

time-varying top-hat velocity signal can be speciőed on the exit of the cavity, which generates

a similar jet ŕow (Aram et al., 2010, Leschziner and Lardeau, 2011). These equivalent velocity
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proőles are shown in őgure 2.14 at different time instants. This method is adopted in the current

research, applying a time-varying top-hat velocity signal on the actuation surfaces.
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Chapter 3

Numerical Setup and Data Analysis

This chapter brieŕy describes the methodology used to solve the equations governing the ŕuid ŕow,

i.e. details of the computational ŕuid dynamics involved in the different cases. The őrst section

describes the governing equations and the discretisation schemes used to convert them to algebraic

equations, followed by a description of the turbulence modelling technique and the ŕow solver.

The second section summarises the equations used to analyse simulation results. Finally, the third

section explores the reduced-order modelling techniques used in the following chapters.

3.1 Flow Simulation

The governing equations for external aerodynamics generally are the incompressible Navier-Stokes

equations, which employ the conservation of mass and momentum. Equations 3.1 and 3.2 represent

the incompressible NS in the tensor form.

∂ui

∂xi
= 0 (3.1)

∂ui

∂t
+

∂uiuj

∂xj
= −1

ρ

∂p

∂xi
+ ν

∂2ui

∂x2
j

(3.2)

Where ui is the i velocity component i ∈ (x, y, z), ρ is the density, p is the pressure and ν is

the kinematic viscosity (Versteeg and Malalasekera, 2007). These partial differential equations are

solved numerically over the ŕow domain to obtain the ŕow őeld using the őnite volume method.

The solution domain is discretized into smaller control volumes (CV), where the NS equations

are applied in integral form on every CV. The partial differential equations are converted into

algebraic equations by discretizing (or integrating) them spatially over every CV and temporally.

The resulting algebraic equations approximate the values of any ŕow transported property (Φ) at

46



the centre of each CV. Differencing schemes are used to approximate the transported property

and their derivatives on the faces of the CVs, using the nodal values. Finally, the linear algebraic

equations system is solved for the transported property value for each CV with additional equations

to account for the turbulence, in this case, (Versteeg and Malalasekera, 2007). This is the general

idea of simulating the ŕow őeld using the őnite volume method (FVM). Details of these steps are

provided in the following subsections.

3.1.1 Numerical methods

The governing equations are discretised spatially and temporally, forming a set of linear algebraic

equations, i.e. transformed from the continuous domain to discrete points (centre of CVs) in the

solution domain. These algebraic equations are used to construct a matrix, which is presented as

[A][Φ] = [b], where A is the coefficients matrix, Φ is the discretised form of a general transported

property Φ and b is the source coefficients matrix. A separate matrix is constructed for each ŕow

property, which is then solved to approximate the ŕow őeld.

The conservation concept leads to a general form for the evolution of a ŕow property Φ(x, y, z, t)

in space and time, shown in equation 3.3, where j = 1, 2, 3 and ΓΦ is the diffusivity of Φ. The őrst

and second terms on the left-hand side represent the rate of change of Φ and the convection of Φ

due to the ŕow, respectively. The right-hand side represents the diffusion of Φ and the source term

SΦ. Integrating equation 3.3 in space and time leads to equation 3.4, where V is the volume of the

control volume, and ∆t is the time step. Gauss’s divergence theorem is then applied to convert the

volume integrals to surface integrals, which can be approximated as a summation of the integrated

property over the faces of the CV. This is shown in equation 3.5, where S is the surfaces area of

the CV, N is the total number of faces of the CV and n⃗ is the unit vector normal to the surface

element dS, as shown in őgure 3.1. The őnal form of the discretised equation of the general ŕow

property Φ is shown in equation 3.6, where P is the centre of the CV, Si is the surface area of

the face i whose normal unit vector is ni, SΦc and SΦP are the linear and nonlinear source terms,

respectively. This equation will then be discretised temporally to form the őnal equations matrix

for the ŕow property Φ.
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Figure 3.1: General arbitrary shape of a control volume (cell). dV is the volume, dS is the surfaces
area of the CV. Si is the area on the face i, whose unit vector is n⃗.
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In order to estimate the ŕow property Φ and its derivatives on the CV faces, interpolation and

differencing schemes are applied. Different spatial discretisation schemes are used, including central

differencing, upwind, power low, and Quadratic Upwind Interpolation for Convective Kinematics

(QUICK) schemes. Choosing the suitable scheme is based on a compromise between the solution

stability and accuracy. The temporal schemes are the explicit, fully implicit and semi-implicit

or Crank-Nicolson schemes. The latter is considered for all the simulations in this research. It

is a second-order accurate scheme and unconditionally stable. It gives more realistic results for

∆t ≤ (∆x)2/ΓΦ, where ∆x is the minimum length of the CV.

The present work uses OpenFOAM (Open Source Field Operation and Manipulation) to sim-

ulate the ŕow past the square-back Ahmed body, which employs an open-source C++ code to

solve the governing equations. OpenFOAM requires setting the discretisation schemes for the

gradient (∇), divergence (∇.), Laplacian (∇2), interpolation and surface normal gradient terms.

The discretisation scheme used for the gradient is the Gauss linear with cellMDlimited using a

blending factor ≤ 0.2 at the beginning and 0 after the őrst transient period. This is to ensure

solution stability at the beginning. For the divergence, Gauss limited linearV is used with TVD

(total-variation-diminishing) blending factor of 0.2 for the vectors and Gauss linear for scalars.

These schemes are highly recommended for LES. Gauss linear limited corrected scheme is used for

the Laplacian terms, with a blending factor of one. The choice of these schemes strongly depends

on the mesh quality. The schemes mentioned above require the mesh non-orthogonality to be

less than 70 (Greenshields and Weller, 2022, Versteeg and Malalasekera, 2007). The mesh details
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and boundary conditions will be provided in the next chapter. Both the spatial and temporal

discretisation schemes used are second-order accurate.

3.1.2 Turbulence modelling

In this study, Large Eddy Simulations (LES) are employed. LES is a hybrid turbulence modelling

technique between the Direct Numerical Simulation (DNS) -that resolves all the turbulence length

scales (Moin and Mahesh, 1998) and Reynold Average Navier-Stokes (RANS), which models all

the turbulence scales (Wilcox, 2001). This technique of turbulence modelling resolves the large

eddies and models the small eddies. It represents a good compromise between the resolution of

turbulence scales and the computational cost. Reviews on LES are provided by Piomelli (1999)

and Meneveau and Katz (2000).

The essence of the LES approach is to resolve the large eddies with a time-dependent simulation

and to capture the smaller ones with a suitable model. This is based on the premise that the smaller

eddies behave universally and are characterised as isotropic, while larger eddies’ behaviour depends

on the geometry of the solution domain, the boundary conditions and the body forces acting on

the ŕow. These different behaviours complicate using a single model to accurately describe all the

turbulence length scales in the ŕow őeld. LES employs linear spatial őltering to isolate the eddies

based on their length scale. The minimum resolvable turbulence length scale for LES is the Taylor

microscale, which corresponds to the wave number at the upper limit of the inertial subrange of the

turbulent energy spectrum. It represents an intermediate scale between the integral (largest) and

the Kolmogorov (smallest) length scales. Taylor length scale (λ) can be estimated using equation

3.7, where u
′

is the ŕuctuating velocity, ν is the viscosity, ϵ is the energy dissipation rate, and l

is the integral length scale. The indicative measure of the turbulence length scale of the eddies is

called the cut-off width. Eddies whose length scales are greater than the cut-off width are resolved

while the rest are modelled. A speciőc őltering function and cut-off width are to be selected and

applied to the time-dependent governing equation of the ŕow őeld.

λ = u
′

(
ν

ϵ
)0.5 = lRel

−0.5 (3.7)

Applying the linear spatial őltering on the unsteady NS equations generates a new set of

equations, i.e. the őltered NS equations, which characterize the behaviour of the resolved structures

in the ŕow őeld. The őltering process also generates additional terms related to the őltered-out

small eddies, and other terms represent the interaction between those small unresolved eddies and

the larger resolved ones; this, in turn, generates sub-grid-scale (SGS) stresses resembling Reynolds

stresses in RANS. Those stresses are modelled using SGS models that will be solved together with
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the resolved ŕow to get the entire ŕow őeld. For a transported property Φ, the őltered version is

deőned in equation 3.8.

Φ(x, t) =

∫∫∫ ∞

−∞
G(x, x

′

,∆)Φ(x
′

, t)dx1
′

dx2
′

dx3
′

(3.8)

Where Φ(x, t) is the őltered property, G(x, x
′

,∆) is the őltering function and ∆ is the őlter cut-

off width. Numerous őltering functions have been reported in the literature, including Gaussian,

Spectral (Fourier) and Box őlters. The latter is used in the őnite volume method and is represented

mathematically with equation 3.9.

G(x, x
′

,∆) =







1
∆3 |x− x

′ | ≤ ∆
2

0 |x− x
′ | > ∆

2

(3.9)

The cut-off width for LES in őnite volume methods is selected in the same order as the grid

size. For a non-uniform grid with dimensions of (∆x,∆y,∆z), the cut-off width is expressed as

shown in equation 3.10.

∆ = 3

√

∆x ∆y ∆z (3.10)

The őltered version of the unsteady, incompressible NS equations, applying constant őltering

function (independent of x), are shown in equations 3.11 and 3.12. The overbar indicates the

őltered version of the ŕow property.

div(ρu) = 0 (3.11)

∂(ρuj)

∂t
+ div(ρuj u) = −∂p

∂x
+ µ div(grad(uj))− (div(ρuju)− div(ρuj u)) (3.12)

Equation 3.11 represents the continuity equation, and equations 3.12 represents the momentum

equation; both resemble the RANS equations, except that the averaging process is spatial rather

than temporal. The őrst term of the momentum equations is the rate of the change of the őltered

momentum. The second, third and fourth terms are the convective ŕuxes of őltered momentum,

the gradient of the őltered pressure and the diffusive ŕuxes of the őltered momentum, respectively.

The last two terms are generated due to the spatial őltering operations and can be considered as

divergence of stress τij , i.e. sub-grid-scale stresses shown in equation 3.13 and decomposed into

three components.
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τij = ρui uj − ρui uj
︸ ︷︷ ︸

Lij

+ ρui uj
′ + ρui

′ uj
︸ ︷︷ ︸

Cij

+ ρui
′uj

′

︸ ︷︷ ︸

Rij

(3.13)

• Leonard Stresses, Lij , resulting from the resolved eddies, which can be computed from the

őltered ŕow őeld (Leonard, 1975). These are caused by the second spatial őltering of the

variables, for instance ϕ ̸= Φ unlike the temporal őltering used in RANS.

• Cross-Stresses, Cij , resulting from the interaction of the resolved and modelled eddies, and

expressed by an expression suggested by (Ferziger, 1977).

• LES Reynolds Stresses, Rij , resulting from the interaction between the SGS eddies. SGS

models are used here. Numerous models are available, such as Smagorinsky and Lilly, Wall

adaptive local eddy viscosity (WALE), mixed model, and dynamic SGS model.

Most of the SGS models are based on the Boussinesq hypothesis for SGS eddy viscosity, as-

suming that Rij is proportional to the mean strain rate as shown in equations 3.14. Thus, models

are seeking expressions for the SGS eddy viscosity.

Rij = −2µsgs(
∂ũi

∂xj
+

∂ũj

∂xi
) +

1

3
RiiSij (3.14)

In this study, the Wall-Adapting Local Eddy-Viscosity Model (WALE) is employed based on

applying the isotropic őlter to anisotropic ŕow (shear ŕow). This model alleviates the problem of

high dissipation levels observed in the near wall regions (shear ŕow) when using basic SGS models.

The model was developed by Nicoud and Ducros (Nicoud and Ducros, 1999), based on recovering

the łasymptotic behaviour in the vicinity of a solid wall in equilibrium turbulent boundary layer

on a őne grid without additional damping functionž(Sagaut, 2006). Nicoud and Ducros found

that in the near-wall region, the spatial derivative of the resolved velocity is proportional to the

distance from the wall. The sub-grid scale viscosity expressed as shown in equation 3.15, where

Sij = 0.5( ∂ui

∂xj
+

∂uj

∂xi
) represents the strain rate tensor. The advantage of the WALE model is that

it accounts for both strain and rotational rates. It also achieves a zero SGS viscosity near the wall.

The model has proved realistic results in capturing the physics in the literature (Dahan et al.,

2012, Hesse and Morgans, 2021).

νsgs = (Cw∆)2
(Sij

dSij
d)3/2

(SijSij)5/2 + (Sij
dSij

d)5/4
, Cw = 0.55− 0.6 (3.15)

Finally, the near-wall treatment considered in all the simulation cases is based on resolving the

boundary layers. This means wall models are not applied requiring reőned mesh in the vicinity of

the walls to resolve the boundary layers fully. Details about the meshes used are provided in the
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next chapter.

3.1.3 Flow solver

OpenFOAM software is used for simulating the ŕow around the bluff body. PimpleFoam, one of the

OpenFOAM solvers used for incompressible unsteady ŕows, is considered. The PIMPLE algorithm

(Barton, 1998) merges both PISO (Pressure Implicit with Splitting of Operator) (Issa, 1986) and

SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) (Patankar and Spalding, 1972)

algorithms. PIMPLE and PISO algorithms are transient iterative solvers, while SIMPLE is a

steady-state iterative solver.

PISO algorithm applies SIMPLE algorithm over successive time steps with the size of the time

step being ∆t. The number of iterations in each timestep to achieve solution convergence is called

outer correctors. Once the solution converges at one timestep, the algorithm moves on to the next

time step. The SIMPLE algorithm solves the discretised momentum equations using an initial

pressure guess to őnd the velocity components. Pressure and velocity components are coupled

through the Poisson equation, shown in 3.16, which is derived by taking the divergence of the

momentum equation and applying the continuity equation. This is solved to correct the pressure

őeld and accordingly update the velocity components enforcing the conservation of mass. At a

speciőc time step, convergence is reached when the relative error of each ŕow property is less than

the value set, which is set to 10−9 in all the simulation cases. In the transient solution, the value

of the time step ∆t needs to be relatively small to maintain the accuracy of the solution to resolve

the minimum timescale and to assure the solver stability (Greenshields and Weller, 2022).

∇2p +∇.[∇.(uu)] = 0 (3.16)

PIMPLE algorithm is similar to PISO algorithm, with the PISO algorithm being repeated more

than once at every time step. This improves the solution accuracy for Courant number greater

than one if a second-order time scheme is used. Further, better stability is obtained from PIMPLE

over PISO for this reason (Greenshields and Weller, 2022).

In all the LES cases, the ŕow őeld is initialized with steady ŕow using the SIMPLE algorithm

and RANS, which captured the mean ŕow with an acceptable accuracy for initialisation. The

solution algorithm used for LES is PIMPLE with the two correctors, i.e. the PIMPLE algorithm

solves the pressure equation and momentum corrector twice in each time step. The PIMPLE

algorithm loops twice over the entire system of equations, i.e. the number of outer correctors is

two. If the number of outer corrections is set to one, the algorithm will be equivalent to PISO.
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3.2 Data Analysis

This section provides the mathematical formulae for the different quantities used to analyse the

ŕow őeld. It covers the deőnition of these quantities in both the time and the frequency domains.

The drag and pressure coefficients used in analysing the data in the following sections are

calculated as shown in equations (3.17) and (3.18), respectively. D(t), ρ, and U∞ represent the

drag force, air density and the free stream velocity, respectively. P (x, y, z, t) represents the pressure

at a position (x, y, z) in space at an instant t. P∞ is the free stream pressure. The spatial gradient

of the coefficient of pressure (CP ) in a direction n is calculated as shown in equation (3.19), where

n represents a cross-ŕow direction (y, z), n1 and n2 are the distances between the pressure probes

on the base (on the positive and negative sides relative to the base centre line), and the centre of

the base in the direction n, M is the number of the probes, and N is the total length of the base

in the same direction, as shown in őgure 4.1.

CD(t) =
D(t)

1
2HWρU∞

2 (3.17)

CP (x, y, z, t) =
P (x, y, z, t)− P∞

1
2ρU∞

2 (3.18)

∂CP (t)

∂n
=

∑

M CP (n1, t)−
∑

M CP (n2, t)
M(n1+n2)

N

(3.19)

The momentum coefficient Cµ is deőned as the ratio of momentum imposed through the actu-

ators to the free stream momentum and calculated as shown in equation 3.20, where AActuator =

WActuator ×H and ABase = W ×H are the actuator and the base cross-section area, respectively.

Equation 3.21 is used to calculate the actuation power, where Ujet and ηActuator represent the

time-averaged jet velocity and the efficiency of the actuator, respectively. The total power saved

due to drag reduction is calculated as shown in equation 3.22, where ∆FDrag is the change in the

drag force.

Cµ(t) =
AActuatorU2

jet

ABaseU2
∞

(3.20)

PwActuation =
1

ηActuator

ρU3
jet

2
(3.21)

Pwsaved = ∆DU∞ (3.22)
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In order to analyse the data in the frequency domain, the Fast Fourier Transform function is

employed, which computes the Discrete Fourier Transform (DFT) of a signal as an approximation

of the continuous Fourier transform. The governing equation for that is shown in equation 3.23,

where qk represents N samples of q(kf) in the frequency domain and qm represents N samples of

q(mT ) of the continuous signal q(t) in the time domain (Nussbaumer, 1981).

qk =

N−1∑

m=0

qm Wmk, k = 0, ..., N − 1, W = e−2πi/N (3.23)

The power spectral density is also used for data analysis purposes. It describes the distribution

of the signal’s power in the frequency domain, i.e. determining the power or the strength of the

frequency content. For a random ŕow variable q(t) with N samples, the power spectral density

is calculated as shown in equation 3.24, where fs is the sampling frequency equals to 1/T with T

being the sampling period of the signal q(t) (Howard, 2004).

PSD =
1

fsN
|qk|2 (3.24)

3.3 Reduced Order Modelling

This section provides an overview of the techniques used for reduced-order modelling. These

include the use of the standard Proper Orthogonal Decomposition (POD) and the Spectral Proper

Orthogonal Decomposition (SPOD) to analyse the ŕow past the squareback Ahmed body in the

presence and absence of the control.

3.3.1 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition (POD), introduced by Lumley (1967), is one of the widely used

techniques for model reduction in turbulent ŕows. It decomposes any ŕow property into a set of

deterministic functions (POD modes), each of which captures some of the ŕuctuation energy of the

ŕow and is modulated by a time coefficient. Considering a ŕow property q(x, y, z, t), which can be

a scalar or a vector őeld, with the independent variables (x, y, z) in space and t time. q
′

(x, y, z, t)

represents the ŕuctuating property around the mean, i.e. q
′

(x, y, z, t) = q(x, y, z, t)− q, where q is

the temporal mean of q(x, y, z, t). POD decomposes q
′

(x, y, z, t) into Φ(x, y, z) spatial modes, each

associated with a time coefficient of a(t), as shown in equation 3.25, where n is the total number

of modes.

q
′

(x, y, z, t) =

n∑

k=1

ak(t) Φk(x, y, z) (3.25)
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There are two important properties of POD; őrst, it is optimal or proper in the sense that

∑n
k=1 ak(t) Φk(x, y, z) maximises the ŕow energy captured by the őrst n modes. The second

property is that the modes are orthonormal, i.e. < Φk1(x, y, z) . Φk2(x, y, z) >= δk1k2. Orthonor-

mality implies that each time coefficient depends only on the associated spatial mode. Three

methods are identiőed in the literature to calculate this decomposition; direct POD, snapshot

POD (Sirovich, 1987) and the Singular Value Decomposition (SVD). The choice between these

methods depends on the size of the data and the computational power (Weiss, 2019).

In the direct method, we őrst construct the data matrix of the random variable p
′

(x, y, z, t)

using the snapshots from the ŕow őeld, as shown in equation 3.26. N and M represent the number

of spatial points and snapshots, respectively. p
′

(x, y, z, t) is constructed such that every column

presents the time evolution of p
′

at a speciőc spatial point (x, y, z) and each row represents one

snapshot at a time t. For simplicity we will denote p
′

(x, y, z, t) as p
′

to represent the ŕuctuating

ŕow variable at the point (x, y, z) at a time t (Weiss, 2019).

p
′

(x, y, z, t) =












p
′

(x1, y1, z1, t1) p
′

(x2, y2, z2, t1) ... p
′

(xN , yN , zN , t1)

p
′

(x1, y1, z1, t2) p
′

(x2, y2, z2, t2) ... (xN , yN , zN , t2)

| | ... |

p
′

(x1, y1, z1, tM ) p
′

(x2, y2, z2, tM ) ... p
′

(xN , yN , zN , tM )












(3.26)

The next step is to calculate the covariance matrix C such that C = 1
M−1 (p

′

)
′

p
′

, where (p
′

)
′

is the transpose of p
′

. The size of the covariance matrix, C, is N ×N . The eigenvalues Λ and the

eigenvectors Φ are then calculated and reordered in a descending order based on the eigenvalues,

as shown in equation 3.27. The N eigenvectors represent the spatial or POD modes of the data

set. The time coefficients matrix, A, is calculated by projecting the data on the spatial modes,

i.e. A = p
′

Φ. A, which is M × N , has a number of columns that corresponds to the number of

the spatial modes N . Thus, column i in A is referred to as the time coefficients of mode i, where

i = 1, 2, ..., N (Weiss, 2019).

Φ =












ϕ11 ϕ12 ... ϕ1N

ϕ21 ϕ22 ... ϕ2N

| | ... |

ϕN1 ϕN2 ... ϕNN












, Λ =












λ1 0 ... 0

0 λ2 ... 0

| | ... |

0 0 ... λN












, where λ1 > λ2 > ... > λN (3.27)

Finally, the ŕow variable p(x, y, z, t) can be reconstructed using n POD modes. As p
′

(x, y, z, t) ≃
∑n

k=1 ak(t) Φk(x, y, z), the reconstructed ŕow őeld can be calculated as shown in equation 3.28,
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where n = 1, 2, ..., N . The value of n is chosen to achieve statistical convergence of the ŕow energy

captured.

p(x, y, z, t) =

n∑

k=1

ak(t) Φk(x, y, z) + p (3.28)

The snapshot POD method, introduced by Sirovich (1987), can be seen as a decomposition of

the ŕow variable into deterministic temporal modes and random spatial coefficients, i.e. switching

(x, y, z) and t in the data matrix. Mathematically, this could be done by transposing the data

matrix p
′

(x, y, z, t), then following the same algorithm discussed for the direct POD. If the same

data matrix is used, then the covariance matrix should be Cs = 1
M−1p

′

(p
′

)
′

and the following

steps are similar to direct POD. Finally, POD modes are found to be equivalent to the SVD

of 1√
M−1

p
′

(x, y, z, t), where the spatial modes are equivalent to the right singular vector, the

eigenvalues are equivalent to the square of the diagonal matrix and time coefficients can be found

by projecting the data on the spatial modes (Weiss, 2019).

3.3.2 Spectral Proper Orthogonal Decomposition

Spectral Proper Orthogonal Decomposition (SPOD) is used in the present work to extract coherent

structures of the ŕuid ŕow past the squreback Ahmed body. Compared to standard POD, SPOD

modes vary in both space and time rather than space only in the case of POD (Schmidt and Colo-

nius, 2020). SPOD combines the time-correlation of the Dynamic mode Decomposition (DMD)

(Schmid, 2010) and the optimal space-correlation of the standard POD. DMD is more general than

SPOD because its structures are time-dependent, i.e. grow and decay in time; however, they are

neither optimal nor orthogonal. SPOD identiőes orthogonal energy-ranked modes that oscillate

at each speciőc frequency (Schmidt and Colonius, 2020). The main idea of the SPOD is that the

data realizations are subdivided into a number of blocks with possible overlaps between the blocks.

Then the data is Fourier transformed to the frequency domain, then reordered by frequency. POD

is performed at each frequency, giving optimal orthogonal modes oscillating at the given frequency.

SPOD modes represent structures that evolve coherently in space and time, while space-only POD

modes generally do not (Towne et al., 2018).

SPOD modes are the eigenvectors of the cross-spectral density (CSD) matrix at each frequency.

This is generated using the Welch method, which performs an ensemble averaging of the data to

reduce the spectrum uncertainty. The Welch method requires subdividing the data into Nblk seg-

ments or blocks. Each block contains NFFT realizations and an overlap with the next block by

Novlp realizations (Bendat and Piersol, 2011).
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Following the same notation used in Schmidt and Colonius (2020), assuming q(k)(tj) to be

the kth realization of the ŕow property at the time tj . The sampling period of each block is T ,

and the constant timestep between each successive realization is ∆t = T
NFFT

, then tj = to + j∆t,

j = 1, 2, ..., NFFT where to is the starting time for the block. The discrete Fourier Transform and

its inverse are calculated as shown in equations 3.29 and 3.30, respectively.

q̂(k)(fm) =

NFFT−1∑

j=0

q(k)(tj+1) e
−i2πjm/NFFT , k = −NFFT /2 + 1, ..., NFFT /2 (3.29)

q(k)(tj+1) =
1

NFFT

NFFT /2
∑

m=−NFFT /2+1

q̂(k)(fm) ei2πjm/NFFT , j = 0, ..., NFFT − 1 (3.30)

After transforming the realizations to the frequency domain, the data is then grouped based on

the associated frequency (fm), which ranges between −NFFT
2/T and NFFT

2/T . If the sampled

data were real, only positive frequencies need to be considered, as the negative frequencies are

their conjugates. In the following analysis, all the quantities with (̂.) are in the frequency domain.

The next step is to perform the standard POD for the grouped data one frequency at a time.

This is similar to the POD analysis discussed previously. The realizations matrix Q̂ of the ŕow

property q̂ in the frequency domain is constructed as shown in equation 3.31.

Q̂ =









| | |

q̂(1) q̂(2) ... q̂(N)

| | |









(3.31)

Where the number of rows (M) of Q̂ represents the spatial points (multiplied by the number

of variables if a vector property is used, such as the velocity) and the number of columns (N)

represents the snapshots or realizations. There will be a single data matrix Q̂ per frequency, with

the following steps being repeated for every targeted frequency. The CDS matrix, Ĉ, at each

frequency, which is equivalent to the correlation matrix of the standard POD, is then formulated

using equation 3.32, where Q̂
′

is the transpose of Q̂.

Ĉ =
1

N − 1
Q̂ Q̂

′

(3.32)

The SPOD modes are the eigenvectors of Ĉ, following equation 3.33. When the snapshot POD

method is used, it is more likely to use equation 3.34 to őnd the SPOD modes and the eigenvalues
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for a given frequency; the choice is based on the computational requirements. W represents the

weighting matrix, which is considered to be I in the following analysis.

ĈW Φ̂ = Φ̂Λ̂ (3.33)

Q̂
′

WQ̂Ψ̂ = Ψ̂Λ̂ Φ̂ = Q̂Ψ̂ (3.34)

For a given frequency, the SPOD modes are spatially orthonormal, i.e. Φ̂
′

W Φ̂ = I. These steps

are summarised using the schematic shown in őgure 3.2, which is adapted from Schmidt and Towne

(2019). As shown in the őrst two rows, the slices represent the data snapshots subdivided into

overlapped blocks in the time domain. The Fourier transform is applied on each block, switching

the data to the frequency domain. A frequency-based categorisation of the data is then applied

before performing the POD, which will be done once per frequency.

The accuracy of the SPOD analysis strongly depends on the sampling and the spectral estima-

tion parameters. The maximum resolvable frequency fmax, also known as the Nyquist frequency,

is equivalent to half of the sampling frequency fs. The latter is determined by the sampling time

step ∆t, as shown in equation 3.35. The minimum non-zero resolvable frequency ∆f , is determined

by the period of the block or segment, T , as shown in equation 3.36. Accordingly, the choice of

these parameters is essential to assure that ∆f and fs are small and large enough, respectively, to

capture the ŕow phenomena.

fmax =
fs
2
, fs =

1

∆t
(3.35)

∆f =
1

T
=

fs
NFFT

, T = NFFT∆t (3.36)

The algorithm would not capture any frequency higher than the Nyquist frequency if it existed.

Underestimating the sampling frequency might introduce an aliasing error, which could be solved

by introducing anti-aliasing őlters (low pass őlters) or oversampling. On the other hand, if NFFT

is not large enough, the spectrum will be biased as the bounding frequencies will be smeared

over the bounded frequency bin, i.e. frequency peaks will not be őne enough. However, large

NFFT reduces the number of blocks (segments) in the ensemble, which might affect the statistical

convergence of the spectrum and increase the variance in the estimate. This could be mitigated

by blocks overlapping, which increases the number of blocks. The total number of blocks Nblk can

be calculated as shown in equation 3.37. The best practice to for choosing both NFFT and Nblk is

to be 2n and 2n−1, respectively, where n = 1, 2, ...,∞, i.e. an overlap of 50% of the data. Finally,
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Figure 3.2: The main steps of the SPOD algorithm, adapted from Schmidt and Towne (2019).
The slices indicate the snapshots of the data in both the time and the frequency domains. The
őrst two rows shows the data (Q(nblk)) subdivided into Nblk blocks in the time domain. The third
row shows the blocks’ data (Q̂(nblk)) transformed to the frequency domain using Fourier transform.
Frequency based categorisation is applied, as shown in the fourth row (Xnfreq

). Finally the POD
is applied per frequency, shown in the last row, indicating the SPOD modes Φnfreq

per frequency.
Note that nblk in the őgure is equivalent to Nblk in the text.
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to avoid the effect of spectral leakage, which is associated with the non-periodicity of the data, a

Hamming window with optimized parameters was applied to the SPOD algorithm (Schmidt and

Colonius, 2020).

Nblk =
Nt −Novlp

NFFT −Novlp
(3.37)
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Chapter 4

Unforced flow past the Ahmed body

This chapter explores, numerically, the ŕow past the square-back Ahmed body. Both the time-

averaged and time-varying ŕows are then discussed. This provides insight into the unforced wake

dynamics and comparisons with both the experimental and the numerical cases in the literature.

Modal reduction of this case will be shown in the following chapters for comparison purposes.

4.1 Simulation setup for the Ahmed body

LES is used to investigate the dynamics of the turbulent wake downstream of a square-back Ahmed

body. The body dimensions are similar to those used by Ahmed et al. (1984), scaled by one quarter,

as shown in őgure 4.1. The aspect ratio of the body cross-section is W/H=1.35, where W and H

are the body width and height, respectively. The length of the body is L∗ = L/H = 3.63. The

clearance between the bottom surface of the body and the ground is C∗ = C/H = 0.174. The

frontal part is rounded with a radius of R∗ = R/H = 0.35. The dimensions of the body and

the ground clearance match those used in the experimental study by Grandemange et al. (2013b).

The Reynolds number based on the body height is ReH = 3.3 × 104. The solution domain is

(Linlet, Lx, Ly, Lz) = (2L, 8L, 2L, 2L), where Linlet, Lx, Ly and Lz are the domain length upstream

of the body, total domain length in the streamwise direction, vertical domain length and the domain

length in spanwise direction respectively, as shown in őgure 4.2. The blockage factor, deőned as

the ratio of the Ahmed body cross-section to the domain cross-section, is 2.5%, which is small

enough to neglect conőnement effects. The domain size has been chosen according to ERCOFTAC

recommendations (Jakirlic et al. (2001), Manceau (2003)). The ground boundary layer thickness

upstream the body at x/L = −1 is δ/H ∼ 0.09, matching the approach boundary layer thickness

in the study by Grandemange et al. (2013b) and Kang et al. (2021).

The inŕow used is a steady uniform velocity proőle corresponding to the value of ReH . The
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Figure 4.1: Square-back Ahmed body scaled by one fourth, with body height H = 72mm. Pressure
sensors on the base are marked by the blue and red lines in the vertical (y) and the horizontal
(z) directions, respectively. Point (0, 0, 0) is positioned at the center of the front surface indicated
with the black +.

boundary condition on the ground and the body surfaces is a no-slip condition. A free-slip condition

was set on the domain sides, and a convective outlet condition was set on the domain outlet to

avoid backŕow. The OpenFOAM CFD toolbox (version 6.0 (TheOpenFOAMFoundation, 2018)),

employing a őnite volume formulation, was used for the simulations. The governing incompressible

Navier-Stokes equations are solved using the PIMPLE algorithm, which is a hybrid algorithm of the

Pressure Implicit with Splitting of Operators (PISO) and Semi-Implicit Method for Pressure-Linked

Equations (SIMPLE) algorithms described in more detail in chapter 3. The LES employs the Wall-

Adapting Local Eddy-viscosity (WALE) model to account for turbulence at sub-grid scales (Nicoud

and Ducros (1999)). Second-order spatial and temporal discretisation schemes were employed. The

simulation time step was chosen, maintaining a unit value of CFL (CourantśFriedrichsśLewy).

Unstructured hexahedral cells were used employing the trimmer cells model in StarCCM+

software. This model creates hexahedral cells in the solution domain and trims the mesh core at

the boundaries forming polyhedral cells. The prism layers model was used near the solid surfaces

to create orthogonal cells, resolving the near-wall ŕow, as indicated in őgure 4.3 and őgure 4.4.

Three spatial resolutions of 9, 11 and 15 million cells were considered. The reőnement criteria were

based on minimising the sizes of the cells in the prism layers, the reőned region around the body

and the far őeld region. The size of the mesh near the wall (prism layers) is reőned to fully resolve

the boundary layer in the three cases, with a maximum value of y+ ≤ 1, as shown in őgure 4.5 for

the case of 11× 106 cells. y+ is deőned as ∆nuτ/ν, where ∆n is the height of the őrst cell in the

direction n normal to the body surfaces, n ∈ [y, z], uτ is the friction velocity and ν is the kinematic

viscosity. The friction velocity is deőned as
√

τwall/ρ, where τwall is the wall shear stress and ρ

is the density. The normalised near-wall grid sizes in the streamwise and spanwise directions are

l+ ≤ 39 and s+ ≤ 40, respectively, where l+ = ∆luτ/ν and s+ = ∆suτ/ν. ∆l is the cell size in

the streamwise direction, and ∆s is the cell size in the direction normal to both the streamwise

and the surface, s ∈ [y, z]. The values l+ and s+ follow the mesh requirement for LES (Piomelli

and Chasnov, 1996). A growth rate of 1.1 is used between the different mesh zones, as indicated

in őgures 4.3 and 4.4, to minimise the computational cost (Hesse and Morgans, 2021). The values
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Mesh size (×106 cells) CD CPBase
LR

H y+ y+Max

15 0.362 -0.22 1.43 0.10 0.6
11 0.360 -0.22 1.42 0.58 1.0
9 0.352 -0.20 1.45 0.95 3.0
Exp. (Grandemange et al. (2013b)) 0.257 -0.19 1.41 - -
Sim. (Hesse and Morgans (2021)) 0.364 -0.20 1.42 - < 1

Table 4.1: Mesh Independence study, based on the time-averaged drag (CD), time-averaged base
pressure (CPbase), time-averaged recirculation length (LR), time-averaged and maximum y+. ReH
for Grandemange et al. (2013b) experimental study and Hesse and Morgans (2021) numerical
study was 9.2× 104 and 3.3× 104, respectively.

Figure 4.2: Solution domain with a vertical body-centred plane (red) and horizontal body-centred
plane (green). Air ŕows in +x direction.

of the mean ŕow properties (drag coefficient, base pressure and length of the recirculation region)

were validated versus the experiment of Grandemange et al. (2013b) and the numerical study of

Hesse and Morgans (2021), as summarised in table 4.1. The maximum error in the length of the

recirculation region length and the average base pressure were about 2% and 15%, respectively,

compared to the corresponding values from experiments, which was conducted at ReH ∼ 9.2×104.

Fan et al. (2020b) conducted an experimental study using the same geometry considered in the

current study at ReH ∼ 9.2 × 104, similar to Grandemange et al. (2013b). A difference of 6%

in the averaged base pressure between Fan et al. (2020b) and Grandemange et al. (2013b) can

be seen, which might be attributed to measurement uncertainties, making the current difference

acceptable. The values of the averaged base pressure and the time-averaged drag are comparable

to the simulation results of Hesse and Morgans (2021), at the same ReH . The time-averaged

drag exhibits a maximum difference of 3% compared to Hesse and Morgans (2021). Based on these

comparisons and the value of y+max indicated in (table 4.1), the mid-size (11 million cells) is selected

for the simulations. In this case, the value of y+Max ≤ 1 conőrms that the near-wall regions are

fully-resolved. The average cell size in the wake region resolves the Taylor microscale, representing

the minimum turbulent length scale to be resolved by the LES (Howard and Pourquie, 2002).
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Figure 4.3: Mesh details on the vertical plane (xy). The zoomed view (in the blue box) shows the
prism layers on the body surface.

Figure 4.4: Mesh details on the horizontal plane (xz ). The zoomed view (in the blue box) shows
the prism layers used to resolve the boundary layers on both the body and the ground surfaces.

Figure 4.5: y+ distribution on the Ahmed body for the mesh size of 11× 106 cells.
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4.2 Time-averaged flow

This subsection discusses the time-averaged ŕow past the square-back Ahmed body. Figure 4.6

and 4.7 show the top and side views on mid-body planes, shown in őgure 4.2, of the mean ŕow.

Four separation bubbles are identiőed, where the separation bubble is deőned as the envelope

of zero streamwise mean velocity. The boundary layers on the top and side surfaces separate

just aft the body nose, creating small separation bubbles on the three surfaces, then reattach to

the surfaces prior to the body rear-end, i.e. the body base. Similar upstream separations were

reported in Spohn and Gilliéron (2002), Krajnovic and Davidson (2003), Franck et al. (2007) and

the experiments by Grandemange et al. (2013b). The top and side boundary layers separate at

x/L ∼ 0.08, then reattach at x/L ∼ 0.30 on the top surfaces and at x/L ∼ 0.26 on the sides.

The boundary layers on both the bottom surface and the ground remain attached. A detailed

investigation of the characteristics of these boundary layers will be shown in chapter 6.

At the rear end of the body, the four boundary layers separate off the longitudinal body surfaces,

forming the wake behind the body. Each of these shear layers forms a sub-recirculation zone in the

wake, as indicated by the streamlines shown in őgures 4.6 and 4.7. The time-averaged wake looks

horizontally symmetric, but the side view (őgure 4.7) shows that the sub-recirculation region formed

by the top shear layer is slightly larger than the bottom, indicating a slight vertical asymmetry.

The average length of the bubble in the wake is ∼ 1.42H, deőned as the maximum streamwise

distance between the base and the separation bubble proőle. The mean pressure coefficient on

mid-body planes is shown in őgure 4.8, indicating the presence of a toroidal vortex in the wake.

Figure 4.9 shows three-dimensional views of this vortex, identiőed by an isosurface of CP = −0.22.

This matches previous studies by Bearman (1997), Krajnovic and Davidson (2003), Minguez et al.

(2008), Rouméas et al. (2009), Khalighi et al. (2012), Grandemange et al. (2013b) and Volpe et al.

(2015). The low-pressure recirculation bubble imposes low pressure on the base. The mean base

pressure is CPbase = −0.22, which inŕuences the mean drag. The low base pressure, CPbase,

contributes ∼ 60% to drag similar to Ahmed et al. (1984), Grandemange et al. (2013b) and

Ahmed and Morgans (2022), making it an essential parameter in controlling the wake ŕow for drag

reduction. The mean drag coefficient CD is 0.36, matching the value reported in Eulalie et al.

(2014), Lucas et al. (2017) and Hesse and Morgans (2021).

The base pressure is also inŕuenced by the shear stresses in the recirculation region, which can

be thought of as a balance between the pressure, shear and normal stresses. Similar to the analysis

done by Balachandar et al. (1997) in the wake of a two-dimensional bluff body, the streamwise

momentum balance in the wake of the Ahmed body is shown in equation 4.1 (neglecting the

viscous force), where ni is a unit vector normal to the mean separation bubble (SB) in the wake

and i ∈ [x, y, z]. The pressure gradient on the separation bubble can be deőned using the normal
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Figure 4.6: Top view of the separation bubble in the wake superimposed with in-plane streamlines
at the mid-plane of y/H = 0. Zoomed views (in the red dashed box) show the frontal separation
bubbles caused by the boundary layer separation on the sides.

Figure 4.7: Side view of the separation bubble in the wake superimposed with in-plane streamlines
at the mid-plane of z/W = 0. A zoomed view (top) showing the frontal separation bubble caused
by the boundary layer separation on the top body surface.

Figure 4.8: Top (a) and side (b) views of the distribution of mean pressure coefficient CP at
mid-body planes and mean base pressure coefficient (c).
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Figure 4.9: Three-dimensional view of the toroidal-vortex in the near-wake region, deőned as
iso-surface of Cp = −0.22 coloured by the time-averaged streamwise velocity and superimposed
with streamlines projected on plane y/H = 0 (left) and plane z/W = 0 (right).

momentum balance as shown in equation 4.2, where k is the local curvature of the separation bubble

and us and un are the tangential and normal velocities on the separation bubble (Bradshaw, 1973).

This indicates that Reynolds stresses are essential for the equilibrium of the recirculation region, as

they affect both the entrained momentum and the pressure gradient along the separation bubble.

∫

Base

CP ds = 2

∫

SB

ux
′ui

′nids+

∫

SB

CPnxds (4.1)

dCP

dn
= 2kus

2 − 2
∂un

′un
′

∂n
(4.2)

Figure 4.10 shows Reynolds stresses on the mid-height plane, superimposed by the separation

bubbles. It can be seen that the streamwise Reynolds stress, u′

x
2
, peaks at the frontal separation

bubbles and has relatively higher intensity on the shear layers in the wake with the symmetric

spatial distribution. The normal component of Reynolds stress u′

z
2

peaks towards the end of the

separation bubble and also at the frontal separation bubbles. Similarly, the forebody boundary

layer separation on the top surfaces exhibits the higher intensity of Reynolds stresses as shown in

őgure 4.11. The intensity of the streamwise Reynolds stress u′

x
2

is higher in the bottom shear layer

compared to the top, correlating with the weak vertical asymmetry of the wake due to the ground

effect. The distribution of u′

y
2

indicates higher values at the top surfaces separation bubble and

along the edge of the separation bubble in the wake. These results are in good agreement with the

experimental studies by Khalighi et al. (2001) and Grandemange et al. (2013b).

4.3 Wake dynamics

Following the literature, four modes are expected to be seen in the wake of the square-back Ahmed

body, three of which are periodic, and one of which is stochastic. These include:
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Figure 4.10: u′

x
2

(top), u′

xu
′

z (middle) and u′

z
2

(bottom) at the mid-plane of z/W = 0 super-
imposed with separation bubbles, coloured with grey.

Figure 4.11: u′

x
2

(top), u′

xu
′

y (middle) and u′

y
2

(bottom) at the mid-plane of y/H = 0 super-
imposed with separation bubbles, coloured with grey.
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• The stochastic switching of the wake in one of the cross-ŕow directions (wake bi-modality)

with a relatively long evolution time.

• The global oscillating dynamics due to the interaction of each free shear layer with its parallel

counterpart, typically representing the horizontal and vertical vortex shedding.

• The streamwise bubble breathing or pumping mode.

• The dynamics related to the mixing layers in the wake.

This subsection explores the wake dynamics in more detail, considering the wake bi-modality őrst

in section 4.3.1 followed by the periodic modes in section 4.3.2.

4.3.1 Wake bi-modality

The spatial gradients of the pressure coefficient on the base of the Ahmed body are used to inves-

tigate the wake conőguration. Based on Grandemange et al. (2013a) map, with the body width,

W , being larger than its height, H, horizontal bi-modality is expected. Figure 4.12 depicts the

instantaneous gradient of the pressure coefficient in the horizontal and vertical directions, denoted

as ∂Cp/∂z and ∂Cp/∂y, respectively, where z and y are normalised by W and H, respectively,

as shown in equation 3.19. The dimensionless time t∗ is deőned as t∗ = (tU∞)/H. The wake

randomly exhibits horizontal bi-modal switching, with the simulation over 2000 convective time

units capturing four switches of the wake. The wake is approximately symmetric in the vertical

direction, and its slight asymmetry is caused by the jet generated by the underbody ŕow. The

most probable asymmetric positions of the wake correspond to a horizontal gradient of pressure

coefficient of ±0.20, similar to the values obtained numerically for the same ReH but using a dif-

ferent code (StreamLES) (Dalla Longa et al., 2019). The maximum time the wake maintains in

one asymmetric position is 750 normalised time units, with an average switch duration being 50

normalised time units, deőned as the duration the wake takes to switch from the mean asymmetric

position to its counterpart on the other side. The switching time is random in different simula-

tions and the maximum switching time is slightly less than the o(100) time units reported in the

numerical study by Podvin et al. (2021). The wake recovers symmetry in the long time-average

statistics, as seen in section 4.2.

Figure 4.13 shows a top view of the toroidal vortex in the near wake region at three time

points corresponding to ∂CP /∂z = ±0.20 and ∂CP /∂z = 0. The toroidal vortex is deőned as

the iso-surface of Cp = −0.22 similar to őgure 4.9 for the time-averaged wake ŕow. Horizontal

bi-modal switching causes the near wake toroidal structure to tilt towards and away from the

base stochastically. During the switching period, the toroidal structure becomes instantaneously

parallel to the base, representing a symmetric wake (∂CP /∂z = 0). This effect is projected onto
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Figure 4.12: Time evolution of the horizontal (top) and vertical (bottom) gradients of pressure
coefficient on the base.

 

 

 

 

 

 

 

 

 

 

 

  

 

 Figure 4.13: Left: Iso-contours of the coefficient of pressure CP = −0.22, as well as the vorticity
distribution on the body top surface, indicating the near wake vortical structures for different wake
positions. Right: The associated Cp on the base.
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Figure 4.14: Top view of the separation bubble in the wake superimposed with in-plane streamlines
at the mid-plane of y/H = 0. The asymmetric wake associated with ∂Cp/∂z < 0 is shown on the
top, ∂Cp/∂z = 0 is shown on the middle and ∂Cp/∂z > 0 is shown on the bottom of the őgure.

the base pressure as a low-pressure region associated with the vortical structure being locally close

to the base. Figure 4.13 shows this behaviour and the associated base pressure for the three

cases, when the wake is tilted towards the positive z direction, during switching when the wake

is instantaneously symmetric and after the switching when it is tilted towards the negative z

direction. The conditional-averaged base pressure coefficient during the switching, when the wake

is instantaneously symmetric, is −0.21 compared to −0.232 for the asymmetric wake states. The

asymmetric wake increases the average base pressure by 10% compared to the symmetric wake,

which matches the experimental results by Haffner et al. (2020). These results are consistent with

previous experimental (Grandemange et al., 2013b) and numerical results (Dalla Longa et al., 2019,

Hesse and Morgans, 2021), which capture side-to-side bi-modality.

Conditional averaging of the velocity őeld for the asymmetric wake shows that the reŕectional

symmetry breaking inŕuences the separation bubble. Figure 4.14 shows that for a negative hori-

zontal pressure gradient (0 ≤ t∗ ≤ 350 and 800 ≤ t∗ ≤ 1500), the bubble is oriented towards +z

direction. The bubble is superimposed with in-plane streamlines at the mid-height of the body,

showing that the recirculation region is dominated by the shear layer separated off the −z side.

This shear layer exhibits higher curvature than the parallel layer, coinciding with a relatively higher

curvature of the bubble on the same side. The opposite effect can be seen for the conditional aver-

age of the ŕow when the wake switched to the reŕected asymmetric position (450 ≤ t∗ ≤ 650 and

1600 ≤ t∗ ≤ 1900). This is aligned with the switching mechanism proposed by Haffner et al. (2020),

that for a horizontally-asymmetric wake, the shear layer on one side forms a relatively stronger

sub-recirculation compared to the parallel shear layer. Both sub-recirculation regions have the

same strength during the switching, which leads to an instantaneously symmetric wake. This will
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further be discussed in section 5.4.3. The length of this curved recirculation region exhibits no

change in both cases, with a value of ∼ 1.42H measured as the maximum streamwise distance from

the base of the bubble. This effect disappears in the time-averaged ŕow őeld as indicated in őgure

4.14 (middle case), with the bubble being symmetric horizontally. Flow separations on both sides

are depicted in the same őgure with small upstream separation bubbles. Upstream separations

hold for both wake asymmetric conőgurations.

The vertical position of the wake exhibits no change for the different horizontal asymmetric

positions of the wake. The conditional average for both wake orientations is similar to őgure

4.7. The bubble is tilted slightly towards the ground indicating vertical asymmetry due to the

underbody effect. The wake is dominated by a downwash ŕow from the top shear layer, shown

by the larger recirculation region compared to the bottom. Figure 4.7 also shows the upstream

separation bubble caused by boundary separation on the top body surface just aft of the body

nose. The relevance of these upstream separation bubbles to the wake conőguration will be further

discussed in Chapters 6 and 7. No separation bubbles were seen in the underbody region, meaning

that both the bottom surface and the ground boundary layers remain attached throughout, similar

to the time-averaged ŕow. The time-history of the area-averaged base pressure coefficient, <

CP−base >, shown in őgure 4.15a, does not show a clear mark of wake bi-modality, nor the time-

history of the drag coefficient CD, shown in őgure 4.15b.

Wake bi-modality also inŕuences the Reynolds stress intensities and distributions in the wake

region. An asymmetric distribution is evidenced for both the normal and the shear stresses on the

mid-body plane shown in őgure 4.16. Compared to the time-averaged wake, both ux
′2 and uz

′2

exhibit increased intensities in the wake region. On the side view, shown in őgure 4.17, the stream-

wise Reynolds stress peaks at the mid-height zone, not the top and bottom shear layers. This could

be related to the bi-modal switching of the wake. The distribution of uy
′2 looks similar to the time-

averaged case with less intensity. The upstream separation bubbles experienced higher intensities

of Reynolds stresses, similar to the time-averaged case. The effect of horizontal bi-modality on

the stresses in the wake correlates very well with the experimental results by Grandemange et al.

(2013b). To conclude, these results conőrm that bi-modality affects the coherent structure of the

wake ŕow and the base pressure, which both directly affect the aerodynamic drag. Symmetrising

the wake has a favourable effect on base pressure recovery and drag. The next chapter will explore

detailed investigations into suppressing bi-modality using different control techniques.

4.3.2 Periodic modes in the wake

This subsection investigates the periodic modes in the wake of the square-back Ahmed body. The

symmetric and anti-symmetric base pressure signals considered in the following analysis are deőned
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(a)

(b)

Figure 4.15: Time history of the area-averaged base pressure coefficient < CP−base > (a) and
drag coefficient < CD > (b). The red line indicates the mean values in the presence of horizontal
bi-modality.

Figure 4.16: u′

x
2

(top), u′

xu
′

z (middle) and u′

z
2

(bottom) at the mid-plane of z/W = 0 super-
imposed with separation bubbles, coloured with grey for the asymmetric wake.
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Figure 4.17: u′

x
2

(top), u′

xu
′

y (middle) and u′

y
2

(bottom) at the mid-plane of y/H = 0 super-
imposed with separation bubbles, coloured with grey for the asymmetric wake.

(a) (b)

Figure 4.18: Premultiplied spectra of the (a) horizontal and (b) vertical anti-symmetric base
pressure signals for the unforced wake ŕow. Gray and red shaded areas indicate the broad frequency
band related to the bubble pumping mode and vortex shedding frequency, respectively.

Figure 4.19: Symmetric premultiplied base pressure signals the unforced wake ŕow. The gray
shaded area indicates the broad frequency band related to the bubble pumping mode.
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in equation 4.3 and 4.4, respectively, where M is the number of the pressure probes, n1 and n2 are

the distance of the pressure probes on the base to its centre in either of the crossŕow directions

(y, z) as shown in őgure 4.1.

∆P
∣
∣
Symmetric

=
1

M

[
∑

M

P (x, y, z)
∣
∣
n1

+
∑

M

P (x, y, z)
∣
∣
n2

]

(4.3)

∆P
∣
∣
Anti-symmetric

=
1

M

[
∑

M

P (x, y, z)
∣
∣
n1

−
∑

M

P (x, y, z)
∣
∣
n2

]

(4.4)

Figure 4.18 shows the anti-symmetric base pressure spectra in both the horizontal and vertical

directions. The Strouhal number, St, is calculated based on the body length in the direction of

the anti-symmetric base pressure. The unforced signal in both directions indicates three periodic

modes. The őrst appears with a broadband frequency around StW ∼ 0.07 in the horizontal signal

(őgure 4.18a) and around StH ∼ 0.05 in the vertical signal (őgure 4.18b), is associated with

the streamwise bubble pumping mode. This mode was detected in the base pressure spectrum

in experiments by Khalighi et al. (2001) and has been hypothesised to occur due to a periodic

interaction of the top and bottom halves of the toroidal vortex trapped in the near wake region,

causing a periodic change in the recirculation region. A further suggestion relates it to a non-linear

interaction between the vertical and horizontal vortex shedding (Volpe et al., 2015). Although a

linear stability analysis of the wake behind an axisymmetric body has not captured this mode

(Rigas et al., 2017), it has been detected in spectral analysis of the wakes of an axisymmetric body

(Rigas et al., 2014), a circular disc and a sphere wake (Berger et al., 1990). The second mode is

associated with a peak at StW = 0.19 in the horizontal direction (őgure 4.18a) and StH = 0.17 in

the vertical direction (őgure 4.18b) and relates to vortex shedding in both directions. The same

frequencies were reported in experimental studies by Volpe et al. (2015) and Lahaye et al. (2014).

The vortex shedding frequencies in both directions are consistent with the range of frequencies

reported in the literature of 0.13 − 0.19 (Grandemange et al., 2013b, Lucas et al., 2017, Kang

et al., 2021). The third dynamical mode, for the unforced base pressure, appears in őgure 4.18 at

StW ∼ 1.9 and StH ∼ 1.6 and is linked to the higher frequency dynamics of the shear layers in both

directions, which will be seen in the spectral proper orthogonal decomposition of the unforced ŕow

in section 7.1. The unforced symmetric base pressure signal (equivalent to < CP > with limited

measurement probes), shown in őgure 4.19, captures a broad frequency band around StW ∼ 0.07

related to the bubble pumping and high-frequency shear layers dynamics at StW ∼ 2.4.

To summarise, this chapter has investigated the ŕow past blunt bluff Ahmed body. The time-

averaged and the time-resolved results were compared to the experimental and numerical studies in

the literature body. A further analysis of the unforced wake using SPOD is provided in chapter 7.
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Validating this unforced case represents the őrst step towards applying different control techniques

for drag reduction, which will further be discussed in the following chapters.
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Chapter 5

Feedback control for a square-back

Ahmed body

This chapter covers the design and application of a nonlinear model-based feedback controller to

suppress bi-modality in the wake of a square-back Ahmed body. It starts with a description of

the bi-modality model followed by the design procedure for the nonlinear feedback control. The

results of implementing this controller are then discussed in more detail. A sensitivity study of

the controller parameters is then performed followed by some insight into the mechanism of wake

bi-modality. Finally, Proper orthogonal Decomposition (POD) is used to investigate the effect of

the nonlinear feedback controller on the wake.

The feedback control setup employs base pressure sensing and synthetic jet actuation through

a small gap around the perimeter of the base, as shown in őgure 5.1. The detailed modelling,

sensing and actuation are provided in the next subsections.

Figure 5.1: Ahmed body scaled by one fourth, with height H = 72mm. The circles on the
base show the sensor positions used to calculate the vertical (grey) and horizontal (blue) pressure
gradients. Actuation is via synthetic jets placed around the base perimeter with a thickness of
0.04H; actuation is antisymmetric in z as shown by the blue dashed and the black solid areas.
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5.1 Model for wake bi-modality

The present work adopts a nonlinear feedback control approach in order to suppress the bi-modal

switching, which is itself a non-linear phenomenon Rigas et al. (2015). Synthesising a closed-loop

controller for ŕuid ŕow can be achieved using one of three approaches. These are models based on

high dimensional discretization of the governing equations (NS), low dimensional models derived

from the governing equations and black-box model identiőed through system identiőcation. The

őrst approach captures the physics of the ŕow but typically leads to inapplicable controllers in

real-time, due to their high dimensionality. The third approach has proven success for some ŕows

but suffers from a limited region of validity when the assumption of dynamic linearity is used. The

second approach of low dimensional nonlinear model-based control represents a good compromise

between the őrst approach of fully resolving the nonlinear physics of the ŕow and the limitations of

the "black-box" approach (King et al., 2005). The model-based non-linear approach is considered

in the present work to facilitate the design of a non-linear feedback controller. The controller will

be based upon a model in the form of a nonlinear Langevin equation, which captures both the

deterministic and the stochastic evolution of the reŕectional symmetry breaking in the turbulent

wake of the Ahmed body. This model was initially developed to characterise the random symmetry

breaking behaviour in the turbulent wake of an axisymmetric body, this exhibiting multi-modal

behaviour (Rigas et al., 2015). It is based on the premise that multi-modality occurs due to the

persistence of the laminar global modes at high Reynolds number, with the turbulent ŕuctuations

acting to push stochastically between asymmetric stable positions. The deterministic part (the

drift) of the Langevin model captures the nonlinear dynamics of the reŕectional symmetry breaking

in the laminar ŕow regime, employing the typical Landau equation. The stochastic part represents

the effect of turbulent ŕuctuations.

dr(t)

dt
= −λr3 + αr + σζ(t) (5.1)

Brackston et al. (2016) adapted the model for rectilinear bodies exhibiting bi-modality, such as

the square-back Ahmed body. Barros et al. (2017) employed a coupled Langevin model to represent

the transition of the wake from the vertical asymmetric state to a horizontal bi-modal with vertical

symmetry. The adapted Langevin model is shown in equation (5.1). The parameter r(t) is some

measure of the modal amplitude, α is the growth rate and λ the saturation parameter. The őrst

two terms on the right hand side represent the spatial reŕectional symmetry breaking (RSB) mode,

which arises due to a supercritical pitchfork bifurcation at laminar Reynolds numbers, as described

in section 2.1.1. The last term represents the turbulent broadband forcing acting on the coherent

structures of this mode, with ζ(t) the random dynamics of a standard Wiener process and σ2 the
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Figure 5.2: Double-well potential function of the deterministic part of the Langevin equation used
to model bi-modality Brackston et al. (2016). V (r) is the potential function and re = ±

√
α
λ .

noise intensity; it is expected to capture all ŕow disturbances that cause wake switching between

the two asymmetric states.

In the present work, the parameter chosen to characterise the wake mode position, r(t), is the

horizontal centre of pressure on the base, calculated as shown in equation (5.2), where P(x,y,z,t) is

the pressure, W the width of the base and Abase the base area. A value of r(t) = 0 corresponds to a

symmetric wake. Based on the previous model, the deterministic part has a double-well potential,

shown in őgure 5.2. It has three equilibrium points, at re = 0,±
√

α
λ . re = 0 is an unstable

equilibrium point, which will be targeted by the controller to symmetrise the wake. According

to the model, r(t), moves within closed bounds around one of the two asymmetric states until

sufficiently perturbed by the stochastic term to switch to the other. The corresponding probability

density function of r(t), obtained experimentally at different Re, shows little dependence on Re in

the turbulent regime (Brackston et al., 2016).

r(t) =
1

W
∫∫

Abase
P (x, y, z, t) dA

∫∫

Abase

zP (x, y, z, t) dA (5.2)

The model parameters for the current Ahmed body, (α,λ,σ2), were identiőed by őtting the

model to the unforced ŕow data. The time-averaged mean square displacement (MSD) of the

horizontal centre of pressure, r(t), is shown in őgure 5.3a. Its value is calculated as ⟨(r(t + δt) −

r(t))2⟩, where δt here has the same value as the simulation timestep. The őndings are consistent

with those of Rigas et al. (2015): the MSD is found to be proportional to the lag time, δt, before

starting to plateau. A linear least square őt was used to estimate the value of the noise intensity

(diffusion coefficient) for the short time scale region, where ⟨(∆r(δt))
2⟩ = 2σ2 × δt. The value

of the noise intensity is found to be σ2 = 0.64. The probability density function (PDF) of the

model, obtained using the steady-state Fokker Plank equation (equation (5.3), where C represents

a normalising constant), was matched to the probability density function of r(t) from the unforced

simulation (őgure 5.3b). This allowed estimates of both α and λ to be obtained as 3.6 and 91.0
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Figure 5.3: (a) Mean Square Displacement (MSD) of the horizontal centre of pressure r(t) in
the unforced case (blue) and a linear őt (red dashed line) to estimate the noise intensity σ2. (b)
Probability Density Function of the model (dashed red line) and the data of one asymmetric stable
position of the wake (blue dots).

respectively. With reference to Barros et al. (2017), the values of these parameters are for a weakly

vertically asymmetric wake, as identiőed for the unforced case.

P (r) = C exp (
α

σ2
r2 − 1

2

λ

σ2
r4) (5.3)

5.2 Feedback Control Design

Due to the strongly non-linear behaviour underpinning the bi-modal switching (Rigas et al., 2015),

a nonlinear feedback controller based upon the above Langevin model is targeted. The sensor

signal, r(t), which acts as the input signal to the controller, is a measure of the horizontal centre

of pressure on the base. r(t) is calculated by placing 48 sensors on the base of the square-back

Ahmed body at a horizontal normalised distance of ∆z = 0.125 between each successive sensors

and a vertical normalised distance of ∆y = 0.17. The output signal from the controller is then

fed to the synthetic jet actuators, which are located in a gap around the outer perimeter of the

base with a width of 0.04H. The jet actuation is purely in the streamwise i.e. x-direction. It is

horizontally antisymmetric, such that the actuation on the right is in anti-phase with the actuation

on the left as shown in őgure 5.1. At any instant in time, the actuation has zero-net-mass-ŕux,

since the left and right mass injection cancels: streamwise momentum is sucked from one side of the

base and blown through the other. Thus a single signal dictates the spatial variation around the

whole actuation perimeter. The block diagram of the single-input single-output (SISO) feedback

control is shown in őgure 5.4.

Based on the above model different nonlinear controllers were synthesized, employing three

different controller design methods. These were the Lyapunov function-based method, robust
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Figure 5.4: Block diagram of the feedback control loop.

control under matching conditions (backstepping) and optimal control using the Hamiltonian-

Jacobi-Isaacs. In the őrst instance, these were applied to a simpliőed toy model of the RSB

described above, using the Simulink Control Design tool in MATLAB. The system is assumed to

be a single-input single-output system (SISO) with an arbitrary values of the input −4 ≤ r ≤ 4.

The stochastic term in the Langevin model is represented by adding a white Gaussian noise to

the input signal. The signal-to-noise ratio for this is speciőed as 0.1dB. The motivation for this is

that it can show the performance of the different model-based controllers using less computational

power. The design procedure for the nonlinear controller based on the Lyapunov function method

is discussed in more detail in the following paragraphs, with the design procedure for the other

control methods discussed in appendix A.

The application of Lyapunov function technique for controlling nonlinear systems was intro-

duced by Artstein (1983), who established a link between the continuous stabilisation of a nonlin-

ear system and the existence of a control Lyapunov function. In this study, a quadratic Lyapunov

function is used, as deőned through equation (5.4). V (r) is a positive deőnite function which

is continuously differentiable and decreases with time, i.e. V (r) > 0, ∀ | r |> 0 and V (0) = 0.

The negative deőnite derivative of the Lyapunov function, shown in equation (5.5), guarantees the

asymptotic stability of the closed-loop controlled system for the given range of r(t) that corresponds

to the position of the asymmetric wake in the unforced case (Wong et al., 1998). The control law

is represented by equation (5.6), where u(r) is the controller signal sent to the actuator, A and B

are time-independent ampliőcation factors and λ and α are the model parameters estimated from

the unforced case results in section 5.1. The controller signal u(r) represents the non-dimensional

actuator jet velocity, i.e. u(r) = Ujet(t)/U∞. The robustness of the controlled system to variations

in the controller parameters was was examined. The controller was found to be asymptotically

stable for 0 < (α, λ) ≤ ∞. The ampliőcation parameter B, must be a positive value to maintain the

asymptotic stability of the controlled system. A represents a scaling parameter of the controlled

signal (A ≥ 1).

V (r) =
1

2
r2 (5.4)

dV

dt
=

dV

dr
× (ṙ + u(r)) , V̇ < 0 , V̇ (0) = 0 , ∀ | r |> 0 (5.5)

81



Controller Controller design method Control law

Controller-1 Lyapunov function u(r) = −A(−λr3 + (B + α)r)

Controller-2 Artstein-Sontag u(r) = −(−λr3 + αr)− |
√

(−λr3 + αr)
2
+ r2|

Controller-3 Backstepping u(r) = −(−λr1
3 + αr1 + r2) + (α− µ− 1)r1

+(αr1 + r2 − λr1
3)(3λr1

2 − µ)

r2 = λr1
3 − µr1

Controller-4 Backstepping-II u(r) = −(αr1 + r2)− r1 − α(αr1 + r2 − λr1
3)

r2 = −µr1

Controller-5 HJI u(r) = λr3 − αr − r
√

λ2r4 − 2λαr2 + (α2 + 1)

Table 5.1: Summary of the nonlinear model-based control laws synthesized to suppress wake bi-
modality. Note that r1 used in the control law based on Backstepping method is equivalent to r,
i.e. the base center of pressure.

u(r) = −A(−λr3 + (B + α)r) (5.6)

The nonlinear controllers based on other design tools (details in appendix A) are summarised

in table 5.1. When the different controllers were applied to the "toy SIMULINK model" of the

RSB behaviour, őgure 5.5 shows their effect on the probability density function of system. In the

absence of control, the PDF of the unforced system indicates two peaks, presenting the two stable

asymmetric positions of the wake. The őgure shows that all controllers resymmetrise the system

around the centre i.e. r = 0, except controller-2 which employs the Artstein-Sontag universal

controller. In this case the curve has a maxima at r < 0, which means that the wake will be

asymmetric and shifted to the left. Another key observation is that the behaviour depends on

the initial condition of the system, i.e. if the initial position of the wake was at r > 0 the

controller drives the wake towards the centre temporarily (local stability point), however, if the

initial condition of the wake was at r < 0 the controller shifts the wake directly towards the left.

Thus, r = 0 is not a global stable point in this case, but an inŕection point, which leads to exclude

controller-2 from the options.

Figure 5.6 indicates the time-history of r(t) (shown in blue), and the controlled signal for

each case. When the controller based on the Lyapunov function method is used, the system is

symmetrised around r = 0, i.e. the controller suppresses the bi-modal behaviour of the system,

as shown in őgure 5.6a. Figure 5.6b conőrms the results indicated by the PDF proőle for the

Artestin-Sontag controller, that the wake is stabilized at an off-centered asymmetric position.

Figures 5.6c and 5.6d shows the controlled signals when the nonlinear controllers based on the

recursive backstepping method are applied. Two different variations were compared, one employing
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Figure 5.5: Probability Density Function (PFD) for the bi-modality model in the absence and the
presence of the nonlinear controllers designed using different methods.

a nonlinear bi-modality subsystem model (controller-3) and one employing a linear bi-modality

model (controller-4). Both controllers suppressed the bi-modal behaviour, however, controller-

4 (őgure 5.6d) resulted in higher noise amplitude (spatial bounds of the remaining oscillations)

compared to controller-3 (őgure 5.6c). Figure 5.6e shows the time-history of the controlled signal

using the nonlinear controller designed based on the Hamilton-Jacobi-Isaacs formulation. The

switching is suppressed with the system symmetrised around r = 0. Based on wake symmetrisation

behaviour and stability, any of controllers-1, 3 and 5 could be applied to the LES simulations of

the Ahmed body. Due to the heavy computational resources required for the simulations, only

one nonlinear controller method will be implemented in the full LES, and the simplicity of the

Lyapunov controller method, means that it will be chosen.

5.3 Feedback Control Implementation

Having validated the LES approach for accurately simulating the wake ŕow in chapter 4, we now

describe the adaptations to the simulations needed in order to implement feedback control. As

shown in őgure 5.1, synthetic jet actuation is applied through the base perimeter following the base

pressure signal. For the actuation, a time-dependent boundary condition is needed (only) at the

location of the actuator slots. The actuation signal, given by the controller output value, must be

calculated at each timestep in response to the time-varying input sensor signal from the pressure

probes. This is implemented using the SWAK4FOAM (SWiss Army Knife for OpenFOAM) library

(Gschaider, 2020). SWAK4FOAM is a plugin C++ library, which allows the use of a user-deőned

time-varying equation to prescribe the values at the boundary, instead of the default constant value

in OpenFOAM.
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(a) (b)

(c) (d)

(e)

Figure 5.6: Time-history of r(t) as applied to toy model of RSB behaviour. The controller input
signals are shown in the presence (yellow, green and pink) and absence (blue) of the nonlinear feed-
back controllers. The unforced signal shown in blue and the controlled signal based on Lyapunov
function (a), Artestin-Sontag universal controller (b), backstepping-1 (c), backstepping-2 (d) and
Hamiltonian-Jacobi-Isaacs (e).
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The value of the center of pressure (input), r(t), is calculated in real time at the relevant

simulation timestep and fed to the controller. The inherent nonlinearities of the ŕow necessitate a

response time of the wake ŕow. This is accounted for by employing the weighted moving average

of u(r), denoted u(r)
t

and shown in equation (5.7) where β is a weighting coefficient given by

the ratio of the simulation timestep (∆t) to a characteristic time equivalent to StH ∼ 2, taken to

be the maximum frequency resolved in the unforced ŕow. Applying the weighted moving average

limits the unsteadiness introduced to the streamwise momentum in the wake, which contributes to

the drag (Dalla Longa et al., 2017).

u(r)
t
= βu(r)t + (1− β)u(r)

t−∆t
(5.7)

The feedback controller is implemented in simulations, initially with controller parameters

A = 10 and B = 60. The simulation shown in őgure 5.7 initially has control switched off, during

which time the wake switches once in the horizontal direction. The controller is switched on

at t∗ = 640, with the convective time for the controlled duration of the simulation being 1230.

This is signiőcantly greater than the maximum residence time of the wake in a given asymmetric

state the unforced case (t∗ = 750) and is thus deemed statistically sufficient for investigating

the controller performance. The effect of the feedback controller are explored in the following

subsections, assessing őrst its effect on the main control objective ś suppressing the wake bi-modal

switching ś as well as its effect on the mean ŕow properties, the mean body drag and the other

dynamical wake modes.

5.3.1 Bi-modality suppression

The main control objective is to suppress the stochastic switching of the wake, as characterised

by the horizontal base pressure gradient. The effect of the controller on both the horizontal and

vertical pressure gradients is shown in őgure 5.7. It is evident that the wake switching behaviour in

the horizontal direction is completely suppressed. The probability density function of the horizontal

base pressure gradient (∂CP /∂z) exhibits just a single peak around the center in the presence of

control.

Although the controller was designed to target the deterministic part of the bi-modality model

ś the static RSB modes ś as discussed in section 5.1, it also affects the wake oscillations around the

main wake position. These oscillations, which we will term łresidual oscillationsž, are caused by the

turbulent disturbances modelled via the stochastic term in the absence of control in equation (5.1).

A reduction in the level of these residual oscillations ś in the horizontal direction ś is achieved after

switching the controller on. Thus an advantage of the nonlinear controller is that it results in much
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Figure 5.7: Horizontal (top) and vertical (bottom) gradients of the coefficient of pressure CP (left)
before and after switching the controller on (black dashed line). The corresponding Probability
Density Functions, PDF (right) for the uncontrolled case (blue bars) and the controlled case (orange
line). the controller parameters A and B are 10 and 60, respectively.

reduced maximum horizontal wake offset positions. In the presence of control, the maximum offset

wake position corresponds to a horizontal pressure gradient of ∼ ±0.08, which is a 72% reduction

in the uncontrolled value of ±0.29. This is partly due to the wake symmetrisation and partly due

to the reduced amplitude of the residual oscillations.

Thus, the effect of the controller extends beyond reorienting the asymmetric wake to also alter

the higher frequency wake dynamics. These residual oscillations are linked to interactions between

the lateral shear layers and the asymmetric wake, consistent with the switching mechanism recently

proposed by Haffner et al. (2020), and may also be partially related to the disturbances convected

from the upstream boundary layer dynamics. The degree of reduction in the residual oscillations

depends on the ratio between the non-linear and linear terms of the control law, as it will further

be discussed in section 5.4. The amplitude of the residual oscillations value can be quantiőed

by the root-mean-square of the trajectory of rRMS at any main position of the wake (equation

5.8, where N is the number of data points of the controlled convective time). The feedback

controller reduces the amplitude of the horizontal residual oscillations by up to 20% compared to

the unforced case. The wake then exhibits regular time-periodic behaviour with a distinguishable

frequency, Stcontrol. Similar time periodic behaviour has been observed after implementation of

other control strategies, as in case of the opposition control by Li et al. (2016) and the adaptive

control by Varon et al. (2019). It is notable that the residual wake oscillations are not only

reduced compared to the unforced case, they are also much smaller than has been observed so

far after application of linear controllers (Brackston et al., 2016, Li et al., 2016). For the latter,
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Figure 5.8: Iso-contours of the coefficient of pressure CP = −0.2 (left) and vorticity distribution
on the body surface, indicating the effect of the feedback controller on the near wake vortical
structures, with the associated Cp projected on the base (right).

the amplitude of residual oscillations of the symmetrised wake matched the original asymmetric

extremes of the wake, two orders of magnitude larger than for the unforced ŕow. This suggests

that the underpinning non-linear dynamics of the wake, when neglected, amplify the wake residual

oscillations in the bi-modality direction.

In the orthogonal (vertical) direction, the controller is observed to have a negligible effect on

the mean wake position, but to slightly amplify the vertical residual oscillations, as shown in őgure

5.7 (∂CP /∂y).

rRMS =

[

1

N

N∑

i=0

ri
2

]1/2

(5.8)

5.3.2 Mean flow properties and wake topology

This section will explore the effect of the controller on the mean ŕow properties and the near

wake toroidal-vortex structure, for which stochastic bi-modal switching resulted in tilt variations

for the unforced case. The effect of control is to orientate this toroidal structure parallel to the

base, so that it is approximately horizontally symmetric, as shown in őgure 5.8. This matches the

instantaneous orientation of the wake during a switching event for the unforced case (őgure 4.13),

with the symmetric state being unstable in the absence of control. The resulting base pressure

coefficient exhibits a higher pressure region near the centre of the base surrounded by a region of

lower pressure, as shown in őgure 5.8. The base pressure coefficient here differs to the unforced

case of őgure 4.13, where it has minima and maxima on the sides of the base for the asymmetric

wake, and looks similar to the instantaneous unstable symmetric wake. The time-averaged base

pressure coefficient of the controlled wake is CPbase = −0.227, which represents ∼ 2% reduction

in the base pressure compared to the asymmetric wake. This value depends on the ampliőcation

parameter, B, in the control law (equation 5.6), which will further be discussed in section 5.4.

The effect of the controller suggests that changing momentum within the wake region directly

effects the streamwise position of the toroidal-vortex. Comparing the topology of the symmetrised

wake to that when a base-cavity is used (Evrard et al., 2016), for the latter drag reduction was
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Figure 5.9: Streamlines based on the time-averaged streamwise velocity projected on a plane at
mid-height of the body. The unforced case is shown on the left and the controlled case with B = 1
and B = 60 are shown on the middle and the right, respectively.

associated with minimizing the imprint of the toroidal-vortex on the base, this being correlated

with an increase in the average base pressure. For the present feedback control, the proximity of the

toroidal-vortex to the base slightly hinders the recovery in average base pressure, which is likely to

limit the reduction in pressure drag. The length of the recirculation region for the controlled case is

reduced by 8% compared to the unforced case, with a value LR−cont = 1.32H. Thus the feedback

control reduces the length of the recirculation bubble while also reducing the drag. This differs

to őndings in the absence of unsteady actuation or feedback control, where shorter recirculation

bubbles imply increased drag (Lorite-Díez et al., 2020, Hsu et al., 2021), but is consistent with

other feedback control studies, where the change in the recirculation length was more related to

actuation location than drag reduction (Dahan et al., 2012). Figure 5.9 shows the streamlines on

a horizontal plane at the mid-height of the body. The unforced streamlines indicate the tilt of the

toriodal vortex via a skewness of the vortex centers, while the controller restores the alignment of

these centers, shortens the bubble length and slightly reduces the streamlines curvature closer to

the base. Comparing the controlled cases with B = 1 and B = 60, it can be seen that the for

higher B the centers of the recirculation region move closer to the base. This will have an effect

on base pressure recovery, which will be discussed in section 5.4. The streamlines also show that

the current actuation reduce the streamlines curvature locally, allowing for base pressure recovery.

5.3.3 Ahmed body drag

As mentioned earlier, previous studies have suggested that a symmetric wake corresponds to ∼ 9%

base pressure recovery (Grandemange et al., 2013a, Haffner et al., 2020). This was estimated based

on comparing the average base pressure during switching events, when the wake is instantaneously

symmetric, to its value while the wake is asymmetric. This suggests potential for reducing the

pressure drag by suppressing wake bi-modality.
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Figure 5.10: Effect of feedback control on the drag coefficient (CD). The controller is switched on
at t∗ = 935 shown with black dashed line. The values of the controller parameters A and B are
10 and 60, respectively. The red line indicates the mean values of CD prior and after switching on
the controller.

The current results conőrm that resymmetrising the wake using nonlinear feedback control increases

the average base pressure and reduces the pressure drag. The time-averaged drag is reduced with

higher ŕuctuations of CD, as shown in őgure 5.10. CD is reduced by 2.5% for the case with the

controller parameters A = 10 and B = 60. Similar to mean ŕow properties, the percentage of

drag reduction has a strong dependence on the value of B, that controls the contribution of the

linear terms in the control law. This dependence leads to the parametric study in section 5.4.1.

In case of B = 1, the time-averaged drag is reduced by 7.4%, which represents the maximum drag

reduction achieved using the current nonlinear feedback controller. This reduction is lower than

the expected 9%, due to the streamwise position of the toroidal vortex in the near wake. These

simulations reveal that the drag reduction achieved by symmetrising the wake, depends on the

way of suppressing wake bi-modality and its effect on the mean ŕow in the wake. To conclude,

these results conőrms that pressure drag is sensitive to wake bi-modality. The application of the

nonlinear controller symmetrised the wake by affecting the separated shear layers in the separatix.

This effect alters the balance of disturbances in shear layers and the streamwise position of the

disturbances, which will be further discussed in section 5.4.3. The level of the disturbances imposed

inŕuences the base pressure and accordingly the drag.

5.3.4 Periodic modes in the wake

Similar to the analysis in section 4.3.2, the symmetric and anti-symmetric base pressure signals

are considered for analysing the periodic modes in the wake. A quick summary for the periodic

modes in the absence of control will be provided őrst, as it has been discussed with more details

in section 4.3.2. Figure 5.11 shows the horizontal and vertical spectra of the anti-symmetric base

pressure. The normalised frequency, St number, is deőned based on W and H in the horizontal

and vertical directions, respectively. The three periodic modes reported in the literature are seen
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(a) (b)

Figure 5.11: Premultiplied spectra of the (a) horizontal and (b) vertical anti-symmetric base
pressure signals for both the unforced (red) and the controlled (black) cases. Gray and red shaded
areas indicate the broad frequency band related to the bubble pumping mode and vortex shedding
frequency, respectively.

in the unforced spectra in both directions. The streamwise bubble pumping mode is captured with

low frequency bands around StH ∼ 0.05 and StW ∼ 0.07 in the vertical and horizontal directions,

respectively. The frequency peaks around StW ∼ 0.19 in őgure 5.11a is related to the horizontal

vortex shedding, equivalent to StH ∼ 0.17 for the vertical vortex shedding (őgure 5.11b). Higher

frequency dynamics are seen in both directions around StW ∼ 1.9 and StH ∼ 1.6, which are linked

to the shear layers in both directions.

The base pressure spectra, horizontally and vertically antisymmetric are shown in the presence

of feedback control in őgures 5.11a and 5.11b, respectively. Both signals capture the same periodic

modes evidenced in the absence of the controller. In the horizontal direction, the controller ampliőes

the energy content of all these modes. The horizontally anti-symmetric base pressure signal (őgure

5.11a), captures the symmetric bubble pumping mode at the same frequency of the unforced

case. Unlike for the unforced case, the controlled signal does not capture a clear peak for the

horizontal vortex shedding. A relatively smaller peak around StW = 0.2 is seen, this suggesting

that the anti-phase low frequency forcing of the controller disturbs the dynamics of the horizontal

vortex shedding. This will be further discussed using the POD analysis in section 5.5. The

energy content of the free shear layers is increased by an order of magnitude in the presence of

the feedback controller, with a relatively lower frequency of StW ∼ 1 compared to the unforced

case (StW ∼ 1.9). Similarly, the vertically antisymmetric spectrum (őgure 5.11b) shows how the

controller slightly reduces the energy content of these three modes. The energy content of the

vertical vortex shedding mode is reduced with a slight increase in the associated frequency from

StH = 0.17 without control to StH = 0.19 with control. This shift in the vortex shedding frequency

is consistent with the recent experimental results by Plumejeau et al. (2020), which concluded that

the symmetric wake conőguration is associated with a higher shedding frequency in both cross-ŕow

directions. The vertically anti-symmetric signal captures the shear layer dynamics at a frequency

equivalent to StH ∼ 1, this frequency having shifted downwards compared to the uncontrolled case
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Figure 5.12: Symmetric premultiplied base pressure signals for both unforced (red) and controlled
(black) cases. Gray and blue shaded areas indicate the broad frequency band related to the bubble
pumping mode and the frequency associated with the streamwise motion of the toroidal vortex,
respectively.

(StH ∼ 1.6).

The unforced symmetric base pressure signal, shown in őgure 5.12, captures a broad frequency

band around StW ∼ 0.07 related the bubble pumping and high frequency shear layers dynamics at

StW ∼ 2.4. The controller increases the energy content of the whole spectrum without changing

the bubble pumping frequency. A clear frequency peak at StW ∼ 1.3 is evidenced in the presence

of the feedback controller. This is attributed to a new symmetric behaviour linked to the effect

of the momentum exchanged in the wake after control has been switched on. The new symmetric

behaviour associated with frequencies of StW = 0.13 (StH = 0.1 in the vertical direction), is

found to be related to streamwise motion of the near-wake toroidal vortex structure after it has

symmetrised. Figure 5.13 shows the time evolution of the steamwise position of the toroidal-

vortex represented by the pressure coefficient iso-surface. The time interval between each successive

snapshot is equivalent to StW = 0.13. In symmetrising the wake, the controller causes a transitional

motion of this toroidal vortex. The dynamics of the shear layers are also captured in the controlled

signal with an associated frequency of StW ∼ 2.

The effect of the controller on the dynamical modes in the wake can be concluded as follows; the

low-frequency bubble pumping mode is largely unaffected by suppressing the horizontal bi-modal

switching, and by the reduction in the high-frequency horizontal residual oscillations. The vertical

vortex shedding frequency increases due to the action of control. The horizontal vortex shedding,

however, has not been clearly evidenced, as the interaction of the horizontal shear layers is now

disturbed by the controller. The different effects of the controller on the vortex shedding mode

in the horizontal and vertical directions is attributed to the setup of the actuation slots, shown

in őgure 5.1. The horizontal shear layers are subjected to anti-phase forcing, while the vertical

shear layers are forced in-phase. The stochastic horizontal switching of the wake is replaced by an

oscillatory motion of the toroidal vortex structure in the streamwise direction, due to exchanging

momentum between the lateral sides of the wake. Finally, the spectral analysis of the antisymmetric

controlled signals indicates an increased energy level relative to the unforced case in the horizontal
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Figure 5.13: Instantaneous snapshots of the near-wake toroidal-vortex indicated by the iso-
contours of the pressure coefficient (CP = −0.2). It indicates the time evolution of the streamwise
location of the toroidal vortex with a time interval corresponding to StW = 0.13 between each
successive snapshots starting on the top-left to the bottom-right.

direction, while in the vertical direction the energy has decreased.

5.4 Non-linearity and Bi-modality Suppression

As mentioned in Section 5.3, the performance of the feedback controller depends on the choice

of controller parameters in the control law given by equation (5.6). A parametric study of the

feedback control law parameters, A and B, is now carried out to investigate the effect on bi-modality

suppression, drag and wake dynamics. Parameter A ampliőes the control effort and directly affects

the wake response time, resulting in a faster wake response for A > 1. The threshold value to

symmetrise the wake is A=10, yet as A increases, the drag reduction decreases. This is likely to

be because larger values of A increase the momentum coefficient and subsequently enhance the

near wake entrainment. This directly affects the shear layers and their associated interactions,

amplifying the higher frequency dynamics in the near wake region. Parameter B represents an

ampliőcation factor of the linear term of the control law. A range of 0 < B ≤ 90 is investigated for

A = 10. Exploring the contribution of the linear term offers an insight into the effect of nonlinearity

on suppressing bi-modality and its associated interactions in the wake. The effect of varying B is

discussed in detail in the following subsections.

5.4.1 Wake symmetry, wake oscillations and body drag

The effect of varying B on the wake symmetry, residual oscillations, base pressure and drag re-

duction is őrstly explored. The effect of varying B on the degree of wake-symmetry, which is
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Figure 5.14: (a) The variation of the horizontal gradient of the base pressure coefficient (used to
indicate the level of wake-symmetry) with the controller parameter B. The red line indicates the
value of ∂Cp/∂z for the unforced case. (b) Blue: Root Mean Square (RMS) of the instantaneous
horizontal centre of pressure for different values of the controller parameter , B. The blue solid line
shows the RMS value for the uncontrolled case. Orange: the variation in drag reduction with B.

B CPbase
LR

H −∆CD% Cµ × 103 Stcontrol

Unforced -0.232 1.44 0.00 0.0 0
(Asymmetric wake)
0.01 -0.209 1.36 6.75 1.2 0.021
1 -0.207 1.38 7.40 1.2 0.024
3 -0.208 1.37 7.00 1.2 0.025
5 -0.214 1.34 4.72 2.0 0.033
10 -0.217 1.33 3.16 3.0 0.034
30 -0.216 1.34 3.53 3.3 0.040
60 -0.218 1.32 2.50 3.9 0.054
90 -0.217 1.33 3.20 3.9 0.050

Table 5.2: The effect of changing the ampliőcation parameter B on the mean ŕow parameters; the
time-averaged base pressure coefficient (CPbase), the recirculation bubble length (LR), the average
drag reduction (∆CD) and the control effort characterised by the momentum coefficient (Cµ) and
the resultant frequency of the periodic switching in the wake (Stcontrol)

93



characterised by the value of the horizontal gradient of the base pressure coefficient, ∂Cp/∂z, is

shown in őgure 5.14a, with a more symmetric wake associated with lower values of ∂Cp/∂z. It

can be seen that the level of wake symmetry increases with B. For 0 < B < 10, the same order

of magnitude as the growth rate α, ŕuctuations in ∂Cp/∂z show a maximum reduction of 25%

compared to the unforced case, and the wake exhibits little sensitivity to B. When B is one order

of magnitude higher than α, i.e. B > 10, the wake symmetry starts to increase with B, the max-

imum reduction in wake asymmetry being reached at B = 90, beyond which no further reduction

is achieved. The value of ∂Cp/∂z is then reduced by 72% compared to the unforced case and the

wake can be considered symmetrised in this region. In this case (i.e. B = 90), the linear term

dominates the control effort, with B almost two orders of magnitude higher than α. Relating the

value of the linear term parameter, B, to the growth rate parameter, α, suggests that the growth

of the mode r could be suppressed with a linear controller.

The residual wake oscillations around the mean wake position, characterised by the root mean

square of r, rRMS, are also affected by the tuning of B. As shown in őgure 5.14b, rRMS exhibits

a decreasing trend as B increases, reaching a minimum when B = 60, without further reduction

for higher values of B. This conőrms a signiőcant beneőt of the present non-linear controller over

the linear controllers employed in previous studies. There, control led to ampliőcation of the

horizontal residual oscillations, and this was linked to low values of drag reduction of less than

∼ 2% (Brackston et al., 2016, Li et al., 2016, Schmidt et al., 2018). Figure 5.14b also depicts the

variation of the drag reduction as B varied. For the present results, low levels of horizontal residual

oscillations do not seemed to be directly linked to drag reduction; when the residual oscillations are

small, the mean drag reduction is also small. The maximum drag reduction achieved by feedback

control is 7.4%, a signiőcant increase on the 2% reported previously using a linear controller.

For this maximum reduction, B = 1 (hence 0 < B ≤ α), which means that the nonlinear term

dominates the control effort, the wake then oscillates at a frequency of Stcontrol = 0.024.

The drag reduction decreases as B increases and hence the contribution of the linear controller

term increase. A minimum drag reduction of 2.5% occurs for a fully symmetrised wake, the residual

ŕuctuations of the wake are also smallest. Comparing őgures 5.14a and 5.14b, a trade-off between

drag reduction and wake-symmetry is evident, suggesting that drag reduction is not directly related

to symmetrising the wake, but linked to suppression of the nonlinear interactions between the

stochastic bi-modality and other periodic modes in the wake. A favourable manipulation of these

nonlinear interactions is attained when the nonlinear term of the controller dominates the control

effort (i.e. B ≤ α), suggesting the need for a nonlinear controller in order to reduce the drag.

Table 5.2 shows the change in the mean ŕow properties as B varies. The time-averaged base

pressure coefficient, CPbase, decreases with B, inhibiting the reduction in pressure drag. A linear
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relation between CPbase and −∆CD% can be seen here, conőrming the dominant effect of the base

pressure on pressure drag (Ahmed et al., 1984). For all values of B, some base pressure recovery

is evidenced compared to the unforced case. The maximum average increase in the base pressure

was less than the 9% indicated in the literature. This is suggested to be a result of the controller

shifting the near-wake toroidal vortex closer to the base, limiting the base pressure recovery. The

minimum value of CPbase occurs for B = 60, and is associated with the least drag reduction. This

case achieves a relatively high level of wake symmetry, with the linear control term dominating the

control effort. The length of the recirculation bubble, LR, is reduced in presence of the feedback

control for all values of B compared to the unforced case. This length also decreases as B increases.

A reduction of 3.5% in LR is reported for the case of maximum drag reduction (B = 1) compared

to the asymmetric unforced wake, while a 9% reduction in LR is reported for the minimum drag

reduction. Comparing the controlled cases, it can be seen that a longer bubble allows for higher

base pressure recovery and consequently reduced drag (Brackston et al., 2016, Evrard et al., 2016).

However, we suggest that the underlying mechanism of drag reduction achieved here is not limited

to the bubble length but is also inŕuenced by the change of the curvature along the separated

bubble and the suppression of wake symmetry breaking.

5.4.2 Control performance

The effect of tuning B can also be characterised using the barycenter of pressure, r(t), i.e. the

controller input deőned in equation (5.2). The maximum deviation of the wake from the center of

the base in the absence of control corresponds to r = ±0.32, which represents the switching bounds

of the unforced wake. The contribution of the controller nonlinear term was assessed for different

values of B. For B = 0.01, the controller is linear when the spatial position of the wake lies in the

space −0.05 ≤ r ≤ 0.05. That is, the contribution of the nonlinear part of the controller is negligible

when the wake is close to being symmetric. The contribution of the controller nonlinearity then

increases as the wake deviates from the linearly dominated region. The range of r for which u(r)

is almost linear increases with B, implying a larger linearly dominated region for higher values

of B. For B = 90, the linearly dominated region extends to −0.14 ≤ r ≤ 0.14, beyond which,

the contribution of the nonlinear term in the control effort does not exceed 10%. This suggests

the possibility of suppressing wake bi-modality using purely linear controllers, even though the

nonlinearity inherent in the interactions of this mode with the other dynamical modes and the

effect on drag reduction remain open questions.

Figure 5.15 shows the time history of the controller input, r(t), and the output, u(r). Both

signals are periodic with a frequency corresponding to Stcontrol = 0.024 for B = 1, the case

where maximum drag reduction is achieved. The time delay between the signals is related to
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Figure 5.15: (a) Time evolution of the input and output signals of the nonlinear controller for the
case of B = 1. The associated frequency of both signals corresponds to Stcontrol = 0.024.

the wake response time to actuation. The value of Stcontrol, which is associated with the wake

oscillations that occur in the presence of feedback control, increases as B increases. For B in the

range 0 < B ≤ 90, the frequency lies in the range 0.02 < Stcontrol < 0.054, as indicated in table

5.2. The drag reduction decreases as Stcontrol becomes closer to the bubble pumping frequency.

The interaction between the periodic switching and the bubble pumping modes is seen to limit

the drag reduction. Comparing the sensor signal, r(t), for the controlled and uncontrolled cases,

őgure 5.16 indicates a cut-off frequency, Stcut-off, where the action of control starts to amplify

rather than attenuate oscillations. Dynamical modes below Stcut-off are attenuated, by the action

of the control, while those above are ampliőed. Across different controller parameters, Stcut-off

has a similar order of magnitude to the peak bi-modality frequency, its value increasing as B

increases, reaching a maximum value of Stcut-off = 0.013 for the case in which the linear control

term exceeds the nonlinear term by two orders of magnitude and the wake is fully symmetrised

(B = 90). Tighter switching bounds of the wake are associated with higher cut-off frequency. This

indicates that the model considered here, based on Langevin dynamics, successfully captures the

low frequency dynamics associated with bi-modality. If the synthetic jet actuators can be assumed

to have an efficiency of ηactuator = 0.95 (95%), the maximum power utilised by the controller,

Pwactuation would not exceed 0.5% of the total power saved due to drag reduction, Pwsaved.

The momentum coefficient of the actuation associated with control, Cµ, increases with B. The

maximum Cµ for the case of maximum drag reduction (B = 1) was 8.5×10−3 with an average value

of 1.2 × 10−3 (table 5.2). As the momentum coefficient increases, the drag reduction decreases,

reaching its minimum value when Cµ = 7.9 × 10−2 with an average of 3.9 × 10−3. This suggests

that higher levels of momentum in the wake increase the level of turbulent entrainment in the near

wake region. Increasing Cµ enhances the unsteadiness of the streamwise momentum, which has

an unfavourable effect on the drag. The higher levels of momentum in the wake further increase

the disturbances on the free shear layers that have been balanced due to wake reorientation, as
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Figure 5.16: Power Spectral Density (PSD) of the uncontrolled (red) and the controlled (blue)
horizontal centre of pressure for the case of B = 90, indicating the cut-off frequency Stcut-off = 0.013
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Figure 5.17: Time-averaged Reynolds stress components on a central horizontal plane at y/H =
0.5. Comparing the uncontrolled asymmetric wake (on the left for each component) and the
controlled case (on the right for each component). (a) The streamwise Reynolds stress u′

xu
′
x. (b)

The u′
xu

′
z Reynolds stress. (c) The horizontal (lateral) Reynolds stress u′

zu
′
z. Air ŕows from bottom

to top.

discussed previously, which hinders the gain in drag reduction. This suggests that a new control

strategy which attenuates the disturbances in the free shear layers might be more effective for

reducing the drag.

5.4.3 Insights into bi-modal switching mechanism

The results suggest that bi-modality indirectly affects the drag through the interaction of the

asymmetric recirculation region and the shear layers that are shed from the vertical base edges

between which switching takes place. Haffner et al. (2020) recently proposed a mechanism for

the wake switching based on ŕow entrainment related to the lateral shear layer dynamics. Their

experimental results suggest that the formation of an asymmetric recirculation region is caused

by the large curvature of one shear layer. This curved shear layer triggers the parallel layer

downstream of the base, causing a roll-up in the wake which leads to a shedding of a hairpin vortex
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Figure 5.18: Schematic description of the effect of the controller on the shear layers in the switching
direction. The asymmetric recirculation region formed by the bottom shear layer and its triggering
to the top shear layer in the unforced case is shown in (a). The effect of momentum exchange on
both shear layers is indicated in (b), where the continuous and dashed lines represent the unforced
and the controlled recirculation regions respectively.

in the wake (Dalla Longa et al., 2019). This roll-up creates an engulfed ŕow that increases the

ŕow entrained into the recirculation region. As this roll-up gets stronger, the triggered shear layer

starts to curve forming a new recirculation region opposite to the existing one, leading to a transient

symmetric wake. This mechanism is consistent with the present simulations, as shown through

the projected streamlines based on the streamwise velocity during the switching event included in

the supplementary movie. The drag reduction associated with this transient symmetric wake is

related to inhibiting both the trigger of the shear layers and the coherent recirculating motion in

the near wake region (Haffner et al., 2020). The trigger of the shear layers can be indicated by

Reynolds stresses in the wake.

Figure 5.17 compares the Reynolds stresses on a horizontal plane at the mid-height of the body

for the asymmetric unforced wake and the controlled wake. An asymmetric pattern is indicated

in all three components (u′
xu

′
x, u′

xu
′
z, u′

zu
′
z) for the unforced case. The triggering of the shear

layer on the right side of the body (+z direction) is indicated by relatively higher stresses in

the streamwise direction (u′
xu

′
x) downstream of the base, while the curved shear layers forming

the asymmetric recirculation region exhibit higher levels of both the u′
xu

′
x and u′

xu
′
z shear stress

components. The spanwise component (u′
zu

′
z) has higher levels towards the triggered shear layer

side. For the controlled symmetric wake, the wake exhibits balanced shear stresses on both shear

layers.

In the presence of the controller, exchanged momentum through the actuation slots imposes

direct disturbances on both shear layers at the separation edges. These disturbances disrupt the

switching mechanism discussed above. When the wake resides on one side, the actuation starts

to blow air, introducing disturbances on the curved shear layer, while the parallel triggered layer

is now subjected to suction by the actuator slot, i.e. shifting the triggering location upstream

towards the base and increasing its curvature. The application of the controller with anti-phase

forcing ś blowing on the large curved shear layer and suction on the triggered layer ś will have the

following effect (őgure 5.18):
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• The blowing on the curved shear layer increases the curvature of this shear layer and accord-

ingly reduces the length of the recirculation region.

• This effect forces the triggering location of the parallel layer to take place further upstream,

closer to the base.

• Applying suction on the other side will have two effects; imposing disturbances on this shear

layer closer to the base, promoting earlier growth and promoting the formation of the opposite

recirculation region.

• When the level of momentum exchanged between the lateral sides and the wake increases,

this signiőcantly ampliőes the balanced disturbances on the shear layers and accordingly

decreases the base pressure (table 5.2).

Although the application of the controller here inhibits the coherent recirculation in the near-wake,

which has a favourable effect for drag reduction similar to the symmetric transient state of the

unforced case, the disturbances imposed on both shear layers limits the gain in drag reduction.

The shear layers disturbances are now balanced, and shifted upstream closer to the base, yielding a

more pronounced effect on the base pressure and limiting the drag reduction. The maximum gain

in drag reduction is achieved for the case where minimum shear layer disturbances are imposed

due to the exchanged momentum. The imposed disturbances on the shear layers ampliőes the

higher frequency dynamics in the near wake region, which is conőrmed by comparing the power

spectral density of r in the absence and presence of control, shown in őgure 5.16. Although bi-

modality is a random behaviour of the wake, the unforced ŕow exhibits a broad peak at StH ∼

10−3. The effect of control is to amplify the higher wake frequencies, which are associated with

StH > Stcut-off. We speculate that this ampliőcation creates a coupling between bi-modality

and the low frequency bubble pumping mode, consequently driving the random dynamics of bi-

modality into regular oscillations of the toroidal-vortex within spatial bounds closer to the centre.

This can be evidenced by the match between the frequency range of the wake oscillations and the

bubble pumping frequency. This coupling further causes streamwise oscillations of the toroidal-

vortex, similar in behaviour to the bubble pumping at a frequency of StH = 0.1, as indicated

in section 5.3.4. Thus, the controller changes the stochastic switching of the toroidal-vortex into

spatially-bounded oscillatory switching with streamwise oscillations of this vortex. To conclude,

drag reduction is found to be related to the effect of bi-modality on the shear layers in the switching

direction. Bi-modality suppression balances the disturbances in the two parallel shear layers and

shifts the streamwise position of the shear layers triggers upstream closer to the base, which found

to be unfavorable for base pressure recovery.
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(a) (b)

Figure 5.19: Energy content of the őrst 20 pressure POD modes for the unforced (a) and the
controlled case for B = 60 (b).

5.5 Proper Orthogonal Decomposition

In order to obtain more insights into the effect of control on bi-modality suppression, Proper

Orthogonal Decomposition (POD) of the pressure data on a horizontal plane - parallel to the

ground - at mid-height of the body, is now considered. The total acquisition time was 1000

convective time units, which was deemed sufficient for statistical convergence. The wake residence

time within each asymmetric position was equal to that for the unforced case. The sampling

frequency corresponded to StW = 2.84, with StW = fW/U∞, where f is the frequency in Hz.

This sampling frequency resolves the highest frequency in the wake.

5.5.1 Unforced POD

The energy content of the őrst twenty modes is shown in őgure 5.19a. The most energetic őrst

six modes contain ∼ 73% of the total energy. The Reŕectional Symmetry Breaking (RSB) mode,

represented by mode-1 in őgure 5.20, is the most energetic, with an energy content of 32%, similar

to the experimental results by Schmidt et al. (2018). This mode is antisymmetric and captures

the dynamics of the toroidal vortex structure in the near-wake region, consistent with the recent

DNS results by Podvin et al. (2020). Spectral analysis of the time coefficient of this mode indicates

a broad energy peak at very low frequencies of an order of StW ∼ 0.001. The next four modes

capture the dynamics of the frontal separation bubble and the free shear layers in the wake,

containing ∼ 37% of the POD total energy. These modes are associated with the separation and

the reattachment of the turbulent boundary layers on the side surfaces of the body. A causal

link between the frontal separation bubble dynamics and bi-modality was recently suggested by

Hesse and Morgans (2021). The power spectral densities of the POD coefficients exhibit peaks

at StW ≈ 1 ∼ 2. The higher frequency StW ∼ 2 is linked to the frontal separation bubble, as
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Figure 5.20: Pressure POD on a horizontal mid-plane for the unforced case (left) and their
associated power spectral density of their coefficients (right).

it matches the dominant frequency of the pressure signal at the bubble location. The broadband

dynamics around StW ∼ 1 are related to shear layer roll-up in the wake, which is suggested to

be related to the switching mechanism (Haffner et al., 2020). Mode-2 and mode-4 have similar

structures with a shift in space denoting the convective nature of these modes; the same is true for

mode-3 and mode-5. Both mode-4 and mode-5 are not shown for brevity.

Mode-6 in őgure 5.20 further shows a mode of combined vortex shedding and bubble pumping.

Spectral analysis of the modes’ temporal coefficient indicates three peaks at StW = 0.06, StW =

0.15 and StW = 0.17, the őrst frequency indicating the bubble pumping and the last two associated

with the vortex shedding. The time evolution of this combined mode indicates that the energy level

varies between the two sides of the wake, depending on the side of the vortex shedding, associated

with the asymmetric position of the wake. These results match the POD analysis of the Ahmed

body wake using direct numerical simulation by Podvin et al. (2020).

5.5.2 Controlled POD

The effect of the controller (B = 60 case) on the horizontal POD modes is shown in őgure 5.21.

Similar to the unforced case, the RSB mode, represented by mode-1 in őgure 5.21, remains as the
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Figure 5.21: Pressure POD on a horizontal mid-plane (left) and the associated power spectral
density of their coefficients (right) for the controlled case (B = 60).

most energetic mode, although, its energy content is reduced by 10% compared to the unforced

case (őgure 5.19b). It is associated with a frequency of StW = 0.054, indicating the effect of the

controller in replacing the stochastic switching with periodic oscillations. Figure 5.21 shows that

the second POD mode is symmetric and dominated by the streamwise oscillation of the torioidal

vortex at a frequency of StW = 0.13, which was captured previously by the base pressure signal

(őgure 5.11a) and the time-resolved wake topology (őgure 5.13). This mode contains 13% of the

total energy of the ŕow and further captures the dynamics of the bubble pumping associated with

StW ∼ 0.06 and the shear layer roll-ups at StW ∼ 0.5. Similarly, the third POD mode is symmetric

and captures both the streamwise oscillations of the toroidal vortex and the shear layer dynamics

represented as a symmetric shedding, and it is not shown for brevity.

Figure 5.21 shows the fourth mode, which indicates a symmetric shedding of the free shear

layers in the wake at a frequency of StW ∼ 0.5. These dynamics were captured by Haffner et al.

(2020), and were suggested to be subharmonics of the shear layer roll-ups occurring downstream

of the base (at x/H ≈ 0.3 from the base) in the unforced case. However, in the presence of

the controller, the anti-phase forcing exchanges momentum between the lateral sides of the wake,

shifting these dynamics upstream closer to the base. Compared to the unforced case, the shedding

of each shear layer in the controlled case is partially attributed to the actuation, while in the
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unforced case it was triggered by the interaction with the parallel shear layer. The horizontal

vortex shedding is evidenced in anti-symmetric mode-6 at StW ∼ 0.22. The energy content of the

vortex shedding is doubled compared to the unforced ŕow. Mode-5 and mode-7 have the same

patterns and frequencies as mode-4 and mode-6, respectively, hence are not shown.

The effect of the non-linear feedback controller on the pressure POD can then be summarised

as follows; the energy content of the static RSB mode is reduced and the stochastic switching of the

wake is changed to periodic oscillations accompanied by streamwise oscillations of the near-wake

toroidal vortex. The energy content of both the horizontal (spanwise) vortex shedding and the free

shear layer dynamics are intensiőed by exchanging momentum in the wake. The increase in the

energy level of these modes is expected to limit the drag reduction achieved by wake symmetri-

sation. This increase in the energy content, which is associated with the symmetrisation of the

toroidal vortex structure, is consistent with the DNS results of Podvin et al. (2020).

The current controller, despite forcing the locked-in toroidal vortex in the near wake region,

is seen to also signiőcantly affect the separated shear layers affecting other periodic modes in the

wake. This conőrms the complexity of the interaction between the bi-modality and other dynamical

modes of the ŕow. To conclude, the interaction between the wake and the side shear layers can be

viewed as an external forcing on the shear layers. This is consistent with the recent experimental

study by Haffner et al. (2020) on the mechanism of bi-modality inline with the previous study

by Gerrard (1966) on the mechanism of formation of the recirculation region and its relation the

entrainment caused by the shear layers in the wake of 2D bodies.

5.6 Conclusion

The turbulent wake behind a squareback Ahmed body has been investigated using high ődelity

wall-resolved large eddy simulations. The simulations successfully captured stochastic bi-modal

switching from side-to-side as well as three time-periodic modes in the wake: vortex shedding in

both cross-ŕow directions, roll-up of the free shear layers and a streamwise pumping motion of the

recirculation bubble. The latter showed a distinguishable mark on the base pressure, which has

not been detected in most previous experimental studies. Bi-modality was found to be the most

energetic dynamical mode in the wake.

Wake bi-modal switching has previously been suppressed with linear control but resulted in

large amplitude oscillations of the wake around the center. This study represents a őrst attempt

to employ a nonlinear model-based controller to suppress the bi-modal switching. Bi-modality is

modelled using Langevin dynamics. The controller, derived using a quadratic Lyapunov function,

successfully suppresses the bi-modal switching. Furthermore, the resulting levels of wake ŕuctua-
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tions are signiőcantly lower than for previous linear controllers. The extent of the ŕuctuations in

asymmetry is signiőcantly reduced. The nonlinear term of the controller is signiőcant when the

asymmetric positions of the wake deviates away from the linearly dominated region. The action of

control changes the stochastic horizontal switching of the wake to an oscillatory motion of the large

coherent structure in the near wake region, with frequency close to the bubble pumping frequency.

The controller does not affect the bubble pumping frequency in the wake, yet leads to stronger

and more energetic vortex shedding in both the horizontal and vertical directions.

Changing the relative contributions of the linear and nonlinear terms in the control law sig-

niőcantly changes the wake response. The general trend of driving the stochastic bi-modality to

time-periodic oscillations holds in all cases, with a trade-off between drag reduction and level of

wake asymmetry. A maximum drag reduction of 7.4% is achieved for a semi-symmetrised wake,

for which the wake switches periodically between asymmetric positions. A fully symmetrised wake

with a minimum in residual oscillations around the center of the base corresponds to 2.5% reduc-

tion in the drag. Suppressing the wake bi-modality using feedback control was shown to re-orient

the toroidal vortex structure in the near wake region so that it becomes parallel to the base as

well as closer to the base. This consequently disturbs the near-wake shear layers close to the base,

limiting the base pressure recovery. It is proposed that this is the main reason that drag reduction

is hindered in the case of a full-symmetrised wake. An indirect link between bi-modality suppres-

sion and drag reduction is shown. Drag reduction is found to be more sensitive to the interaction

between the wake bi-modal behaviour and the shear layers in the switching direction. The effect

of this interaction on drag depends on two effects: the unbalanced disturbances imposed on the

shear layers and the streamwise position of the disturbances. The latter has a pronounced effect

on the base pressure and hence the pressure drag. Controlling this interaction may offer more

signiőcant drag reductions, similar to those previously achieved using a base-cavity. The current

results suggest that control strategies should focus more on suppressing or delaying the interaction

between the separated shear layers and the coherent structures in the near-wake region to reduce

drag. It also suggests that the actuation position is crucial for suppressing bi-modality without

amplifying the disturbance on these shear layers.
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Chapter 6

The effect of the upstream body

boundary layers on the wake

dynamics

In this chapter, an investigation of parameters that may have causal effect on wake bi-modality is

explored. Speciőcally, the link between wake bi-modality and the frontal separation bubble close to

the body fore-end is investigated. The effect of the underbody ŕow will also be further discussed.

The chapter is arranged to provide a brief introduction to the parameters which are known to

affect wake bi-modality, followed by a description of the control mechanism used in the present

work to suppress the formation of the frontal separation bubble. Finally, both time-averaged and

time-resolved results are discussed and compared to the unforced ŕow case.

6.1 Introduction

Following the discussion in the previous chapters, the modes captured in the turbulent wake of the

square-back Ahmed body in close proximity to the ground can be summarised as follows:

• The stochastic bi-modal switching of the wake in one of the crossŕow directions (either side-

to-side or top-to-bottom).

• The typical Karman vortex shedding in both crossŕow directions which arises due to the

interaction between each parallel shear layer in the wake.

• The streamwise bubble pumping or bubble breathing.
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• The dynamics related to the mixing layers in the wake.

This investigation focuses on the stochastic wake bi-modality, which is characterised by the

random switching of the center of the wake between two asymmetric reŕected positions. As men-

tioned previously, the wake loses its spatial symmetry in the laminar ŕow regime following a series

of bifurcations (Evstafyeva et al., 2017, Grandemange et al., 2012). The wake then resides in an

asymmetric position. Symmetry-breaking persists in the turbulent ŕow regime, where the turbu-

lent ŕuctuations act to force the wake stochastically from one asymmetric position to the reŕected

asymmetric position. Bi-modality is governed by both geometric and ŕow conditions. The former

controls the switching direction of the wake, which tend to occur in the direction parallel to the

longer length of the body base. Wake bi-modality is found to be sensitive to the under-body ŕow

emanating from the clearance between the body and the ground (Grandemange et al., 2013b, Bar-

ros et al., 2017), the free-stream turbulence level (Cadot et al., 2020, Burton et al., 2021, Kang

et al., 2021) and the dynamics of the boundary layers developed along the longitudinal surfaces

of the body (Hesse and Morgans, 2021). Examining the sensitivity of this behaviour is crucial to

inform an effective control strategy for drag reduction. With this aim, some of the recent studies

about bi-modality investigate this point.

The experimental study by Barros et al. (2017) investigated the effect of disturbing the under-

body ŕow on the wake conőguration. Disturbances were introduced using passive devices in the

clearance between the body and the ground upstream of the base, which disturbed the boundary

layer developing along the bottom surface, affecting the rate of entrainment in the wake. These

included quasi-two-dimensional disturbances using a horizontal cylinder extending along the span-

wise direction, three-dimensional disturbances employing vertical cylinders, and an underbody

grid. The size of the disturbing device and the resulting effective forcing frequency were found to

be important for changing the wake conőguration to bi-modal states. When the disturbing de-

vice introduced high-frequency forcing the state of the wake changes from a vertically asymmetric

uni-modal wake to a horizontally (spanwise) bi-modal switching wake. In contrast, a relatively low-

frequency forcing switches the vertical balance of the wake without introducing bi-modal switching

in the vertical direction. The effect of the underbody ŕow on the wake conőguration was also inves-

tigated by Castelain et al. (2018) for a ŕow past square-back truck geometry. The underbody ŕow

bulk velocity was changed using a porous material in the gap between the body and the ground.

The results conőrmed the sensitivity of the wake conőguration to the dynamics of the underbody

ŕow.

Recent studies have shown that the free-stream turbulence level has a prominent effect on wake

bi-modal switching, both by directly affecting the wake dynamics and indirectly affecting it via

the underbody ŕow. Kang et al. (2021) numerically investigated the effect of the approach ŕow
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conditions using IDDES. They concluded that bi-modality is completely suppressed when the wake

is fully submerged in a thick, turbulent boundary layer whose height exceeds the body height. This

change in the ŕow topology and near wake dynamics is attributed to the momentum deőcit in the

underbody ŕow, with bi-modality suppression suggested as being linked to the induced upwash

ŕow.

An experimental investigation by Cadot et al. (2020) found that increasing the free-stream

ŕow’s turbulence intensity (∼ 5%) increases the wake residence time in each asymmetric position,

reducing the frequency of wake switching events. They suggested that the higher turbulence

intensity thickens the free shear layers in the wake, reducing the turbulent local oscillations of the

wake around its asymmetric position. However, a different experimental study by Burton et al.

(2021) showed that bi-modality persists across a range of free-stream turbulence intensities (1%

∼ 15%). Higher turbulence intensities increase wake meandering and disturb the stability at a given

asymmetric position, which, accordingly, signiőcantly increases the occurrence of wake switching

events. They attributed this behaviour to the free-stream turbulence changing the momentum

distribution in the switching direction, interrupting the wake directly or indirectly by affecting

the boundary and separating shear layers. Thus, the effect of changing the free-stream turbulence

levels on the switching mechanism remains inconclusive and warrants further investigation.

The effect of boundary layer disturbances on wake bi-modality was the focus of a numerical

study by Hesse and Morgans (2021). Using wall-resolved LES, they observed a link between the

dynamics of the upstream boundary layers along the body surfaces and wake bi-modality. At

ReH ≈ 3.3 × 104, the boundary layers on the top and side surfaces of the Ahmed body separate

just after the body nose, reattaching a short distance downstream before evolving as they move

towards the base. They showed that these disturbances have a prominent effect in triggering the

bi-modal switching of the wake. This motivates the current work to investigate the effect of the

upstream boundary layer dynamics on bi-modality. The upstream boundary layer separations

resolved using LES, was not captured with IDDES at ReH ≈ 9.4 × 104 (Fan et al., 2020b).

Compared to the experiment at the same Re, where the boundary layers separates near the nose,

wake bi-modality persisted in both. This suggests that the effect of the upstream dynamics remains

an open question. The main point here that the upstream dynamics represents an inlet condition

for the wake, thus modifying these dynamics is expected to affect the wake ŕow. Concurrent

to the current study, Fan and Cadot (2023) modiőed passively the turbulent boundary layer on

the top and side body-surfaces using turbulators. They found that the turbulators affect both

the boundary layer thickness and the length scale of the viscous sub-layer independently. The

latter found to have more prominent effect on the wake switching rate compared to the former, as

decreasing the length scale of the viscous sub-layer, decreases the switching rate.
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Figure 6.1: Different conőgurations for suppressing boundary layer separations. Purple slots
indicate the actuators location with their width being 3% of the body width (W).

With a general view to investigating the wake dynamics in order to provide insights which inform

effective control strategies for drag reduction, the disturbances of the free shear layers and their

association with the wake conőguration were found to be a key parameter. A control strategy that

suppresses wake bi-modality without a direct effect on the free shear layers in the wake is expected

to reduce the drag more than the case of forcing the wake region. In the latter case, the disturbances

introduced in the shear layers hinder the reduction in drag achieved by wake symmetrisation

(Ahmed and Morgans, 2022). Further, the newly established link between wake bi-modality and

boundary layer dynamics convected from the upstream opens the door towards investigating new

control strategies to suppress bi-modality targeting the upstream dynamics (Hesse and Morgans,

2021), which motivates our current study.

The main objective of this chapter is to investigate the effect of the upstream disturbances

caused by boundary layer separations and reattachment on the body surfaces on wake bi-modality

to inform a new control strategy for more signiőcant reduction in drag. LES will be used to

investigate the effect of applying suction and blowing to suppress the formation of the main body

boundary layers separation bubbles and the associated boundary layer dynamics.

6.2 Simulation setup

The geometry considered in the present chapter is the standard square-back Ahmed body of

(Ahmed et al., 1984) scaled down to one-fourth, as for the previous investigation (Ahmed and

Morgans, 2022). The dimensions of the body and the virtual wind tunnel test section, simulation

setup, and mesh independent study are identical to those described in section 4.1. The main differ-

ence in this chapter compared to the previous investigation is the position of the actuator, in order

to affect the upstream separation bubbles, actuation is located on the longitudinal body surfaces

whereas the actuation was base-mounted actuators in the previous chapters.
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Figure 6.2: Mean suction velocity proőle normalised by the free stream velocity, changing along
the spanwise direction (z). This is equivalent to the surface-normal velocity at y+ = 10 on the top
surface of the body.

6.2.1 Suppressing boundary layer separations

Suppressing the separation of boundary layers on the longitudinal surfaces of the body was achieved

by the application of steady suction and/or steady blowing of air normal to the surface. Suction

and blowing were applied inside the upstream recirculation region with velocity (Us). Actuator

slots, with a width of 0.03W , are placed at a streamwise position of 0.41W from the fore-end of the

body on all the longitudinal surfaces of the body, as shown in őgure 6.1. The streamwise location

was chosen to be just after the boundary separation line determined in the unforced case based on

the streamwise mean velocity.

Two different velocity proőles were considered for the spatial distribution of the suction/blowing

velocity through the actuators. A parabolic velocity proőle of suction velocity equal to the surface-

normal velocity at y+ = 10 was considered. This was considered a rough estimation of the en-

tertainment velocity in the turbulent boundary layer. The mean parabolic suction velocity proőle

on the top surface as a function of the spanwise position is shown in őgure 6.2. Applying this

suction velocity was found to have a negligible effect on the separation bubble on the top surface

of the Ahmed body, as depicted by őgure 6.3b. This indicates that the mass of air sucked through

the actuator is not equivalent to the mass entrained from the free stream to the boundary layer

causing the ŕow separation (Jahanbakhshi, 2021).

A spatially-independent steady suction is then considered, with different values of Us ranging

from −0.1 U∞ to −1.0 U∞. Figure 6.3 compares the effect of different values of suction velocity

on the frontal separation bubble caused by the boundary layers separation. It can be seen that for

values of −Us/U∞ < 1 (őgure 6.3b,c), ŕow separation persists with a slight change in the length of

the separation bubble. The reattachment point moves upstream as the value of −Us/U∞ increases.

The most effective case in which boundary layer separation is fully suppressed downstream of the

actuator slot was Us = −1.0 U∞, hence this was considered for the following investigations. The

value Us is spatially independent in both the spanwise (z) and vertical (y) directions.
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Figure 6.3: Velocity contours at a mid-width plane (z = 0), superimposed with in-plane streamlines
show the frontal separation bubble on the top-surface of the Ahmed body in the absence of suction
and/or blowing (a), parabolic suction velocity proőle (b), suction velocity Us = −0.5×U∞ (c) and
suction velocity Us = −U∞ (d). The blue slot on the body-surface remarks the actuator position.
Air ŕows from left to right.

Five cases are considered based on the actuator slots’ location and the forcing (suction or

blowing). The őrst case is denoted as case-1, where suction is applied on the side surfaces only.

This is chosen to ensure that the net side force applied is zero and that the change in the wake

conőguration is only related to the suppression of boundary layer separations. Suction and blowing

are applied on both the top and bottom surfaces of the body, respectively, in case-2, achieving zero-

net mass ŕux. Here the underbody ŕow is disturbed, and the separation of the boundary layer

on the side surfaces persists. Another case denoted case-2-II is considered with suction applied on

both the top and bottom surfaces, leading to zero-net force. These two cases allow comparison of

the effects of suction and blowing in the underbody region. In case-3, boundary layer separations

are suppressed on the top and side surfaces, with air being sucked through the bottom surface

of the body to ensure zero-net force. Top-only suction was used for the actuator velocity study

but did not affect bi-modality and so will not be considered as a standalone case. These cases are

summarised in table 6.1. The following sections will discuss the results of case-1, case-2, case-2-II

and case-3 in more detail. A schematic of the four cases showing the actuators’ position and the

type of force is shown in őgure 6.1.
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Table 6.1: Summary of the different cases considered to investigate the link between boundary
layers separation and wake bi-modality.

Case name Top Bottom Side 1 Side 2 Underbody ŕow
Case-1 - - suction suction undisturbed
Case-2 suction blowing - - disturbed

Case-2-II suction suction - - disturbed
Case-3 suction suction suction suction disturbed

6.3 Unforced flow

The simulation results in the absence of any suction and/or blowing are similar to those discussed

previously in chapter 4. This case will be denoted as the unforced ŕow case in the following discus-

sion and comparisons. Similar to the analysis in chapter 5, the wake conőguration downstream of

the Ahmed body is determined using the horizontal and vertical base pressure gradients ∂CP /∂z

and ∂CP /∂y, respectively. Based on the Grandemange et al. (2013a) map of the switching di-

rection, the base aspect ratio and ground proximity are expected to cause a horizontal (lateral)

switching of the wake (switching in the spanwise z direction). The results of the unforced sim-

ulation successfully captured this lateral switching between two asymmetric positions. The time

history of ∂CP /∂z (őgure 6.4) indicates six switches of the wake with a random residence time at

each asymmetric position over 2000 normalised time units. The period before t∗ = 300 is consid-

ered an initial transient period. The time evolution of the vertical base pressure gradient ∂CP /∂y,

shown in őgure 6.4, shows a weak vertical asymmetry of the wake due to the presence of the

ground. These results are consistent with previous numerical results (Hesse and Morgans, 2021,

Dalla Longa et al., 2019) and experimental results (Grandemange et al., 2013b, Barros et al., 2017).

The unforced results further reveal the formation and convection of hairpin vortices on the

longitudinal surfaces of the body. On the top surface of the body, the boundary layer separates at

a streamwise position of 0.08L, then reattaches to the surface at 0.3L, as shown in őgure 6.3a. The

boundary layers on the side surfaces follow the same behaviour with a slightly shorter separation

bubble. Hairpin vortices then emanate from just downstream of the reattachment points (őgure

6.5), with associated ŕow ŕuctuations at a relatively high frequency of StW = 2.8, based on the

pressure signal at x/L = 0.45, as shown in the power spectral density in őgure 6.6. Similar

frequencies were detected on both sides and top surfaces (not shown for brevity). These hairpin

vortices were seen previously in Krajnovic and Davidson (2003), Kang et al. (2021) and Hesse and

Morgans (2021). Following the time-evolution of the ŕow topology, we observe that these vortices

grow along the surfaces up to the point where their maximum length scales become of order H/2,

at a streamwise location of x/L ∼ 0.75. Thereafter, their interaction with the freestream leads

to a breakdown such that their length scales become much smaller. An interaction between the
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Figure 6.4: Time-history of vertical and horizontal gradients of base pressure coefficient ∂CP /∂y
(top) and ∂CP /∂z (bottom), respectively, for the unforced ŕow case, indicating weak vertical
asymmetry and horizontal bi-modality of the wake. The associated probability density function
(PDF) is shown on the right.

Figure 6.5: Iso-surfaces of Q-criteria of 2×105 coloured by the streamwise velocity for the unforced
ŕow, using two different 3D views, showing the hairpin vortices on the body top and side surfaces.
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Figure 6.6: Premultiplied power spectral density of pressure signal from a probe placed at x/L =
0.45, y/H = 0.65 and z/W = 0, showing the high-frequency associate with the hairpin vortex.

Figure 6.7: Instantaneous snapshots of vorticity magnitude at a streamwise position of x/L ∼ 0.9,
showing the vortices tendency to interact closer to the top right corner (left) and the top left corner
(right).

smaller vortices from the top and side surfaces is then observed (supplementary video). Although

this may be partially associated with turbulent diffusion, a periodic interaction pattern is evident.

Figure 6.7 shows the vorticity magnitude on a cross section plane closer to the base (x/L ∼ 0.9)

at two instants. It indicates that the smaller vortices on the top surface tend to interact with the

vortices on either of the sides at any given instant.

On the bottom surface of the body, the conőnement caused by the ground changes the ŕow

dynamics and topology compared to the other longitudinal body surfaces. The boundary layer

remains attached along the bottom surface up to the body base. However, the interaction of

the smaller vortices from the side surfaces with the underbody ŕow forms two corner vortices on

the bottom part of the body (őgure 6.5). This disturbs the underbody ŕow but does not lead

to boundary layer separation. The ground boundary layer also does not exhibit any separation

dynamics upstream of the wake. Previous studies have shown that wake switching is sensitive to

underbody ŕow. Experimental studies have triggered wake switching by disturbing the underbody

ŕow, for example, using a passive device in the clearance between the body and the ground (Barros
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et al., 2017, Bao et al., 2022). Here, we consider that the disturbances in the underbody ŕow

may partly be caused by the interaction of smaller vortices from other surfaces due to boundary

layer dynamics. Therefore, we investigate the effect of suppressing the upstream boundary layer

disturbances on the underbody ŕow and wake bi-modality.

Following the time history of the Q-criteria, shown in the supplementary movie, disturbances

in these corner vortices are introduced by the smaller vortices from the sides. Considering the

vortices on one side surface, it can be seen that they tend to interact with vortices from either

the top or the bottom surface in an instant, while the vortices on the other side interact with the

opposite surface. This occurs interchangeably, with no evidence of a clear associated frequency.

This interaction occurs due to boundary layer separations and is believed to be linked to wake

switching.

In conclusion, it is proposed that the dynamics related to boundary layers separation have

a direct and indirect effect on wake bi-modality. The direct effect is related to the disturbance

convected to the separated shear layers in the wake. The indirect effect is related to the under-

body ŕow. The interaction of the smaller vortices from the three surfaces, where the boundary

layer separates, proposed introducing disturbances in the underbody region, which proved to be

a controlling parameter of wake bi-modality. The different cases used in this investigation cover

these two links in more detail in the following sections.

6.4 Suppression of upstream boundary layer separations

The results of applying suction and/or blowing on the longitudinal surfaces of the Ahmed body

are discussed in the following subsections. The time-averaged and instantaneous properties of the

ŕow őeld are considered, and the results are divided into four sections. In the őrst section (6.4.1),

the effect of suction and/or blowing on the boundary layers will be explored, followed by the cor-

responding effect on the wake conőguration and the mean wake ŕow in sections 6.4.2 and 6.4.3,

respectively. Finally, the effect of modulating the upstream dynamics on the underbody ŕow will

be investigated considering both the full ŕow őeld and modal reduction in sections 6.4.4 and 6.4.4,

respectively.

6.4.1 Boundary layer separation

The effect of applying the upstream suction and/or blowing on the boundary layers of the lon-

gitudinal body surfaces is now investigated. As described in section 6.2.1, spatially-independent

steady suction and blowing with a velocity equal to the free stream velocity is applied normal to
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Figure 6.8: Streamwise mean velocity (top) and turbulent kinetic energy at different streamwise
locations on the top surface of the Ahmed body at z/W = 0 (mid-width), for the unforced ŕow
and case-3 shown by blue and red lines, respectively. Note that the horizontal axes for the TKE
plot have different scales.
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the surfaces. Suction and blowing slits are placed inside the separation bubble formed just aft the

body nose at a streamwise position of x/L ∼ 0.15, just downstream of the smaller recirculation

region is shown in őgure 6.3a. The same streamwise slit position is used on all body surfaces. The

effect of this suction on the Ahmed body boundary layers upstream of their large-scale separation

at the base is now investigated.

Figures 6.8 and 6.9 compare the streamwise time-averaged velocity along the top and side

surfaces of the body, respectively, for the unforced ŕow, case-1 and case-3. In the absence of

suction, the boundary layers separate at x/L ∼ 0.08 on the top and side surfaces, reattaching

at x/L ∼ 0.30 on the top surface and at x/L ∼ 0.26 on the sides. The lengths of the separation

bubbles on either side of the body are identical and slightly shorter than on the top. The boundary

layers on the bottom surface of the body and the ground remain attached throughout. The shape

factor, deőned as the ratio of boundary layer displacement and momentum thicknesses, at the

separation location is ∼ 1.3, indicating that all boundary layers are fully turbulent prior to their

separation at the base.

When suction is applied on the top surface, as in case-2, case-2-II and case-3, a tiny extent of

boundary layer separation and reattachment are seen upstream of the slit. There is a hint of a tiny

boundary layer separation at x/L ∼ 0.12 in őgure 6.8. The boundary layer then grows attached

to the wall downstream of the slit, as shown by the streamwise velocity for x/L > 0.15. The effect

of the suction slit is that the boundary layer effectively grows from zero thickness downstream of

the slit with no evidence of signiőcant separation upstream of the base (Schlichting and Gersten,

2003). Figure 6.9 shows that suction has a similar impact on the boundary layers on both sides,

also causing them to remain attached along the length of the body.

For the unforced ŕow, the boundary layer thicknesses at the Ahmed body base (just ahead of

where the large-scale ŕow separation occurs) are identical on the top and side surfaces. Suction is

seen to have very little effect on the time-averaged properties of the boundary layers near the base,

i.e., at x/L ∼ 1.0. Top upstream suction slightly reduces the thickness of the top boundary layer,

with δ0.99/H ∼ 0.48 compared to δ0.99/H ∼ 0.50 without suction. Side upstream suction causes a

negligible change in the thickness of the side-surface boundary layers. All boundary layers remain

turbulent at the base in the presence of upstream suction.

Suppressing the upstream boundary layer separations acts to reduce the turbulent ŕuctuations

arising from the formation and development of the hairpin vortices, as discussed in section 6.3.

This can be seen in őgure 6.10, which shows the Q-criteria for different forcing arrangements. Both

the hairpin and the smaller vortices evidenced in the unforced ŕow (őgure 6.5) are suppressed on

the surfaces where suction is applied. Comparing case-1, where suction is applied on the side

surfaces, these vortices are suppressed on the sides. This isolates the vortical structures on the top
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surface and the underbody ŕow, suppressing the interactions that occur with side surface vortical

structures in the absence of side suction. The proposed mechanism of wake switching depends

upon interrupting this interaction, which is expected to affect wake bi-modality, as discussed in

section 6.3. Figure 6.11 shows the effect on the turbulent kinetic energy upstream of the base

(at x/L = 0.88). For case-1, the turbulent kinetic energy on the sides is diminished. This is

similarly seen in through őgure 6.9, which shows the turbulent kinetic energy proőle on both sides

at mid-body height and different streamwise positions. Compared to the unforced ŕow, suction

reduced the turbulent kinetic energy on both sides by an order of magnitude. These results are

consistent with the experimental results of Fan and Cadot (2023), where tabulators were used on

the side surfaces closer to the body fore-end to modify the ŕow upstream of the base. Similarly,

they noticed that the ŕuctuation velocity is decreased prior to the wake at 9.5× 104.

Similarly, for case-2 and case-2-II, the application of suction on the top surface suppresses vor-

tices on the top surface as well as their interaction with vortices from the side surfaces. For case-2,

where blowing is applied in the underbody, the smaller side vortices were found to have a tendency

to interact with the underbody ŕow, causing the shedding of a pair of corner vortices, shown by the

relatively higher values of turbulent kinetic energy in the bottom corners in őgure 6.11c. In case-

2-II, where the air is sucked from the underbody region, the smaller vortices on the side surfaces

interact with both the top boundary layer and underbody ŕow, increasing the disturbances there,

as shown by the relatively higher values of turbulent kinetic energy in őgure 6.11d for case-2-II.

The effect of bottom-surface suction and blowing on the underbody ŕow is considered in section

6.4.4.

For case-3, the vortical structures on the top and side surfaces are reduced. In this case, any

remaining switching of the wake is attributed to the turbulent ŕuctuations in the wake region and

the underbody ŕow rather than the turbulent ŕuctuations caused by boundary layer separations.

The turbulent kinetic energy is reduced on the top and side surfaces compared to the unforced

case, as shown in őgure 6.11e. Figure 6.8 shows a slight increase in the turbulent kinetic energy

closer to the wall (in the viscous sub-layer), which was not very obvious in őgure 6.11e. The level

of increase reduces towards the base.

To conclude, suppressing boundary layer separations was found to have a negligible effect on

the boundary layer thickness closer to the base. A more pronounced effect on the ŕuctuations

attributed to the vortical structures is attained, which is believed to contribute partly to the

turbulent forcing causing the wake switching. The corresponding effects on the mean and ŕuctuated

ŕow in the wake are further discussed in the next section.
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Figure 6.10: Iso-surfaces of Q-criteria of 2 × 105 coloured by the streamwise velocity, using two
different 3D views, for case-1 (a), case-2 (b), case-2-II (c) and case-3 (d), showing the effect of
suction/blowing on the ŕuctuations along the body top and side surfaces.

Figure 6.11: Turbulent kinetic energy on a vertical plane at a streamwise position of x/L = 0.88,
for the unforced ŕow (a), case-1 (b), case-2 (c), case-2-II (c) and case-3 (e).
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Case Horizontal Vertical ∆Lrec ∆ < CP−base > ∆Ub/U∞

bi-modality asymmetry
Unforced ŕow persists weak 0% 0% 0%
Case-1 suppressed weak +3% +14% 0%
Case-2 suppressed non-weak −5% −6% −18%
Case-2-II persists reŕected-weak 0% +2% −1%
Case-3 suppressed reŕected-weak 0% +7% −3%

Table 6.2: Comparison of the effect of boundary layer separations suppression on the wake hor-
izontal bi-modality, vertical asymmetry, length of the recirculation region (Lrec), area-averaged
mean base pressure (< CP−base >) and underbody bulk velocity (Ub) (indicating the change in the
momentum of the underbody ŕow).

6.4.2 Effect on wake configuration

The resultant effect of suppressing boundary layer separations on the wake conőguration is explored

in this section. The time-resolved wake conőguration, i.e. wake bi-modality, is explored őrstly,

followed by the vertical wake balance for the different cases.

Effect on wake bi-modality

The wake horizontal bi-modality in the presence of suction is explored in this section. A summary

of the results for the different cases, including the mean properties of the wake ŕow, is shown

in table 6.2. The spatial gradient of the pressure coefficient on the base, ∂CP /∂z, is used to

characterise horizontal bi-modality. Figure 6.12 depicts the time history of ∂CP /∂z for the four

cases. All simulations initially have no suction/blowing on any of the Ahmed body surfaces; the

unforced wake was left to switch naturally for the őrst 700 convective time units, during which it

switches three times. Suction/blowing is then activated to suppress boundary layer separations, as

marked by the black dashed line in őgure 6.12, with simulations running for 1400 convective time

units in the presence of suction/blowing. The time-evolution of ∂CP /∂z shows that suppressing

the separation of boundary layers near the body fore-end successfully suppresses wake bi-modality

for all the cases except case-2-II. Bi-modality suppression is evident from the single peak of the

probability density function of ∂CP /∂z as shown in őgure 6.12. This supports a causal link between

the boundary layer separations upstream of the wake and bi-modality, as recently proposed by

Hesse and Morgans (2021).

For case-1, where the boundary layer separations on the side surfaces are suppressed, the

remaining turbulent forcing in the wake causes a stochastic switching of the wake within spatial

bounds closer to the center. The corresponding ∂CP/∂z for these switching bounds is half of

their equivalents in the unforced case. The time-evolution of dCP /dz for case-2 indicates a fully-

suppressed bi-modality in the wake. This case conőrms the prominent effect of the underbody

ŕow on the wake conőguration. In this case, the top-surface boundary layer separation is fully
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Figure 6.12: Time history of horizontal pressure gradient of the pressure coefficient CP (left) and
the associated probability density function (PDF ) for the base ŕow, case-1 (top), case-2, case-
2-II and case-3 (bottom). The black dashed line marks the starting time of the application of
suction/blowing.
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suppressed, and the air is blown through the bottom surface of the body. The latter caused some

disturbances in the underbody ŕow, leading to boundary layer separation on the bottom surface of

the body. In this case, the spatial bounds of the remaining switching are the closest to the centre

of the base. The time-evolution of ∂CP/∂z for case-2-II indicates the presence of wake bi-modality;

the wake switches őve times in the presence of suction on both top and bottom body surfaces. For

case-3, boundary layer separations are suppressed on the top and sides surfaces and momentum is

removed from the underbody ŕow. This suppresses wake bi-modality, as shown in the associated

probability density function in őgure 6.12. The time evolution of ∂CP /∂z shows that the wake

switches between spatial bounds, which are slightly closer to the base center than the unforced

case. The wake oscillations about the symmetric position are now more rapid than in the absence

of suction.

When suction is applied on the top surface only (case-4), wake bi-modality persists, as shown

in őgure 6.13. This conőrms two points; the őrst point is the controlling effect of the underbody

ŕow śconsidering case-2ś in changing the wake conőguration. The second point is related to

the proposed link of the interaction of the smaller vortices, which introduced disturbances in the

underbody ŕow and is believed to be linked to wake switching; this will be discussed in detail in the

following sections. Due to its negligible effect on wake bi-modality, this case will not be considered

for further analysis.

To conclude, these results conőrm that bi-modality is affected by the convected dynamics caused

by the upstream separations of the boundary layer. Interrupting the interaction of the vortices

upstream of the wake, caused by suppressing the separation of the boundary layer, stabilize bi-

modality. Suppressing this separation on the surfaces perpendicular to the plane of bi-modal

switching (side surfaces) completely suppressed bi-modality. The result of this case is different

to the experimental result of Fan and Cadot (2023) using tabulators. Although, both the show

reduction in the ŕuctuated velocity (thinner viscous sub-layer closer to the base), we believe that the

extent of this reduction is a key here. A great reduction was seen in the current study, as shown in

őgure 6.9. When boundary layer separations are suppressed on the surfaces parallel to the switching

direction, the effect on bi-modality depends on (case-4) the underbody disturbance. Bi-modality

persists when no or moderated disturbances (case-2-II) are introduced in the underbody region.

Bi-modality is completely suppressed when the underbody ŕow is strongly disturbed (when blowing

is applied, as in case-2). In this case, the mechanism of bi-modality suppression will be discussed

further. When both parallel and perpendicular surfaces are considered, the symmetrised wake is

now switching within larger spatial bounds. In the last two scenarios, the underbody ŕow is being

affected, which is a sensitive parameter for bi-modality. In these cases, bi-modality suppression is

related to both interrupting vortices interaction and changing the momentum of the underbody
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Figure 6.13: Time history of horizontal pressure gradient of the pressure coefficient CP (left) and
the associated probability density function (PDF ) for the base ŕow and case-4 (upstream6) where
suction is applied on the top surface only. The black dashed line marks the starting time of the
application of suction.

ŕow. Applying suction on the underbody region in case-3 causes the wake to switch between larger

spatial bounds compared to the őrst scenario where the underbody was undisturbed.

Effect on wake vertical-asymmetry

The vertical position of the wake is characterised by the spatial gradient of the base pressure

coefficient in the vertical direction, i.e., ∂CP /∂y. It is inŕuenced by the disturbances introduced

into the underbody ŕow, as in case-2, case-2-II and case-3. Figure 6.14 shows joint probability

density functions of the spatial gradients of the base pressure coefficient, ∂CP /∂z and ∂CP /∂y, in

the presence and absence of the upstream suction/blowing. The unforced bi-modal wake exhibits

weak asymmetry in the vertical direction, evidenced by the non-zero value of ∂CP /∂y. This is

due to the effect of ŕow emanating from the underbody, correlating with the experimental results

by Grandemange et al. (2013a) for a similar height of the gap to ground. The weak vertical

asymmetry is evident from the fact that horizontal bi-modality occurs for ∂CP/∂y values centred

within a limited spatial region around zero. This follows the competition between the horizontal

and the vertical base pressure gradients proposed by Barros et al. (2017). The wake is tilted

towards the ground, as shown in őgure 6.17, which depicts different views of the unforced ŕow

wake, deőned as an iso-surface of zero mean streamwise velocity. The recirculation region is

dominated by downwash ŕow from the top shear layer similar to Kang et al. (2021). This is also

conőrmed by the streamlines on the mid-width plane in the wake, shown in őgure 6.16a,b, where

the top-recirculation zone is larger than the bottom, and the saddle point is closer to the ground.

The vertical position of the horizontally-symmetric wake in case-1, where the separations of the

boundary layer on the side surfaces are suppressed, was found to be similar to the unforced case.

Figure 6.18 shows the three-dimensional view of the wake of case-1. The bottom view indicates
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Figure 6.14: Two-dimensional probability density function (PDF) of the spatial gradients of the
base pressure coefficient in the horizontal and vertical directions, for the unforced ŕow (a), case-1
(b), case-2 (c), case-2-II (d) and case-3 (e). Note that different scales are used in the őgure.

that the bottom surface and the ground boundary layers remain attached. The streamlines at the

mid-width plane, őgure 6.16c, shows that the wake is dominated by downwash ŕow similar to the

unforced ŕow case. The saddle point’s location here is approximately similar to the unforced ŕow

case, with the top recirculation zone dominating.

Disturbing the underbody ŕow by the application of air blowing and suction, as in case-2,

case-2-II and case-3, forces the wake to move slightly away from the ground. This is caused by the

dominance of the upwash ŕow for these cases, which is relevant to the change in the momentum of

the underbody ŕow concomitant with the suppression of the separation of the top-surface boundary

layer. The wakes of case-2-II and case-3 exhibit weak vertical asymmetry compared to case-2, whose

wake exhibits a static vertical asymmetry (őgure 6.14) with no horizontal bi-modality allowed. In

case-2, horizontal bi-modality faded due to the competition between the vertical and horizontal

pressure gradients. These results are consistent with the experimental results by Barros et al.

(2017) and Haffner et al. (2020), in which disturbing the underbody ŕow inverted the vertical

(wall-normal) position of the wake with a positive pressure gradient. Both the three-dimensional

views of the wake and the streamlines of case-2-II and case-3 indicate weak vertical asymmetry as

shown in őgures 6.21, 6.20, 6.16e and 6.16f, respectively. In case-2 the shape of the wake becomes

irregular as shown in the three-dimensional view of the wake in őgure 6.19. Figure 6.16c shows

that the bottom recirculation mainly forms the wake, and the top recirculation, which is smaller

in shape than the bottom one, is convected downstream, causing this small bulge in the far end of

the wake proőle. This case is similar to the experimental study of Grandemange et al. (2013a) for
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Figure 6.15: Top view of the separation bubble demarcated by the iso-surface of zero streamwise
mean velocity for the asymmetric wake when ∂CP /∂z < 0 (a), asymmetric wake when ∂CP /∂z > 0
(b), case-1 (c), case-2 (d), case-2-II (e) and case-3 (f). In-plane streamlines at y/H = 0 are
superimposed for each case. Air ŕows from left to right. The blue slot on the surface indicates the
suction slit. The associated toroidal vortices deőned as CP iso-surface of −0.22 and colored by the
mean streamwise velocity are shown on the right side of the graph.
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Figure 6.16: Side view of the separation bubble demarcated by the iso-surface of zero streamwise
mean velocity for the asymmetric wake when ∂CP /∂z < 0 (a), asymmetric wake when ∂CP /∂z > 0
(b), case-1 (c), case-2 (d), case-2-II (e) and case-3 (f). In-plane streamlines at y/H = 0 are
superimposed for each case. Air ŕows from left to right. The blue slot on the surface indicates the
suction slit. The associated toroidal vortices deőned as CP iso-surface of −0.22 and colored by the
mean streamwise velocity are shown on the right side of the graph.
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Figure 6.17: The wake of the unforced ŕow marked by an iso-surface of zero mean streamwise
velocity. The top-row shows a 3D view (left) and a 2D side view (right). The bottom-row depicts
the bottom view (left) and the top view (right). Air ŕows from right to left.

Figure 6.18: The wake of case-1 marked by an iso-surface of zero mean streamwise velocity. The
top-row shows a 3D view (left) and a 2D side view (right). The bottom-row depicts the bottom
view (left) and the top view (right). Air ŕows from right to left.
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Figure 6.19: The wake of case-2 marked by an iso-surface of zero mean streamwise velocity. The
top-row shows a 3D view (left) and a 2D side view (right). The bottom-row depicts the bottom
view (left) and the top view (right). Air ŕows from right to left.

Figure 6.20: The wake of case-2-II marked by an iso-surface of zero mean streamwise velocity. The
top-row shows a 3D view (left) and a 2D side view (right). The bottom-row depicts the bottom
view (left) and the top view (right). Air ŕows from right to left.
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Figure 6.21: The wake of case-3 marked by an iso-surface of zero mean streamwise velocity. The
top-row shows a 3D view (left) and a 2D side view (right). The bottom-row depicts the bottom
view (left) and the top view (right). Air ŕows from right to left.

a relatively smaller gap to ground.

To conclude, the unforced ŕow wake exhibits weak vertical asymmetry, which is dominated

by the downwash ŕow from the top shear layer. The wake’s vertical balance is sensitive to the

disturbances introduced into the underbody region. The weak-vertical asymmetry of the unforced

wake holds for case-1, where no direct disturbances are introduced in the underbody region. The

results of case-2, case-2-II and case-3 show that blowing and suction have different effects in the

conőned underbody region. Both push the wake away from the ground, with the wake exhibiting a

reŕected vertical asymmetry. A reŕected weak-vertical asymmetry is indicated in the wake of case-

2-II and case-3, while the wake of case-2 is vertically asymmetric. Since bi-modality only exists

when the wake exhibits weak-vertical asymmetry, i.e. case-1, case-2-II and case-3, the suppression

of bi-modality in both case-1 and case-3 can now be related to the suppression of upstream dynamics

on the side surfaces. However, the suppression of bi-modality in case-2 is due to the bifurcation in

the ground clearance, i.e. the underbody disturbances (Cadot et al., 2015).

6.4.3 Effect on mean wake flow

This section explores the effect of suppressing upstream boundary layer separations on the mean

wake ŕow. Different ŕow properties are considered, including the base pressure, the size and mean

position of the recirculation bubble and őnally the growth of the separated shear layers in the wake
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Figure 6.22: Comparison of the time-averaged pressure coefficient, CP , on the body base. From
left to right, unforced (a), case-1 (b), case-2 (c), case-2-II (d) and case-3 (e), respectively.

Effect on base pressure

The effect of suppressing boundary layer separations on the mean base pressure is explored in this

subsection. Mean base pressure is an essential parameter for pressure drag. For a square-back

Ahmed body, pressure drag increases linearly with the mean base pressure (Ahmed et al., 1984,

Ahmed and Morgans, 2022). The wake conőguration strongly inŕuences the mean base pressure,

i.e., the horizontal bi-modality and vertical asymmetry. Horizontal bi-modality is suppressed in

case-1, case-2 and case-3 with different switching bounds of the remaining wake ŕuctuations, as

discussed previously in section 6.4.2. Hereafter, we will discuss the change in the mean base pressure

recovery and its link to the vertical asymmetry of the wake, which was previously investigated

experimentally by Haffner et al. (2020). As the wake loses its vertical symmetry, base pressure

increases and bi-modality disappears, i.e. ∂CP

∂y > ∂CP

∂z . Weak vertical asymmetry is known as

the vertical region śaround the base centreś where horizontal bi-modality exists in the absence of

suction/blowing, following the competition between the horizontal and the vertical base pressure

gradients proposed by Barros et al. (2017). The wake vertical balance is mainly affected by the

underbody ŕow momentum and disturbances. Increasing the underbody ŕow disturbances and

reducing its momentum force the wake to move away from the weak vertical asymmetry region,

as in case-2, leading to a static vertical asymmetric wake. The impact of suction and/or blowing

on base pressure recovery is investigated using the area-averaged mean base pressures denoted as

< CP−base >. The values of ∆ < CP−base > for the different cases compared to the base ŕow are

shown in table 6.2.

Figure 6.22 compares the time-averaged base pressure for the unforced ŕow and cases 1 to

3. Compared to the unforced ŕow case, horizontal symmetry is evidenced with the horizontally-

symmetric distribution of CP−base for all cases except case-2-II. The weak-vertical asymmetry,

indicated by the relatively higher pressure region in the bottom half (−y) of the unforced case,

holds in this case-1. The area-averaged mean base pressure < CP−base >, in this case, is −0.19
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with an increase of 14% compared to the corresponding value for the unforced ŕow. Base pressure

recovery here is attributed to bi-modality suppression, as the vertical asymmetry exhibits negligible

change. The value of < CP−base > for case-1 is higher than < CP−base > during the instantaneous

horizontal-symmetry states of the bi-modal wake, i.e. in the absence of suction, which was −0.21

(Ahmed and Morgans, 2022). This might indicate that the suppression of the upstream dynamics

related to boundary layers affects other modes in the wake, which will be further discussed in the

next chapter.

In case-2, where suction and blowing are applied on the top and bottom body surfaces, respec-

tively, < CP−base > is reduced by 6%. The distribution of CP−base reŕects the wake time-averaged

location, with higher pressure closer to the top indicating the reŕectional vertical asymmetry and

the horizontally-symmetric distribution indicating the disappearance of bi-modality. In this case,

the loss in pressure recovery is unfavourable for pressure drag. In case-2-II, the distribution of

the base pressure coefficient in őgure 6.22d shows the reŕected vertical asymmetry compared to

the unforced case and horizontal asymmetry (bi-modality persists) due to the wake residing longer

time on one side compared to the other. A gain of 2% in < CP−base > can be seen here, which

might be attributed to the reŕected weak-vertical asymmetry. When suction is applied on all lon-

gitudinal body surfaces, i.e. case-3, the base pressure distribution indicates horizontal symmetry

with a reŕected weak vertical asymmetry indicated with the higher pressure region closer to the

top part of the body. The mean base pressure increases by 7%, which is attributed to the wake

being horizontally symmetrised with reŕected weak vertical asymmetry; the large wake oscillations

are likely to be limiting the base pressure recovery as compared to case-1.

To conclude, the highest base recovery is achieved for a horizontally-symmetric wake without

changing its vertical balance, as in case-1. The remaining oscillations in case-3 reduce the gain

in the base pressure recovery to 7%. The non-weak vertical asymmetry exhibited by the wake

of case-2 reduces the mean base pressure by 6% compared to the base ŕow. The weak vertical

asymmetry slightly increases the mean base pressure in the presence of wake bi-modality as in

case-2-II. These results are consistent with the experimental results by Haffner et al. (2020), where

the reŕected weak vertical asymmetry promotes the gain in base pressure recovery.

Effect on the recirculation bubble and wake topology

The length of the recirculation bubble, demarcated by the maximum streamwise distance between

the base and the proőle of zero streamwise mean velocity, also exhibits a slight change due to

suppressing boundary layer separations. These changes are summarised in table 6.2 for different

forcing conőgurations. An increase of 3% in the bubble length is indicated for case-1, where

the underbody ŕow remains undisturbed. The bubble length decreases by 5% for case-2, where
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suction and blowing are applied on the top and bottom body surfaces, respectively, disturbing

the underbody ŕow. When suction is applied on the top and the bottom surfaces, the bubble

length remains similar to the unforced ŕow. In case-3, where boundary layer separations are fully

suppressed on all longitudinal surfaces with a disturbed underbody ŕow, the bubble length remains

similar to the unforced ŕow case. Bubble length is related to the curvature of the shear layer, as

a longer bubble is associated with small curvature, which affects the shear layer’s stability.

The associated effect of upstream suction/blowing on the mean wake topology is further dis-

cussed. Figures 6.15 and 6.16 depict the top and side views of the separation bubbles, respectively,

superimposed with mid-plane streamlines. The associated toroidal vortex, occupying the near-

wake region, is also shown for each case. Figures 6.15a and 6.15b show conditional averages of

the asymmetric wake corresponding to ∂CP /∂z < 0 and ∂CP /∂z > 0, respectively, in the absence

of suction. For each asymmetric state, the centre of the wake is tilted towards one side, and the

toroidal vortex is skewed towards the base on the opposite side. In the presence of suction, the

time-averaged wake is horizontally-symmetric for all the cases, as shown in őgure 6.15. The stream-

wise location of the toroidal vortex inŕuences the base pressure recovery (Ahmed and Morgans,

2022). Comparing the toroidal vortices in the three cases, it can be seen that case-1 has the farthest

toroidal vortex-to-base distance with the highest base pressure recovery (14%) of the four cases, as

discussed in section 6.4.3. In case-2, the toroidal vortex is the closest to the base with a negative

gain in the base pressure recovery, i.e. the base pressure increased compared to the unforced case.

The toroidal vortex in case-2-II is closer to the base than in case-1, which reduces the base pressure

recovery to 2%. For case-3, the toroidal vortex resides at a mid-streamwise position compared to

case-1 and case-2, with a moderate base pressure recovery of 7%.

The side view, shown in őgure 6.16, depicts the time-averaged vertical location of the wake.

In the absence of suction/blowing, it can be seen that the wake resides towards the ground for

both asymmetric positions, as shown in őgures 6.16a and 6.16b, where a downwash ŕow dominates

the wake. Similarly, the wake of case-1 is tilted slightly towards the ground, as shown in őgure

6.16c. In both case-2, case-2-II and case-3, the wake moves away from the ground following the

reŕected vertical asymmetry caused by the upwash ŕow, as shown in őgures 6.16d, 6.16e and 6.16f.

The toroidal vortices of case-2-II and case-3 have slightly tilted away from the base on the top

side, following the reŕected weak vertical asymmetry. For case-2, the recirculation region is mainly

formed by the bottom shear layer. The weak sub-recirculation region formed by the top shear layer

is convected further downstream forming another bubble in the far wake region.

To conclude, suppressing the separation of the boundary layer on the different surfaces of

the body was found to have a little effect on the bubble length. These results correlate with

the experimental results by Hsu et al. (2021), which proposed a linear relationship between the
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bubble length and the base pressure recovery. The relatively longer bubble was found to have a

favourable effect on base pressure recovery. Similarly, in case-1, the longer bubble is associated

with higher pressure recovery. Reducing the bubble length is associated with a loss in base pressure

recovery, as in case-2. It is worth noting that the pressure recovery here is also affected by the

wake conőgurations and the underbody ŕow, as in case-3, base pressure recovery is achieved with

a negligible change in the bubble length.

Different forcing conőgurations also affect the wake topology differently. When the weak vertical

asymmetry holds, the bubble shape remains similar to the unforced, and the toroidal vortex’s

position and orientation in the near wake region changes. This affects the base pressure and the

accordingly drag. For a static vertical asymmetric wake, considerable changes were seen in the

topology, as in case-2. Two separate separation bubbles were seen in the wake with irregular shapes

compared to the unforced case. The toroidal vortex’s position is changed in streamwise and cross-

ŕow directions. This is found to have an unfavourable effect on the base pressure, conőrming the

importance of preserving the weak-vertical asymmetry for drag reduction.

Effect on shear layers growth in the wake

The effect of suppressing boundary layer separations on the downstream shear layer mean thick-

ness and growth rate in the wake is investigated. These can be characterised using the vorticity

thickness, δω,n, deőned as the ratio of the maximum velocity difference to the maximum mean

shear stress, i.e. δω,n = ∆Umax/|∂U/∂nmax|, where n ∈ [y, z] (Djilali and Gartshore, 1991). The

numerator represents the difference between the maximum local velocity at the centre of the shear

layer bounding the separation bubble and the minimum velocity on the low-speed side of the shear

layer, i.e., in the separation bubble. The centre of the shear layer is determined based on the

maximum ŕuctuating velocity proőle (Djilali and Gartshore, 1991). The visual thickness of the

shear layer is double the vorticity thickness δω,n. The slope of the vorticity thickness dδω,n/dx is

used to measure the spread or growth rate of the shear layer in the streamwise direction.

As shown in őgure 6.23a, for the unforced ŕow, the separated wake shear layers initially grow

linearly (with different growth rates) in the wake, matching the growth reported by Kang et al.

(2021) for the wake of an Ahmed body. The linear growth is similar to that of a free shear layer,

with Bres and Colonius (2008) showing that the presence of a recirculation bubble changes the

ŕow entrainment and, accordingly, the shear layer thickness and growth rate. From the gradient

of the data in őgure 6.23a, it can be seen that the growth rate of the top shear layer varies in

the streamwise direction, with a value of 0.38 in the near wake region (x/H < 1.1) and 0.20 for

1.1 ≤ x/H ≤ 1.43. The near-wake values are similar to those of the shear layer separated from

a wall-mounted block (Agelinchaab and Tachie, 2008). Downstream of the recirculation region
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(marked by the black dashed line in őgure 6.23a), the top shear layer exhibits rapid linear growth

with a relatively higher rate due to the suppression of the maximum shear stresses.

Figure 6.23b compares the vorticity thickness of the top shear layer for the unforced ŕow and

for case-3, where the separation of the top-surface boundary layer is suppressed. For case-3, the

top-surface shear layer is thinner in the near wake region (x/L < 1), but its growth rate higher by

14%. The top-surface shear layers have similar thicknesses for 0.9 < x/L < 1.2, with the growth

rate for case-3 then rapidly increasing towards the end of the recirculation bubble, leading to a

thicker shear layer than the unforced ŕow.

Figure 6.24a compares the shear layer thickness on the two sides for case-3. The upstream

side suction has an identical effect on both side shear layers in the wake. Similarly, an identical

suction effect on the side surfaces is seen in case-1 (not shown for brevity). Figure 6.24b compares

the shear layer on side 1 for case-3 to its counterpart in the unforced ŕow, showing a negligible

difference. This is consistent with the large wake oscillations for both cases, with similar associated

shear layer curvatures.

As suction has a similar effect on both sides, we proceed with comparing side 1 only for brevity.

Figure 6.24c shows the shear layer thicknesses on side 1 for all the cases. Case-1 exhibits a much

thicker shear layer than case-3 (similar to the unforced case), with the thickness almost double for

0.6 < x/L < 1.48. The shear layer exhibits linear growth with larger growth rates than case-3.

Shear layer thickness correlates with the width of the recirculation bubble, as a thinner shear layer

on the sides could be associated with a relatively larger width of the wake. The latter is known

to have a favourable effect on base pressure recovery Barros et al. (2016). The relatively thicker

side shear layers promote base pressure recovery in case-1. For case-2, where upstream dynamics

are not suppressed on the sides, and the wake exhibits static vertical asymmetry, the shear layer

thickness is almost similar to case-1. A difference in the thickness is seen for x/L > 0.6. For

case-2-II, there is no upstream suction on the sides. In the near wake region, up to x/L = 0.9, the

side shear layers exhibit a negligible change in thickness proőle compared to case-3 or the unforced

ŕow. Further downstream, a slight reduction in the shear layer thickness can be seen compared to

case-3.

We conclude that a given wake shear layer thickness is affected by the dynamics of the corre-

sponding upstream boundary layer and the interaction with the adjacent shear layers. Generally,

suppressing the dynamics of the upstream boundary layer only leads to a thicker wake shear layer

when the adjacent perpendicular shear layers remain unaffected, as in case-1. The underbody ŕow

is important; disturbing, this has an indirect effect on wake shear layer thickness. When it has

sufficient perturbations to push the wake away from the weak vertical asymmetry region, the side

shear layer thickens (case-2). Where underbody ŕow changes are insufficient to push the wake
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(a) (b)

Figure 6.23: Vorticity thickness on the top-shear layer for the base ŕow, where the boundary layer
separates, compared to data from Kang et al. (2021) (a). The effect of suppressing the upstream
boundary layer separation on the top-surface shear layer in the wake of case-3 (b). The black
dashed line marks the length of the recirculation region. Note that x is measured from the body
base here.

(a) (b) (c)

Figure 6.24: Comparison of vorticity thickness on the side shear layers for case-3 (a). Comparison
of the side shear layer thickness between the unforced ŕow and the side for case-3 (b), between
side-1 for case-1, case-2, case-2-II and case-3 (c). The black dashed vertical line marks the length
of the base ŕow recirculation region. Note that x is measured from the body base here.

away from the weak vertical asymmetry region (as will be shown in section 6.4.4), the side shear

layer thickness exhibits a slight change in both the presence and the absence of boundary layer sep-

arations on the sides, as seen in both case-2-II and case-3. This conőrms the complex interaction

of all the parameters considered in this analysis.

6.4.4 Effect on the underbody flow

It is known that the momentum ŕux and disturbances of the underbody ŕow are important param-

eters in determining the wake conőguration. Grandemange et al. (2013a) and Barros et al. (2017)

showed that the underbody momentum inŕuences the vertical balance of the wake. A moderate

reduction in the underbody momentum inverts the vertical position of the wake, but its vertical

asymmetry remains weak. For a relatively more considerable reduction in the underbody momen-

tum, the wake asymmetry becomes more pronounced such that it can no longer be considered

weak, and the wake becomes static, without horizontal switching (Barros et al., 2017). However,
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the required change in underbody momentum for the wake to reverse its weak vertical asymmetry

or to exhibit strong vertical asymmetry (with bi-modality inhibited) remains unclear. We now

consider the effect of the different upstream suction patterns on the underbody ŕow in the present

study.

The effect of suppressing boundary layer separations on the mean underbody ŕow can be inves-

tigated by considering the bulk velocity (Ub) of the underbody ŕow, which controls the momentum

ŕux in this region. The underbody bulk velocity is calculated by integrating the mean velocity

over the cross-sectional area of the underbody region, i.e., C × W . In the absence of suction on

the bottom surface, the ratio of the mean bulk velocity to the free stream velocity (Ub/U∞) is

about ∼ 0.88 close to the back-end of the body, similar to the value obtained by Castelain et al.

(2018) for a truck geometry. The changes in the mean bulk velocity with reference to the unforced

ŕow are summarised in table 6.2. Changes are evident for case-2, case-2-II and case-3, for which

suction/blowing occurs on the bottom surface of the body.

In case-2, where suction and blowing are applied on the top and bottom body surfaces, the

underbody ŕow’s bulk velocity is reduced by 18% and, accordingly, the momentum ŕux. The

bottom-surface boundary layer separates at x/L = 0.34, then reattaches at x/L = 0.42. The

ground boundary layer remains attached along the underbody and separates later in the wake

region. In this case, the reduction in the momentum ŕux of the underbody ŕow changes the

wake conőguration from horizontally bi-modal with weak vertical asymmetry to static vertical

asymmetric wake. This is similar to the case of Kang et al. (2021), where the reduced momentum

of the underbody ŕow due to immersing the Ahmed body in a thick boundary layer of the ground

suppressed wake bi-modality. For case-2-II, in which suction is applied on both the top and

bottom body surfaces, the bulk velocity of the underbody ŕow (and accordingly the momentum

ŕux) is reduced by 1%. The bottom surface boundary layer remains attached while the ground

boundary layer separates at x/L ∼ 0.12 and reattaches at x/L ∼ 0.37. Similarly, for case-3,

with suction on all four surfaces, the ground boundary layer separates at around x/L ∼ 0.12 and

reattaches at x/L ∼ 0.4, the bottom-surface boundary layer remains attached, and the deőcit in

the underbody bulk velocity is 3%. The difference between the bulk velocity deőcits for case-2

and case-3 suggests that the side boundary layer separations (present for case-2-II but suppressed

for case-3) augment underbody disturbances and limit the momentum reduction. For both cases,

the wake exhibits a reŕected vertical asymmetry, which remains weak, consistent with the link to

underbody momentum reduction identiőed in the literature. We note that for case-3, horizontal

bi-modality is suppressed with quite large oscillation bounds, while for case-2, the wake bi-modality

persists.

The rest of this section is focused on investigating the underbody disturbances across the
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different cases, building on our earlier observation in Section 6.3 that vortices interacting between

the different surfaces affect the underbody ŕow. The disturbances induced in the underbody region

can be seen by comparing the turbulent kinetic energy (0.5× (u′2 + v′2 +w′2), where u′, v′, w′ are

the ŕuctuating velocity components in the x, y, z directions, respectively) for the different cases.

Figure 6.25 compares the area-averaged turbulent kinetic energy, < TKE >, at different sections

(C × W ) along the underbody region for the unforced ŕow and the different forcing cases. For

the unforced ŕow, the turbulent kinetic energy increases gradually along the underbody, following

the development of the boundary layers on the bottom surface and the ground. For case-1, the

turbulent kinetic energy exhibits a slight increase around x/L ∼ 0.35 compared to the unforced ŕow

and decreases for x/L > 0.8. This difference is likely linked to the suppression of the side vortices.

At the base, the area-averaged turbulent kinetic energy for case-1 is 34% less than for the unforced

ŕow. Its contours are horizontally symmetric, as shown in őgure 6.26b, this being attributable to

the suppression of the side boundary layer disturbances. For case-2, case-2-II and case-3, where

the underbody ŕow is affected by bottom surface suction/blowing, the turbulent kinetic energy

increases by order of magnitude downstream of the slits. It peaks at x/L = 0.35, x/L = 0.23 and

x/L = 0.2 for case-2, case-2-II and case-3, respectively, then decays towards the base for all cases

due to dissipation. This could be attributable to the separation of the ground boundary layer that

occurs in case-2-II and case-3 and the separation of the bottom surface boundary layer in case-2.

Comparing the < TKE > for case-2 and case-2-II, it can be seen that blowing induces higher

TKE in the underbody region compared to suction. The area-averaged turbulent kinetic energy at

the base is increased by 100% for case-2 where blowing is applied and 18% for case-2-II when suction

is applied on the bottom surface. For the former, the bottom-surface boundary layer separates

and exhibits higher turbulent kinetic energy than the ground boundary layer. The opposite occurs

in the latter case, where suction mainly disturbs the ground boundary layer with no evidence of

separation based on mean streamwise velocity. These different effects can be seen in őgure 6.27,

which compares the turbulent kinetic energy for all cases at a mid-plane in the spanwise direction (z

=0). Differences between case-2-II and case-3 must be linked to the effect of suppressing boundary

layer separations on the side surfaces. Compared to the unforced ŕow, the area-averaged turbulent

kinetic energy at the base is 4% lower for case-3.

The base < TKE > is reduced compared to the unforced ŕow for both case-1 and case-3 and

appears to be linked to the suppression of the side boundary layer separations. The reduction

in base < TKE > for case-1 is an order of magnitude larger than for case-3, suggesting that for

case-3 (which has suction on all four surfaces), the reduction in base < TKE > due to suppressing

the side disturbances is to some degree compensated by the disturbances induced by the bottom

suction. Figure 6.26 shows an approximately horizontally-symmetric base proőle for case-3, with
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Figure 6.25: Area-averaged turbulent kinetic energy at different sections (C×W ) of the underbody
in the streawise direction for the unforced ŕow (blue), case-1 (red), case-2 (dashed black), case-2-II
(black) and case-3 (green). The inset shows the cross-sections used to generate the graph. The
light red rectangular shows the location of the suction/blowing slit.

higher turbulent kinetic energy in the boundary layers and at mid-height of the gap, showing where

the vortical structures are residing. In case-2, slight asymmetry of the turbulent kinetic energy on

the base can be seen due to the effect of the side disturbances.

To conclude, these results show that in the absence of bottom suction, the underbody ŕow

is disturbed indirectly by the boundary layer separations on the sides, conőrming the proposed

interaction of the vortices from the top and the side surfaces, discussed in section 6.3. Suppressing

the side separations, as in case-1, is seen to reduce the turbulent kinetic energy of the underbody

region at the base. Applying suction through the bottom surface imposes direct disturbances in

the underbody ŕow, indicated by the ŕow’s relatively higher turbulent kinetic energy beneath the

base, as seen in case-2; applying blowing increases the turbulent kinetic energy more. Suppressing

boundary layer separations on the sides reduces the disturbances introduced due to bottom suction,

leading to a slight reduction of the underbody turbulent kinetic energy at the base, as in case-3.

These results correlate with the experimental study by Barros et al. (2017), where the underbody

ŕow is disturbed passively with different devices. The change in the turbulent kinetic energy of the

underbody ŕow is expected to affect the entrainment of the shear layer separated from the bottom

surface of the body, which accordingly affects the wake dynamics.

To the author’s knowledge, no previous studies were done on controlling the wake bi-modality

using active control of the underbody ŕow. These results present an initial step of suppressing

wake bi-modality with a new control strategy.
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Figure 6.26: Contours of turbulent kinetic energy of the underbody at the base (x/L = 1) for the
unforced ŕow case (a), case-1 (b), case-2-II (c) and case-3 (d) and case-2 (e).

Figure 6.27: Turbulent kinetic energy on an xy plane at z = 0 for the unforced ŕow case (a),
case-1 (b), case-2 (c), case-2-II (d) and case-3 (e). The picture shows the sections used to generate
the plot. The red box marks the position of the actuator.
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Figure 6.28: The blue box shows the underbody region used to investigate the underŕow, with
a height similar the gap height C∗, streamwise length of −0.1 ≤ x/L ≤ 2.0, spanwise length of
−1.0 ≤ z/W ≤ 1.0, measured from the center fore-end of the body.

Figure 6.29: Energy content of the ten őrst most energetic modes for the underŕow in absence of
suction/blowing.

6.4.5 POD of the underbody flow

Based on the pressure data, three-dimensional Proper Orthogonal Decomposition (POD) has been

used to analyse the effect of boundary layer separations on the underbody ŕow. The region

considered for the POD analysis is extended from x/L = −0.1 upstream of the body to x/L = 2.0

in the wake region as indicated in őgure 6.28. The height of the box bounding this region is similar

to the gap between the body and the ground. In the spanwise direction, the box is extended from

z/W = −1.0 to z/W = 1.0 measured from the centre of the body’s fore-end. The spatial resolution

in this region is equivalent to the simulation mesh reduced by 1 : 20. The sampling time used for

the POD is equivalent to StW ∼ 13.9, meaning that the highest frequency that could be captured

is equivalent to StW ∼ 7. This value is high enough based on the reported frequencies in the

literature for the wake of the square-back Ahmed body. The total acquisition time was ∼ 1000

convective time units, deemed sufficient for statistical convergence.

The energy content of the őrst ten modes for the unforced ŕow is shown in őgure 6.29. The

results show that the underbody ŕow is dominated by two modes, which appear in pairs, indicating
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Figure 6.30: First (top) and third (bottom) POD modes for the base ŕow case. The associated
Fast Fourier Transform (FFT) of their time coefficients are shown on the right hand side.

their convective nature. Mode1 and mode2, with an energy content of 54% together, indicate a

symmetric mode in the wake, as shown in őgure 6.30 (only mode1 is shown for brevity). The

FFT of the time coefficient of both modes contains two peak frequencies. The őrst frequency is

equivalent to StW ∼ 0.005, which is linked to the bi-modal behaviour of the wake. The second

frequency is two orders of magnitude higher with a value of StW ∼ 0.35. This frequency is expected

to be related to the bottom shear layer dynamics, as it corresponds to higher mode values along the

recirculation bubble in the wake. The wake is dominated by the downwash ŕow from the top-shear

layer, as shown with the streamlines in őgure 6.16. Thus the bottom shear layer is triggered by

the top shear layer, supporting the suggested link of mode1 and mode2 to the bottom shear layer.

Further, the frequency associated with this mode, StW ∼ 0.35, is equivalent to StH ∼ 0.25 based

on the distance between the top and bottom shear layers, which is a typical frequency reported for

the Karman vortex shedding in the literature.

The next two modes, i.e. mode3 and mode4, are also similar, with mode3 shown in őgure 6.30.

They showed a combination of a symmetric mode with a similar frequency to mode1 and mode2

and an asymmetric mode on the top part of the graph. The latter is related to the horizontal

asymmetry of the wake, leading to asymmetric vortex shedding at a frequency of StW ∼ 0.23.

The broad frequency band around StW ∼ 1.2, shown by the FFT of these modes, is related to

the high-frequency dynamics relevant to the bottom shear layer, which be further discussed in the

next chapter.

Reconstructing the ŕow őeld with the őrst őve most energetic modes showed the link between

the wake bi-modality and the disturbances in the underbody ŕow. Figure 6.31 shows the time his-
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Figure 6.31: Reconstructed ŕuctuating pressure in the underbody region using the őve most
energetic modes.

tory of the reconstructed ŕuctuated pressure. It can be seen that the disturbances of the underŕow

spanned in the horizontal direction in an asymmetric distribution following the wake instantaneous

orientation. To this end, it is unclear whether this link between underbody asymmetry disturbances

and wake bi-modality is a cause or effect.

For case-1, where suction is applied on the side body surfaces, and the underbody remains

undisturbed, POD modes’ energy is shown in őgure 6.32a. Similar to the base ŕow case, the őrst

most energetic modes contain around ∼ 50% of the total ŕow energy in the underbody region. The

modes appear in pairs, indicating their convective nature. Mode1 and mode3, which are similar to

mode2 and mode4, respectively, are shown in őgure 6.33. Mode1 shows a symmetric mode in the

wake region, associated with a frequency of StW = 0.24. Mode3 also indicates a symmetric mode,

with two associated frequencies of StW = 0.24 and a broad frequency band around StW = 1.3.

Both modes match with the corresponding modes in the unforced ŕow case, with the asymmetry

seen in őgure 6.30 being symmetrised in this case (őgure 6.33), which is linked to bi-modality

suppression. The very low frequency linked to wake switching is not captured in this case.

The modes’ energy of the underbody region for case-2 is shown in őgure 6.32b. It indicates

that the őrst two modes are less energetic in this case compared to the unforced ŕow and case-1,

with an energy content of ∼ 30% for both. Figure 6.34 shows mode1 and mode3 for case-2 and

their associated frequencies. Mode2 and mode4 are similar to mode1 and mode3, respectively,

indicating their convective nature. Mode1 is dominated by the effect of blowing in the underbody

region. Blowing forces the boundary layer to amplify the high-frequency dynamics downstream of

the slit. These high-frequency dynamics, associated with a StW ∼ 3, extend to the body sides,

triggering the shedding of the corner vortices as discussed. This is also shown in mode3, which

carries around ∼ 16% of the energy together with mode4. Additionally, mode3 shows a spatially-

asymmetric mode in the wake at a frequency of StW ∼ 0.27. This is suggested to be linked to the
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(a) (b)

(c) (d)

Figure 6.32: Scaled modal energies of the őrst ten most energetic modes of the underbody ŕow for
case-1 (a), case-2 (b), case-2-II (c) and case-3 (d).

Figure 6.33: First (top) and third (bottom) POD modes for the case-1. The associated Fast
Fourier Transform (FFT) of their time coefficients are shown on the right hand side.
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Figure 6.34: First (top) and third (bottom) POD modes for the case-2. The associated Fast
Fourier Transform (FFT) of their time coefficients are shown on the right hand side.

Figure 6.35: First (top) and second (bottom) POD modes for the case-2-II. The associated Fast
Fourier Transform (FFT) of their time coefficients are shown on the right hand side.
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Figure 6.36: First (top) and third (bottom) POD modes for the case-3 (upstream8). The associated
Fast Fourier Transform (FFT) of their time coefficients are shown on the right hand side.

interaction of the rolled top-shear layer (causing the bulge shown in őgure 6.19) and the separated

ground boundary layer in the wake, shown in őgure 6.17.

For case-2-II, the modes’ energy of the underbody region is shown in őgure 6.32c. It indicates

that the őrst most energetic two modes carry 35% of the ŕow energy. The őrst mode, mode-

1 in őgure 6.35, indicates a high-frequency spatially-symmetric mode linked to boundary layer

separation on the ground downstream of the suction slit. Mode-2, which is less energetic, shows

low-frequency dynamics in the wake, related to wake bi-modality. It also shows low-frequency

dynamics related to ground boundary layer separation upstream of the wake.

In case-3, the most energetic őrst two modes carry 50% of the ŕow energy, as shown in őgure

6.32d. Mode1 is shown in őgure 6.36, indicating the effect of suction in the underbody region and

similarly, mode2, which is not shown for brevity. Compared to case-2, where blowing is applied

through the bottom surface, suction has a limited effect that concentrates near the centre of the

bottom surface. Similar to blowing (case-2), suction forces the boundary layer to amplify higher

frequency dynamics, which is associated with a StW ∼ 2. Mode3 (and mode4) indicate a symmetric

mode in the wake associated with StW ∼ 0.24, which is similar to case-1.

In conclusion, the pressure POD of the underbody ŕow shows that disturbing this region with

either blowing (case-2) or suction (case-2-II and case-3) promotes high-frequency dynamics down-

stream of the slits. These disturbances have a stronger effect that extends to the body’s sides

in case of blowing (case-2) compared to suction (case-3). When air is blown through the bottom

surface, a more pronounced effect is noticed in the wake region in case-2 compared to case-3. When

the underbody ŕow is not directly disturbed, as in case-1, reduced disturbances in the underbody
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ŕow are seen towards the body base. This could be linked to the suppression of wake bi-modality

and supports the reduction in the turbulent kinetic energy at the base for case-1.

6.5 Conclusion

This section investigated the link between the upstream dynamics ś related to boundary layer

separations ś and bi-modality in the turbulent wake of the square-back Ahmed body in close

proximity to the ground. We propose that wake bi-modal switching is triggered by the interaction

of the vortices formed on the top and side surfaces of the body, which also affects the underbody

ŕow. Interrupting this interaction suppresses bi-modality and symmetries the wake.

Steady and spatially-independent suction/blowing was used to suppress boundary layer sepa-

rations on the longitudinal body surfaces. Different cases with suction/blowing on different combi-

nations of body surfaces were investigated. When boundary layer separation is suppressed on only

the wall-normal surfaces (side surfaces), the wake becomes horizontally symmetric while retaining

its vertical position. In this case, suppressing the side boundary layer disturbances was found to

have a direct effect on the disturbances of the free shear layers separated off the side surfaces in the

wake region. It also has an indirect favourable effect on the turbulent ŕuctuations in the underbody

ŕow. These results support the proposed mechanism of the link between wake bi-modality and

vortices interaction. This represents a new promising strategy for controlling wake bi-modality

indirectly, i.e., without directly forcing the wake.

The wake exhibits bi-modal switching for a weak vertical asymmetry. Bi-modality fades when

the latter is disturbed due to the competition between the horizontal and vertical base pressure

gradients. In this case, the wake is considered a static vertical asymmetric wake. When suction

is applied on the wall-parallel surfaces (top-bottom), suppressing the boundary layer separation

on the top surface and disturbing the underbody ŕow, bi-modality remains, accompanied by an

inversion of vertical wake asymmetry.

When suction is applied on all four longitudinal surfaces of the body, suppressing the separation

of the boundary layer on the top and side surfaces and disturbing the underbody ŕow, horizontal

bi-modality is suppressed, with the wake exhibiting larger oscillation bounds compared to the side-

only suction. The study has shown that the disturbances induced in the underbody ŕow become

partly cancelled close to the base by the compensating effect of suppressing the side boundary layer

disturbances. The wake is weakly asymmetric in the vertical direction, with the asymmetry inverted

compared to the unforced ŕow. This suggests that bi-modality suppression is due to suppression of

the side boundary layer disturbances, similar to side-only suction. Although upstream boundary

layer separations is a Re dependent phenomenon, the current study shows that suppressing the
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ŕow ŕuctuations prior to the base has prominent effect of wake bi-modality. These results represent

a őrst step towards investigating upstream control strategies for bi-modality suppression. Such an

approach offers promise for achieving drag reduction as well as bi-modality suppression, something

that actuating the wake directly has been unable to fully achieve, especially when wake actuation

affects the free shear layers.
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Chapter 7

3D modal reduction of the Ahmed

body flow field

In this chapter, the three-dimensional modal reduction will be used to investigate the upstream

dynamics and the wake downstream of the square-back Ahmed body. Spectral Proper Orthogonal

Decomposition (SPOD) will be considered here, as it allows exploring dynamic modes that occur

at multiple frequencies and energy levels. It combines both the energy-ranked approach, i.e. the

classical Proper Orthogonal Decomposition (POD) and the frequency-ranked Fourier decompo-

sition, i.e. Dynamic Mode Decomposition (DMD). Initially, the 3D SPOD of the unforced ŕow

will be explored to give an insight into the dynamical modes in the wake. Then the effect of the

different arrangements of suction/blowing śused to suppress the boundary layer dynamicsś will

further be explored and compared to the unforced ŕow results. The chapter is subdivided into őve

subsections covering the őve cases introduced in the previous chapter, the unforced ŕow, cases 1,

2, 2-II and case-3.

7.1 Unforced flow

Spectral Proper Orthogonal Decomposition (SPOD) is used to analyse the turbulent wake behind

the Ahmed body. Pressure data in the domain shown in őgure 7.1 is used for this analysis. The

domain extends from x/L = −0.1 upstream of the body to x/L = 2.0 in the wake region. In the

vertical direction, the domain is bounded by the ground and a horizontal surface at y/H = 0.83.

It extends from z/W = −1.0 to z/W = 1.0 measured from the centre of the body’s fore-end in

the spanwise direction. The domain size in the cross-ŕow directions is chosen based on boundary

layer thicknesses. In the streamwise direction, the domain length extends into the far-wake region.

Similar to the spatial resolution used in the 3D-POD of the underbody region, the spatial resolution
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Figure 7.1: The blue box shows the three dimensional region used for the SPOD analysis, with
a max height of y/H = 0.83, streamwise length of −0.1 ≤ x/L ≤ 2.0, spanwise length of −1.0 ≤
z/W ≤ 1.0, measured from the center fore-end of the body.

used here is equivalent to the simulation mesh reduced by a factor of 20 in all three directions.

Data points are clustered near the boundary layers and wake region matching the reőned regions

of the mesh described earlier.

The estimation parameters for SPOD depends on the maximum and minimum frequencies to be

resolved in this domain. The sampling frequency is chosen to be fs = 1000 Hz equivalent to

StW ∼ 13.9. This limits the maximum (Nyquist) resolvable frequency to be StW ∼ 7, which

is relatively more than double the maximum frequency reported in the regions upstream and

downstream of the Ahmed body (Hesse and Morgans, 2021). In SPOD, the time history of the

data is subdivided into blocks before calculating the discrete Fourier transform. The minimum

non-zero resolvable frequency is governed by the time period of each block of data, i.e. minimum

resolvable frequncy equals fs/NFFT , where NFFT is the number of time-steps per each block

of data (Schmidt and Colonius, 2020). NFFT is chosen to be 2048, such that the minimum

resolvable frequency is equivalent to StW ∼ 0.005. The minimum frequency reported in the

turbulent wake of the Ahmed body is related to the bubble pumping mode. This mode is marked

by a broadband frequencies around StW ∼ 0.07 . Although wake bi-modality is characterised as

a stochastic behaviour, a relatively low frequency one order of magnitude less than the bubble

pumping frequency is reported in association with this behaviour (Ahmed and Morgans, 2022).

This makes the number of time steps per block sufficient for the SPOD analysis. In order to avoid

any bias caused by the choice of the NFFT , the number of blocks is increased by subdividing the

data into overlapping blocks. A typical value of this overlap is 50% of the block size (Schmidt and

Colonius, 2020), which is applied in this case. A Hamming window was used to reduce spectral

leakage.

The total acquisition time was ∼ 1400 convective time units, which were deemed sufficient

for statistical convergence based on the energy content of mode-1 at a frequency equivalent to

StW ∼ 2.8. During this acquisition time, the wake spent approximately equal periods in both
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Figure 7.2: Wake horizontal and vertical positions characterised by ∂CP /∂z (top) and ∂CP /∂y
(bottom), respectively. Data acquisition for SPOD started at t∗ = 1040 and ended at t∗ = 2400.
The associated probability density function of the acquisition period is shown with the orange line.

asymmetric positions in the spanwise (horizontal) direction. The wake switched three times in

the horizontal direction. Figure 7.2 shows the time history of the horizontal position of the wake

determined by the horizontal gradient of the pressure coefficient ∂CP /∂z. The start of the data

acquisition is marked by the black dashed line and lasts to the end. The probability density function

of the data used for the SPOD analysis is shown with the orange line in őgure 7.2, indicating the

approximately equal residence time of the wake on each side.

The results of the SPOD for the unforced case are shown in őgure 7.3 and indicate frequency

peaks at StW = 0.19 and 2.8. These frequencies are associated with the vortex shedding and the

dynamics of boundary layer separations upstream of the wake, respectively. A broad frequency

band around StW ∼ 0.074 is likely to represent the dynamics of the bubble pumping. The highest

energy content in mode-1 and mode-2 is found to be associated with the lowest frequency StW ∼

0.006. All frequencies were captured in both the őrst and second modes, as shown in őgure 7.3.

The following paragraphs will further investigate the modes associated with these peak fre-

quencies. The scaled mode’s energy at the lowest frequency equivalent to StW ∼ 0.006 is shown in

őgure 7.4a. Mode-1 carries more than 90% of the ŕow energy at this frequency, which is related to

the wake switching. A three-dimensional view of the pressure ŕuctuations iso-volumes for mode-1

at StW = 0.006 is shown in őgure 7.5. It is clear that this mode is horizontally-asymmetric, which
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Figure 7.3: SPOD spectra for pressure ŕuctuations in the region around the Ahmed body and the
wake for the unforced ŕow.

(a) (b)

Figure 7.4: Scaled mode energies at StW = 0.006 (a) and at StW = 0.074 (b) for the őrst eight
modes for the unforced ŕow case.
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Figure 7.5: Iso-volumes of mode-1 at StW = 0.006, associated with wake horizontal bi-modality.
The top row shows a three-dimensional view of the wake on both sides of the body. The bottom
row shows a top-view of the domain (left) and a side view of the body (right).

is attributed to the horizontal bi-modality of the wake. Mode-2 (őgure 7.6) at the same frequency

is suggested to be linked to the weak vertical asymmetry of the wake. Where a vertical asymmetry

exists, the wake switches between the two asymmetric horizontal positions through a vertically-

asymmetric state (Haffner et al., 2020). This can be seen in the joint probability density function of

∂CP /∂z and ∂CP /∂y shown in őgure 6.14. Mode-2 is suggested to be related to the wake reversal

dynamics for the weakly vertical asymmetry. This mode was also seen in the velocity-based POD

analysis of Podvin et al. (2021). Its time-coefficient peaked during the switching events supporting

its relevance to the switching event.

At StW ∼ 0.074, the őrst mode carries 40% of the total ŕow energy at this frequency, as shown

in őgure 7.4b. This mode, shown in őgure 7.7, is symmetric in both the horizontal and vertical

directions. It is suggested to be linked to the streamwise motion of the bubble, known as bubble

pumping or bubble breathing. (Duell and George, 1999) suggested a link between this mode and

the boundary layer separation, i.e. the disturbances introduced in the free shear layers due to the

separation upstream of the wake. These disturbances increase the turbulence entertainment of the

free shear layers that form the recirculation bubble, causing the streamwise pumping motion. The

most common interpretation of this mode in the literature is that it results from the interaction

between horizontal and vertical vortex shedding.

Asymmetric vortex shedding is reported at StW = 0.19. The most energetic mode at this

frequency accounts for 40% of the total energy of the pressure ŕuctuations, as shown in őgure

7.8a. The 3D iso-volumes of the pressure ŕuctuations associated with this mode are shown in
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Figure 7.6: Iso-volumes of mode-2 at StW = 0.006, associated with the mechanism of wake
switching. The top row shows a three-dimensional view of the wake on both sides of the body.
The bottom row shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.7: Iso-volumes of mode-1 at StW = 0.074, associated with bubble pumping. The top row
shows a three-dimensional view of the wake on both sides of the body. The bottom row shows a
top-view of the domain (left) and a side view of the body (right).
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(a) (b)

Figure 7.8: Scaled modal energies at StW = 0.19 (a) and at StW = 2.8 (b).

őgure 7.9, which shows an asymmetric shedding from the side shear layers. The őgure also shows

that the ŕuctuations occur closer to the base on one side than the other, following the asymmetric

position of the wake. Mode-2 at the same frequency, shown in őgure 7.10, also indicates horizontal

asymmetric vortex shedding. In this mode, the shedding starts earlier on the shear layer from

the other side. The vertical vortex shedding, which is attributed to the interaction of the top and

bottom shear layers in the wake, is captured in the third mode at this frequency, shown in őgure

7.11.

The highest frequency reported is equivalent to StW ∼ 2.8. The most energetic two modes at

this frequency carry around 65% of the total energy (őgure 7.8b). These modes are found to be

related to the separation of the boundary layers on the top and side surfaces of the body, as shown

in őgures 7.12 and 7.13. This frequency is also detected in all four shear layers in the wake. The

separation of the boundary layers closer to the body’s fore-end generates vortical structures with

different length scales and frequencies, the highest of which is discussed above. However, this is

clearly shown in the modes associated with all frequency peaks indicated. The effect of suppressing

boundary layer separations on the wake is investigated in the following subsections using SPOD

for the different cases.

The previous results align with the SPOD results of the experimental data by Haffner et al.

(2020). The SPOD results of this previous study were performed using data realization of a

horizontally-asymmetric wake. Thus the modes related to wake switching were not captured.

However, the vortex shedding and the bubble pumping frequencies matched very well. The high-

frequency dynamics linked to boundary layer separations were not captured in the experimental

results, as the data only focused on the wake area. Nevertheless, some high-frequency dynamics

were marked in the shear layers, similar to the current results. Using pressure rather than velocity

was deemed convenient, as the current results match with Schmidt et al. (2018), who performed

velocity-based SPOD.
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Figure 7.9: Iso-volumes of mode-1 at StW = 0.19, associated with vortex shedding in the wake.
The top row shows a three-dimensional view of the wake on both sides of the body. The bottom
row shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.10: Iso-volumes of mode-2 at StW = 0.19, associated with vortex shedding in the wake.
The top row shows a three-dimensional view of the wake on both sides of the body. The bottom
row shows a top-view of the domain (left) and a side view of the body (right).
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Figure 7.11: Iso-volumes of mode3 at StW = 0.19, associated with vertical vortex shedding in the
wake. The top row shows a three-dimensional view of the wake on both sides of the body. The
bottom row shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.12: Iso-volumes of mode-1 at StW = 2.8, associated with boundary layer dynamics
upstream of the wake. The top row shows a three-dimensional view of the wake on both sides of
the body. The bottom row shows a top-view of the domain (left) and a side view of the body
(right).
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Figure 7.13: Iso-volumes of mode-2 at StW = 2.8, associated with boundary layer dynamics
upstream of the wake. The top row shows a three-dimensional view of the wake on both sides of
the body. The bottom row shows a top-view of the domain (left) and a side view of the body
(right).

7.2 Case-1

In this case, boundary layer separations on the side surfaces of the body are suppressed by applying

suction. Accordingly, bi-modality is suppressed, and the wake is fully symmetrised based on the

time history of the horizontal gradient of the base pressure coefficient ∂Cp/∂z. This effect on

the wake and the upstream region around the body is now investigated using SPOD. SPOD is

performed using pressure data, requiring fewer data storage than velocity. The domain considered

for data collection is similar to the unforced ŕow case, shown in őgure 7.1. SPOD characteristics

for this case are also similar to the unforced ŕow case. The energy spectra for mode-1 (the most

energetic mode) is shown in őgure 7.14 and exhibits two frequency peaks: a relatively low frequency

at StW ∼ 0.24 and a high frequency at StW ∼ 2.8. A broad frequency band around StW ∼ 0.13

is also captured.

StW ∼ 0.24 is expected to be related to vortex shedding. The most energetic two modes carry

around 70% of the ŕow energy at this frequency, as shown in őgure 7.15a. Mode-1 (∼ 55% energy)

is related to the vortex shedding from the top and bottom shear layers in the wake. Asymmetric

shedding from these two shear layers is shown in őgure 7.16. The second mode (mode-2), which

carries ∼ 15% energy, is related to asymmetric vortex shedding from the side shear layers. This

can be seen in őgure 7.17, where different views of the 3D iso-volume of this mode are shown. In

both modes, a mark of the ŕow separation on the top surface just aft the body nose is evidenced.
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Figure 7.14: SPOD spectra for pressure data in the region around the Ahmed body for case-1,
where suction is applied on the side surfaces.

(a) (b)

Figure 7.15: Scaled modal energies at StW = 0.24 (a) and at StW = 2.8 (b) for case-1.

Figure 7.16: Iso-volumes of mode-1 at StW = 0.24, associated with vertical vortex-shedding from
the top and bottom shear layers in the wake. The top row shows a three-dimensional view of the
wake on both sides of the body. The bottom row shows a top-view of the domain (left) and a side
view of the body (right).
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Figure 7.17: Iso-volumes of mode-2 at StW = 0.24, associated with horizontal vortex-shedding
from the side shear layers in the wake. The top row shows a three-dimensional view of the wake
on both sides of the body. The bottom row shows a top-view of the domain (left) and a side view
of the body (right).

Figure 7.18: Iso-volumes of mode-1 at StW = 0.13 for case-1. The top row shows a three-
dimensional view of the wake on both sides of the body. The bottom row shows a top-view of the
domain (left) and a side view of the body (right).
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Figure 7.19: Iso-volumes of mode-1 at StW = 2.8, associated with boundary layer dynamics on
the top surface of the Ahmed body. The top row shows a three-dimensional view of the wake on
both sides of the body. The bottom row shows a top-view of the domain (left) and a side view of
the body (right).

At the low-frequency band, around StW ∼ 0.13, the most energetic mode carries 50% of the

ŕow energy at this frequency. The 3D iso-volumes of the pressure ŕuctuations of this mode look

similar to the bubble pumping mode evidenced in the unforced ŕow case. Figure 7.18 shows mode-1

at StW ∼ 0.13, indicating a symmetric mode in both the horizontal and the vertical directions.

At StW ∼ 2.8, the őrst two modes carry around ∼ 75% of the ŕow energy, as indicated in the

scaled energy content of the őrst eight modes of the POD in őgure 7.15b. Both modes indicate the

shedding caused by the separation of the top-surface boundary layer as shown in őgures 7.19 and

7.20 for mode-1 and mode-2, respectively. Mode-2, which is less energetic than mode-1, shows that

this high frequency also exists in the wake region, where it is suggested to be linked to the separated

shear layers. Higher ŕuctuations are noticed near the bottom shear layer compared to the top,

as the ŕow here is dominated by downwash velocity, meaning that the top-shear layer might be

more stable compared to its counterpart on the bottom. Compared to the unforced ŕow case, the

SPOD modes at high frequency shows clearly the effect of suction on the side boundary layers.

The high-frequency dynamics related to boundary layer separations are completely suppressed on

the side surfaces. Some disturbances are introduced in the underbody region indicated by mode-3

at StW ∼ 2.8 (őgure 7.20).

Based on comparison of the SPOD modes for the unforced case and case-1, the effect of sup-

pressing the separation of the side boundary layers can be summarised as follows:

• It suppresses the low-frequency dynamics related to bi-modality.

• The energy content of the horizontal vortex shedding (side shear layers) decreasesd compared
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Figure 7.20: Iso-volumes of mode-2 at StW = 2.8, associated with boundary layer dynamics on
the top surface of the Ahmed body and the high-frequency dynamics of top and bottom shear
layers in the wake. The top row shows a three-dimensional view of the wake on both sides of the
body. The bottom row shows a top-view of the domain (left) and a side view of the body (right).

to the vertical vortex shedding (top and bottom).

• The dynamics related to boundary layer separations on the side surfaces are suppressed over

all frequencies investigated.

• The broad frequency band related to bubble pumping is augmented compared to the unforced

ŕow case. This supports the previously suggested link in which bubble pumping is related to

the upstream disturbance caused by boundary layer separations (Duell and George, 1999).

7.3 Case-2

In this case, suction and blowing are applied on the top and the bottom surfaces, respectively. Based

on the time-averaged and time-resolved analysis explored in the previous chapter, horizontal bi-

modality is entirely suppressed, and the wake is symmetrised with an inverse vertical asymmetry.

The recirculation bubble is dominated by an upwash ŕow emanating from the underbody region.

An SPOD of the pressure data with spatial and temporal resolutions similar to the unforced ŕow

is conducted; the setup and data acquisition are as for the SPOD of the unforced ŕow case.

The modes energy spectra (őgure 7.21) indicate a broad frequency band around StW ∼ 0.43

and two frequency peaks; the őrst is around StW ∼ 3.04 and its harmonic around StW ∼ 6.08.

The most energetic mode at StW ∼ 0.43 carries around 45% of the ŕow energy at this frequency,

as shown in őgure 7.22a. Figure 7.23 depicts the 3D iso-volumes of pressure ŕuctuations of this

mode, which is suggested to be related to vortex shedding from the top shear layer. Due to the

disturbances induced by blowing in the underbody region, the vertical position of the wake, in

161



Figure 7.21: SPOD spectra for pressure data in the region around the Ahmed body for case-2,
where suction and blowing are applied on the top and bottom surfaces, respectively.

(a) (b)

Figure 7.22: Scaled modal energies at StW = 0.43 (a) and at StW = 3.04 (b) for case-2.
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Figure 7.23: Iso-volumes of mode-1 at StW = 0.43, associated with vortex shedding from the top
shear layer in the wake. The top row shows a three-dimensional view of the wake on both sides
of the body. The bottom row shows a top-view of the domain (left) and a side view of the body
(right).

this case, is switched to be closer to the top half of the base. Based on the mechanism of the

recirculating region formation (suggested by Haffner et al. (2020)), the bottom shear layer, in this

case, exhibits larger curvature forming the recirculation region and triggering the top shear layer

closer to the base, leading to the shedding seen in mode-1.

Mode-2 at the same frequency carries around 8% of the ŕow energy. Following the 3D iso-

volumes of pressure for this mode shown in őgure 7.24, this mode is suggested to be linked to an

asymmetric shedding from the shear layers separated off the side surfaces of the body. This occurs

closer to the top half of the body in the near-wake region, as the wake is tilted upwards due to

the upwash ŕow, similar to the case of Kang et al. (2021). Further downstream in the wake, the

interaction of this shedding with the shedding due to the separation of the ground boundary layer

is also evidenced in this mode.

At StW ∼ 3.04, the őrst two modes carry around 70% of the total ŕow energy at this frequency,

as shown in őgure 7.22b. Similar to the unforced ŕow case, this high frequency is related to the

dynamics of the boundary layers. The iso-volume of the pressure ŕuctuations for mode-1 and

mode-2 is shown in őgures 7.25 and 7.26, respectively. Applying suction and blowing on the top

and bottom surfaces of the body, respectively, were found to have the following effects on the

upstream dynamics:

• Suppressing the high-frequency ŕuctuations on the top surface of the body.
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Figure 7.24: Iso-volumes of mode-2 at StW = 0.43, associated with the vortex shedding from the
side shear layers. The top row shows a three-dimensional view of the wake on both sides of the
body. The bottom row shows a top-view of the domain (left) and a side view of the body (right).

• Shifting the spatial location of the ŕuctuations on the side surfaces to the bottom half of the

body, i.e. promoting the interaction of the side boundary layers with the underbody ŕow.

• Synthesizing boundary layer separation on the bottom surface of the body, which ampliőed

the disturbances in the underbody ŕow compared to the unforced ŕow case.

Figure 7.26 also shows that the high-frequency ŕuctuations on the top-shear layer in the wake

occur closer to the body compared to the bottom-shear layer. This correlates with the wake being

oriented towards the body’s top half, i.e. reversed vertical position compared to the unforced ŕow

case. Based on the time-averaged streamlines, the bottom shear layers is expected be more stable

and have increased curvature compared to the top shear layers in this case, similar to the switching

mechanism suggested by Haffner et al. (2020). The peak associated with StW ∼ 6.08 is a harmonic

of the ŕuctuations on the sides and the underbody.

7.4 Case-2-II

In this case, suction is applied on the top and bottom body surfaces, suppressing boundary layer

separation on the top and introducing disturbances in the underbody region. Bi-modality persists

in this case, and the wake exhibits a reŕected weak vertical asymmetry. The effect of this on the

upstream dynamics and the wake will further be investigated in this section using the same SPOD

setup and domain as for the unforced ŕow. The energy spectra, shown in őgure 7.27, indicate higher
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Figure 7.25: Iso-volumes of mode-1 at StW = 3.04, associated with boundary layer dynamics on
the bottom and the side surfaces of the Ahmed body. The top row shows a three-dimensional view
of the wake on both sides of the body. The bottom row shows a top-view of the domain (left) and
a side view of the body (right).

Figure 7.26: Iso-volumes of mode-2 at StW = 3.04, associated with boundary layer dynamics on
the bottom and the side surfaces of the Ahmed body. The top row shows a three-dimensional view
of the wake on both sides of the body. The bottom row shows a top-view of the domain (left) and
a side view of the body (right).
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Figure 7.27: SPOD spectra for pressure data in the region around the Ahmed body for case-2-II,
where suction is applied on the top and bottom body surfaces.

(a) (b)

Figure 7.28: Scaled modal energies at StW = 0.006 (a) and at StW = 0.17 (d) for case-2-II.

energy content at very low frequency for both mode-1 and mode-2. This is linked to the horizontal

bi-modality of the wake, similar to the unforced ŕow. Frequency peaks around StW ∼ 0.16, 0.24

and 2.7 are linked to the horizontal vortex shedding, vertical vortex shedding and boundary and

free shear layers dynamics, respectively. A broad frequency band can be seen around StW ∼ 0.08,

linked to the bubble pumping mode.

Similar to the unforced ŕow, the 3D view of mode-1 at StW ∼ 0 shows an asymmetric distri-

bution in the horizontal direction linked to the wake bi-modality, which can be seen in őgure 7.29.

Mode-2, at the same frequency, denotes the reŕected weak vertical asymmetry of the wake due to

suction being applied on the top and bottom surfaces, shown in őgure 7.30. Compared to mode-2

at the same frequency for the unforced ŕow (őgure 7.6), a switch between the negative and positive

mode values can be seen, which is suggested to be caused by the reŕected vertical asymmetry. Both

mode-1 and mode-2 capture the low-frequency dynamics of the side boundary layers (upstream of

the wake) but not the top surface, as seen in the unforced ŕow. At StW ∼ 0.08, mode-1 indicates
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Figure 7.29: Iso-volumes of mode-1 at StW ∼ 0, associated with wake bi-modality. The top row
shows a three-dimensional view of the wake on both sides of the body. The bottom row shows a
top-view of the domain (left) and a side view of the body (right).

Figure 7.30: Iso-volumes of mode-2 at StW ∼ 0, associated with wake vertical asymmetry. The
top row shows a three-dimensional view of the wake on both sides of the body. The bottom row
shows a top-view of the domain (left) and a side view of the body (right).
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Figure 7.31: Iso-volumes of mode-1 at StW ∼ 0.08, associated with the bubble pumping mode.
The top row shows a three-dimensional view of the wake on both sides of the body. The bottom
row shows a top-view of the domain (left) and a side view of the body (right).

(a) (b) (c)

Figure 7.32: Scaled modal energies at StW = 0.16 (a), at StW = 0.24 and at StW = 2.7 (c) for
case-2-II.

a symmetric distribution in both cross-ŕow directions, as shown in őgure 7.31 matches with the

bubble pumping mode in the unforced case (őgure 7.7). This conőrms that applying suction on

both the top and bottom surfaces does not affect the bubble pumping mode.

The scaled modal energies at StW ∼ 0.16, 0.24 and 2.7 are shown in őgure 7.32. Figure 7.33

shows mode-1 at StW ∼ 0.16, which indicates an asymmetric horizontal vortex shedding, with

the vortical structures being closer to the body top. The vertical vortex shedding is shown in

őgure 7.34 at StW ∼ 0.25. This occurs at a higher frequency compared to the unforced ŕow.

The most energetic mode at the highest frequency, i.e. StW ∼ 2.7, is shown in őgure 7.35. This

indicates the dynamics of the upstream boundary layers on both sides and the underbody region.

In addition, it indicates high-frequency dynamics on the top and bottom shear layers in the wake

region. Compared to case-1 (őgure 7.20), it can be seen that higher ŕuctuations are associated

with the top shear layer, in contrast to to case-1, where the bottom shear layer exhibits higher

ŕuctuations. This could be attributed to the reŕected vertical asymmetry and the wake being
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Figure 7.33: Iso-volumes of mode-1 at StW ∼ 0.16, associated with wake horizontal asymmetry.
The top row shows a three-dimensional view of the wake on both sides of the body. The bottom
row shows a top-view of the domain (left) and a side view of the body (right).

dominated by an upwash ŕow, augmenting the disturbances in the top shear layer.

To conclude, applying suction on both the top and bottom body surfaces was found to have a

negligible effect on bi-modality and vortex shedding in both the horizontal and vertical directions.

The main change seen is the suppression of the boundary layer dynamics on the top surfaces

and high-frequency dynamics in the underbody region due to ground boundary layer separation.

Higher disturbances are evidenced in the top shear layer compared to the bottom one, indicating

the reŕected vertical asymmetry of the wake.

7.5 Case-3

In this case, boundary layer separations on the top and side surfaces were suppressed using suction.

The underbody ŕow is disturbed by sucking air through the bottom body surface. SPOD analysis

with a similar setup to the previous cases is used.

The spectra of the modal energies, shown in őgure 7.36, shows two frequency peaks around

StW ∼ 0.24 and StW ∼ 0.32. Compared to the previous cases, the high-frequency peak associated

with StW > 2 has disappeared. StW > 2 is shown to be related to the ŕuctuations caused by

boundary layer separations. This correlates with the results discussed in the previous chapter that

boundary layer separations are suppressed on all the surfaces in this case.

A broad frequency band exists at very low-frequency equivalent to StW ∼ 0.027. The most

energetic two modes carry around 65% of the ŕow energy at this frequency, as shown in őgure 7.37a.

These modes are associated with the rapid switching of the wake in the horizontal direction, as

indicated by ∂CP /∂z. Mode-1, shown in őgure 7.39, is related to the reŕected vertical asymmetry,
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Figure 7.34: Iso-volumes of mode-1 at StW ∼ 0.16, associated with wake vertical asymmetry. The
top row shows a three-dimensional view of the wake on both sides of the body. The bottom row
shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.35: Iso-volumes of mode-1 at StW ∼ 2.7, associated with boundary and shear layers
dynamics. The top row shows a three-dimensional view of the wake on both sides of the body.
The bottom row shows a top-view of the domain (left) and a side view of the body (right).
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Figure 7.36: SPOD spectra for pressure ŕuctuations in the region around the Ahmed body for
case-3, where blowing is applied on the bottom and side surfaces and suction is applied on the top
and the other side surfaces.

(a) (b)

Figure 7.37: Scaled modal energies at StW = 0.027 (a) and at StW = 0.244 (b) for case-3.

Figure 7.38: Scaled modal energies at StW = 0.32 for case-3.
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Figure 7.39: Iso-volumes of mode-1 at StW = 0.027, associated with the switching mechanism of
wake bi-modality. The top row shows a three-dimensional view of the wake on both sides of the
body. The bottom row shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.40: Iso-volumes of mode-2 at StW = 0.027, associated with wake bi-modality. The top
row shows a three-dimensional view of the wake on both sides of the body. The bottom row shows
a top-view of the domain (left) and a side view of the body (right).
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Figure 7.41: Iso-volumes of mode-1 at StW = 0.24, associated with vertical vortex shedding in
the wake. The top row shows a three-dimensional view of the wake on both sides of the body. The
bottom row shows a top-view of the domain (left) and a side view of the body (right).

which is suggested to be an intermediate state of the wake during the horizontal switching event.

For a vanished vertical asymmetry, this intermediate state passes through the centre of the base.

As the wake loses its vertical symmetry, this intermediate switching state moves in the vertical

direction accordingly Haffner et al. (2020). Mode-2, shown in őgure 7.40, indicates the horizontal

switching of the wake. The energy content of this mode is slightly lower than mode-1 (vertical

asymmetry), as shown in őgure 7.37a. This opposes the unforced ŕow case, where horizontal

switching is more energetic than vertical asymmetry. This is attributed to the rapid switching of

the wake in this case compared to the unforced ŕow. The frequency at which these dynamics are

captured is an order of magnitude higher than the associated frequency in the unforced ŕow case

(StW ∼ 0.006), i.e. the wake passes through the intermediate state more frequently, indicating the

rapid switching.

At StW ∼ 0.24, the most energetic mode carries half of the total ŕuctuations energy at this

frequency, as indicated in őgure 7.37b. The 3D iso-volumes of the pressure ŕuctuations associated

with this mode are shown in őgure 7.41. This mode is horizontally-symmetric and suggested to

represent the asymmetric vortex shedding in the vertical direction, i.e. from the top and bottom

shear layers. Mode-2 at the same frequency carries around 18% of the pressure ŕuctuations energy.

As shown in őgure 7.42, the iso-volumes of the pressure ŕuctuations indicate that this mode

is horizontally-asymmetric, suggested to be linked to vortex shedding from the side shear layers.

This mode also captured the effect of the ŕuctuations induced in the underbody ŕow due to suction

through the bottom body surface.

Similarly, at StW ∼ 0.32, the most energetic mode (őgure 7.38) is suggested to be linked to

vertical vortex shedding. At this frequency, mode-1 is dominated by shedding from the top shear
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Figure 7.42: Iso-volumes of mode-2 at StW = 0.24, associated with horizontal vortex shedding in
the wake. The top row shows a three-dimensional view of the wake on both sides of the body. The
bottom row shows a top-view of the domain (left) and a side view of the body (right).

layer. The wake resides closer to the top half of the base due to the upwash ŕow, as indicated by

the time-averaged results. This means that the bottom shear layer will have higher curvature and

is expected to be more stable, while the top shear layer is triggered closer to the base leading to this

shedding, shown in őgure 7.43. Similar behaviour is captured in case-2. Mode-2 at this frequency is

asymmetric in both the horizontal and vertical directions, as indicated in őgure 7.44. This suggests

that this mode might be linked to an interaction between the vertical and the horizontal vortex

shedding from the four shear layers separated off the base edges.

7.6 Summary

In this chapter, SPOD has been used to investigate different dynamical modes in the wake and to

explore the effect of suppressing the boundary layer separations on the wake. Three-dimensional

views of the structures associated with the different modes śranked by their energy content at each

frequencyś represent a good investigation tool for exploring the wake dynamics. The SPOD of

the unforced ŕow case gives an insight into the wake dynamics, conőrming that pressure data can

capture the dynamics reported in the literature using velocity data. Three dynamical modes exist

in the turbulent wake of the square-back Ahmed body; the stochastic bi-modal switching of the

wake, the low-frequency bubble pumping and the vortex shedding in both cross-ŕow directions.

Vortex shedding in both the horizontal and vertical directions is captured at the same frequency.

The horizontal vortex shedding resulting from the interaction between the side shear layers is

more energetic than the vertical vortex shedding caused by the top and the bottom shear layers.

Further, the dynamics related to boundary layer separations near the body’s fore-end occur at
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Figure 7.43: Iso-volumes of mode-1 at StW = 0.32, associated with vertical vortex shedding in
the wake. The top row shows a three-dimensional view of the wake on both sides of the body. The
bottom row shows a top-view of the domain (left) and a side view of the body (right).

Figure 7.44: Iso-volumes of mode-2 at StW = 0.32, associated with an interaction of the horizontal
and vertical vortex shedding in the wake. The top row shows a three-dimensional view of the wake
on both sides of the body. The bottom row shows a top-view of the domain (left) and a side view
of the body (right).
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different frequencies. The most energetic vortices were found to have a relatively high frequency

(StW > 2). This high frequency is found to be relevant to the dynamics of the shear layers

separated off the base edges.

When the separations of the boundary layers on the sides are suppressed (case-1), SPOD does

not capture bi-modal switching. The frequency associated with the bubble pumping is doubled.

The vortex shedding frequency slightly increases, with the vertical vortex shedding being more

energetic than the horizontal vortex shedding. This is attributed to the suppression of the ŕuctu-

ations caused by the side boundary layers. The high-frequency dynamics related boundary layer

separation are suppressed on the sides and remain on the top surface.

Similar to case-1, bi-modality is suppressed when suction and blowing are applied on the top and

bottom body surfaces, respectively. The energy content of the vertical vortex shedding outweighs

the horizontal vortex shedding, and both modes are captured at a frequency higher than the

corresponding frequency in the unforced ŕow. The frequency associated with boundary layers

dynamics is slightly increased due to the separation induced on the bottom surface, which also

ampliőes the disturbance in the underbody region. The latter is believed to be the main factor

affecting the wake conőguration in this case.

When suction is applied on both the top and the bottom surfaces, boundary layer dynamics

are suppressed on the top surfaces and ampliőed in the underbody region. The reŕected vertical

asymmetry of the wake introduced higher disturbances on the top shear layer in the wake compared

to the bottom shear layer, opposite to the shear layers dynamics seen in case-1. Other dynamics

in the wake and the upstream regions remain similar to the unforced case.

When boundary layer separation is suppressed on the top and side surfaces (case-3), the high-

frequency dynamics are totally suppressed in both the upstream region and the wake. The stochas-

tic horizontal bi-modality is replaced by rapid switching of the wake at a frequency of StW ∼ 0.027.

The frequency related to vortex shedding in the wake is similar to case-1, with the energy content

of the horizontal vortex shedding being lower than the vertical vortex shedding.

To the author’s best knowledge, SPOD of the wake ŕow, where upstream dynamics are sup-

pressed, is not reported previously. However, as the SPOD of the unforced ŕow matches the SPOD

using experimental data (Schmidt et al., 2018, Haffner et al., 2020), the results of the effect of the

boundary layer suppression on the wake can be trusted to a good level of conődence at this stage.
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Chapter 8

Conclusions and future perspectives

The turbulent wake behind a square-back Ahmed body has been investigated using high-ődelity

wall-resolved large eddy simulations. The Reynolds number based on the body height was 3.3×104.

The simulations successfully captured stochastic bi-modal switching from side-to-side (horizontal

bi-modality) as well as three time-periodic modes in the wake: vortex shedding in both cross-ŕow

directions, roll-up of the free shear layers and a streamwise pumping motion of the recirculation

bubble. The latter showed a distinguishable mark on the base pressure, which has not been detected

in most previous experimental studies. Bi-modality was found to be the most energetic dynamical

mode in the wake and found to contribute 9% to pressure drag.

Wake bi-modal switching has previously been suppressed with linear control but resulted in

large amplitude oscillations of the wake around the center. This study represents a őrst attempt

to employ a nonlinear model-based controller to suppress bi-modal switching. The unidirectional

nature of bi-modality allows using a one-dimensional Langevin equation to model bi-modality.

Different approaches were used to design the nonlinear controller, and all of them suppressed wake

bi-modality and symmetrised the wake when examined on a toy model.

A controller derived using a quadratic Lyapunov function, was chosen to be applied to the

simulation due to its simplicity. The feedback control setup employed base-mounted pressure

sensors and actuators (on the based perimeter). Upon implementation in the LES, the controller

suppressed bi-modal switching and the resulting levels of wake ŕuctuations were signiőcantly lower

than for previous linear controllers. The extent of the ŕuctuations in asymmetry was signiőcantly

reduced. The nonlinear term of the controller is signiőcant when the wake’s asymmetric positions

deviate from the linearly dominated region. The action of control changes the stochastic horizontal

switching of the wake to an oscillatory motion of the large coherent structure in the near wake

region, with a frequency close to the bubble pumping frequency. The controller does not affect the

bubble pumping frequency in the wake, yet leads to more energetic vortex shedding in both the
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horizontal and vertical directions.

Changing the relative contributions of the linear and nonlinear terms in the control law sig-

niőcantly changes the wake response. The general trend of driving the stochastic bi-modality to

time-periodic oscillations holds in all cases, with a trade-off between drag reduction and level of

wake asymmetry. A maximum drag reduction of 7.4% is achieved for a semi-symmetrised wake, for

which the wake switches periodically between asymmetric positions. A fully-symmetrised wake,

with a minimum in residual oscillations around the center of the base, corresponds to a 2.5% reduc-

tion in the drag. Suppressing the wake bi-modality using feedback control was shown to re-orient

the toroidal vortex structure in the near wake region so that it becomes parallel to the base as

well as closer to the base. This consequently disturbs the near-wake shear layers close to the base,

limiting the base pressure recovery. It is proposed that this is the main reason that drag reduction

is hindered in the case of a full-symmetrised wake. An indirect link between bi-modality suppres-

sion and drag reduction is shown. Drag reduction is found to be more sensitive to the interaction

between the wake bi-modal behaviour and the shear layers in the switching direction. The effect

of this interaction on drag depends on two effects: the unbalanced disturbances imposed on the

shear layers and the streamwise position of the disturbances. The latter has a pronounced effect

on the base pressure and hence the pressure drag. Controlling this interaction may offer more

signiőcant drag reductions, similar to those previously achieved using a base cavity. The current

results suggest that control strategies should focus more on suppressing or delaying the interaction

between the separated shear layers and the coherent structures in the near-wake region to reduce

drag. It also suggests that the actuation position is crucial for suppressing bi-modality without

amplifying the disturbance on these shear layers.

The second part of this study investigated the link between the dynamics in the boundary

layers on the Ahmed body longitudinal surfaces ś related to boundary layer separations ś and

bi-modality. We proposed that wake bi-modal switching is triggered by the interaction of the

vortices formed on the top and side surfaces of the body, which also affects the underbody ŕow.

Interrupting this interaction might then suppress bi-modality and symmetrise the wake.

Steady and spatially-independent suction was used to suppress boundary layer separations on

the longitudinal body surfaces. Different cases with suction/blowing on different combinations of

body surfaces were investigated. When boundary layer separation is suppressed on only the wall-

normal surfaces (side surfaces), the wake becomes horizontally symmetric while retaining its vertical

position. In this case, suppressing the side boundary layer disturbances was found to have a direct

effect on the disturbances of the free shear layers separated off the side surfaces in the wake region.

It also has an indirect favourable effect on the turbulent ŕuctuations in the underbody ŕow. These

results support the proposed mechanism of the link between wake bi-modality and interaction of
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upstream BL vortices. The base pressure is increased by 14% compared to the unforced case. Base

pressure recovery achieved by symmetrising the wake indirectly (suppressing upstream dynamics)

is almost double the value for when the wake is directly actuated. This represents a new promising

strategy for controlling wake bi-modality indirectly, i.e. without actuating the wake region. In

light of the Langevin dynamics model, suppressing the upstream dynamics on the sides, which will

be thought of as turbulent forcing, was expected to stabilise the wake on an asymmetric position.

However, suppressing the upstream dynamics affected both the mean and ŕuctuated wake ŕows,

leading to a symmetric wake. The results of this case open doors for further investigations of the

proposed link.

When boundary layer separation is suppressed on only the wall-parallel surface (top), and

the air is sucked through the bottom surface, the wake bi-modality remains, accompanied by an

inversion of vertical wake asymmetry. The latter is related to the suppression of top boundary

layer separation with little effect on the momentum reduction in the underbody ŕow due to bottom

suction, preserving the weak vertical asymmetry of the wake.

When suction is applied on all four longitudinal surfaces of the body, suppressing the separation

of the boundary layer on the top and side surfaces and disturbing the underbody ŕow, horizontal

bi-modality is suppressed, with the wake exhibiting larger oscillation bounds compared to the side-

only suction. The study has shown that the disturbances induced in the underbody ŕow become

partly cancelled close to the base by the compensating effect of suppressing the side boundary

layer disturbances. The wake is weakly asymmetric in the vertical direction, with the asymmetry

inverted compared to the unforced ŕow. This suggests that bi-modality suppression is due to

suppression of the side boundary layer disturbances, similar to side-only suction.

The effect of different forcing conőgurations on the periodic modes in the wake was investigated

using spectral proper orthogonal decomposition. When bi-modality is suppressed without changing

the wake vertical balance, the energy content of the horizontal vortex shedding is found to decrease,

while an opposite effect is observed for the vertical vortex shedding. The low-frequency bubble

pumping mode remains unaffected. The results showed that the base pressure recovery is inŕuenced

by the streamwise position and the orientation of the toroidal structure occupying the near wake

region. Its orientation represents the wake conőguration, i.e. the horizontal bi-modality and the

vertical balance. For a base-parallel toroidal vortex, higher base pressure recovery is associated

with this structure being moved farther downstream of the base.

These results represent a őrst step towards investigating upstream control strategies for bi-

modality suppression. Such an approach offers promise for achieving drag reduction and bi-

modality suppression, something that actuating the wake directly has been unable to fully achieve,

particularly when wake actuation affects the free shear layers.
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Appendix A

The details of the different methods used to design a nonlinear control to suppress bi-modality are

discussed in this appendix.

A.1 Artstein-Sontag Universal controller

A controller based on the Artstein-Sontag Universal controller (Sontag and Sussmann, 1995) (equa-

tion A.1) using a quadratic Lyapunov function V (r) = 1/2 r2, is synthesised.







− ∂V
∂r

f(r)+
√

( ∂V
∂r

f(r))2+( ∂V
∂r

g(r))4

∂V
∂r

g(r)
, ∂V

∂r g(r) ̸= 0

0 , ∂V
∂r g(r) = 0

(A.1)

Assuming the system is represented by equation A.2.

ṙ = f(r) + g(r)u(r) (A.2)

The control law is given by equation A.3.

u(r) = −(−λr3 + αr)− |
√

(−λr3 + αr)
2
+ r2| (A.3)

A.2 Backstepping method

Backstepping is a recursive procedure that interlaces with choosing a suitable Lyapunov function.

It includes breaking the design of the non-linear control of the system into sequences of design

problems of sub-systems. It requires deőning the sub-system and using the stability of the sub-

system to stabilize the whole system. The sub-system represents the error state or the uncertainty

(Hua et al., 2005). Subsequently, the backstepping method involves őnding the Lyapunov function

for the sub-system and the augmented Lyapunov function for the whole system. The RSB model

can be assumed to be described by equations A.4 and A.5.
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ṙ1 = −λr1
3 + αr1 + r2 (A.4)

ṙ2 = u(r1, r2) (A.5)

The backstepping method seeks r2 to stabilise the őrst equation of the system (equation A.4),

then to őnd u(r1, r2) (equation A.5) to stabilise the whole system. Assume the state r2 can be

represented by equation A.6 where µ is an arbitrary constant.

r2 ≈ α1(r1) = λr1
3 − µr1 α1(0) = 0 (A.6)

The error (subsystem) is deőned as the difference between α1(r1) and r2; this error system is

deőned in equations A.7 and A.8.

z1 = r1 (A.7)

z2 = r2 − α1(r1) (A.8)

Assuming a same quadratic Lyapunov function V (z1) = 1/2z1
2, the condition to force a negative

deőnite time-derivative of V (z1) is µ > α. The augmented Lyapunov function for the whole system

is given by equation A.9.

V (z1, z2) =
1

2
z1

2 +
1

2
z2

2 (A.9)

The resultant control law, in this case, is shown in equation A.10.

u(r) = −(−λr1
3+αr1+r2)+(α−µ−1)r1+(αr1+r2−λr1

3)(3λr1
2−µ) , r2 = λr1

3−µr1 (A.10)

Figure A.1 shows the time derivative of the augmented Lyapunov function, which indicates that it

is a negative deőnite function, i.e. the system will be asymptotically stable.

Another control law is designed using the same backstepping method. In this case, the controller

utilises the beneőt of the non-linear term of the model equation in resymmetrising the system. The

design is based on the same subsystems shown in equation A.4 and A.5 and assuming that the

second state r2 is only suppressing the linear terms, as shown in equation A.11.

r2 ≈ α1(r1) = −µr1 α1(0) = 0 (A.11)

Thus, the origin of ṙ1 = −(−λr1
3 +αr1 + r2) is asymptotically stable, and the resulting controller

is given by equation A.12.

u(r) = −(αr1 + r2)− r1 − α(αr1 + r2 − λr1
3) , r2 = −µr1 (A.12)
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Figure A.1: Time-derivative augmented Lyapunov function for the system considered using the
Backstepping method

The above four control laws synthesised based on Lyapunov functions ensure the system’s

asymptotic stability at r=0 within a region of attraction that includes the entire state space.

A.3 Optimal control - Hamiltonian-Jacobi-Isaacs

The Hamiltonian-Jacobi-Isaacs method is employed to design a non-linear controller, assuming a

cost function of equal weights of the state and the control law, as shown in equation A.13.

J = min
u(t)∈R

∫ ∞

0

[r2(t) + u2(t)]dt (A.13)

The system’s initial condition is considered to be unknown. Previous work by Grandemange

et al. (2013b) conőrmed that in the turbulent case, the wake shifts to one of the asymmetric

positions at the beginning; thus, an assumption made in this case that the system, described by

equation A.14, has a non-zero initial condition.







ṙ = −λr3 + αr + u(r)

r(0) = C

(A.14)

Equation A.15 deőnes the Hamiltonian equation of the system Berkovitz (1999).

H(r(t), u(t), λ∗(t), t) = r2(t) + u2(t) + λ∗(t)(−λr3 + αr + u) (A.15)

This leads to the dynamical system shown by equation A.16, and the solution for this system using

the time-elimination method leads to equation A.17. Solving equation A.17, the control law u(r)
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Figure A.2: Phase-plane portrait for the unforced system (a) and the controlled system using
backstepping controller (b). The blue dots represent the initial condition of the system, which is
always driven to r1/re = ±1 in the unforced case. The controlled case indicates that r = 0 is an
asymptotically stable point of the system.

is found, as shown in equation A.18.







ṙ = −λr3 + αr + u(r)

u̇ = −r + u(α− 3λr2)

(A.16)

u̇

ṙ
=

du

dr
=

−r + u(α− 3λr2)

−λr3 + αr + u(r)
(A.17)

u(r) = λr3 − αr − r
√

λ2r4 − 2λαr2 + (α2 + 1) (A.18)

Figure A.2 depicts the phase-plane portrait for both the uncontrolled and the controlled system.

The unforced case indicates that the system model drives the state r1 to r1/re = ±1, with a

probability that depends on the initial state, except for r = 0, the endpoint of the trajectory is

equiprobable. The trajectory of the evolution of r is linear. When backstepping control is used,

another state r2 is deőned in addition to r1. The phase portrait shown in őgure A.2b indicates

that for a given initial state of (r1, r2), the controller forces this state towards the centre (0, 0)

through an elliptical trajectory. This conőrms that (0, 0) is an asymptotically stable point of the

system.
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Appendix B

Table B.1 shows the status of of the permissions for reproducing őgures from copyright holders.
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Fig. No. Fig. Source Permission

1.1 Buysse and Miller (2021) Approved
1.2 Office of Scientiőc and Technical Information (2000) Pending
2.1 Li (2017) Approved
2.2 Choi et al. (2014) CCC-pending
2.3 Choi et al. (2014) CCC-pending
2.4 Krajnovic and Davidson (2003) ASME-Approved
2.5 Grandemange et al. (2012) Approved
2.6 Grandemange et al. (2013a) Approved
2.7 Dalla Longa et al. (2019) Approved
2.8 Choi et al. (2008) CCC-pending
2.10 Choi et al. (2014) CCC-pending
2.11 Choi et al. (2014) CCC-pending
2.12 Hsu et al. (2021) Approved
2.13 Li et al. (2016) Approved
2.14 Strzelczyk and Gil (2016) Approved
2.14 Aram et al. (2010) Approved
3.2 Schmidt and Towne (2019) Approved
5.2 Brackston et al. (2016) Approved
6.23 Kang et al. (2021) Approved

Table B.1: Permissions for őgures reproduction from Copyright holders.
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