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Referat (abstract):
Negative energy densities are an abundant and necessary feature of quantum field
theory (QFT) and may lead to surprising measurable effects. Some of these stand
in contrast to classical physics, so that the accumulation of negative energy, also
in quantum field theory, must be subject to some constraints. One class of such
constraints is commonly referred to as quantum energy inequalities (QEI). These
are lower bounds on the averaged stress-energy tensor which have been established
quite generically in quantum field theory, however, mostly excluding models with
self-interaction.

A rich but mathematically tractable class of interacting models are those subject
to integrability. In this thesis, we give an overview of the construction of integrable
models via the inverse scattering approach, extending previous results on the char-
acterization of local observables to models with more than one particle species and
inner degrees of freedom.

We apply these results to the stress-energy tensor, leading to a characterization
of the stress-energy tensor at one-particle level. In models with simple interaction,
where the S-matrix is independent of the particles’ momenta, this suffices to con-
struct the full stress-energy tensor and provide a state-independent QEI. In models
with generic interaction, we obtain QEIs at the one-particle level and find that they
substantially constrain the choice of reasonable stress-energy tensors, in some cases
fixing it uniquely.
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Chapter 1

Introduction

The realm of quantum physics has many peculiar features which tend to challenge
our intuition trained by the everyday experience of classical mechanics. One such
feature, though not limited to quantum physics per sé, is the appearance of negative
energies: While the positivity of the total energy in a system, also in quantum
physics, is a hallmark of stability, locally, energy may be negative. Heuristically,
we may think of this as a consequence of Heisenberg’s uncertainty principle, where
a narrow localization in space and time has to allow for a wide uncertainty in
momentum and energy so that positivity may be violated statistically. In this regard,
it may not even be surprising that negative energy densities are an abundant and
even necessary feature of quantum field theory [EGJ65] and that the energy density
at a point can become arbitrarily negative; see, e.g., [Few06, Sec. 2].

The presence of negative energies indicates that the system is in a state which
has locally lower energy than the global ground state of the system, usually the
vacuum, and is thus sometimes termed a "sub-vacuum" effect. This may lead to
bizarre effects: Understanding energy as measuring the tendency to "act" in some
way, negative energy indicates rather the tendency to "be acted upon" in some
way. For instance, a source of negative energy radiation may gain energy instead
of losing it, and a chunk of negative energy may slow down an oscillation rather
than stimulating it or cool a thermodynamical system rather than heating it. In
more generality, one may say that negative energies may cause an effect which is the
reverse of our classical intuition. For the detection of such atypical processes, and
thus negative energy, many proposals exist involving effects such as reduced atomic
decay rates [FR11] or increases in the speed of light pulses in nonlinear materials
[DLF19]. These proposals are about to get within experimental reach but have not
yet been measured. We refer to Section 5 of [For10] and references therein for a
brief discussion of the detection of "sub-vacuum" effects.

As has been stressed, such effects stand in contrast to classical physics, so that—
since classical physics emerges from quantum physics—the extent of negative ener-
gies has to be limited for physically reasonable models of quantum physics. Such
limits are also needed because an infinite energy sink, for instance implemented by
unconstrained accumulation of negative energy, clearly renders a system unstable.
Of interest are here not only the constraints on magnitude (how much negative en-

7



Chapter 1. Introduction

ergy can be gathered?) but, given energy’s tendency to balance out over time, also
on duration (how long can negative energy be sustained?). Since the total energy,
i.e., the energy density averaged over the whole space, has to be positive, there has
to be also a constraint on the scaling in space.

Mathematically, all these questions can be summarized into whether and in what
form local averages of the energy density are bounded from below. We refer to such
a bound as quantum energy inequality (QEI) which may take the following form:
For the energy density T 00 at a spacetime point x averaged over a positive test
function g2 the inequality

〈ϕ,
∫
dx g(x)2T 00(x)ϕ〉 ≥ −cg‖ϕ‖2, (1.1)

holds for a suitably large set of state vectors ϕ with a constant cg > 0 which does
not depend on ϕ. If such a bound holds, the previous questions can be answered
by choosing specific profiles for the averaging function g. Here we give an example
and otherwise refer to the review [Few12, Sec. 1.3]: Choosing g to be supported in
a compact region and normalized, the l.h.s. of (1.1) gives a decent measure for the
actual energy in that region whereas cg measures the maximum amount of negative
energy that could be "gathered" in that region (and in that class of states). Varying
the scale of that region in time and space allows for assessing the duration with
which the negative energy density can be sustained and the scaling (in space) with
which positivity is restored.

It may also happen that the limit where g becomes constant in time restores
positivity, which is referred to as averaged weak energy condition (AWEC). Looking
at components of T µν in a null direction instead, one obtains the weaker averaged
null energy condition (ANEC) which is expected to hold quite generically [KS20,
Sec. 4.3] although mathematically precise evidence is mostly limited to 1+1d Min-
kowski space [Ver00; FH05]. Connections to quantum information and entropy were
discussed more recently in form of the quantum null energy condition (QNEC) which
is expected to be a consequence of ANEC [Bou+16; CF20].

In the following, we will focus on a few more aspects of QEIs relevant to this
thesis and refer the interested reader to the reviews [Few06; Rom06; Ver08; For10;
Few12; KS20] and references therein. Starting with the original work by Lawrence
Ford in the late 70s [For78], which shows how a certain QEI is necessary to prevent
a violation of the second law of thermodynamics, QEIs have a rich history. In the
meantime, they have been established quite generically in linear QFTs, including
QFTs on curved spacetimes as well as in 1+1d conformal QFTs; see, in particular,
the reviews [Ver08, Sec. 3], [Few12, Sec. 1.4], and [KS20, Sec. 3]. Also, they have
gained significant importance in semiclassical gravity, where the expectation value of
T µν appears on the right-hand side of the Einstein equations. In this context, QEIs
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Chapter 1. Introduction

can yield constraints on exotic spacetime geometries such as wormholes and warp
drives and lead to generalized singularity theorems extended from classical results
in general relativity; see, in particular, the reviews [Rom06] and [KS20, Sec. 5].

From this perspective, the field of QEIs appears to be already close to complete.
There is, however, still an important gap to be filled: It is not yet known how much
the presence of self-interaction (i.e., having a nontrivial scattering matrix between
particles) affects the results mentioned before. While free field QEIs should apply
when sampling times1 are larger than the interaction time scale [Rom06], it would
be useful to analyse this more carefully and there are situations where this fails and
interaction plays a significant role. For instance, consider the Casimir effect, where
two conducting plates are brought very close together, resulting in an attractive
force between the plates. The effect can be explained by the presence of a negative
energy density in the confined region due to the boundary conditions posed by the
conducting plates. Provided the setup can be sustained for arbitrarily high energies
or infinitely long, this would also violate typical QEIs.A natural interpretation for
the first would be that the failure of the QEI is because of unrealistic boundary
conditions and that the positive energy contributions required to sustain the Casimir
setup must be included [OG03; GO04]. The second point, however, implies that the
AWEC fails (but note the ANEC). For QEIs it indicates that QEIs in the presence
of self-interaction have to be weaker than QEIs in linear QFTs or that they have to
be interpreted in a relative sense, i.e., as difference inequalities in comparison with
another state (here the Casimir ground state).

Some generic lower bounds of the energy density including interacting models,
but weaker than (1.1), can be obtained from operator product expansions [BF09]
or recently using Tomita-Takesaki modular theory [MPV22]. Concrete results in
models with self-interaction are rare, though.

The situation is better when specializing to the class of 1+1d integrable models.
In these models, the scattering operator or S-matrix is constrained to be particle
number conserving and factorizing but nonetheless allows for a large class of interac-
tions; see, e.g., [KW78; ZZ79; AAR01]. Factorizing here means that the scattering
process decomposes into a chain of elementary scattering processes corresponding to
the interaction of two particles. A reversal of the perspective then leads to a generic
construction procedure for such models: As a starting point, fix the "supposed-to-
be" particle spectrum and elementary processes. Then, under the given constraints
for the scattering, this completely fixes the S-matrix and is sufficient information
to define the integrable model. This is known as the inverse scattering approach
and has been shown to yield agreement with perturbatively defined QFTs in many

1I.e., the time scale of the support of the averaging function.
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Chapter 1. Introduction

cases; see the last cited references again.
A QEI in this context was first established in the Ising model [BCF13]. Also,

a QEI at one-particle level (i.e., where (1.1) holds for one-particle states ϕ) has
been obtained for the class of models with one scalar particle type and no bound
states [BC16]. The class of integrable models is much richer, though – they can also
describe several particle species with a more complicated scattering matrix between
them or particles with inner degrees of freedom; further, these particles may form
bound states2. Aside from a recent result where a QEI is proven for the sine-Gordon
model [FC22] such models have not been treated yet.

The construction of local observables in integrable models, for instance of the
stress-energy tensor, typically follows the so-called form factor program; see, e.g.,
[Smi92; BFK08]. The first step of this program is the inverse scattering approach as
described above. The second step is a list of equations, the form factor equations,
expected to be equivalent to locality of the observable in question. This equivalence
is also called local commutativity theorem and was treated in the physics literature
by [KS89; Smi92; Las94; Que99] along with investigations in specific models, e.g.,
[KW78; BK02; BFK06]. Later, rigorous proofs were given which establish equiva-
lence for models with one scalar particle type or more general models but less strict
so-called wedge-localization of the observable, in both cases excluding bound states
[Lec07; BC15; AL17]. The derived equations pertain to truncated momentum space
correlation functions of the observable and are termed form factors. The last step
of this program, the definition of the (Wightman) n-point functions, involves an
infinite Fourier-type series. While its convergence can be argued at the heuristic
level, it is a long-standing problem to mathematically show this; a proof for the
easiest non-trivial model, the sinh-Gordon model, was only given recently [Koz21;
Koz22]. An alternative approach was developed using operator-algebraic methods.
A rigorous construction was given, first for models with only one scalar particle type
[Lec07], and later extended to models including several particle species and particles
with inner degrees of freedom [LS14; AL17] so that these models are amenable to a
mathematical analysis.

2Bound states are understood as poles of the scattering matrix within the so-called physical
strip. See [Bab+99, Sec. 2.2] for further details.
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Chapter 1. Introduction

Structure of the thesis
The primary focus of this thesis is exploring QEIs in the presence of self-interaction,
focussing on the class of integrable models in quantum field theory. The main results
extend QEIs obtained in [BCF13; BC16] to a generic class of models, including
several particle species, inner degrees of freedom, and bound states. As a secondary
point we extend results on constructive aspects of such models.

To begin with, in Chapter 2, we will review the construction of integrable models
in 1+1d via the inverse scattering method, including results on asymptotic complete-
ness of these models, and establish the mathematical framework for the following
parts. We will also point out the connection of this framework to algebraic quan-
tum field theory. In Chapter 3 we introduce the concept of form factor equations
which characterize the momentum space correlations of local operators in models
with factorizing scattering. We extend here preceding mathematical results on the
local commutativity theorem for one- and two-particle form factors to a setup with
several particle species and inner degrees of freedom (Thm. 3.2.1, Prop. 3.2.2).

Further, in Chapter 4, we will explain the decomposition of form factors into
an observable-specific and a model-dependent part involving the so-called "minimal
solution". We supplement the decomposition by establishing existence of minimal
solutions for a large class of models and reviewing a recipe to obtain them in practice.
Of crucial importance for later, we derive the asymptotic growth of the minimal
solution depending directly on the properties of the scattering function (Prop. 4.2.6).

We proceed in Chapter 5 with the analysis and description of the particu-
lar local operator–the stress-energy tensor T µν (also called energy-momentum ten-
sor)–including its 00-component, the energy density T 00. For QEIs it central to
know what form these operators take (confer Eq. (1.1)). The classical Lagrangian
is often used as heuristic guidance; however, if one takes an inverse scattering ap-
proach to integrable models, starting by prescribing the scattering function, then a
classical Lagrangian may not even be available in all cases. Instead, we will restrict
the possible form of the energy density starting from generic physical assumptions
(such as the continuity equation, but initially disregarding QEIs). The abstract
assumptions will be transferred to the one-particle level, which will be our main
focus later, and will be shown to fix T µν up to a polynomial factor (Thm. 5.3.1,
Prop. 5.3.4).

We then ask whether QEIs can hold given such a stress-energy tensor. In the
following two chapters, we present the two main results:

In Chapter 6, for a class of models with rapidity-independent scattering function,
with a canonical choice of energy density, we establish a QEI in states of arbitrary
particle number (Theorem 6.3.3).
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Chapter 1. Introduction

In Chapter 7, for generic scattering functions, we give necessary and sufficient
criteria for QEIs to hold at one-particle level (Thm. 7.1.1); it turns out that the
existence of QEIs critically depends on the large-rapidity behaviour of the two-
particle form factor F2 of the energy density. We conclude this chapter by connecting
F2 more directly to the properties of the model at hand, thereby obtaining a recipe
for QEIs at one-particle level to hold in generic models.

In Chapter 8, we apply our results to several concrete examples, namely, to the
Bullough-Dodd model (Sec. 8.2) which has bound states, to the Federbush model
(Sec. 8.3) as an interacting model with rapidity-independent scattering function,
and to the O(n) nonlinear sigma model (Sec. 8.4) which features several particle
species. In particular, we investigate how QEIs further restrict the choice of the
stress-energy tensor in these models, sometimes fixing it uniquely.

Lastly, in Chapter 9, we will discuss the results obtained in this thesis, men-
tion unfinished work obtained during the PhD project, and suggest future research
directions.
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Chapter 2

Constructive aspects of integrable quantum
field theories

The aim of this chapter is to give a general and rigorous description of an integrable
QFT model focussing on constructive aspects. This will be the foundation of the
following chapters. The method of construction is the inverse scattering method,
which starts by specifying the model in terms of its scattering data. The scattering
data consists of the model’s particle spectrum and interactions which can be rep-
resented, respectively, by the one-particle little space and the two-to-two-particle
scattering function (as will be introduced later). That this scattering function fully
captures the dynamics of the model is a special feature of integrable QFT models
in 1+1d, where the S-matrix factorizes and is fully determined by its two-to-two-
particle component.

The structure of this chapter will be the following: We start with specifying
the particle content of the model—the particle spectrum—allowing immediately
for the construction of the one-particle state space of the model (first quantization)
(Sec. 2.2). The next step is to specify the particle’s interactions via their two-to-two-
particle scattering function (Sec. 2.3) which is the central input for the construction
of the full state space (second quantization) (Sec. 2.4).

Important properties like asymptotic completeness (Sec. 2.5) and the form factor
series (Chapter 3) follow. We will also briefly connect the construction given here
to the framework of algebraic quantum field theory (Sec. 2.6). Further background
material like details on Poincaré group representations in 1+1d, discrete symmetries,
and bound states and proofs of some statements from the main text are deferred to
Appendix A.

2.1 General notation
We will work on 1+1d Minkowski space (M, g) and choose the Minkowski metric to
be g = diag(+1,−1) by convention. The Minkowski inner product will be denoted
by p.x = gµνp

µxν . A single parameter, called rapidity, conveniently parametrizes
the mass shell on M. In this parameterization, the momentum at rapidity θ is given
by p0(θ;m) := m ch θ and p1(θ;m) := m sh θ, where m > 0 denotes the mass. We
will use θ, η, λ to denote real and ζ to denote complex rapidities. Introducing the

13



Chapter 2. Constructive aspects of integrable quantum field theories

open and closed strips, S(a, b) := R + i(a, b) and S[a, b] := R + i[a, b], respectively,
the region S[0, π] will be of particular significance and is referred to as the physical
strip.

As test function spaces, we denote with D(Ω) the space of smooth compactly
supported functions on Ω and with S(Ω) the space of smooth rapidly decaying
(or Schwartz’)functions on Ω. If necessary, we supplement a specification of the
space of values in typical fashion. Concerning the Fourier transform, we adopt the
convention that for a function f ∈ S(R) its Fourier transform is given by

f̃(k) :=
∫
dx f(x)eikx (2.1)

extended by continuity to functions f ∈ L1(R) or f ∈ L2(R). For functions f ∈ S(M)
we adopt the convention

f̃(p) :=
∫
d2x f(x)eip.x (2.2)

with analogous extensions to larger function spaces.
In the following, let K be a finite-dimensional complex Hilbert space with inner

product (·, ·), linear in the second position. We denote its extension to K⊗2 as
(·, ·)K⊗2 and the induced norm as ‖·‖K⊗2 ; i.e., for vi, wi ∈ K, i = 1, 2, we have
(v1 ⊗ v2, w1 ⊗ w2)K⊗2 = (v1, w1)(v2, w2). For computations, it will be convenient
to choose an orthonormal basis {eα}, α ∈ {1, ..., dK}, where dK ∈ N denotes the
dimension of K. In this basis, we denote v ∈ K⊗m and w ∈ B(K⊗n,K⊗m) in vector
and tensor notation, using multi-indices α ∈ {1, ..., dK}m,β ∈ {1, ..., dK}n, by

vα := (eα, v), wα
β := (eα, weβ). (2.3)

For adjoints (we will use ∗ to denote them), we have (w∗)β
α = wα

β .
Operators on K or K⊗2 will be denoted by uppercase Latin letters. This also

applies to vectors in K⊗2, which are identified with operators on K as follows: For
an antilinear involution J ∈ B(K) (to be fixed later), the map A 7→ Â defined by

∀u, v ∈ K : (u, Âv) := (u⊗ Jv,A)K⊗2 (2.4)

yields a vector space isomorphism between K⊗2 and B(K). Some of its properties
are collected in the appendix (Lemma A.6.1). Sometimes we use the special element
I⊗2 ∈ K⊗2 defined by Î⊗2 = 1K. For an arbitrary orthonormal basis {eα}α of K it is
explicitly given by

I⊗2 =
∑

α

eα ⊗ Jeα. (2.5)

We also introduce the flip operator F ∈ B(K⊗2) given by F(u⊗v) = v⊗u (u, v ∈ K).
I⊗2 is invariant under the action of F and of U⊗2 for any U ∈ B(K) with U unitary
or anti-unitary and [U, J ] = 0; also, we have ‖I⊗2‖K =

√
dK (Lemma A.6.2).
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Chapter 2. Constructive aspects of integrable quantum field theories

2.2 Particle spectrum and one-particle space
The particle spectrum consists of a finite index set labeling particle types I, a collec-
tion {(mi, si, qi)}i∈I of characteristic quantities for each particle type: the particle’s
mass mi, spin si, and charge qi under the group of global symmetries G.

These quantities classify the particles’ transformation behaviour under the sym-
metries of the model. Mass m and spin s label the positive-energy unitary represen-
tations U[m,s] of the proper orthochronous Poincaré group which are constructed in
analogy to the Wigner classification of relativistic particles in 1+3d and defined ex-
plicitly later on. As opposed to the 1+3d case, these representations are reducible
unless s = 0 which is explained in more detail in Appendix A.1. The charge q

labels inequivalent unitary irreducible representations Vq of G on a Hilbert space
Kq. We suppose further that there is an involution acting on I as i 7→ ī such that
mī = mi, sī = si and qī = q̄i, where q̄ labels the (complex) conjugate1 representation
Vq̄ = Vq with respect to q acting on the (complex) conjugate space Kq̄ = Kq. The
linear mapping between Kq and Kq̄ defines the charge conjugation map C satisfying
C = C−1 = C∗.

In the presence of bound states we will supplement the particle spectrum by a
set of fusion rules F ⊂ {ij → k : i, j, k ∈ I} which collects feasible fusion processes
of the model. Here ij → k means that particle type i and j fuse to bound state type
k. A model without bound states corresponds to F = ∅. A more detailed definition
of this additional structure and its interpretation will be deferred to Appendix A.5.

We restrict here to finitely many massive particles, m > 0, with half-integer
spin, s ∈ 1

2N0. Note that in general, m and s can be nonnegative real numbers,
where continuous spin is a special feature of 1+1d. Also, we will restrict to G being
a compact Lie group—a standard assumption in QFT.

A central ingredient to our framework will be:

Definition 2.2.1. A (one-particle) little space (K, V, J,M) (with global symmetry
group G) is given by a finite dimensional Hilbert space K, a unitary representation
V of a compact Lie group G on K, an antiunitary involution J on K, and a linear
operator M on K with strictly positive spectrum. We further assume that V (g),
J , and M commute pairwise.

The construction of the little space corresponding to a given particle spectrum
is straightforward: Let Jq denote the antilinear conjugation on Kq resulting from a
combination of charge and complex conjugation. Let further Mi = mi1Kqi

for each
1The conjugate representation is also known as the contragradient or dual representation. By

unitarity of Vq, we have V −1,t
q = Vq.
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i ∈ I. Then the corresponding little space is

(K, V, J,M) = ⊕i∈I(Kqi
, Vqi

, Jqi
,Mi), (2.6)

where ⊕ refers to the direct sum of the tuple’s constituents, namely, Hilbert spaces
as well as representations and operators acting upon them. From now on we will
proceed with an abstract little space.

The little space represents the discrete remnant of the one-particle state space,
the full one-particle (state) space is recovered by boosts. So given some little space
(K, V, J,M), we define the one-particle space H1 := L2(R,K) ∼= L2(R)⊗K, on which
we consider the (anti-)unitary operators

(U1(x, λ)ϕ)(θ) := eip(θ;M).xϕ(θ − λ), (x, λ) ∈ P↑+, (2.7)
(U1(j)ϕ)(θ) := Jϕ(θ), (2.8)
(V1(g)ϕ)(θ) := V (g)ϕ(θ), g ∈ G, (2.9)

for any ϕ ∈ H1.
This defines a unitary strongly continuous representation of the proper Poincaré

group P+ and of G, where the antiunitary U1(j) is the CPT operator, represent-
ing spacetime reflection: Note here that by antilinearity and by [M,J ] = 0 one
has U1(x, λ)U1(j) = U1(j)U1(−x, λ). The (one-particle) generators of the group of
translations and of the group of boosts are given by p(·;M) and −i d

dθ
, respectively.2

We will denote the dimension of K by dK. Further, we will denote the spectrum
of the mass operator M as M ⊂ (0,∞) and its spectral projections as Em,m ∈M.
Remark 2.2.2. (Convention for charge conjugation) For a given basis {eα} of K we
may introduce the charge conjugated basis ẽᾱ := Jeα. For convenience, we will
use the charge conjugated basis instead of the original one whenever barred indices
appear, i.e., for v ∈ K, vᾱ denotes (ẽᾱ, v) instead of (eᾱ, v). In this context, we
extend eα 7→ ẽᾱ by linearity to a unitary matrix which we denote with C ∈ B(K)
and refer to as charge conjugation matrix. With our convention for the barred
indices, we have that Cβ

α = δβ̄
α.

2.3 The scattering function
Scattering in integrable models is tightly constrained by the existence of an infinite
set of conservation laws and therefore obeys a number of simplifying properties:
Each scattering process is particle-number conserving and factorizes into two-to-
two-particle scattering processes. Moreover, the set of incoming momenta coincides

2In both cases these are unbounded operators which are essentially self-adjoint on the domain
of smooth compactly supported functions.
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with the set of outgoing momenta. Due to these constraints, scattering in integrable
models is fully determined in terms of its two-to-two-particle scattering function.
The latter will be the central ingredient for the construction of a model and this
section is devoted to describe it axiomatically; specifying also some important special
cases.

Physical considerations require the scattering function to satisfy properties like
unitarity, crossing symmetry, and the Yang-Baxter equation; the general axiomatic
theory is well-known and given in [Iag93]. For integrable models these properties
pass down to the two-particle scattering function and standard textbook accounts
are found in [Mus10, Chap. 17], [Dor98, Chap. 3], and [AAR01, Chap. 8]. Basis-
independent formulations are found for instance in [Bis12] and [AL17, Defn. 2.1].

In contrast to higher dimensional theories, a two-particle scattering process in
1+1d is fully parametrized by a single parameter. Standard choices for incom-
ing/outgoing particles with momenta p1 and p2 (resp., rapidities θ1 and θ2) are the
Mandelstam variable s = (p1 + p2)2 or the absolute value of the rapidity difference
θ = |θ1 − θ2|. Their relation is given by the formula

s = (p1 + p2)2 = m2
1 +m2

2 + 2m1m2 ch θ (2.10)

and we choose θ as our preferred parameter. For further details on the translation
between the two descriptions see, e.g., [Lec06, Sec. 3.1].

As the central object to define the interaction of the model we introduce the
S-function (also referred to as the auxillary scattering function [Bab+99, Eq. (2.7)]).
It is closely related to the two-particle scattering function of the model, differing
from it only in the presence of fermions or anyons by a “statistics factor” as will be
seen in Section 2.5. Anyons are particles with exotic statistics which appear only in
the context of 1+1 and 1+2d QFT.

Definition 2.3.1. Let (K, V, J,M) be a one-particle little space. A meromorphic
function S : C→ B(K⊗2) with no poles on the real line is called S-function iff for
all ζ, ζ ′ ∈ C the following holds:

(S1) Unitarity: S(ζ̄)∗ = S(ζ)−1.

(S2) Hermitian analyticity: S(ζ)−1 = S(−ζ).

(S3) CPT-invariance: J⊗2FS(ζ)FJ⊗2 = S(ζ)∗.

(S4) Yang-Baxter equation: For 1 = 1K,
(S(ζ)⊗ 1)(1⊗ S(ζ + ζ ′))(S(ζ ′)⊗ 1) = (1⊗ S(ζ ′))(S(ζ + ζ ′)⊗ 1)(1⊗ S(ζ)).
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Chapter 2. Constructive aspects of integrable quantum field theories

(S5) Crossing symmetry:
(u1 ⊗ u2, S(iπ − ζ) v1 ⊗ v2)K⊗2 = (Jv1 ⊗ u1, S(ζ) v2 ⊗ Ju2)K⊗2 , ui, vi ∈ K.

(S6) Translational invariance:
(Em ⊗ Em′)S(ζ) = S(ζ)(Em′ ⊗ Em), m,m′ ∈M.

(S7) G invariance:
∀ g ∈ G : [S(ζ), V (g)⊗2] = 0.

Properties (S1) and (S2) recombine to S(ζ)S(−ζ) = 1K⊗2 and S(ζ) = S(−ζ̄)∗. In
a basis, these two as well as (S3) and (S5), respectively, amount to the following
conditions:

Sγδ
ρσ(ζ)Sρσ

αβ(−ζ) = δγ
αδ

δ
β, Sγδ

αβ(ζ) = Sαβ
γδ (−ζ̄),

Sγδ
αβ(ζ) = Sβ̄ᾱ

δ̄γ̄
(ζ), Sγδ

αβ(iπ − ζ) = Sᾱγ

βδ̄
(ζ).

(2.11)

See Lemma A.3.2 in the appendix for a proof of this statement. Note also that
there are different conventions concerning the placement of the tensor indices on S.
For instance, compared to the convention adopted here, which agrees with [Bab+99;
AL17], one has that [Smi92] twists the lower indices, i.e. Sγδ

αβ = (SSmi92)γδ
βα.

There are a number of important subclasses of S-functions which we will treat:

Definition 2.3.2. An S-function S is called

• regular iff κ(S) := sup{κ ≥ 0 : S �S(−κ,κ) is analytic and bounded.} > 0

• diagonal iff there exists an orthonormal basis {eα} of K and C-valued coeffi-
cients sαβ(ζ) such that S(ζ) for all ζ ∈ C is of the forma

S(ζ) =
∑
αβ

sαβ(ζ)|eβ ⊗ eα)(eα ⊗ eβ|. (2.12)

• scalar iff dK = 1

• constant iff S(ζ) is independent of ζ

• k-invariantb with k ∈ {c, p, t, cp, ct, pt, cpt} iff S(ζ) = Sk(ζ) for all ζ ∈ C,
where

(Sc)γδ
αβ = S γ̄δ̄

ᾱβ̄
, (Sp)γδ

αβ = Sδγ
βα, (St)γδ

αβ = Sαβ
γδ , (2.13)

and the others by concatenation, e.g., Scp = (Sc)p.
aWe use here standard braket notation where |v) denotes a vector in K and (v| a linear

functional on K such that (v|w) = (v, w).
bIn written text we use upper case K=C,P,T,... instead of k.

Let us briefly comment on these subclasses: The regular class excludes certain
more exotic particle spectra and interactions: First, the analyticity in a finite strip
rules out infinitely many poles approaching the real line. Note here that poles within
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S(−π, 0) or S(0, π), respectively, correspond to resonances (unstable particles with
a finite lifetime) or bound states [Wei95]. Second, this also excludes3 the presence of
infintely many "masses" leading to a divergence of the thermodynamical partition
function [Lec15, Sec. 3.3]. Lastly, the boundedness in a finite strip4 implies the
absence of exotic factors in the scattering functions like ζ 7→ eia sh ζ , a > 0, which have
an essential singularity at infinity. The diagonal class corresponds to models where
the particle spectrum is non-degenerate, i.e., where each particle is distinguished
by its mass and its charge under G; as a consequence, the scattering function is
completely diagonal and S takes the form (2.12) [Mus10, Sec. 17.4]. The scalar class
allows for one scalar particle type only. In this case, G can be taken to be either
trival or equal to Z2 and S is automatically diagonal. The constant subclass refers
to very simple types of interactions independent of the rapidity of the scattering
particles. It is still larger than the class of free models and contains for instance
the Federbush model which will be treated in Section 8.3. Finally, the discrete
symmetries C-, P-, T-, etc., are present in many models, not only integrable ones.
For details we refer to Section A.2.

For these subclasses the axioms from Definition 2.3.1 take an easier form

Proposition 2.3.3. (a) The class of diagonal scattering functions consists of
meromorphic functions of the form (2.12) (for some choice of an ONB of K)
with no poles on the real line, where the coefficients sαβ(ζ) satisfy

sαβ(−ζ) = sβα(ζ)−1 = sβα(ζ̄), sαβ(ζ) = sᾱβ̄(ζ) = sβ̄α(iπ − ζ), (2.14)

and (V (g)⊗2)γδ
αβsγδ(ζ) = sαβ(ζ) for g ∈ G. In this case sαβ = Sβα

αβ and all
other components of S vanish. Diagonal S-functions are automatically PT-
and C-invariant.

(b) The class of scalar scattering functions consists of meromorphic functions
ζ 7→ s(ζ) ∈ C with no poles on the real line and

s(−ζ) = s(ζ)−1 = s(ζ̄) = s(ζ + iπ). (2.15)

(c) The class of constant scattering functions consists of unitary self-adjoint ma-
trices S ∈ B(K⊗2) which commute with V (g)⊗2 and J⊗2F and satisfy (S4),
(S5), and (S6).

3Note that this is also excluded by assuming finite-dimensionality of the little space.
4See, e.g., [Kar+77], where boundedness in a strip is taken as a technical assumption in case

of the Thirring model and [Mit77] for a brief discussion of its validity.
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Proof. (a): Given (2.12), we find

Sγδ
αβ(ζ) = (eγ ⊗ eδ, S(ζ)eα ⊗ eβ)K⊗2

=
∑
ρ,σ

sρσ(ζ)(eγ ⊗ eδ, eσ ⊗ eρ)(eρ ⊗ eσ, eα ⊗ eβ)

= sαβ(ζ)δδ
αδ

γ
β .

(2.16)

The only non-vanishing components of S are therefore given by Sβα
αβ = sαβ and

it is easy to adapt (2.11) and (S7) to this special case yielding (2.14). The Yang-
Baxter equation (S4) and translational invariance (S6) are automatically satisfied
for diagonal scattering functions. Concerning the Yang-Baxter equation one has for
ζ ′′ = ζ + ζ ′ that

(S(ζ)⊗ 1K)(1K ⊗ S(ζ ′′))(S(ζ ′)⊗ 1K)γβα
αβγ = sβγ(ζ)sαγ(ζ ′′)sαβ(ζ ′)

= sαβ(ζ ′)sαγ(ζ ′′)sβγ(ζ)
= (1K ⊗ S(ζ ′))(S(ζ ′′)⊗ 1K)(1K ⊗ S(ζ))γβα

αβγ; (2.17)

and all other components vanish. It remains to prove PT- and C-invariance. By
definition, PT-invariance amounts to Sγδ

αβ = Sβα
δγ which is trivial if γ = β and δ = α.

C-invariance follows by CPT-invariance.
(b): For dK = 1, S has a single component and is automatically diagonal. Thus

(2.14) reduces to (2.15) and (S7) becomes trivial.
(c): For constant S = S(ζ) = S(0), it holds that S = S∗ = S−1 due to conditions

(S1) and (S2) reduce to . J⊗2FSFJ⊗2 = S is equivalent to [S, J⊗2F] = 0.

It will be relevant for later (Secs. 4.1,7.3) that generic S-functions can be decom-
posed into eigenvalues. For real arguments, S(θ) ∈ B(K⊗2) is unitary and hence
diagonalizable; this extends to complex arguments by analyticity:

Proposition 2.3.4. Let S be an S-function and D(S) its domain of analyticity.
Then there exists k ∈ N and a discrete set ∆(S) ⊂ D(S) such that the number of
distinct eigenvalues of S(ζ) is k for all ζ ∈ D(S) \ ∆(S) and strictly less than k

for all ζ ∈ ∆(S). Further, for any simply connected domain D0 ⊂ D(S) \ ∆(S)
there exist analytic functions si : D0 → C, and analytic projection-valued functions
Pi : D0 → B(K⊗2), i = 1, ..., k such that for all ζ ∈ D0

S(ζ) =
k∑

i=1
si(ζ)Pi(ζ) (2.18)

and:

(a) s1(ζ), ..., sk(ζ) coincide with the eigenvalues of S(ζ) and P1(ζ), ..., Pk(ζ) co-
incide with the projectors onto the respective eigenspaces.
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In particular, Pi(ζ)Pj(ζ) = δijPi(ζ) for i, j = 1, ..., k.

(b) If −ζ ∈ D0 one has si(−ζ) = si(ζ)−1 and Pi(−ζ) = Pi(ζ).

(c) If ζ̄ ∈ D0 one has si(ζ̄) = si(ζ)−1 and Pi(ζ̄) = Pi(ζ)∗.

(d) Each Pi satisfies CPT-invariance, Pi(ζ) = J⊗2FPi(ζ)∗FJ⊗2, translational
invariance, (Em ⊗ Em′)Pi(ζ) = Pi(ζ)(Em′ ⊗ Em) for all m,m′ ∈ M, and
G-invariance, [Pi(ζ), V (g)⊗2] = 0, g ∈ G.

The decomposition is unique up to relabeling.

Proof. For the eigenvalue decomposition of a matrix-valued analytic function, see
[Par78, Theorem 4.8] or [Kat95, Chapter 2]. Restricting S to its domain of ana-
lyticity D(S) we can apply the theorem from the first-named reference: For some
k ∈ N there exists a discrete set ∆(S) ⊂ D(S) such that the number of discrete
eigenvalues of S(ζ) is k for all ζ ∈ D(S) \ ∆(S) and strictly less than k for all
ζ ∈ ∆(S). Further, for any simply connected domain D0 ⊂ D(S) \∆(S) we obtain
analytic functions si : D0 → C and Pi, Ni : D0 → B(K⊗2) for i = 1, ..., k such that
for each ζ ∈ D0

S(ζ) =
k∑

i=1
(si(ζ)Pi(ζ) +Ni(ζ))

is the unique Jordan decomposition of S(ζ) with distinct eigenvalues si(ζ), eigenpro-
jectors Pi(ζ) and eigennilpotents Ni(ζ), i = 1, ..., k. Let us enlarge D0 to D̃0 within
D(S) \∆(S) such that D̃0 ∩ R ⊂ R is open and non-empty and such that D̃0 is still
simply connected; this is always possible since C \D(S) and ∆(S) are discrete, i.e.,
countable and without finite accumulation points. Since S(θ) for θ ∈ R is unitary
and therefore semisimple we find that Ni � D̃0 ∩ R = 0. Since Ni is analytic, this
implies Ni = 0. From the properties of the Jordan decomposition we further infer
that Pi(ζ)Pj(ζ) = δijPi(ζ), i, j = 1, ..., k. This concludes the proof of property (a).
The properties (b)–(d) are implied by the corresponding properties of S, namely
(S1)-(S3), (S6), (S7), in a straightforward manner:

Inverting the eigendecomposition of S (using orthonormality of the projectors by
Item (a)) one obtains S(ζ)−1 = ∑k

i=1 si(ζ)−1Pi(ζ). By (S2) one has S(−ζ) = S(ζ)−1

which for −ζ ∈ D0 (using again orthonormality of the projectors) yields si(−ζ) =
si(ζ)−1 and Pi(−ζ) = Pi(ζ), proving Item (b). Item (c) follows analogously using
S(ζ̄)∗ = S(ζ)−1 by (S1) and (S2). Item (d) is inferred by the properties (S3), (S6),
and (S7) also analogously but even simpler since the properties modify just the
projectors Pi.

Note that the si (within any domain D0 from above) satisfy all the properties
of a scalar S-function except for crossing symmetry (S5). Specifically, these are the
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properties (S1) and (S2), since (S3), (S4), (S6), and (S7) are trivially satisfied in
the scalar setting.
Remark 2.3.5. In typical examples, the decomposition in (2.18) can be extended
to all of C if one allows for meromorphic si and Pi. This applies in particular to
models with constant eigenprojectors which includes all models with constant or
diagonal S-functions, the other examples treated in Chapter 8, and other typical
models such as the sine-Gordon or Gross-Neveu model.

2.4 Full state space
From the preceding data—one-particle little space (K, V, J,M) and S-function S—the
full interacting state space can be constructed. The construction is a generalization
of the second quantization of a one-particle state space for a free field theory. In this
generalization, the symmetrized (or anti-symmetrized) Fock space and the creators
and annihilators are replaced by S-symmetric variants. Note here that the presence
of a Fock-like structure for the interacting state space goes in line with the desired
property that the interaction processes conserve the number of particles. Histori-
cally, the S-symmetric creators and annihilators were found first in [ZZ79; Fad80]
and named ZF operators thereafter. The full construction of S-symmetrized second
quantization was then given in [LM95]. We give a brief overview of the construction
following also [LS14; Lec15]. We start by introducing the interacting state space.

Interacting state space Given a one particle space (H1, U1, V1) with H1 =
L2(R,K) (Sec. 2.2), let Ĥ := ⊕∞n=0H⊗n

1 denote the unsymmetrized Fock space over
H1. For each n ∈ N a function Ψn ∈ H⊗n

1 is referred to as S-symmetric iff it satisfies
for all θ ∈ Rn and k ∈ {1, .., n− 1},

S(θk+1 − θk)k,k+1Ψn(θ1, ..., θk+1, θk, ..., θn) = Ψn(θ1, ..., θk, θk+1, ..., θn). (2.19)

Here, the subscript k, k+1 indicates that S(θ) acts on the tensor components k and
k + 1. Then the S-symmetrized Fock space [LM95; LS14] is given by

HS = ⊕∞n=0HS,n, HS,n = {Ψ ∈ H⊗n
1 : Ψ is S-symmetric} (2.20)

with HS,1 = H1 and HS,0 = C. HS,n is naturally a closed subspace of H⊗n
1 and

HS of Ĥ, so let PS,n : H⊗n
1 → HS,n and PS : Ĥ → HS denote the corresponding

orthogonal projections. For a state Ψ ∈ HS the component in HS,n will be denoted
by Ψn and referred to as an n-particle state. The particle number operator N is
given by (NΨ)n := nΨn, accordingly. The Fock vacuum is given by Ω ∈ HS with
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(Ω)n = δn0 for n ∈ N0. Of technical importance is the subspace of finite particle
states

Hf
S =

{
Ψ ∈ HS : Ψn = 0 for large enough n

}
= ∪n∈N0HS,n (2.21)

which defines a closed dense subspace of HS.
Operators acting on H1, in particular the symmetry representations, extend to

HS by an S-symmetrized variant of standard second quantization. We quote [Lec15]
with slight adaptations and minor additions:

Proposition 2.4.1. Take arbitrary (x, λ) ∈ P↑+, g ∈ G, Ψ ∈ HS, and let ← denote
the reversiona of the tensor components of H⊗n

1 . Then

US(x, λ) = PS ⊕∞n=0U1(x, λ)⊗nPS, (2.22)
VS(g) = PS ⊕∞n=0V1(g)⊗nPS, (2.23)

(U(j)Ψ)n = U1(j)⊗n ←Ψn, (2.24)

defines a strongly continuous, unitary, positive-energy representation of P+ × G
on HS with a (unique) invariant vector Ω. Some particular consequences are that
U(j)US(x, λ) = US(−x, λ)U(j), that U(j) = U(j)−1, and that VS(g) commutes
with US(x, λ) and U(j).

aI.e., we reverse the order of arguments and the order of the K-tensor components.

The generators of translations and boosts—we will refer to them as the total energy-
momentum operator P µ and the boost generator K—are given by S-twisted second
quantization of p(·;M) and −i d

dλ
, accordingly. For instance, P µ acts simply as

(P µΨ)n(θ) = P µ(θ)Ψn(θ), P µ(θ) =
n∑

j=1
p(θj,Mj), (2.25)

for Ψ ∈ HS and where Mj is the (one-particle) mass operator M acting on the j-th
tensor component of K⊗n. This concludes the construction of the interacting state
space.

ZF operators The S-twisted creators z†S and annihilators zS (or ZF operators)
operate on the interacting state space we have just constructed. We will often use
z]

S to represent both, zS and z†S, and define them as operator-valued distributions
ϕ 7→ z]

S(ϕ) with domain H1 = L2(R,K) via

(z†S(ϕ)Ψ)n :=
√
nPS(ϕ⊗ Ψn−1), zS(ϕ) := (z†S(ϕ))∗, ϕ ∈ H1. (2.26)

In particular, z†S(ϕ)Ω = ϕ and zS(ϕ)Ω = 0.
Also, products of zS and z†S can be linearly extended in tensor powers of H1, i.e.,

for m,n ∈ N0, i ∈ {1, ..,m}, j ∈ {1, .., n}, and ϕi, χj ∈ H1, we have

z†mS zn
S(ϕ1 ⊗ ...⊗ ϕm;χ1 ⊗ ...⊗ χn) = z†S(ϕ1)...z†S(ϕm)zS(χ1)...zS(χn). (2.27)
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Let us summarize a few properties of zS and z†S, quoting again [Lec15] with slight
adaptations:

Proposition 2.4.2. Let ϕ, χ ∈ H1 and Ψ ∈ Hf
S be arbitrary.

(a) z]
S(ϕ) is in general unbounded, but well-defined on Hf

S, and zS(ϕ)∗ ⊃ z†S(ϕ).

(b) For (x, λ) ∈ P↑+ and g ∈ G, we have

US(x, λ)z]
S(ϕ)US(x, λ)−1 = z]

S(U1(x, λ)ϕ),
VS(g)z]

S(ϕ)VS(g)−1 = z]
S(V1(g)ϕ),

U(j)z]
S(ϕ)U(j)z†S(Ψ)Ω = z†S(Ψ)z]

S(U1(j)ϕ)Ω.

(2.28)

(c) Relative to the particle number operator N , one has bounds

‖zS(ϕ)Ψ‖ ≤ ‖ϕ‖‖
√
NΨ‖, ‖z†S(ϕ)Ψ‖ ≤ ‖ϕ‖‖

√
N − 1Ψ‖. (2.29)

(d) zS, z†S form a representation of the ZF algebra with S-function S:
They satisfy

z†Sz
†
S((1− S←)(ϕ⊗ χ)) = 0,

zSzS((1− U1(j)⊗2S←U1(j)⊗2)(ϕ⊗ χ)) = 0,
zSz

†
S(ϕ⊗ χ)− z†SzS((1⊗ U1(j))Siπ

←(U1(j)ϕ⊗ χ)) = 〈ϕ, χ〉 1,

(2.30)

where Siπ := S(iπ+·) and S←f(ζ1, ζ2) := S(ζ2−ζ1)f(ζ2, ζ1) for a K⊗2-valued
function in two arguments.

In a basis, the ZF algebra relations (2.30) become

z†S,α(θ)z†S,β(η)− Sγδ
αβ(θ − η)z†S,γ(η)z†S,δ(θ) = 0

zS,α(θ)zS,β(η)− Sβα
δγ (θ − η)zS,γ(η)zS,δ(θ) = 0

zS,α(θ)z†S,β(η)− Sαγ
βδ (η − θ)z†S,γ(η)zS,δ(θ) = δαβδ(θ − η).

(2.31)

This is shown in Appendix A.3.

Remark 2.4.3. (Free creation- and annihilation operators) For Sγδ
αβ = ±δδ

αδ
γ
β or

equivalently S = ±F, these relations reduce to the canonical commutation, resp.,
anticommutation relations. In this case, the ZF operators z]

S,α are just the ordi-
nary creators and annihilators a]

±,α of a free model with dK real bosons (+) or
fermions (-). The construction of the state space reduces to the standard one, a
fully symmetrized/antisymmetrized Fock space H± := HS=±F over H1.
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The ZF operators fulfill a similar role as the free annihilators and creators: They
solve the ’one-particle problem’ and generate the space of states and operators. The
first property means that for each state ϕ ∈ H1 there exists an operator A such that
ϕ = AΩ; for example A = z†S(ϕ). The second property means that expressions of
the form A1...AnΩ with Aj = z†S(ϕj), ϕj ∈ S(R,K), and n ∈ N form a total subset5

of HS. This follows from the identity

PS(ϕ1 ⊗ ...⊗ ϕn) = 1√
n!z
†
S(ϕ1)...z†S(ϕn)Ω (2.32)

which is straightforward to check from the definition of z†S in (2.26); confer the proof
in Appendix A.6. Due to these two properties, z†S will play an important role in the
construction and analysis of local operators (Chap. 3).

Particle statistics We also introduce a statistics matrix σ ∈ B(K⊗2) with σγδ
αβ =

σαβδ
δ
αδ

γ
β in order to treat particles satisfying different asymptotic exchange relations

or "statistics". In our setup, which includes bosons and fermions, we have coefficients
σαβ ∈ {±1} which satisfy σαβ = −1 if both, α and β, correspond to fermionic states
and σαβ = +1 in all other cases, i.e., where at least α or β corresponds to a bosonic
state. This implies also that σαβ = σ−1

αβ = σαβ and σαβ = σᾱβ = σαβ̄ which makes σ
a constant diagonal S-function6. As a result, we may apply the above construction
and obtain the standard Fock space Hσ over H1 with a Bose/Fermi-grading which
is symmetrized/antisymmetrized depending on σ. The corresponding creators and
annihilators will be denoted by a]

σ,α. Note here that for arbitrary statistics matrix
σ and S-function S also ζ 7→ σS(ζ) defines a valid S-function.

S-symmetry For explicit computations, we will need more specific information on
S-symmetry and the related projection PS which was introduced rather abstractly.
To begin with, we quote a result from the literature:

Proposition 2.4.4 ([LM95; LS14; AL17]). Let the elementary transpositions be
denoted by πk ∈ Sn, k = 1, ..., n− 1, where πk is the permutation that exchanges k
and k + 1. Then the map πk 7→ Dπk

n ,

(Dπk
n ψ)(θ) = S(θk+1 − θk)k,k+1ψ(θ1, ..., θk+1, θk, ..., θn), (2.33)

generates a unitary representation of the permutation group Sn on H⊗n
1 . Moreover,

5A subset of a linear space is termed total if its linear span is dense in the ambient space.
6As a special feature of 1+1d (roughly speaking due to the lack of rotations) anyons can

appear. Those are particles with exotic "statistics"; in this setup their statistics (matrix) can be
an arbitrary constant S-function rather than just having σαβ ∈ {±1} (see, e.g., [Smi90]). However,
they will not be considered in this thesis.
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Chapter 2. Constructive aspects of integrable quantum field theories

denoting this representation by Sn 3 τ 7→ Dτ
n, one has

PS,n = 1
n!

∑
τ∈Sn

Dτ
n. (2.34)

Remark 2.4.5. Note that PS commutes with U(j), US(x, λ), and VS(g). To show
this, by construction of PS, it suffices to show that S← := Dπ1

2 commutes with the
respective operators at the two-particle level. Commutativity with these operators
at the two-particle level is implemented by CPT-invariance (S3), translational in-
variance (S6), and G-invariance (S7), respectively (Lemma A.6.4, appendix). In
case that S is addtionally k-invariant for k ∈ {c, p, t, cp, ct, pt} one also has that
PS commutes with U(k).

For later, it will be useful to give Dτ
n an explicit form:

Corollary 2.4.6. For each n ∈ N, θ ∈ Rn, and τ ∈ Sn there exists a unitary
operator Sτ (θ) on K⊗n such that

(Dτ
nψ)(θ) = Sτ (θ)ψ(θτ ), θτ := (θτ(1), ..., θτ(n)), ψ ∈ H⊗n

1 , (2.35)

and

(a) Sid(θ) = 1⊗n, where id denotes the trivial permutation,

(b) Sτ◦ρ(θ) = Sτ (θ)Sρ(θτ ), for arbitrary ρ ∈ Sn,

(c) (Sτ (θ))−1 = Sτ−1(θτ ).

Proof. The existence of Sτ (θ) is by construction of Dτ
n; decompose τ into elementary

transpositions, apply the representation property Dτ1◦τ2
n = Dτ1

n D
τ2
n , τ1/2 ∈ Sn, and

use that by definition of Dτ
n (2.33), Sπk(θ) = S(θk+1 − θk)k,k+1. Property (a) is

immediate using Did
n = 1H⊗n

1
. Using again the representation property for τ1 = τ

and τ2 = ρ, (b) follows: For arbitrary ψ ∈ H⊗n
1

Sτ◦ρ(θ)ψ(θτ◦ρ) = Dτ◦ρ
n ψ(θ)

= Dτ
nD

ρ
nψ(θ)

= Sτ (θ)Dρ
nψ(θτ )

= Sτ (θ)Sρ(θτ )ψ((θτ )ρ)
= Sτ (θ)Sρ(θτ )ψ(θτ◦ρ).

(2.36)

Property (c) is a consequence of (a) and (b) taking ρ = τ−1.

Necessary and sufficient for the previous two results is that the properties (S1), (S2),
and (S4) hold.
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Corollary 2.4.7. Let 1 ≤ i < j ≤ n, n ∈ N. Let further πi,j ∈ Sn denote the
shift permutation i → j, i.e., πi,j(i) = j and πi,j(k) = k − 1 for i < k ≤ j and
πi,j(k) = k for k > j and k < i. Then

Sπi,j (θ) =
j−1∏
k=i

S(θj − θk)k,k+1 := S(θj − θj−1)j−1,j...S(θj − θi+1)i+1,i+2S(θj − θi)i,i+1.

(2.37)

Note that the ordering in (2.37) is relevant, however, other orderings are possible
due to the Yang-Baxter relation (S4).

Proof. For n = 2, π1,2 = π1 is the elementary transposition and by definition (2.33),
Sπ1(θ) = S(θ2 − θ1)1,2. Proceeding by induction we assume the validity of (2.37)
for n and prove it for n+ 1: Here the cases |i− j| ≤ n− 1 for 1 ≤ i < j ≤ n+ 1 are
already covered, since πi,j can be treated as an element of Sn which is a subgroup
of Sn+1. Thus, it remains to show the hypothesis for π1,n+1.

First, note that π1,n+1 = π2,n+1 ◦ π1,2 and π1,2 = π1. Then, using Corol-
lary 2.4.6(b) twice, we find for θ ∈ Rn+1 that

Sπ1,n+1(θ) = Sπ2,n+1(θ)Sπ1(θπ2,n+1). (2.38)

By induction hypothesis,

Sπ2,n+1(θ) =
n+1∏
k=2

S(θn+1 − θk)k,k+1, (2.39)

and by Definition (2.33)

Sπ1(θπ2,n+1) = S(θπ2,n+1(2) − θ1)1,2 = S(θn+1 − θ1)1,2. (2.40)

As a result this yields

Sπ1,n+1(θ) =
(

n+1∏
k=2

S(θn+1 − θk)k,k+1

)
S(θn+1 − θ1)1,2

=
n+1∏
k=1

S(θn+1 − θk)k,k+1.

(2.41)

Improper rapidity eigenstates The class of improper rapidity eigenstates gen-
eratesHS and provides a convenient "basis" for explicit computations. The improper
rapidity eigenstates are defined as follows.

|θα〉S := 1√
n!z
†
S,α1(θ1)...z†S,αn

(θn)Ω,
〈θα|S := 1√

n! 〈Ω| zS,αn(θn)...zS,α1(θ1),
n ∈ N,θ ∈ Rn,α ∈ {1, ..., dK}n, (2.42)
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is to be read as a formal notation for vector-valued distributions: Having ϕj ∈
H1, j = 1, ..., n, those are given by

ϕ1⊗ ...⊗ϕn 7→
1√
n!z
†
S(ϕ1)...z†S(ϕn)Ω =

∫
dθ |θα〉S ϕ

α1
1 (θ1)...ϕαn

n (θn)
1√
n! 〈Ω| zS(ϕn)...zS(ϕ1) =

∫
dθ 〈θα|S ϕ1,α1(θ1)...ϕn,αn(θn)

. (2.43)

These states satisfy the following properties:

Proposition 2.4.8. For arbitrary θ,η ∈ Rn the expressions defined in (2.42)
satisfy

(a) S-symmetry: For any τ ∈ Sn we have

|θα〉S = |θτ
β〉S ((Sτ (θ))−1)β

α, 〈θα|S = (Sτ (θ))α
β 〈θτ

β|S . (2.44)

(b) orthonormality (up to ordering):

〈θα|ηβ〉S = 1
n!

∑
τ∈Sn

Sτ (θ)α
βδ(θτ −η) = 1

n!
∑

τ∈Sn

((Sτ (η))−1)α
βδ(θ−ητ ) (2.45)

and orthogonality for an unequal number of arguments.

(c) completeness: On the unsymmetrized Fock space Ĥ one has

PS =
∑
n∈N

∫
dnλ |λα〉S 〈λα|S =

∑
n∈N

n!
∫

λτ(1)>...>λτ(n)

dnλ |λα〉S 〈λα|S , (2.46)

where the last equality is for some fixed τ ∈ Sn.

(d) Poincaré-covariance:

US(a, λ) |θα〉S = eipα(θ).a |(θ + λ1)α〉S , (a, λ) ∈ P↑+, (2.47)

where pα(θ) = ∑n
i=1 p(θi;mαi

) and 1 = (1, ..., 1) ∈ Rn. In particular,

P µ |θα〉S = pµ
α(θ) |θα〉S . (2.48)

(e) CPT-covariance: For ψ ∈ HS,n,

U(j) |θα〉S = Jβ
α |
←
θ←β 〉

cc

S
= |←θ←α 〉

cc

S
, (2.49)

where the "cc" superscript denotes the antilinear distribution

ψ 7→
∫
dθ |θα〉S ψα(θ), ψ ∈ H⊗n

1 .

The proof is given in Appendix A.4.
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2.5 Asymptotic completeness; closing the circle
It is time to motivate the construction given so far and to check its consistency.
The starting points of the construction were a particle spectrum and a two-particle
interaction (the S-function) expected to describe an integrable model with a factor-
izing S-matrix. Now, given the constructed state space, it is possible to derive a
scattering theory from it which should show the anticipated features connected to
integrability and the input data. Concretely, we expect that the resulting scattering
theory is asymptotically complete (all states of the model are describable as scatter-
ing states) and the resulting collision operator—the S-matrix—is particle-number
conserving and factorizes into a product of two-particle scattering processes with a
scattering function closely related to the S-function. This was proven rigorously be-
fore in specific sub cases: the scalar bosonic case [Lec06; Lec07], the tensor bosonic
case [LS14], and the scalar fermionic case [BC21]. Therefore, here, we skip the rig-
orous derivation of the scattering states and instead start with the explicit form for
the Moeller operators directly and show that they indeed give rise to an S-matrix
which has the properties mentioned before. Also, we will take the opportunity to
choose a slightly different presentation than in the references above, working with
improper rapidity eigenstates (as introduced in (2.42)) in close connection to the
physics literature of the form factor community.

Given a physical Hilbert space Hphys together with a unitary representation of
the Poincaré group, a scattering theory consists of the identification of states in the
physical Hilbert space with asymptotic states, i.e., incoming and outgoing particle
configurations. The underlying idea is that the asymptotic states are separated by
large distances and thus—for sufficiently fast decaying interactions—can be treated
as isolated from each other, which makes the particle picture well-defined. The
identifications correspond to two isometric embeddings Win/out : Hin/out → Hphys

referred to as Moeller operators. If the model is entirely captured by its scattering
theory, we suppose that all these spaces are isomorphic: Hin ∼= Hphys ∼= Hout which
is also known as asymptotic completeness.

Definition 2.5.1. The map Ŝ : Hin → Hout given by Ŝ = W ∗
outWin is called

S-matrix.a
aNote that there are many different conventions for the choice of mapping directions of the

Moeller operators as well as the definition of the S-matrix. E.g, the combination WinW
∗
out might

be referred to as S-matrix, too; in this case acting on the interacting state space Hphys.

In our setup, we have Hin = Hout = Hσ and Hphys = HS, where σ and S are the
statistics matrix and the S-function from the preceding section. It is convenient that
Hσ and HS are subspaces of the unsymmetrized Fock space Ĥ. Let ϕi ∈ D(R,K)
for i = 1, ..., n and introduce the partial ordering ϕi � ϕj :⇔ suppϕi > suppϕj.
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The Moeller operators are then defined via

WinPσ (ϕ1 ⊗ ...⊗ ϕn) := PS (ϕ1 ⊗ ...⊗ ϕn) , ϕ1 � ... � ϕn,

WoutPσ (ϕ1 ⊗ ...⊗ ϕn) := PS (ϕ1 ⊗ ...⊗ ϕn) , ϕ1 ≺ ... ≺ ϕn.
(2.50)

and extended to Hσ by linearity. Equivalently, on improper rapidity eigenstates,

Win/out |θα〉σ = |θα〉S , for θ = θin/out (2.51)

where "in" and "out" denote the permutations of θ which put it in descending, resp.,
ascending order, i.e., θin(1) > ... > θin(n) and θout(1) < ... < θout(n). Note that
implicitly, "in" and "out" depend on θ.

Leaving away the rigorous verification by Haag-Ruelle scattering theory (see
references given above), this definition for the Moeller operators is in accordance
with intuition on scattering theory: Particles 1, ..., n threaded along a line (space
is R in 1+1d) from left to right with in-(out-)ordered rapidities will isolate from
each other upon evolution to the past (future) without any collision; allowing for
identification of interacting and free states asymptotically.

The Moeller operators have the following properties:

Lemma 2.5.2. Win/out : Hσ → HS defined by (2.50) are Hilbert-space isomor-
phisms, which intertwine with the representation of the Poincaré group, i.e.,

Win/outUσ(a, λ) = US(a, λ)Win/out, Win/outUσ(j) = US(j)Wout/in. (2.52)

Proof. Use "ex" to either mean "in" or "out". First, we will show that Wex is a sur-
jective and norm-preserving linear map, thus a Hilbert-space isomorphism [Con07,
Prop. I.5.2]: Equation (2.50) or, equivalently, (2.51) defines Wex on a total subset of
Hσ and maps onto a total subset of HS (Prop. A.6.3). As a consequence, its exten-
sion by continuity and linearity is defined on all ofHσ and maps ontoHS. Moreover,
Wex is norm-preserving: By Proposition 2.4.8(b) for θ = θex and η = ηex,

〈θα|σ W
∗
exWex |ηβ〉σ = 〈θα|ηβ〉S = δ(θ − η)δα

β = 〈θα|ηβ〉σ . (2.53)

Second, we will prove Poincaré- and CPT-invariance as given in (2.52) by proving it
on a total subset of Hσ: Proposition 2.4.8(d) implies that for θ = θex we have that

WexUσ(a, λ) |θα〉σ = eipα(θ).aWex |(θ + λ1)α〉σ
= eipα(θ).a |(θ + λ1)α〉S = US(a, λ) |θα〉S = US(a, λ)Wex |θα〉σ . (2.54)

Item (e) of the same proposition implies that for θ = θex and η = ηex, where
in := out and out := in,

US(j)Wex |θα〉σ = US(j) |θα〉S = |←θ←α 〉S = Wex |
←
θ←α 〉σ = WexUσ(j) |θα〉σ . (2.55)
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This concludes proving that the definition of the Moeller operators is compat-
ible with asymptotic completeness. It remains to show that the S-matrix has the
expected features. In this regard we establish that the S-matrix is indeed factorizing
and particle number conserving and connect its elementary factors, the two-to-two-
particle scattering function, to the S-function.

Proposition 2.5.3 (S-matrix). The S-matrix Ŝ is given by

(ŜΨ)n(θ) = S(n)(θ)Ψn(θ), S(n)(θ) = σoutSι(θout)σin−1
, Ψ ∈ Hσ, (2.56)

where ι ∈ Sn is the inversion permutation given by ι(k) = n + 1 − k for k =
1, ..., n. In the case that the S-function S commutes with the statistics matrix σ,
i.e., [S(ζ), σ] = 0 for all ζ ∈ C, one has

S(n)(θ) = σιSι(θout) = (σS)ι(θout). (2.57)

Explicitly, denoting θij := θi − θj, we have that

Sι(θ) =
n∏

i=2

i−1∏
j=1

S(θij)n+j−i,n+j−i+1, (2.58)

where the product order goes as(
S(θn(n−1))1,2S(θn(n−2))2,3...S(θn1)n−1,n

)
×
(
S(θ(n−1)(n−2))2,3...S(θ(n−1)1)n−1,n

)
... (S(θ32)n−2,n−1S(θ31)n−1,n)S(θ21)n−1,n.

Proof. First, let us note that ι = in ◦ out−1 = out ◦ in−1 and that according to
Proposition 2.4.8(a) 〈θα|S = Sex(θ)β

α 〈θex
β |S and, analogously, 〈θα|σ = (σex)β

α 〈θex
β |σ.

For simplicity, let us suppress the tensor indices for the next computation, i.e.,
〈θ|S = Sex(θ) 〈θex|S and so on. Taking also into account the definitions of Ŝ
(Defn. 2.5.1) and Wex (Eq. (2.50)), for Ψ ∈ HS and θ ∈ Rn we have:

(ŜΨ)n(θ) = 〈θ|σ Ŝ |Ψ〉 = 〈θ|σ W
∗
outWin |Ψ〉

= σout 〈θout|σ W
∗
outWin |Ψ〉

= σout 〈θout|S Win |Ψ〉

= σoutSι(θout) 〈(θout)ι|S Win |Ψ〉

= σoutSι(θout) 〈θι◦out|S Win |Ψ〉

= σoutSι(θout) 〈θin|S Win |Ψ〉

= σoutSι(θout) 〈θin|σ |Ψ〉

= σoutSι(θout)σin−1 〈θ|σ |Ψ〉

= σoutSι(θout)σin−1
Ψn(θ); proving (2.56).

(2.59)
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Assuming commutativity of S and σ, all the factors of the latter in (2.56) can be
moved to the left. Equation (2.57) follows upon

σoutσin−1 = σout◦in−1 = σι,

where we use Corollary 2.4.6(b) and ι = out ◦ in−1.
Lastly, we will prove (2.58) by induction in n. For n = 2, ι = π1 so that

Sι(θ) = Sπ1(θ) = S(θ2 − θ1) by definition (Eq. (2.33)). Assuming (2.58) to be valid
for n, we will show its validity for n+ 1: First, note that ιn+1 = π1,n+1 ◦ (id1 ⊗ ιn),
where πi,j denotes the shift permutation, which was defined in Corollary 2.4.7. Thus
for (θ, λ) ∈ Rn+1, using repeatedly Corollary 2.4.6(b),

Sιn+1(θ, λ) = Sπ1,n+1(θ, λ)Sid1⊗ιn((θ, λ)π1,n+1). (2.60)

By Corollary 2.4.7,
Sπ1,n+1(θ, λ) =

n∏
j=1

S(λ− θj)j,j+1 (2.61)

and for the other factor

Sid1⊗ιn((θ, λ)π1,n+1) = Sid1⊗ιn(λ,θ) = 1K ⊗ Sιn(θ) =
n∏

i=2

i−1∏
j=1

1K ⊗ S(θij)n+j−i,n+j−i+1,

(2.62)
where the last equality is by induction assumption. As a result, using 1K⊗S(θ)i,j =
S(θ)i+1,j+1 and defining η = (θ, λ),

Sιn+1(θ, λ) =
n∏

j=1
S(λ− θj)j,j+1

n∏
i=2

i−1∏
j=1

S(θij)n+1+j−i,n+1+j−i+1

=
n+1∏

i=n+1

i−1∏
j=1

S(ηn+1 − ηj)n+1+j−i,n+1+j−i+1

n∏
i=2

i−1∏
j=1

S(ηij)n+1+j−i,n+1+j−i+i

=
n+1∏
i=2

i−1∏
j=1

S(ηij)n+1+j−i,n+1+j−i+1,

(2.63)
which concludes the proof.

The expressions for the S-matrix are in agreement with [Kar79b, (A.1)]; the
expressions in the reference are for θ1 > ... > θn, where in = id and out = ι so that
(2.56) and the first equality in (2.57) agree with each other (without an assumption
on commutativity of S and σ). Also, it becomes apparent that the S-matrix is indeed
of factorizing form and is given as a product of two-particle scattering functions of
all the participating one-particle states. More precisely, the elementary building
block is the two-particle scattering function which evaluates to7

S(2)(θ1, θ2)α1α2
β1β2 = S(2)(θ1 − θ2)α1α2

β1β2 =
σα1α2S

α2α1
β1β2 (θ1 − θ2), θ1 ≥ θ2

Sα1α2
β2β1 (θ2 − θ1)σβ1β2 θ1 < θ2.

(2.64)

7Note that on the r.h.s. of (2.64) we do not sum over indices.
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We see, that in the bosonic case, where σ = 1, scattering function and S-function
(as introduced in Defn. 2.3.1) are the same. In the presence of fermionic states, the
scattering function and the S-function differ precisely by the statistics matrix which
describes the exchange statistics of the asymptotic particles. This perspective can
be expected to hold also for more general, so-called anyonic statistics, where the
corresponding σ can be any constant S-function (see, e.g., [Smi90]). The analysis
from above would hold for any such σ, however, the definition of the Moeller opera-
tors (Eq. (2.50)) would have to be argued by an anyonic version of the Haag-Ruelle
scattering scheme (or similar). As anyons are beyond the scope of this document,
this will not be discussed in further detail.

2.6 Connection to algebraic quantum field theory
Algebraic quantum field theory, also known as local quantum physics (for a standard
text book account we refer to [Haa92]), considers algebras of local observables A(O)
associated with spacetime regions O as the fundamental physical description of
a model. A motivation is given by the fact that a model may be described by
different sets of fields which, however, all lead to the same S matrix (Borchers
classes [Bor60]) so that a distinction of models based on which fields appear in their
description may be misleading. In other words, similar to the choice of a coordinate
system for a differential manifold, the choice of fields for describing the model is
rather conventional than foundational. From this viewpoint, quantum fields and
states are secondary objects obtained from the primary objects (the local algebras)
by representation on a concrete Hilbert space. The principle of locality refers to
commutativity of algebra elements which are causally separated from each other,
i.e., for any finite region O with causal complement O′ in M we require

A(O′) ⊂ A(O)′, (2.65)

where the prime on the algebra denotes its commutant8. This property lies at
the heart of the formalism and implements Einstein causality which states that
there should be no “action at a distance” meaning that upon causal separation the
operators should be statistically independent.

Supplemented with additional conditions like Poincaré covariance, the frame-
work of algebraic quantum field theory provides one of the standard axiomatic de-
scriptions of quantum field theory, the Haag-Kastler axioms, as, e.g., formulated in
[Haa92, Sec. III.1]. In the following, we will sketch the connection between alge-
braic quantum field theory and the framework developed in the preceding sections,

8The algebra of bounded operators which commute with the algebra in question.
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concluding with the realization of the Haag-Kastler axioms for a large subclass of
integrable models.

As a preliminary, we introduce wedges and double cones as subregions of Min-
kowski space. A right (left) wedge with tip at x ∈ M is given by Wx (W ′x), where
Wx = x + WR, WR := {x ∈ M : |x0| < x1}, and where O′ denotes the causal
complement of O within M. A double cone between the points x, y ∈ M is given by
Ox,y :=Wx ∩W ′y. These regions are illustrated in Figure 2.1.

x

y

W ′
x

Wy
Ox,y

Figure 2.1: Illustration in 1+1d Minkowski space of wedge regionsW ′x andWy with
the double cone region Ox,y = Wx ∩ W ′y given as the intersection of their causal
complements.

Mathematically, a convenient minimalistic set of data to construct an algebraic
quantum field theory (in 1+1d) is given by a Borchers triple.

Definition 2.6.1. Given a separable Hilbert space H, a Borchers triple (M, U,Ω)
consists of a von Neumann algebra M⊂ B(H), a unitary representation U of the
translation group (M,+) on H, and a vector Ω ∈ H such that

1. U is strongly continuous, of positive energya, and has Ω as its unique (up to
a phase) invariant vector,

2. Mx := U(x)MU(x)∗ ⊂M for all x ∈ WR (right wedge),

3. Ω is cyclic and separating for M.
aLet Pµ, µ = 0, 1 denote the self-adjoint generators of U , then for U to have positive energy

means P 2 ≥ 0, P 0 > 0 on the common invariant domain of Pµ; cf. Section A.1.

Given such a triple (M, U,Ω), a net indexed by double cones Ox,y = Wx ∩ W ′y is
given by

A(Ox,y) :=Mx ∩M′
y. (2.66)

Note that this can easily be generalized to arbitrary open regions O by approxima-
tion with double cones. The thus defined net A is local and P+-covariant (under a
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certain extension of U) [Bor92, Sec. III]. In case that (M, Ω) satisfies the so-called
modular nuclearity condition, the intersection defined in (2.66) is also large enough
such that Ω is cyclic and separating for A(Ox,y) (Reeh-Schlieder property) [BL04].
These properties taken together, imply then that the net A implements an algebraic
quantum field theory in terms of the Haag-Kastler axioms.

In order to connect this to our context, we will give the construction of the
Borchers triple which turns out to satisfy modular nuclearity and therefore gives
rise to an algebraic quantum field theory in the sense illustrated before. To begin
with, consider H = HS as constructed in Section 2.4 and introduce the field

ΦS(f) = z†S(f+) + zS(U1(j)f−), f ∈ S(M,K), (2.67)

where f±(θ) := f̃(±p(θ;M)) for θ ∈ R with f̃ denoting the Fourier transform of f ;
confer (2.2). Moreover, we introduce the "reflected" field

Φ′S(f) = U(j)ΦS(U1(j)f)U(j), f ∈ S(M,K). (2.68)

Then Ω is a cyclic vector with respect to the polynomial field algebra generated
by either field ΦS or Φ′S and both ΦS(f) and Φ′S(f) define essentially self-adjoint
unbounded operators on Hf

S which are covariant under P↑+ and G with respect to
US and VS, respectively. However, unless S = F, these operators are not strictly
local, as for f, g ∈ S(M,K) with spacelike separated supports,

[ΦS(f), ΦS(g)]Ψ = [Φ′S(f), Φ′S(g)]Ψ = 0, Ψ ∈ Hf
S (2.69)

holds iff S = F [LS14, Prop. 3.1]. Nonetheless the fields have a remnant localization
property, they are relatively wedge-local, i.e., for f ∈ S(W ′x,K) and g ∈ S(Wy,K)
such that x is to the left of y, i.e., x− y ∈ W ′, it holds that

[ΦS(f), Φ′S(g)]Ψ = 0, Ψ ∈ Hf
S. (2.70)

This localization property indicates the interpretation of ΦS(f) generating opera-
tions localized in a (shifted and smeared) left wedge and Φ′S(g), analogously, in a
right wedge. An algebra of bounded operators M is obtained by considering all
bounded functions of the field ΦS and is generated by its exponentials. In the end,
the Borchers triple (M, U,Ω) is given by

M := {exp(iΦ′S(f)cl), f = U1(j)f ∈ S(WR,K)}′′, U := US(·, 0), Ω := ΩS,

(2.71)
where ΦS(f)cl denotes the closure of ΦS(f). As a consequence,

M′ = {exp(iΦS(f)cl), f = U1(j)f ∈ S(WR,K)}′′. (2.72)
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Modular nuclearity is satisfied at least for the free model S(ζ) = F [BDL90] and for
regular S-functions with no poles in the physical strip which have S(0) = −F and
satisfy an intertwining property [AL17]. As a consequence, the net A constructed
as above indeed defines an algebraic quantum field theory model.

At the end, let us note that modular nuclearity also has various other conse-
quences, for example, that A is weakly additive and that it satisfies Haag duality
for wedge and double cone regions O [Lec07],

A(O′) = A(O)′, (2.73)

a stronger version of (2.65). Also, modular nuclearity implies the compactness of G
so that for non-compact symmetry groups other methods would be needed.

In the presence of fermions and global gauge symmetries one may define a larger
net of algebras, the field net, and consider the algebra of local observables as a sub-
net. The field net can be constructed in the same way as described before for the net
of local observables but will be non-local in general. For fermions the Borchers triple
receives an additional grading which distinguishes bosons and fermions. The result-
ing field net is only twisted-local (implementing that fermionic fields anticommute)
and the algebra of local observables is obtained as the "bosonic" subalgebra (see,
e.g., [BW76]). In the presence of a global gauge symmetry the field net is non-local
but the algebra of local observables is obtained as the gauge invariant subalgebra.
For fermions, it is also proven, that the field net satisfies similar properties as stated
above for the net of local algebras [BC21].
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Locality and the form factor series

In the last chapter, we presented the construction of integrable models via the
inverse scattering method. We concluded with a Haag-Kastler net describing local
observables as operators that are simultaneously localized in a left- and a right-
wedge (Sec. 2.6). We found that, while the condition of modular nuclearity is, in
principle, sufficient to guarantee that the net constructed in such a way is "large"
enough, in practice, it would be helpful to have more explicit information on the net
of local observables. In particular, in view of obtaining quantum energy inequalities,
we will need to study the smeared stress-energy tensor and need to identify it within
the abstract algebra we have obtained.

The most common approach to treat local observables in our framework (1+1d
integrable models) is the so-called form factor program [Smi92; BFK08] which we
briefly reviewed in the introduction (Chap. 1). In its usual formulation, it involves
the construction of Wightman n-point functions by an infinite series. The summa-
tion runs over a certain family of truncated momentum space correlation functions,
the so-called form factors. The convergence of this series is expected to be generically
very fast, as indicated by numerical analysis [CM93; DM95; DC98]1 and heuristic
arguments (cf. the discussion in [Smi92, Chap. 10]). However, mathematical results
were not obtained until recently in the examples of the Ising model [BC19] and
the sinh-Gordon model [Koz21; Koz22]. This shall be fine for us here for two rea-
sons: The abstract existence of (sufficiently many) local observables was presented
in the previous chapter (Sec. 2.6). Moreover, we will focus on expectation values in
finite-particle states where convergence issues are absent.

In integrable models, one expects a one-to-one correspondence between a local
operator and its form factors subject to a number of conditions which go under
the name "form factor equations". The equivalence between locality and the form
factor equations, known as the local commutativity theorem and first established in
[KS89][Smi92, Sec. 2], is rigorously proven in the scalar case (dK = 1) for models
with bosons [BC15] and fermions [BC21]. In more generality—including models with
several particle species and inner degrees of freedom (dK > 1), with semilocal2 oper-

1Confer also [EK05, Sec. 2.5] for a brief overview and additional references.
2We mean here allowing a constant phase factor to appear in the exchange relation under

spacelike separation. This is for instance necessary to treat anyons but may also appear for other
fields, like solitonic fields. E.g., [BFK06; Del09], treat this case.
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ators and with bound states, i.e., poles of the S-function in the physical strip—this
is expected to hold [KW78; Smi92; BFK08] but not under complete mathematical
control. In the case dK > 1 and excluding bound states, there is only a derivation
of the form factors for wedge-local observables with appropriate weaker conditions
and without reconstruction of the observable from the form factors [AL17]. Models
with bound states have been treated in [Que99; BK02; BFK06; CT15; CT17], and
we refer to the discussion in Appendix A.5 for more details.

In this chapter, we will first introduce the form factors and their relation with lo-
cality, providing the form factor equations in generality but without proof (Sec. 3.1).
After that, we restrict to the relevant case for the following chapters—the one- and
two-particle form factors. Under this restriction, we will provide a proof of the local
commutativity theorem (Sec. 3.2) and show the form factor’s transformation proper-
ties under the symmetries of the model and conjugation (Sec. 3.3). The proof of the
local commutativity theorem excludes bound states. However, it treats otherwise
generic models with a regular scattering function, generalizing previous results as
mentioned above. In the transformation properties we include explicit expressions
for invariant observables and derivatives of observables at the level of form factors
(Sec. 3.3.1). A brief literature survey for different conventions on the form factors
is deferred to Appendix B.

3.1 Locality and the form factor series
In this section, we outline the correspondence between local operators and their
form factors in the full generality of our framework. This outline will have a some-
what prototypical character, skipping some mathematical details since parts of the
presentation are, in this generality, not covered by mathematical proofs. However,
in the next section, we will back it up by providing a partial proof restricting to
one- and two-particle form factors. The general situation (excluding bound states)
should follow using our methods which originate from [BC15; AL17]. Note also that
the presented form factor equations align with the physics literature; for instance
[BFK08, Sec. 3].

To begin with, recall the state spaceHS, the ZF operators z]
S, their tensor powers

z†mS zn
S , and the rapidity eigenstates |θα〉S introduced in Section 2.4.

Then, generically, any operator A on HS can be expanded in powers of z†S and
zS and we expect a series of the form

A =
∞∑

n=0
An, An =

n∑
k=0

1
k!(n− k)! z

†k
S z

n−k
S (fk,n−k), (3.1)

for a suitable family of distributions fm,n and which holds at least in expectation
values for a suitable class of states. The family of distributions is in a one-to-one-
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correspondence with A and is given by the truncated3 momentum space correlation
functions of A. More specifically, the fm,n have distributional kernels (fm,n)αβ(θ; η)
which arise by extending

√
m!n!Cαα′ 〈θα′ |S A |

←η←
β
〉

S
, θi 6= ηj, 1 ≤ i ≤ m, 1 ≤ j ≤ n, (3.2)

to coinciding rapidities θi = ηj in a certain "truncated" way. For details we refer to
[BC15, Sec. 3.2][AL17, Chap. 4]. We shall note here that there are various conven-
tions for the form factors in the literature. We here closely follow the conventions in
[BC15] extending it to dK > 1. Other conventions differ from this one by a change
of the order of rapidities or the constant coefficients in front of the expression in
(3.2). For a more detailed comparison with other conventions, see Appendix B.

Now, given that A is to some degree localizable, the fm,n will satisfy correspond-
ing analyticity properties. In particular, for A localized in some finite open region
for each n ∈ N0 we expect all {fk,n−k}k=0,...,n to be distributional boundary values
of a single meromorphic function Fn : Cn → K⊗n:

fk,n−k(θ,η) = (1k ⊗ J⊗(n−k))Fn(θ + i0,η + iπ − i0), (3.3)

with i0 indicating the distributional limit from within a certain region. The Fn

depend linearly on A and the family {Fn}n∈N0 is in one-to-one correspondence with
A.

The Fn are known as the form factors of A which satisfy a number of well-known
properties, the form factor equations which we will state at the end of this section.
In line with the literature, we will call Fn the n-particle form factor; though note
that expectation values in n-particle states generically have contributions from all
zero- to 2n-particle form factors.

Combining (3.1) and (3.3), we see that the symbols An (for local A) depend
on Fn only; we may write An[Fn] to clarify the dependence. The resulting series
summing the Fn is termed the form factor series. As discussed above, this series is
expected to converge fast in many cases, but a proof in any generality is absent.

In the remainder of this section, we provide precise notions of regular high-energy
behaviour and locality as well as a definite version of the form factor equations.
For these we expect the local commutativity theorem to hold, i.e., a one-to-one
correspondence between local A with regular high-energy behaviour and a family
of functions {Fn}n∈N0 satisfying the form factor equations. Overall, this will set
the stage for the proof in the next section and provide the means to discuss the
stress-energy tensor at the level of form factors in the following chapters.

3This is sometimes also referred to as "connected" or "contracted".
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Energy-bounded quadratic forms The convergence issues for the form factor
series may be ignored by treating (3.1) in the sense of a quadratic form on a "nice"
domain DS, i.e., the equality holds evaluated in expectation values 〈Ψ, ·Ψ〉 where
Ψ ∈ DS, and where DS is contained in the finite particle states so that the infinite
sum over n ∈ N0 collapses to a finite one. Introducing, the energy norms

‖Ψ‖k := ‖(1 + P 0)kΨ‖, k ∈ Z, Ψ ∈ HS, (3.4)

a possible choice for DS, which we use in the following, is the space of energy
bounded finite particle states

DS := Hf
S ∩Heb

S , Heb
S := {Ψ ∈ HS : ∀k ∈ Z : ‖Ψ‖k <∞}. (3.5)

In the series (3.1) for suitably chosen Fn we can regard each An[Fn] separately, as an
operator on DS. For example, for n = 1 if F1 and F1(· + iπ) are square-integrable,
one has F1, JF1(· + iπ) ∈ H1 so that z†S(F1) and zS(JF1(· + iπ)), and thus also
A1, define unbounded operators on DS (Prop. 2.4.2). It is also expected (while not
a priori clear) that (3.1) defines a local operator for suitable Fn. While slightly
improper, this motivates to choose operator notation for A:
Remark 3.1.1 (Notation for quadratic forms). For a quadratic form A = A[·] on
some domain D and ϕ, χ ∈ D we denote

〈ϕ,Aχ〉 := A[ϕ, χ] := 1
4(A[ϕ+ χ]− A[ϕ− χ] + iA[ϕ− iχ]− iA[ϕ+ iχ]). (3.6)

For the operator-form-factor correspondence to hold, we will need some regu-
larity assumption on the operator. A typical assumption is a restriction on the
high-energy behaviour of A:

Definition 3.1.2. A quadratic form A : DS × DS → C is referred to as (polyno-
mially) energy-bounded iff there exists a k ∈ Z such that

‖A‖k := ‖(1 + P 0)−kA(1 + P 0)−k‖ <∞. (3.7)

Q will denote the class of polynomially energy-bounded quadratic forms.

Such energy bounds are expected to hold for Wightman-type quantum fields and
were studied in detail in [FH81] and [BW92, Chaps. 12-14]. The assumption of
polynomial energy bounds is in particular mild enough to include the total energy-
momentum operator P µ (for k = 1

2) and, desirably, the smeared stress-energy tensor
T µν(f); confer Remark 5.1. The operator-form-factor correspondence can also be
formulated for operators with almost exponential growth in the energy which was
done in [BC15].
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Locality We shall define precisely what we mean by A being local. Following the
notion of locality presented in Section 2.6 for an arbitrary open region O ⊂ M, we
consider A ∈ Q as localized (in O) relative to the observables iff A is affiliated with
A(O) meaning that all bounded functions4 of A are elements of A(O). Note here
that for bounded A, "affiliated with" reduces to "element of". As we have learned in
Section 2.6, the wedge-local algebras are generated by the fields ΦS and Φ′S and the
local algebras by intersections of these wedge-algebras. So, as we will argue below
(Rem. 3.1.4), locality relative to the observables implies a weaker notion of locality
involving commutativity with the fields ΦS and Φ′S. This notion of locality will be
sufficient for our purposes and can be given as follows:

Definition 3.1.3. Let x, y ∈ M be arbitrary. A ∈ Q is referred to as wedge-local

in Wx iff ∀f ∈ S(W ′x,K) : [A,ΦS(f)] = 0, (3.8)
in W ′x iff ∀f ∈ S(W ′x,K) : [A,Φ′S(f)] = 0. (3.9)

A is referred to as local in a double cone Ox,y iff A is wedge-local in Wx and W ′y.
For an arbitrary open finite region O ⊂ M we refer to A as local in O iff A is local
in some double cone contained in O.

A few comments on this notion of locality are in order. First, note that for
f ∈ S(M,K), the ZF operators z†S(f+) and zS(Jf−) leave DS invariant, so that
products of A with the ZF operators from the left or right and thus the commutators
in (3.8) and (3.9) are well-defined. Second, note that for A to be local in W ′x
is equivalent to U(j)A∗U(j) being wedge-local in W−x which is compatible with
U(j) implementing the spacetime reflection. Note also that this notion of locality
is compatible with the representation of the translation group: For y ∈ M take
US(y) := US(y, 0) and A(y) := US(y)AUS(y)−1. Then we have that A is wedge-local
in Wx iff A(y) is wedge-local in Wx+y. This is because for f ∈ S(W ′x,K) one has

[A(y), ΦS(f)] = [US(y)AUS(y)−1, ΦS(f)]
= US(y)[A,US(y)−1ΦS(f)US(y)]US(y)−1

= US(y)[A,ΦS(f−y)]US(y)−1,

(3.10)

where f−y defined as f−y(x) := f(x − y) has now support in W ′x+y. Analogously,
A is wedge-local in W ′x iff A(y) is wedge-local in W ′x+y.

We conclude this part by arguing briefly how locality relative to the observables
implies Definition 3.1.3:

4For self-adjoint A the spectral theorem allows to define bounded functions of A. In case that
A is not selfadjoint we may use the polar decomposition of its closure and demand that the unitary
factor and bounded functions of the positive factor are elements of A(O).
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Remark 3.1.4. To begin with, we abbreviate "relative to the observables" to "r.t.o."
and introduce that two operators A,B ∈ Q commute strongly iff all their bounded
functions commute and weakly on DAB ⊂ HS iff [A,B]DAB = 0 (here DAB is
usually taken to be a common dense invariant domain).

Now, because of Haag-duality we have that A(O) = A(O′)′ for O being a wedge
or double cone region; confer (2.73). Therefore, a bounded function of A is in A(O)
precisely if it commutes with elements localized in the causal complement. As a
consequence, A is localized in a wedgeWx r.t.o. iff its bounded functions commute
with the elements of A(W ′x) =M′, which is generated by the bounded functions of
ΦS(f), f ∈ S(Wx,K); confer (2.72). Thus we infer that A is localized in Wx r.t.o.
iff A commutes strongly with ΦS(f). Analogously, A is localized in a wedge W ′x
r.t.o. iff A commutes strongly with Φ′S(f) and A is localized in a double cone region
r.t.o. iff A commutes strongly with both; confer also (2.71) and (2.66) and note
here that the causal complement of a double cone Ox,y is given by O′x,y =W ′x∪Wy;
confer Figure 2.1.

As, of course, strong commutativity implies weak commutativity on any do-
main, locality relative to the observables implies the notion formulated in Defin-
tion 3.1.3. While the converse statement is generally not true (for dK = 1 a possible
converse is given in [Cad13, Prop.4.4(ii)]), we should note that if A is bounded,
the distinction becomes irrelevant, and the statements are entirely equivalent.

The form factor equations Finally, we define the form factor equations in detail.
In models which have bound states or fermions, we have to introduce a few more
objects, though: In the presence of bound states, the form factors have additional
poles. In order to describe them we use concepts defined in Appendix A.5; for the
definition of the fusion rules F = {ij → k}, the fusion angles θk

(ij), and the bound
state intertwiners Γ ij

k : K → K⊗2 we refer to that section. Without bound states,
one has F = ∅ so that (F1b) (below) is absent. The form factor equations also
depend on the statistics of the particles. So in case that there are fermions in the
model we introduce σ1A ∈ B(K⊗n) (for any n) which multiplies with −1 if A and the
first tensor component are fermionic and with 1 otherwise. For ζ ∈ Cn let us denote
ζjn = (ζj, ..., ζn). Recall also the charge conjugation matrix C ∈ B(K) (Sec. 2.2)
and introduce Č ∈ K⊗2 which yields C applying ˆ as introduced in (2.4).
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The form factor equations then amount to:

Definition 3.1.5. A family {Fn}n∈N0 of distributions Fn ∈ D′(Cn,K⊗n) satisfies
the form factor equations corresponding to A ∈ Q iff, for all n,

(F1) (analytic structure) Fn is meromorphic on all of Cn.
On Tn := {ζ ∈ Cn : Im ζn +2π > Im ζ1 > ... > Im ζn}, Fn has poles whenever

(F1a) (kinematic poles) ζ2 − ζ1 = iπ. These poles have the residue

res
ζ2−ζ1=iπ

Fn(ζ) = − 1
2πi

1− σn
1A

n∏
p=3

(FS(ζ2 − ζp))2,p

 (Č ⊗ Fn−2(ζ3n)).

(F1b) (bound state poles) ζ2 − ζ1 = iθk
(ij) for all ij → k ∈ F with fusion angle

0 < θk
(ij) < π. These poles have the residue

res
ζ2=ζ1+iθk

(ij)

Fn(ζ) = 1√
2π

(Γ ij
k ⊗ 1n−2)Fn−1(ζ1 − iθk

ij, ζ3n).

and no more poles than required by consistency with (F2) and (F3).

(F2) (S-symmetry) Fn(ζ) = Sτ (ζ)Fn(ζτ ), τ ∈ Sn.

(F3) (S-periodicity) Fn(ζ1 + 2πi, ζ2n) = (σ1AF)π1,n Fn(ζ2n, ζ1).

(F4) (bounds) There exist constants a, b, r ≥ 0 such that for all ζ ∈ Tn with
|Re(ζi − ζj)| ≥ r for all 1 < i < j < n it holds that

||Fn(ζ)||K⊗n ≤ a exp
(
b

n∑
j=1
|Re ζj|

)
.

As stated before, these equations are expected (and in a some models proven)
to be equivalent to A ∈ Q being local (in the sense of Defn. 3.1.3). In case that
A satisfies additional properties like hermiticity or Poincaré covariance, we can also
derive related conditions on its form factors. In the following sections, we will prove
such properties of the form factors in detail and restricting to the case n ≤ 2 which
will be the relevant one for our later analysis.
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3.2 Local commutativity theorem for one- and two-particle
form factors

Let us consider an operator A ∈ Q, which is localized in a wedge or a double
cone (Defn. 3.1.3). This section aims to construct the n-particle form factors of A
in the sense of proving that local operators yield form factors satisfying the form
factor equations (Defn. 3.1.5). For simplicity, we will restrict our presentation to
the case n ≤ 2 as we will only need this case later on. However, the presented
methods should generalize to n ∈ N in a possibly complicated but nonetheless
straightforward manner. We will obtain form factor equations in agreement with
those in Definition 3.1.5 (for n ≤ 2, F = ∅) and prove that A can be reconstructed
at one-particle level by the series given in (3.1). The ideas for the proof are based on
preceding results: We will closely follow [Cad13; BC15], where the n-particle form
factors were constructed for all n ∈ N0 restricting to a scalar S-function without
bound state poles (dK = 1,F = ∅). It is also stated there how A is reconstructed from
the form factors at finite particle level. A generalization to dK > 1 was presented
in [AL17], however, studying only wedge-local A (also excluding bound state poles)
and without reconstruction of A.

The main results of this section are:

Theorem 3.2.1. (Two-particle form factor equations) Assume a model with a
regular S-function S which has no poles in the physical strip. Then if A ∈ Q with
〈Ω,AΩ〉 = 0 is localized in a double cone there exists a function F2 : C2 → K⊗2

which satisfies the form factor equations at two-particle level without bound states
(Defn. 3.1.5, n = 2,F = ∅). In particular,

(F2.1) (analytic structure) F2 is meromorphic on all of C2 and analytic on the tube
| Im ζ1 − ζ2| < 2π + κ for any κ < κ(S),

(F2.2) (S-symmetry) F2(ζ) = S(ζ2 − ζ1)F2(
←
ζ ),

(F2.3) (S-periodicity) F2(ζ1, ζ2 + i2π) = σ1AFF2(ζ2, ζ1),

(F2.4) (bounds) there is a constant c ≥ 0 such that for large enough k ∈ Z one has
for all ζ ∈ R2 + iπZ2 that ||F2(ζ)||K⊗2 ≤ c(| ch ζ1|k + | ch ζ2|k)‖A‖k;

and F2 is such that for arbitrary ϕ, χ ∈ H1

〈ϕ,Aχ〉 =
∫
dθdη (ϕ(θ)⊗ Jχ(η), F2(θ, η + iπ))K⊗2 , (3.11)
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and for arbitrary ψ ∈ HS,2

〈ψ,AΩ〉 =
∫
dθ (ψ(θ), F2(θ))K⊗2 , 〈Ω,Aψ〉 =

∫
dθ (J⊗2ψ(θ), F2(θ + iπ))K⊗2 .

(3.12)

Proposition 3.2.2. (One-particle form factor equations) If A ∈ Q is localized in a
double cone, then there exists a function F1 : C→ K which satisfies the form factor
equations at one-particle level (Defn. 3.1.5, n = 1). In particular, F1 is an analytic
function which is periodic under shifts of 2πi and satisfies ‖F1(· + iλ)‖2 < ∞ for
all λ ∈ πZ. Moreover, F1 is such that for arbitrary ϕ ∈ H1

〈ϕ,AΩ〉 =
∫
dθ(ϕ(θ), F1(θ)), 〈Ω,Aϕ〉 =

∫
dθ(Jϕ(θ), F1(θ + iπ)). (3.13)

Note here that the assumption 〈Ω,AΩ〉 = 0 in Theorem 3.2.1 is for simplicity. It
holds, in particular, for A = T µν(f) with f being an arbitrary test function; confer
Remark 5.1. Note also that the conditions provided here specify a larger analyticity
region than the generic form factor equations presented in the preceding section.
This is a consequence of the lack of kinematic poles for n = 1, 2.

The remainder of this section will be devoted to proving these results. The proof
strategy also applies to higher particle numbers. It can be given as follows: First, we
will introduce distributions fm,n which map m- and n-particle states to expectation
values of A in these states. The properties of the fm,n follow straightforwardly from
those of the ZF operators z]

S and of A. These distributions can be represented as
boundary values of analytic functions, say Fm,n. For A localized in a wedge, one
finds that these analytic functions can be matched at each level of m + n so that
we may write Fm+n instead; later this will denote the m+n-particle form factor. It
already satisfies S-symmetry and analyticity for imaginary parts in a certain simplex
region. Now, if A is localized in a double cone it is localized in a left and a right
wedge, or equivalently, A and U(j)A∗U(j) are localized in a right wedge (confer
discussion below Defn. 3.1.3). Therefore one obtains two families of distributions
f [A]

m,n and f [U(j)A∗U(j)]
m,n which both give rise to analytic functions in the simplex region

mentioned above, say Fm+n and F †m+n. It turns out that at the boundaries of the
simplex region Fm+n and F †m+n can be matched (using CPT-invariance (S3)). It
is then expected that a consistent meromorphic continuation to all of Cm+n arises
which satisfies the properties in Definition 3.1.5.

To start with, we will introduce distributions fm,n : H⊗m
1 ×H⊗n

1 → C form,n,m+
n ∈ {0, 1, 2}. To keep the notation light, we will mostly denote the ZF operators as
z] omitting the subscript S. For m = n = 0 we have a constant, which we assume
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to be vanishing in the following

f0,0 := 〈Ω,AΩ〉 = 0. (3.14)

For m+ n = 1 we extend the expressions

f1,0(ϕ) := 〈Ω, z(ϕ)AΩ〉 , f0,1(ϕ) := 〈Ω,Az†(ϕ)Ω〉 , ϕ ∈ D(R,K), (3.15)

by linearity and continuity to H1. For m+ n = 2 and ϕ, χ ∈ D(R,K) we define

f2,0(ϕ⊗ χ) := 〈Ω, z(χ)z(ϕ)AΩ〉 ,
f1,1(ϕ;χ) := 〈Ω, z(ϕ)Az†(χ)Ω〉 ,

f0,2(ϕ⊗ χ) := 〈Ω,Az†(χ)z†(ϕ)Ω〉 ,

(3.16)

and extend f2,0, f1,1, and f0,2 by linearity and continuity to H⊗2
1 . Note here that

the assumption f0;0 = 0 is irrelevant for all fm,n except for f1,1 which would have
an additional term "−〈ϕ, χ〉 f0,0". We may sometimes write f [A]

m,n to indicate the
dependence on A.

Lemma 3.2.3. For m,n,m+ n ∈ {0, 1, 2} and ϕ ∈ H⊗m
1 , χ ∈ H⊗n

1 we have:

(a) Let z]m denote the m-th tensor power of z] as introduced in (2.27) and let
←ϕ denote ϕ with reversed tensor components in H⊗m

1 , i.e., ϕ with reversed
K-components and order of arguments. Then,

fm,n(ϕ;χ) = 〈Ω, zm(←ϕ)Az†n(←χ)Ω〉 . (3.17)

(b) Having U = US(x, λ) for any (x, λ) ∈ P↑+ one has

f [UAU−1]
m,n (ϕ;χ) = f [A]

m,n((U−1
1 )⊗mϕ; (U−1

1 )⊗nχ).

(c)
f [U(j)A∗U(j)]

m,n (ϕ;χ) = f [A]
n,m((U1(j))⊗nχ; (U1(j))⊗mϕ).

(d) Specializing to m = 2, n = 0 or m = 0, n = 2 we have

fm,n(ϕ;χ) = fm,n(S←ϕ;U1(j)⊗2S←U1(j)⊗2χ),

where S←ϕ(θ) := S(θ2 − θ1)ϕ(θ2, θ1).

Proof. (a) is clear by definition. For (b) let k ∈ N0 and consider U as given above.
Then using Proposition 2.4.2(b) for ϕ1, ..., ϕk ∈ D(R,K) we find

Uz]k(ϕ1 ⊗ ...⊗ ϕk)U−1 = Uz](ϕ1)U−1...Uz](ϕk)U−1

= z](U1ϕ1)...z](U1ϕk)
= z]k(U⊗k

1 (ϕ1 ⊗ ...⊗ ϕk)).

(3.18)
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Since UΩ = Ω, confer Proposition 2.4.1, we have that

f [UAU−1]
m,n (ϕ;χ) = 〈Ω, zm(←ϕ)UAU−1z†n(←χ)Ω〉

= 〈UΩ, zm(←ϕ)UAU−1z†n(←χ)UΩ〉
= 〈Ω,U−1zm(←ϕ)UAU−1z†n(←χ)UΩ〉
= 〈Ω, zm((U−1

1 )⊗m ←ϕ)Az†n((U−1
1 )⊗n ←χ)Ω〉

= f [A]
m,n((U−1

1 )⊗mϕ; (U−1
1 )⊗nχ).

(3.19)

Concerning Item (c) we recall the properties of U(j): Due to Proposition 2.4.1
we have that U(j) = U(j)† = U(j)−1 is antilinear and U(j)ϕ = U1(j)⊗m ←ϕ. In
particular, it follows that U(j)Ω = Ω. Also, by CPT-invariance (S3), one has that
U(j)PS = PS U(j) (Rem. 2.4.5). Therefore,

√
m!
−1
U(j)z†m(←ϕ)Ω = U(j)PS ϕ

= PS U(j)ϕ
= PS U1(j)⊗m ←ϕ

=
√
m!
−1
z†m(U1(j)⊗mϕ)Ω.

(3.20)

Applying these properties, we find

f [A]
m,n(ϕ;χ) = 〈Ω, zm(←ϕ)Az†n(←χ)Ω〉

= 〈A∗z†m(ϕ)Ω, z†n(←χ)Ω〉
= 〈U(j)2A∗U(j)2z†m(ϕ)Ω, z†n(←χ)Ω〉
= 〈U(j)z†n(←χ)Ω,U(j)A∗U(j)U(j)z†m(ϕ)Ω〉
= 〈z†n(U1(j)⊗nχ)Ω,U(j)A∗U(j)z†m(U1(j)⊗m ←ϕ)Ω〉
= 〈Ω, zn(U1(j)⊗n ←χ)U(j)A∗U(j)z†m(U1(j)⊗m ←ϕ)Ω〉
= f [U(j)A∗U(j)]

n,m (U1(j)⊗nχ;U1(j)⊗mϕ).

(3.21)

Item (d) follows from the ZF algebra relations; confer (2.30). We start with the
case m = 2, n = 0: As a prerequisite, note that using unitarity (S1), hermitian
analyticity (S2), and CPT invariance (S3)

S←
←ϕ (θ) = S(θ2 − θ1)

←ϕ (θ2, θ1)
= S(θ2 − θ1)Fϕ(θ1, θ2)
= S(θ1 − θ2)∗Fϕ(θ1, θ2)
= FJ⊗2S(θ1 − θ2)J⊗2ϕ(θ1, θ2)
= F(U1(j)⊗2S←U1(j)⊗2ϕ)(←θ)

=
←−−−−−−−−−−−−−−−
U1(j)⊗2S←U1(j)⊗2ϕ (θ).

(3.22)
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Therefore, by the ZF algebra relation on z and (3.22),

f2,0(ϕ) = 〈Ω, z2(←ϕ)AΩ〉
= 〈Ω, z2(U1(j)⊗2U1(j)⊗2 ←ϕ)AΩ〉
= 〈Ω, z2(U1(j)⊗2S←U1(j)⊗2 ←ϕ)AΩ〉
= 〈Ω, z2(←−−−S←ϕ )AΩ〉
= f2,0(S←ϕ).

(3.23)

The case m = 0, n = 2 follows by the ZF algebra relation on z†: Using again (3.22)
we find

f0,2(χ) = 〈Ω,Az†2(←χ)Ω〉
= 〈Ω,Az†2(S←

←χ)Ω〉

= 〈Ω,Az†2(
←−−−−−−−−−−−−−−−
U1(j)⊗2S←U1(j)⊗2χ )Ω〉

= f0,2(U1(j)⊗2S←U1(j)⊗2χ).

(3.24)

The next step is to construct the form factors F1 and F2 for wedge-localized A. As
part of the argument, we will repeatedly use the following lemma:

Lemma 3.2.4. Assume a model with a regular S-function that has no poles in the
physical strip. Let A ∈ Q be wedge-local in the right wedge WR, and fix arbitrary
Ψ1/2 ∈ DS. Define functionals K,K† : D(R,K)→ C by

K(ϕ) := 〈Ψ1, [z(ϕ), A]Ψ2〉 , K†(ϕ) := 〈Ψ1, [A, z†(ϕ)]Ψ2〉 . (3.25)

Then there exists an analytic function K̂ : S(−π, 0) → K with continuous L2-
boundary values such that

K(ϕ) =
∫
dθ(ϕ(θ), K̂(θ)), K†(ϕ) =

∫
dθ(Jϕ(θ), K̂(θ − iπ)). (3.26)

Moreover, for arbitrary k ∈ N there exists ck > 0 such that for any 0 ≤ λ ≤ π:

‖K̂(·+ iλ)‖2 ≤ ck‖Ψ1‖2,k‖Ψ2‖2,k‖A‖k. (3.27)

Proof. The proof is easily adapted from [AL17, Lemma 4.1]; note the change of sign
in K† and that instead of a bounded operator, we consider a quadratic form (or
unbounded operator) which requires a modification in the resulting norms.

Remark 3.2.5. For Ψ1, Ψ2 being zero-particle states, Lemma 3.2.4 holds for arbitrary
S-function (bound state poles and regularity are irrelevant in this case).

As the one-particle case (Prop. 3.2.2) is much simpler to prove, we will start
with that:

48



Chapter 3. Locality and the form factor series

Corollary 3.2.6. For A ∈ Q localized in a right wedge, there is an analytic func-
tion F1 : S(−π, 0)→ K with continuous L2-boundary values such that for ϕ ∈ H1

f1,0(ϕ) =
∫
dθ(ϕ(θ), F1(θ)), f0,1(ϕ) =

∫
dθ(Jϕ(θ), F1(θ − iπ)). (3.28)

Proof. For concreteness, take A to be localized inWx, x ∈ M. Then by Lemma 3.2.3
for m = 1, n = 0 or m = 0, n = 1 we have

f [A]
m,n(ϕ) = f [A(−x)]

m,n (U1(−x)ϕ), (3.29)

where A(−x) := US(−x)AUS(−x)−1. Since A is localized in the wedge Wx we have
that A(−x) is localized in the (untranslated) right wedge WR (Sec. 3.1, paragraph
on locality). Because z(ϕ)Ω = 0 it follows that

f
[A]
1,0 (ϕ) = 〈Ω, z(ϕ)AΩ〉 = 〈Ω, [z(ϕ), A]Ω〉 , (3.30)
f

[A]
0,1 (ϕ) = 〈Ω,Az†(ϕ)Ω〉 = 〈Ω, [A, z†(ϕ)]Ω〉 , (3.31)

so that Lemma 3.2.4 (using Rem. 3.2.5) is applicable to the functionals K = f
[A(−x)]
1,0

and K† = f
[A(−x)]
0,1 with Ψ1 = Ψ2 = Ω. As a result, one obtains

f
[A(−x)]
1,0 (ϕ) =

∫
dθ(ϕ(θ), K̂(θ)), f

[A(−x)]
0,1 (ϕ) =

∫
dθ(Jϕ(θ), K̂(θ − iπ)). (3.32)

Using (3.29) it follows that

f
[A]
1,0 (ϕ) =

∫
dθ(U1(−x)ϕ(θ), K̂(θ)) =

∫
dθ(ϕ(θ), eiP (θ).xK̂(θ)) (3.33)

and, analogously, using also U1(j)U1(−x) = U1(x)U1(j),

f
[A]
0,1 (ϕ) =

∫
dθ(Jϕ(θ), e−iP (θ).xK̂(θ − iπ)) =

∫
dθ(Jϕ(θ), eiP (θ−iπ).xK̂(θ − iπ)).

(3.34)
Recall here that (U1(j)ϕ)(θ) = Jϕ(θ) according to (2.8).

To summarize, we have that F1(ζ) := eiP (ζ).xK̂(ζ) has the required properties.
Note here that the translational factor for ζ ∈ R + iπZ is unitary and thus norm-
preserving so that for any λ ∈ {−π, 0} and some k ∈ N0 one has

‖F1(·+ iλ)‖2 ≤ ‖K̂(·+ iλ)‖2 ≤ ck‖Ω‖2
2,k‖A‖k = ck‖A‖k <∞. (3.35)

For now, localization of A was used only for a right wedge, say Wx. However, in
case that A is localized in a double cone, say Ox,y, it is also localized in the left
wedge W ′y or, equivalently, U(j)A∗U(j) is localized in the right wedge Wy. So, for
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n = 1, applying Corollary 3.2.6 also to U(j)A∗U(j) we obtain an analytic function
F †1 : S(−π, 0)→ K with continuous L2-boundary values such that

f
[U(j)A∗U(j)]
1,0 (ϕ) =

∫
dθ(ϕ(θ), F †1 (θ)), f

[U(j)A∗U(j)]
0,1 (ϕ) =

∫
dθ(Jϕ(θ), F †1 (θ − iπ)).

(3.36)
This allows us to conclude the proof of the one-particle case:

Proof of Proposition 3.2.2. To begin with, define

F
[A]
1 (ζ) := F1(ζ), ζ ∈ S(−π, 0), F

[A]
1 (ζ) := F †1 (ζ − iπ), ζ ∈ S(0, π), (3.37)

and
F

[A]
1 (ζ + i2πZ) := F

[A]
1 (ζ), ζ ∈ S(−π, 0) ∪ S(0, π). (3.38)

This defines F [A]
1 on C up to the boundaries R + iπZ. However, the boundary

limits all correspond to boundary limits of F1 and F †1 on R or R + iπ which exist
in terms of a L2-function due to Corollary 3.2.6. Thus F1 will extend to all of C

provided that the boundary limits do not depend on the direction of approach. Let
i0 denote a right-sided limit in R. Then the independent consistency conditions are
F

[A]
1 (θ + i0) = F

[A]
1 (θ − i0) and F

[A]
1 (θ + iπ − i0) = F

[A]
1 (θ + iπ + i0), θ ∈ R, and

amount to
F1(θ) = F †1 (θ − iπ), F1(θ − iπ) = F †1 (θ), θ ∈ R. (3.39)

In view of (3.28) and (3.36), this is equivalent to: For all ϕ ∈ H1

f
[A]
1,0 (ϕ) =

∫
dθ(ϕ(θ), F1(θ))

=
∫
dθ(ϕ(θ), F †1 (θ − iπ))

=
∫
dθ(J2ϕ(θ), F †1 (θ − iπ))

=
∫
dθ(J(U1(j)ϕ)(θ), F †1 (θ − iπ))

= f
[U(j)A∗U(j)]
0,1 (U1(j)ϕ)

(3.40)

and, analogously,
f

[A]
0,1 (ϕ) = f

[U(j)A∗U(j)]
1,0 (U1(j)ϕ). (3.41)

which were proven in Item (c) of Lemma 3.2.3.
As a result, F [A]

1 extends to an analytic function on all of C which is 2πi-periodic.
The required bounds transfer from F1 and F †1 directly to F [A]

1 .

As our next step, we treat the two-particle case, i.e., we prove Theorem 3.2.1.
Similar to before, we will define F [A]

2 on various regions and show that these def-
initions consistently extend to the full complex plane by matching values at the
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Figure 3.1: This is a schematic depiction of the analytic continuation process used
in the proof of Theorem 3.2.1. The thin grey grid has a lattice spacing of π and
corresponds to the lattice L2 as defined in the text. For i = −,+, 0, 1, 2, 3, 4 the
regions Ii and Gi are depicted by magenta contours and blue lines, respectively.
The black crosses mark the nodes Bi∩Gi−1 where the consistency conditions on the
extension F

[A]
2 are imposed (for the crosses in Figure b take G−1 := G−).

boundaries of the respective domains. Since this case is geometrically more in-
volved, we have a schematic depiction of these regions and the continuation process
in Figure 3.2. The regions are defined in the following way:

For a subregion R of R2, let Rfl and ←R denote the regions obtained by pointwise
application of the transformations mapping λ = (λ1, λ2) to λfl := (λ2 − 2π, λ1) and
←
λ:= (λ2, λ1), respectively. Then define

I+ = {λ : 0 < λ1 < λ2 < π},

I− = {λ : −π < λ1 < λ2 < 0},
I0 = I+ ∪ I−,

I1 = I0 + 2πZ,

I2 = I1 ∪ Ifl
1 ,

I3 = I2∪
←
I 2,

I4 = I3 + 2π(1,−1)Z.

(3.42)

Important for the analysis will be the part of the boundary of these regions
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which lies on the lattice L2 := R× πZ ∪ πZ× R:

Gi := ∂Ii ∩ L2, Gi := Gi \ πZ2, Bi := Gi ∩ πZ2, i = +,−, 0, 1, 2, 3, 4 (3.43)

so that Gi denotes the closure of Gi and is obtained by adding the nodes: Gi =
Gi∪Bi. The nodes will play a distinguished role as the points where the consistency
conditions on the extensions defining F

[A]
2 will be imposed. Lastly, for any region

R ⊂ R2 we introduce the tube region T (R) := R2 + iR ⊂ C2. Explicitly, we have for
instance G− = {−π}× [−π, 0]∪ [−π, 0]×{0} so that T (G−) = (R− iπ)×S[−π, 0]∪
S[−π, 0]× R and B− = {(−π,−π), (−π, 0), (0, 0)}.

For the following, we will use repeatedly a result for Cauchy-Riemann(CR) dis-
tributions on tubes [BC15, Sec. 3.1]: A CR distribution on T (G), where G is any of
Gi, i = −,+, 0, 1, 2, 3, 4, is a function analytic on the edges of G and a distribution
in the remaining (real) variable. Further, one requires that all the boundary val-
ues on the (corresponding) nodes B exist as distributional boundary values and are
independent of the directions of approach within G. Then, we will use repeatedly:

Lemma 3.2.7 (Part of Lemma 3.1 in [BC15]). Let G be a connected graph, and
F a CR distribution on T (G). Then, F extends to an analytic function on the
interior of the convex hull of G.

Note here that Ii is always contained the interior of the convex hull of Gi but that
the latter becomes much larger for increasing i, eventually covering all of C2 for
i = 4.

We are now ready, to tackle the two-particle case. Similar to the one-particle
case, we connect the distributions f2,0, f1,1, and f0,2 via an analytic function F2 by
applying Lemma 3.2.4:

Lemma 3.2.8. For A ∈ Q localized in a right wedge, there is an analytic function
F2 : T (I−)→ K⊗2 with continuous boundary values at T (G−) such that for ϕ, χ ∈
H1

f2,0(ϕ⊗ χ) =
∫

(ϕ(θ)⊗ χ(η), F2(θ, η))K⊗2 dθdη, (3.44)

f1,1(χ;ϕ) =
∫

(Jϕ(θ)⊗ χ(η), F2(θ − iπ, η))K⊗2 dθdη, (3.45)

f0,2(ϕ⊗ χ) =
∫

(Jϕ(θ)⊗ Jχ(η), F2(θ − iπ, η − iπ))K⊗2 dθdη. (3.46)

Further, there is a constant c ≥ 0 such that for large enough k ∈ N0 one has

‖F2(ζ)‖K ≤ c (| ch ζ1|k + | ch ζ2|k)‖A‖k, ζ ∈ T (B−). (3.47)

Proof. For simplicity, we prove the statement first for the untranslated wedge WR

and comment at the end how to prove the statement for translated wedges:
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Due to z(χ)Ω = 0 we find

f2,0(ϕ⊗ χ) = 〈Ω, z(χ)z(ϕ)AΩ〉 = 〈z†(χ)Ω, [z(ϕ), A]Ω〉 , (3.48)
f1,1(χ;ϕ) = 〈Ω, z(χ)Az†(ϕ)Ω〉 = 〈z†(χ)Ω, [A, z†(ϕ)]Ω〉 . (3.49)

Thus for χ ∈ D(R,K) choosing Ψ1 = z†(χ)Ω = χ and Ψ2 = Ω the functionals
ϕ 7→ f2,0(ϕ⊗χ), resp., ϕ 7→ f1,1(ϕ;χ), have the form K, resp., K†, of Lemma 3.2.4.
Applying the lemma we obtain an analytic function K̂χ : S(−π, 0)→ K such that

f2,0(ϕ⊗ χ) =
∫
dθ(ϕ(θ), K̂χ(θ)), f1,1(χ;ϕ) =

∫
dθ(Jϕ(θ), K̂χ(θ − iπ)). (3.50)

Then we apply Riesz’ representation theorem (note here that for arbitrary −π ≤
λ ≤ 0 one has ‖K̂χ(·+ iλ)‖2 ≤ ck‖A‖k‖χ‖2,k and that K̂χ is antilinear in χ). Thus
there exists a function K̂ : S(−π, 0)× R→ K⊗2 such that

f2,0(ϕ⊗ χ) =
∫
dθdη(ϕ(θ)⊗ χ(η), K̂(θ, η))K⊗2 , (3.51)

f1,1(χ;ϕ) =
∫
dθdη(Jϕ(θ)⊗ χ(η), K̂(θ − iπ, η))K⊗2 , (3.52)

which is analytic in the first variable and which satisfies for all −π ≤ λ ≤ 0 that

‖(θ, η) 7→ K̂(θ + iλ, η)(1 + P 0(η))−k‖2 ≤ ck‖A‖k. (3.53)

Equation (3.51) yields (3.44) and (3.52) yields (3.45) for F2(ζ, η) := K̂(ζ, η), ζ ∈
S(−π, 0), η ∈ R.

The analytic continuation in η is obtained analogously: Due to z(ϕ)Ω = 0,

f1,1(χ;ϕ) = 〈Ω, z(χ)Az†(ϕ)Ω〉 = 〈Ω, [z(χ), A]z†(ϕ)Ω〉 (3.54)
f0,2(ϕ⊗ χ) = 〈Ω,Az†(χ)z†(ϕ)Ω〉 = 〈Ω, [A, z†(χ)]z†(ϕ)Ω〉 . (3.55)

Then for ϕ ∈ D(R,K) choosing Ψ1 = Ω and Ψ2 = z†(ϕ)Ω = ϕ the functionals
χ 7→ f1,1(χ;ϕ), resp., χ 7→ f0,2(ϕ⊗χ), have the form K, resp., K†, of Lemma 3.2.4.
Application of the lemma yields an analytic function K̂†ϕ : S(−π, 0)→ K such that

f1,1(χ;ϕ) =
∫
dη(χ(η), K̂†ϕ(η)), f0,2(ϕ⊗ χ) =

∫
dη(Jχ(η), K̂†ϕ(η − iπ)). (3.56)

Analogous to before, Riesz’ representation theorem applied to K̂ϕ (with linearity in
ϕ) yields a K̂† : R× S(−π, 0)→ K⊗2 such that

f1,1(χ;ϕ) =
∫
dθdη(Jϕ(θ)⊗ χ(η), K̂†(θ, η))K⊗2 , (3.57)

f0,2(ϕ⊗ χ) =
∫
dθdη(Jϕ(θ)⊗ Jχ(η), K̂†(θ, η − iπ))K⊗2 , (3.58)

which is analytic in the second variable and which satisfies for all −π ≤ λ ≤ 0 that

‖(θ, η) 7→ K̂†(θ, η + iλ)(1 + P 0(θ))−k‖2 ≤ ck‖A‖k. (3.59)
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Now, we can define F2(θ − iπ, ζ) := K̂†(θ, ζ), ζ ∈ S(−π, 0) so that F2 extends
continuously to T (G−) iff the boundary values of F2 at T ({(−π, 0)}) agree. This
means that

K̂(θ − iπ, η) = F2(θ − iπ + i0, η) = F2(θ − iπ, η − i0) = K̂†(θ, η) (3.60)

holds (where i0 denotes the right-sided distributional limit within R) and is a con-
sequence of (3.52) and (3.57).

The bounds for F2 on Gi can be transferred from the bounds on K̂ and K̂† (Eqs.
(3.53) and (3.59)): First note that

‖(1 + P 0(θ))‖K ≤ 1 +m+ ch θ ≤ (1 +m+) ch θ, m+ := maxM, (3.61)

and therefore there must be a constant c′k ≥ 0 such that for all −π ≤ λ ≤ 0 and
θ, η ∈ R

‖K(θ + iλ, η)‖K ≤ ck((1 +m+) ch θ)k‖A‖k ≤ c′k(ch θ)k‖A‖k, (3.62)
‖K†(θ, η + iλ)‖K ≤ ck((1 +m+) ch θ)k‖A‖k ≤ c′k(ch θ)k‖A‖k. (3.63)

concluding with the estimate in (3.47). Lemma 3.2.7 then yields that F2 extends to
an analytic function on T (I−) since I− is the interior of the convex hull of G−.

It remains to comment on the case, where A is localized in a translated wedge
Wx, x ∈ M. In this case, F [A]

2 (ζ) = eiP (ζ).xF
[A(−x)]
2 (ζ) follows analogously to the

proof of Corollary 3.2.6 using also Lemma 3.2.3(b). The additional factor is analytic
and does not modify the bounds in (3.62) and (3.63) because for ζ ∈ T (B−) one
has |eiP (ζ).x| = 1 so that one may draw the same conclusion as before.

For A being localized in a double cone, the procedure to prove Theorem 3.2.1 is
analogous to the case n = 1 but more difficult, involving additional extension steps.
The regions involved in the consecutive extension steps are illustrated in Figure 3.2.

Now we are ready to prove the main result:

Proof of Thm. 3.2.1. As A and U(j)A∗U(j) are localized in a right wedge, we find,
applying Lemma 3.2.4, analytic functions F2, F

†
2 : T (I−) → K⊗2 with continuous

boundary values at T (G−) such that F2 satisfies (3.44)–(3.46) and F †2 the analogous
equations, namely, that for all ϕ, χ ∈ H1

f
[U(j)A∗U(j)]
2,0 (ϕ⊗ χ) =

∫ (
ϕ(θ)⊗ χ(η), F †2 (θ, η)

)
K⊗2

dθdη, (3.64)

f
[U(j)A∗U(j)]
1,1 (χ;ϕ) =

∫ (
Jϕ(θ)⊗ χ(η), F †2 (θ − iπ, η)

)
K⊗2

dθdη, (3.65)

f
[U(j)A∗U(j)]
0,2 (ϕ⊗ χ) =

∫ (
Jϕ(θ)⊗ Jχ(η), F †2 (θ − iπ, η − iπ)

)
K⊗2

dθdη. (3.66)
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Step 0 Then we can define F [A]
2 on T (I0) (Fig. 3.2 a→b) in the following way:

F
[A]
2 (ζ) := F2(ζ), ζ ∈ T (I−), F

[A]
2 (ζ) := F †2 (ζ − iπ), ζ ∈ T (I+) (3.67)

which extends continuously to T (G0) since F2 and F †2 have continuous boundary val-
ues on T (G−). For it to extend to T (G0) with G0 = G+∪G− the limits have to agree
at the intersecting boundary T ({(0, 0)}) independent of the direction of approach.
In view of Lemma 3.2.7 it is actually sufficient to check directional independence
for approach from within G+ and G−. This amounts to

F
[A]
2 (θ − i0, η) = F2(θ − i0, η) != F †2 (θ − iπ, η + i0− iπ) = F

[A]
2 (θ, η + i0), (3.68)

for all θ, η ∈ R and where i0 denotes the right-sided distributional boundary limit
on R. Due to the bounds on F2 and F †2 these limits exist, and we may simply check

F2(θ) = F †2 (θ − iπ), θ ∈ R2. (3.69)

This relation is equivalent to

f
[A]
2,0 (ϕ⊗ χ) = f

[U(j)A∗U(j)]
0,2 (U1(j)ϕ⊗ U1(j)χ), ϕ, χ ∈ H1 (3.70)

as by (3.44) and (3.66)

f
[A]
2,0 (ϕ⊗ χ) =

∫
dθ (ϕ(θ1)⊗ χ(θ2), F2(θ))K⊗2

=
∫
dθ
(
ϕ(θ1)⊗ χ(θ2), F †2 (θ − iπ)

)
K⊗2

=
∫
dθ
(
J2ϕ(θ1)⊗ J2χ(θ2), F †2 (θ − iπ)

)
K⊗2

= f
[U(j)A∗U(j)]
0,2 (U1(j)ϕ⊗ U1(j)χ).

(3.71)

This last identity was already proven in Item (c) of Lemma 3.2.3 so that we can
conclude with F

[A]
2 being defined on T (I0) with continuous boundary values on

T (G0) and bounds of the form (F2.4) for ζ on that boundary.
The remainder of the proof will consist of a number of similar steps progressively

extending F [A]
2 to larger and larger regions eventually covering all of C2. Let us label

each step by i = 1, 2, 3, 4. Then as an input in each of these steps we start with F [A]
2

being well-defined on T (Ii−1) having continuous boundary values. Next, we define
F

[A]
2 on T (Ii) and check consistency at the points T (Bi) meaning that, using again

Lemma 3.2.7, the limit values at these points are independent from the direction
of approach within Gi. As a result, we have that F [A]

2 is well-defined on T (Ii)
having continuous boundary values such that the input to start with in the next
step is given. Finally, note that often the value of F [A]

2 at a point in T (Bi) and the
values in the point’s neighbourhood within Gi are determined by a corresponding
neighbourhood within Gi−1 (or at least partially within). As a consequence, it will
be actually sufficient to check a much smaller set of consistency conditions. In the
following, we will therefore only state the extension definitions, the required new
consistency conditions, and their proof.
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Step 1 We extend F
[A]
2 to T (I1) (Fig. 3.2 b→c) by

F
[A]
2 (ζ + i2πZ) := F

[A]
2 (ζ), ζ ∈ T (I0). (3.72)

It is sufficent to check consistency at T ({(−π,−π)}) which amounts to

F †2 (θ) = F2(θ − iπ). (3.73)

This is equivalent to

f
[U(j)A∗U(j)]
2,0 (ϕ⊗ χ) = f

[A]
0,2 (U1(j)ϕ⊗ U1(j)χ) (3.74)

as can be seen by replacing A↔ U(j)A∗U(j) and F2 ↔ F †2 in (3.71). This relation,
as the one in Step 0, was shown in Lemma 3.2.3(c).

Step 2 We extend F
[A]
2 to T (I2) (Fig. 3.2 c→ d) by

F
[A]
2 (ζ2 − i2π, ζ1) := FF [A]

2 (ζ), ζ ∈ T (I1). (3.75)

It is sufficient to check consistency at T ({(−π, 0)}) which amounts to

F2(θ1 − iπ, θ2) = FF †2 (θ2 − iπ, θ1). (3.76)

This is equivalent to f
[A]
1,1 (χ;ϕ) = f

[U(j)A∗U(j)]
1,1 (U1(j)χ;U1(j)ϕ) for all ϕ, χ ∈ H1 as

by (3.45) and (3.65)

f
[A]
1,1 (χ;ϕ) =

∫
dθdη (Jϕ(θ)⊗ χ(η), F2(θ − iπ, η))K⊗2

=
∫
dθdη

(
Jϕ(θ)⊗ χ(η),FF †2 (η − iπ, θ)

)
K⊗2

=
∫
dθdη

(
χ(η)⊗ Jϕ(θ), F †2 (η − iπ, θ)

)
K⊗2

=
∫
dθdη

(
χ(θ)⊗ Jϕ(η), F †2 (θ − iπ, η)

)
K⊗2

=
∫
dθdη

(
J(U1(j)χ)(θ)⊗ (U1(j)ϕ)(η), F †2 (θ − iπ, η)

)
K⊗2

= f
U(j)A∗U(j)]
1,1 (U1(j)χ;U1(j)ϕ).

(3.77)

Also this relation was proven in Item (c) of Lemma 3.2.3.

Step 3 To continue F [A]
2 to T (I3) (Figure 3.2 d→ e) we define

F
[A]
2 (←ζ ) := S(ζ1 − ζ2)F [A]

2 (ζ), ζ ∈ T (I2). (3.78)

Note here that this extension is analytic, even at the boundaries: By assumption
S has no poles within the physical strip S(0, π) and by regularity of S (Defn. 2.3.2)
even not in the slightly larger strip S(−κ, π + κ) for any 0 < κ < κ(S). Then for
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ζ ∈ T (I2) one has 0 ≤ Im(ζ1 − ζ2) ≤ π such that S(ζ1 − ζ2) is analytic in that
region.

It is sufficient to check consistency at T ({(0, 0), (−π,−π)}) which amounts to

F2(θ) = S(θ2 − θ1)F2(
←
θ), F2(θ − iπ) = S(θ2 − θ1)F2(

←
θ −iπ), (3.79)

and analogous relations for F †2 . Equation (3.79) is equivalent to

f2,0(ϕ⊗ χ) = f2,0(S←(ϕ⊗ χ)) and f0,2(ϕ⊗ χ) = f0,2(U1(j)⊗2S←U1(j)⊗2(ϕ⊗ χ))
(3.80)

due to
f2,0(ϕ⊗ χ) =

∫
dθ (ϕ(θ1)⊗ χ(θ2), F2(θ))K⊗2

=
∫
dθ (ϕ(θ1)⊗ χ(θ2), S(θ2 − θ1)F2(

←
θ))K⊗2

=
∫
dθ (S(θ2 − θ1)†(ϕ(θ1)⊗ χ(θ2)), F2(

←
θ))K⊗2

=
∫
dθ (S(θ1 − θ2)†(ϕ(θ2)⊗ χ(θ1)), F2(θ))K⊗2

=
∫
dθ (S(θ2 − θ1)(ϕ(θ2)⊗ χ(θ1)), F2(θ))K⊗2

=
∫
dθ ((S←(ϕ⊗ χ))(θ), F2(θ))K⊗2

= f2,0(S←(ϕ⊗ χ))

(3.81)

and

f0,2(ϕ⊗ χ) =
∫
dθ (Jϕ(θ1)⊗ Jχ(θ2), F2(θ − iπ))K⊗2

=
∫
dθ (Jϕ(θ1)⊗ Jχ(θ2), S(θ2 − θ1)F2(

←
θ −iπ))K⊗2

=
∫
dθ (S(θ2 − θ1)(Jϕ(θ2)⊗ Jχ(θ1)), F2(θ − iπ))K⊗2

=
∫
dθ (J⊗2J⊗2S(θ2 − θ1)J⊗2(ϕ(θ2)⊗ χ(θ1)), F2(θ − iπ))K⊗2

=
∫
dθ (J⊗2(U1(j)⊗2S←U1(j)⊗2(ϕ⊗ χ))(θ), F2(θ − iπ))K⊗2

= f2,0(U1(j)⊗2S←U1(j)⊗2(ϕ⊗ χ)).

(3.82)

Also, we can replace F2 with F †2 , however, without obtaining new relations. The
equations in (3.80) were proven in Item (d) of Lemma 3.2.3.

Step 4 We obtain I4 from I3 by applying arbitrary shifts 2πZ(1,−1)t (Figure 3.2
e→f). Thus for all n ∈ N and ζ ∈ T (I3) let us define

F
[A]
2 (ζ + i2πn(0, 1)) :=

n∏
j=1

(FS(ζ1 − ζ2 − i2π(n− j)))F [A]
2 (ζ), (3.83)

F
[A]
2 (ζ − i2πn(0, 1)) :=

n∏
j=1

(S(ζ2 − ζ1 − i2π(n− j))F)F [A]
2 (ζ), (3.84)
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where the order of the product goes as ∏n
j=1 cj := c1 · ... · cn. This extends F [A]

2

to T (I4) and automatically implements consistency at the boundaries as it implies
(straightforwardly by induction on n) that

F
[A]
2 (ζ + i2π(0, 1)) = FS(ζ1 − ζ2)F [A]

2 (ζ), ζ ∈ T (G4). (3.85)

Note however, that the extension (3.83) in general hits poles of S whenever
−π < Im(ζ1 − ζ2) < 0 and analogously for (3.84) whenever 0 < Im(ζ1 − ζ2) < π.
Note here that S(ζ + i2πn) for arbitrary n ∈ Z has a similar pole structure as S(ζ):
By hermitian analyticity (S2) and crossing symmetry (S5) we have that

S(ζ + iπn) = (S(ζ + iπ(n+ 1))cr)−1, (3.86)

where (u1 ⊗ u2, O
crv1 ⊗ v2)K⊗2 := (Jv1 ⊗ u1, O v2 ⊗ Ju2)K⊗2 . Thus, S(ζ + i2πn) is

singular when S(ζ) is, only that the residues might have a different tensor structure.
As a result, for ζ ∈ T (I4) analyticity holds whenever Im ζ2 + 2πn > Im ζ1 >

Im ζ2−π+2πn or Im ζ1 +2πn > Im ζ2 > Im ζ1−π+2πn or slightly enlarged regions
by regularity.

Step 5 Finally, to use Lemma 3.2.7 again, we need to restrict F [A]
2 to the connected

component of the analyticity region established in Step 4. This evaluates to ζ ∈
T (G4) with

| Im ζ1 − ζ2| < 2π + κ (3.87)

for any κ < κ(S) with κ(S) being the maximal extension of the regular strip; confer
Definition 2.3.2. Applying the lemma we obtain F

[A]
2 for any ζ ∈ C2 satisfying

(3.87). We may then use (3.83) and (3.84), now for arbitrary ζ, to define F [A]
2 on

all of C2 as a meromorphic function. This conludes the proof of (F2.1).
Equations (3.75) and (3.78) are compatible with (3.83) and (3.84) and extend

by meromorphy to C2 implying Items (F2.2) and (F2.3). Since all the operations
applied to F [A]

2 (ζ) in the extension steps—confer (3.67), (3.72), (3.75), (3.78), (3.83),
(3.84)—are bounded for ζ ∈ T (L2), the bounds for T (B−) (3.47) transfer to that
region implying (F2.4).

3.3 Transformation properties of the form factors
In many cases it is interesting to know how transformations of an operator A reflect
on the form factors. E.g., imposing invariance of A under a certain transformation
should yield additional constraints at the level of form factors. In this section we will
briefly argue how the one- and two-particle form factor transform under conjugation
A 7→ A∗, gauge symmetry A 7→ VS(g)AVS(g)−1, g ∈ G, and discrete transformations
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A 7→ U(k)AU(k)−1, where k ∈ {c, p, t, ..., j = cpt}. For the sake of completeness
we include also proper orthochronous Poincaré transformations which were partially
treated in the preceding section.

The main result is

Proposition 3.3.1. Let A ∈ Q be localized in a double cone, n ∈ {1, 2}, and F [A]
n

be the n-particle form factor with respect to A as constructed in Proposition 3.2.2
or Theorem 3.2.1. Then we have for all ζ ∈ Cn that

(a) F [A∗]
n (ζ) = FnJ

⊗nF [A]
n (

←
ζ̄ +iπ), where F1 = 1 and F2 = F.

(b) F [US(x,λ)AUS(x,λ)−1]
n (ζ) = eiP (ζ).xF [A]

n (ζ − λ1) for all (x, λ) ∈ P↑+

(c) F [U(k)AU(k)−1]
n (ζ) = U(k)nF

[A]
n (ζ) for all k ∈ {c, p, cp} and

F [U(k)AU(k)−1]
n (ζ) = U(k)nF

[A]
n (ζ̄) for all k ∈ {t, ct, pt, j = cpt}

(d) F [VS(g)AVS(g)−1]
n (ζ) = V (g)⊗nF [A]

n (ζ) for all g ∈ G.

These transformation properties will be inferred by the transformation properties
of the distributions fm,n, which were introduced in (3.14)–(3.16). These properties
then transfer to F

[A]
m+n(ζ) via (3.28) and (3.44)–(3.46), however, with arguments

restricted to the respective boundaries, i.e., ζ ∈ R ∪ R + iπ for m + n = 1 and
ζ ∈ T (G−) for m+n = 2. Following the extension procedures employed in the proofs
of Proposition 3.2.2 and Theorem 3.2.1 these properties then extend to similar ones
being valid on all of Cm+n.

First, we need the transformation behaviour of fm,n:

Lemma 3.3.2. Let A ∈ Q be arbitrary, m,n,m + n ∈ {0, 1, 2}, and fm,n be as
defined in (3.17). Then we have for all ϕ ∈ HS,m, χ ∈ HS,n that

(a) f [A∗]
m,n (ϕ;χ) = f

[A]
n,m(←χ;←ϕ),

(b) f [US(x,λ)AUS(x,λ)−1]
m,n (ϕ;χ) = f [A]

m,n((U1(x, λ)−1)⊗mϕ; (U1(x, λ)−1)⊗nχ)
for all (x, λ) ∈ P↑+,

(c) f [U(k)AU(k)−1]
m,n (ϕ;χ) = f [A]

m,n(U(k)−1ϕ;U(k)−1χ) for all k ∈ {c, p, cp} and
f [U(k)AU(k)−1]

m,n (ϕ;χ) = f
[A]
m,n(U(k)−1ϕ;U(k)−1χ) for all k ∈ {t, ct, pt, j = cpt},

where the cases m = 2 or n = 2 require that S is k-invariant (Defn. 2.3.2).

(d) f [VS(g)AVS(g)−1]
m,n (ϕ;χ) = f [A]

m,n(V1(g)−1ϕ;V1(g)−1χ) for all g ∈ G.
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Proof. (a):
f [A∗]

m,n (ϕ;χ) = 〈Ω, zm(←ϕ)A∗z†n(←χ)Ω〉
= 〈z†m(ϕ)Ω,A∗z†n(←χ)Ω〉
= 〈Az†m(ϕ)Ω, z†n(←χ)Ω〉
= 〈zn(χ)Az†m(ϕ)Ω,Ω〉
= 〈Ω, zn(χ)Az†m(ϕ)Ω〉

= f
[A]
n,m(←χ;←ϕ).

(3.88)

(b) was already proven in Item (b) of Lemma 3.2.3 and (d) follows in exactly the
same way by replacing U with VS(g). It remains to show (c): For U(k) linear we
have that

f [U(k)AU(k)−1]
m,n (ϕ;χ) = 〈Ω, zm(←ϕ)U(k)AU(k)−1z†n(←χ)Ω〉

= 〈U(k)−1z†m(ϕ)Ω,AU(k)−1z†n(←χ)Ω〉
= 〈z†m(U(k)−1ϕ)Ω,Az†n(U(k)−1 ←χ)Ω〉
= 〈Ω, zm(U(k)−1 ←ϕ Az†n(U(k)−1 ←χ)Ω〉
= f [A]

m,n(U(k)−1ϕ;U(k)−1χ).

(3.89)

Note here that we used
√
n!
−1
U(k)−1z†n(χ)Ω = U(k)−1PS,n

←χ= PS,n U(k)−1 ←χ=
√
n!
−1
z†n(U(k)−1χ)Ω.

(3.90)
in the third equality of (3.89); this holds provided that [U(k),PS,n] = 0 which is
valid for k-invariant S due to Remark 2.4.5.

For antilinear U(k) the computation runs analogously only that an additional
complex conjugation has to appear.

Lemma 3.3.3. Let A ∈ Q be localized in a wedge. Then for m,n,m+n ∈ {0, 1, 2}
and θ ∈ Rm,η ∈ Rn we have that

(a) F
[A∗]
m+n(η − iπ,θ) = J⊗m+nFm+nFmFnF

[A]
m+n(←θ −iπ,←η), where F0/1 = 1 and

F2 = F.

(b) F
[US(x,λ)AUS(x,λ)−1]
m+n (η − iπ,θ) = ei(P (θ)−P (η)).xF

[A]
m+n(η − iπ − λ1,θ − λ1) for

all (x, λ) ∈ P↑+,

(c) F
[U(k)AU(k)−1]
m+n (η− iπ,θ) = ((J⊗nU(k)nJ

⊗n⊗U(k)m)F [A]
m+n)(η− iπ,θ) for all

k ∈ {c, p, t, cp, ct, pt, cpt}, where the cases m = 2 or n = 2 require that S is
k-invariant (Defn. 2.3.2).

(d) F
[VS(g)AVS(g)−1]
m+n (η − iπ,θ) = V (g)⊗m+nF

[A]
m+n(η − iπ,θ) for all g ∈ G.
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Proof. Equations (3.28), (3.44)–(3.46) which connect f [A]
m,n and F

[A]
m+n can be sum-

marized as: For all ϕ ∈ HS,m, χ ∈ HS,n,

f [A]
m,n(ϕ;χ) =

∫
dmθdnη(J⊗nχ(η)⊗ ϕ(θ), F [A]

m+n(η − iπ,θ))K⊗m+n . (3.91)

Now it is straightforward to derive Items (a)-(d). We do it exemplarically for Items
(a) and (b): If A is localized in a wedge, so are A∗ and US(x, λ)AUS(x, λ)−1. In
the following let ϕ ∈ HS,m, χ ∈ HS,n be arbitrary. Item (a) of Lemma 3.3.2 yields
f [A∗]

m,n (ϕ;χ) = f
[A]
n,m(←χ;←ϕ) for all ϕ, χ as above which is equivalent to

F
[A∗]
m+n(θ − iπ,η) = J⊗m+nFm+nFmFnF

[A]
m+n(η − iπ,θ)

as

f [A∗]
m,n (ϕ;χ) =

∫
dθdη(J⊗nχ(η)⊗ ϕ(θ), F [A∗]

m+n(η − iπ,θ))K⊗m+n

!=
∫
dθdη(J⊗nχ(η)⊗ ϕ(θ), J⊗m+nFm+nFmFnF

[A]
m+n(←θ −iπ,←η))K⊗m+n

=
∫
dθdη(←ϕ (θ)⊗ J⊗n ←χ (η), J⊗m+nF

[A]
m+n(θ − iπ,η))K⊗m+n

=
∫
dθdη(J⊗m ←ϕ (θ)⊗ ←χ (η), F [A]

m+n(θ − iπ,η))K⊗m+n

= f
[A]
n,m(←χ,←ϕ).

(3.92)
Concerning (b) we have due to Lemma 3.3.2(b) that

f [US(x,λ)AUS(x,λ)−1]
m,n (ϕ;χ) = f [A]

m,n((U1(x, λ)−1)⊗mϕ; (U1(x, λ)−1)⊗nχ) (3.93)

for all ϕ, χ as above which is equivalent to

F
[US(x,λ)AUS(x,λ)−1]
m+n (η − iπ,θ) = ei(P (θ)−P (η)).xF

[A]
m+n(η − iπ − λ1,θ − λ1) (3.94)

as

f [US(x,λ)AUS(x,λ)−1]
m,n (ϕ;χ)

=
∫
dθdη(J⊗nχ(η)⊗ ϕ(η), F [US(x,λ)AUS(x,λ)−1]

m+n (η − iπ,θ))K⊗m+n

!=
∫
dθdη(J⊗nχ(η)⊗ ϕ(θ), (ei(P (θ)−P (η)).xF

[A]
m+n(η − iπ − λ1,θ − λ1))K⊗m+n

=
∫
dθdη(J⊗nχ(η)⊗ ϕ(θ), ((U1(−x, λ)⊗n ⊗ U1(x, λ)⊗m)F [A]

m+n)(η − iπ,θ))K⊗m+n

=
∫
dθdη(J⊗n(U1(x, λ)−1)⊗nχ(η)⊗ (U1(x, λ)−1)⊗mϕ(θ), F [A]

m+n(η − iπ,θ))K⊗m+n

= f [A]
m,n((U1(x, λ)−1)⊗mϕ; (U1(x, λ)−1)⊗nχ).

(3.95)
For Item (d) we also use that [J, V (g)] = 0 (Defn. 2.2.1).
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The relations proven in Lemma 3.3.3 can be extended to S[0, π] for m+n = 1 and
to T (I−) for m + n = 2 as presented before in Corollary 3.2.6 and Lemma 3.2.8,
respectively. If A is localized in a double cone we can even extend them to the
whole of Cm+n as before in (the proofs of) Proposition 3.2.2 and Theorem 3.2.1,
respectively. To follow this whole procedure again would be intricate and little
inspiring. Thus we will here at the cost of leaving a little gap of faith for the reader
not present a full proof but simply state that the relations given in Proposition 3.3.1
agree with those in Lemma 3.3.3 when restricted to R∪R+ iπ (m+n = 1) or T (G−)
(m+ n = 2).

3.3.1 Form factors of invariant operators and derivatives
It is our aim now to state very specific conditions on the one- and two-particle form
factor of A implied by its invariance or covariance under some transformation and
also to relate the form factor of the derivative of A. The results will be used in the
following chapter when A is given as the smeared stress-energy tensor.

Proposition 3.3.4. Let A be localized in a double cone and Fn = F [A]
n its n-particle

form factor for n = 1, 2. Then

(a) If A is hermitian, i.e, A = A∗, then

F1(ζ) = JF1(ζ̄ + iπ), (3.96)

F2(ζ) = J⊗2FF2(
←
ζ̄ +iπ). (3.97)

(b) Let a family of such A be denoted by Aµ,µ = µ1...µk, k ∈ N0 and transform
as a Lorentz k-tensor, i.e., US(0, λ)AµUS(0, λ)−1 = (Λ(λ)⊗kA)µ, then for all
λ ∈ C,

(Λ(λ)⊗kF1(ζ))µ = Fµ
1 (ζ − λ), (3.98)

(Λ(λ)⊗kF2(ζ))µ = Fµ
2 (ζ − λ1). (3.99)

In particular, if k = 0 then F1 is a constant and F2 depends only on the
difference ζ1 − ζ2.

(c) If A is CPT-invariant, i.e., A = U(j)AU(j), then

F1(ζ) = JF1(ζ̄), (3.100)

F2(ζ) = J⊗2FF2(
←
ζ̄ ). (3.101)
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(d) If A is G-invariant, i.e., A = VS(g)AVS(g)−1 for g ∈ G then we have that

F1(ζ) = V (g)F1(ζ), (3.102)
F2(ζ) = V (g)⊗2F2(ζ). (3.103)

(e) If A is C-,P-, or T-invariant, i.e., A = U(k)AU(k)−1 for k = c, p, t then

C:F1(ζ) = CF1(ζ), P:F1(ζ) = F1(−ζ), T:F1(ζ) = F1(−ζ), (3.104)
C:F2(ζ) = C⊗2F2(ζ), P:F2(ζ) = FF2(−

←
ζ ), T:F2(ζ) = F2(−ζ), (3.105)

where C is the charge conjugation matrix and CF = JF .

Proof. The proof is straightforwardly implied by the relations given in Proposi-
tion 3.3.1. For Item (b) we note that the relation extends to complex λ by analyticity
of F1 and F2 in the respective regions and uniqueness of the analytic continuation.
For Item (e) we also employ the implementations of the representations for the dis-
crete symmetries Un(k) which were studied in Section A.2 and set the phase factors
to one.

Proposition 3.3.5. Let A be localized in a double cone and F [A]
n its n-particle

form factor for n = 1, 2. If A is weakly differentiablea on DS ×DS with respect to
US(x, 0) then for all ζ ∈ Cn we have that

F [∂µA]
n (ζ) = −iPµ(ζ)F [A]

n (ζ), µ = 0, 1. (3.106)
aThis means that for x ∈ M the limit s→ 0 on s−1(US(sx, 0)AUS(sx, 0)−1−A) exists weakly,

i.e., in matrix elements for a class of states.

Proof. Let eµ, µ = 0, 1 denote the standard basis of M. Then

F [∂µA]
n (ζ) = lim

s→0
F [s−1(US(seµ,0)AUS(seµ,0)−1−A)]

n (ζ)

= lim
s→0

s−1
(
F [US(seµ,0)AUS(seµ,0)−1]

n (ζ)− F [A]
n (ζ)

)
= lim

s→0
s−1

(
e−iP (ζ).seµ − 1

)
F [A]

n (ζ)

= lim
s→0

s−1
(
e−isPµ(ζ) − 1

)
F [A]

n (ζ)

= −iPµ(ζ)F [A]
n (ζ).

(3.107)
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Chapter 4

Structure of form factors and the minimal
solution

In this chapter we will classify the structure of the two-particle form factors in more
detail (Sec. 4.1). The structure classification consists of the eigendecomposition of
the S-function and for each S-function eigenvalue of a well-known factorization of
the form factors into a polynomial, characterizing the observable, times a model-
dependent factor which is independent of the observable. The model-dependent
factor consists of bound state factors and the so-called minimal solution. The bound
state factors are fixed by the poles of the S-function eigenvalue within the physical
strip.

We supplement the factorization result by establishing existence of the minimal
solution for a large class of S-functions (Sec. 4.2). As a byproduct, but of crucial
importance for later, we obtain an estimate for the asymptotic growth of the minimal
solution. This will play a role in Chapters 7 and 8 to decide the validity of QEIs
in one-particle states in generic models. The results are based on a well-known
integral transform which represents the minimal solution in terms of the so-called
characteristic function. To conclude this chapter, we provide a concrete procedure
to obtain the characteristic function (Sec. 4.3).

4.1 Classification of two-particle form factors
As the starting point of this section, we will introduce the minimal solution more
thoroughly and derive some of its properties including uniqueness for a given S-
function eigenvalue. The minimal solution is a well-known concept in the form
factor program which plays an essential role in the description of the observables of
the model [KW78]. It is uniquely defined as the "most regular" solution to Watson’s
equations with respect to a given S-function eigenvalue. Watson’s equations are
the complex-valued two-particle form factor equations of a scalar observable. We
make this more precise below. The mathematical treatment is basically taken from
[BC16] adding slight generalizations to S-functions with bound state poles. For a
less rigorous but informative treatment we refer to [KW78].

After that, we prove the decomposition of the form factor into an operator-
dependent and a model-dependent part for S-functions with constant eigenprojec-
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Chapter 4. Structure of form factors and the minimal solution

tors. This factorization is well known: A treatment of the scalar case (no eigen-
decomposition necessary) appears for instance in [KW78; FMS93; BC16]. More
general cases are often stated without a derivation (e.g., [Del09; BFK10]) and usu-
ally refer to a diagonal S-function, where the eigendecomposition is given and non-
degenerate due to diagonality; confer Definition 2.3.2.

The minimal solution and its properties To begin with, we intend to ana-
lyze eigenvalues s of some matrix-valued S-function; thus s will denote a C-valued
function from now on. Central to the section is:
Lemma 4.1.1. Let s : C→ C be a meromorphic function with no poles on the real
line. Then there exists at most one meromorphic function f : C→ C such that

(a) f has no poles and no zeroes in S[0, π], except for a first-order zero at 0 in
case that s(0) = −1,

(b) ∃a, b, r > 0 ∀|Re ζ| ≥ r, Im ζ ∈ [0, π] : |log|f(ζ)|| ≤ a+ b|Re ζ|,

(c) f(iπ + ζ) = f(iπ − ζ),

(d) f(ζ) = s(ζ)f(−ζ),

(e) f(iπ) = 1.

If such a function exists, we will refer to it as the minimal solution fs,min with respect
to s. Due to (d), a necessary condition for existence is the relation s(−ζ) = s(ζ)−1

for all ζ ∈ C.

Proof of Lemma 4.1.1. Assume that there are two functions fA, fB with the stated
properties. Then the meromorphic function g(ζ) := fA(ζ)/fB(ζ) has neither poles
nor zeroes in S[0, 2π] and satisfies g(ζ) = g(−ζ) = g(ζ + 2πi); this implies that q :=
g◦ch−1 is well-defined and entire. The asymptotic estimates (b) for |log|fA/B|| imply
an analogous estimate for |log|g|| = |log|fA| − log|fB|| by the triangle inequality.
Thus q is polynomially bounded at infinity and therefore a polynomial. However,
since q does not have zeroes, it must be a constant with q = q(−1) = 1 due to
g(iπ) = 1. Hence fA = fB.

Corollary 4.1.2. If in addition s(ζ̄) = s(ζ)−1, ζ ∈ C, then it holds that

fmin(ζ) = fmin(−ζ̄). (4.1)

Proof. Since s(−ζ̄) = s(ζ) it is clear that ζ 7→ fmin(−ζ̄) satisfies the same properties
(a)–(e) as fmin. By uniqueness they have to be equal.
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Corollary 4.1.3. For n ∈ N let s1, ..., sn : C→ C be meromorphic functions such
that their minimal solutions fj,min exist. Then the minimal solution with respect to
ζ 7→ sΠ(ζ) = ∏n

j=1 sj(ζ) exists and is given by

ζ 7→ fΠ,min(ζ) = (−i sh ζ
2)−2bk

2 c
n∏

j=1
fj,min(ζ), (4.2)

where k = |{j = 1, ..., n : sj(0) = −1}|.

Proof. One easily checks that (4.2) satisfies conditions (b)–(e) of Lemma 4.1.1 with
respect to sΠ . Also, counting the order of zeroes at 0 on the r.h.s. yields k − 2bk

2c,
which evaluates to 1 for odd k (when sΠ(0) = −1) and to 0 otherwise (when
sΠ(0) = +1), thus establishing condition (a).

We now apply these results to classify “non-minimal” solutions, having more
zeroes or poles than allowed by condition (a):

Lemma 4.1.4. Let f : C→ C be a meromorphic function which satisfies properties
(c)-(e) of Lemma 4.1.1 with respect to some meromorphic function s, and suppose

∃a, b, r > 0∀|Re ζ| ≥ r, Im ζ ∈ [0, π] : |f(ζ)| ≤ a exp b|Re ζ|. (4.3)

Assume further that the minimal solution fs,min with respect to s exists. Then there
is a unique rational function q with q(−1) = 1 such that

f(ζ) = q(ch ζ)fs,min(ζ). (4.4)

In particular, if f has no poles in S[0, π], then q is a polynomial.

Proof. Since the pole set of the meromorphic function f has no finite accumulation
points, and its intersection with S[0, 2π] must be located in a compact set due to
(c) and the estimate (4.3), this intersection must be finite. Now, define ζ 7→ g(ζ) :=
f(ζ)/fs,min(ζ) which satisfies g(ζ) = g(−ζ) = g(ζ + 2πi). Then, analogous to the
proof of Lemma 4.1.1, there exists a meromorphic function q = g ◦ ch−1 which is
polynomially bounded at infinity and has finitely many poles. Thus it is a rational
function. Lastly, note that q(−1) = 1 due to g(iπ) = 1.

Decomposition of the two-particle form factor For simplicity we treat a
Lorentz-invariant observable A ∈ Q such that its two-particle form factor F [A]

2 can
be identified as F [A]

2 (ζ1, ζ2) = F (ζ1− ζ2) with some function F : C→ K⊗2 according
to Proposition 3.3.4(b). Moreover, we make two simplifying assumptions: First,
that F is flip-invariant, i.e., FF (ζ) = F (ζ) for all ζ ∈ C which is a consequence
of A being parity-invariant and holds due to Proposition 3.3.4(e). Second, that
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the S-function S has constant eigenprojectors, i.e., where the eigendecomposition
(Prop. 2.3.4) extends to the whole of C with the eigenprojectors Pi independent
of the rapidity. To the best of the author’s knowledge this assumption is satisfied
in most physically relevant models but it holds at least for constant and diagonal
S-functions and many other typical examples (Rem. 2.3.5). Note that we include
bound states in our analysis and therefore supplement the form factor equations
at two-particle level proven in Theorem 3.2.1 by the relations for the bound state
residues (F1b)

res
ζ2=ζ1+iθk

(ij)

F2(ζ1, ζ2) = 1√
2π
Γ ij

k F1(ζ1 − iθk
ij) (4.5)

for all ij → k ∈ F with fusion angle 0 < θk
(ij) < π and bound state intertwiner Γ ij

k

(Appendix A.5). For Lorentz-invariant A with F as specified above, we thus obtain

res
ζ=iθk

(ij)

F (ζ) = uij
k , (4.6)

where uij
k ∈ K is a constant vector given by 1√

2π
Γ ij

k F1.
In this setup, we are able to decompose F (ζ) into separate eigenspaces PiK⊗2

and in each of them F factorizes into a rational function Q in ch ζ times the minimal
solution fi,min with respect to the S-function’s eigenvalue si. Since Q is rational, in
a basis, it decomposes into a fraction of two polynomials. The requirements of (4.6)
fix the poles of Q and thus the form of the denominator. As a result, the only piece
of F which contains information on A is the polynomial in the numerator.

Proposition 4.1.5 (Decomposition of F ). Assume an S-function S which has
constant eigenprojectors Pi, i ∈ {1, ..., k} and is parity-invariant, i.e., [S,F] = 0.
Let further F : C→ K⊗2 denote a meromorphic function with no poles on the real
line and which satisfies

F (ζ) = S(ζ)F (−ζ), F (ζ + iπ) = F (−ζ + iπ), F (ζ) = FF (−ζ) F (iπ) = I⊗2,

and that there exists a, b, r > 0 such that for all |Re ζ| ≥ r and Im ζ ∈ [0, π] one
has ‖F (ζ)‖ ≤ a exp(b|Re ζ|). Provided that the minimal solutions with respect to
the eigenvalues of S exist, then F is of the form

F (ζ) =
k∑

i=1
Qi(ch ζ)fi,min(ζ), (4.7)

where x 7→ Qi(x) ∈ PiK⊗2 is a rational polynomial function with ∑k
i=1 Qi(−1) =

I⊗2 and FQi(x) = Qi(x) for all x ∈ C.

Proof. Define Fi(ζ) := PiF (ζ). The components of the Fi in some basis satisfy the
properties of a non-minimal solution as treated in Lemma 4.1.4: First, note that
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Fi(ζ) = si(ζ)Fi(−ζ) as
Fi(ζ) = PiF (ζ)

= PiS(ζ)F (−ζ)
= si(ζ)PiF (−ζ)
= si(ζ)Fi(−ζ).

(4.8)

Second, due to ‖Pi‖ ≤ 1, for some a, b, r > 0 we have that

∀|Re ζ| ≥ r, Im ζ ∈ [0, π] : ‖Fi(ζ)‖ ≤ ‖F (ζ)‖ ≤ a exp(b|Re ζ|). (4.9)

Third, using that [Pi,F] = 0 due to [S,F] = 0, we have

Fi(ζ + iπ) = PiF (ζ + iπ)
= PiF (−ζ + iπ)
= Fi(−ζ + iπ).

(4.10)

Choosing an ONB {eα} of K we obtain that Fαβ
i is C-valued and satisfies

the conditions of Lemma 4.1.4 with respect to si for each α, β. Thus Fαβ
i (ζ) =

qαβ
i (ch ζ)fi,min(ζ) with rational polynomial functions qαβ

i .
Defining Qi(x) = qαβ

i (x) eα ⊗ eβ one obtains

F (ζ) =
k∑

i=1
Fi(ζ) =

k∑
i=1

Qi(ch ζ)fi,min(ζ). (4.11)

For ζ = iπ, F (iπ) = I⊗2 and fi,min(iπ) = 1 imply that ∑k
i=1 Qi(−1) = I⊗2. Note

that by construction qαβ
i = qβα

i so that FQi(x) = Qi(x) for all x ∈ C.

4.2 Existence of the minimal solutions and asymptotic growth
In this section we establish the existence of a common integral representation of
the minimal solution for a large class of (eigenvalues of) regular S-functions, namely
those satisfying the hypothesis of Theorem 4.2.1 below. As a byproduct, but of cru-
cial importance for later, we obtain an explicit formula for the asymptotic growth
of the minimal solution (Proposition 4.2.6). The integral transform is well-known
and has been employed before in many concrete models, e.g., sinh-Gordon [FMS93],
SU(n)-Gross-Neveu [BFK10], and O(n)-nonlinear sigma model [BFK13]. Also the
existence of the integral representations was argued before in [KW78], but with-
out giving explicit assumptions. General results on the asymptotic growth of the
minimal solution, based on this integral representation, are new to the best of the
authors knowledge.
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For C-valued functions s and f , the integral expressions of interest are formally
given by

f [s](t) := i

π

∞∫
0

s′(θ)s(θ)−1 cos(π−1θt)dθ, (4.12)

sf (ζ) := exp
−2i

∞∫
0

f(t) sin ζt
π

dt

t

 , (4.13)

mf (ζ) := exp
2

∞∫
0

f(t) sin2 (iπ − ζ)t
2π

dt

t sh t

 ; (4.14)

we will give conditions for their well-definedness below. f [s] will be referred to as
the characteristic function1 with respect to s. For a large class of functions s, in
particular having in mind eigenvalues of S-functions, the functions sf [s] and mf [s]

will agree with s and fs,min respectively.
For the following let us agree to call a function f on R exponentially decaying iff

∃a, b, r > 0∀|t| ≥ r : |f(t)| ≤ a exp(−b|t|); (4.15)

analogously for functions on [0,∞). A function f on a strip S(−ε, ε) will be called
uniformly L1 if f(·+ iλ) ∈ L1(R) for every λ ∈ (−ε, ε), with the L1 norm uniformly
bounded in λ. A function s : C → C will be called regular iff it is analytic and
bounded in a strip S(−ε, ε) for some ε > 0. This agrees with the notion of regularity
of a scalar S-function (Defn. 2.3.2).

Now, we are ready to state the main result:

Theorem 4.2.1. Let s : C→ C be a meromorphic function with no poles on the real
line, satisfying s(ζ)−1 = s(−ζ), and regularity. Suppose that rs(ζ) := is′(ζ)/s(ζ)
is uniformly L1 on some strip S(−ε, ε). Then f [s] ∈ C([0,∞),R) is exponentially
decaying. If further f [s] ∈ C2([0, δ)) for some δ > 0, then the minimal solution
with respect to s exists.

In more detail, under these assumptions sf [s] and mf [s] are well-defined, non-
vanishing and analytic on S(−ε, ε) and S(−ε, 2π + ε), respectively. The meromor-
phic continuations of sf [s] and mf [s] to all of C exist. In case that s(0) = 1, we
have sf [s] = s and mf [s] = fs,min. In case that s(0) = −1, we have sf [s] = −s and
mf [s] = f−s,min; and fs,min(ζ) = (−i sh ζ

2)f−s,min(ζ).

The examples treated in Chapter 8 fulfill this condition: In particular, for prod-
ucts of S-functions of sinh-Gordon type (Eq. (8.1)), rs is exponentially decaying (on

1Differing conventions for f [s] are found in the literature. In the form factor programm commu-
nity, one mostly takes 2f [s] as the characteristic function: Compare formulas (4.13)–(4.14) with,
e.g., [FMS93, Eq. (4.10)–(4.11)] or [KW78, Eq. (2.18)–(2.19)], but noting a typo in Eq. (2.19)
there.
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a strip) and f [s] is actually smooth on [0,∞) (Eq. (8.3)). For the eigenvalues of
the S-function of the O(n)-NLS model, s ∈ {s0, s+, s−}, we find rs(θ + iλ) . θ−2,
|θ| → ∞, uniformly in λ ∈ [−ε, ε] for some ε > 0 and again, that f [s] is smooth on
[0,∞) (cf. Section 4.3).

We give the proof of the theorem in several steps. To begin with, we have:

Lemma 4.2.2. Let rs be uniformly L1 on a strip S(−ε, ε). Then f [s] : R → R is
an even, bounded, and continuous function which decays exponentially.

Proof. Since rs restricted to R is L1-integrable, its Fourier transform r̃s is bounded,
continuous and vanishes towards infinity. As rs is even,

rs(−θ) = is′(−θ)s(θ) = −i(s(θ)−1)′s(θ) = is′(θ)s(θ)−1 = rs(θ), (4.16)

also r̃s is even and we have

f [s](t) = i
π

∞∫
0

rs(θ) cos(π−1θt)dt = i
2π

∫
rs(θ)eiπ−1θtdt = i

2π
r̃s(t). (4.17)

Let now 0 < λ < ε be arbitrary. By assumption, rs(·+ iλ) is L1-integrable as well;
and by the translation property of the Fourier transform,

r̃s(t) = e−λt 1
2π

˜rs(·+ iλ)(t), (4.18)

where ˜rs(·+ iλ)(t) vanishes for |t| → ∞ due to the Riemann-Lebesgue lemma. Thus
r̃s is exponentially decaying towards +∞, and since it is even also towards −∞.

We continue by establishing some basic properties of sf and mf including exis-
tence:

Lemma 4.2.3. Let f ∈ C([0,∞),R) be exponentially decaying. Then the functions
sf and mf are well-defined by the integral expressions (4.13) and (4.14). Further
they are non-vanishing and analytic on S(−ε, ε) and S(−ε, 2π+ ε), respectively, for
some ε > 0.

Proof. By assumption there exist positive constants a, r, ε > 0 such that |f(t)| <
a exp(−επ−1t) for all t ≥ r. By the triangle inequality, | sin π−1ζt| = 1

2 |e
iπ−1ζt +

e−iπ−1ζt| ≤ exp(π−1| Im ζ|t) for all t ≥ 0. Thus for | Im ζ| < ε one has that
f(t)t−1 sin(π−1ζt) is exponentially decaying. Also, this function is continuous (in-
cluding at t = 0 because of the first-order zero of the sine function at zero). By
similar arguments, the same holds for its derivative with respect to ζ. In partic-
ular, t 7→ f(t)t−1 sin(π−1ζt) and its ζ-derivative are absolutely integrable for all
ζ ∈ S(−ε, ε). As a consequence, sf is well-defined and analytic on S(−ε, ε). Since
sf is given by an exponential, it does not vanish.
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The argument for mf runs analogously. The estimate from above gives

| sin2(2π)−1(iπ − ζ)t| ≤ exp(π−1| Im(iπ − ζ)|t)

for all t ≥ 0. Thus

t 7→ f(t)(t sh t)−1 sin2((2π)−1(iπ − ζ)t)

is exponentially decaying for | Im ζ−π| < π+ε. It is further continuous (including at
t = 0 because of the second-order zero of the sine-function at zero). Together with
similar properties of the ζ-derivative, it follows that mf is well-defined, analytic,
and non-vanishing in the region S(−ε, 2π + ε).

Lemma 4.2.4. Let f ∈ C([0,∞),R) be exponentially decaying. Then sf (0) = 1
and mf (iπ) = 1. Moreover, there exists ε > 0 such that for all ζ ∈ S(−ε, ε),

sf (ζ)−1 = sf (−ζ) (4.19)

and
mf (ζ) = sf (ζ)mf (−ζ), mf (iπ + ζ) = mf (iπ − ζ). (4.20)

Proof. sf (0) = 1 and mf (iπ) = 1 is immediate by definition. Next, take ζ ∈ S(−ε, ε)
with an ε from Lemma 4.2.3. Then

− sin(π−1ζt) = sin(π−1(−ζ)t) (4.21)

implies that sf (ζ)−1 = sf (−ζ). Similarly,

sin2 ζt

2π = sin2 −ζt
2π (4.22)

implies that mf (iπ + ζ) = mf (iπ − ζ). Lastly, the relation

sin2 (iπ − ζ)t
2π − sin2 (iπ + ζ)t

2π = −i sh(t) sin ζt
π

(4.23)

implies that

log mf (ζ)
mf (−ζ) = 2

∞∫
0

f(t)
(

sin2 (iπ − ζ)t
2π − sin2 (iπ + ζ)t

2π

)
dt

t sh t

= −2i
∞∫

0

f(t) sin(π−1ζt) dt
t

= log sf (ζ),
(4.24)

which concludes the proof.

71



Chapter 4. Structure of form factors and the minimal solution

Corollary 4.2.5. For c ∈ R and exponentially decaying f, g ∈ C([0,∞),R),

(a) scf = (sf )c, mcf = (mf )c,

(b) sf+g = sfsg, mf+g = mfmg,

(c) sf = sg ⇔ f = g, mf = mg ⇔ f = g.

Proof. (a) and (b) are immediate since log sf and logmf are linear in f by definition.
In (c), we only need to show “⇒”, and by the previous parts we may asssume g = 0,
with s0 = m0 = 1. Now if sf = 1, we compute from (4.13) for any λ ∈ R,

0 = d

dλ
log sf (λ) = −2i d

dλ

∞∫
0

f(πt) sin(λt)dt
t

= −2i
∞∫

0

f(πt) cos(λt) dt, (4.25)

hence f = 0 by the inversion formula for the Fourier cosine transform.
If mf = 1, we use (4.20) to conclude that sf = 1, which implies f = 0 as seen

earlier.

Proposition 4.2.6 (Asymptotic estimate). Let f ∈ C([0,∞),R) be exponentially
decaying and C2([0, δ)) for some δ > 0. Let f0 := f(0) and f1 := f ′(0), where ′

refers to the half-sided derivative. Then there exist constants 0 < c ≤ c′ and r > 0
such that

∀|Re ζ| ≥ r, Im ζ ∈ [0, 2π] : c ≤ |mf (ζ)|
|Re ζ|f1 exp |Re ζ|f0/2 ≤ c′. (4.26)

Proof. In the following let z := (iπ−ζ)/2π with x := |Re z| > 0 and y := | Im z| ≤ 1
2 .

Then

Re logmf (ζ) = 2
∞∫

0

f(t)
t sh t Re sin2(zt)dt

=
∞∫

0

f(t)
t sh t(1− cos 2xt ch 2yt)dt =: I(z). (4.27)

The aim is to show that |I(z)−f0πx−f1 log x| is uniformly bounded in z ∈ S[−1
2 ,

1
2 ],

as this implies the bound (4.26) by monotonicity of the exponential function. To
begin with, note that the integrand of (4.27) for t ≥ 1, y ≤ 1

2 , is uniformly bounded
by f(t)(t sh t)−1(1 + ch t). This is integrable on [1,∞) by the exponential decay of
f . The integral over [1,∞) is thus bounded uniformly in z by a constant c0.

As further preliminaries let us note that∣∣∣∣∣∣
1∫

0

((t sh t)−1 − t−2)(1− cos 2xt ch 2yt)f(t)dt
∣∣∣∣∣∣ ≤ c1, (4.28)
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∣∣∣∣∣∣
1∫

0

(ch(2yt)− 1)t−2 cos 2xtf(t)dt
∣∣∣∣∣∣ ≤ c2, (4.29)

where c1, c2 are constants independent of x and y. This is implied by mean-value-
estimates using regularity of the functions (t sh t)−1 − t−2 and (ch(2yt)− 1)t−2 also
at t = 0, where t and y are evaluated on compact ranges while x appears only in
the argument of the cosine-function. The same reasoning allows us to estimate∣∣∣∣∣∣

1∫
0

(f(t)− f0 − f1t)t−2(1− cos 2xt)dt
∣∣∣∣∣∣ ≤ c3, (4.30)

where we apply Taylor’s theorem to f ∈ C2([0, δ)) to argue regularity at t = 0.
In order to apply the estimates, we expand the integrand of I(z) as follows:

f(t)
t sh t(1− cos 2xt ch 2yt)dt

= ((t sh t)−1 − t−2)f(t)(1− cos 2xt ch 2yt) + t−2f(t)(1− cos 2xt ch 2yt)
= ((t sh t)−1 − t−2)f(t)(1− cos 2xt ch 2yt)− t−2f(t) cos 2xt(ch 2yt− 1)

+ t−2f(t)(1− cos 2xt)
= ((t sh t)−1 − t−2)f(t)(1− cos 2xt ch 2yt)− t−2f(t) cos 2xt(ch 2yt− 1)

+ t−2(f(t)− f0 − f1t)(1− cos 2xt) + t−2(f0 + f1t)(1− cos 2xt). (4.31)

Then applying (4.28)-(4.30) and the triangle inequality yields

|I(z)− J(x)| ≤ c0 + c1 + c2 + c3, (4.32)

where

J(x) :=
1∫

0

(f0 +f1t)
1− cos 2xt

t2
dt = f0

(
−1+cos 2x+2x Si(2x)

)
+f1 Cin(2x) (4.33)

in terms of the standard sine and cosine integral functions. Since these have the
asymptotics Si(x) = π

2 +O(x), Cin(x) = log x+O(1) as x→∞ [Nis, §6.12(ii)], one
finds constants r, c > 0 such that

∀x ≥ r : |I(z)− f0πx− f1 log x| ≤ c. (4.34)

With the asymptotic estimate for mf we can now prove the main result:

Proof of Theorem 4.2.1. First, consider s(0) = 1. By Lemma 4.2.2, f [s] is expo-
nentially decaying and hence by Lemma 4.2.3, sf [s] is well-defined, and analytic
and nonvanishing on a small strip. Combining (4.12) and (4.13) with the inversion
formula for the Fourier cosine transform, we find for λ ∈ R,

d

dλ
log sf [s](λ) = −2i

π

∞∫
0

f [s](t) cos λt
π
dt = s′(λ)

s(λ) = d

dλ
log s(λ). (4.35)
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Since also sf [s](0) = 1 = s(0), we conclude that sf [s] = s first on the real line, and
then as meromorphic functions.

Further by Lemma 4.2.4, f := mf [s] is analytic and non-vanishing on the physical
strip S[0, π], satisfies f(iπ) = 1, and for some ε > 0,

f(ζ) = s(ζ)f(−ζ), f(iπ + ζ) = f(iπ − ζ), ζ ∈ S(−ε, ε); (4.36)

in fact, using these relations we can extend f as a meromorphic function to all of
C. Also, Proposition 4.2.6 yields the asymptotic estimate in Lemma 4.1.1(b). In
summary, Lemma 4.1.1 applies to f , hence f = fs,min is the unique minimal solution
with respect to s.

In the case s(0) = −1, one finds sf [s] = sf [−s] = −s by the above; also, mf [s] =
mf [−s] is the minimal solution with respect to −s, and from Corollary 4.1.3, we have
fs,min(ζ) = −i sh ζ

2mf [−s](ζ).

4.3 Computing a characteristic function
In this section, we present a method to explicitly compute characteristic functions
(as defined in the preceding section) for a certain class of S-functions. The method
is known but only briefly described in [Kar+77]. We illustrate it here using the
eigenvalues of the S-function of the O(n)-nonlinear sigma model, i.e., si for i = ±, 0
(see Definition 8.4.1 and below). First, we present the general method; second, we
check the examples f [s±] against the literature; lastly, we compute f [s0].

The method applies to S-function eigenvalues which are given as a product of
Gamma functions; see [Bab+99, Appendix C] for some typical examples. While this
product can be infinite in general, we restrict here to finite products, which suffice
for our purposes. Specifically, let s be of the form

s(θ) =
∏

x∈A+ Γ (x+ θ
λπi

)∏x∈A− Γ (x− θ
λπi

)∏
x∈A+ Γ (x− θ

λπi
)∏x∈A− Γ (x+ θ

λπi
)
, (4.37)

where λ > 0 and A± are finite subsets of (0,∞) such that |A+| = |A−|. It is
straightforward to check that this indeed defines a regular C-valued S-function,
apart from crossing symmetry which can only be satisfied for A+ = A− = ∅ or
infinite products.

Lemma 4.3.1. The characteristic function with respect to s as in (4.37) is

t 7→ f [s](t) = 1
1− e−λt

 ∑
x∈A−

−
∑

x∈A+

 e−λxt. (4.38)
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Proof. Since f [s] is linear in log s, it suffices to consider the case A+ = {x+},
A− = {x−}. Using Malmstén’s formula (see, e.g., [Bat53, Sec. 1.9])

logΓ (z) =
∞∫

0

(
z − 1− 1− e−(z−1)t

1− e−t

)
e−t

t
dt, Re z > 0, (4.39)

we find

d

dθ
log s(θ) =

∞∫
0

(
e

θt
λπi + e

−θt
λπi

)(
e−x+t − e−x−t

)
λπi(1− e−t) dt = −2i

π

∞∫
0

e−λx−t − e−λx+t

1− e−λt︸ ︷︷ ︸
=:g(t)

cos θt
π
dt.

(4.40)
By definition in (4.12), f [s] is given as the Fourier cosine transform of s(θ)−1 d

dθ
s(θ) =

d
dθ

log s(θ); its inversion formula yields that f [s] = g since g is clearly integrable.

Example 4.3.2 (Eigenvalues s±). Referring to Definition 8.4.1 and to (8.34), the
eigenvalues s± of the O(n)-nonlinear sigma model can be written as

s±(θ) = (b± c)(θ) = h±(θ)b(θ) (4.41)

with

b(θ) = s(θ)s(iπ − θ), s(θ) =
Γ
(

ν
2 + θ

2πi

)
Γ
(

1
2 + θ

2πi

)
Γ
(

1+ν
2 + θ

2πi

)
Γ
(

θ
2πi

) , (4.42)

h±(θ) = θ ∓ iπν
θ

= ∓
ν
2 ∓

θ
2πi

θ
2πi

= ∓
Γ (1 + ν

2 ∓
θ

2πi
)Γ ( θ

2πi
)

Γ (ν
2 ∓

θ
2πi

)Γ (1 + θ
2πi

)
, (4.43)

where we used z = Γ (z + 1)/Γ (z) in order to represent h± in terms of Γ . As a
result,

s±(θ) = ∓
Γ (1∓1

2 + ν
2 + θ

2πi
)Γ (1

2 + θ
2πi

)Γ (1
2 + ν

2 −
θ

2πi
)Γ (1− θ

2πi
)

Γ (1
2 + ν

2 + θ
2πi

)Γ (1 + θ
2πi

)Γ (1∓1
2 + ν

2 −
θ

2πi
)Γ (1

2 −
θ

2πi
)
, (4.44)

which is of the form (4.37) for λ = 2, A+ = {1
2 ,

1∓1
2 + ν

2}, and A− = {1, 1
2 + ν

2}.
Due to Lemma 4.3.1 we find

f [−s+](t) = 1
1− e−2t

(
e−2t + e−(ν+1)t − e−t − e−νt

)
= −1 + e(1−ν)t

et + 1 (4.45)

f [s−](t) = 1
1− e−2t

(
e−2t + e−(ν+1)t − e−t − e−(ν+2)t

)
= e−νt − 1

et + 1 . (4.46)

This agrees with [BFK13, Eq. (2.11)] and [KW78, Eq. (5.7)]. We read off

f [−s+](t) = −1 + ν
2 t+O(t2), t→ 0; (4.47)

f [s−](t) = −ν
2 t+O(t2), t→ 0. (4.48)
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Example 4.3.3 (Eigenvalue−s0). Referring again to Definition 8.4.1 and to (8.34),
the eigenvalue s0 of the O(n)-nonlinear sigma model can be written as

s0(θ) = h0(θ)b(θ) (4.49)

with
h0(θ) = θ2 + iπ(1 + ν)θ − νπ2

θ(θ − iπ) = −
(1

2 + θ
2πi

)(ν
2 + θ

2πi
)

θ
2πi

(1
2 −

θ
2πi

)
. (4.50)

Using again z = Γ (z + 1)/Γ (z), we find

s0(θ) = −
Γ (1 + ν

2 + θ
2πi

)Γ (3
2 + θ

2πi
)Γ (1

2 + ν
2 −

θ
2πi

)Γ (1− θ
2πi

)
Γ (1

2 + ν
2 + θ

2πi
)Γ (1 + θ

2πi
)Γ (1 + ν

2 −
θ

2πi
)Γ (3

2 −
θ

2πi
)
, (4.51)

which is of the form (4.37) for λ = 2, A+ = {3
2 , 1 + ν

2}, and A− = {1, 1
2 + ν

2}. Due
to Lemma 4.3.1 we find

f [−s0](t) = 1
1− e−2t

(
e−2t + e−(1+ν)t − e−3t − e−(2+ν)t

)
= e−t + e−νt

et + 1 (4.52)

and conclude
f [−s0](t) = 1− (1 + ν

2 )t+O(t2), t→ 0. (4.53)
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Chapter 5

The stress-energy tensor

This chapter analyses what form the stress-energy tensor T µν (also referred to as
energy-momentum tensor) and, in particular, the energy density T 00 can take in
our setup. A definite expression for the energy density is central to the QEI results
which we obtain in Chapters 6 and 7. Since our models do not necessarily arise
from a classical Lagrangian, we study the stress-energy tensor using a “bootstrap”
approach: We require a list of physically motivated properties for T µν and study
which freedom of choice remains. As a first step, we write down generic properties
expected to characterize the stress-energy tensor by first principles (Sec. 5.1). After
that, we restrict our attention to the stress-energy tensor at one-particle level. We
motivate this to be the relevant object for the following chapters and show that the
generic properties of T µν imply a similar but simpler set of conditions characterizing
the stress-energy tensor at one-particle level (Sec. 5.2). Note here that the stress-
energy tensor at one-particle level is fully determined by its two-particle form factor
F µν

2 (cf. Thm. 3.2.1 in the preceding chapter). We will derive the general form
for such F µν

2 and thereby classify stress-energy tensors at one-particle level up to
a polynomial degree of freedom (Sec. 5.3). Similarly, also the stress-energy tensor
evaluated between a zero- and a one-particle state is fully determined by the one-
particle form factor F µν

1 (cf. Prop. 3.2.2 in the preceding chapter). We find that
F µν

1 is completely fixed up to a constant but of inferior importance for QEIs.

5.1 The stress-energy tensor from first principles
This chapter collects and briefly discusses the characteristic features of a generic
stress-energy tensor. Most importantly, the stress-energy tensor should serve as a
local generator of the translations, i.e., provide a conserved current which integrates
to the global generator of the translations—the total energy-momentum operator
P µ. The existence of such a local generator is, of course, motivated by close analogy
to Noether’s theorem of classical mechanics [Noe18], which asserts the existence of
a local current and, upon spacelike integration, a conserved charge for any contin-
uous global symmetry. While the existence of local conserved charges (i.e., charges
associated with finite regions) is established in quantum field theory under quite
generic assumptions [BDL86], the existence of a (point-)local current is not given in
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general (see, e.g., [BCM22]). However, our main focus will be the one-particle level,
where the existence of T µν can be argued more directly so that we shall not dwell
on these matters here.

Another important fact is that the stress-energy tensor of a model might not be
unique. For instance, in the context of Lagrangian field theories, the stress-energy
tensor appears in different versions. While the classical stress-energy tensor arising
as a consequence of Noether’s theorem is often referred to as canonical stress-energy
tensor or simply as energy-momentum tensor, it is well-known that it may fail to be
a symmetric Lorentz tensor (e.g., for fields with spin) and to be conserved on curved
spacetimes [Wal84, Appendix E.1]. This is problematic in general relativity where
T µν appears on the r.h.s. of Einstein’s equation. The same applies to the expecta-
tion value of the quantized stress-energy tensor in semiclassical gravity which is an
important context for QEIs. The Hilbert or metrical stress-energy tensor provides
a resolution to this problem. It is classically given by variation of (the matter part
of) the action with respect to the spacetime metric (confer Equation (C.4) in the
appendix). In quantum field theory, adding renormalization as usual, an analogous
stress-energy tensor can be given; this at least for scalar bosonic theories includ-
ing perturbative interaction [HW05]. While classically, the metrical stress-energy
tensor is essentially unique, the quantized operator may be ambiguous due to renor-
malization. Also, for both classical and quantized models, restricting back to flat
spacetime, different gravitational models may become physically equivalent and the
metrical procedure may yield a family of stress-energy tensors. For instance, the
free scalar field on curved spacetime depends on a parameter, the curvature cou-
pling. Restricting to flat spacetime then yields a one-parameter family of physically
equivalent stress-energy tensors (see Appendix C.1). This freedom of choice is also
present from the Noetherian point of view, where the canonical stress-energy tensor
may be modified by a boundary term which does not spoil the integration to P µ.
From this perspective, the stress-energy tensor associated to a model is not neces-
sarily unique even if the model admits a Lagrangian. And we will later see that,
indeed, there is some freedom of choice (Thm. 5.3.1, Prop. 5.3.4 below).

For the specific properties which T µν is supposed to satisfy, we follow [Ver00;
FV03; MPV22], which all specify a set of axioms for the stress-energy tensor (first
reference) or the energy density (second and third reference) that is argued to
apply in generic situations. We generalize the setup by including global gauge
symmetries and are more specific by treating symmetries under discrete spacetime
transformations. The notable features are: T µν is given as a Wightman field with
(a certain) regular high energy behaviour (t1) which is local (t2) and hermitian
(t5). Also, T µν should behave covariantly under proper Poincaré transformations
as a CPT-invariant symmetric 2-tensor (t6), (t7), (t8). Most importantly T µν pro-
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vides a conserved current generating the translations locally, meaning that T µν is
divergence-free (t9) and that the total energy-momentum operator P µ is obtained
upon integration of T µ0 along a constant time hyperplane. We formulate this care-
fully and sufficient for our purposes by supposing the identity to hold as a weak
limit in compactly supported finite-particle states (t10). Lastly, we demand that
T µν is invariant under the action of G (t11) and, optionally, covariant under parity
inversion (t12).

Definition 5.1.1. A stress-energy tensor T µν , µ, ν = 0, 1, is a family of distribu-
tions on M, f 7→ T µν(f), which map from D(M) to quadratic forms on DS × DS

and satisfies for all f ∈ D(M) that

(t1) Regularity: T µν(f) ∈ Q is energy-bounded (Defn. 3.1.2) with

‖T µν(f)‖k = ‖(1 + P 0)−kT µν(f)(1 + P 0)−k‖ ≤ c‖f‖L1

for some c > 0 and large enough k ∈ Z.

(t2) Locality: T µν(f) is localized in supp f (Def. 3.1.3), i.e., T µν(f) commutes
weakly with ΦS(g) and Φ′S(g) on DS whenever supp f − supp g ⊂ WR.

(numeration skip)

(t5) Hermiticity: T µν(f)∗ = T µν(Jf).

(t6) Symmetry: T µν(f) = T νµ(f).

(t7) Poincaré covariance: US(a, λ)T µν(f)US(a, λ)−1 = Λ(λ)µ
µ′Λ(λ)ν

ν′T µ′ν′(f(a,λ)),

where Λ(λ) :=
ch(λ) sh(λ)

sh(λ) ch(λ)

 and f(a,λ)(y) := f(Λ(λ)−1(y − a)).

(t8) CPT-invariance: U(j)T µν(f)U(j)−1 = T µν(fj), where fj(x) = Jf(−x).

(t9) Continuity equation: ∂µT
µν(f) = 0.

(t10) Density property: For ϕ, χ ∈ DS,n and n ∈ N, we have

lim
k→∞

〈ϕ, (P µ − T µ0(fk))χ〉 = 0, where fk(t, x) = f0(t)hk(x)

such that
∫
f0(t)dt = 1 and lim

k→∞
hk = 1.

(t11) G invariance: VS(g)T µν(f)VS(g)−1 = T µν(f), g ∈ G.

It is called parity-covariant if, in addition,
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(t12) Parity covariance: U(p)T µν(f)U(p)−1 = (Ip)µ
µ′(Ip)ν

ν′T µ′ν′(fp), where Ip =
diag(1,−1) and fp(x) = f(Ipx).

A few comments on the (mathematical) interpretation of these properties are in
order. First, note that in slight abuse of notation we write T µν(f) as an operator;
confer Remark 3.1.1. For the properties to hold in the sense of a quadratic form
on DS × DS then means that they hold when evaluated within expectation values
〈Ψ, ·Ψ〉 for Ψ ∈ DS. Locality (t2) is to be interpreted in the sense introduced in the
preceding chapter (Defn. 3.1.3). It is implied by locality relative to the observables
(Rem. 3.1.4) which is imposed for instance in the guiding reference [MPV22]. We
will here not assume this stronger notion of locality since it is not necessary for what
follows later. For (t9) the derivative is meant in the sense of distributions which
always exists and is defined as ∂µT

µν(f) := −T µν(∂µf). We conclude this section
by commenting on a number of points: The high-energy behaviour or regularity
of T µν (t1), the existence of a point-local field T µν(x), details for the motivation
of (t10), the vanishing of the zero-point energy, 〈Ω, T µν(f)Ω〉 = 0, and finally
a setup for proving QEIs. For the discussion, the C∞-domain of P 0 denoted by
C∞(P 0) := ∩n∈N dom((P 0)n) will constitute an important class of vectors which is
dense in HS.

High-energy behaviour of the stress-energy tensor To argue that the poly-
nomial energy bounds (t1) are a reasonable assumption for T µν(f) let us first take
a look at A = P µ. Then the energy bound (3.7) holds quite clearly for k ≥ 1

2 since
‖(1 + P 0)−

1
2P 0(1 + P 0)−

1
2‖ = ‖P 0(1 + P 0)−1‖ ≤ 1 and P 1 ≤ P 0.

Now, in view of the density property (t10) where T µ0 "integrated over the whole
space" gives P µ, it appears reasonable that finite integrals T µν(f) are bounded at
least by higher moments of P µ [Ver00]. In fact this is necessary as soon as C∞(P 0)
is in the domain of T µν(f) [BW92, Prop. 12.4.10].

Pointlocal stress-energy tensor Due to the polynomial energy bounds (t1),
T µν(f) has a smooth kernel when interpreted as a quadratic form on the dense
domain C∞(P 0). This means that for all µ, ν = 0, 1 and ϕ, χ ∈ C∞(P 0) there exists
a smooth function x 7→ 〈ϕ, T µν(x)χ〉 such that for all f ∈ D(M):

〈ϕ, T µν(f)χ〉 =
∫
dx f(x) 〈ϕ, T µν(x)χ〉 . (5.1)

Moreover, for large enough k ∈ N0, (1 + P 0)−kT µν(x)(1 + P 0)−k defines a bounded
operator on H which is uniformly bounded in x and T µν(x) defines a bounded
operator from H−k to Hk, where Hj, j ∈ Z, is obtained by completion of C∞(P 0)
with respect to the modified inner product 〈ϕ, χ〉j := 〈(1 + P 0)−jϕ, (1 + P 0)−jχ〉.
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Thus, a posteriori, (5.1) holds also for more general vectors ϕ ∈ H−k and χ ∈
Hk. These properties are a consequence of generic results on polynomially energy
bounded fields and can be drawn from the discussions in [FH81], [BW92, Chaps. 12-
14], and in particular from [BW92, Prop. 14.3.4]. We may then transfer the other
properties of T µν(f) (t2)–(t12) to T µν(x) establishing a point-local stress-energy
tensor. We will do so in more detail for the stress-energy tensor at one-particle level
in Section 5.2.

Another consequence of (t1) is that we may also define T µν(f) for arbitrary
f ∈ L1(M). To see this, take (5.1) and observe that for k as above,

〈ϕ, T µν(f)χ〉 =
∫
dx f(x) 〈(1 + P 0)kϕ, (1 + P 0)−kT µν(x)(1 + P 0)−k(1 + P 0)kχ〉

(5.2)
is well defined for arbitrary ϕ ∈ Hk, χ ∈ H−k by the uniform boundedness of
(1 + P 0)−kT µν(x)(1 + P 0)−k. For f = g2 with g ∈ S(M) this will be useful in
Section 5.1.

Discussion of (t10) Now, we are ready to discuss (t10). To begin with, note that
DS,n ⊂ C∞(P 0) so that on these vectors, (t10) is well-defined and we have that,

〈ϕ, P µχ〉 = lim
k→∞

〈ϕ, T µ0(fk)χ〉 =
∫
d(t, x) f0(t) 〈ϕ, T µ0(t, x)χ〉 . (5.3)

Choosing for f0 a sequence of functions constituting an approximate identity1 for
some t0 ∈ R, we may even infer that

〈ϕ, P µχ〉 =
∫
dx 〈ϕ, T µ0(t0, x)χ〉 (5.4)

which is close to what we would classically expect. Note here that existence of the
limit follows by the existence of the point-local stress-energy tensor for the given
class of vectors; for details we refer to the proof of [BW92, Prop. 14.3.4]. The
existence of the integral in (5.4) is intricate to argue, though, and we will refrain
from it here but give a proof for the case n = 1 in the following section.

In order to avoid such problems, one may employ a weaker notion than (t10),
used in particular in [Ver00; MPV22]. This weaker notion of the density property,
avoids a definition of the pointlocal stress-energy tensor and the integral over the
whole space in (5.4) by writing (t10) as a commutator identity with localized algebra
elements so that the spatial integral collapses to a finite integral over the localization
region of the respective algebra element. We will not use this weaker density notion
here, since the validity of (5.4) in compactly supported states with a fixed finite
particle number appears to be reasonable (we validate it later for n = 1 which is

1An approximate identity for t0 ∈ R is a sequence of functions (fk)k∈N, where
∫
fk(t)dt = 1

and such that lim
k→∞

∫
fk(t)g(t)dt = g(t0) for all functions g continuous around t0.
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sufficient for our purposes). For the interested reader, we present how (t10) implies
the weaker density property in Appendix C.2.

Vanishing of the zero-point energy The famous vanishing of the zero-point
energy reads

〈Ω, T µν(f)Ω〉 = 0 (5.5)

for arbitrary f ∈ D(M). It directly follows from the density property (t10) for
ϕ = χ = Ω. In this case (5.4) implies that

〈Ω,P 0Ω〉 = 0 !=
∫
dx1 〈Ω, T 00(x)Ω〉 . (5.6)

However, due to Ω being invariant with respect to U the integrand on the r.h.s.
evaluates to the constant 〈Ω, T 00(0)Ω〉 which thus has to vanish for the integral to
be finite. This also applies for the other components of T µν : Lorentz covariance
(t6) and symmetry (t7) imply that 〈Ω, T µν(0)Ω〉 is a symmetric Lorentz two-tensor
invariant under Λ(λ)⊗2 for all λ ∈ R. The only such tensors are of the form cgµν for
some constant c which has to vanish due to the argument given before.

Note though, that there are indications that in interacting models with non-
perturbative effects the vacuum expectation value may not vanish identically but be
a small non-vanishing constant exponentially suppressed in the coupling constant(s);
see, e.g., [HH14]. On the other hand, in models with finite renormalization (e.g.,
the sine-Gordon model [FC22]) this cannot happen. Moreover, for the purpose of
QEI results the zero-point energy corresponds to a mere shift of the QEI bound, so
that it is easy to adjust for this case (Sec. 7.2). Thus we will assume the vanishing
of the zero-point energy in the following.

The stress-energy tensor for QEIs So far, we have treated A = T µν(f) with
f ∈ D(M). For the QEI results following in the next two chapters we have a slightly
different setup, namely we consider

A =
∫
dt g2(t)T µν(t, 0) (5.7)

with real-valued g ∈ S(R) as our operator (or quadratic form) of interest, where
integration is understood to be weakly on DS,n × DS,n for any n ∈ N; existence of
this integral is clarified in Remark 5.1 due to DS,n ⊂ C∞(P 0).

The setup is motivated as follows: First, it turns out later, similar to the free
situation, that smearing in space is not necessary to obtain a QEI so that for sim-
plicity we restrict to time-averaged QEIs. The square form of the (real-valued) test
function takes care of two requirements, namely, that the averaging function needs
to be positive and that the square root of the averaging function is also smooth.
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The latter is a typical requirement to derive QEIs for linear QFTs and we will also
need it for the results presented later on. Whether this requirement is of technical or
physical nature has not been clarified yet [FV03, Remark (ii) after Thm. 4.1]. Lastly,
it is unnecessarily strict to demand compact support of the averaging function, and
the Schwartz class provides a convenient generalization.

5.2 The stress-energy tensor at one-particle level
In the remainder of this chapter we will deal with the form factors of the smeared
stress-energy tensor A = T µν(f) for some fixed µ, ν ∈ {0, 1} and f ∈ D(M). We will
focus mostly on its two-particle form factor and briefly treat the one-particle form
factor but ignore higher particle numbers. The motivation for this is the following:

(a) in some models the stress-energy tensor has only the two-particle coefficient,
i.e., F [A]

n = 0 for n 6= 2 (see Chapter 6)

(b) one-particle expectation values which will be partly our focus (see Chapter 7)
are determined solely by the coefficients F [A]

n for n ≤ 2

(c) the coefficients with n < 2 are not essential for QEI results since they yield
only bounded contributions to the expectation values of A (Sec. 7.2) and it
can be easily adjusted for them where it is needed.

In this section we will prove that the generic properties of the full stress-energy tensor
(Defn. 5.1.1) imply a simpler set of conditions at the one-particle level (Defn. 5.2.1
below). These conditions will be characterized in terms of F [A]

2 or, more precisely, in
terms of the two-particle form factor F [T µν(x)]

2 of the point-local field T µν(x). Since
we have not explicitly developed the form factor equations for point-local operators,
instead we may fix F µν

2 (ζ;x) by requiring

F
[T µν(f)]
2 (ζ) =

∫
dx f(x)F µν

2 (ζ;x), (5.8)

for all f ∈ D(M), and identify F [T µν(x)]
2 (ζ) = F µν

2 (ζ;x). Existence of such F µν
2 (·;x) is

guaranteed by Remark 5.1 and details will be given in the proof of Proposition 5.2.2
below. Therein, we will also show that, assuming F [A]

0 = 0, the expectation value
of the (smeared) stress-energy tensor in one-particle states ϕ, χ ∈ H1 ∩ DS is then
given by

〈ϕ, T µν(f)χ〉 =
∫
dθdη dx f(x) (ϕ(θ)⊗ Jχ(η), F µν

2 (θ, η + iπ;x))K⊗2 . (5.9)

We may then characterize a stress-energy tensor at one-particle level as follows:
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Definition 5.2.1. Assume a little space (K, V, J,M), an S-function S, and a subset
P ⊂ S(0, π). Then a stress-energy tensor at one-particle level (with poles P)
is formed by functions F µν

2 : C2 × M → K⊗2, µ, ν = 0, 1, which for arbitrary
ζ = (ζ1, ζ2) ∈ C2, x ∈ M satisfy

(T1) Regularity: There exist constants a, b, r ≥ 0 and κ < κ(S) such that for
all |Re(ζ2 − ζ1)| ≥ r and | Im(ζ1 − ζ2)| ≤ 2π + κ it holds that

max
µ,ν
||F µν

2 (ζ1, ζ2;x)||K⊗2 ≤ a exp b (|Re ζ1|+ |Re ζ2|) .

(T2) Analyticity: F µν
2 (ζ;x) is meromorphic in ζ2 − ζ1, where the poles within

S(0, π) are all first-order and P denotes the set of poles in that region.

(T3) S-symmetry: F µν
2 (ζ;x) = S(ζ2 − ζ1)F µν

2 (
←
ζ ;x).

(T4) S-periodicity: F µν
2 (ζ;x) = FF µν

2 (ζ2, ζ1 + i2π;x).

(T5) Hermiticity: F µν
2 (ζ;x) = FJ⊗2F µν

2 (
←
ζ̄ + iπ;x).

(T6) Symmetry: F µν
2 = F νµ

2 .

(T7) Poincaré covariance: For all λ ∈ C and a ∈ M it holds that

Λ(λ)⊗2F2(ζ;Λ(λ)x+a) = eiP (ζ).aF2(ζ−(λ, λ);x), Λ(λ) :=
ch(λ) sh(λ)

sh(λ) ch(λ)

 .

(T8) CPT invariance: F µν
2 (ζ;x) = FJ⊗2F µν

2 (
←
ζ̄ ;−x).

(T9) Continuity equation: Pµ(ζ)F µν
2 (ζ;x) = 0.

(T10) Normalization: E⊗2
m F 0µ

2 (θ, θ + iπ;x) = δ0µ m2

2π
E⊗2

m I⊗2 for all m ∈M.

(T11) G invariance: F µν
2 (ζ;x) = V (g)⊗2F µν

2 (ζ;x), g ∈ G.

It is called parity-covariant if, in addition,

(T12) Parity covariance: F µν
2 (ζ;x) = (Ip)µ

µ′(Ip)ν
ν′F

µ′ν′

2 (−ζ; Ipx), Ip = diag(1,−1).

Property (T7) implies that for any f ∈ S(M),∫
dx f(x)F µν

2 (θ;x) = f̃(P (θ))F µν
2 (θ; 0) where f̃(p) =

∫
dxf(x)eip.x. (5.10)

To motivate the definition of the stress-energy tensor at one-particle level we will
now show that these conditions indeed follow from the definition of the full stress-
energy tensor (Defn. 5.1.1). While the properties of the stress-energy tensor at
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one-particle level are expected to hold also in the presence of bound states we will
exclude bound states in the derivation. This is because we also excluded them in
the treatment of form factors in the preceding chapter.

In situations with bound states, we rely on condition (F1b) (Defn. 3.1.5) which
asserts a first-order pole at ζ1 − ζ2 = iθ in case the model admits a fusion angle θ
(App. A.5). Note that for our purposes it suffices to state the position of poles via
the pole set P since the order is fixed to be first-order in all cases and the value
of the residue is not fixed aside from symmetry considerations: Condition (F1b)
relates the bound state residue to the one-particle form factor which, however, has
a free constant prefactor; confer [MS94].

Proposition 5.2.2. Assume a model with a regular S-function S which has no poles
in the physical strip and with a stress-energy tensor T µν (Defn. 5.1.1) satisfying
〈Ω, T µν(f)Ω〉 = 0 for all f ∈ D(M). Then its two-particle form factors F µν

2 (ζ;x),
µ, ν ∈ {0, 1}, form a stress-energy tensor at one-particle level without poles in the
sense that expectation values in one-particle states have the form (5.9) and the
conditions specified in Definition 5.2.1 hold for P = ∅.

Proof. Let f ∈ D(M) be arbitrary. Then by (t1) and (t2) T µν(f) ∈ Q is polynomially
energy bounded and localized in a double cone. Also, we have 〈Ω, T µν(f)Ω〉 = 0
by assumption. Thus we can apply Theorem 3.2.1 and obtain a family of analytic
functions F µν

2 [f ] : C2 → K⊗2 which satisfies the two-particle form factor equations
without bound states (Defn. 3.1.5, n = 2, F = ∅) and which is such that

〈ϕ, T µν(f)χ〉 =
∫
dθdη (ϕ(θ)⊗ Jχ(η), F µν

2 [f ](θ, η + iπ))K⊗2 (5.11)

for arbitrary ϕ, χ ∈ H1.
Next, we establish that there are smooth functions F µν

2 (ζ;x), µ, ν ∈ {0, 1} such
that

F µν
2 [f ](ζ) =

∫
dx f(x)F µν

2 (ζ;x). (5.12)

For that, we have due to (F2.4) a constant a ≥ 0 such that for large enough k ∈ Z

and for all ζ ∈ R2 + iπZ2,

‖F µν
2 [f ](ζ)‖K⊗2 ≤ a(| ch ζ1|k + | ch ζ2|k)‖T µν(f)‖k. (5.13)

Note here that by a maximum modulus principle (as in [Cad13, Eq. (C.6)]) these
bounds may be extended to the analyticity region of F µν

2 [f ], i.e., to | Im(ζ1− ζ2)| <
2π + κ with κ < κ(S); confer (F2.1) of Theorem 3.2.1.

Morever, by (t1), we have for some c ≥ 0 and for large enough k (the same as
above) that

‖T µν(f)‖k ≤ c ‖f‖L1 . (5.14)
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As a result, denoting µ− = minM,

‖((1 + p0(ζ1;M))−k ⊗ (1 + p0(ζ2;M))−k)F µν
2 [f ](ζ)‖K⊗2

≤ | ch ζ1|−k| ch ζ2|−kµ−2k
− ‖F

µν
2 [f ](ζ)‖K⊗2

(5.15)

is uniformly bounded in f , so that there exists a function F µν
2 (ζ;x) such that (5.12)

holds and which satisfies (T1). In more detail, F µν
2 (ζ;x) can be constructed as a

limit value of F µν
2 [f ] by choosing a sequence (fn)n of test functions constituting an

approximate identity for x. The existence of the limit is guaranteed by the uniform
boundedness in f for the energy-damped expression (5.15). Also, the properties
of F µν

2 [f ](ζ) which are due to (F2.1)–(F2.3) of Theorem 3.2.1 straightforwardly
transfer to F µν

2 (ζ;x) resulting in (T2)–(T4) (for P = ∅).
Exemplarically, we show (c)⇒(T3): Starting with

F µν
2 [f ](ζ)− S(ζ2 − ζ1)F µν

2 [f ](←ζ ) = 0, (5.16)

due to (5.12) it follows that∫
dx f(x)

(
F µν

2 (ζ;x)− S(ζ2 − ζ1)F µν
2 (←ζ ;x)

)
= 0 (5.17)

for all f ∈ D(M) which implies (T3).
Most of the properties (t5)–(t12) transfer analogously to (T5)–(T12). In more

detail, since T µν(f)∗ = T µν(Jf) (t5) we have that

J⊗2FF µν
2 [f ](ζ) = F µν

2 [Jf ](
←
ζ̄ +iπ)

due to Proposition 3.3.4(a). Restricting to f with f = Jf we can infer (T5). That
T µν(f) is symmetric under exchange of µ and ν (t6) clearly transfers to F µν

2 by (5.11)
and (5.12). Thus (T6) holds. Moreover, (t7), (t8), and (t11) imply (T7), (T8), and
(T11), respectively, by virtue of Proposition 3.3.4(b)–(d). Similarly, (T9) holds by
(t9) and Proposition 3.3.5 and, optionally, (T12) by (t12) and Proposition 3.3.4(e).

It remains to prove that (T10) holds. For this it is convenient to employ the
improper momentum eigenstates (Sec. 2.4) and use the calculus of generalized func-
tions (as, e.g., introduced in [Bog+90, Chap. 2]). First, note that

〈θα|P µ|ηβ〉 = pµ(θ;mα)δαβδ(θ − η). (5.18)

On the other hand, by (t10)

〈θα|P µ|ηβ〉 =
∫
ds 〈θα|T µ0(0, s)|ηβ〉

=
∫
ds 〈θα|US(se1, 0)T µ0(0)US(se1, 0)−1|ηβ〉

= 〈θα|T µ0(0)|ηβ〉
∫
ds eis(p1(θ;mα)−p1(η;mβ))

= F µ0
2,αβ(θ, η + iπ) 2πδ(p1(θ;mα)− p1(η;mβ)).

(5.19)
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Here, we used covariance of the eigenstates |θα〉 under translations (Prop. 2.4.8(d))
and that 〈θα|A|ηβ〉 = F

[A]
2,αβ(θ, η + iπ) for A with 〈Ω,AΩ〉 = 0 which follows from∫

dθdη ϕα(θ) 〈θα|A|ηβ〉χβ(η) = 〈ϕ,Aχ〉 =
∫

(ϕ(θ)⊗ Jχ(η), F [A]
2 (θ, η + iπ)); (5.20)

confer the definition of the rapidity eigenstates in (2.42) or (2.43) and the defining
property (3.11) for the two-particle form factor in Theorem 3.2.1.

Now, for m = mα = mβ we have that

p1(θ;m)− p1(η;m) = m(sh θ − sh η) = 2m sh ρ sh τ
2 ,

where ρ = θ+η
2 and τ = θ − η. Thus

δ(p1(θ;m)− p1(η;m)) = (2m sh ρ ∂
∂τ

sh τ
2 )−1δ(τ)

= (m sh ρ ch τ
2 )−1δ(τ)

= (m sh ρ)−1δ(τ).

(5.21)

Combining (5.18), (5.19), and (5.21) yields that

F µ0
2,αβ(θ, θ + iπ) = 1

2πp
0(θ;mα)pµ(θ;mα)δαβ; (5.22)

or, in more abstract notation, that

E⊗2
m F µ0

2 (θ, θ + iπ) = 1
2πp

0(θ;m)pµ(θ;m)E⊗2
m I⊗2 (5.23)

for all m ∈M (T10).

To conclude this section, note that although the definition of the stress-energy
tensor at one-particle level is motivated by Proposition 5.2.2, the definition may
be read independently of the existence of a full stress-energy tensor (Defn. 5.1.1).
Instead, finding suitable functions F µν

2 (ζ;x) obeying the properties of a stress-energy
tensor at one-particle level, we may use (5.9) to define T µν(f) as a quadratic form
at one-particle level, i.e., on H1 ∩DS. For such T µν we may infer QEI results at the
one-particle level (see Chapter 7).

More generally, we may also use the series expansion (3.1) to define T µν for
arbitrary particle numbers, i.e., as a quadratic form on DS. This, however, requires
the whole family {Fn}n∈N0 as an input and usually infinitely many elements have to
be non-zero for the form factor series to define a local operator. In special situations,
though, where the S-function is constant, it is sufficent to consider F [A]

n = 0 for n 6= 2
resulting in a local operator on DS (see Chapter 6).
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5.3 Characterization at one-particle level
In the preceding section we provided and motivated a number of conditions which
the stress-energy tensor at one-particle level is ought to satisfy. We are now in a
position to characterize the generic form it may take.

Theorem 5.3.1. F2 forms a stress-energy tensor at one-particle level (with poles
P) iff it is of the form

F µν
2 (ζ1, ζ2;x) = M⊗2

2π L
µν(P (ζ))eiP (ζ).xF (ζ2 − ζ1), ζ = (ζ1, ζ2) ∈ C2, (5.24)

where
Lµν(p) := −p

µpν + gµνp2

p2 (5.25)

and F : C→ K⊗2 is a meromorphic function which satisfies for all ζ ∈ C that

(a) ∃a, b, r > 0 ∀|Re ζ| ≥ r : ‖F (ζ)‖K⊗2 ≤ a exp(b|Re ζ|);

(b) F � S[0, π] has exactly the poles P;

(c) F (ζ) = S(ζ)F (−ζ);

(d) F (ζ + iπ) = FF (−ζ + iπ);

(e) F (ζ + iπ) = J⊗2F (ζ̄ + iπ);

(f) F = V (g)⊗2F for all g ∈ G;

(g) E⊗2
m F (iπ) = E⊗2

m I⊗2 for all m ∈M.

It is parity covariant iff, in addition,

(h) F (ζ + iπ) = F (−ζ + iπ) or, equivalently, F = FF.

Remark 5.3.2. As can be seen from the proof, it is sufficient to require (T10) for
µ = 0; the case µ = 1 is automatic.

Proof of Theorem 5.3.1. Assume F2 to satisfy (T1)–(T12). By Poincaré covariance
(T7), it is given by

F2(ζ;x) = eiP (ζ).xΛ
(
− ζ1+ζ2

2

)⊗2
F2(− ζ2−ζ1

2 , ζ2−ζ1
2 ; 0). (5.26)

Define Gµν(ζ) := F µν
2 (− ζ

2 ,
ζ
2 ; 0) and observe that the conditions (T1) to (T3), (T8),

and (T11) imply that G is meromorphic with pole set P when restricted to S[0, π]
and that for all µ, ν = 0, 1,

∀|Re ζ| ≥ r : ‖Gµν(ζ)‖K⊗2 ≤ a exp(b|Re ζ|), Gµν(ζ) = S(ζ)Gµν(−ζ),
Gµν(ζ + iπ) = FJ⊗2Gµν(−ζ̄ + iπ), Gµν(ζ) = V (g)⊗2Gµν(ζ).

(5.27)

88



Chapter 5. The stress-energy tensor

Omit the Minkowski indices for the moment. Then combining (T5) and (T8) we
obtain F2(ζ;x) = F2(ζ + iπ;−x) and thus G(ζ) = Gπ(ζ), where Gπ(ζ) := F2(− ζ

2 +
iπ, ζ

2 + iπ; 0). Combining (T4) with the preceding equality, we obtain G(ζ + iπ) =
FGπ(−ζ+iπ) = FG(−ζ+iπ). Moreover, by (T5), we have G(ζ+iπ) = FJ⊗2G(−ζ̄+
iπ) = J⊗2G(ζ̄ + iπ). If we demand (T12), this implies G(ζ + iπ) = G(−ζ + iπ) and
with the preceding properties also G(ζ) = FG(ζ). In summary, each Gµν(ζ), µ, ν =
0, 1 satisfies properties (a)–(f), and possibly (h), analogously.

Concerning (g), due to the continuity equation (T9), we have

(M1 +M2) ch(ζ)G0ν(2ζ) + (M1 −M2) sh(ζ)G1ν(2ζ) = 0. (5.28)

where M1 := M ⊗ 1K and M2 := 1K ⊗M . Multiplying by the inverses of M1 +M2

and ch ζ (both are invertible, the latter as a meromorphic function) we find

G0ν(2ζ) = −M1 +M2

M1 +M2
th(ζ)G1ν(2ζ), ν = 0, 1. (5.29)

Defining trG := gµνG
µν = G00 −G11, we obtain

Gµν(ζ) = 1
s(ζ)2 − 1

s(ζ)2 s(ζ)
s(ζ) 1

µν

trG(ζ) (5.30)

with
s(ζ) := −M1+M2

M1+M2
th ζ

2 = P 0(−ζ/2,ζ/2)
P 1(−ζ/2,ζ/2) . (5.31)

On the other hand, we have

Lµν(p) = −1
p2

p1p1 p0p1

p0p1 p0p0

µν

= 1
s2 − 1

s2 s

s 1

µν

, s := p0/p1. (5.32)

so that
Gµν(ζ) = Lµν(P (− ζ

2 ,
ζ
2)) trG(ζ). (5.33)

Due to the normalization property (T10) we have

E⊗2
m F 00

2 (θ, θ + iπ;x) = m2

2π ch2 θE⊗2
m I⊗2. (5.34)

On the other hand, by Poincaré covariance (T7) we have that

F2(0, iπ; 0) = Λ( iπ
2 )⊗2F2(− iπ

2 ,
iπ
2 ; 0), Λ( iπ

2 ) =
0 i

i 0

 (5.35)

so that

F 00
2 (0, iπ; 0) = (Λ( iπ

2 )0
1)2F 11

2 (− iπ
2 ,

iπ
2 ; 0) = −F 11

2 (− iπ
2 ,

iπ
2 ; 0) = −G11(iπ). (5.36)
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Next, define Hµν
m (ζ) = E⊗2

m Gµν(ζ) such that equating (5.34) and (5.36) yields

H11
m (iπ) = −m

2

2π E
⊗2
m I⊗2. (5.37)

Now, by definition of s(ζ) ∝ M1 − M2 (5.31) and since E⊗2
m (M1 − M2) = 0, we

have that E⊗2
m s(ζ) = 0 for arbitrary m ∈M. Then, in view of (5.30), we find that

Hµν
m (ζ) = 0 unless µ = ν = 1, where we have H11

m (ζ) = − trHm(ζ). Thus we infer
using (5.37) that trHm(iπ) = m2

2π
E⊗2

m I⊗2. Define now

F (ζ) :=
(

M⊗2

2π

)−1
trG(ζ) (5.38)

which implies E⊗2
m F (iπ) = E⊗2

m I⊗2. Since M⊗2 commutes with all S(ζ), F, J and
V (g), we find that F satisfies properties (a)–(g), plus (h) in the parity-covariant
case. We have thus shown (5.24) for arguments of the form (−ζ/2, ζ/2;x). That
(5.24) holds everywhere now follows from (T7) together with the identity

Lµν(P (ζ)) = Λ
(
− ζ1+ζ2

2

)µ

µ′
Λ
(
− ζ1+ζ2

2

)ν

ν′
Lµ′ν′(P (− ζ2−ζ1

2 , ζ2−ζ1
2 )). (5.39)

The identity is a consequence of p(θ+λ;m) = Λ(λ)p(θ;m) and the defining expres-
sion for Lµν(p) (5.25).—The converse direction, to show that (5.24) satisfies (T1) to
(T11) (and (T12) provided that (h)) is straightforward.

Let us call X ∈ K⊗2 diagonal in mass if

(Em ⊗ Em′)X = 0 for all m 6= m′. (5.40)

Equivalently, X̂ commutes with M ; confer (2.4) and Lemma A.6.1. On such X, all
of M1, M2 and (M ⊗M)1/2 act the same and in a slight abuse of notation we will
use M to denote any of these. If F has this property, i.e., F (ζ) has it for all ζ ∈ C,
then the above result simplifies:

Corollary 5.3.3. Assume that F is diagonal in mass, or equivalently, that
trF2(·;x) is diagonal in mass for some x. Then

F µν
2 (ζ1, ζ2 + iπ;x) = ei(P (ζ1)−P (ζ2)).xGµν

free( ζ1+ζ2
2 )F (ζ2 − ζ1 + iπ) (5.41)

with

Gµν
free(ζ) := M2

2π

 ch2 ζ sh ζ ch ζ
sh ζ ch ζ sh2 ζ

µν

. (5.42)

The energy density, in particular, becomes

F 00
2 (θ, η + iπ;x) = M2

2π ch2
(
θ + η

2

)
ei(P (θ)−P (η)).xF (η − θ + iπ). (5.43)
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Proof. On X ∈ K⊗2 which is diagonal in mass we can simplify

P (ζ1, ζ2 + iπ)X =
(
p(ζ1;M)− p(ζ2;M)

)
X (5.44)

= M

ch ζ1 − ch ζ2

sh ζ1 − sh ζ2

X (5.45)

= 2M sh ζ1−ζ2
2

sh ζ1+ζ2
2

ch ζ1+ζ2
2

X (5.46)

= −2i sh ζ1−ζ2
2 p( ζ1+ζ2+iπ

2 ;M)X. (5.47)

Then note that L(λp) = L(p) for any λ ∈ C and p ∈ M so that

L(P (ζ1, ζ2 + iπ))X = L(−2i sh ζ1−ζ2
2 p( ζ1+ζ2+iπ

2 ;M))X = L(p( ζ1+ζ2+iπ
2 ;M))X.

(5.48)

Thus defining Gµν
free(ζ) = Lµν(p(ζ + iπ

2 )) yields the proposed form of F2 (5.41).
Equation (5.42) follows by (5.32) and

p(θ;M)2 = (p0(θ;M))2 − (p1(θ;M))2 = M2(ch2 θ − sh2 θ) = M2.

Let us remark now, that F as appearing in (5.24) or (5.41) is actually the
two-particle form factor of the trace of the stress-energy tensor gµνT

µν . That this
form factor only depends on the difference of the rapidities is a consequence of the
trace being invariant under Lorentz transformations (Prop. 3.3.4(b)). We saw that
the other factors determining F µν

2 , the exponential factor and Gµν
free, are basically

required by covariance under Poincaré transformations and do not carry much model
specific information apart from the dependence on the mass spectrum. On the other
hand, F depends directly on the interaction and the model’s particle spectrum via
the properties (b)–(h) listed in Theorem 5.3.1. In that regard, it will be important
to have more information on F .
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To that end, recall from Section 4.1 that F—at least for parity-invariant models
(Prop. 4.1.5)—can be decomposed into an observable-specific part Q and a model-
dependent part consisting of the minimal solution and, if present, factors represent-
ing the bound state poles:

Proposition 5.3.4. Given a model with a parity-invariant S-function S with eigen-
values si and constant eigenprojectors Pi, i ∈ {1, ..., k}, such that the minimal
solutions fi,min with respect to si exist. Then a parity-invariant diagonal-in-mass
stress-energy tensor at one-particle level with poles P (Defn. 5.2.1) is of the form
(5.24) with F given by

F (ζ) =
k∑

i=1
Qi(ch ζ)

fi,min(ζ)
di(ch ζ)

. (5.49)

Here di, Qi are polynomials: di is C-valued and normalized as di(−1) = 1, has only
first-order zeroes, and the zero-set of di ◦ ch restricted to S(0, π) agrees with P. Qi

takes values in PiK⊗2 and satisfies for all x ∈ C that

1. Qi(x) = V (g)⊗2Qi(x)

2. Qi(x) = J⊗2Qi(x̄)

3. Qi(x) = FQi(x)

4. Qi(−1) = PiI⊗2.

In case that P ⊂ i(0, π), di has only real coefficients.

Proof. This is a direct consequence of Theorem 5.3.1 and of Proposition 4.1.5.

The canonical stress-energy tensor of the free bosonic and fermionic mod-
els It is instructive to specialize the above discussion to free models: For a single
free particle species of mass m, either a spinless boson (S = 1) or a Majorana
fermion (S = −1), we have K = C, Jz = z̄, M = m1C, G = Z2, and V (±1) = ±1C.
The canonical expressions for the stress-energy tensor at one-particle level appear
for instance in [BCF13; BC15] and are given by

F µν
2,free,+(θ, η + iπ;x) = Gµν

free

(
θ+η

2

)
ei(p(θ;m)−p(η;m)).x, (5.50)

F µν
2,free,−(θ, η + iπ;x) = ch θ−η

2 F2,free,+(θ, η + iπ;x) (5.51)

for the bosonic (+) and the fermionic (-) case, respectively; these conform to Def-
inition 5.2.1, including parity covariance. Theorem 5.3.1 applies with F+(ζ) =
f+,min(ζ) = 1 and F−(ζ) = f−,min(ζ) = −i sh ζ

2 . Proposition 5.3.4 applies with
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k = 1, Q1 = d1 = 1. Moreover, note that F [T µν(x)]
n = 0 for n 6= 2 for these examples

(special case of Prop. 6.1.2).

One-particle form factor of the stress-energy tensor In some models, the
one-particle form factor of the stress-energy tensor, F1, is non-zero; in particular
in models with bound states, where F1 is linked to the residues of F2 ((F1b) in
Defn. 3.1.5 or 4.5 in Section 4.1). The general form of F µν

1 (ζ;x) := F
[T µν(x)]
1 (ζ) can

be determined analogous to Theorem 5.3.1. In this case the continuity equation,
Pµ(ζ)F µν

1 (ζ;x) = 0, implies that F 0ν
1 (0;x) = 0. Poincaré covariance yields that

F µν
1 (ζ;x) = eip(ζ;M).xΛ(−ζ)µ

1Λ(−ζ)ν
1F

11
1 (0; 0) (Prop. 3.3.4(b)). As a result,

F µν
1 (ζ;x) = eip(ζ;M).x

 sh2 ζ − sh ζ ch ζ
− sh ζ ch ζ ch2 ζ

F1, (5.52)

where F1 ∈ K is constant. Hermiticity and G-invariance imply F1 = JF1 = V (g)F1

for all g ∈ G (Prop. 3.3.4(a)+(d)). The analogues of the other conditions in Theo-
rem 5.3.1 are automatically satisfied apart from, optionally, parity covariance which
implies Fα

1 = ηαF
α
1 , where ηα is the parity phase. Thus, in this case, Fα

1 can only
be non-zero if ηα = 1.

Boost generator It is often neglected to check that the stress-energy tensor also
generates the boosts. Here we verify that, at least at the one-particle level, this
is automatic by the conditions we have imposed before: (t1), (t2), (t7), (t10), and
(t9) (or implied conditions at the one-particle level). With a suitable mathematical
interpretation, it should hold that:

K =
∫

(x0T 01(x)− x1T 00(x))dx1 = −
∫
sT 00(0, s)ds, (5.53)

where at the r.h.s. we have set x0 = 0 by invariance under time translations. Recall
that the one-particle generator of boosts is given by K = −i d

dθ
(Sec. 2.2). Thus, in

one-particle states ϕ, χ ∈ DS ∩H1, the l.h.s. of (5.53) amounts to

〈ϕ,Kχ〉 = −i 〈ϕ, χ′〉 , (5.54)

where χ′ denotes the derivative of χ. A cumbersome but straightforward computa-
tion which we defer to Appendix C.3 shows that also

−
∫
s 〈ϕ, T 00(0, s)χ〉 ds = −i 〈ϕ, χ′〉 ; (5.55)

at least for ϕ, χ from within a single mass sector and under a likely assumption.
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State-independent QEI for constant
scattering functions

In this section, we specialize to scattering functions which are constant, i.e., inde-
pendent of rapidity, and which have a parity-invariant diagonal. This class of models
contains linear QFTs with bosons and fermions (presumably, also with anyons) but
also models with a simple interaction like the Federbush model (Sec. 8.3).

The section will provide a canonical candidate for the stress-energy tensor in
this class of models (Sec. 6.1), a generic estimate for two-particle form factors of a
certain factorizing form (Sec. 6.2), and the derivation of a state-independent QEI
(Sec. 6.3) together with a discussion of the result (Sec. 6.4).

6.1 Candidate for the stress-energy tensor
Let S denote the S-function. In the constant case (S1) and (S2) imply that the
S-function S ∈ B(K⊗2) is a unitary and self-adjoint matrix, hence has the form
S = P+ − P− in terms of its eigenprojectors P± for eigenvalues ±1. An S-function
is referred to as having a parity-invariant diagonal if

∀ζ ∈ C : [S(ζ),F]I⊗2 = 0. (6.1)

Clearly, parity-invariant S-functions have a parity-invariant diagonal: These satisfy
[S,F] = 0 according to (2.13). Also, all diagonal S-functions (Defn. 2.3.2) have a
parity-invariant diagonal as will be shown in Lemma 6.4.1. Written in a basis, (6.1)
amounts to ∑

γ

(
Sαβ

γγ̄ − Sβα
γγ̄

)
= 0. (6.2)

The setup yields two important simplifications. First, a good candidate for the
stress-energy tensor at one-particle level can be given very explicitly:

Proposition 6.1.1. Assume a constant S-function S which has a parity-invariant
diagonal. Then

F (ζ) :=
(
P+ − i sh ζ

2P−
)
I⊗2 (6.3)

satisfies the conditions (a) to (h) from Thm. 5.3.1 with respect to S. Thus F µν
2 as

given in (5.24) is a parity-covariant stress-energy tensor at one-particle level which
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is diagonal in mass (Cor. 5.3.3).

Proof. To begin with, let us note that FI⊗2 = J⊗2I⊗2 = V (g)⊗2I⊗2 = I⊗2 for all
g ∈ G and that ‖I⊗2‖2

K = dK, all due to Lemma A.6.2. Now, we show step by step
that properties (a)–(h) hold:

First, using ‖P±I⊗2‖K ≤ ‖P±‖‖I⊗2‖K = ‖I⊗2‖K =
√
dK, we may estimate that

∀|Re ζ| ≥ r : ‖F (ζ)‖K ≤ (1 + |sh ζ
2 |)
√
dK ≤

√
dK
2 (1 + 2e−

r
2 + e−r)e

1
2 |Re ζ|.

Thus (a) is satisfied.
Second, F is clearly analytic; thus (b) is satisfied with P = ∅.
Third, (c) holds since

F (ζ) =
(
P+ − i sh ζ

2P−
)
I⊗2

=
(
P+P+ − i sh ζ

2P−P−
)
I⊗2

= (P+ − P−)
(
P+ + i sh ζ

2P−
)
I⊗2

= S
(
P+ − i sh −ζ

2 P−
)
I⊗2

= SF (−ζ).

(6.4)

We used here that, since P± are eigenprojectors, they satisfy P 2
± = P± and P+P− =

P−P+ = 0.
Fourth,

F (ζ + iπ) =
(
P+ + ch ζ

2P−
)
I⊗2 = F (−ζ + iπ). (6.5)

Now, note that an operator which commutes with S automatically also commutes
with P±. This is due to its representation as P± = 1

2(1 ± S) and will be used
repeatedly in the following. As [S,F]I⊗2 = 0 holds by assumption one has also
[P±,F]I⊗2 = 0. This implies that

FF (ζ + iπ) = F
(
P+ + ch ζ

2P−
)
I⊗2

=
(
P+ + ch ζ

2P−
)

FI⊗2

=
(
P+ + ch ζ

2P−
)
I⊗2

= F (ζ + iπ).

(6.6)

We used here that FI⊗2 = I⊗2. Equations (6.5) and (6.6) imply (d) and (h).
Fifth, CPT invariance of S (S3) implies [S, J⊗2F] = 0; and together with

[S,F]I⊗2 = 0 it implies [J⊗2, S]I⊗2 = 0. Thus

J⊗2F (ζ̄ + iπ) = J⊗2
(
P+ + ch ζ̄

2P−
)
I⊗2

=
(
P+ + ch ζ

2P−
)
J⊗2I⊗2

=
(
P+ + ch ζ

2P−
)
I⊗2

= F (ζ + iπ).

(6.7)
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We used here that J is antilinear and that J⊗2I⊗2 = I⊗2.
Analogously, one also proves F (ζ) = V (g)⊗2F (ζ) for all g ∈ G by using (S7),

[S, V (g)⊗2] = 0, and V (g)⊗2I⊗2 = I⊗2. Lastly, using 1 = P+ + P−, we have

F (iπ) = (P+ + P−)I⊗2 = I⊗2

implying (g).

As a second simplification, for constant diagonal S the form factor equations
for Fn (n > 2) simplify significantly and the candidate from above is sufficient to
define a full stress-energy tensor, i.e., a stress-energy tensor for states with arbitrary
particle number. We support this by proving the following proposition:

Proposition 6.1.2. Assume a model with a constant S-function and no bound
states. Then the family {Fn}n∈N0 satisfies the form factor equations corresponding
to A ∈ Q, provided that Fn = 0 for n 6= 2 and F2 is the two-particle form factor
corresponding to A and of the form F2(ζ) = F (ζ)I⊗2 for some complex-valued
function F .

Proof. Recall the residue formula connecting Fn with Fn−2 (F1a)

res
ζ2−ζ1=iπ

Fn(ζ) = − 1
2πi

1− σn
1A

n∏
p=3

(FS(ζ2 − ζp))2,p

 (Č ⊗ Fn−2(ζ3n)). (6.8)

Note that in the absence of bound states, this equation provides the only connection
between form factors with different particle numbers and all the other conditions
(F2), (F3), and (F4) are linear in each Fn, separately. As a result, setting Fn = 0
for all n 6= 2 is consistent provided that the r.h.s. of (6.8) vanishes for n = 4.
Specializing to that case and constant S-function, (6.8) becomes

res
ζ2−ζ1=iπ

F4(ζ) = − 1
2πi

(1− (FS)2,3(FS)2,4) (Č ⊗ F2(ζ3, ζ4)). (6.9)

Note here that the statistics factor σn
1A evaluates to 1 independent of the statistics.

In a basis, according to Lemma 6.5.1 this evaluates to

res
ζ2−ζ1=iπ

F4(ζ)β = − 1
2πi

(1− (FS2,3)(FS)2,4)β
α C

α1α2F2(ζ3, ζ4)α3α4

= − 1
2πi

(δβ
α − δβ1

α1S
β3β2
γα3 S

β4γ
α2α4)Cα1α2F2(ζ3, ζ4)α3α4 .

(6.10)

Now, due to F2(ζ3, ζ4) = F (ζ3, ζ4)I⊗2 and (I⊗2)αβ = δα,β̄, we have that F2(ζ3, ζ4)α3α4

is proportional to δα3,ᾱ4 . Moreover, due to crossing symmetry (S5) we have Sβ4γ
α2α4 =

Sγᾱ4
β̄4α2

; confer (2.11). As a result,

δβ1
α1S

β3β2
γα3 S

β4γ
α2α4δ

α3,ᾱ4 = δβ1
α1S

β3β2
γα3 S

γᾱ4
β̄4α2

δα3,ᾱ4

= δβ1
α1S

β3β2
γα3 S

γα3
β̄4α2

= δβ1
α1δ

β3
β̄4
δβ2

α2

= δβ
αδ

α3,ᾱ4

(6.11)
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so that the r.h.s. of (6.10) vanishes. Since F2 was chosen to be a solution to the
form factor equations at two-particle level, this concludes the proof.

Recalling the expansion (3.1) of a local operator A, then its lowest-order terms are

A0[F0] = F01, (6.12)
A1[F1] = z†S(F1) + zS(JF1(·+ iπ)), (6.13)

A2[F2] = 1
2z
†
Sz
†
S(F2) + z†Sz((1⊗ J)F2(·, ·+ iπ)) + 1

2zSzS(J⊗2F2(·+ iπ, ·+ iπ)).

(6.14)

Provided that the equivalence of the form factor equations (Defn. 3.1.5) and locality
of A holds—which is likely but not proven here for states with generic particle
numbers—then in view of our candidate F µν

2 (6.3) fulfilling the assumptions of
Proposition 6.1.2,

T µν(x) := A2[F µν
2 (·;x)] (6.15)

defines a local observable (upon smearing with some test function). In this simple
case locality might also be checked by direct computation from (T1)–(T4). More-
over, properties (T5)–(T12) imply that T µν is hermitian, is a symmetric covari-
ant two-tensor-valued field with respect to US(x, λ), integrates to the total energy-
momentum operator P µ =

∫
ds T µ0(t, s) (at least weakly on DS,n, n ∈ N), and is

conserved, ∂µT
µν = 0. Hence T µν is a good candidate for the stress-energy tensor

of the interacting model. This expression is in agreement with the expression for
the free canonical stress-energy tensor; cf. (5.50) and (5.51). Also for the Feder-
bush model it agrees with the candidate proposed in [CF01, Sec. 4.2.3]; confer also
Section 8.3.

6.2 A generic estimate
For the T µν defined in the preceding section (Eq. (6.15)), we aim to establish a
QEI result. Our main technique is a generic estimate—applicable to arbitrary S-
functions—for two-particle form factors of a specific factorizing form.

Lemma 6.2.1. Let S be a (not necessarily constant) S-function and A ∈ Q. Let
h : S(0, π)→ K be analytic with L2 boundary values at R and R + iπ. For

f := PS(h⊗ Jh(̄·+ iπ)), (6.16)

we have in the sense of quadratic forms on DS ×DS,

A2[f ] ≥ −1
2‖h(·+ iπ)‖2

21. (6.17)
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Proof. Introduce h′ := Jh(̄·+ iπ) and note that h′′ = h because of

h′′(ζ) = Jh′(ζ̄ + iπ) = J2h(ζ̄ + iπ + iπ) = h(ζ).

To have a light notation for computations let us write z] = z]
S and use J to denote

both, the operator on K and on H1 (denoted in the main text by J and U1(j)). All
of the following computations should be understood in the sense of quadratic forms
on DS ×DS.

Using z(h)∗ = z†(h), we expand

A1[h]A1[h]∗ = (z†(h) + z(h′))(z†(h) + z(h′))∗

= (z†(h) + z(h′))(z(h) + z†(h′))
= z†z†(h⊗ h′) + zz†(h′⊗2) + z†z(h⊗2) + zz(h′ ⊗ h).

(6.18)

Using the ZF algebra relations (2.30), one may replace

z†z†(h⊗ h′) = z†z†(1
2(1 + S←)(h⊗ h′)) = z†z†(PS(h⊗ h′)), (6.19)

zz(h′ ⊗ h) = zz(1
2(1 + J⊗2S←J

⊗2)(h′ ⊗ h)) = zz(PJ⊗2SJ⊗2(h′ ⊗ h)), (6.20)
zz†(h′⊗2) = z†z((1⊗ J)Siπ

←(J ⊗ 1)h′⊗2) + ‖h′‖2
21, (6.21)

and obtain

A1[h]A1[h]∗ = z†z†[PS(h⊗ h′)] + z†z[h⊗2 + (1⊗ J)Siπ
←(J ⊗ 1)h′⊗2]

+ zz[PJ⊗2SJ⊗2(h′ ⊗ h)] + ‖h′‖2
21.

(6.22)

On the other hand, looking at A2[f ] (6.14) with f = PS(h⊗ h′) we find

2A2[f ] = z†z†[f ] + 2z†z[(1⊗ J)f(·, ·+ iπ)] + zz[J⊗2f(·+ iπ, ·+ iπ)]
= z†z†[PS(h⊗ h′)] + z†z[2(1⊗ J)PS(h⊗ h′)(·, ·+ iπ)]

+ zz[J⊗2PS(h⊗ h′)(·+ iπ, ·+ iπ)].

(6.23)

Now, using

2(1⊗ J)PS(h⊗ h′)(θ1, θ2 + iπ)
=(1⊗ J)(1 + S←)(h⊗ h′)(θ1, θ2 + iπ)
=h(θ1)⊗ Jh′(θ2 + iπ) + (1⊗ J)S(θ2 − θ1 + iπ)(h(θ2 + iπ)⊗ h′(θ1))
=h(θ1)⊗ Jh′(θ2 + iπ) + (1⊗ J)Siπ

←(J ⊗ 1)(Jh(θ2 + iπ)⊗ h′(θ1))
=h(θ1)⊗ h(θ2) + (1⊗ J)Siπ

←(J ⊗ 1)(h′(θ2)⊗ h′(θ1))
=
(
h⊗2 + (1⊗ J)Siπ

←(J ⊗ 1)h′⊗2
)

(θ),

(6.24)
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and
J⊗2PS(h⊗ h′)(θ + iπ)

(S2)= J⊗2 1
2(1 + S←)(h⊗ h′)(θ + iπ)

=J⊗2 1
2(1 + S←)(Jh′ ⊗ Jh)(θ)

=J⊗2 1
2(1 + S←)J⊗2(h′ ⊗ h)(θ)

=1
2(1 + J⊗2S←J

⊗2)(h′ ⊗ h)(θ)
=PJ⊗2SJ⊗2(h′ ⊗ h)(θ),

(6.25)

upon (6.23) we find

2A2[f ] = z†z†(PS(h⊗h′))+z†z(h⊗2 +(1⊗J)Siπ
←(J⊗1)h′⊗2)+zz(PJ⊗2SJ⊗2(h′⊗h)).

(6.26)
Comparing (6.22) and (6.26) we obtain

A1[h]A1[h]† = 2A2[PS(h⊗ h′)] + ‖h′‖2
21. (6.27)

Lastly, note that the l.h.s is positive as a quadratic form, implying the result.

6.3 Derivation of the QEI
Our approach is to decompose F 00

2 into sums and integrals over terms of the fac-
torizing type (6.16) with positive coefficients, then applying the estimate (6.17) to
each of them.

To that end, we will call a vector X ∈ K⊗2 positive if

∀u ∈ K : (u⊗ Ju,X) ≥ 0. (6.28)

This is equivalent to X being a sum of mutually orthogonal vectors of the form
e⊗ Je with positive coefficients:

Lemma 6.3.1. A vector X ∈ K⊗2 is positive iff there exist r ∈ {0, ..., dK}, coeffi-
cients cα > 0, and orthonormal vectors eα ∈ K for α = 1, .., r such that

X =
r∑

α=1
cαeα ⊗ Jeα. (6.29)

Proof. Vectors of the form e⊗ Je with e ∈ K are certainly positive since

(u⊗ Ju, e⊗ Je) = (u, e)(e, u) = |(u, e)|2 ≥ 0

and remain positive when summed with positive coefficients. Conversely, given a
positiveX, we note that X̂ ∈ B(K) is a positive matrix, as (u, X̂u) = (u⊗ Ju,X) ≥ 0.
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Its eigendecomposition1 is thus of the form X̂ = ∑r
α=1 cα|eα)(eα| for some r ∈

{0, ..., dK}, cα > 0, and orthonormal vectors eα ∈ K with α = 1, .., r. Finally, note
that due to

(u, |e)(e|v) = (u, e)(e, v) = (u, e)(Jv, Je) = (u⊗ Jv, e⊗ Je)

for arbitrary u, v ∈ K one has ê⊗ Je = |e)(e|. As a consequence, X is of the
required form.

We also recall the notion of a vector diagonal in mass (Eq. (5.40)). Now we
establish our master estimate as follows:

Lemma 6.3.2. Fix n ∈ {0, 1}. Suppose that X ∈ K⊗2 is positive, diagonal in
mass, and satisfies SX = (−1)nX. Let h : S(0, π)→ C be analytic with continous
boundary values at R and R+iπ such that |h(ζ)| ≤ a exp(b|Re ζ|) for some a, b > 0.
Let g ∈ DR(R). Set

F2 := SymmS

(
ζ 7→ h(ζ1)h(ζ̄2 + iπ)(ch ζ1 − ch ζ2)ng̃2(P0(ζ))X

)
. (6.30)

Then, in the sense of quadratic forms on DS ×DS,

A2[F2] ≥ −
∞∫

0

dν

4π (2ν)n (I⊗2,M (N+(ν,M) +N−(ν,M))X)K⊗2 1, (6.31)

where the integral is convergent and where

N±(ν,m) = ‖h(·+ 1±1
2 iπ)g̃(p0(·;m) +mν)‖2

2. (6.32)

Proof. Since X is diagonal in mass, we have X = ∑
m∈ME⊗2

m X. E⊗2
m X shares the

assumed properties with X; it is positive, diagonal in mass, and satisfies SE⊗2
m =

(−1)nE⊗2
m X as well as [S,F]E⊗2

m X = 0. The latter two properties are inferred from
[F, E⊗2

m ] = 0 and [S,E⊗2
m ] = 0 which is due to (S6). As a consequence, we may

assume without loss of generality that X = E⊗2
m X.

To begin with, we collect three facts: By positivity of X and Lemma 6.3.1 we
obtain

X =
r∑

α=1
cα eα ⊗ Jeα (6.33)

with r ∈ N, cα > 0 and orthonormal vectors eα ∈ K, α = 1, .., r.
Second, there is the convolution formula2 (n ∈ {0, 1}, p1, p2 ∈ C),

(p1 − p2)ng̃2(p1 + p2) =
∫ dν

2π (2ν)ng̃(p1 − ν)g̃(−p̄2 − ν) (6.34)
1Note that all positive semidefinite matrices are diagonalizable.
2For n = 0 this is a standard theorem of Fourier analysis. A proof of this statement for p, p′ ∈ R

and n = 1 is found in [FV02, Lemma 6.1].

100



Chapter 6. State-independent QEI for constant scattering functions

which we will apply for p1 = m ch ζ1 and p2 = m ch ζ2.
Third, since g is real-valued, it holds that

g̃(p̄) = g̃(−p). (6.35)

Now, let

h+
ν,α(ζ) = h(ζ)g̃(p0(ζ)− ν)eα, h−ν,α(ζ) = h+

−ν,α(ζ̄ + iπ) (6.36)

and let f±ν,α relate to h±ν,α as in (6.16):

f±ν,α = PS(h±ν,α ⊗ Jh±ν,α(̄·+ iπ)). (6.37)

Then taking into account the three facts (6.33), (6.34), and (6.35) we compute

h(ζ1)h(ζ̄2 + iπ)(ch ζ1 − ch ζ2)ng̃2(P0(ζ))X

=h(ζ1)h(ζ̄2 + iπ)m−n(m ch ζ1 −m ch ζ2)ng̃2(m ch ζ1 +m ch ζ2)X
(6.33)=

r∑
α=1

cα h(ζ1)h(ζ̄2 + iπ)m−n(m ch ζ1 −m ch ζ2)ng̃2(m ch ζ1 +m ch ζ2)(eα ⊗ Jeα)

(6.34)=
r∑

α=1
cα

∫ dν

2π (2ν
m

)nh(ζ1)h(ζ̄2 + iπ)g̃(m ch ζ1 − ν)g̃(−m ch ζ̄2 − ν)(eα ⊗ Jeα)

(6.35)=
r∑

α=1
cα

∫ dν

2π (2ν
m

)n
(
h(ζ1)g̃(m ch ζ1 − ν)eα ⊗ Jh(ζ̄2 + iπ)g̃(−m ch ζ̄2 − ν)eα

)
(6.36)=

r∑
α=1

cα

∫ dν

2π (2ν
m

)n
(
h+

ν,α(ζ1)⊗ Jh+
ν,α(ζ̄2 + iπ)

)
.

(6.38)
Next, define f±ν := ∑r

α=1 cαf
±
ν,α and apply PS to (6.38). We then find

F2(ζ) =
r∑

α=1
cα

∫ dν

2π (2ν
m

)nf+
ν,α(ζ)

=
∫ dν

2π (2ν
m

)nf+
ν (ζ)

=
∞∫

0

dν

2π (2ν
m

)n
(
f+

ν (ζ) + (−1)nf+
−ν(ζ)

)

=
∞∫

0

dν

2π (2ν
m

)n
(
f+

ν (ζ) + f−ν (ζ)
)
,

(6.39)

where the latter equality used (−1)nf+
−ν = f−ν ; see Lemma 6.5.2.

Applying the Lemma 6.2.1 to each f±ν,α in (6.39), and rescaling ν → mν, we
obtain that

A2[f±ν ] =
r∑

α=1
cαA2[PS(h±ν,α ⊗ Jh±ν,α(̄·+ iπ))] ≥ −1

2

r∑
α=1

cα‖h±ν,α(·+ iπ)‖2
21. (6.40)
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That the lemma is applicable can be argued as follows: For fixed ν and α h±ν,α is
analytic everywhere and L2 on R and R + iπ since ζ 7→ h(ζ)g̃(m ch ζ − ν) decays
rapidly on R and R + iπ in ch Re ζ. This is due to |h(ζ)| ≤ a exp b|Re ζ| for some
a, b > 0 and the rapid decay of g̃.

Now, we modify (6.40) slightly to comply with the form of the final result. Since
‖eα‖ = 1 and |g̃(−p)| (6.35)= |g̃(p)| for real p, we simplify

‖h+
mν,α(·+ iπ)‖2 = ‖h(·+ iπ)g̃(−m ch · −mν)‖2

= ‖h(·+ iπ)g̃(m ch ·+mν)‖2 =
√
N+(ν,m)

(6.41)

and, similarly,

‖h−mν,α(·+ iπ)‖2 = ‖h(·)g̃(−m ch · −mν)‖2 =
√
N−(ν,m). (6.42)

Also, according to Lemma 6.5.3, ∑r
α=1 cα = (I⊗2, X), so that (6.40) yields

A2[f±mν ] ≥ −1
2(I⊗2, X)N±(ν,m)1. (6.43)

Integrating (6.43) with ∑± ∞∫
0

dν
2π

(2ν)nm then yields

A2[F2] ≥ −
∞∫

0

dν

4π (2ν)n(I⊗2,m (N+(ν,m) +N−(ν,m))X)1. (6.44)

A suggestive replacement m→M yields the result (for the case X = E⊗2
m X). Note

here that the integration in ν can be exchanged with taking the expectation value
〈Ψ,A2[·]Ψ〉. Evidently, this is allowed since for Ψ ∈ DS the series (3.1) is actually
finite and the integrations involved in taking the expectation value are over compact
regions.

Concerning finiteness of the r.h.s. of (6.44), its integrand is bounded according
to ∣∣∣∣∣(2ν)n

4π (I⊗2,m (N+(ν,m) +N−(ν,m))X)
∣∣∣∣∣

≤m(2ν)n

4π ‖I⊗2‖K⊗2‖X‖K⊗2 (N+(ν,m) +N−(ν,m))

≤m(2ν)n

4π

√
dK ‖X‖K⊗2 (N+(ν,m) +N−(ν,m)) .

(6.45)

Now, note that

N+(ν,m) +N−(ν,m) =
∫
dθ (|h(θ)|2 + |h(θ + iπ)|2)|g̃(m ch θ +mν)|2. (6.46)

By assumption |h(θ)| ≤ a exp(b|θ|) ≤ a(ch θ)b for some a, b > 0, the same for
|h(θ+iπ)|, and by Lemma 6.5.4 we know that νn(ch θ)k|g̃(m ch θ+mν)|2 is integrable
in (θ, ν) over R× [0,∞) for any k ∈ N. In conclusion, the θ- and ν-integrals defining
the r.h.s of (6.44) and (6.46) can be exchanged by Fubini-Tonelli’s theorem and are
finite.
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Now, we can formulate

Theorem 6.3.3 (QEI for constant S-functions). Consider a constant S-function
S ∈ B(K⊗2) with parity-invariant diagonal, i.e., [S,F]I⊗2 = 0 and denote its eigen-
projectors with respect to its eigenvalues ±1 by P±. Suppose that P±1K⊗2 are both
positive. Then for the energy density T 00(x) defined in (6.15) and any g ∈ DR(R),
one has in the sense of quadratic forms on DS ×DS:

T 00(g2) ≥ − (I⊗2, (W+(M)P+ +W−(M)P−)I⊗2)K⊗2 1, (6.47)

where

W±(m) := m3

4π2

∞∫
1

ds |g̃(ms)|2w±(s) <∞ (6.48)

and w±(s) := s
√
s2 − 1± log(s+

√
s2 − 1).

The proof of this theorem makes use of a decomposition of the energy density
into a sum of five terms which are suitable to apply the master estimate. This is in
analogy to decompositions of the free field which have been employed in earlier works
[FE98; FM03; Daw06]. The energy density for the free bosonic field decomposes into
three terms T 00 = 1

2

(
: (∂0φ)2 : + :(∂1φ)2 : +m2:φ2 :

)
. The energy density for the free

fermionic field decomposes into two terms.

Proof. We use Lemma 6.3.2 five times: With h1(ζ) = ch ζ, h2(ζ) = sh ζ, h3(ζ) = 1
(all with n = 0 and X = P+I⊗2) and h4(ζ) = ch ζ

2 , h5(ζ) = sh ζ
2 (these with

n = 1 and X = P−I⊗2). The chosen functions and vectors are suitable for the
lemma: Clearly, the hi(ζ) satisfy the exponential bounds and analyticity properties.
The vectors P±I⊗2 are positive by assumption and satisfy SP±I⊗2 = ±P±I⊗2 by
construction. Diagonality in mass is shown easily using P± = 1

2(1±S) and property
(S6): For m 6= m′ we have (Em ⊗Em′)P±I⊗2 = (Em ⊗Em′)1

2(1± S)I⊗2 = 1
2((Em ⊗

Em′)± S(Em′ ⊗ Em))I⊗2 = 0.
Summation of the five terms "F2" resulting from (6.30) by insertion of n = ni,

X = Xi, and h = hi, yields, using

ch(ζ̄ + iπ) = − ch ζ, sh(ζ̄ + iπ) = − sh ζ, sh ζ̄+iπ
2 = −i ch ζ

2 , ch ζ̄+iπ
2 = −i sh ζ

2 ,
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and ignoring g̃2(P0(ζ)) for the moment, that( 3∑
j=1

hj(ζ1)hj(ζ̄2 + iπ)
)
P+I⊗2 +

( 5∑
j=4

hj(ζ1)hj(ζ̄2 + iπ)
)

(ch ζ1 − ch ζ2)P−I⊗2

= (1− ch ζ1 ch ζ2 − sh ζ1 sh ζ2)P+I⊗2 − i(ch ζ1
2 sh ζ2

2 + sh ζ1
2 ch ζ2

2 )(ch ζ1 − ch ζ2)P−I⊗2

= (1− ch(ζ1 + ζ2))P+I⊗2 − i sh ζ1+ζ2
2 (ch ζ1 − ch ζ2)P−I⊗2

= 2
(
− sh2 ζ1+ζ2

2 P+I⊗2 − i sh2 ζ1+ζ2
2 sh ζ1−ζ2

2 P−I⊗2
)

= −2 sh2 ζ1+ζ2
2

(
P+I⊗2 − i sh ζ2−ζ1

2 P−I⊗2
)
.

(6.49)
Recalling that G00

free

(
ζ−iπ

2

)
= −M2

2π
sh2 ζ

2 and F (ζ) = (P+ − i sh ζ
2P−)I⊗2, we find

that (6.49) multiplied by M2

4π
g̃2(P0(ζ)) yields

G00
free

(
ζ1+ζ2−iπ

2

)
g̃2(P0(ζ))F (ζ2 − ζ1) = g̃2(P0(ζ))F 00

2 (ζ; 0) =
∫
dt g2(t)F 00

2 (ζ; (t, 0))
(6.50)

so that the expression for the time-smeared energy density at one-particle level
(6.15) is obtained.

From Lemma 6.3.2 we thus obtain3

T 00(g2) =
∫
dt g2(t)A2[F 00

2 (·; (t, 0))]

≥ −
5∑

i=1

∑
±

∞∫
0

dν

16π2 (2ν)ni

(
I⊗2,M

3N±,i(ν,M)Psi
I⊗2

)
K⊗2

1.
(6.51)

Here si := (−1)ni . We compute
5∑

i=1

∑
±

∞∫
0

dν

16π2 (2ν)niM3‖hi(·+ 1±1
2 iπ)g̃(P0(θ) +Mν)‖2

2Psi

= M3

8π2

∞∫
0

dν

∞∫
−∞

dθ |g̃(P0(θ) +Mν)|2
(
(1 + ch2 θ + sh2 θ)P+ + 2ν(ch2 θ

2 + sh2 θ
2)P−

)

= M3

4π2

∞∫
0

dν

∞∫
−∞

dθ |g̃(P0(θ) +Mν)|2
(
ch2 θP+ + ν ch θP−

)
.

(6.52)
From here we proceed by changing the order of integration, and then substitute

(θ, ν)→ (s = ch θ + ν, t = s− ν) according to∫
R×[0,∞)

d(θ × ν) =
∫

[1,∞)×[0,s−1]

2d(s× ν)√
(s− ν)2 − 1

=
∫

[1,∞)×[1,s]

2d(s× t)√
t2 − 1

. (6.53)

Note here again that νn(ch θ)k|g̃(m ch θ + mν)|2 is integrable in (θ, ν) for any n ∈
{0, 1}, k ∈ N due to Lemma 6.5.4 so that changing the order of integration is allowed
by integrability of the positive integrand and Tonelli’s theorem.

3The change of order of A2 and integration in t is allowed. This is again due to the decompo-
sition of 〈Ψ,A2[·]Ψ〉 for Ψ ∈ DS into finite sums and integrals over compact regions.
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Proceeding with (6.52) and using known integral expressions

w+(s) =
s∫

1

2t2dt√
t2 − 1

= s
√
s2 − 1 + log(s+

√
s2 − 1), (6.54)

w−(s) =
s∫

1

2(s− t)tdt√
t2 − 1

= s
√
s2 − 1− log(s+

√
s2 − 1), (6.55)

we obtain

M3

4π2

∞∫
1

ds|g̃(Ms)|2
 s∫

1

dt

(
2t2√
t2 − 1

P+ + 2(s− t)t√
t2 − 1

P−

)
=M3

4π2

∞∫
1

ds|g̃(Ms)|2 (w+(s)P+ + w−(s)P−)

=W+(M)P+ +W−(M)P−.

(6.56)

Note that W±(m) < ∞ either as a consequence of Lemma 6.3.2 or by direct
observation: w±(s) grow at most as s2 for s→∞ and g̃2(ms) provides rapid decay
in s.

6.4 Discussion of the QEI
In this section, we briefly discuss the range of validity of the QEI result (Thm. 6.3.3)
and compare it with known results for non-interacting models. We will show that the
QEI obtained here applies to a wide range of models: In addition to models where
QEI results were obtained before—the free Bose field [FE98], the free Fermi field
[Daw06], the Ising model [BCF13]—the result is applicable also to combinations of
these models and the fermionic variant of the Ising model (see, e.g., [BC21]). It also
applies to the Federbush model (and generalizations of it as in [Tan14]): Although
the Federbush model’s S-function is not parity invariant, it has a parity invariant
diagonal and (6.3) yields a valid (parity invariant) candidate for the energy density,
i.e., it satisfies all the properties (a) to (h). This is due to the fact that the candidate
depends only on the parity-invariant part of the S-function. The candidate is in
agreement with [CF01, Sec. 4.2.3]. For further details on the Federbush model see
Section 8.3.

The QEI result is independent of the statistics of the particles; it depends only
on the mass spectrum and the S-function. The aspect of particle statistics comes
into play when computing the scattering function from the S-function (Prop. 2.5.3,
Eq. (2.64)); it also enters the form factor equations for local operators; see, e.g.,
[BC21, Sec. 6]. However, in the equations for F2 relevant for our analysis, the
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"statistics factors" occur only in even powers, so that our assumptions on the stress-
energy tensor—specifically, properties (c) and (d)—are appropriate in both, models
with bosons and fermions.

Let us clarify first, that the QEI result applies to models with constant diagonal
S-functions:

Lemma 6.4.1. All diagonal S-functions (Defn. 2.3.2) have a parity-invariant di-
agonal, i.e., [S,F]I⊗2 = 0. The assumptions of Theorem 6.3.3 are met whenever
the model has a constant diagonal S-function.

Proof. For a diagonal S-function S (not necessarily constant) to have a parity-
invariant diagonal (Eq. (6.2)) is equivalent to sαᾱ = sᾱα. This holds by (S3); confer
Proposition 2.3.3(a). Also by that proposition a constant diagonal S-function satis-
fies sαᾱ = sᾱα = s−1

αᾱ. Thus sαᾱ ∈ {±1}. Using P± = 1
2(1± S), we find

(P±I⊗2)αβ = 1
2(δα

γ δ
β
δ ± S

αβ
γδ )δγδ̄

= 1
2

(
δα

γ δ
β
γ̄ ± sγγ̄δ

α
γ̄ δ

β
γ

)
= 1

2 (1± sαᾱ) δα
γ δ

β
γ̄

= |{sαᾱ = ±1}|δαβ̄.

(6.57)

Thus P±I⊗2 = ∑
α:sαᾱ=±1 |eα ⊗ Jeα) which is clearly positive (Lemma 6.3.1).

Next, let us clarify the relation of the QEI result to previous results for non-
interacting models. Suppose that the S-function is diagonal and that the model has
a single mass sector with M = m1K for some m > 0 (or looking just at states within
this mass sector). Then the lower bound of Theorem 6.3.3 simplifies to

T 00(g2) ≥ − m

4π2

∞∫
1

ds |mg̃(ms)|2 (C+w+(s) + C−w−(s)) 1, (6.58)

where C± = |{α : sαᾱ = ±1}| counts the positive/negative eigenvalues of SF which
lie on the "diagonal".

In Table 6.4, we survey known and new QEI results for the models mentioned in
the beginning. In more generality, (6.58) will also hold for all combinations of these
models (by simply adding up C±) and to variants of the same models with changed
statistics (a switch between bosonic and fermionic statistics exchanges C+ and C−

for all affected degrees of freedom). In that regard, also generalized Federbush-type
models are included in the result. Such a model combines two free models, e.g., a
Dirac fermion and a complex boson, with a Federbush-type interaction (Sec. 8.3).
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Model C+ C− reference for the QEI result
free scalar boson 1 0 [FE98]

free Majorana fermion 0 1 "new"
massive Ising 0 1 [BCF13]

free complex boson 2 0 "new"
free Dirac fermion 0 2 [Daw06]

traditional Federbush 0 4 new

Table 6.1: Known QEI results together with new ones. The "new" results have not
been explicitly treated in 1+1d but are reasonably clear from the existing literature.
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6.5 Supplementary computations

Lemma 6.5.1. Let S ∈ B(K⊗2) then
 n∏

j=3
(FS)1,j

β

α

= δβ1
α1S

β3β2
γ1α3S

β4γ1
γ2α4 ...S

βn−1γn−4
γn−3αn−1S

βnγn−3
α2αn

.

Proof. Starting with the l.h.s., there is no action on the first tensor component, so
that we can split off δβ1

α1 . Let us also abbreviate T = FS so that T γδ
αβ = Sδγ

αβ. Then
we computen−1∏

j=2
T1,j

β2...βn

α2...αn

= (T1,2T1,3...T1,n−2T1,n−1)β2...βn

α2...αn
(6.59)

= (T1,2T1,3...T1,n−2)β2...βn−1
γn−3α3...αn−1

T γn−3βn
α2αn

(6.60)

= (T1,2T1,3...T1,n−3)β2...βn−2
γn−4α3...αn−2

T γn−4βn−1
γn−3αn−1T

γn−3βn
α2αn

(6.61)

= ... (6.62)
= T β2β3

γ1α3 T
γ1β4
γ2α4 ...T

γn−4βn−1
γn−3αn−1T

γn−3βn
α2αn

(6.63)

implying the to-be-proven expression. Note the shift in the j-index due to the δβ1
α1

which was split off.

Lemma 6.5.2. Under the assumptions of Lemma 6.3.2,

(−1)nf+
−ν = f−ν .

Proof. For the following computation we define hg,ν(ζ) := h(ζ)g(p0(ζ)−ν) such that
h+

ν,α = hg,ν(·)eα and h−ν,α = hg,−ν (̄·+ iπ)eα. Also, we remark that for two C-valued
functions hi, i = 1, 2, we understand h1 ⊗ h2 as the map

ζ 7→ (h1 ⊗ h2)(ζ) := h1(ζ1)h2(ζ2).
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Then
(−1)nf+

−ν

= (−1)n
r∑

α=1
cαPS

(
h+
−ν,α ⊗ Jh+

−ν,α(̄·+ iπ))
)

= (−1)n 1
2

(
hg,−ν ⊗ hg,−ν (̄·+ iπ) + (−1)nhg,−ν (̄·+ iπ)⊗ hg,−ν

) r∑
α=1

cα(eα ⊗ Jeα)

= (−1)n 1
2

(
hg,−ν ⊗ hg,−ν (̄·+ iπ) + (−1)nhg,−ν (̄·+ iπ)⊗ hg,−ν

)
X

= 1
2

(
(−1)nhg,−ν ⊗ hg,−ν (̄·+ iπ) + hg,−ν (̄·+ iπ)⊗ hg,−ν

)
X

= 1
2

(
hg,−ν (̄·+ iπ)⊗ hg,−ν + (−1)nhg,−ν ⊗ hg,−ν (̄·+ iπ)

)
X

=
r∑

i=1
cα

1
2

(
hg,−ν (̄·+ iπ)⊗ hg,−ν + (−1)nhg,−ν ⊗ hg,−ν (̄·+ iπ)

)
eα ⊗ Jeα

=
r∑

i=1
cα PS

(
h−ν,α ⊗ Jh−ν,α(̄·+ iπ)

)
= f+

ν .

(6.64)
We used here that SX = (−1)nX.

Lemma 6.5.3. For X = ∑r
α=1 cαeα ⊗ Jeα with r ∈ {1, ..., dK}, we have

r∑
α=1

cα = (I⊗2, X).

Proof. Using I⊗2 = ∑dK
β=1(eβ⊗Jeβ) for some completion of {eα}, α = 1, .., r to a full

ONB {eβ}, β = 1, .., dK one obtains(
r∑

α=1
cα

)
=

r∑
α,β

cαδ
2
αβ =

r∑
α,β

cα(eα ⊗ Jeα, eβ ⊗ Jeβ) = (I⊗2, X).

Lemma 6.5.4. For all k ∈ N and g ∈ S(R), (ch θ)k|g̃(ch θ + ν)|2 is absolutely
integrable in (θ, ν) over R× [0,∞).

Proof. Transforming the integral, using s = ch θ + ν (1 ≤ s < ∞, 0 ≤ ν ≤ s − 1)
and t := s− ν, yields∫

R×[0,∞)

d(θ × ν)(ch θ)k|g̃(ch θ + ν)|2

= 2
∞∫

1

ds√
(s− ν)2 − 1

s−1∫
0

dν(s− ν)k|g̃(s)|2 =
∞∫

1

ds

s∫
1

tkdt√
t2 − 1

|g̃(s)|2. (6.65)

Then w(s) := |
s∫
1

tkdt√
t2−1 | . sk+1 for s→∞, thus |w(s)||g̃(s)|2 decays rapidly in s.
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Chapter 7

QEIs at one-particle level for generic
scattering functions

This chapter aims to give necessary and sufficient conditions for QEIs at one-particle
level in general integrable models, including models with several particle species,
inner degrees of freedom, and bound states. The result will apply, in particular, to
models with a regular S-function with (up to) first-order poles in the physical strip.
Also, we will focus mainly on parity-invariant models.

The observable of interest for the (time-averaged) QEIs is the energy density
T 00(g2) at a space point x = x0 (we will take x0 = 0 without loss of generality) and
averaged in time by g2, where g ∈ SR(R). Chapter 5 shows that expectation values
of the stress-energy tensor T µν(x) in one-particle states are entirely determined by
its two-particle form factor F µν

2 (·;x) or, due to Poincaré covariance, even by the two-
particle form factor of T (0) := gµνT

µν(0). We may represent it as a matrix-valued
function F̂ : C→ B(K), fixed by the relation

〈ϕ, T (0)χ〉 =
∫
dθdη ϕα(θ)F̂ (θ − η)α

βχ
β(η), ϕ, χ ∈ D(R,K), (7.1)

where the indices may label particle types and inner degrees of freedom.
For our results, we will assume that F µν

2 is parity-covariant, which implies that
F̂ is self-adjoint (for real arguments). In this case, we will obtain an almost classi-
fication of whether QEIs hold depending on the asymptotic growth of F̂ : A QEI of
the form

〈ϕ, T 00(g2)ϕ〉 ≥ −cg‖ϕ‖2
2 (7.2)

for all ϕ ∈ D(R,K) and a constant cg (not dependent on ϕ) holds if the eigenvalues
of F̂ (ζ), for ζ in a strip around R and |Re ζ| → ∞, all grow strictly slower than
1
4 exp |Re ζ|. It cannot hold if one of them grows strictly faster. The case where
some of the eigenvalues grow like 1

4 exp |Re ζ| is inconclusive.
The derivation of this result is based on methods which were developed in [BC16]

for the scalar case dK = 1. We extend these methods here to dK > 1 and by including
bound states which implies that we analyze a meromorphic matrix-valued function
F̂ instead of an analytic complex-valued one.

For a given model, it is desirable to link F̂ directly with the properties of the
model. We will establish this link, thereby providing a recipe for obtaining QEIs in
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generic models. In Chapter 8, we will illustrate the essential features of this recipe in
concrete examples including linear QFTs, the Bullough-Dodd model, the Federbush
model, and the O(n)-nonlinear sigma model.

The remainder of this chapter is as follows: We will first derive the QEI result
depending on the asymptotic growth of F̂ (Sec. 7.1), followed by a brief discussion
on how to extend the scope of the result (Sec. 7.2), and conclude with the recipe to
obtain QEIs in generic models (Sec. 7.3). We defer a broader discussion of the QEI
result to the conclusion in Chapter 9 so that we can take into account the findings
in explicit examples.

7.1 Derivation of the QEI at one-particle level
Assume that we have a diagonal-in-mass stress-energy tensor at one-particle level
F µν

2 . Then the expectation values of the time-averaged energy density T 00(g2) are,
combining (5.9) with Corollary 5.3.3, given by

〈ϕ, T 00(g2)ϕ〉 =
∫
dθdη ch2 θ + η

2

(
ϕ(θ), M

2

2π g̃
2(p0(θ;M)− p0(η;M))F̂ (η − θ)ϕ(η)

)
(7.3)

for ϕ ∈ DS ∩H1. Note here that we relate F from Chapter 5 with F̂ by the identity

(u⊗ Jv, F (ζ + iπ))K⊗2 = (u, F̂ (ζ)v), u, v ∈ K. (7.4)

We ask whether the quadratic form defined by (7.3) is bounded below. In fact,
this can be characterized in terms of the asymptotic behaviour of F̂ :

Theorem 7.1.1. Let F µν
2 be a parity-covariant stress-energy tensor at one-particle

level which is diagonal in mass and F̂ be given according to (7.4) and Corol-
lary 5.3.3. Then:

(a) Suppose there exists u ∈ K with ‖u‖K = 1, and c > 1
4 such that

∃r > 0 ∀|θ| ≥ r : |(u, F̂ (θ)u)| ≥ c exp |θ|. (7.5)

Then for all g ∈ SR(R), g 6= 0 there exists a sequence (ϕj)j in D(R,K) with
‖ϕj‖2 = 1, such that

〈ϕj, T
00(g2)ϕj〉

j→∞−−−→ −∞. (7.6)

(b) Suppose there exists c < 1
4 such that

∃ε, r > 0 ∀|Re ζ| ≥ r, | Im ζ| ≤ ε : ‖F̂ (ζ)‖B(K) ≤ c exp |Re ζ|. (7.7)
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Then for all g ∈ SR(R) there exists cg > 0 such that for all ϕ ∈ D(R,K),

〈ϕ, T 00(g2)ϕ〉 ≥ −cg‖ϕ‖2
2. (7.8)

The rest of this section is devoted to the proof of Theorem 7.1.1, which we
develop separately for the two parts (a) and (b). We first note that F̂ satisfies:

Lemma 7.1.2. For parity-invariant T 00(g2) and under the identity (7.4), F̂ is a
meromorphic function which satisfies

F̂ (ζ) = F̂ (−ζ), (7.9)
F̂ (ζ) = F̂ (ζ̄)∗, (7.10)
F̂ (0) = 1K. (7.11)

Note here that these identities are implied by S-periodicity and parity-invariance
for (7.9), by S-periodicity and CPT-invariance for (7.10), and by normalization for
(7.11).

Proof. By Theorem 5.3.1 including parity covariance (respectively parity invariance
of the 00-component), F satisfies the properties

F (ζ + iπ) = F (−ζ + iπ), (7.12)
F (ζ) = FF (ζ), (7.13)

F (ζ + iπ) = J⊗2F (ζ̄ + iπ), (7.14)
F (iπ) = I⊗2. (7.15)

Using the identification (7.4) and the identities from Lemma A.6.1, in particular,
that ̂J⊗2FF (ζ) = F̂ (ζ)

∗
and Î⊗2 = 1K, this is equivalent to the identities above.

Now the strategy for part (a) closely follows [BC16, Proposition 4.2], but with
appropriate generalizations for matrix-valued rather than complex-valued F̂ .

Proof of Theorem 7.1.1(a). Fix a smooth, even, real-valued function χ with support
in [−1, 1]. Then for ρ > 0 define χρ(θ) := ρ−1/2‖χ‖−1

2 χ(ρ−1θ), so that χρ has support
in [−ρ, ρ] and is normalized with respect to ‖·‖2. Define

ϕj(θ) := 1√
2(χρj

(θ − j) + s χρj
(θ + j))M−1u,

where s ∈ {±1} and (ρj)j is a null sequence with 0 < ρj < 1; both will be specified
later. The ϕj, thus defined, have norm of at most m−1

− , where m− := minM.
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Defining F̂g(θ, η) := g̃2(p0(θ;M)− p0(η;M))F̂ (η − θ), Equation (7.3) yields

〈ϕj, T
00(g2)ϕj〉

=
∫
dθdη ch2 θ+η

2

(
ϕj(θ),

M2

2π F̂g(θ, η)ϕj(η)
)

=
∫ dθdη

4π ch2 θ+η
2

(
(χρj

(θ − j)χρj
(η − j) + χρj

(θ + j)χρj
(η + j))

+ sχρj
(θ − j)χρj

(η + j) + sχρj
(θ + j)χρj

(η − j)
)

(u, F̂g(θ, η)u).

(7.16)

Here we used that χρj
is real-valued, that s2 = 1, and the M2 in the kernel was

canceled by the M−1 appearing in ϕj.
Now, for each summand we redefine the θ- and η-variables to make use of the

symmetries of the integral kernel: For χρj
(θ∓j)χρj

(η∓j) we substitute θ 7→ ±(θ+j)
and η 7→ ±(η+j) so that we obtain in both cases χρj

(θ)χρj
(η) since χρj

(−θ) = χρj
(θ)

by assumption on χ. Similarly, for the summands χρj
(θ ∓ j)χρj

(η ± j) we redefine
θ 7→ ±(θ+ j) and η 7→ ∓(η+ j) so that we obtain again in both cases χρj

(θ)χρj
(η).

As a result, the whole expression becomes

=
∫ dθdη

4π χρj
(θ)χρj

(η)(
ch2(j + θ+η

2 )((u, F̂g(θ + j, η + j)u) + (u, F̂g(−θ − j,−η − j)u))

+ s ch2 θ−η
2 ((u, F̂g(θ + j,−η − j)u) + (u, F̂g(−θ − j, η + j)u))

)
. (7.17)

Finally, since F̂ (θ) = F̂ (−θ) by (7.9) and p0(θ;M) = p0(−θ;M), we may summarize
each of the two terms to obtain

〈ϕj, T
00(g2)ϕj〉 = 1

2π
(
u, (Hχ,j,+ + sHχ,j,−)u

)
(7.18)

with Hχ,j,± :=
∫
dθdη g̃2(Mkj(θ, η))Hj,±(θ, η)χρj

(θ)χρj
(η) and

Hj,+(θ, η) = ch2(j + θ+η
2 )F̂ (θ − η),

Hj,−(θ, η) = ch2 θ−η
2 F̂ (2j + θ + η),

kj(θ, η) = 2 sh(j + θ+η
2 ) sh θ−η

2 .

Note here that

p0(θ ± j;M)− p0(η ± j;M) = M(ch(θ + j)− ch(η + j)) = 2M sh(j + θ+η
2 ) sh θ−η

2 .

Next, for large j and for θ, η ∈ [−ρj, ρj], we establish the estimates

(u,Hj,+(θ, η)u) ≤ ‖Hj,+(θ, η)‖B(K) ≤ (1
2 + 2c)

(
1 + 1

4e
2je2ρj

)
, (7.19)

s(u,Hj,−(θ, η)u) ≤ −ce2je−2ρj , (7.20)
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|kj(θ, η)| ≤ 12ejρj. (7.21)

Namely for (7.19), due to (7.11) and continuity of F̂ restricted to R as well as ‖·‖B(K),
we have for θ → 0 that ‖F̂ (θ)‖B(K) becomes arbitrarily close to ‖F̂ (0)‖B(K) = 1.
Since 2c + 1

2 > 1 by assumption, we may thus also obtain ‖F̂ (θ)‖B(K) ≤ 2c + 1
2

for small enough θ, or equivalently, for large enough j and θ ∈ [−2ρj, 2ρj]. Also,
ch2 x ≤ 1 + 1

4e
2x applied to x = ρj + j (note that θ+η

2 ≤ ρj) yields the estimate.
For (7.20) one uses ch2 x ≥ 1 along with the estimate −s(u, F̂ (θ)u) ≥ c exp |θ|

for all |θ| ≥ r, with suitable choice of s ∈ {±1}. The latter statement is im-
plied by hypothesis (7.5) and self-adjointness of F̂ (θ) (7.10): The hypothesis yields
|(u, F̂ (θ)u)| ≥ c exp θ for large enough θ > 0. As F̂ (θ) is self-adjoint, one has that
(u, F̂ (θ)u) is real-valued. Thus, either (u, F̂ (θ)u) or −(u, F̂ (θ)u) satisfies the bound.
A jump between signs is forbidden since F̂ (θ) is continuous.

For (7.21), see [BC16, Eq. (4.17)].
Now choose δ > 0 so small that g̃2(m+p) ≥ 1

2 g̃
2(0) > 0 for |p| ≤ δ, where m+ :=

maxM. Choosing specifically the sequence ρj = δ
12e
−j, we can combine these above

estimates in the integrands of Hχ,j,± to give, cf. [BC16, Proof of Proposition 4.2],(
u, (Hχ,j,+ + sHχ,j,−)u

)
≤ δ

24 g̃
2(0)(ce−j − c′ej)

(
ρ
−1/2
j ‖χρj

‖1
)2 j→∞−−−→ −∞ (7.22)

with some c′ > 0, noting that ρ−1/2
j ‖χρj

‖1 is independent of j.

For part (b), we follow [BC16, Theorem 5.1], but again need to take the operator
properties of F̂ into account.

Proof of Theorem 7.1.1(b). For fixed ϕ ∈ D(R,K) and g ∈ SR(R), we introduce
Xϕ := 〈ϕ, T 00(g2)ϕ〉. Our aim is to decompose Xϕ = Yϕ + (Xϕ − Yϕ) with Yϕ ≥ 0
and |Xϕ − Yϕ| ≤ cg‖ϕ‖2

2 in order to conclude Xϕ ≥ −cg‖ϕ‖2
2. Since [M, F̂ (ζ)] = 0

from diagonality in mass, we have Xϕ = ∑
m∈MXEmϕ and can treat each Emϕ,

m ∈ M, separately. Therefore in the following, we assume M = m1K without loss
of generality.

We now express Xϕ as in (7.3) and rewrite the integral as

Xϕ = m2

2π

∞∫
0

∞∫
0

dθdη g̃2(p0(θ)− p0(η))
(
ϕ(θ)t, X(θ, η)ϕ(η)

)
, (7.23)

where ϕ(θ) = (ϕ(θ), ϕ(−θ))t and

X(θ, η) =
ch2 θ+η

2 F̂ (−θ + η) ch2 θ−η
2 F̂ (−θ − η)

ch2 −θ+η
2 F̂ (θ + η) ch2 θ+η

2 F̂ (θ − η)

 .
Using (7.9) we find X = ( A B

B A ) with

A(θ, η) = ch2 θ+η
2 F̂ (θ − η), B(θ, η) = ch2 θ−η

2 F̂ (θ + η).
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Defining H± = A±B and ϕ±(θ) = ϕ(θ)± ϕ(−θ) we obtain further that

(ϕ(θ)t, X(θ, η)ϕ(η)) =
∑
±

(ϕ±(θ), H±(θ, η)ϕ±(η)). (7.24)

Let us define
K±(θ) :=

√
|H±(θ, θ)| ∈ B(K), (7.25)

where for O ∈ B(K), |O| denotes the operator modulus of O and
√
|O| its (positive)

operator square root. Now, analogous to Xϕ, introduce Yϕ (replacing H±(θ, η) with
K±(θ)K±(η)),

Yϕ := m2

2π
∑
±

∞∫
0

∞∫
0

dθdη g̃2(p0(θ)− p0(η)) (ϕ±(θ), K±(θ)K±(η)ϕ±(η)) . (7.26)

Using the convolution formula (6.34) with n = 0, p1 = p0(θ), p2 = p0(η), noting
that for real arguments it also holds for g ∈ SR(R), one finds that

g̃2(p0(θ)− p0(η)) =
∫ dν

2π g̃(p0(θ) + ν)g̃(p0(η) + ν) (7.27)

so that
Yϕ = m2

2π
∑
±

∫ dν

2π

∥∥∥∥∫ dη ψ±(η, ν)
∥∥∥∥2

K
≥ 0, (7.28)

where ψ±(η, ν) := g̃(p0(η) + ν)K±(η)ϕ±(η). It remains to show that |Xϕ − Yϕ| ≤
cg‖ϕ‖2

2 for some cg ≥ 0. For this, we show that Xϕ − Yϕ is the expectation value
of a Hilbert-Schmidt integral operator, namely, that its integral kernel L±(θ, η) =
H±(θ, η) − K±(θ)K±(η) is square-integrable. In this case the L2-norm yields the
constant cg; confer [HS78, §4]. Therefore, it suffices to show that

cg :=
∑
±

∞∫
0

dθ

∞∫
0

dη|g̃2(p0(θ)− p0(η))|2‖H±(θ, η)−K±(θ)K±(η)‖2
B(K) (7.29)

is finite.
To that end, let us introduce ρ = θ+η

2 and τ = θ − η with |∂(ρ, τ)/∂(θ, η)| = 1
and write L± as L±(ρ, τ) := H±(ρ + τ

2 , ρ −
τ
2 ) ± K±(ρ + τ

2 )K±(ρ − τ
2 ). In these

coordinates, the integration region in (7.29) is given by ρ > 0, |τ | < 2ρ. Let ρ0 ≥ 1
and θ0 > 0 be some constants. The region ρ ≤ ρ0 is compact; thus, the integral
over this region is finite. The region ρ > ρ0, |τ | > 1 also gives a finite contribution:
Because of

|p0(θ)− p0(η)| = 2m sh |τ |2 sh ρ ≥ 2m(1− e−2ρ0) sh 1
2 ch ρ (7.30)

in this region, |g̃2(p0(θ) − p0(η))|2 decays faster than any power of ch ρ, while
‖L±(ρ, τ)‖2

B(K) cannot grow faster than a finite power of ch ρ due to our hypoth-
esis (7.7). The remaining region is given by ρ ≥ ρ0 and |τ | ≤ 1. By (7.7), there
exists 0 < c < 1

4 and r > 0 such that

∀|θ| ≥ r : ||F̂ (2θ)||B(K) ≤ c exp 2|θ| ≤ 4c ch2 θ. (7.31)
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Moreover, using self-adjointness of F̂ (see (7.10)), for arbitrary θ ∈ R,

H±(θ, θ) = ch2 θ F̂ (0)± F̂ (2θ) ≥ ch2 θ 1K − |F̂ (2θ)|. (7.32)

Then due to
|F̂ (2θ)| ≤ ‖F̂‖B(K)1K, (7.33)

which holds for any bounded self-adjoint Hilbert-space operator (confer [RS80,
Thm. VI.6]), and using (7.31), we have that

∀|θ| ≥ r : H±(θ, θ) ≥ (1− 4c) ch2 θ 1K. (7.34)

Since c < 1
4 , these H±(θ, θ) are positive operators with a uniform spectral gap at 0.

As a consequence, together with H±(θ, θ), also the maps θ 7→ K±(θ) =
√
H±(θ, θ)

are analytic near [r,∞); see [Kat95, Ch. VII, §5.3]1. Correspondingly, L±(ρ, τ) is
real-analytic in the region where ρ ≥ |τ |

2 + r. This contains the region {(ρ, τ) : ρ ≥
ρ0, |τ | ≤ 1} if we choose ρ0 ≥ 1

2 + r.
Now in this region, it can be shown that there exists a > 0 such that for any

normalized u ∈ K,∣∣∣(u, L±(ρ, τ)u
)∣∣∣ ≤ 1

2τ
2 sup
|ξ|≤1

∣∣∣(u, ∂2

∂ξ2L±(ρ, ξ)u
)∣∣∣ ≤ 1

2aτ
2 ch ρ. (7.35)

This estimate is based on the fact that L±(ρ, τ) = L±(ρ,−τ), and L±(ρ, 0) =
0 (which also uses positivity of H±). The first inequality in (7.35) then follows
from Taylor’s theorem; the second is an estimate of the derivative by Cauchy’s
formula, using analyticity of F̂ in a strip around R, and repeatedly applying the
estimate (7.7), confer [BC16, Proof of Lemma 5.3]. Since (7.7) is an estimate in
operator norm, and the other parts of the argument are u-independent, one finds
‖ ∂2

∂ξ2L±(ρ, τ)‖B(K) ≤ a ch ρ with a constant a.
Finiteness of the integral (7.29) now follows from the estimate (7.35) together

with |g̃2(p0(θ)− p0(η))| ≤ c′(τ 4 ch4 ρ+ 1)−1 for some c′ > 0; confer [BC16, Proof of
Lemma 5.4].

1The reference has a more general scope than necessary so that we should briefly comment on
how to apply the referenced remark. The map ζ 7→ H±(ζ, ζ) = ch2 ζ 1K ± F̂ (2ζ) is analytic by
assumption in an open strip around R, say D0. It satisfies that for all ζ ∈ D0, D(H±(ζ, ζ)) = K is
independent of ζ and H±(ζ, ζ)u is analytic in ζ so that it is of type (A) as specified in the reference.
Finally, H±(ζ, ζ) has a spectral gap at 0 by inequality (7.34) and for small enough | Im ζ|. The
remark in the reference then tells us that ζ 7→

√
H±(ζ, ζ) = K±(ζ) is analytic in D0.
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7.2 Extending the scope of the QEI result
Let us comment here briefly on three aspects relevant for the scope of the theorem.
First, we briefly discuss how the QEI result can be applied to models without parity
invariance, i.e., where the stress-energy tensor or the S-function cannot be assumed
to be parity-invariant. Second, we argue how the QEI result is modified when taking
expectation values for superpositions of zero- and one-particle states and, third, in
case that the vanishing of the zero-point energy is not assumed.

QEIs for parity-breaking models In absence of parity covariance of F µν
2 , The-

orem 7.1.1 applies at least to the parity-covariant part F µν
2,P of F µν

2 , which is given by
replacing F with FP := 1

2(1 + F)F and has all features of a parity-covariant stress-
energy tensor at one-particle level except possibly for S-symmetry (T3), which re-
quires the extra assumption [S,F]F = 0. In any case, since S-symmetry is not
used in the proof, Theorem 7.1.1 still applies to F µν

2,P . Now, if (7.5) holds for
F with u satisfying Ju = ηu with η ∈ C and |η| = 1, it holds for FP due to
(u, F̂ (θ)u) = (Ju, F̂ (θ)Ju) = (u, F̂F (θ)u). As a consequence, no QEI can hold for
F µν

2 . On the other hand, if (7.7) is fulfilled for F (hence for FP ), then a one-particle
QEI for F µν

2 holds at least in parity-invariant one-particle states.

QEIs for zero- and one-particle states While Theorem 7.1.1(b) establishes a
QEI only at one-particle level, the result usually extends to expectation values in
vectors Ψ = cΩ + Ψ1, c ∈ C, Ψ1 ∈ H1. Namely,

〈Ψ, T 00(g2)Ψ〉 = 〈Ψ1, T
00(g2)Ψ1〉+ 2 Re c

∫
(Ψ1(θ), g̃2(p0(θ;M))F1(θ))dθ, (7.36)

where F1 = F
[T 00(0)]
1 is the one-particle form factor of the energy density. This F1

may be nonzero. However, it is of the form F1(ζ; 0) = F1(0) sh2 ζ (end of Sec. 5.3).
Now, the rapid decay of g̃2 implies that

F1,g : (θ 7→ g̃2(p0(θ;M))F1(θ))

is in L2(R,K) and by the Cauchy-Schwarz inequality we have

| 〈Ψ1, F1,g〉 | ≤ ‖Ψ1‖2‖F1,g‖2.

As clearly, 2|c|‖Ψ1‖2 ≤ |c|2 + ‖Ψ1‖2
2 = ‖Ψ‖2

2 due to (|c| − ‖Ψ1‖2)2 ≥ 0, it follows that
the additional term in (7.36) is bounded by a finite constant c′g := ‖F1,g‖2 times
‖Ψ‖2, i.e., the inequality (7.2) holds with constant cg replaced by cg + c′g.
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QEIs for non-vanishing zero-point energy Accounting for a non-vanishing
zero-point energy consists merely of shifting the stress-energy tensor by a constant
cg,Ω := 〈Ω, T 00(g2)Ω〉, i.e., T 00(g2) 7→ T 00(g2) + cg,Ω. Due to Poincaré invariance
of Ω we know that cg,Ω = cΩ

∫
g2(t)dt, where cΩ = 〈Ω, T 00(0)Ω〉. Again, the

inequality (7.2) holds with constant cg replaced by cg + cΩ‖g‖2
2. This also holds for

superpositions of zero- and one-particle states, where (7.36) has to be supplemented
by an additional term |c|2cg,Ω.

QEIs along a timelike wordline The QEI we have obtained here is averaged
along a timelike trajectory which is constant in space x0 = 0. For other timelike
trajectories, we sketch here that the result applies in similar form. For simplic-
ity, we restrict the discussion to a trajectory with constant timelike tangent vector
kµ such that k.k = 1. For the QEI results, we then have to replace T 00(0, t) by
kµkνT

µν(x+ tk) for some x ∈ M. The x can be ignored due to translational invari-
ance. Since at least at the one-particle level the µν-dependence of T µν is fully fixed
by Poincaré covariance in terms of the free expression Gµν

free (Thm. 5.3.1, Cor. 5.3.3),
in the proofs of Thm. 7.1.1, there are two replacements:

G00
free 7→ kµkνG

µν
free, (7.37)

g̃2(p0(θ)− p0(η)) 7→ g̃2(kµ(pµ(θ)− pµ(η))). (7.38)

Both of these modifications, require only few changes in the proofs. For instance,
the first replacement amounts to a constant modification when ρ→∞,

kµkνG
µν
free(ρ) = G00

free(ρ)(k0 − k1 th ρ)2. (7.39)
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7.3 A general recipe to obtain QEIs at one-particle level
To be able to use the QEI result established above (Thm. 7.1.1) in a given model,
it is desirable to link the rather abstract F̂ appearing there to the properties of
the model at hand, i.e., to its particle spectrum and interactions, and in particular
to the model’s S-function S. We will briefly outline this recipe here, recalling also
some concepts from the preceding chapters and giving reference to the relevant
mathematical results.

First, recall that F̂ was given rather abstractly as the two-particle form factor
of the trace of the stress-energy tensor (7.1) and that the QEI result,

〈ϕ, T 00(g2)ϕ〉 ≥ −cg‖ϕ‖2
2 (7.40)

for all g ∈ SR(R), ϕ ∈ D(R,K) and a constant cg, depended crucially on the asymp-
totic growth of F̂ (Thm. 7.1.1). To analyze this, we recall the structure of F̂ .

Based on the eigendecomposition of S and assuming constant eigenprojectors
(Prop. 2.3.4 and below), we can decompose F̂ into eigenspaces with respect to S

(Prop. 5.3.4). Say that S has k distinct eigenvalues si, then there are polynomials
Qi such that

F̂ (ζ) =
k∑

i=1
Qi(ch ζ)

fi,min(ζ)
di(ch ζ)

, (7.41)

where di is a complex-valued polynomial fixed by the bound state poles of si and
fi,min is the minimal solution with respect to si. Recall here that di is completely
fixed by the position of the poles of si in the physical strip S(0, π) and normalization
di(1) = 1. Recall also that the minimal solution for given si is unique under mild
growth conditions (Lemma 4.1.1). Thus the model-dependent part, consisting of
the bound state pole factors di and the minimal solutions fi,min, is completely fixed
by the properties of the model and independent from T µν . Imposing the expected
properties for the stress-energy tensor (Defn. 5.2.1), the Qi are constrained by CPT-
and G-invariance, and normalization due to the density property, ∑k

i=1 Qi(1) = I⊗2.
However, the degree of the polynomial and some of their coefficients are uncon-
strained by our assumptions2. Thus, the Qi classify the freedom of choice for the
stress-energy tensor (at one-particle level).

Imposing a QEI of the form (7.2) as an additional physical assumption, gives
an upper bound on the asymptotic growth of F̂ and thus on the degree of the Qi.
In this manner, we can constrain the freedom of choice for the stress-energy tensor
at one-particle level considerably and in some cases fix it uniquely. This will be
done in Chapter 8 for a number of specific models showing the most important

2To be precise, there is one constraint: The polynomial energy bounds on Tµν imply that the
Qi cannot grow faster than polynomials asymptotically.
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features of our result. The models include linear QFTs, the Bullough-Dodd model,
the Federbush model, and the O(n)-nonlinear sigma model.

What has been skipped so far is that for the classification result on F̂ , existence of
the minimal solutions fi,min has to be assumed, and for the analysis of the asymptotic
growth of F̂ knowing the asymptotic growth of the minimal solutions is crucial.
Existence can be proven for a large class of (eigenvalues of) S-functions by employing
a well-known integral representation (Thm. 4.2.1). For this class, the function

f [s] : R→ R, t 7→ f [s](t) := − 1
π

∞∫
0

s′(θ)s(θ)−1 cos(π−1θt)dθ (7.42)

is well-defined and referred to as the characteristic function of s. In the case s(0) =
1, the minimal solution fmin is then obtained from f = f [s] as the meromorphic
continuation of

mf : R→ C, θ 7→ mf (θ) := exp
2

∞∫
0

f(t) sin2 (iπ − θ)t
2π

dt

t sh t

 . (7.43)

For s(0) = −1, an additional factor needs to be included.
The asymptotic growth of fmin is then controlled by the Taylor expansion of the

characteristic function around zero (Proposition 4.2.6): For a continuous function
f : [0,∞) → R, which is exponentially decaying at large arguments and second-
order differentiable on some interval [0, δ], δ > 0, and where f0 := f(0), f1 := f ′(0),
the growth of mf (ζ) is bounded at large |Re ζ| as in

∃0 < c ≤ c′, r > 0 : ∀|Re ζ| ≥ r, Im ζ ∈ [0, 2π] : c ≤ |mf (ζ)|
|Re ζ|f1 exp |Re ζ|f0/2 ≤ c′.

(7.44)
With this said, we have a recipe for a large class of models to determine whether
a one-particle QEI in the sense of Theorem 7.1.1 holds, or no such QEI can hold.
Namely, given a decomposition of the form (7.41) we know that for a QEI to hold
each summand must grow asymptotically strictly less than 1

4 exp |Re ζ| for |Re ζ| →
∞ and Im ζ in a small interval around zero. Since | ch ζ| ≤ exp |Re ζ|, its validity
depends then on the degree of the polynomials Qi and di as well as the coefficient
f0 and in special cases on the leading coefficients of Qi and di.

We summarize this recipe and results that are relevant for QEIs from the pre-
ceding chapters in the following theorem:

120



Chapter 7. QEIs at one-particle level for generic scattering functions

Theorem 7.3.1. Assume a model with parity-invariant regular S-function S which
has an eigendecomposition with constant eigenprojectors Pi and whose eigenvalues
si, i ∈ {1, ..., k} are such that

ri := d

dζ
log si (7.45)

is uniformly L1 in a strip S(−ε, ε) for some ε > 0. Further, we introduce polyno-
mials di

di(x) =
∏
j

x− ch ζj

1− ch ζj

, (7.46)

where j runs over the poles of si when restricted to the physical strip S(0, π) which
we assume to be finite and of first-order. Under these assumptions,

1. The minimal solutions fi,min with respect to si exist

2. The diagonal-in-mass parity-covariant stress-energy tensor at one-particle
level has the form F µν

2 (θ, η + iπ;x) = ei(P (θ)−P (η)).xGµν
free( θ+η

2 )F̂ (η − θ), where

F̂ (ζ) =
k∑

i=1
Qi(ch ζ)

fi,min(ζ + iπ)
di(ch ζ)

(7.47)

where the Qi take values in hermitian matrices on K which are invariant
under the adjoint action of J and V (g) for all g ∈ G and are normalized
such that ∑k

i=1 Qi(1) = 1K. (Note here that some Qi might be identically
zero)

3. Let fi,0 and fi,1 denote the zero-th and first-order Taylor coefficients at zero of
the characteristic function fi with respect to si and let pi denote the number
of poles of si when restricted to the physical strip. Let further degQi denote
the polynomial degree of Qi. Then a QEI of the form (7.40)

holds if: degQi < 1− 1
2fi,0 + pi for all i ∈ {1, ..., k}, (7.48)

cannot hold if: degQi > 1− 1
2fi,0 + pi for some i ∈ {1, ..., k}. (7.49)

4. Let cQi
denote the B(K)-norm of the leading coefficient of Qi and ci, c

′
i con-

stants for which (7.44) holds (mf = mfi
). Then a QEI of the form (7.40)

also holds if (7.48) applies with " ≤" and for all i with "=" in (7.48),

fi,1 < 0 or fi,1 = 0 ∧ cQi
<

2deg Qi−pi−2

ci
∏

j(1− ch ζj)
. (7.50)
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Such a QEI cannot hold if (7.49) applies with "=" and

fi,1 > 0 or fi,1 = 0 ∧ cQi
>

2deg Qi−pi−2

c′i
∏

j(1− ch ζj)
. (7.51)
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Examples

In this chapter, we will look at concrete examples which illustrate the essential fea-
tures of the abstract results developed in Chapters 6 and 7. This includes a review
of former QEI results (models with one scalar particle type, Sec. 8.1) and an analy-
sis of a model with bound states (Generalized Bullough-Dodd model, Sec. 8.2), an
interacting model with a constant scattering function (Federbush model, Sec. 8.3),
and a model with several particle species (O(n)-nonlinear sigma model, Sec. 8.4).

In summary, we will show that in these examples QEIs at one-particle level
hold. When imposed as an additional physical assumption, it significantly reduces
the freedom of choice in the class of viable stress-energy tensors. In some cases (free
fermion, Ising, O(n)-nonlinear sigma), this uniquely fixes the stress-energy tensor at
one-particle level. In some models with rapidity-independent scattering like the free
fermion and the Ising model this even fixes the full stress-energy tensor for which a
state-independent QEI in states of arbitrary particle number holds.

To understand the following sections, recall, that a model is fixed by the speci-
fication of its one-particle little space (K, J, V,M) and its S-function S (Chap. 2).
Here K is the little space representing the model’s discrete degrees of freedom, J the
CPT-operator, V the representation of the global symmetry group G and M is the
mass operator with mass spectrum M. Recall also, that the general recipe to obtain
QEIs is summarized in Section 7.3. The assumptions for Theorem 7.3.1 are met
in the following way: All models treated below have constant eigenprojectors (the
models with one scalar particle type trivially). All models treated below are regular,
have at most first-order poles in the physical strip and, except for the Federbush
model, are parity-invariant. That the minimal solutions exist1 was discussed in Sec-
tion 4.3. In spite of the argued applicability of Theorem 7.3.1, for concreteness, we
will treat each model on its own and give "step-by-step" references to the results
from the main text.

8.1 Models with one scalar particle type without bound states
As a first step, we review in our context the known results for models of one scalar
particle type and without bound states [BC16]. That is, we consider K = C, J

1I.e., that for each (relevant) eigenfunction s of S, d
dζ s(ζ) is uniformly L1 in a strip.
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the complex conjugation, M = {m} for the one-particle space, and P = ∅ for the
stress-energy tensor, with a scattering function of the form

SgshG(ζ) = ε
n∏

k=1
s(ζ; bk), s(ζ; b) := sh ζ − i sin πb

sh ζ + i sin πb, (8.1)

where ε = ±1, n ∈ N0, and (bk)k∈{1,...,n} ⊂ iR + (0, 1) is a finite sequence in which
bk and bk appear the same number of times. This is the most general regular scalar
scattering function [Lec06, Prop. 3.2.2] and might be referred to as generalized sinh-
Gordon model.

The minimal solution with respect to ζ 7→ s(ζ; b) is known (see, e.g., [BC16,
Eq. (2.5)] or [FMS93, Eq. (4.13)]) and in our context given by

fb,min(ζ) = (−i sh ζ
2)mf(·;b)(ζ) (8.2)

with characteristic function

f(t; b) :=
4 sh bt

2 sh (1−b)t
2 sh t

2 − sh t
sh t . (8.3)

Since f(t; b) = −1 + O(t2) for t → 0, it follows that fb,min is uniformly bounded
above and below on S[0, 2π] by Proposition 4.2.6. More quantitatively, fb,min(ζ+ iπ)
converges uniformly to

f∞b,min := lim
θ→±∞

fb,min(θ + iπ) = exp
∞∫

0

(t sh t)−1(1 + f(t; b))dt <∞ (8.4)

for |Re ζ| → ∞ and | Im ζ| ≤ δ for any 0 < δ < π. This can be derived
in the following way: Since g(t) := (t sh t)−1(1 + f(t; b)) is exponentially decay-
ing and regular (in particular at t = 0), it is integrable and f∞b,min is finite. As
log ch ζ

2 = 2
∞∫
0

(t sh t)−1 sin2 ζt
2π
dt for | Im ζ| < π one may write log fb,min(ζ + iπ) =

2
∞∫
0

(t sh t)−1(1 + f(t; b)) sin2 ζt
2π
dt. In the limit |Re ζ| → ∞ the parts which are

non-constant with respect to ζ vanish due to the Riemann-Lebesgue lemma for
| Im ζ| < π; uniformity follows from g(t) exp(± t Im ζ

π
) being uniformly L1-bounded in

| Im ζ| ≤ δ (see, e.g., proof of Thm. IX.7 in [RS75]).
Next, according to Corollary 4.1.3, the minimal solution with respect to SgshG is

given by
fgshG,min(ζ) = (i sh ζ

2)−d(ε,n)
n∏

k=1
fbk,min(ζ) (8.5)

with d(+1, n) = 2bn
2 c and d(−1, n) = 2bn−1

2 c. For the stress-energy tensor at one-
particle level we obtain (using Corollary 4.1.2, Lemma 4.1.4, and Corollary 5.3.3)
that

F µν
2 (ζ1, ζ2 + iπ) = Gµν

free

(
ζ1+ζ2

2

)
Fq(ζ1 − ζ2 + iπ), Fq(ζ) = q(ch ζ)fgshG,min(ζ + iπ)

(8.6)
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with q a polynomial having real-valued coefficients and q(−1) = 1.
Let c := 2d(ε,n)−deg q|cq|

∏n
k=1 f

∞
bk,min, where cq is the leading coefficient of q. By

the preceding remarks we find that for some c′, c′′ with 0 < c′ < c < c′′ and δ, r > 0:

∀|Re ζ| ≥ r, | Im ζ| ≤ δ : c′ ≤ |Fq(ζ + iπ)|
exp((deg q − 1

2d(ε, n))|Re ζ|) ≤ c′′, (8.7)

where c′ and c′′ can be chosen arbitrarily close to c for large enough r.
We can therefore conclude by Theorem 7.1.1 that a QEI of the form (7.8) holds

if deg q < 1
2d(ε, n) + 1 and cannot hold if deg q > 1

2d(ε, n) + 1. In case that deg q =
1
2d(ε, n) + 1, details of q become relevant. This can only occur if d(ε, n) is even, i.e.,
ε = +1. If here c is less (greater) than 1

4 then a QEI holds (cannot hold).

8.2 Generalized Bullough-Dodd model
We now consider a class of integrable models which treat a single neutral scalar
particle that is its own bound state. The presence of the bound state requires the
S-function to have a specific “bound state pole” in the physical strip with imaginary
positive residue and to satisfy a bootstrap equation for the self-fusion process. Such
S-functions are classified in [CT15, Appendix A]. The Bullough-Dodd model itself
(see [AFZ79; FMS93] and references therein) corresponds to the maximally analytic
element of this class which is given by ζ 7→ SBD(ζ; b) = s(ζ;−2

3)s(ζ; b
3)s(ζ; 2−b

3 )
where b ∈ (0, 1) is a parameter of the model. The full class allows for so-called CDD
factors [CDD56] and an exotic factor of the form ζ 7→ eia sh ζ , a > 0.

In Lagrangian QFT, from a one-component field ϕ and a Lagrangian

LBD = 1
2∂µϕ∂

µϕ− m2

6g2 (2egϕ + e−2gϕ) (8.8)

one obtains as S-function SBD(·; b) under the perturbation theoretic correspondence
b = g2

2π
(1 + g2

4π
)−1 [FMS93]. For more general elements of the described class no

Lagrangian is known [CT15].
In our context, we will consider the generalized variant of the model, but for

simplicity restrict to finitely many CDD factors and do not include the exotic fac-
tor:
Definition 8.2.1. The generalized Bullough-Dodd model is specified by the mass
parameter m > 0 and a finite sequence (bk)k∈{1,...,n} ⊂ (0, 1) + iR, n ∈ N, which
has an odd number of real elements and where the non-real bk appear in complex
conjugate pairs. The one-particle little space is given by K = C, G = {e}, V = 1C,
and M = m1C. J corresponds to complex conjugation. The S-function SgBD is of

125



Chapter 8. Examples

the form
SgBD(ζ) = s(ζ;−2

3)
n∏

k=1
s(ζ; bk

3 )s(ζ; 2−bk

3 ). (8.9)

Clearly, SBD is obtained from SgBD for n = 1 and b1 = b. Since SgBD is defined
as a product of a finite number of factors of the form s(·; b), its minimal solution
exists by Corollary 4.1.3 and amounts to

fgBD,min(ζ) = (−i sh ζ
2)−2nf−2/3,min(ζ)

n∏
k=1

fbk/3,min(ζ)f(2−bk)/3,min(ζ). (8.10)

It enters here that SgBD(0) = −1.
The presence of bound states in the model implies the presence of poles in the

form factors of local operators (F1b), in particular also for F µν
2 (Eq. (4.5)). For

F µν
1 6= 0 we expect a single first-order pole of F µν

2 (ζ, ζ ′;x) at ζ ′ − ζ = i2π
3 . In case

that F µν
1 = 0 we expect F µν

2 (ζ, ζ ′;x) to have no poles in S[0, π].

Lemma 8.2.2 (Stress tensor in the generalized BD model). A tensor-valued func-
tion F µν

2 : C2×M→ K⊗2 is a stress-energy tensor at one-particle level with respect
to SgBD and P ⊂ {i2π

3 } iff it is of the form

F µν
2 (θ, η + iπ) = Gµν

free

(
θ+η

2

)
ei(p(θ;m)−p(η;m)).xFq(η − θ + iπ), (8.11)

with
Fq(ζ) = q(ch ζ)(−2 ch ζ − 1)−1fgBD,min(ζ), (8.12)

where fgBD,min is the unique minimal solution with respect to SgBD and where q is
a polynomial with real coefficients and q(−1) = 1.

Proof. By Theorem 5.3.1 and Corollary 5.3.3, F µν
2 is given by (8.11), where F : C→ C

satisfies properties (b)-(g) of Theorem 5.3.1 with respect to SgBD. According to
Lemma 4.1.4, F is of the form (8.12); the factor (−2 ch ζ − 1)−1 takes the one pos-
sible first-order pole within S[0, π], namely at i2π

3 , into account. That q has real
coefficients is a consequence of property (e) and Corollary 4.1.2.

Conversely, it is clear that F µν
2 , respectively F , as given above has the properties

(b)-(g).

Theorem 8.2.3 (QEI for the generalized BD model). Let the stress-energy tensor
at one-particle level be given by F µν

2 as in (8.11). Then a QEI of the form

∀g ∈ SR(R)∃cg > 0 ∀ϕ ∈ D(R,K) : 〈ϕ, T 00(g2)ϕ〉 ≥ −cg‖ϕ‖2
2 (8.13)

holds if deg q < n+ 2 and cannot hold if deg q > n+ 2. In the case deg q = n+ 2,
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introduce
c := 22n−deg q|cq|f∞−2/3,min

n∏
k=1

f∞bk/3,minf
∞
(2−bk)/3,min, (8.14)

where cq denotes the leading coefficient of q. If here c is less (greater) than 1
4 then

a QEI holds (cannot hold).

Proof. As the minimal solution fgBD,min is given as a finite product of factors ζ 7→
(−i sh ζ

2) and fb,min, the asymptotic growth can be estimated analogously to the
procedure in Section 8.1. Similar to the estimate (8.7), one obtains for some c′ and
c′′ with 0 < c′ < c < c′′ and some ε, r > 0:

∀|Re ζ| ≥ r, | Im ζ| ≤ ε : c′ ≤ |Fq(ζ + iπ)|
exp((deg q − n− 1)|Re ζ|) ≤ c′′, (8.15)

where c′ and c′′ can be chosen arbitrarily close to c for large enough r.
Noting that parity covariance is trivial for K = C and applying Theorem 7.1.1

yields the conclusions from above depending on deg q and c.

8.3 Federbush model
The Federbush model is a well-studied integrable QFT model with a constant, but
non-trivial, scattering function; see [Fed61; STW76; Rui81; Rui82; CF01] and ref-
erences therein. In Lagrangian QFT, the traditional Federbush model is described
in terms of two Dirac fields Ψ1, Ψ2 by a Lagrangian density2

LFb =
2∑

j=1

1
2 Ψ̄j(i/∂ −mj)Ψj − λπεµνJ

µ
1 J

ν
2 , Jµ

j = Ψ̄jγ
µΨj. (8.16)

The Federbush model obeys a global U(1)⊕2 symmetry since LFb is invariant under

Ψj(x) 7→ e2πiκΨj(x), Ψ †j (x) 7→ e−2πiκΨ †j (x), κ ∈ R, j = 1, 2. (8.17)

The stress-energy tensor of the model has been computed before [SH78] and its trace
(Eq. (44) in the reference) is given by

T µ
µ =

2∑
j=1

mj: Ψ̄jΨj : (8.18)

which agrees with the (trace of the) stress-energy tensor of two free Dirac fermions.
Note in particular that it is parity-invariant.

In our framework, the model can be described in the following way:

2The fields Ψj take values in C2. εµν denotes the antisymmetric tensor with ε01 = −ε10 = 1.
Other standard notations are ψ̄j := ψ†

jγ0 and /∂ = γµ∂µ with anticommuting matrices γ0, γ1 ∈
Mat(2× 2,C), [γµ, γν ]+ = 2gµν .
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Definition 8.3.1. The Federbush model is specified by three parameters, the parti-
cle masses m1,m2 ∈ (0,∞) and the coupling parameter λ ∈ (0,∞). The symmetry
group is G = U(1)⊕2. The one-particle little space is given by L = (K, V, J,M)
with L = L1 ⊕ L2 and where for j = 1, 2 we define Kj = C2 and

Vj(κ) =
e2πiκ 0

0 e−2πiκ

 , Jj =
 0 −1
−1 0

 , Mj = mj

1 0
0 1

 (8.19)

as operators on Kj where Jj is antilinear and for the choice of basis {e(+)
j ≡ (1, 0)t,

e
(−)
j ≡ (0, 1)t}. The S-function is denoted by SFb ∈ B(K⊗2). Its only nonvanishing

components, enumerated as α, β = 1+, 1−, 2+, 2− corresponding to e(±)
1/2, are given

by sαβ := (SFb)βα
αβ with

sαβ = −


1 1 e2πiλ e−2πiλ

1 1 e−2πiλ e2πiλ

e−2πiλ e2πiλ 1 1
e2πiλ e−2πiλ 1 1


αβ

. (8.20)

Note that SFb is a constant diagonal S-function; e.g., sαβ = s∗βα = s−1
βα imply

that SFb is self-adjoint and unitary. Note also that, sαβ = sᾱβ̄ 6= sβα, where ᾱ

corresponds to α ∈ {1+, 1−, 2+, 2−} by flipping plus and minus. These relations
correspond to the fact that SFb is C-, PT- and CPT- but not P- or T-symmetric.
However, SFb has a P-invariant diagonal (in the sense of Equation (6.1)) due to
sαᾱ = sᾱα (or Lemma 6.4.1).

Lemma 8.3.2 (Stress tensor for the Federbush model). A tensor-valued function
F µν

2 : C2 × M → K⊗2 is a stress-energy-tensor at one-particle level with respect to
SFb, is diagonal in mass (Eq. (5.40)), and has no poles, P = ∅, iff it is of the form

F µν
2 (θ, η + iπ;x) = Gµν

free

(
θ+η

2

)
eiP (θ,η+iπ).xF (η − θ + iπ) (8.21)

with

F (ζ) =
2∑

j=1

(
−i sh( ζ

2)qs
j(ch ζ) e

(+)
j ⊗s e

(−)
j + ch( ζ

2)qas
j (ch ζ) e(+)

j ⊗as e
(−)
j

)
, (8.22)

for e(+)
j ⊗s/as e

(−)
j := e

(+)
j ⊗ e(−)

j ± e(−)
j ⊗ e(+)

j and where each qs/as
j is a polynomial

with real coefficients and qs
j(−1) = 1.

The stress-energy tensor at one-particle level is parity-covariant iff qas
1 = qas

2 ≡ 0.

Proof. By Theorem 5.3.1 and Corollary 5.3.3 we have that (8.21) holds with F
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satisfying properties (b)-(g). U(1)⊕2-invariance, property (f), is equivalent to

∀ζ ∈ C,κ ∈ R2, r, s ∈ {±}, j, k ∈ {1, 2} :
(
1− e2πi(rκj+sκk)

)
(e(r)

j ⊗ e
(s)
k , F (ζ)) = 0.

As a consequence, (e(r)
j ⊗e

(s)
k , F (ζ)) = 0 unless j = k and r = −s. On the remaining

components, S acts like −F, thus

F (ζ) = −FF (−ζ) = FF (2iπ − ζ), which implies (8.23)

F (ζ) =
2∑

j=1

(
−i sh( ζ

2)f s
j (ζ)e(+)

j ⊗s e
(−)
j + ch( ζ

2)f as
j (ζ)e(+)

j ⊗as e
(−)
j

)
(8.24)

for some functions f s/as
j , where we have factored out the necessary zeroes due to the

relations (8.23). Then from the properties of F we find f s/as
j : C→ C to be analytic

and to satisfy

f
s/as
j (ζ) = f

s/as
j (−ζ) = f

s/as
j (2πi− ζ), f s

j (iπ) = 1, (8.25)

and f as
j (iπ) unconstrained. Moreover, f s/as

j are regular in the sense of (4.3) of
Lemma 4.1.4; the lemma implies that f s/as

j (ζ) = q
s/as
j (ch ζ) with qs

j(−1) = 1. Since
J⊗2F (ζ + iπ) = F (ζ̄ + iπ), Je(±)

j = −e(∓)
j , and by the antilinearity of J , we find

that qs/as
j (ζ + iπ) = q

s/as
j (ζ̄ + iπ) such that qs/as

j have real coefficients.
Parity-invariance of F , i.e., FF = F , is equivalent to qas

j = −qas
j , thus qas

j = 0,
because of (1∓ F) e(+)

j ⊗s/as e
(−)
j = 0.

We see that the stress-energy tensor does not need to be parity-covariant. Con-
cerning QEIs we state:

Theorem 8.3.3 (QEI for the Federbush model). The parity-covariant part of the
stress-energy tensor at one-particle level, given by F2 in (8.21) with qas

1 = qas
2 ≡ 0,

satisfies a one-particle-QEI of the form

∀g ∈ SR(R)∃cg > 0∀ϕ ∈ D(R,K) : 〈ϕ, T 00
P (g2)ϕ〉 ≥ −cg‖ϕ‖2

2 (8.26)

iff qs
1 = qs

2 ≡ 1.
The candidate stress-energy tensor given by (6.15) (i.e. for qs

1 = qs
2 = 1, qas

1 =
qas

2 = 0) satisfies a QEI of the form

T 00(g2) ≥ −
 2∑

j=1

m3
j

2π2

∞∫
1

ds|g̃(mjs)|2w−(s)
 1 (8.27)

with w−(s) = s
√
s2 − 1− log(s+

√
s2 − 1) and in the sense of a quadratic form on

DSFb ×DSFb.
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Proof. In case that one qs
j 6= 1 we have for some c, r > 0 that |qs

j(ch ζ) sh ζ
2 | ≥

ce3|Re ζ|/2 for all |Re ζ| ≥ r. Therefore, no QEI can hold due to Theorem 7.1.1(a) and
the remarks in Section 7.2 with u = e

(+)
j ± e(−)

j for some j ∈ {1, 2}. For qs
1 = qs

2 ≡ 1
(and qas

1 = qas
2 ≡ 0), Theorem 7.1.1(b) yields (8.26). In that case F (ζ) = (−i sh ζ

2)I⊗2

which coincides with the expression in (6.3) due to P+I⊗2 = 0 and P−I⊗2 = I⊗2

(Lemma A.6.2). Since SFb is constant and diagonal, by Lemma 6.4.1, Theorem 6.3.3
applies and yields (8.27).

We see that for the Federbush model, requiring a one-particle QEI fixes a unique
(parity-covariant part of the) stress-energy tensor at one-particle level that extends
– since SFb is constant – to a dense domain of the full interacting state space. The
parity-covariant part is in agreement with preceding results for the stress-energy ten-
sor at one-particle level [CF01, Sec. 4.2.3]. This indicates that the parity-violating
part of our expression is indeed not relevant for applications in physics. Our can-
didate for the full stress-energy tensor has the same trace as in [SH78]. That the
respective energy density satisfies a generic QEI is no surprise after all, as the QEI
results are solely characterized in terms of the trace of the stress-energy tensor which
here agrees with that of two free Dirac fermions (as was indicated also by (8.18)).

8.4 O(n)-nonlinear sigma model
The O(n)-nonlinear sigma model is a well-studied integrable QFT model of n scalar
fields φj, j = 1, ..., n, that obey an O(n)-symmetry. For a review see [AAR01,
Secs. 6–7] and references therein. In Lagrangian QFT it can be described by a
combination of a free Lagrangian and a constraint

LNLS = 1
2∂µΦ

t∂µΦ, ΦtΦ = 1
2g , Φ = (φ1, . . . , φn)t, (8.28)

where g ∈ (0,∞) is a dimensionless coupling constant. Clearly, LNLS is invariant
for Φ transforming under the vector representation of O(n), i.e.,

Φ(x) 7→ OΦ(x), O ∈ MatR(n× n), Ot = O−1. (8.29)

Note that the model – other than one might expect naively from LNLS – describes
massive particles. This is known as dynamical mass transmutation; the resulting
mass of the O(n)-multiplet can take arbitrary positive values depending on a choice
of a mass scale and corresponding renormalized coupling constant; see, e.g., [AAR01,
Sec. 7.2.1] and [JN88].

In our framework, the model can be described in the following way:
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Definition 8.4.1. The O(n)-nonlinear sigma model is specified by two parameters,
the particle number n ∈ N, n ≥ 3, and the mass m > 0. The one-particle little
space (K, V, J,M) is given by K = Cn with V the defining or vector representation
of G = O(n), M = m1Cn , and where J is complex conjugation in the canonical
basis of Cn. The S-function is given by

SNLS(ζ) := (b(ζ)1 + c(ζ)F + d(ζ)K)F, (8.30)

where in the canonical basis of Cn

1γδ
αβ = δγ

αδ
δ
β, Fγδ

αβ = δδ
αδ

γ
β , Kγδ

αβ = δγδδαβ, α, β, γ, δ = 1, ..., n, (8.31)

b(ζ) = s(ζ)s(iπ − ζ), c(ζ) = −iπνζ−1b(ζ), d(ζ) = −iπν(iπ − ζ)−1b(ζ), (8.32)

and

ν = 2
n−2 , s(ζ) =

Γ
(

ν
2 + ζ

2πi

)
Γ
(

1
2 + ζ

2πi

)
Γ
(

1+ν
2 + ζ

2πi

)
Γ
(

ζ
2πi

) . (8.33)

SNLS is the unique maximally analytic element of the class of O(n)-invariant S-
functions [ZZ78]. Maximal analyticity means here that in the physical strip S(0, π),
the S-function has no poles and the minimal amount of zeroes which are compatible
with the axioms for an S-function, i.e., (S1)–(S7). Its eigenvalue decomposition is
given by

SNLS(ζ) =
(
s+(ζ)1

2

(
1 + F− 2

n
K
)

+ s−(ζ)1
2 (1− F) + s0(ζ) 1

n
K
)

F, (8.34)

with eigenvalues s± = b ± c and s0 = b + c + nd. The S-function is P-, C-, and
T-symmetric and satisfies SNLS(0) = −F.

As a first step, we establish existence of the minimal solution with respect to s0

and an estimate of its asymptotic growth:

Lemma 8.4.2. The minimal solution with respect to s0 exists and is given by
f0,min(ζ) = (−i sh ζ

2)mf0(ζ) with characteristic function

f0(t) = e−t + e−νt

et + 1 . (8.35)

Moreover, there exist 0 < c ≤ c′, r > 0 such that

∀|Re ζ| ≥ r, Im ζ ∈ [0, 2π] : c ≤ |f0,min(ζ)|
|Re ζ|−(1+ ν

2 ) exp |Re ζ|
≤ c′. (8.36)

Proof. The characteristic function f0 = f [−s0] is computed in Section 4.3. Clearly,
it is smooth and exponentially decaying. Applying Lemma 4.1.1 (uniqueness) and
Theorem 4.2.1 (existence) we find that mf0 is well-defined and that f0,min exists and

131



Chapter 8. Examples

agrees with the expression claimed. The estimate of (7.44) together with

f0(t) = 1− (1 + ν
2 )t+O(t2), t→ 0 (8.37)

and the estimate

∀|Re ζ| ≥ r > 0 : (1− e−2r) exp |Re ζ| ≤ |2 sh ζ| ≤ (1 + e−2r) exp |Re ζ| (8.38)

imply (8.36).

Lemma 8.4.3 (Stress-energy tensor in NLS model). A tensor-valued function F µν
2 :

C2 × M → K⊗2 forms a parity covariant stress-energy tensor at one-particle level
with respect to SNLS with no poles, P = ∅, iff it is of the form

F µν
2 (θ, η + iπ;x) = Gµν

free

(
θ+η

2

)
ei(p(θ;m)−p(η;m)).xF (η − θ + iπ), (8.39)

with
F (ζ) = q(ch ζ)f0,min(ζ)I⊗2, (8.40)

where f0,min is the unique minimal solution with respect to the S-matrix eigenvalue
s0 and q is a polynomial with real coefficients with q(−1) = 1.

Proof. By Corollary 5.3.3, F µν
2 has the form (8.39) with F satisfying properties

(b)-(g) in Theorem 5.3.1. By (f), F (ζ) is an O(n)-invariant 2-tensor for each ζ. The
general form of such a tensor is F (ζ) = λ(ζ)I⊗2 with λ : C → C [ADO87, Sec. 4,
case (a)].

Consider now property (c), F (ζ) = SNLS(ζ)F (−ζ). Taking the scalar product of
both sides with 1

n
I⊗2 in (Cn)⊗2 yields

λ(ζ) = 1
n
(I⊗2, SNLS(−ζ)I⊗2)λ(−ζ) = s0(−ζ)λ(−ζ) (8.41)

by (8.30) and 1I⊗2 = FI⊗2 = 1
n
KI⊗2. Here we used that FI⊗2 = J⊗2I⊗2 = I⊗2 by

Lemma A.6.2.
In summary, Lemma 4.1.4 can be applied to λ, which implies that λ(ζ) =

q(ch(ζ))f0,min(ζ) and thus F has the form (8.40). That q has real coefficients is
a consequence of (e) and Corollary 4.1.2.

Conversely, it is clear that F µν
2 as in (8.39), respectively F , has the properties

(b)-(g).
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Theorem 8.4.4 (QEI for the NLS model). The stress-energy tensor at one-particle
level given by F2 in (8.39) satisfies

∀g ∈ SR(R)∃cg > 0∀ϕ ∈ D(R,K) : 〈ϕ, T 00(g2)ϕ〉 ≥ −cg‖ϕ‖2
2 (8.42)

iff q ≡ 1.

Proof. Given F2 as in Lemma 8.4.3 and using Î⊗2 = 1K (Lemma A.6.2), we have
‖F̂ (ζ)‖B(K) = |q(ch ζ)f0,min(ζ)|. Thus by Lemma 8.4.2 there exist r > 0 and 0 < c ≤
c′ such that

∀ζ ∈ |Re ζ| > r, Im ζ ∈ [0, 2π] : c t(ζ) exp |Re ζ| ≤ ‖F̂ (ζ)‖B(K) ≤ c′t(ζ) exp |Re ζ|
(8.43)

with t(ζ) = |Re ζ|−(1+ ν
2 )|q(ch ζ)|. Note that for q ≡ 1, t(ζ) is polynomially decaying,

whereas for non-constant q, t(ζ) is exponentially growing. Thus if q is constant
(q ≡ 1), we have c′t(ζ) < 1

4 for large enough |Re ζ|; and if q is not constant, then
ct(ζ) > 1

4 for large enough |Re ζ|. We conclude by Theorem 7.1.1 that a QEI of the
form (8.42) holds iff q ≡ 1.
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Conclusion, discussion, and outlook

In this thesis, we have established QEIs in a larger class of 1+1d integrable models
than previously known in the literature. In particular, we proved that QEIs for
generic states hold in a wide class of models with constant scattering functions,
including not only the Ising model, as known earlier, but also the Federbush model.
Moreover, the class includes combinations and bosonic or fermionic variants of these
models. In all of these situations, the form factor F2 of the energy density determines
the entire operator.

Furthermore, we have established necessary and sufficient conditions for QEIs
to hold at one-particle level in generic models, which may include bound states or
several particle species. Also in this case, only F2 contributes to expectation values
of the energy density, and a QEI is decided based on the large-rapidity behaviour
of F2. At the foundation of both results was a characterization of the form of the
energy density by first principles. However, we found that those principles constrain
a viable candidate for the energy density (at one-particle level) only up to polynomial
prefactors (in ch ζ). As seen in the case of the Bullough-Dodd, the Federbush, and
the O(n)-nonlinear sigma model, one-particle QEIs can then fix the energy density
at one-particle level partially or entirely, in analogy to [BC16].

Even more foundational, we also showed that the local commutativity theorem
holds in integrable models with more than one degree of freedom (dK > 1) and
limited to one- and two-particle form factors. This was necessary to characterize
locality of the stress-energy tensor at one-particle level in terms of the form factor
equations.

Our results suggest a number of directions for further investigation, of which we
discuss the most relevant ones:

What is the nature of the freedom in the form of the stress-energy tensor?
The factors Qi(ch ζ) in the energy density were partially left unfixed by our analysis.
The imposed conditions by first principles require only that the Qi are invariant
under the group symmetry and that they are normalized. At least in the scalar
case (K = C), this freedom can be understood as a polynomial in the differential
operator � = gµν∂µ∂ν acting on T µν : Given a stress-energy tensor T µν , define
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T̃ µν := q(−1− �
2M2 )T µν for some polynomial q. Then at one-particle level

F
[T̃ µν(x)]
2 (ζ) = q(ch(ζ1 − ζ2))F [T µν(x)]

2 (ζ),

and, provided that q(−1) = 1, F [T̃ µν(x)]
2 defines another valid candidate for the stress-

energy tensor at one-particle level. However, for generic models, q may depend on
the particle types and cannot be understood in terms of derivatives only.

In the physics literature, given a concrete model, a few standard methods exist to
check the validity of a specific choice of q: In case the model admits a Lagrangian,
perturbation theory checks are used, e.g., [BK02; BFK10; BFK13]. In case the
model can be understood as a perturbation of a conformal field theory, a scaling
degree for the large-rapidity behaviour (conformal dimension) of the stress-energy
tensor can be extracted, which fixes the large-rapidity behaviour of F2, e.g., [Zam86;
DSC96; CF01]. The large-rapidity scaling degree is also related to momentum-space
clustering properties, which were studied for some integrable models, e.g., [Smi92;
KM93; Del04; BFK21]. But in the general case, none of these methods may be
available, and other constraints – perhaps from QEIs in states of higher particle
number – might need to take their place.

Which other models can be treated with these methods? We performed
our analysis of one-particle QEIs in a very generic setting; there are nevertheless
some limitations. For one, we employed the extra assumption of parity covariance
of the stress-energy tensor. While parity invariance of the scattering function (and
therefore covariance of the stress-energy-tensor) is satisfied in many models, it is
not fully generic. Nevertheless, a non-parity covariant stress-energy tensor is still
subject to constraints by our results; in particular, the necessary condition we gave
for a one-particle QEI to hold remains unmodified (see remarks in Section 7.2). We
expect a sufficient condition for a one-particle QEI, similar to the one presented
in Theorem 7.1.1(b), to apply also in a parity-breaking situation. Some numerical
tests indicate this; however, an analytic proof remained elusive.

Another point is the decomposition of the two-particle form factor of the (trace of
the) stress-energy tensor F into polynomials and factors which are fixed by the model
(including the minimal solutions and pole factors). For generic models, multiple
polynomial prefactors can appear (at least one for each eigenvalue of the S-function).
In typical models, these are few to begin with, and symmetries exclude many of those
prefactors (as was presented for the Federbush or the O(n)-nonlinear sigma model).
In other situations, however, there might be too many unfixed factors for the QEI
to meaningfully constrain them.

Lastly, we should remark that also in the presence of higher-order poles in the
scattering function, the poles in the form factors are expected to be of first-order
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[BK02; BFK06] so that such models should be tractable with our methods. This
includes for instance the Z(n)-Ising, sine-Gordon, or Gross-Neveu model. Also
generic Toda field theories do not seem to pose additional problems.

Do QEIs hold in states with higher particle numbers? Apart from the case
of constant S-functions, we treated one-particle expectation values of the energy
density, where only the one- and two-particle form factors contribute. At n-particle
level, generically the form factors F2, ..., F2n all enter the expectation values; these
are more challenging to handle since the number of rapidity arguments increases and
since additional “kinematic” poles arise at the boundary of the analyticity region
that were absent in the case n = 1. Proving the local commutativity theorem for
higher-particle form factors appears achievable with the methods employed in this
thesis, though with considerable additional complexity arising due to the increasd
number of variables, the kinematic poles, and the non-commutativity of S-functions.

Concerning QEI results, the case of higher particle numbers, requires new meth-
ods: Due to the appearance of the kinematic poles, the subtracted factorizing kernel
in the proof of the one-particle result is not well-defined. Various other attempts at
finding a decomposition of the energy density at two-particle level into a positive
and a bounded kernel remained unsuccessful. Still, we conducted some promising
numerical tests for specific examples like the sinh-Gordon and O(n)-nonlinear sigma
model. These tests agreed with the analytical results at one-particle level and indi-
cated that the two-particle form factor (constrained by the one-particle QEI) also
decides the QEI at the two-particle level. Since these results are only indications,
and to avoid overloading the scope of the thesis, they are not presented here. Also,
we do not expect to obtain numerical results at much higher particle numbers due
to computational complexity scaling exponentially with n.
Finito.

136



Appendix A

Constructive aspects of integrable quantum
field theory

A.1 Representation theory of the Poincaré group in 1+1d
As is well known, particles in relativistic quantum theory correspond to positive-
energy, projective, unitary, irreducible representations of the proper orthochronous
Poincaré group; possibly further extended to the proper or full Poincaré group by
discrete symmetries. In 1+1d the classification of those representations is different
from the ordinary Wigner classification [Wig39; Bar54]: There are no rotations in
1+1d.

As a consequence, spin, to some degree, becomes conventional: The little group1,
whose representations in higher dimensions are classified by the spin number, is
trivial. However, in resemblance to field theory models from higher dimensions a
spin number can still be introduced "by hand" with the peculiar feature that it can
take arbitrary nonnegative values.

While in higher dimensions projective representations are obtained as faithful
representations of the universal (double) covering of the Poincaré group, in 1+1d
the covering is trivial as the proper orthochronous Poincaré group is itself simply
connected [Bos96]. Therefore, in the following we will treat the Poincaré group itself
and its faithful representations2. We follow [Bog+90, Secs. 3.1, 7.1, and, 7.2] and
[Haa92, Sec. I.3] albeit with necessary adaptations to 1+1d.

The Poincaré group P is a semidirect product of the translation group T =
(M,+) and the Lorentz group L which is defined as the invariance group of the
Minkowski metric gµν , i.e., it consists of matrices Λ ∈ Mat(2 × 2,R) which satisfy
ΛTgΛ = g. The identity component L↑+ of L, referred to as proper orthochronous, is

1Minkowski vectors p on the mass shell, i.e., with p2 = m2 for some m > 0, have the form
p◦ = (m, 0)t in its center of mass representation (i.e., p = Λp◦ for some Lorentz matrix Λ). The
little group is the invariance group corresponding to Lorentz transformations of p◦ which is clearly
trivial in 1+1d.

2Note that despite triviality of the universal covering there are nonfaithful projective repre-
sentations. These arise as central extensions of the Poincaré algebra but have limited physical
relevance [Bos96] and will not be discussed in the thesis.
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selected by detΛ = 1 (proper) and Λ00 ≥ 1 (orthochronous). We may parametrize

L↑+ =
Λ(λ) :=

chλ sh λ
sh λ chλ

 : λ ∈ R

 ∼= (R,+). (A.1)

The parameter λ is referred to as rapidity.
The proper orthochronous Poincaré group P↑+ is then given as a semidirect prod-

uct T o L↑+ with group operation

(x, λ) · (y, µ) = (x+ Λ(λ)y, λ+ µ), x, y ∈ M, λ, µ ∈ L↑+. (A.2)

For the full Poincaré group we introduce the group of reflections

I = {1C2 , Ip, It, Ipt} (A.3)

with

Ip =
+1 0

0 −1

 , It =
−1 0

0 +1

 , Ipt = IpIt =
−1 0

0 −1

 , (A.4)

and define it as a semidirect product P↑+ o I with group operation

(x, λ, I) ·(y, µ, J) = (x+Λ(λ)Iy, λ+ |I|µ, IJ), (x, λ), (y, µ) ∈ L↑+, I, J ∈ I, (A.5)

where |I| denotes the determinant of I.
The Lie algebra of the (proper orthochronous) Poincaré group is generated by

real linear combinations of the operators iP µ and iK which satisfy the commutation
relations

[P µ, P ν ] = 0, [P µ, K] = iεµ
νP

ν , [K,K] = 0, (A.6)

where εµν is the Levi-Civita symbol. The operators P µ and K (and their concrete
realizations in a representation) are referred to as total energy-momentum operator
and boost generator, respectively. In a unitary irreducible representation the Casimir
operators P 2 and (for P 2 ≥ 0) ε = sgn(P 0) become multiples of the identity whose
values determine the representation. The physical representations are selected by
the requirement of positive energy, i.e., P 0 ≥ 0. The three available choices are

(a) P 2 = m2, ε = +1 for some m > 0,

(b) P 2 = 0, P µ 6= 0, ε = +1,

(c) P 0 = P 1 = 0.

In higher dimensions there is another Casimir operator (formed by the square of
the so-called Pauli-Lubanski vector) which distinguishes the different spin numbers
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but it vanishes in 1+1d. We will restrict our presentation to representations of the
type (a).

The unitary irreducible representations of P↑+ of type (a) are all equivalent to
(U[m], L

2(R)) for some m > 0, where

(U[m](x, λ)ϕ)(θ) = eip(θ;m).xϕ(θ − λ), ϕ ∈ L2(R). (A.7)

Here P µ is given as the multiplication operator with pµ(θ;m) and K is given as
differential operator i d

dθ
.

In resemblance to representations with spin in higher dimensions we introduce
also (U[m,s],⊕2s+1L

2(R)) for m > 0, s ∈ 1
2N by

(U[m,s](x, λ)ϕ)(θ, σ) = eip(θ;m).xeσλϕ(θ − λ, σ), ϕ ∈ ⊕2s+1L
2(R), (A.8)

where σ ranges through {−s,−s+ 1, ..., s− 1, s}. U[m,s] defines a unitary represen-
tation of P↑+ of type (a) which is, however, clearly reducible: The restriction to one
σ-component stays invariant under U[m,s]. The resulting one-dimensional irreducible
representations are isomorphic to (A.7). Note also that U[m,0] = U[m].

A.2 Discrete symmetries
In addition to CPT-invariance—which is expected to hold generically in quantum
field theory and proven in the axiomatic formulation [Wei95, Secs. 3.3, 5.8 and ref-
erences therein]—many models have additional discrete symmetries. In particular,
a model can be invariant under charge conjugation C, space inversion P, time in-
version T or some combinations of these. The three of them combine again to the
usual CPT-invariance. In this section, we will discuss their representation as unitary
or antiunitary operators on the one-particle space and their extensions to the full
interacting state space. We find that these operators are uniquely determined up to
a phase subject to some constraints but mostly conventional and we will motivate a
standard choice for those phases. In addition, we will derive how these operators act
on the scattering (or S-)function and define the subclasses of k-invariant S-functions,
where k corresponds to one of the discrete symmetries mentioned above (we write
the mathematical objects associated to the discrete symmetry in lower case, e.g.,
t for T-inversion). While the results are in principle well-known, most textbook
accounts (e.g., [Car71; Wei95]) focus on the 1+3d case whose adaptation has to be
taken with some care: In 1+1d, the spin-statistics theorem is violated so that spin
and statistics are not related. In this regard, a simplification occurs: Without loss
of generality, we may restrict to discussing spinless Poincaré group representations.

To begin with, let U1(k) denote the operator on the one-particle space H1 =
L2(R,K) which represents the discrete transformations k ∈ {c, p, t, cp, ct, pt, cpt}
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and is unitary for k = c, p, cp, and antiunitary for k = t, ct, pt, cpt3. At the level of
the Poincaré group, the discrete transformations may implement the representation
of the reflection group (A.4). Identifying c =̂ 1C2 , p =̂ Ip = diag(1,−1), and t =̂ It =
diag(−1, 1) the Poincaré group laws as specified in (A.5) then imply

U1(c)U1(x, λ) = U1(x, λ)U1(c), (A.9)
U1(p)U1(x, λ) = U1(Ipx,−λ)U1(p), (A.10)
U1(t)U1(x, λ) = U1(Itx,−λ)U1(t). (A.11)

For k = cpt we obtain, accordingly,

U1(cpt)U1(x, λ) = U1(−x, λ)U1(cpt). (A.12)

If we demand in addition that U1(p) and U1(t) do not modify K—so that these
correspond to "pure" parity and time inversion—their action on one-particle rapidity
eigenstates4 follows from (A.9)–(A.11) and for α ∈ {1, ..., dK}, amounts to

U1(c) |θα〉 = ξαC
β
α |θβ〉 , U1(p) |θα〉 = ηα |−θα〉 , U1(t) |θα〉 = ζα |−θα〉cc , (A.13)

where ξα, ηα, and ζα are phase factors (i.e., c-numbers with |ξα| = |ηα| = |ζα| = 1)
and C ∈ B(K) is the so-called charge conjugation matrix (Sec. 2.2, i.p., Rem. 2.2.2)
which maps between particles and antiparticles:

Cβ
α = δβ

ᾱ = Jβ
α , (A.14)

where J denotes the antiunitary involution corresponding to the one-particle little
space K. As a consequence, we have C = C∗ = C−1 and |θᾱ〉 = |θβ〉Cβ

α .
As will be motivated below, the phase factors have to satisfy η2

α = ±1 and
ξ2

αζ
2
α = ±1 with +1 for α bosonic and −1 for α fermionic but are otherwise un-

constrained. As a consequence, quite generically5 it will be possible to make the
following standard choice for the phase factors:

ηα = ηᾱ, ξα = ξᾱ, ζα = ζᾱ (A.15)

as well as
ηα = ξα = ζα = 1 for bosonic α,
ηα = i, ξα = 1, ζα = −i for fermionic α.

(A.16)

3That the latter have to be represented antiunitarily is a consequence of requiring the repre-
sentation to be of positive energy (cf. Sec. A.1) as argued, e.g., in [Wei95, Sec. 2.6].

4They were introduced in (2.42) and below. The one-particle states do not depend on the
S-function, so we drop the subscript S.

5This is well-known in 1+3d: See, e.g., [Car71, Sec. 6.9] in the self-conjugated case. In 1+1d,
this also appears to be well-known (see [Kar79a]), but the author is unaware of a systematic
reference. Therefore, a short motivation of the statement follows later.
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As a result, the CPT-phase is 1 in both cases.
Let us briefly motivate this standard phase choice: Above we have already

implemented (anti-)unitarity of U1(k) and the group laws between the proper or-
thochronous Poincaré group and the reflection group. It remains to impose the
group laws of the reflection group itself:

c2 = p2 = t2 = 1 cp = pc, ct = tc, pt = tp. (A.17)

However, for the operators, these laws are required to hold only restricted to physical
states. Since fermionic states are not physical—only bilinears are—we find that on
these states an additional minus sign can appear when imposing the group laws on
the operators.Given the definitions in (A.13), the expressions appearing in (A.17)
are given by a straightforward computation:

U1(t)2 |θα〉 = |θα〉 , U1(c)2 |θα〉 = ξᾱξα |θα〉 , U1(p)2 |θα〉 = η2
α |θα〉 , (A.18)

and

U1(c)U1(p) |θα〉 = ξαηα |−θᾱ〉 , U1(p)U1(c) |θα〉 = ξαηᾱ |−θᾱ〉 , (A.19)
U1(c)U1(t) |θα〉 = ξαζα |−θᾱ〉cc , U1(t)U1(c) |θα〉 = ξ∗αζᾱ |−θᾱ〉cc , (A.20)
U1(p)U1(t) |θα〉 = ηαζα |θα〉cc , U1(t)U1(p) |θα〉 = η∗αζα |θα〉cc . (A.21)

For bosonic α, i.e., when the relations (A.17) are represented faithfully, Equa-
tions (A.18)–(A.21) imply

ηα = ηᾱ ∈ {±1}, ξα = ξᾱ, ζα = ζᾱ (A.22)

and no other relations. For fermionic α we will not discuss the various options in
detail but note that apart from these constraints, the choice for the factors ξα, ηα,
ζα is merely conventional. In particular, note that for a given ζα, we can adjust it
to an arbitrary new value ζ̃α by transforming |θα〉 7→

√
ζαζ̃∗α |θα〉. As a consequence,

we may take standard conventions for the phase factors.
The operators U1(k), k ∈ {c, p, t, cp, ct, pt, cpt}, have a natural extension to the

full interacting state space: For noninteracting models the operators extend to Fock
space as tensor products. The same extension should also apply in the interacting
theory when restricting to scattering states; on these the interaction should be
negligible (Sec. 2.5). Denoting the extension by U(k), we conventionally fix the
action on the vacuum state to be U(c) |Ω〉 = U(p) |Ω〉 = U(t) |Ω〉 = |Ω〉6. Scattering
states for higher particle numbers are given by |θα〉in/out := |θin/out

αin/out〉S, where θin/out,
6This is always possible as explained, e.g., in [LW66].
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αin/out denote the tuples θ, α, sorted in descending/ascending order with respect
to θ; confer (2.51). Following [Wei95, Sec. 3.3] we require

U(c) |θα〉in/out = ξα |θᾱ〉in/out , (A.23)

U(p) |θα〉in/out = ηα |−θα〉in/out , (A.24)

U(t) |θα〉in/out = ζα |−θα〉cc
out/in , (A.25)

where ξα = ξα1 · ... · ξαn and analogously for ηα and ζα.
As a next point, we derive how the S-function transforms under U1(k). For this

it suffices to consider |θα〉 = |θα〉S with θ ∈ R2,α ∈ {1, ..., dK}2 and θ1 > θ2 or
θ2 < θ1 (such that θ = θin and θ = θout, respectively). We will use the shorthand
notation θ12 := θ1 − θ2. Proposition 2.4.8(a) for n = 2 and τ = π1 implies

|θα〉 = Sβ
α(θ12) |

←
θβ〉 . (A.26)

Now, for θ1 ≷ θ2 we have that

U(c) |θα〉 = U(c) |θα〉in/out = ξα |θᾱ〉in/out = ξα |θᾱ〉 , (A.27)

U(p) |θα〉 = U(p) |θα〉in/out = ηα |−θα〉in/out = σαηα |−
←
θ←α 〉 , (A.28)

U(t) |θα〉 = U(t) |θα〉in/out = ζα |−θα〉cc
out/in = ζα |−θα〉cc . (A.29)

Note here that σα denotes the statistics matrix which appears due to the change
of order in the asymptotic states (in/out). For (A.27)–(A.29) an analogous relation
to (A.26) should hold with S replaced by its transformed version, say Sk for k ∈
{c, p, t, cp, ct, pt, cpt}. We compute

U(c) |θα〉 = ξα |θα〉 = ξαS
β
α(θ12) |

←
θβ〉 = ξαS

β
α(θ12)ξ−1

β U(c) |←θβ〉 , (A.30)

U(p) |θα〉 = σαηα |−
←
θ←α 〉 = σαηαS

←
β
←α (−θ21) |−θ←

β
〉 = σαηαS

←
β
←α (θ12)η−1

β σ−1
β U(p) |←θβ〉 ,

(A.31)

U(t) |θα〉 = ζα |−θα〉cc = ζαS
β
α(−θ12) |−

←
θβ〉

cc = ζαS
α
β (θ12)ζ−1

β U(t) |←θβ〉 , (A.32)

where in the last line we used that S(−θ)β
α = (S(θ)∗)β

α = (S(θ))α
β by (S1) and (S2).

As a consequence, we can identify

(Sc)γδ
αβ(θ) = ξ∗αξ

∗
βξγξδS

γ̄δ̄

ᾱβ̄
(θ), (A.33)

(Sp)γδ
αβ(θ) = σαβη

∗
αη
∗
βσγδηγηδS

δγ
βα(θ), (A.34)

(St)γδ
αβ(θ) = ζ∗αζ

∗
βζγζδS

αβ
γδ (θ), (A.35)

and call an S-function k-invariant iff S = Sk. For most models, the additional
factors (phase and statistics) will be irrelevant. This is for instance the case if the
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particles obey the standard phase choices described above and the interaction allows
only the processes bb→bb, {bf,fb} → {bf,fb}, and ff→ff (b=boson,f=fermion). In
this case, the conditions read

C− invariance : Sγδ
αβ = S γ̄δ̄

ᾱβ̄
⇔ S = C⊗2SC⊗2, (A.36)

P− invariance : Sγδ
αβ = Sδγ

βα ⇔ S = FSF, (A.37)
T− invariance : Sγδ

αβ = Sαβ
γδ ⇔ S = St, (A.38)

where St denotes the transpose of S. The other symmetries are obtained by com-
position:

CP− invariance : S = C⊗2FSFC⊗2, (A.39)
CT− invariance : S = C⊗2StC⊗2 = J⊗2S∗J⊗2, (A.40)
PT− invariance : S = FStF, (A.41)

and, of course,

CPT− invariance : S = C⊗2FStFC⊗2 = J⊗2FS∗FJ⊗2, (A.42)

in accordance with (S3).

A.3 S-function and ZF operators in a basis
All computations here are supposing a given choice of an orthonormal basis {eα} of
a 1-particle little space K using the notational conventions outlined in Section 2.1
and the convention on barred indices for the charge conjugated basis (Rem. 2.2.2).
Summing over equal indices is understood unless otherwise stated.

Lemma A.3.1. For w ∈ B(K⊗m,K⊗n) one has (w∗)β
α = wα

β .

Proof.
(w∗)β

α = (eβ, w
∗eα) = (weβ, eα) = (eα, weβ) = wα

β .

Lemma A.3.2. (S1), (S2), (S3) and (S5) in a basis amount to (2.11).

Proof. (S1) and (S2) are equivalent to S(ζ)S(−ζ) = 1K⊗2 and S(ζ) = S(−ζ̄)∗. The
first relation in a basis amounts to

0 = (eγ ⊗ eδ, (S(ζ)S(−ζ)− 1K)eα ⊗ eβ)
= (eγ ⊗ eδ, S(ζ)eρ ⊗ eσ)(eρ ⊗ eσ, S(−ζ)eα ⊗ eβ)− δγ

αδ
δ
β

= Sγδ
ρσ(ζ)Sρσ

αβ(−ζ)− δγ
αδ

δ
β,

(A.43)
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or more briefly, Sγδ
ρσ(ζ)Sρσ

αβ(−ζ) = δγ
αδ

δ
β. Due to Lemma A.3.1 the second relation

evaluates to Sγδ
αβ(ζ) = Sαβ

γδ (−ζ̄). The relation S(ζ) = J⊗2FS(ζ)∗FJ⊗2 (S3) yields

Sγδ
αβ(ζ) = (eγ ⊗ eδ, S(ζ)eα ⊗ eβ)

= (eγ ⊗ eδ, J
⊗2FS(ζ)∗FJ⊗2eα ⊗ eβ)

= (ẽδ ⊗ ẽγ, S(ζ)∗ẽβ ⊗ ẽα)

= (S(ζ)∗)δ̄γ̄

β̄ᾱ
.

(A.44)

Using Lemma A.3.1 again yields equality with Sβ̄ᾱ

δ̄γ̄
. Lastly, (S5) implies that

Sγδ
αβ(iπ − ζ) = (eγ ⊗ eδ, S(iπ − ζ)eα ⊗ eβ)

= (ẽα ⊗ eγ, S(ζ)eβ ⊗ ẽδ)
= Sᾱγ

βδ̄
(ζ).

(A.45)

The ZF operators z]
S evaluated in a basis are represented by z]

S,α. The relation
between the two is given by

z]
S(ϕ) = z]

S(ϕαeα) = z]
S,α(ϕα), z]

S,α := z]
S(· eα). (A.46)

It is convenient to express them (formally) also in terms of integral kernels z]
S,α(θ)

by
z†S,α(ϕα) =

∫
dθz†S,α(θ)ϕα(θ), zS,α(ϕα) =

∫
dθzS,α(θ)ϕα(θ). (A.47)

Given this, we find:

Lemma A.3.3. The ZF algebra relations (2.30) in a basis amout to (2.31).

Proof. Given arbitrary ϕ, χ ∈ H1, this is easily obtained by rewriting:

0 = z†Sz
†
S

(
(1− S←)(ϕ⊗ χ)

)

=
∫
dθ1dθ2 z

†
S,α1(θ1)z†S,α2(θ2)

(
ϕα1(θ1)χα2(θ2)− S(θ2 − θ1)α1α2

β2β1 ϕ
β2(θ2)χβ1(θ1)

)

=
∫
dθdη

(
z†S,α(θ)z†S,β(η)− S(θ − η)γδ

αβz
†
γ(η)z†δ(θ)

)
ϕα(θ)χβ(η),

0 = zSzS

(
(1− S ′←)(ϕ⊗ χ)

)
, S ′ := U1(j)⊗2SU1(j)⊗2

=
∫
dθ1dθ2 zS,α1(θ1)zS,α2(θ2)

(
ϕα1(θ1)χα2(θ2)− S ′(θ2 − θ1)α1α2

β2β1 ϕ
β2(θ2)χβ1(θ1)

)

=
∫
dθdη

(
zS,α(θ)zS,β(η)− S ′(θ − η)γδ

αβzS,γ(η)zS,δ(θ)
)
ϕα(θ)χβ(η),
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=
∫
dθdη

(
zS,α(θ)zS,β(η)− S(θ − η)βα

δγ zS,γ(η)zS,δ(θ)
)
ϕα(θ)χβ(η),

where in the last line we used S ′ = FS∗F by (S3). For the third ZF algebra relation,
abbreviating Sc := (1⊗ U1(j))S(iπ + ·)(U1(j)⊗ 1), we first consider that

Sc
←(ϕ⊗ χ)α1

α2(θ) = ((1⊗ U1(j))Sc
←(ϕ⊗ χ))α1ᾱ2(θ)

= ((1⊗ U1(j))Sc(θ2 − θ1)(U1(j)⊗ 1))α1ᾱ2
β̄2β1

(U1(j)ϕ)β̄2(θ2)χβ1(θ1)

= S(iπ + θ2 − θ1)α1ᾱ2
β̄2β1

ϕβ2(θ2)χβ1(θ1)

= S(θ2 − θ1)β2α1
β1α2ϕ

β2(θ2)χβ1(θ1)

which yields

〈ϕ, χ〉 1 = zSz
†
S

(
ϕ⊗ χ

)
− z†SzS

(
Sc
←(ϕ⊗ χ)

)

=
∫
dθ1dθ2

(
zS,α1(θ1)z†S,α2(θ2)ϕα1(θ1)χα2(θ2)

− z†S,α1(θ1)zS,α2(θ2)S(θ2 − θ1)β2α1
β1α2ϕ

β2(θ2)χβ1(θ1)
)

=
∫
dθdη

(
zS,α(θ)z†S,β(η)− S(η − θ)αγ

βδ z
†
S,γ(η)zS,δ(θ)

)
ϕα(θ)χβ(η).

Finally, for the l.h.s we have 〈ϕ, χ〉 1 =
∫
dθdη δαβδ(θ − η)ϕα(θ)χβ(η) which con-

cludes the argument.

A.4 Improper rapidity eigenstates
Occasionally, it will be helpful to introduce improper momentum/rapidity eigen-
states. Those states are frequently used in the physics literature, in particular by
the form factor community (e.g., [Bab+99; BFK08]), where they serve as a conve-
nient "basis" for computations in HS. We recall here the definitions from the main
text:

|θα〉S := 1√
n!z
†
S,α1(θ1)...z†S,αn

(θn) |Ω〉 ,
〈θα|S := 1√

n! 〈Ω| zS,αn(θn)...zS,α1(θ1),
n ∈ N,θ ∈ Rn,α ∈ {1, ..., dK}n, (A.48)

which is to be read as a formal notation for vector-valued distributions; having
ϕj ∈ H1, j = 1, ..., n, they are given by

ϕ1⊗ ...⊗ϕn 7→
1√
n!z
†
S(ϕ1)...z†S(ϕn)Ω =

∫
dθ |θα〉S ϕ

α1
1 (θ1)...ϕαn

n (θn)
1√
n! 〈Ω| zS(ϕn)...zS(ϕ1) =

∫
dθ 〈θα|S ϕ1,α1(θ1)...ϕn,αn(θn)

. (A.49)

In particular, for an S-symmetric function ψ ∈ HS,n we have

〈ψ |θα〉S = ψα(θ), 〈θα|S ψ〉 = ψα(θ); (A.50)
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confer also (A.65) and (A.66) in the proof below.
Note that the indices on 〈θα|S are kept down for notational purposes (break-

ing with up/down-index conventions). For later, let us stipulate that 〈θα|ηβ〉S :=
〈θα|S |ηβ〉S.

Proposition A.4.1. The expressions defined in (A.48) satisfy

(a) S-symmetry, i.e., for any τ ∈ Sn we have

|θα〉S = |θτ
β〉S ((Sτ (θ))−1)β

α, 〈θα|S = (Sτ (θ))α
β 〈θτ

β|S . (A.51)

(b) orthonormality (up to ordering), i.e., for an equal amount of arguments,

〈θα|ηβ〉S = 1
n!

∑
τ∈Sn

Sτ (θ)α
βδ(θτ − η) = 1

n!
∑

τ∈Sn

((Sτ (η))−1)α
βδ(θ − ητ ).

(A.52)
otherwise 〈θα|ηβ〉S = 0.

(c) completeness, i.e., on unsymmetrized Fock space Ĥ one has

PS =
∑
n∈N

∫
dnλ |λα〉S 〈λα|S =

∑
n∈N

n!
∫

λτ(1)>...>λτ(n)

dnλ |λα〉S 〈λα|S , (A.53)

where the last equality is for some fixed τ ∈ Sn.

(d) Poincare-covariance, i.e.,

US(a, λ) |θα〉S = eipα(θ).a |(θ + λ1)α〉S , (a, λ) ∈ P↑+, (A.54)

where pα(θ) = ∑n
i=1 p(θi;mαi

) and 1 = (1, ..., 1) ∈ Rn. In particular,

P µ |θα〉S = pµ
α(θ) |θα〉S . (A.55)

(e) CPT-covariance, i.e., for ψ ∈ HS,n

U(j) |θα〉S = Jβ
α |
←
θ←β 〉

cc

S
= |←θ

←
α 〉

cc

S , (A.56)

where the "cc" supscript denotes the antilinear distribution

ψ 7→
∫
dθ |θα〉S ψα(θ), ψ ∈ H⊗n

1 ).

As can be seen from properties (b) and (c) the improper rapidity eigenstates
generate HS but are not all orthogonal (different states can have nonvanishing over-
lap). Orthogonality in this sense is obtained by restricting to specifically ordered
states, e.g., θ1 ≶ ... ≶ θn as was done in Section 2.5.
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Proof. Take an arbitrary ψ ∈ H⊗n
1 . By (A.49) and (2.32) we have that

PS ψ =
∫
dθ |θα〉S ψ

α(θ). (A.57)

On the other hand, by (2.34) and (2.35),

PS ψ(λ) = 1
n!

∑
τ∈Sn

Sτ (λ)ψ(λτ ) =
∫
dθ

 1
n!

∑
τ∈Sn

δ(θ − λτ )Sτ (λ)α

ψα(θ) (A.58)

such that by comparison (ψ was arbitrary),

|θα〉S (λ) = 1
n!

∑
τ∈Sn

δ(θ − λτ )Sτ (λ)α

= 1
n!

∑
τ∈Sn

Sτ (θτ−1)αδ(θτ−1 − λ)

= 1
n!

∑
τ∈Sn

(Sτ−1(θ))−1
α δ(θτ−1 − λ)

= 1
n!

∑
τ∈Sn

(Sτ (θ))−1
α δ(θτ − λ),

(A.59)

where in the third equality we used property (c) of Corollary 2.4.6 and in the fourth
equality we used that summation over a group is invariant under inversion.

As a direct consequence of (A.59), using properties (b) and (c) of Corollary 2.4.6
and that summations over a group are invariant under uniform translations (here
by a fixed element τ or τ−1 of Sn) we prove property (a):

|θα〉S (λ) = 1
n!

∑
ρ∈Sn

(Sρ(θ))−1
α δ(θρ − λ)

= 1
n!

∑
ρ∈Sn

(Sτ◦ρ(θ))−1
α δ(θτ◦ρ − λ)

= 1
n!

∑
ρ∈Sn

(Sτ (θ)Sρ(θτ ))−1
α δ((θτ )ρ − λ)

= 1
n!

∑
ρ∈Sn

(
(Sρ(θτ ))−1(Sτ (θ))−1

)
α
δ((θτ )ρ − λ)

= 1
n!

∑
ρ∈Sn

((Sρ(θτ ))−1)βδ((θτ )ρ − λ)((Sτ (θ))−1)β
α

= |θτ
β〉S (λ)((Sτ (θ))−1)β

α.

(A.60)

the according relation with respect to 〈θα|S holds by unitarity of the representation
which implies (Sτ (θ))∗ = (Sτ (θ))−1.

Concerning property (b), note that from the first equality in (A.59) we obtain

|θα〉S = PS eαδ(θ − ·n), (A.61)

where the projection PS is extended to act on generalized functions (by the same
expression) and ·n indicates arguments of Rn. Analogously, for 〈θα|S we find

〈θα|S (λ) = 〈eαδ(θ − ·n)| P∗S . (A.62)
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Therefore, having θ,η ∈ Rn and using P∗S PS = PS,

〈θα|ηβ〉S =
∫
dλ 〈θα|S (λ) |ηβ〉S (λ)

=
∫
dλ(eα|δ(θ − λ)(P∗S PS δ(η − ·n)eβ)(λ)

=
∫
dλ(eα|δ(θ − λ)(PS δ(η − ·n)eβ)(λ)

= 1
n!

∑
τ∈Sn

∫
dλ δ(θ − λ)δ(η − λτ )(eα|Sτ (λ)|eβ)

= 1
n!

∑
τ∈Sn

δ(θτ − η)(Sτ (θ))α
β .

(A.63)

This can of course also be expressed as

〈θα|ηβ〉S = 1
n!

∑
τ∈Sn

(Sτ (ητ−1))α
βδ(θ − ητ−1)

= 1
n!

∑
τ∈Sn

((Sτ−1(η))−1)α
βδ(θ − ητ−1)

= 1
n!

∑
τ∈Sn

((Sτ (η))−1)α
βδ(θ − ητ ),

(A.64)

using again that summation over a group is invariant under inversion. For unequal
number of arguments it is clear that the 〈θα|ηβ〉S = 0.

Finally, using (A.64), we have

〈λα|S ϕ〉 =
∫
dη 〈λα|ηβ〉S ϕ

β(η)

= 1
n!

∑
τ∈Sn

∫
dηSτ (λ))α

βδ(λτ − η)ϕβ(η)

= 1
n!

∑
τ∈Sn

Sτ (λ))α
βϕ

β(λτ )

= (PS ϕ)α(λ),

(A.65)

and, correspondingly, using (A.63) and unitarity of Sτ (η),

〈ϕ |λβ〉S =
∫
dθ ϕα(θ) 〈θα|λβ〉S

= 1
n!

∑
τ∈Sn

∫
dθ ϕα(θ)δ(θ − λτ )((Sτ (λ))−1)α

β

= 1
n!

∑
τ∈Sn

ϕα(λτ )((Sτ (λ))−1)α
β

= 1
n!

∑
τ∈Sn

(Sτ (λ))β
αϕα(λτ )

= 1
n!

∑
τ∈Sn

(Sτ (λ)ϕ(λτ ))β

= 1
n!

∑
τ∈Sn

(Sτ (λ)ϕ(λτ ))β

= (PS ϕ)β(λ).

(A.66)
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Then for ϕ, ψ ∈ H⊗n
1 ,

〈ϕ,PS ψ〉 = 〈PS ϕ,PS ψ〉

=
∫
dλ (PS ϕ)α(λ)(PS ψ)α(λ)

=
∫
dλ 〈ϕ |λα〉S 〈λα|S ψ〉

= 〈ϕ|
∫
dλ |λα〉S 〈λα|S |ψ〉 .

(A.67)

We note that, clearly, 〈θα|S PS |ηβ〉S = 0 for an unequal number of arguments.
Then the second equality for property (c) follows. We first show it for τ = id:

PS,n =
∫
dnλ |λα〉S 〈λα|S

=
∑

ρ∈Sn

∫
λρ−1(1)>...>λρ−1(n)

dnλ |λα〉S 〈λα|S

=
∑

ρ∈Sn

∫
λ1>...>λn

dnλ |λρ
α〉S 〈λ

ρ
α|S

=
∑

ρ∈Sn

∫
λ1>...>λn

dnλ |λβ〉S (Sρ(λ))β
α((Sρ(λ))−1)α

β 〈λβ|S

=
∑

ρ∈Sn

∫
λ1>...>λn

dnλ |λβ〉S 〈λβ|S

= n!
∫

λ1>...>λn

dnλ |λα〉S 〈λα|S .

(A.68)

Note that property (a) was used in the fourth equation. This proof clearly extends
to arbitrary choices of τ ∈ Sn.

Concerning (d) and (e), consider Equations (A.65) and (A.66) as well as Propo-
sition 2.4.1. They imply

〈ϕ|US(a, λ)|θα〉S = 〈US(a, λ)∗ϕ |θα〉S
= (US(a, λ)∗ϕ)α(θ)
= (US(a, λ)−1ϕ)α(θ)
= eipα(θ).aϕα(θ + λ1)
= 〈ϕ|eipα(θ).a|(θ + λ1)α〉S ,

(A.69)
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and, paying attention to the antilinearity of U(j),

〈ϕ|U(j)|θα〉S = 〈U(j)∗ϕ|θα〉S
= 〈U(j)∗ϕ| · eα〉

= 〈·eα|U(j)∗ϕ〉
= 〈·eα|θ 7→ J⊗n ←ϕ (←θ)〉
= 〈θ 7→←ϕ (←θ), J⊗n · eα〉

= Jβ
αϕ←β (←θ)·

= Jβ
α 〈ϕ|

←
θ←β 〉

cc

S
,

(A.70)

where Jβ
α = (eβ, J

⊗neα).

A.5 Bound states
In this section we explain how to treat bound states in integrable models and adopt
it in our framework; in particular, we will supplement the definitions of particle
spectrum, one-particle little space, and S-function with additional structure. How
to treat bound states in integrable models is well known in the physics community;
some notable accounts can be found in [Kar79b], [Bab+99, Sec. 2.2], [BK02, Sec. 6],
and [BFK06]. The equivalence of locality and the form factor equations in the
presence of bound states is to some degree expected but not under full mathematical
control: Arguments in favor but without explicit assumptions have been presented
in [BK02] for models with first- and second-order poles in the scattering function—in
particular, for the sine-Gordon model—and in [BFK06] for models where the form
factors can be analytically continued in the coupling constant to a model without
bound states, possibly the Z(n)-Ising model. Some limited mathematical results
were obtained in a class of models with first- and second-order poles in [CT15;
CT17]. There is work in progress to generalize these results.7

In the case that we have a model with bound states the scattering function has
poles within the physical strip S(0, π). They are expected to lie on the imaginary
axis i(0, π): For on-shell momenta, energy-momentum conservation can otherwise
not be satisfied (see Remark A.5.1 below) and thus bound state poles lying off
the imaginary axis have to be unstable. In a similar way resonances, i.e., unstable
particles, are characterized by poles within S(−π, 0); resonances will not have further
relevance for this document, for details we refer to [CF05].

To begin with, let us explain what a bound state is: The formation of a bound
state is specified by a process ij → k where two particles of type i and j form a

7K. Shedid Attifa, University of Leipzig.
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single particle of type k. Let us denote the particle masses and momenta by mi/j/k

and pi/j/k, respectively. Energy-momentum conservation, pi + pj = pk, necessitates
the existence of two fusion angles θk

ij, θ
k
ji ∈ (0, π) such that θk

ij + θk
ji ∈ (0, π) and

p(ζ + iθk
ij;mi) + p(ζ − iθk

ji;mj) = p(ζ;mk) ∀ζ ∈ C, (A.71)

where the mass of the bound state mk is fixed to be

mk =
√
m2

i +m2
j + 2mimj cos θk

(ij), θk
(ij) := θk

ij + θk
ji, (A.72)

and, similarly,

mi =
√
m2

k +m2
j − 2mkmj cos θk

ji, mj =
√
m2

k +m2
i − 2mkmi cos θk

ij. (A.73)

Remark A.5.1. The expressions above, in particular the generality of (A.71), can be
argued as follows: For on-shell momenta we parameterize the conservation relation
pi + pj = pk by complex rapidities ζi/j/k ∈ C and denote their differences as
ζij := ζi − ζj and so on. We restrict to | Im ζij|, | Im ζjk|, | Im ζik| < π since shifts in
iπ yield relative signs, p(ζ) = −p(ζ + iπ), which change the interpretation of the
labels i, j, and k (e.g., pi +pj = pk becomes pi−pj = pk ⇔ pi = pk +pj). Squaring
the conservation relation yields

m2
i +m2

j + 2mimj ch ζij = m2
k. (A.74)

Since m2
k is real, it is required that ch ζij is real so that either Re ζij = 0 or

Im ζij = 0. For Im ζij = 0 one has mk ≥ mi + mj which is inconsistent with the
interpretation as a bound state (mk < mi + mj) so that Re ζij = 0 is the desired
option. Analogously, one can square pi = pk − pj and pj = pk − pi to obtain
that Re ζik = 0 and Re ζjk = 0. We then define θk

ij := Im ζik, θk
ji := Im ζkj, and

θk
(ij) := Im ζij = θk

ij +θk
ji—all of them within (−π, π) by assumption—so that (A.74)

implies (A.72) and (A.73) holds analogously. For ζk = ζ the conservation equation
becomes (A.71). Taking the imaginary part of the 0-component of (A.71) at real
ζ yields (mi sin θk

ij − mj sin θk
ji) sh ζ = 0 so that θk

ij and θk
ji must have the same

sign; its choice corresponds to a relabeling i↔ j and is thus conventional (here we
choose +).

The bound state k can be treated as a new (or existing) particle type with mass
mk as given above and some charge qk and spin sk which depend on the individual
charges qi, qj and spins si, sj, respectively. The bound state particle types IB are
treated on the same footing as elementary particle types I, i.e., IB ⊂ I. It must
be specified, though, which formation processes are possible. This role is played
by the fusion rules F; recall here that these supplement the definition of a particle
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spectrum (I,G,C,F) from Section 2.2. A fusion rule f ∈ F is of the form f = ij → k,
i, j, k ∈ I, and represents the fact that a fusion of particles of type i and j to a
particle of type k is allowed. We demand that the set of fusion rules is closed under
exchange of input particles, charge conjugation, and crossing symmetry: For each
ij → k ∈ F also ji → k, īj̄ → k̄, ik̄ → j̄, jk̄ → ī are elements of F. The fusion
angles are specified as secondary data by the construction from above:

Definition A.5.2. For each (ij → k) ∈ F and particle masses mi,mj,mk we
define the fusion angles θk

ij, θ
k
ji, θ

k
(ij) ∈ (0, π) by the expressions given in (A.72) and

(A.73).

As a consistency condition one may derive that

θk
(ij) + θi

(jk) + θj
(ki) = 2π. (A.75)

At the level of the scattering function, the existence of these fusion processes
manifests by the appearance of poles within the physical strip and imposes additional
constraints. As these concepts depend on the identification of particles, we base
them on a one-particle little space (K, V, J,M) with a grading by a (here: finite) set
of particle types I, i.e., K = ⊕i∈IKi with orthogonal projections Ei corresponding
to the closed subspaces Ki and similarly for V , J , and M . Then:

Definition A.5.3. (Intertwiner) Assume a little space (K, V, J,M) with a grading
by particle types I. Then for i, j, k ∈ I an operator ϕ ∈ B(K⊗2,K) is referred to
as an intertwiner (with respect to ij → k) iff it is complete and normalized,

ϕ∗ϕ = Ei ⊗ Ej, ϕϕ∗ = Ek, (A.76)

and equivariant/intertwining with respect to V (g), J , and M , i.e.,

∀g ∈ G : ϕV (g)⊗2 = V (g)ϕ, ϕJ⊗2 = Jϕ, ϕM⊗2 = Mϕ. (A.77)

In this case we often denote ϕ as ϕk
ij and its adjoint by ϕij

k .

It is immediate that intertwiners are norm-preserving and that they are uniquely
determined up to a phase factor. Also, using (A.76), Equation (A.77) simplifies to
ϕ(Vi(g) ⊗ Vj(g)) = Vk(g)ϕ for all g ∈ G, and analogously for M and J . Another
simple consequence is that dKk

= dKi
dKj

.
In the presence of bound states we will always suppose that such intertwiners

exist for each ij → k ∈ F. In the scalar case, dK = 1, or without global symmetry,
G = {e}, finding the intertwiners is trivial: Define ϕ(ei,α ⊗ ej,β) = ek,γ for some
ONBs {ei/j/k,α} of Ki/j/k and some identification of (α, β) with γ.
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In more general cases, finding an intertwiner corresponds to finding a Clebsh-
Gordon type decomposition of the tensor product representation Vi(g)⊗ Vj(g) into
irreducible representations Vl(g) which sum to Vk(g).

As our last point, we explore the additional properties required for the scattering
function. In order to do this we introduce

Definition A.5.4. (S-function residues) Assume a little space (K, V, J,M) with
a particle type grading I and a set of fusion rules F. The S-function residues
Rf ∈ B(Kk), f ∈ F, are defined by

−i res
ζ=iθ

S(ζ) =
∑

ij→k∈F,
s.t. θk

(ij)=θ

ϕij
k Rij→kϕ

k
ij (A.78)

for some choice of intertwiners ϕk
ij with respect to ij → k. For usage in the main

text, we define bound state intertwiners by

Γ k
ij =

√
|Rij→k|ϕk

ij, Γ ij
k =

√
|Rij→k|ϕij

k (A.79)

as an element of B(K⊗2,K) and B(K,K⊗2), respectively.

Since ϕk
ij is uniquely defined up to a phase factor, Rij→k is uniquely determined

by (A.78). The bound state intertwiner, however, depends on this phase and in
concrete examples care has to be taken to select a consistent choice for these phases
[Que99]. For (A.78) we remark that in many typical examples there is only a single
combination ij → k with θ = θk

(ij) so that the sum over fusion rules collapses to a
single term. We finally define the properties we expect for the S-function:

Definition A.5.5. Given a one-particle little space (K, V, J,M) with a particle
type grading I and a set of fusion rules F. We say that an S-function S is compatible
with the fusion rules iff it satisfies the following further conditions:

(SB1) Pole structure: For each f = ij → k ∈ F , S(ζ) has a simple pole at ζ = iθk
(ij).

(SB2) Pole positivity: For each f ∈ F , Rf ≥ 0.

(SB3) Bootstrap equation: For each k ∈ I,

(1⊗ Ek)S(ζ)(Ek ⊗ 1)

=
∑

ij→k∈F
(1⊗ ϕk

ijR
−1

2
ij→k)S(ζ − iθk

ji)23S(ζ + iθk
ij)13(ϕij

k R
1
2
ij→k ⊗ 1),

for some choice of intertwiners ϕk
ij.

The restriction to simple poles in (SB1) is for simplicity. Higher-order poles are
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possible (e.g., in the Z(n)-Ising model [BFK06]) but will not appear in examples
presented in this document. (SB2) is motivated by the positivity of the scattering
matrix residues in quantum mechanical potential scattering [Kar79b]8. The boot-
strap equation (SB3) is a consequence of treating bound states on the same footing as
an elementary particle, in particular, supposing that they are also subject to factor-
izing scattering; the expression arises by taking the bound states residue ζij = iθk

(ij)

of the three-particle scattering function S(3)(ζi, ζj, ζl) with ζ = ζkl [Kar79b].
A scattering function which is compatible with the fusion rules of the model has

all the necessary poles to account for the bound states in the model and treats these
bound states on the same footing as ordinary particles.

Definition A.5.6. In the case that a scattering function which is compatible with
the fusion rules and has no more than the necessary poles and zeroes (resulting
from properties (S1)–(S7) and (SB1)–(SB3)) it is referred to as maximally analytic.

A.6 Miscellaneous
We collect here proofs of various statements from the main text which can be easily
proven but should not distract the reader there.

The first two results concern the identification of two-tensors K⊗2 with operators
B(K) using the -̂isomorphism defined in (2.4).

Lemma A.6.1. For arbitrary F ∈ K⊗2 the following identities hold:

Â⊗2F = AF̂A∗, A ∈ B(K), [A, J ] = 0 (A.80)

Ĵ⊗2F = JF̂J, (A.81)
F̂F = JF̂ ∗J, (A.82)
Î⊗2 = 1K, (A.83)

‖F̂‖B(K) ≤ ‖F‖K⊗2 . (A.84)

Proof. For all u, v ∈ K we find

(u, Â⊗2Fv) =
(
u⊗ Jv,A⊗2F

)
K⊗2

= (A∗u⊗ JA∗v, F )K⊗2

= (A∗u, F̂A∗v) = (u,AF̂A∗v).

(u, Ĵ⊗2Fv) =
(
u⊗ Jv, J⊗2F

)
K⊗2

= (Ju⊗ J2v, F )K⊗2

= (Ju, F̂Jv) = (u, JF̂Jv).
8For comparison with the reference note the different sign convention for the Minkowski metric

and that res(p1+p2)2=−m2
b

= −2i sin θ resθ12=iθ where mb is related to θ as mk is related to θk
(ij) in

(A.72). Thus positivity of the left side residue (Eq. (24) in the reference with ηb = 1) corresponds
to −i resζ=iθ being positive.
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(u, F̂Fv) = (u⊗ Jv,FF )K⊗2 = (Jv ⊗ u, F )K⊗2

=
(
Jv ⊗ J2u, F

)
K⊗2

= (Jv, F̂ Ju) = (u, JF̂ ∗Jv).

(u, Î⊗2v) = (u⊗ Jv, I⊗2)K⊗2 = (u, v) = (u, 1Kv),

implying (A.80)–(A.83). Lastly, we prove (A.84) by

‖F̂‖B(K) = sup
u∈K,‖u‖=1

|(u, F̂u)| = sup
u∈K,‖u‖=1

|(F, u⊗ Ju)|

≤ sup
u∈K,‖u‖=1

‖F‖K⊗2‖u‖‖Ju‖ = ‖F‖K⊗2 .
(A.85)

Lemma A.6.2. I⊗2 is invariant under the action of F and of U⊗2 for any U ∈
B(K) with U unitary or anti-unitary and [U, J ] = 0. Also, we have ‖I⊗2‖K =

√
dK.

Proof. Let u, v ∈ K. Then (u⊗ v, I⊗2) = (u, Jv). Invariance under F follows by

(u⊗ v,FI⊗2) = (v ⊗ u, I⊗2) = (v, Ju) = (u, Jv) = (u⊗ v, I⊗2). (A.86)

For unitary U , we have

(u⊗ v, U⊗2I⊗2) = (U−1u⊗U−1v, I⊗2) = (U−1u, 1KJU
−1v) = (u, UJU−1v). (A.87)

For antiunitary U the intermediate expressions have a complex conjugation but the
concluding identity holds unmodified. The r.h.s. of (A.87) evaluates to (u, Jv) iff
UJU−1 = J , or equivalently [U, J ] = 0.

The norm follows by (2.5) via

‖I⊗2‖2
K = (I⊗2, I⊗2) =

∑
α,β

(eα ⊗ Jeα, eβ ⊗ Jeβ) =
∑
αβ

δα
β δ

β
α = dK. (A.88)

Proposition A.6.3. The set of states

PS(ϕ1 ⊗ ...⊗ ϕn) = 1√
n!z
†
S(ϕ1)...z†S(ϕn)Ω, ϕj ∈ H1, j = 1, .., n, (A.89)

forms a total subset of HS

Proof. Equality of the expressions in (A.89) is obtained by repetitive application of
the definition of z†S (2.26)

1√
n!z
†
S(ϕ1)...z†S(ϕn)Ω = 1√

(n−1)!
PS(ϕ1 ⊗ z†S(ϕ2)...z†S(ϕn)Ω)

= ...

= PS(ϕ1 ⊗ PS(ϕ2 ⊗ PS(...ϕn))),

(A.90)
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where the inner PS drop out: For any n ∈ N,

PS,n(1⊗ PS,n−1) = 1
n!(n−1)!

∑
τ∈Sn

∑
ρ∈Sn−1

Dτ
n(1⊗Dρ

n−1)

= 1
n!(n−1)!

∑
τ∈Sn

∑
ρ∈Sn−1

Dτ
nD

id⊗ρ
n

= 1
n!(n−1)!

∑
τ∈Sn

∑
ρ∈Sn−1

Dτ◦(id⊗ρ)
n

= 1
n!

(∑
ρ∈Sn−1

(n−1)!

) ∑
τ ′=τ◦(id⊗ρ)∈Sn

Dτ ′

n

= 1
n!

∑
τ ′∈Sn

Dτ ′

n = PS,n .

(A.91)

Then it is evident that the linear span of (A.89) includes the subset of finite particle
states Hf

S which is dense in HS.

Lemma A.6.4. The properties (S3), (S6), and (S7) imply, respectively, that U(j),
US(x, λ), and VS(g) commute with PS at the two-particle level for all (x, λ) ∈ P+

and g ∈ G.

Proof. Since PS,2 = 1
2(1 + S←) it suffices to prove commutativity with S←. The

expressions in Proposition 2.4.1 and Equation (2.7) for U(j), US(x, λ), and VS(g)
yield that, for ψ ∈ HS,2 and θ ∈ R2,

(U(j)ψ)(θ) = J⊗2Fψ(←θ), (A.92)
(US(x, λ)ψ)(θ) = eiP (θ).xψ(θ − λ1), (A.93)

(VS(g)ψ)(θ) = V (g)⊗2ψ(θ), (A.94)

where 1 = (1, 1). Thus, using (S3), we find

(U(j)S←ψ)(θ) = J⊗2F(S←ψ)(←θ)
= J⊗2FS(θ1 − θ2)ψ(θ)
= S(θ2 − θ1)FJ⊗2ψ(θ)
= S(θ2 − θ1)(U(j)ψ)(←θ)
= (S←U(j)ψ)(θ).

(A.95)

Due to (S6) defining M1 = M⊗1 and M2 = 1⊗M we have that M1S(ζ) = S(ζ)M2

and M2S(ζ) = S(ζ)M1 for all ζ ∈ C. As P (θ) = p(θ1;M1) + p(θ2,M2), it follows
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that P (θ)S(ζ) = S(ζ)P (←θ). As a result, we find

(US(x, λ)S←ψ)(θ) = eiP (θ).x(S←ψ)(θ − λ1)
= eiP (θ).xS(θ2 − θ1)ψ(←θ −λ1)

= S(θ2 − θ1)eiP (←θ ).xψ(←θ −λ1)
= S(θ2 − θ1)(US(x, λ)ψ)(←θ −λ1)
= (S←US(x, λ)ψ)(θ).

(A.96)

Lastly, using (S7), it is also clear that [VS(g), S←] = 0.
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Literature survey: Form factor conventions

There are various conventions for the form factors in the literature so that it appears
useful to briefly compare them. Let us survey the conventions which are used in
[Smi92], [Que99], [Bab+99], [BC15], and [AL17]. To be clear about the definitions,
form factors F [A]

m+n,m, n ∈ N0, of a given operator A are defined as extensions of the
expression

(F [A]
m+n)αβ(θ,η+iπ) =

√
m!n!Cαα′ 〈θα′ |S A |

←η←
β
〉

S
, θi 6= ηj, 1 ≤ i ≤ m, 1 ≤ j ≤ n,

(B.1)
which is defined in (3.2). Vice versa, given such form factors, the corresponding
operator A is defined in (3.1) and (3.3).

Other conventions in the literature differ by constant prefactors, changes in the
order of rapidities, or where iπ-shifts are used. In the table below we list for each
reference the equations or sections which are necessary to fix the convention for the
form factors. Further, we give the expression corresponding to (B.1) in the notation
employed by the reference. Note that due to the assumptions on θ and η in (B.1)
we hit no kinematic poles. Note also that the relevant equations in this document to
fix the conventions are, apart from (B.1), the ZF algebra relations (2.30) or (2.31)
and the definition of the rapidity eigenstates (2.42).

Reference Relevant parts (F [A]
m+n)αβ(θ,η + iπ) in notation of ref.

[Smi92] Chapter 1 fβα(η,θ + iπ)
[Bab+99] Eqs. (2.1, 2.2, 3.9) (4π)−

n
2 fA←

β
(←η +iπ) for m = 0

[Que99]1 Secs. 1.1, 1.2, 2.2.2, Eq. (2.11) (4π)−
m+n

2 fA

α
←
β

(θ + iπ,
←η)

[BC15] Eqs. (2.31, 2.35–2.40, 5.4–5.6) f [A]
m,n(θ,η) for dK = 1

[AL17] Eqs. (2.28c, 4.1)
√
m!Cαα′(AΩ)α′

m (θ) for n = 0
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Stress-energy tensor

C.1 Stress-energy tensors for the free scalar field
In this section, we compute the canonical (Noetherian) and metrical (gravitational
or Hilbert) versions of the stress-energy tensor for the free scalar field on Minkowski
space, in classical and quantum field theory. Most of the expressions presented here
are well known1 and apply to arbitrary spacetime dimensions but for simplicity we
restrict the presentation to 1+1d. What is not so well known is that there is a one-
parameter family of valid metrical stress-energy tensors on Minkoski space (one of
which agrees with the canonical one). The results on one-particle QEIs presented in
Chapter 7 constrain the one-parameter family: For too large parameter the stress-
energy tensor violates one-particle QEIs and is therefore not a physically reasonable
stress-energy tensor. This was noticed already before in [BC16, Sec. 8] whereas
the contact with the metric version of the stress-energy tensor was not presented
therein.

To start with, consider a classical scalar free field φ of mass m on Minkowski
space M. Its Lagrangian is given as

L = 1
2

(
gµν∂

µφ∂νφ−m2φ2
)
, (C.1)

where g = diag(+1,−1) denotes the Minkowski metric, and the corresponding equa-
tion of motion reads �φ+m2φ = 0, where � = gµν∂

µ∂ν . The canonical stress-energy
tensor is then given by

T µν
can = ∂L

∂(∂µφ)∂
νφ− gµνL (C.2)

which evaluates to

T µν
can = ∂µφ∂νφ− 1

2g
µν
(
∂ρφ∂

ρφ−m2φ2
)
. (C.3)

On the other hand, the metrical stress-energy tensor is given by

T µν
metr = −2√

− deth
δSmat

δhµν
�hµν=gµν , (C.4)

1Cf., e.g., [Wal84, Secs. 4.2, 4.3, Appendix E.1] for a classical field theory treatment including
a brief discussion of the canonical and metrical stress-energy tensor. An expression for the metrical
stress-energy tensor with arbitrary curvature coupling is for instance given in [Few12, Sec. 2.1].
Note here that the references work in 1+3d and with opposite sign convention for the metric. Note
also that we treat just flat spacetime at the end so transferring the expressions from the reference
all curvature terms are set to zero. The quantization of a free field on Minkowski space is also
standard and can be found in any standard book on QFT.
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where hµν denotes a family of metrices perturbing the Minkowski metric gµν and
the action for the matter part of the system is given by

Smat = 1
2

∫ (
hµν∇µφ∇νφ−m2φ2 − ξRφ

)
volh, (C.5)

where ∇ and volh denote the covariant derivative and the volume form with respect
to h and where R denotes the scalar curvature and ξ the curvature coupling. From
the perspective of Minkowski space to which we restrict a posteriori and where
R = 0, we can treat ξ as a free parameter. The metrical stress-energy tensor then
evaluates to

T µν
metr = T µν

can + ξ (gµν�− ∂µ∂ν)φ2 (C.6)

Note that all choices of ξ are physically equivalent: This is because the 00- and
01-component of the terms proportional to ξ in (C.6) are spatial derivatives2. As
a result, provided that the field φ decays suitable fast towards spatial infinity, the
integral of these terms over the whole space vanishes and the total energy-momentum
operator

P µ =
∫
ds T µ0

metr(0, s) (C.7)

does not depend on the choice of ξ.
The corresponding quantum stress-energy tensors can be obtained by quantiza-

tion. The classical field φ is then replaced by the analogous quantum field

φ(x) = N
∫ (

a(λ)e−ip(λ).x + a†(λ)eip(λ).x
)
dλ, (C.8)

where N is a normalization constant which is later put to
√

4π−1 and φ(x) is to be
interpreted as an operator-valued distribution with a] denoting the bosonic creation-
and annihilation-operators (cf. Rem. 2.4.3 for dK = 1) satisfying

[a(λ), a(λ′)] = [a†(λ), a†(λ′)] = 0, [a(λ), a†(λ′)] = δ(λ− λ′). (C.9)

Such a field solves �φ + m2φ = 0 (in the distributional sense) and is normalized
such that

〈θ|φ(x)|Ω〉 = 〈Ω|a(θ)φ(x)|Ω〉 = 〈Ω|Ω〉N eip(θ).x = N eip(θ).x, (C.10)

where |Ω〉 denotes the vacuum and |θ〉 = a†(θ) |Ω〉 an (improper) rapidity eigen
state (as introduced in Sec. 2.4 with K = C and S = 1). The quantum stress
tensor is obtained by normal ordering (also known as Wick ordering) of the classical
expressions, i.e., all appearances of a† are relocated to the left of a. Indicating the
quantized stress-energy tensors by putting hats, we have

T̂ µν
can = :T µν

can :, and T̂ µν
metr = :T µν

metr : = T̂ µν
can + ξ (gµν�− ∂µ∂ν) :φ2 :. (C.11)

2They evaluate to −∂1∂1φ2 and −∂0∂1φ2, respectively.
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For comparison with the general form of the stress-energy tensor at one-particle
level, we compute one-particle expectation values. Recall, that we can identify the
stress-energy tensor at one-particle level with its two-particle form factor (Eq. (5.9))
and specifically, 〈θ|T µν(x)|η〉 with F µν

2 (θ, η+iπ;x) as3 for all ϕ, χ ∈ L2(R) and x ∈ M

〈ϕ, T µν(x)χ〉 =
∫
dθdη ϕ(θ) 〈θ|T µν(x)|η〉χ(η) =

∫
dθdη ϕ(θ)F µν

2 (θ, η + iπ;x)χ(η).
(C.12)

The ingoing assumption 〈Ω|T̂ µν(x)|Ω〉 = 0 is clearly satisfied4.
To begin with, we compute the one-particle expectation values of :φ2 :, :∂µφ∂νφ :,

and ∂µ∂ν :φ2 :. By (C.8) and the normal ordering prescription we have that

:φ2 :(x) = N 2
∫
dλdλ′

(
a(λ)a(λ′)e−i(p(λ)+p(λ′)).x + a†(λ)a(λ′)ei(p(λ)−p(λ′)).x

+ a†(λ′)a(λ)ei(−p(λ)+p(λ′)).x + a†(λ)a†(λ′)ei(p(λ)+p(λ′)).x
)

= N 2
∫
dλdλ′

(
a(λ)a(λ′)e−i(p(λ)+p(λ′)).x + 2a†(λ)a(λ′)ei(p(λ)−p(λ′)).x

+ a†(λ)a†(λ′)ei(p(λ)+p(λ′)).x
)
.

(C.13)

In one-particle expectation values, the terms with a(λ)a(λ′) and a†(λ)a†(λ′) drop
out: Using the commutation relations (C.9), we have

a(λ)a(λ′) |θ〉 = a(λ)a(λ′)a†(θ) |Ω〉 = δ(λ′ − θ)a(λ) |Ω〉 = 0

and analogously for the other term by using a(λ)∗ = a†(λ). Also due to (C.9), we
have

〈θ|a†(λ)a(λ′)|η〉 = δ(θ − λ)δ(η − λ′) (C.14)

so that

〈θ|:φ2 :(x)|η〉 = 2N 2
∫
dλdλ′ ei(p(λ)−p(λ′)).x 〈θ|a†(λ)a(λ′)|η〉

= 2N 2
∫
dλdλ′ ei(p(λ)−p(λ′)).xδ(θ − λ)δ(η − λ′)

= 2N 2ei(p(θ)−p(η)).x.

(C.15)

Analogously, we find that

〈θ|:∂µφ∂νφ :(x)|η〉

= N 2
∫
dλdλ′ (ipµ(λ)(−i)pν(λ′) + (−i)pν(λ)ipµ(λ′))ei(p(λ)−p(λ′)).x 〈θ|a†(λ)a(λ′)|η〉

= N 2(pµ(θ)pν(η) + pν(θ)pµ(η))ei(p(θ)−p(η)).x

(C.16)
3Note that here K = C.
4It is satisfied by all normally ordered expresssions involving a creation or annihilation operator

due to a(λ) |Ω〉 = 0 and 〈Ω| a†(λ) = 0.
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and

〈θ|∂µ∂ν :φ2 :(x)|η〉 = N 2∂µ∂ν 〈θ|:φ2 :(x)|η〉
= −2N 2(p(θ)− p(η))µ(p(θ)− p(η))νei(p(θ)−p(η)).x.

(C.17)

Let p = p(θ) and q = p(η), then combine (C.15)–(C.17) to find

〈θ|T̂ µν
can(x)|η〉 = ei(p−q).xN 2

(
pµqν + pνqµ − gµν(p.q −m2)

)
(C.18)

and

〈θ|T̂ µν
metr(x)|η〉 = T̂ µν

can(x) + 2ξei(p−q).xN 2 (gµν(p− q).(p− q)− (p− q)µ(p− q)ν) .
(C.19)

It is then easy to compute, using the standard trigonometric relations,

ch(θ + η) = ch θ ch η + sh θ sh η, and sh(θ + η) = sh θ ch η + ch θ sh η,

that

pµqν + pνqµ − gµν(p.q −m2) = 2m2

 ch2 θ+η
2

1
2 sh(θ + η)

1
2 sh(θ + η) sh2 θ+η

2

 = 4πGµν
free( θ+η

2 ),

(C.20)
with Gµν

free as given in (5.42) for M = m1. Analogously, using also

ch θ−ch η = 2 sh θ−η
2 sh θ+η

2 , sh θ−sh η = 2 sh θ−η
2 ch θ−η

2 , 2 sh2 θ−η
2 = ch(θ−η)−1,

one finds that

gµν(p−q).(p−q)−(p−q)µ(p−q)ν = −2m2(ch(θ−η)−1)
 ch2 θ+η

2
1
2 sh(θ + η)

1
2 sh(θ + η) sh2 θ+η

2

 .
(C.21)

With F µν
2,can/metr(θ, η+iπ;x) = 〈θ|T̂ µν

can/metr(x)|η〉, P µ(θ, η+iπ) = pµ(θ)−pµ(η) = p−q
and choosing N 2 = (4π)−1, we then find

F µν
2,can(θ, η + iπ;x) = eiP (θ,η+iπ).xGµν

free( θ+η
2 ), (C.22)

F µν
2,metr(θ, η + iπ;x) = F µν

2,can(θ, η + iπ;x)(1− 2ξ(ch(θ − η)− 1)). (C.23)

This agrees with the general form of the stress-energy tensor at one-particle level
(Thm. 5.3.1, Cor. 5.3.3) for the specific case S = 1, K = C, Jz = z̄, M = m1C,
G = Z2, and V (±1) = ±1C. In particular, we find that F (θ+ iπ) = 1− 2ξ(ch θ− 1).
Note that in view of Theorem 7.1.1 a QEI of the form (7.8) holds if |ξ| < 1

4 and
cannot hold if |ξ| > 1

4 as outlined before in the discussion [BC16, Sec. 8].
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C.2 A weaker notion for the density property
In this section, we first briefly introduce a weaker notion of the density property
(t10) which was used in [Ver00; MPV22] and then specify how it relates to (t10).

As a preliminary, for arbitrary open finite regions O ⊂ M we introduce A∞(O),
a subalgebra of A(O) which is obtained by applying

A 7→ uf (A) =
∫
dt f(t)U(te0, 0)AU(te0, 0)−1, f ∈ S(R)

such that uf (A) is still localized in O. In that regard, we note that A∞(O)Ω is
dense in C∞(P 0). The weaker density property then reads: For arbitrary O as
above, A ∈ A∞(O) and f ∈ D(M) such that f(t, x) = f0(t)f(x) with

∫
f0(t)dt = 1

and f �IO= 1, where IO ⊂ R is sufficiently big to contain all spatial slices of O′′ as
subsets of R, then

[P µ − T 0µ(f), A]Ω = 0 (C.24)

Let C denote the class of vector states for which (t10) holds. Relying mostly on
the discussion in [MPV22, Eqs. (3.12–3.16)] we can show that (t10) implies (C.24)
if C is large enough and if we assume locality of T µν(f) relative to the observables
(Rem. 3.1.4) which is stronger than (t2). Due to (t10), or more particular, due to
(5.4), we have

〈ϕ, [P µ, A]Ω〉 =
∫
〈ϕ, [T µ0(x), A]Ω〉 dx1, (C.25)

provided Ω,AΩ,ϕ,A∗ϕ ∈ C. On the other hand, for arbitrary A ∈ A∞(O),
ϕ ∈ C∞(P 0), and f chosen as above with t0 ∈ supp f0, it holds that

〈ϕ, [T µ0(f), A]Ω〉 =
∫
dtdx f0(t)f(x) 〈ϕ, [T µ0(t, x), A]Ω〉 (C.26)

=
∫
f0(t)dt ·

∫
dx f(x) 〈ϕ, [T µ0(t0, x), A]Ω〉 (C.27)

=
∫
dx 〈ϕ, [T µ0(t0, x), A]Ω〉 (C.28)

which takes the form of the r.h.s. of (C.25). Thus (t10) implies (C.25) provided
that C is sufficiently large. The derivation steps are as follows: Equation (C.26)
holds by Remark 5.1. Equation (C.27) follows since

∫
dx f(x) 〈ϕ, [T µ0(t, x), A]Ω〉

is invariant in t by the continuity equation (t9) and the divergence theorem. In
more detail, differentiating with respect to t reduces to a spatial derivative by the
continuity equation. Note here that the commutator vanishes for all (t, x) ∈ O′

(or equivalently outside O′′) as A ∈ A(O) ⊂ A(O′)′ and by locality of T µν(f)
relative to the observables; as a result, the support of the commutator in x for
fixed t is contained in IO,t := {x : (t, x) ∈ O′′} so that boundary terms vanish
and the spatial derivative acts on f by partial integration. Also, f is equal to 1 in
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that region by assumption (IO,t ⊂ IO
5) so that the spatial derivative vanishes and∫

dx f(x) 〈ϕ, [T µ0(t, x), A]Ω〉 is invariant in t. Thus we may pick t = t0 and take the
integration over f0 out, yielding (C.27). Equation (C.28) follows by assumption,∫
f0(t)dt = 1 and f �IO= 1.

C.3 Stress-energy tensor at one-particle level generating the
boosts

For simplicity, we restrict to a single mass sector m = mα = mβ. Using the diagonal-
in-mass expression for the stress-energy tensor at one-particle level (Thm. 5.3.1,
Cor. 5.3.3) with F (θ + iπ) replaced by F (θ), the r.h.s of (5.53) evaluates to

〈θα|
∫
sT 00(0, s)ds |ηβ〉 =

∫
s 〈θα|T 00(0, s)|ηβ〉 ds (C.29)

=
∫
s ei(p1(θ)−p1(η))sds 〈θα|T 00(0)|ηβ〉 (C.30)

=
∫
s ei(p1(θ)−p1(η))sdsF 00

2 ᾱβ(θ, η + iπ) (C.31)

=
∫
s ei(p1(θ)−p1(η))sds

m2

2π ch2 θ+η
2 Fᾱβ(η − θ). (C.32)

Introducing ρ = θ+η
2 and τ = θ − η, we obtain p1(θ) − p1(η) = 2m sh τ

2 ch ρ which
for τ, ρ ∈ R vanishes iff τ = 0. Moreover,

∫
seiksds = −i2πδ′(k). Combining these

two properties, we obtain

〈ϕ|
∫
−sT 00(0, s)ds |χ〉 (C.33)

=
∫
dθdη ϕα(θ)χβ(η) 〈θα|

∫
−sT 00(0, s)ds |ηβ〉 (C.34)

= im2
∫
dρdτ ϕα(ρ+ τ

2 )χβ(ρ− τ
2 )Fᾱβ(−τ) δ′(2m sh τ

2 ch ρ) ch2 ρ (C.35)

= −im2
∫
dρdτ ∂

∂τ

(
ϕα(ρ+ τ

2 )χβ(ρ− τ
2 )Fᾱβ(−τ)

)
δ(τ)

(
2m ch ρ∂ sh τ

2
∂τ

)−2
ch2 ρ

(C.36)

= −im2
∫
dρdτ ∂

∂τ

(
ϕα(ρ+ τ

2 )χβ(ρ− τ
2 )Fᾱβ(−τ)

)
δ(τ)

(
m ch ρ

)−2
ch2 ρ (C.37)

= −i
∫
dρdτ ∂

∂τ

(
ϕα(ρ+ τ

2 )χβ(ρ− τ
2 )Fᾱβ(−τ)

)
δ(τ). (C.38)

Assuming F ′ᾱβ(0) = 0 (see below), the τ -derivative acts only on ϕ and χ. After
integration in τ , effectively setting τ = 0, one then obtains:

= −i
∫
dρ 1

2

(
ϕ′α(ρ)χβ(ρ)− ϕα(ρ)χ′β(ρ)

)
Fᾱβ(0) (C.39)

= i
∫
dρϕα(ρ)χ′β(ρ)δα,β (C.40)

5Note that it is sufficient here that IO,t ⊂ IO for t ∈ supp f0 so that we could have choosen IO
smaller at the cost of keeping a dependence on f0. A possible choice would be IO = ∪t∈supp f0IO,t.
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= −i 〈ϕ, χ′〉 , (C.41)

using that Fᾱβ(0) = δα,β by Theorem 5.3.1(g), partial integration, and the vanishing
of the boundary term due to the compact support of ϕ and χ. The assumption
F ′(0) = 0 is likely to hold since it decomposes (Prop. 5.3.4) into polynomial factors
which have d

dθ
Q(ch θ) �θ=0= sh θ Q′(ch θ) �θ=0= 0 and into minimal solutions which

satisfy f ′min(iπ) = 0 in case that their integral representation exists (Sec. 4.2).
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