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Abstract

A new empirical law for the prediction of the zero-lift pitching moment coefficient of trapezoidal wings with linear twist and constant
taper and sweep in subsonic flow is introduced. This law is quite general in that it does not rely on the use of charts and spans the normal
range of values of taper ratio, aspect ratio, and sweep for subsonic aircraft. It does not, however, accommodate different airfoils along the
wingspan and only positive sweep has been considered. The empirical law was first derived for the incompressible regime and then an
additional empirical law for the compressibility effect has been provided. The results compare favorably with experimental data for
straight wings and with some pre-existing empirical methods for wings with low to moderate sweep. It is also shown that the most widely
used method of estimating the zero-lift pitching moment coefficient is highly inaccurate.
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List of Symbols

A: aspect ratio

ao: section lift-curve slope

ag horizontal tail lift-curve slope

b: span

c chord

Co: central chord

Cp,.: wing’s moment coefficient at the aerodynamic center
Cm,:  section’s moment coefficient at the aerodynamic center
iy horizontal tail’s angle of incidence

Ky compressibility correction factor

Vi horizontal tail volume ratio

o angle of attack of airplane’s longitudinal axis

p: subsonic compressibility parameter

Og: elevator deflection angle
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gy: average downwash angle on horizontal tail at zero

lift
N ‘_] oH / ‘_] 00
0:  washout angle
J:  taper ratio
A wing sweep at quarter chord
Introduction

The pitching moment coefficient is an important
parameter in the analysis of an airplane’s longitudinal
stability. In steady flight for instance and in the linear range
of variation of the pitching moment coefficient, it can be
expressed as (Roskam, 1979)

szcmo"_cmya'f_ %ILHMZH'F %5E (1)

where C,, is the pitching moment coefficient for
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where C,,, represents the contribution of the propulsion
system to the pitching moment coefficient. C’"«f..vh and
CLOH’I}
dynamic center and the lift coefficient at zero angle of
attack of the wing-body combination, respectively.
Following Multhopp (1942), the pitching moment coeffi-
cient of the wing—body combination is often written as

are the pitching moment coefficient at the aero-

Cma('",h = Cmucw + ACmm'h (3)

where AC”%, is the contribution of the fuselage to C,,,
while me
aerodynamic center of the wing, which is the subject of the
present work.

A new empirical law for the estimation of this coefficient
is introduced. The data needed for the development of this
law are based on numerical values obtained using a well-
tested cambered VLM code developed by the author
(Author, 2014; Author, 2019a, 2019b). The vortex-lattice
numerical method is a singularity method which has been
around for many decades and is well documented in the
literature (Bertin & Smith, 1998). The accuracy of our
numerical values will be demonstrated by comparing to
some experimental data.

It will be clearly shown that most of the main pre-existing
methods used to predict such an important parameter
generally have an essential drawback to them. One of these
methods involves a semiempirical equation (Abbott & Von
Doenhoff, 1959; Anderson, 1936) based on lifting line
theory. It relies on the use of charts which makes it less
convenient for computer programming. The second method
involves an empirical equation (Kapteyn, 1972) based on
lifting surface theory and is summarized in Torenbeek

is the pitching moment coefficient at the

(1982). It is more or less accurate for straight wings but
seems to lose accuracy for wing sweep angles larger than
20°. It does not rely on the use of charts which makes it
convenient for computer programming. Both of these
methods are limited to the incompressible flight regime only.

The third method is the widely referenced semiempirical
law from the USAF-DATCOM (Finck, 1978). It relies on
the use of charts and these are given for taper ratios of 0,
0.5, and 1 only. It will be clearly shown that this method is
highly inaccurate.

The new empirical law introduced in the present work is
good for trapezoidal wings with linear twist and constant
taper and sweep. It does not, however, accommodate the
case of wings with varying airfoil along the span and only
positive sweep was considered. The main law was developed
for the incompressible regime, and then an additional
empirical equation for the effect of compressibility was also
provided. The method does not rely on the use of charts,
which makes it convenient for computer programming.

Details of the New Empirical Law

By definition, the pitching moment coefficient at the
aerodynamic center is independent of the angle of attack.
Hence, it was evaluated numerically by computing the
pitching moment coefficient C,,(x) at different chordwise
locations of the pitch axis, for two different values of the
angle of attack, and finding the intersection of the two
straight lines as in Figure 1.

The database needed for the establishment of the new
law was generated by computing C,,, . for a wide range of
values of the aspect ratio, taper ratio, and sweep angle. The
new empirical equation was found to be of the same
general form as the pre-existing empirical or semiempirical
ones (Anderson, 1936; Finck, 1978; Kapteyn, 1972), i.e.,

Cm = f(x) for : AR =8, A =0.5, A= 20°, ¢ =-3°, NACA-2412
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Figure 1. An example of finding a wing’s C,,.: A =8, 2= 0.5,0 = —3°,
A = 20° and NACA 2412.
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G, = Ko, +Ko0 (4)

where ¢, is the airfoil’s pitching moment coefficient
at the aerodynamic center. Our computations confirm
the linear variation of C,,, with the twist angle 0 as
in Figure 2. Considering equation (4), numerical values
for K, were obtained by computing C,, for zero twist
and dividing it by the airfoil’s pitching moment
coefficient:

Cﬂ’l(,( 0=0 (5)

Cimg,

This was done for taper ratios of 0.2, 0.3, 0.4, 0.5, 0.6,
0.8, and 1 and aspect ratios of 4, 6, 7, 8, and 10. In order
to generate numerical values for Ky, the same wing
geometric configurations computed with zero twist
are recomputed for = —3° The choice of this value
of the twist angle is arbitrary in view of the linear
variation of C,,,, with 0. The values for C,,,, were used as
follows:

Ko=

Conie = Cmaclp=0
ac ac 6
y (6)

We will begin here by giving the final equations making
up the new empirical law. Some of the details behind these
equations will be given once all the elements have been
defined.

Coefficient K is of the form

k- i-o(2)] .

with 4 in degrees. Constant ¢ is given by

Ky=
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Figure 2. Linear variation of wing pitching moment coefficient with the
twist angle.

c1=a; —0.0037|10— A|" (8)

with
a1 =1.124—0.086(1—2)*' 1% )
ni=1.59+0.4(1—2)* (10)

Constant ¢, in equation (7) is given by

¢;=0.26+0.1(1—2) (11)
while exponent 7 is given by
n=K, —Kq(1 )48 ,00324 (12)
with
K4, =3.07—0.1483(4—4) (13)
K4,=0.0640.3233(4—4) (14)

Coefficient K in equation (4) is given by
Ky=—a; |(sin 4)" 7 +0.94"7 (15)

with A in radians, and

@ :KA3 _KA4(1 _;L)545/10.02A (16)
K4, =0.0037+0.0018(4 —4) (17)
K1, =0.0013+0.0020(4 —4) (18)

Equations (4) and (7)—(18) define our new law for the
estimation of the zero-lift pitching moment coefficient of
trapezoidal wings with linear twist and constant sweep and
taper, in the incompressible regime. An empirical equation
for the compressibility effect on this coefficient will also be
provided.

Steps for Finding K,

Our general approach to defining the parameters in
equations (7)—(18) was to plot the discrete numerical values
for each parameter and then, by trial and error and an
educated guess of basic mathematical functions, fit a curve
to these numerical values. The process was rather lengthy
and we will spare the reader some of the details.

Defining coefficient K, involved finding the equations
for the three parameters ¢y, ¢;, and n in equation (7). For a
given taper ratio and for each value of the aspect ratio we
found by trial and error numerical values for these three
parameters. Sample results are shown in Figure 3 for a
taper ratio A = 0.5. The discontinuous lines represent
equation (7) once numerical values of cj, ¢;, and n have
been found, while the markers represent the VLM
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09F| ¥ VLM values

""" curve fit (eq. 19)
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A(°)
Figure 3. Curve-fit (equations (19)) to VLM values of Ky,: 4 = 0.5 and
A =4,6,7,8, and 10.

numerical values obtained using equation (5). The curve-fit
equations for this value of the taper ratio are

Kog=1.053[1-0.285(4/50)>]
[ 2.75]

Kog=1.085|1-0.285(4/50)

Ko7=1.098 1-0. 285(/1/50)259 (19)

Kog=1.108[1—0. 285(/1/50)244

Kojo=1.12 1—0.285(/1/50)2'12}

The subindexes of K, are the values of the aspect ratio.

Equations similar to (19) were obtained for all the other
taper ratios and the maximum discrepancy between the
curve-fit equations and the numerical values for all the
cases was less than 1.5% up to a sweep angle of 30°and a
maximum of 2.3% at a 40° sweep angle. We therefore had
numerical values for ¢y, ¢, and n at all the values of A and
A considered in this study. These were used to define
empirical equations for all three parameters.

First, we fitted the curve given by equation (8) to ¢; and,
in the process, we had to introduce two new parameters a;
and n, whose curve fits are equations (9) and (10). Then we
had to find an equation for c¢,. This parameter is a function
of taper ratio only and the process led toequation (11).

The final step in defining K, was to find an equation for
exponent n in equation (7). This was a lot more compli-
cated since this parameter is a function of both A and A. First
of all, the discrete values of n were plotted as functions of 1
for every value of the aspect ratio. Then we had to devise
functions which would fit the different sets of discrete values
of n. The process led to equation (12). Parameter K4, was
assigned the maximum of the discrete values of n for each
value of A and these correspond to /4 = 1 as indicated by
Figure 4. We were able to fit a straight line to the numerical
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Figure 4. Agreement between equation (12) and the discrete values of
exponent 7.

values of K4, whose equation is (13). Then we subtracted the
proper function of 4 and A which would allow for a close
match with the discrete values of n. It was found by trial and
error that the function that needed to be subtracted from Ky,
is of the form of the last term in equation (12), i.e.,

KA2 (1 _ 1)4.810.0321‘1

Having found a curve fit for every set of values of n
corresponding to a different value of aspect ratio as in
Figure 4, we obtained the numerical values necessary to
define parameter K,, which is function of aspect ratio
alone. It was then found that K4, also fits to a straight line
whose equation is (14).

Steps for Finding Ky

We started by plotting values of Ky obtained using
equation (6) as a function of the sweep angle for a given
taper ratio and different values of the aspect ratio. The trial-
and-error process of trying to fit curves to the datasets
converged on equation (15). This is illustrated in Figure 5
for a taper ratio of 0.3. The curve-fit equations for this
particular value of the taper ratio are

Ko = —0.0035 [(smA )07 40.94" 75}
Kog= —0.0067 [(smA )07 40.94" 75}
Ko7 = —0. 0082[(sm A7 40.94" 75} (20)
Kog = —0.0098 [(sin A)078 +0.9A”5}

Kpo=—0.0130 [(sin /1)0'78 + 0_9/11‘75}

The numerical values of the parameter in equation (15)
were then plotted as functions of taper ratio for fixed values
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Figure 5. Curve fit to the numerical values of K, for 4 = 0.3 and different
values of aspect ratio (equations (20)).
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Figure 6. Agreement of equation (16) with the discrete values of
coefficient a,.

of aspect ratio. It was noted that this constant followed the
same overall trend as that of exponent n given by equation
(12). Therefore, we only had to adjust the exponents of 4
and (1-/) and establish the right equations for coefficients
Ky, and K,, in equation (16). The process led to the
empirical equations (16)—(18). The close agreement
between equation (16) and the discrete values of a, is
illustrated in Figure 6.

Compressibility Correction

Compressibility effects on C,,, were investigated using
Gothert’s rule (Shapiro, 1952). The effect of compressi-
bility on the pitching moment coefficient is represented by
a factor K,, such that

Chn,=KuC,

Mag

(1)

14 T T r T

IS

135} |..0.- A=05 A=45°0=0°

i)
> P> pp
nnonon
- 0 o
=

1.4+ 1

1= 1 1 1

0.3 0.4 05 0.6 0.7 08
M

Figure 7. Effect of aspect ratio on the compressibility correction factor K.
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Figure 8. Effect of taper ratio on the compressibility correction factor K.

where G, is the incompressible value of the pitching

moment coefficient. As shown in Figures 7 and 8, Ky,
is practically independent of aspect ratio and varies
very slightly with taper ratio. However, as indicated
by Figure 9, this factor is a function of the sweep angle.
This contradicts the chart in the USAF-DATCOM
document (Finck, 1978) which gives one curve for
K, regardless of sweep or any other geometric
parameter.

Once again, by trial and error, we were able to fit the
following empirical equation to the numerical values of K,
for the different values of the sweep angle:

Ky =144 M3 (22)
Y 1.8
ca=115 1—0.55(5—0> (23)
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Figure 9. Empirical equation (22) versus VLM values of K.

where A is in degrees. Curves corresponding to equation
(22) are plotted in Figure 9 along with the numerical values
of Ky, The agreement is quite good since the relative
difference is less than 2% as indicated by Figure 10.

Results and Discussion

The new empirical law gives results which are in close
agreement with the numerical values of C,,,. Sample cases are
shown in Figure 11 for a taper ratio 4 = 0.4. The agreement is
satisfactory for this case as well as for the other values of taper
ratio considered in this study. The airfoil used is the NACA
2412 and its pitching moment coefficient was taken to be equal
to —0.047.

We also checked the accuracy of equation (4) to values
of aspect ratio outside the range of values used in this
study. Cases of aspect ratio lower than 4 and higher than
10 are given in Table 1. The agreement between the VLM
numerical values and those given by equation (4) is
satisfactory as indicated by the percent differences.

Validation of the Results in the Incompressible Regime

Two experimental values available for comparison
correspond to wings with the following geometric proper-
ties (Neely et al., 1947):

e A=8,1=04,0= —45°and A = 0. The root side
airfoil is the NACA 4416 and the tip side airfoil is the
NACA 4412. The experimental value for C,,, is
—0.099. The value given by the new empirical law
using the NACA 4415 airfoil is —0.103. The relative
difference is 4%.

e A=8,1=2/7,0=—-3° A =0, and the NACA 44-
series airfoil with a thickness ratio of 14.7%. The
experimental value for C, _is —0.097. Our new

ac
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Figure 10. Percent differences in K, values between equation (22) and
numerical values.
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Figure 11. Example of agreement between equation (4) and VLM values
of Gy, -

empirical law using the NACA 4415 airfoil gives a
value of —0.102. The relative difference is 5%.

Our new empirical law was also compared to some pre-
existing methods. The first is Anderson’s equation
(Anderson, 1936; given in detail in Abbott & Von
Doenhoff, 1959):

Cn, =EC,, — (g agA tan Aac> 0 (24)

where £ and G are determined from charts. For this
method,

Ko=E (25)
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Table 1
Equation (4) tested outside the range of values of aspect ratio used in this study (0 = —35 NACA 2412).
Wing geometry VLM Equation (4) Difference
A=3,7.=034=35° —0.0372 —0.0368 1.1%
A=36,1=044=27° —0.0403 —0.0398 1.2%
A=11,2=05 4 = 25° —0.0138 —0.0140 1.4%
A=12,2=054=0° —0.0525 —0.0521 0.8%
K ¢ Atan A (26) 0.03
= — —{, T
T EY A=8,1=04,0=-3 ¢
h i the wi ion’s if ) 005k | ==~ Eq.4 (present work) ¢
where ag is the wing sec.tlon s li t—c1’1rve S qp.e. ’ o Eq.24 (Anderson) & 7
The second mf:thod. is K.ap.teyn s empirical equatllon 002} | =#-Eq.27 (Kapteyn) ¥ ’
(Kapteyn, 1972; given in detail in Torenbeek, 1982) which 9 Eq.30 (DATCOM) o 7/
is based on the lifting surface theory: 0015 i L
2 0
/ v /'*/
Cpno =Cl, — (K; 4a, A tan A;)0 (27) 0.01 3 od it
ac *
7’ L
where tan Az= tan (A/f) 0.005 V/ ‘
9 Cld
K;.4=0.066+0.029/—0.034*40.00273(/1—0.095) 4 0 g o
9 -8
and a,, is the wing’s lift-curve slope. For this method, 0.005 P
 ARW . 4
K(): 1 (28) 001W /'7.6v/
005§~
Ky=—Kj 4a,,Atan A[g (29)
-0.02 i " . " i " "
The third method is the widely used empirical equation 0 5 10 15 2 25 30 35 40

from the USAF-DATCOM (Finck, 1978):

C,. =Ko C,, +Kob (30)

K Acos*A G31)
07 A+2cos A

K(_) _ (A CQI‘HF) (32)

No empirical expression for Ky was given and charts for
this parameter were provided for taper ratios of 0, 0.5, and
1 only.

Sample values of C,,,. given by equations (24), (27), and
(30) are shown in Figure 12, along with values provided by
our empirical law, equation (4). The results indicate that
our law is in close agreement with Anderson’s method
(equation (24)) since the relative difference in C,,, values
between the two methods is less than 4%.

The agreement of Kapteyn’s method (equation (27)) with
our empirical law is less favorable than that of the method
of Anderson. One reason for the discrepancy is that K in
equation (27) takes the value 1 regardless of aspect ratio,
taper ratio, or sweep. This disagrees with both Anderson’s
method and our findings. For instance, the charts for
constant E in equation (24) give values of K, as large as
1.16 (Abbott & Von Doenhoff, 1959) and this is larger by

Figure 12. Comparison between C,,, values given by our new empirical
law and those given by equations (24), (27), and (30).

16%. Also, our values for K, vary from 1.11 for A = 10,
A =0,and 2 = 1 down to about 0.85 for A = 4, A = 40°,
and 4 = 0.2. The constant value of 1 assigned to Kj in
equation (27) is off by more than 10% for straight wings
and as much as 15% for highly swept wings. The second
reason is that, at large sweep angles, coefficient Ky given
by equation (29) deviates away from the values given by
the other three methods (Figure 13).

The method of the USAF-DATCOM (equation (30)) is
inaccurate for all values of the sweep angle as seen in
Figure 12. The main problem with this equation is in Kj
and this is rather obvious if we look at its expression for
straight wings, i.e., for 4 = 0:

A

=12 (33)

Ky

Our method and the two methods discussed previously
all agree that, for a straight tapered wing, K, is either
exactly 1 for Kapteyn’s method or greater than 1 for
Anderson’s method and our new empirical law. Equation
(33), however, gives much lower values. If we consider an
aspect ratio A = 4 for instance, then K, = 0.67. This is off
by 33% with respect to the method of Kapteyn and by
about 40% with respect to both Anderson’s method and our
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Figure 13. Comparison between the values of coefficient K, as given by
the new empirical law and equations (24), (27), and (30).
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Figure 14. Variation of coefficient K, with the sweep angle for A = 8.

new empirical law. The discrepancy in K, increases with
the sweep angle as indicated in Figure 14.

To illustrate this point further, we consider a wing with
A=6,2=0560=0,4=9.67° and the NACA 23012
airfoil (Pearson & Anderson, 1939). The experimental
value for C,,, is —0.014 while the one given by equation
(30) is —0.01 and this is off by 29%. Our new empirical
law gives a value of —0.015 and the difference is 7%. This
is reasonably close to the test value.

Validation of the Compressibility Correction Law

The compressibility correction coefficient K, given by
our empirical law for the compressibility effect on C,,,
(equation (22)) was compared to values obtained from
a chart based on experimental data given in the
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Figure 15. Equation (22) versus test values of K,, (Finck, 1978).
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Figure 16. Percent differences between values of K, given by equation
(22) and test values.

USAF-DATCOM (Finck, 1978). Values from this chart
are plotted in Figure 15, along with curves given by
equation (22) for sweep angles of 30° 35°, 40°, and 45°.
The percent differences between our values and the test
data from the DATCOM chart are shown in Figure 16.
There was no mention of any value of the sweep angle
A in association with the USAF-DATCOM chart, as if K,
were independent of the wings’ sweep. Our computations
show that this is not the case, and this is physically
justifiable since the aerodynamic behavior of swept wings
is dictated by the component of the Mach number which is
normal to a wing’s leading edge. Or, this component
decreases with sweep for a given free-stream Mach
number. Since Figure 9 shows that K, increases with the
Mach number, it only makes sense that, for a given Mach
number and as the sweep angle increases and the effective
Mach number decreases, the compressibility correction
factor K, should decrease. This is in accordance with our
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results shown in Figure 15 where, at a given free-stream
Mach number, coefficient K, decreases as the sweep angle
goes from 30°to 45°.

The percent differences in K,, values between equation
(22) and the test data from the chart generally increase with
the Mach number. At Mach 0.8, the difference is less than
1% for a sweep angle of 45°, less than 4.7% for 40°, and
less than 8% for 35°. Apparently, the test data from the
USAF-DATCOM chart were obtained for high sweep
angles.

Conclusions

A new empirical law for the prediction of the pitching
moment coefficient at the aerodynamic center of trapezoi-
dal wings with linear twist and constant taper and sweep
was introduced. The data used in establishing this law were
generated using the vortex-lattice method. The empirical
law is quite general in that it does not rely on the use of
charts and spans the full practical range of values of taper
ratio, aspect ratio, and sweep angle for subsonic aircraft. It
is, however, limited to positive sweep angles and does not
accommodate the case of varying airfoils along the span.
The empirical law was first derived for the incompressible
regime and then, using Gothert’s rule, more data were
generated and used to establish an additional empirical law
for the compressibility effect on the zero-lift pitching
moment coefficient.

The results have been fairly well validated by compar-
ison to some experimental values, the relative difference
being typically around 5%. Our method was also compared
to three pre-existing methods. Good agreement with the
method of Anderson was obtained for all sweep angles,
while the method of Kapteyn tends to be inaccurate at high
sweep angles. It has also been shown that the widely
referenced method from the USAF-DATCOM is highly
inaccurate. This emphasizes the importance of our new
empirical law which henceforth provides a reliable method
for the prediction of this important parameter in the
conceptual and preliminary stage of aircraft design.
Another contribution of this work is the empirical law for
the compressibility effect on the zero-lift pitching moment
coefficient. The methods of Anderson and Kapteyn

discussed in this work are limited to the incompressible
regime. The USAF-DATCOM does not provide an
empirical law for the compressibility effects but only gives
a chart which does not account for the influence of wing
sweep on the compressibility effect.

This work can be extended to include the case of forward
swept wings, wings with variable airfoil along the span,
and the effect of flaps on the zero-lift wing pitching
moment coefficient.
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