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Colored black holes and Kac-Moody algebra
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We demonstrate that the near horizon symmetries of black holes in Einstein-Yang-Mills (EYM) theory
are generated by an infinite-dimensional algebra that contains, in addition to supertranslations and
superrotations, a non-Abelian loop algebra. This means that the Virasoro-Kac-Moody structure of EYM in
asymptotically flat spacetimes has an exact analog in the near horizon region.
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I. INTRODUCTION

In 2015, Hawking conjectured that, in their near horizon
limit, black holes might exhibit an infinite-dimensional
symmetry [1] similar to the supertranslations that appear
near null infinity in asymptotically flat spacetimes [2—4].
His conjecture was motivated by the recent developments
connecting the subjects of asymptotic symmetries, soft
theorems, and memory effect in gravity and gauge theories
[5]. The original idea was that horizon supertranslations
could have something to do with the black hole information
puzzle [6], an interesting idea that gave rise to a thoughtful
debate [7-9]. Nevertheless, regardless whether relevant
or not for the information loss problem specifically, the
emergence of infinite-dimensional symmetries near the
black hole event horizons turned out to be an interesting
discovery on its own right, as it suggests that there might
still be important lessons to be learnt from symmetries
about the infrared structure of gravity and gauge theories.

The existence of infinite-dimensional symmetries in the
vicinity of black hole horizons was made precise in [10],
where it was shown that, in addition to supertranslations,
black holes also exhibit superrotations in their proximity.
Further details of these symmetries and their associated
charges were given in [11,12], and in references thereof.
The study of infinite-dimensional symmetries in the near
horizon region has antecedents [13—15], and more recently
it led to interesting developments and generalizations; see
for instance [16-25].

It was shown in [16] that the addition of Abelian gauge
fields results in a further enhancement of the near horizon
symmetry, yielding a new set of supertranslation currents
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for each U(1) commuting factor in the gauge group, at
least. Here, we will consider the case of Einstein gravity
coupled to Yang-Mills theory for an arbitrary gauge group
G, and we will show that, in addition to supertranslations
and superrotations, the black holes of the theory exhibit an
infinite-dimensional symmetry that is generated by a non-
Abelian loop algebra. This means that, as it happens in
Einstein-Yang-Mills theory in asymptotically flat space-
times [26], a Virasoro-Kac-Moody structure emerges in the
near horizon region of colored black holes. In other words,
the same symmetry enhancement phenomenon of the non-
Abelian algebra discovered by Barnich and Lambert at null
infinity also occurs near the black hole event horizon.
Actually, the full algebra we will encounter in the near
horizon limit differs from the one found near null infinity,
the difference being the structure constants that connect
supertranslations to superrotations, cf. [16]; however, the
Virasoro-Kac-Moody piece matches exactly.

The paper will be organized as follows: In Sec. II we will
consider the near horizon symmetries in Einstein-Yang-
Mills theory. We will present a sensible set of boundary
conditions at the horizon that, on the one hand, permit to
accommodate the physically relevant solutions such as
colored black holes and, on the other hand, turn out to be
preserved by an infinite set of diffeomorphisms and gauge
transformations. These boundary conditions are the gen-
eralization of those proposed in [10] to the non-Abelian
case. In Sec. III we will study the algebra of diffeo-
morphisms and gauge transformations preserving the
prescribed boundary conditions, and we will show that it
turns out to be an infinite-dimensional algebra that contains
a Kac-Moody subalgebra. Section IV contains a brief
discussion about the relevance of our result.

I1I. NON-ABELIAN HORIZONS

Let us consider a four-dimensional spacetime (M, g)
with metric ds? = Gudx*dx” (with y, v = 0, 1, 2, 3) and let
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us assume the spacetime has a nonsingular, isolated,
compact horizon H = H* U H~ with H* = %, x R, with
¥, being a compact spacelike 2-surface, say of topology S2.
We will consider advanced coordinates x° = v, x4 = z4
(with A = 1, 2) and x* = p; the horizon is the hypersurface
p = 0 on which v is null; %, is a constant-v section of that
hypersurface.

Without loss of generality, we can always choose
coordinates such that, close to the future (past) horizon
HY =%, x R (H"), the metric takes the form [27,28]

Gow = —2kp + O(p?), (1)

Goa = 9o (25)p + O(p?), (2)

_ O c e O(p? 3
9AB QAB(Z )+9AB(Z )/’"‘ (P >’ ( )

together with the gauge fixing conditions

Gpp = 0, Gup = L, Gap = 0. (4)
The radial coordinate p € R, measures the distance from
the horizon, v € R is null on H* (in the case of the past
horizon ‘H~ the advanced time v has to be replaced by the

retarded time u € R), and z* (with A = 1, 2) represents

coordinates on %,. In (1), g,(f,f) stand for functions of z4,
each of which can be thought of as the coefficient of the
order O(p") in the near horizon (i.e., small p) expansion of

the metric components. Constant k = —1 gS,i? corresponds

to the surface gravity of the horizon. We denote 8,(z%) =
g(le) (z8) and Q,5(z°) = g%(zc). The fact that the latter
functions are independent of v is guaranteed by the isolated
horizon condition.

We are interested in Einstein gravity coupled to Yang-
Mills theory, and therefore we have to introduce, in addition
to the metric, the non-Abelian gauge field A¢, which
defines the gauge connection 1-form

A = AST jdx*, (5)

with T, being the generators of a Lie algebra g [with
a=1,2,...,dim(g)], which satisfy the Lie product

[Ty, T = ify.Ta (6)

with f7  being the structure constants. Let G be a compact,
semisimple Lie group generated by g, which enters in
the definition of the gauge theory through the standard
building blocks; we have the covariant derivative D, =
0, —iaA;T, and the field strength F* = Fj, = 0,A] —
d,A; + af ZCAIIZA,f that yields the g-valued curvature 2-form
Fy,dx" A dx”; a is the gauge coupling. The action of the
theory reads

1 1
I = d* R—- d* TrF>. (7
oG | deVldlR=5 [ dx g 2)

Close to the horizon, the gauge field satisfies the
following asymptotic behavior

A4 = AP+ AV (0,2 + O(p?), (8)

A = AP (M) + A (0,290 + O, (9)
where A\ stands for the coefficient of the order O(p") in

the small-p expansion. In addition, the gauge condition

A% =0 holds for all p. Notice that, while A"

functions of z* and v, A'”? is constant, Ag))a only depends

on z4; cf. [16]. This suffices to accommodate charged black
hole solutions within the configuration space.

Now, having defined the near horizon boundary con-
ditions for both the gravitational and the gauge fields, let us
consider the symmetry transformations that preserve such
conditions. More precisely, we ask for those diffeomor-
phisms and gauge transformations that preserve the asymp-
totic form of (1)—(3) and (8)—(9), allowing for variation of
the specific functions g/, A,”“ but preserving the func-
tional form of the small p expansion together with the
gauge-fixing conditions. Let us call y, and € the asymp-
totic Killing vectors and the gauge parameters that realize
such symmetry transformations, respectively. Then, we
have the changes g,, = g, + 6,9, Ay = Ay + 5,045
with

a
are

o)A = (L,A)L + 0,6 —aff e Ay
(10)

ézg;w = (‘C;(g);w s

As said, we require these changes to be such that they
preserve the asymptotic conditions prescribed above. For
instance, in order to respect the gauge fixing conditions, we
have to demand

(’C)(g)ﬂp = O’ ('C)(g)vp = 0’
(L£,9)4, =0, (L,A)f + 0,6 =0, (11)
where we have used Aj = 0. The latter conditions, together

with some closure conditions for the asymptotic expansion,
yield the following form for y and e

X' = f(v.2"), (12)
)(p = _pavf+ aAf/p gABngdplv (13)
0
P =1 =of (. 4)
0
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together with
P
e’ = ed(v, ) —/ A%0,xBdp'. (15)
0

Here, f(v, z*) is a function of z* whose dependence with v
will be later restricted by requiring extra conditions. Being
the v component of the asymptotic Killing vector, this
function will ultimately be associated to horizon super-
translations. Function €§ (v, z!) depends on z* and v, while
Y4 (zB) are two arbitrary functions of z? and do not depend
on v (A,B=1, 2). On X, we can consider complex
coordinates (z',z%) = (z,%) and holomorphic and antiho-
lomorphic fields obeying 0Y*(z) = 9Y*(z) =0; this
allows us to denote Y = Y*(z) Y = Y?(z) for short. The
latter functions will be identified as those generating local
conformal transformations on %,, i.e., they will be related
to the so-called supertranslations.

In order to satisfy the boundary conditions (8)—(9), the
gauge field has to obey

(L,A)8 + 0ue” = afj "A; = Olp),
(L,A)% + Dpe’ — afe e?As = O(1). (16)

Satisfying the first of these conditions implies solving a set
of differential equations for €fj; namely

0,0 A" + eg) —afs, A =0, (17)

where the indices v are not contracted.

By computing the variations of the metric and the gauge
field under diffeomorphisms and gauge transformations
defined by the y and e given above, one finds

5(){,G)K = Kavf + a%f =0, (18)

Oy.)0a = Lybs + f0,04 — 2k0pf — 20,04 f
+ Q5€0,Q,50cf, (19)
|

O(y.e)up = [0,Q4p + LyQyp, (20)
0)a
S AV =0, (1)

81 AS" = YCOAY + AL 95V 4 9y fA"
+ Opet — afs b AV (22)

Notice that in (18) we are additionally demanding the
variation J, .k to vanish; that is to say, we are considering
a phase space defined by functional variations that preserve
the surface gravity. For the case of nonextremal horizons
(k #0) this yields f(v,z%) = T(z*) + e X(z"), with
T(z") and X(z) being two arbitrary functions on
%,; cf. [10].

III. SYMMETRY ALGEBRA

Now, let us derive the algebra that generates the
asymptotic symmetries defined above. In order to obtain
this algebra, let us start by looking at how two subsequent
variations act on the metric function 64; namely

[6(}(|»€1)’5()(2~€2)]9A
= YAQA +]~C81/9A — 2K8A}‘ — 26U6A]~” + QBCanABacj?,
(23)

where
YA =YB0,Y4 — Y50,Y7,
j[:'CYIfZ_'CYZfl+f181)f2_f2avfl- (24)

The brackets [,] in (23) is the modified Lie brackets
introduced in [29], which is valid in the case the gauge
parameters are field dependent; see Eq. (2.4) therein, see
also [11,26] and references thereof.

Now, in order to determine the expression for 58, it 1is
sufficient to consider the variation of A;O)a and then see how
the algebra closes. This yields the cumbersome expression

0)a S 0)a 0)a S ~ (0)a a a a 0)c
[0, c1) OpmenAl = FCOCAR + AP0, 7€ + 0, FAD + 8,[YCOcel, — YSDcel | — afs [YEOceh, — YSDceh |AY)
— 05(F10,f2 — F20,f )AL — aft [eh (DpfAY + Oy, — afsel AR
c c c J k
- 682(83]‘1145.0) + Opel, — a jkef)lAg)) )], (25)

where we have identified some terms, and added and subtracted Og(f0,f> — f20,f 1)A5,0)” in order to complete the

expression of f.

Using Eq. (17) to write 9,fAY = afg.cjAY — ,€4, the Jacobi identity to write f4,[f5,(eh ef. — efieh )AY"] =

a gb mn 50
Fpef mn€6, €0,A8

rewritten as follows:

, and defining E4 =Y facegz - Ygacegl + f10,€5, — f20,€5, for short, the expression above can be
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(64101 Opnen] Ay = TCOAY + AD05TC + 0 FAL" + 9p(E* - afi.eh €)= afy.(E fmneoleoz) Al
+ 110,105(e8, + A7) — aff.eh AV~ £20,[05(el + £1AV) - afieh AT, (26)

We are interested in writing this expression as

+ADg, 7€ 4 9, 7A0"
L (27)

(Oa _ $cC (0)
S AV = TCOCAS
+ 3360 - afbceo

for a given €~8. Using that Ag))a and Y4 only depend on z*,

we can freely add the term 8U[YC0CA§90)'1 + AW,y ] to

(26) and then identify the last line of that equation as

F10,(507,.6)A8") = £20,(57,.¢)AS), which vanishes as
5@,5>A§’)“ only depends on z*. This allows us to identify

=FE—qa fZCESI €5, which reduces to the expression of
[16] in the Abelian case £’ = 0. In the most general case,
we find the following set of variations
Y4 =YBopY4 — Y50,Y4, (28)
f=Y{0cf2=Y§0cf1 + f10.f>

Y§Ocel + 10,6,

- fZavfl’ (29)

fa _ yC a a a b .c
€6 =Y 0ceq, — = f20,€5, —af}.€q €,

(30)

Now, we can solve Eq. (17) and replace its solutlon in
(30). Equation (17) can be written as 0, (e§ + fAy (O)a Y =
Abeo with A} = af} A v C, which has solution of the
form

eb(v.2) = [ UP () - f(e4 0)AP . (31)
This generalizes the result €i(v,z%) = U4(z) -
£z, )AY" with a=1,2,...N obtained in [16] for
G = U(1)N. The novel feature in (31) relative to the
Abelian case is the v-dependent exponential accompanying
the function U“(z*), which obviously vanishes when the
structure constants vanish.

Having fully determined the functional dependence with
the advanced null coordinate v, it is possible to obtain the
expression for U* explicitly; namely

€+ JAL" = [0 ()
= [*§[YTOcUS ~ Y§OUY]
—aff [l UtUr. (32)

where we see that the dependence of f and f » has cancelled
out. We can use that f¢_[e2?]2[eA?]C = f1 [e Av]¢. which

follows from standard formulas applied to the adjoint
representation. Taking all this into account, one finally
obtains

U =Y§{o.U§ -

Y§0cUf —afj UTUS  (33)

which, together with the transformations

YA =YBopYs — Y50,Y4, (34)

T - Yf(?BT2 - YgaBTl, (35)

X =YB0pX, — kT X, — Y505X, +«T,X,, (36)
form the symmetry algebra. Functions Y2, T, X, and U are
four arbitrary functions of the coordinates z* on X, and this
gives rise to an infinite-dimensional algebra. While the line
(34) expresses the existence of two copies of the Witt algebra
(namely; two Virasoro algebras with a vanishing central
term), the line (35) gives the semidirect sum of the Virasoro
algebras with an Abelian infinite-dimensional algebra
i.e., the so-called supertranslations. The line (36) shows
the presence of another infinite-dimensional Abelian com-
ponent, which acts on supertranslations as dilations act
on standard translations. The new result here is (33). This
expresses, on the one hand, the mixing between the
spacetime superrotations and the gauge transformations at
the horizon; on the other hand, it generalizes the result of
[16] to the non-Abelian case, where the G-structure appears
in the last term with the structure constants.

All the arbitrary functions of z* can be expanded in
Fourier modes, e.g., as usually done when representing
Diff(S') or tensored C*®(S') algebras in conformal
field theory. It amounts to choose complex coordinates

= (z,7) with z=e"", and evaluate (33)-(34) on
arbitrary modes z”z". That is to say, we can define
T(Zv Z) = KZm,n T(m,n)zmzn> X(Z’ Z) = Zm.n X(m,n)zmznv
Y(z) =3, Y.2", Y(Z) =2 Y,z"  and U4(z,2) =
ay ..U ?m.n)zmzn, and then express the algebra as follows:

[YmﬁYn}:(m_n)Yern’ [Yvan]:(m_n)Yerm (37)

[ka T(m.n)] = _mT(m+k,n)’ [ka T(m.n)] = _nT(m.nJrk)v
(38)

[ka X(m,n)} = _mX(erk,n)v [?kv X(m,n)] = _nX(m,IH»k)a
(39)
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[Yk, U?mﬁn)] _ _mU?erk,n)’ [Yk, U?’"-”)] = —nU?myan),
(40)
Xy, Timm)) = X(mikn1)s
[U?k,l)’ U?m,n)] =fe Ul in)’ (41)

the other commutators vanish.

The last Lie product in (41) is our main result. This
manifestly shows that in the near horizon region of black
holes in Einstein-Yang-Mills theory the symmetry algebra
gets enhanced in such a way that it includes a (double)
infinite-dimensional loop algebra § = g ® C*(S!) gener-

ated by Ul(lm,n)' This algebra is in semidirect sum with two

copies of Witt algebra, being a spin-1 current under local
conformal transformations. This generalizes the result
found in [16] for the U(1)N theory, which here corresponds
to f4. = 0. The rest of the algebra matches the one found
in [10,11]; namely, in addition to the loop algebra, the
algebra above contains an infinite-dimensional Abelian
piece generated by T, ,), which is the horizon super-
translations. There is also an infinite-dimensional Abelian
ideal generated by X (m.n)- However, as shown in [10,11], in
the case of nonextremal black holes the latter algebra
generates transformations that are pure gauge as X(z,Z)
does not enter in the Noether charges associated to the
asymptotic diffeomorphisms generated by y = f(v,z,%)0,.
We intend to return to the problem of computing the
Noether charges associated to the full algebra (37)—(41) and
carefully analyzing their integrability conditions in a future
work. Preliminary results on this permits to say that the
conserved charges associated to Y,,, ¥,,, and U(“m’n) form a
Virasoro-Kac-Moody system with vanishing central charge
and vanishing Kac-Moody level.

IV. DISCUSSION

The results obtained here might have interesting
applications to study colored black holes [30,31],
cf. [32]. In fact, it is possible to speculate that large
gauge transformations could describe physical processes
that produce a splash of colors on the horizon, for instance

by means of a mechanism similar to the one studied in
[12,16]. As in there, one can imagine dynamical processes
that connect the asymptotic past null-infinity Z~ with the
future horizon H™, using that now we have learnt that a
similar Virasoro-Kac-Moody structure emerges in both
regions [26,33,34].

Besides, the formulas above can easily be extended to
higher dimensions [35], and so applied to study self-
gravitating Yang monopoles in arbitrary (even) dimension
D. Such monopoles have been constructed in [36] for
the gauge group SO(D —2). For D > 6, such solutions
describe non-Abelian black holes that, when the cosmo-
logical constant is negative, can have applications within
the context of AdS/CFT correspondence, cf. [36]. It is
possible to show that the analysis done in the previous
sections applies to those non-Abelian solutions, and that the
zero-mode of the Noether charges associated to the horizon
supertranslations correctly reproduces the entropy of the
black holes, cf. [37]. This is quite interesting since the self-
gravitating Yang monopole has infinite gravitational energy
and, therefore, the charge computation needed to study, for
example, its thermodynamics only makes sense from the
horizon perspective.

Other interesting questions related to the computation
presented here relate to its possible generalizations. For
example, one could ask whether a more general set of
asymptotic conditions exist yielding non-vanishing central
extensions of the charge algebra. We could also ask
whether other algebraic structures, such as wy algebras,
or even w, | algebras as the recently found at null infinity
[38], can also be realized at the horizon provided one
prescribes adequate asymptotic conditions. These are all
interesting questions for future investigations.
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