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We study extremal surfaces in a traversable wormhole geometry that connects two locally AdS5
asymptotic regions. In the context of the AdS=CFT correspondence, we use these to compute the
holographic entanglement entropy for different configurations: First, we consider an extremal surface
anchored at the boundary on a spatial 2-sphere of radius R. The other scenario is a slab configuration which
extends in two of the boundary spacelike directions while having a finite size L in the third one. We show
that in both cases the divergent and the finite pieces of the holographic entanglement entropy give results
consistent with the holographic picture and this is used to explore the phase transitions that the dual theory
undergoes. The geometries we consider here are stable thin-shell wormholes with flat codimension-one
hypersurfaces at fixed radial coordinate. They appear as electrovacuum solutions of higher-curvature
gravity theories coupled to Abelian gauge fields. The presence of the thin shells produces a refraction of the
extremal surfaces in the bulk, leading to the presence of cusps in the phase space diagram. Further, the
traversable wormhole captures a phase transition for the subsystems made up of a union of disconnected
regions in different boundaries. We discuss these and other features of the phase diagram.
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I. INTRODUCTION

In this paper we investigate extremal surfaces in the
presence of a traversable wormhole spacetime in the
context of the holographic description of entanglement
entropy. The bulk geometry we consider is a Lorentzian
five-dimensional wormhole that connects two asymptotic
regions which are locally anti–de Sitter (AdS). The worm-
hole is a solution of a higher-curvature gravity theory
coupled to an Abelian gauge field. The gravity sector is
given by the Einstein-Gauss-Bonnet (Lovelock) quadratic
action, which makes the problem tractable analytically and
enables us to construct the wormholes explicitly without
extra exotic matter. The wormhole is dual to a system of a
pair of interacting boundary theories given on two copies of
Minkowski R1;3 spacetimes, where we investigate different
entanglement entropy configurations.

In the context of quantum field theory (QFT), entangle-
ment entropy is understood as a UV-regulated quantity that
measures the degree of entanglement of a quantum system,
giving an estimation of a type of correlation between parts
of the system that are associated to complementary spatial
domains of the whole space. Entanglement entropy thus
provides important insight about the structure of the
quantum state under consideration and, among other things,
it allows to distinguish topological phases and characterize
critical points. Loosely speaking, given a state of the system
in a d-dimensional spacelike Cauchy slice of a (dþ 1)-
dimensional QFT, the entanglement entropy SA of the
subsystem inside region A on this slice is defined as the von
Neumann entropy of the reduced density matrix obtained
by tracing out the degrees of freedom outside region A, i.e.
tracing over its complementary subsystem [1]. For a QFT in
even spacetime dimensions, the general structure of the
ultraviolet (UV) behavior of the entanglement entropy is
given by

SA ¼ p1

�
R
ϵ

�
d−1

þ � � � þ ã log

�
R
ϵ

�
þOðϵ0Þ; ð1Þ

where R is a characteristic length scale of region A, and ϵ is
the UV regulator associated to some lattice spacing, such
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that ϵ → 0 in the continuum limit. The leading divergent
term in (1) is known as the area law term and its coefficient
p1 depends on the regularization procedure. The coefficient
ã in the logarithmic term, which appears only in even
spacetime dimensions, is cutoff independent and captures
information about the conformal anomalies in the theory,
and it plays an important role in the entanglement-based
results on renormalization group flow [2–5].
In the context of the holographic correspondence, Ryu

and Takayanagi presented a very succinct and elegant
prescription to compute entanglement entropy in a great
variety of strongly coupled conformal field theories (CFT)
[6]. According to this prescription, the holographic entan-
glement entropy (HEE) for a region A at the boundary is
given, to leading order in the Gdþ2 expansion, by the
formula

SAHEE ¼ AreaðΣÞ
4Gdþ2

; ð2Þ

where Σ is the d-dimensional minimal surface in the bulk
that ends on the (d − 1)-dimensional manifold ∂Σ ¼ ∂A at
the boundary, and Gdþ2 is the Newton constant in (dþ 2)
dimensions. As stated, this result is valid when the bulk
geometry is static and time independent and described by
Einstein gravity in asymptotically AdSdþ2 spacetimes.
Equation (2) have passed a great number of consistency
tests (see, for example, [7]) and as expected, when
compared to (1) they fully agreed. A derivation of (2)
was given in [8]; see also [9] and references therein and
thereof. In the last few years we have also learnt how to
compute the holographic entanglement entropy in a wide
variety of scenarios which include, for example, time-
dependent geometries [10], or higher-curvature gravity,
among many other setups. When higher-curvature terms are
present in the gravity action, the holographic formula (2)
receives corrections; the area is replaced by the appropriate
functional for the HEE, which can be systematically
derived from the gravity theory, cf. [11,12]. Here, being
interested in the wormhole solution, we will consider the
HEE generalized to five-dimensional Einstein-Hilbert
action supplemented with the quadratic Gauss-Bonnet
term.
The solution we consider is the one constructed in [13],

which consists of a geometry made out of four different
patches connected by three thin-shell junctions. One of
such thin-shells corresponds to the wormhole throat, while
the other two, as seen from each asymptotic region, can be
thought of as bubbles, or the mouths of the wormhole,
inside which the throat is located. The higher-curvature
contributions to the boundary action makes it possible that
the junctions do not contain induced matter; that is, the
induced stress tensor on the thin shells, both the bubbles
and the throat, vanishes. In other words, the quadratic
curvature terms suffice to fulfill the generalized Israel

conditions without exotic matter. In addition, the flux of
a Uð1Þ gauge field suffices to support the wormhole throat
and, in certain range, stabilize it.
As studied in [13], the wormhole presents instabilities in

the corresponding interval of the parameter space allowed
by causality constraints [14,15]. This demands to consider
a special point of the coupling, which is the so-called
Chern-Simons point [16], the only point where the worm-
hole is stable under scalar perturbations and the arguments
concluding causality violation do not apply. There, the
theory exhibits special properties; among them, the absence
of linear excitations around the AdS vacuum, uniqueness of
such vacuum, and gauge symmetry enhancement. The
wormhole geometry at the Chern-Simons point has been
investigated with string probes in [17], where it was shown
that, when going through the junctions, the string configu-
rations produce a refraction which, from the boundary
theory perspective, represents a sharp phase transition.
A natural question arises as to whether a similar phase
transition phenomenon occurs when probing the wormhole
geometry with codimension-2 surfaces as the one consid-
ered in the holographic realization of entanglement entropy.
We will show that, as it happens with the string probes, the
holographic entangling surfaces also experience a refrac-
tion when going through the junctions, and from the point
of view of the dual field theory this can be interpreted as a
phase transition. Moreover, depending on the boundary
conditions imposed on both asymptotic regions, which
correspond to different entangling surfaces in each of the
two interacting copies of the dual CFT, there appear
extremal surfaces that extend from one asymptotic region
to the other, i.e. such extremal surfaces traverse the throat of
the wormhole. These configurations will be used to con-
sider geometric phase transitions between locally minimal
surfaces with different topology [18], applied to subsys-
tems made up of disconnected regions in different boun-
daries. A list of works considering similar setups, including
similar configurations, includes [19–24]; see also referen-
ces therein and thereof.
The paper is organized as follows: In Sec. II, we

introduce the higher-curvature gravity theory that we will
consider and briefly review the Chern-Simons point of its
parameter space to present the wormhole solution we are
going to work with. In Sec. III, we discuss the correct
definition of the functional and the relevant variational
problem for the holographic description of entanglement
entropy in the higher-curvature theory, and deduce the
matching conditions necessary to join extremal surfaces
across thin shells of the bulk spacetime. In Sec. IV, we
consider different entangling surfaces, corresponding to
different 3-volumes in the boundary: We start with the case
of a surface which is anchored at the boundary on a spatial
2-sphere of radius R. Then, we also consider a slab
configuration, which extends in two of the boundary
spacelike directions while having a finite size L in the
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third one. For both types of configurations, we determine
the extremal surfaces by carefully solving the matching
conditions. Then, we compute the different contributions to
the entanglement entropy by using the generalized Ryu-
Takayanagi formula. Both the divergent and the finite
pieces of the entanglement entropy will be shown to give
results consistent with the holographic picture, and this fact
will be used to explore the phase transitions that the dual
theory undergoes. The refraction phenomenon in the bulk
produced by the presence of the thin shells will translate
into the presence of cusps in the phase space diagram at the
boundary theory. Furthermore, the interaction through the
throat captures a phase transition associated to discon-
nected subsystems made up with regions in both bounda-
ries. Finally, the results are summarized and discussed
in Sec. V.

II. GRAVITY THEORY AND THE
WORMHOLE SOLUTION

Higher-curvature gravity models in 5-spacetime dimen-
sions do allow for stable wormholes that connect two
asymptotically (anti–)de Sitter regions without introducing
extra exotic matter, [13]: We consider the Einstein-Maxwell
theory supplemented with the quadratic Gauss-Bonnet
higher-curvature terms; namely

I5 ¼ −
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p ðR− 2Λ

þ αðRμνρσRμνρσ − 4RμνRμν þR2Þ−FμνFμνÞ þB; ð3Þ

where B stands for the boundary term that renders the
variational problem well defined. The Chern-Simons point
corresponds to1 α → αCS ¼ −3=ð4ΛÞ. The vacuum of the
theory corresponds to AdS5

ds2 ¼ l2

�
dr2

r2
þ r2ð−dt2 þ dx⃗2Þ

�
; ð4Þ

where t ∈ R, r ≥ 0, and dx⃗2 ¼ δijdxidxj (with i, j ¼ 1, 2,
3) the metric on a locally, maximally symmetric 3-space
of constant curvature k ¼ 0. This is the AdS5 solution in
Poincaré coordinates. The (squared) radius of AdS5 is given
by l2 ¼ 4αCS ¼ −3=Λ.
As mentioned before, the theory admits stable static

wormhole solutions that connect two asymptotically AdS5
regions without introducing extra exotic matter. The latter
is given by two copies of the metric

ds2¼ gμνdXμdXν ¼l2ð−N2fðrÞdt2þfðrÞ−1dr2þ r2dx⃗2Þ:
ð5Þ

We will refer to each of these copies as ML and MR, the
left and right side, respectively. The wormhole solution is
given by M ¼ ML ∪ MR with ML and MR glued
together at the throat which is located at the hypersurface
defined at r ¼ rth. Each side is constructed with an interior
and an exterior region, i.e.ML;R ¼ Mi

L;R ∪ Me
L;R, joined at

the bubble surface r ¼ rb. In the Chern-Simons point, the
metric functions are given by

fðrÞ ¼
(
fiðrÞ ¼ r2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − 2=r2

p
in Mi

L;R ¼ fXμ=rth ≤ r ≤ rbg
feðrÞ ¼ r2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − 2=r2

p
in Me

L;R ¼ fXμ=r ≥ rbg
; ð6Þ

with lapse factors

N2 ¼
�
N2

i ¼ feðrbÞ=fiðrbÞ in Mi
L;R

N2
e ¼ 1 in Me

L;R

; ð7Þ

where rth ¼ 1, rb ¼
ffiffiffi
δ

p
≃ 1.40, with δ given by the positive

root of the polynomial PðδÞ ¼ 9δ7 − 21δ6 þ 4δ5 þ δ4þ
16ðδ3 − δ2 − δ − 1Þ, while μ ¼ 10=δ − 3 − 4=δ4 ≃ 1.81.
The only relevant scale is l. On the other hand, the
electromagnetic field is given by F ¼ Ftrdt ∧ dr, with
F2 ¼ 12=ðr6l2Þ. We note that the exterior metric is given
by a supracritically charged black brane solution of the
theory; however, there are no singularities in any of the
patches used for the inner and outer regions of the worm-
hole. For more details on this solution see [13,17].

With the wormhole solution at hand, we are interested in
studying different aspects of the geometry in the context
of the AdS=CFT correspondence [25]. Motivated by the
seminal work of Maldacena and Susskind [26], where they
conjectured that certain wormholes geometries are dual to
some particular entangled states in the corresponding CFT
picture, we would like to explore this direction and study
probes in the wormhole configuration that could help to
better understand such connection computing the holo-
graphic entanglement entropy for certain regions in the
boundary field theory side.

III. HOLOGRAPHIC ENTANGLEMENT ENTROPY
IN THE HIGHER-CURVATURE THEORY

A. Extremal functional and Gauss-Bonnet terms

We are interested in studying three-dimensional space-
like extremal surfaces embedded in Lorentzian solutions of
higher curvature gravity. We will carry our analysis in the

1The Chern-Simons point is λ ¼ 1=4 in the notation usually
considered in a number of papers that analyze higher-curvature
terms in the context of AdS=CFT; cf. [14,15].
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theory (3), which is the most general theory of gravity in
5-spacetime dimensions with vanishing torsion whose
fields equations are given by a rank-2 symmetric tensor,
covariantly conserved and are of second order in the
metric. According to [11,12], the holographic entanglement
entropy from the codimension-2 hypersurface Σ, embedded
in five-dimensional spacetime M with bulk coordinates
Xμ, μ ¼ 0;…; 4, in Einstein-Gauss-Bonnet gravity is
given by

SHEE ¼ 1

4G5

�Z
Σ
d3x

ffiffiffi
h

p
ð1þ 2αRÞ þ 4α

Z
∂Σ
d2x

ffiffiffi
γ

p
KðnÞ

�
:

ð8Þ

In the above expression, h and γ are the determinant of the
induced metric on Σ and its boundary ∂Σ, respectively, R is
the intrinsic Ricci scalar on Σ, and KðnÞ is the trace of the
extrinsic curvature of ∂Σ, embedded in Σ, with respect to
the outward normal. The induced metric over Σ is defined
by the projector tensor hμν ¼ gμν þ tμtν − sμsν, where tμ

and sμ are the timelike and spacelike orthonormal vectors to
the hypersurface, respectively. Introducing some set of
coordinates ξi ¼ fξ1; ξ2; ξ3g on Σ and defining the tangent
vectors eμi ¼ ∂Xμ=∂ξi, such that eμi tμ ¼ 0 ¼ eμi sμ, the three-
dimensional induced metric is given as

hij ¼ gμν∂iXμ
∂jXν; ð9Þ

while the corresponding intrinsic Ricci scalar is R ¼ Rijhij.
The projector tensor over the boundary ∂Σ is γμν ¼
hμν − nμnν, where nμ ¼ ni∂iXμ is the unit normal to ∂Σ
which is tangent to Σ, and the trace of the extrinsic curva-

ture is given by KðnÞ ¼ KðnÞ
μν gμν, with KðnÞ

μν ¼ nðσ;ϵÞγσμγϵν.
Introducing the set of coordinates ya ¼ fy1; y2g on ∂Σ and
defining the tangent vectors ẽμa ¼ ∂Xμ=∂ya, such that
ẽμanμ ¼ 0, the two-dimensional induced metric at the
boundary ∂Σ is written as

γab ¼ gμν∂aXμ
∂bXν ¼ hij∂aξi∂bξj ð10Þ

while KðnÞ ¼ KðnÞ
ab γ

ab is given by

KðnÞ
ab ¼ ni;j∂aξi∂bξj; ð11Þ

as the extrinsic curvature of ∂Σ with respect to the outward
normal ni embedded in Σ, as depicted in Fig. 1.
The equations of motion for the extremal surface Σ are

obtained from δSHEE=δXμ ¼ 0, i.e. the variations with
respect to bulk coordinates δXμ of the functional in (8)
given as SHEE ≡ S½hijðXμðξkÞ; γabðXμðycÞÞ�. Taking first

the variations with respect to the metrics, hij and γab
correspondingly, we have

δS ¼ −
2α

4G5

�Z
Σ
d3x

ffiffiffi
h

p
Gijδhij þ

Z
∂Σ
d2x

ffiffiffi
γ

p
IabðnÞδγab

�
ð12Þ

with

Gij ¼ Rij −
1

2
hijR −

1

4α
hij; ð13Þ

where Rij is the intrinsic Ricci tensor, and

IabðnÞ ¼ Kab
ðnÞ − γabKðnÞ: ð14Þ

Now, considering the variations of the inducedmetrics; these
are δhij¼δðgμν∂iXμ

∂jXνÞ and δγab¼δðgμν∂aXμ
∂bXνÞ, put-

ting everything together in (12), and after some manipu-
lations, the total variation of the functional is

δS ¼ −
2α

4G5

�Z
Σ
d3xΞμδXμ − 2

Z
∂Σ
d2xΘμδX̃μ

�
; ð15Þ

with

Ξμ ≡ ½∂ið
ffiffiffi
h

p
Gij

∂jXνÞ þ
ffiffiffi
h

p
Gij

∂jXσ
∂iXρΓν

ρσ�gμν ð16Þ

and

Θμ ≡ ½∂að
ffiffiffi
γ

p
IabðnÞ∂bX

νÞ þ ffiffiffi
γ

p
IabðnÞ∂aX

σ
∂bXρΓν

ρσ

−
ffiffiffi
γ

p
niGij

∂jXν�gμν; ð17Þ

FIG. 1. The three-dimensional hypersurfaces Σ and H are
embedded in a constant time slice of the parent bulk spacetime
M. Here, the hypersurface H with spacelike normal vector zμ,
represents the spacelike sheet of the parent bulk spacetime
boundary ∂M. The intersection Σ ∩ H defines the two-
dimensional surface ∂Σ. The normal ni drawn above is pointing
outwards with respect to the surface Σ.
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and where δX̃μ are coordinate variations along the
spatial directions of the bulk boundary ∂M. Requiring
δS=δXμ ¼ 0 for arbitrary variations in the bulk and with
fixed boundary conditions ∂Σ, i.e. with variations δX̃μ ¼ 0,
yields the equations of motion Ξμ ¼ 0 for the bulk hyper-
surface Σ. The projection Ξμsμ onto the spacelike normal
vector to Σ, gives the minimal surface condition

K þ 2αðRK − 2RijKijÞ ¼ 0; ð18Þ

where

Kij ¼ sμ;ν∂iXμ
∂jXν ð19Þ

is the extrinsic curvature of Σ with respect to sμ and
K ¼ Kijhij.

B. Boundary terms and matching conditions

If the parent bulk space is constructed by gluing together
different smooth geometries at some matching hypersur-
face, i.e. M ¼ M− ∪ Mþ, and the extremal surface Σ is
such that it traverses this hypersurface, then it is necessary
to guarantee the continuity of Σ ¼ Σ− ∪ Σþ from one side
to the other by establishing the corresponding matching
conditions. To do so we define a codimension-2 spacelike
matching hypersurfaceH over which Σ− and Σþ are joint at
their common boundary ∂Σ ¼ ∂Σ∓, and write the holo-
graphic entanglement entropy functional (8) explicitly as

SHEE ¼ 1

4G5

�Z
Σ−

d3x
ffiffiffi
h

p
ð1þ 2αRÞ þ

Z
Σþ

d3x
ffiffiffi
h

p
ð1þ 2αRÞ þ 4α

�Z
∂Σ−

d2x
ffiffiffi
γ

p
KðnÞ þ

Z
∂Σþ

d2x
ffiffiffi
γ

p
KðnÞ

��
þ Bfixed

HEE ; ð20Þ

with the corresponding boundary terms for ∂Σ− and ∂Σþ,
and with Bfixed

HEE standing for other boundary terms which are
typically held fixed for the variational problem under
consideration. The matching condition is obtained by
requiring δSHEE ¼ 0, while admitting coordinate varia-
tions over the hypersurface H where ∂Σ is embedded,
i.e. δX̃μ ≡ δXμjH, as referred in (15), for the correspon-
ding boundary terms of ∂Σ∓ in (20). If we use the pro-
jector tensor to H; Hμν ≡ γμν þ ημην, with ημ as the unit
normal vector to ∂Σ which is embedded in H, then the
arbitrary variations in the matching hypersurface are
δXμjH ¼ Hμ

νδXν, and we get the continuity equations
over the junction given as

ðΘ−
μ þ Θþ

μ ÞHμ
ν ¼ 0: ð21Þ

Further, we define the normal projection Π≡ −γ−1=2Θμη
μ

to obtain the nontrivial condition for the matching. The
latter is generically written as

Π ¼ ninjGijnμημ þ IabðnÞK
ðηÞ
ab ; ð22Þ

where

KðηÞ
ab ¼ ημ;ν∂aXμ

∂bXν ð23Þ

is the extrinsic curvature of ∂Σ with respect to ημ. Finally
the continuity equation (21) yields the matching condition
given as

½Π�≡ Πþ − Π− ¼ 0: ð24Þ

The relative “−” sign appearing in (24) is adopted for
the conventional definition which takes a unique orienta-

tion for the unit normal nμj∓ to ∂Σj∓. Written explicitly,
(24) reads

ðninjGijnμημ þ IabðnÞK
ðηÞ
ab Þ− ¼ ðninjGijnμημ þ IabðnÞK

ðηÞ
ab Þþ;

ð25Þ

with nμj∓ ¼ ni∂iXμj∓ the purely tangential unit vector to
Σ∓, which is normal to ∂Σ∓, such that both nþμ and n−μ point
from − to þ. Note, for example, that the projector tensor to
Σ is written as hμνj∓ ¼ γμν þ ðnμnνÞj∓, from the corre-
sponding side (see Fig. 2).
The expression (22) for the normal projection Π can be

rearranged using the Gauss-Codazzi equations to be written
in terms of two-dimensional intrinsic and extrinsic quan-
tities defined for the boundary junction ∂Σ, as

Π ¼ −
1

2

�
RþKab

ðnÞK
ðnÞ
ab −K2

ðnÞ þ
1

2α

�
nμημ

þKab
ðηÞK

ðnÞ
ab −KðηÞKðnÞ; ð26Þ

with R≡ Rð2Þ the intrinsic Ricci scalar on the surface ∂Σ
and the extrinsic curvatures given by (11) and (23).

FIG. 2. The two-dimensional surface ∂Σ embedded in the three-
dimensional hypersurface H. Both are embedded in a constant
time slice of the parent bulk spacetime M.
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IV. ENTANGLEMENT ENTROPY AND THE
CHERN-SIMONS WORMHOLE

Before we begin to study our particular setup in pre-
sence of the wormhole, we compute the HEE for some
known examples in pure AdS5, i.e. when the wormhole
is still closed. This will facilitate the comparative
analysis. As explained in the Sec. II, we will consider
Einstein-Gauss-Bonnet gravity at the Chern-Simons point,
i.e. α ¼ αCS ≡ −3=ð4ΛÞ.

A. Holographic entanglement entropy
in pure AdS5

In the following we consider the subsystems described
as the three-dimensional volumes of the interior of a
sphere or a slab in a CFT4 dual to pure AdS5. A similar
setup and the corresponding calculations using a different
parametrization can be found in [20].

1. A spherical volume of radius R

As a first example, let us compute the HEE when
the corresponding region at the boundary is a three-
dimensional ball. The codimension-2 surface Σ is
embedded in pure AdS5 bulk with its boundary ∂Σ
anchored to the surface of a sphere of radius lR. For
convenience, we use spherical coordinates, i.e. dx⃗2 ¼
dρ2 þ ρ2ðdθ2 þ sin2 θdφ2Þ with ρ ≥ 0, θ ∈ ½0; π� and
φ ∈ ½0; 2π�. The hypersurface Σ can be described by the
induced metric

dh2 ¼ l2½hrrðrÞdr2 þ r2ρ2ðrÞðdθ2 þ sin2 θdφ2Þ�; ð27Þ

with

hrrðrÞ ¼
1

r2
þ ðrρ0ðrÞÞ2; ð28Þ

where 0 stands for d
dr. Using (8), the HEE functional for the

sphere takes the following form [19,20],

SsphereHEE ¼ l3

4G5

4π

Z
r∞

r0

drLðρðrÞ; ρ0ðrÞ; rÞ; ð29Þ

with r0 the point where the sphere shrinks to zero
size, i.e. ρðr0Þ ¼ 0, and r∞ is use to define the
dimensionless radius of the sphere at the conformal
boundary, that is ρðr∞Þ ¼ R. The coordinate r ¼ r∞
plays the role of a ultraviolet cutoff, with an associated
dimensionless lattice spacing at the boundary theory
given by ϵ ¼ 1=r∞ and with the continuum limit
corresponding to r∞ → ∞. For this case, the
Lagrangian density takes the following form

Lðρ; ρ0ðrÞ; rÞ

¼ 1þ 2ρðrÞr2ðρðrÞ þ ρ0ðrÞrÞ þ r4ðr2ρ2ðrÞ þ 2Þρ02ðrÞ
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r4ρ02ðrÞ

p :

ð30Þ

As explained in the previous section, in order to
compute the HEE we first need to solve the equations
of motion or, equivalently, the minimal surface con-
dition (18). The corresponding solution is given by
ρðrÞ ¼ ðr−20 − r−2Þ1=2, and the evaluation of the HEE
functional for the sphere yields

SsphereHEE ¼ πl3

G5

�
r∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2∞ − r20

p
r20

þ log
r∞ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2∞ − r20
p
r0

�
;

≃
πl3

G5

��
R
ϵ

�
2

þ log

�
2R
ϵ

�
þ 1

2
þOðϵ2Þ

�
; ð31Þ

where we replaced r0 in terms of the size R and used
ϵ ¼ 1=r∞, and where we considered the expansion for
small lattice spacing. The UV (r∞ ≫ 1) divergent term
in SsphereHEE is

Sspherediv ¼ l3

4G5

�
4πR2

ϵ2
þ 4π log

1

ϵ

�
; ð32Þ

which corresponds to the universal area law and log
terms for spherical regions in a CFT4.

2 The finite
term, independent of the UV cutoff, is obtained as
the regularized quantity

2The universal logarithmic term for spherical regions from
AdS5 in Einstein-Gauss-Bonnet theory is given in [21]. One finds

−4a log
�
R̃
ϵ

�
; a ¼ π2L3

f3=2∞ l3
P

ð1 − 6f∞λÞ;

1 − f∞ þ λf2∞ ¼ 0:

where λL2=2 ¼ α and l3
P ¼ 8πG5. For five-dimensional

Gauss-Bonnet theory at Chern-Simons (CS) point we have
λ ¼ λCS ≡ 1=4, f∞ ¼ 2, L2=f∞ ¼ l2, and the universal log term
coefficient is then a ¼ − πl3

4G5
. The universal power law terms for

spherical regions of odd d spatial dimensions are known as

SspheredHEE þ 4a log

�
R̃
ϵ

�
¼ ldSd
4Gdþ2

�
p1

�
R
ϵ

�
d−1

þp3

�
R
ϵ

�
d−3

þ � � � þpd−2

�
R
ϵ

�
2
�

Sd ¼
2πd=2

Γðd=2Þ ; p1 ¼ p1ðd; λÞ p3 ¼ p3ðd;λÞ:

ð33Þ

In our case S3 ¼ 4π and the UV divergent term has p1 ¼ 1.
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Sspherefinite ¼ lim
ϵ→0

ðSsphereHEE − Sspherediv Þ ¼ πl3

G5

�
log 2Rþ 1

2

�
: ð34Þ

Redefining lengths at the boundary as R̄ ¼ R=ϵ to
measure distances in units of lattice spacing, we can
finally write

SspehreHEE ¼πl3

G5

ðR̄
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R̄2

p
þ logðR̄þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R̄2

p
ÞÞ;

≃
l3

4G5

�
4πR̄2þ4π log2R̄þ4π

2
þOðR̄−2Þ

�
ðR̄≫1Þ;

ð35Þ
which is plotted in Fig. 3 showing the leading area law
behavior for large R̄ ¼ R=ϵ.

2. An infinite slab of width L

Now, let us consider the case in which the surface is a
three-dimensional slab volume at the boundary of AdS5
which has infinite size L2⊥ in the x2 − x3 directions and
width L in the x1 ≡ x direction. The boundary is placed at a
large finite value of the dimensionless energy scale coor-
dinate r ¼ r∞. A U-shaped codimension-2 surface Σ is
embedded in AdS5 bulk space with its boundary ∂Σ
anchored to the surface of the slab and centered at
x ¼ 0. The induced metric over Σ is

dh2 ¼ l2½hrrðrÞdr2 þ r2ðdx22 þ dx23Þ� ð36Þ

with

hrrðrÞ ¼
1

r2
þ ðrx0ðrÞÞ2: ð37Þ

The HEE functional for the slab is given by

SslabHEE ¼ l3

4G5

2L2⊥
Z

r∞

r0

drLðx0ðrÞ; rÞ; ð38Þ

where r0 is the turning point of the U-shaped surface Σ, and
the one-dimensional Lagrangian density is

Lðx0ðrÞ; rÞ ¼ r2
ffiffiffiffiffiffiffiffiffiffiffiffi
hrrðrÞ

p
þ 1ffiffiffiffiffiffiffiffiffiffiffiffi

hrrðrÞ
p : ð39Þ

Solving the equation of motion for Lðx0ðrÞ; rÞ we obtain
xðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − r20

p
=ðrr0Þ, and for the width L of the slab at

the boundary we have

L ¼ 2

Z
r∞

r0

x0ðrÞdr ¼ 2

r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r20=r

2
∞

q
: ð40Þ

The evaluation of the HEE functional for the slab yields

SslabHEE ¼ l3

4G5

2L2⊥r2∞
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r20=r

2
∞

q
;

≃
l3

4G5

�
2

�
L⊥
ϵ

�
2

− 4

�
L⊥
L

�
2

þOðϵ2Þ
�
; ð41Þ

where in the second step we replaced r0 in terms of the
width L and used ϵ ¼ 1=r∞, to show the expansion for
small lattice spacing. In the continuum limit, ϵ → 0, SslabHEE
diverges as

Sslabdiv ¼ l3

4G5

2L2⊥
ϵ2

ð42Þ

corresponding to the universal area law divergence for
slablike regions in the CFT4. The finite term, independent
of the UV cutoff, is obtained as the regularized quantity

Sslabfinite ¼ lim
ϵ→0

ðSslabHEE − Sslabdiv Þ ¼ −
l3

4G5

4L2⊥
L2

: ð43Þ

Redefining lengths at the boundary as L̄ ¼ L=ϵ and
L̄⊥ ¼ L⊥=ϵ to measure distances in units of lattice spacing,
we can write

FIG. 3. Renormalized SsphereHEE vs rescaled dimensionless
width R̄.

FIG. 4. Renormalized SslabHEE vs rescaled dimensionless width L̄.
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SslabHEE ¼ Āl3

4G5

L̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ L̄2

p ;

≃
Āl3

4G5

�
1 −

2

L̄2
þOðL̄−4Þ

�
ðL̄ ≫ 1Þ; ð44Þ

with Ā ¼ 2L̄2⊥ the rescaled dimensionless area of the slab
given as the sum of its two infinite faces (cf. Fig. 4).

B. Holographic entanglement entropy
in the traversable wormhole geometry

Now, let us open the wormhole: We will calculate the
HEE hypersurfaces in the traversable wormhole geometry
(5), which would be dual to two interacting boundary
theories. We consider the volume of three-dimensional
balls and slabs in one or both boundary regions of the
wormhole to probe the bulk background with the corre-
sponding hypersurfaces Σ. As explained before, each side
of the wormhole has an inner region and an outer region
separated by a bubble surface located at r ¼ rb. The left and
right side of the wormhole join at the throat which is placed
at r ¼ rth < rb in the holographic coordinate of each side.
A hypersurface Σ dipping from the asymptotic boundary
into the inner region gets refracted when crossing the
bubble, and, if it also traverses the wormhole, then it gets
refracted also when crossing the throat. These refraction
effects are determined by the matching condition (24),
which guarantee the continuity of Σ across a bubble, or the
throat. Considering this we find solutions by constructing
the minimal hypersurfaces in the wormhole geometry to
compute the HEE and study the possible configurations
from the perspective of the dual gauge theory.

1. HEE in the wormhole geometry:
A spherical volume of radius R

The spherical region of dimensionless radius R is
placed at a constant time slice of one of the AdS boundaries
of the wormhole geometry (5) located at r ¼ r∞. We
use spherical coordinates to describe the fixed-r 3-space
slices of constant curvature k ¼ 0, i.e. dx⃗2 ¼ dρ2þ
ρ2ðdθ2 þ sin2 θdφ2Þ. In this way, the holographic hyper-
surface Σ which is anchored at the sphere of radius R is
embedded on the bulk geometry with an induced metric
given by the line element

dh2 ¼ l2½hrrðrÞdr2 þ r2ρ2ðrÞðdθ2 þ sin2 θdφ2Þ�; ð45Þ

where

hrrðrÞ ¼
1

fðrÞ þ ðrρ0ðrÞÞ2; ð46Þ

with ρðrÞ as a function of r ∈ ½r0; r∞�, and the radius of the
volume at the boundary defined as lR ¼ lρðr∞Þ.

If a hypersurface, for instance Σ1, has its shrinking point
r0 in the outer region of the wormhole geometry, then it is
described by the exterior parameters of the metric functions
(6) and (7). If a hypersurface, say Σ2, shrinks in the inner
region, i.e. r0 < rb, then the interior and exterior metric
coefficients are used as appropriate; we will have ρeðrÞ for
the outer solution and ρiðrÞ for the inner part. The latter
corresponds to the aforementioned refracted hypersurfaces
Σ2 ¼ Σi

2 ∪ Σe
2. An example of both, Σ1 and Σ2, are shown

on Fig. 5 where in the vertical direction we put the
holographic coordinate r of the right side of the wormhole
geometry, and in the perpendicular planes we represent
ρðrÞ − φ slices with fixed θ.
To construct the refracted solutions we need to find the

minimal hypersurface (18) in each of the bulk regions and
apply the junction condition (24) to match the surfaces at
the common boundary (e.g. at a bubble). Particularly, to
characterize Σ, the spacelike unit normal to the hyper-
surface is generically written as

sμ ¼
lrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrÞhrrðrÞ
p ð−ρ0ðrÞδrμ þ δρμÞ; ð47Þ

while the timelike unit normal is given by tμ ¼ lN
ffiffiffiffiffiffiffiffiffi
fðrÞp

δtμ.
To establish matching conditions we define ∂ΣR as the
intersection of Σ with a codimension-2 hypersurface H
of the wormhole background at constant time and fixed r.
The latter hypersurface is typically a bubble placed at r ¼ rb,
or the throat at r ¼ rth, with normal vectors tμ and
zμ ¼ l−1

ffiffiffiffiffiffiffiffiffi
fðrÞp

δμr . Hence, the induced metric over ∂ΣR

has line element

dγ2 ¼ l2r2ρ2ðrÞðdθ2 þ sin2 θdφ2Þ; ð48Þ

while the unit normal to ∂ΣR which is tangent to H is

FIG. 5. Shape of two different spherical hypersurfaces: Σ1 (in
blue) is in the outer region, Σ2 ¼ Σi

2 ∪ Σe
2 (in cyan) is refracted to

the inner region at the Right bubble hypersurface Hbubble
R .
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ημ ¼ lrδρμ: ð49Þ

The latter is used to project over H to set the matching
condition, alike the two-dimensional extrinsic curvature of
∂ΣR with respect to ημ, given by

KðηÞ
μν ¼ lrρðrÞðδθμδθν þ δφμδ

φ
ν sin2 θÞ; ð50Þ

and its trace

KðηÞ ¼ 2

lrρðrÞ : ð51Þ

The previous quantities are evaluated at the refractive sur-
face, placed at r ¼ rb ≃ 1.40 if it is a bubble, or at r ¼ rth ¼ 1
if it is at the throat. On the other hand, to obtain the remaining
ingredients needed for thematching,wewrite the unit normal
to ∂ΣR which is tangent to Σ as

nμ ¼
l

fðrÞ ffiffiffiffiffiffiffiffiffiffiffiffi
hrrðrÞ

p ðδrμ þ r2fðrÞρ0ðrÞδρμÞ; ð52Þ

pointing in the increasing direction of the bulk coordinate r,
i.e. if nμ is defined on the right (left) side MRðLÞ of the
wormhole it points in the left (right) to right (left) direction.
The two-dimensional extrinsic curvature of ∂ΣR with respect
to nμ is

KðnÞ
μν ¼ lrρðrÞffiffiffiffiffiffiffiffiffiffiffiffi

hrrðrÞ
p ½ρðrÞ þ rρ0ðrÞ�ðδθμδθν þ δφμδ

φ
ν sin2 θÞ ð53Þ

and its trace is given by

KðnÞ ¼ 2½ρðrÞ þ rρ0ðrÞ�
lrρðrÞ ffiffiffiffiffiffiffiffiffiffiffiffi

hrrðrÞ
p : ð54Þ

Finally, towrite thematching condition ½Π� ¼ Πþ − Π− ¼ 0
we need to compute the two-dimensional intrinsic Ricci
scalar of ∂ΣR using the induced metric (48), this is
R ¼ 2=ðrρðrÞlÞ2, and put everything together to have
the general expression of the projection Π for spherical
configurations3

Π ¼ −
2ρðrÞ þ rρ0ðrÞðρ2ðrÞðr2 − fðrÞÞ þ 3Þ þ r3fðrÞρ03ðrÞð2þ r2ρ2ðrÞÞ

l2r2ρ2ðrÞfðrÞh3=2rr ðrÞ
: ð55Þ

To obtain a refracted solution which shrinks in the inner
region we apply ½Π� ¼ 0 evaluated at both sides of r ¼ rb to
match ρiðrÞ in the interior region with ρeðrÞ in the exterior;
more precisely, being ρiðrbÞ ¼ ρeðrbÞ, the matching con-
ditions gives the relation between ρ0iðrbÞ and ρ0eðrbÞ. An
explicit example of a refracted solution is plotted in cyan on
the left side of Fig. 6. The minimum possible value for a
shrinking point is the throat; the geometry does not admit
traversing Σ configurations which go through the throat
from one side and shrink on the other side of the wormhole.
Another spherical configuration which is possible is the ball
solution which lie down tangent to the throat at r ¼ rth. The
latter exists because the wormhole geometry satisfies the
flare-out condition at r ¼ rth, i.e. the volume of a hyper-
surface at the throat is minimum. A ball-like solution can
be cut at any fixed value Rth, to have a ball hypersurface
with ρ ∈ ½0; Rth� at rth ¼ 1, and matched smoothly to
an inner solution with ρiðrÞ ≥ ρiðrthÞ ¼ Rth if we set
ρ0iðrthÞ → ∞ to fulfill the matching. Further, the inner part
is matched to an outer solution at the bubble so as to
construct a stretched configuration as the union of the three
parts: Σstretched ¼ Σball ∪ Σi ∪ Σe, an example is shown in
purple in Fig. 6. In addition to solutions with infinite ρ0iðrthÞ,

the matching condition also allows stretched solutions with
finite ρ0iðrthÞ, i.e. nonsmoothly joined at ρiðrthÞ ¼ Rth,
within the range 0 < Rth ≲ 5.35. The physical configuration
among outer, refracted, or stretched solutions will be
determined by the smaller value of the HEE.
On the right side of Fig. 6 we plot the dimensionless

radius R ¼ ρeðr∞Þ of a sphere at the boundary in terms of
the shrinking point of the hypersurface Σ which is repre-
sented with the holographic dimensionless energy scale
coordinate r0. The blue line shows that R increases as long
as r0 sinks deeper in the outer region; for shrinking points
kept far from the bubble—with Σ probing only the ultra-
violet region—we have R ∼ 1=r0 as in pure AdS, for lower
r0 then the radius R grows faster than what is found in the
pure AdS geometry. If Σ is in the inner region then the
behavior of R with r0 is inverted; the radius of the spherical
region at the boundary decreases from R ≃ 1.45 to R ≃ 1.42
as the shrinking point dips from the refractive bubble
towards the throat in the infrared sector, as shown in the
cyan plot of the right side of Fig. 6. On the other hand,
computing for stretched configurations, it is found that the
radius R increases almost linearly with the radius of the ball
segment stretched at the throat or, more precisely, with the
value of Rth. The small departures from the linear relation
are found for small Rth in virtue of the effects of the specific
matching at the throat on the computation of the integral of
ρ0ðrÞ along the holographic coordinate from rth to r∞.

3The orientation of the normal nμ used for this expression is
given by the increasing direction of the r coordinate. The reverted
orientation is obtained by an overall sign difference.
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Nevertheless, for large values of Rth the size of the ball at
the boundary is given almost entirely by the stretching,
i.e. R ≃ Rth.
The HEE functional for the sphere in the wormhole

geometry takes the following form:

SsphereHEE ¼ l3

4G5

4π

Z
r∞

r0

drLðρ; ρ0ðrÞ; rÞ ð56Þ

with the Lagrangian density

Lðρ; ρ0ðrÞ; rÞ ¼ 1þ ðfðrÞ þ r2Þρ2ðrÞ þ 2rfðrÞρðrÞρ0ðrÞ þ r2fðrÞðr2ρ2ðrÞ þ 2Þρ02ðrÞ
fðrÞ ffiffiffiffiffiffiffiffiffiffiffiffi

hrrðrÞ
p ð57Þ

evaluated in the corresponding—inner or outer—region. In the case of a stretched configuration we have

Ssphere ðstretchedÞ
HEE ¼ πl3

G5

�Z
r∞

rth

drLðρ; ρ0ðrÞ; rÞ þ rth

Z
Rth

0

2þ r2thρ
2dρ

�
;

¼ πl3

G5

Z
r∞

1

drLðρ; ρ0ðrÞ; rÞ þ l3

4G5

�
8πRth þ

4π

3
R3
th

�
; ð58Þ

with Rth ¼ ρiðrthÞ the radius of the ball segment Σball

stretched at the throat. In every case, for asymptotic values
of r, the integrand behaves as Lðρ; ρ0ðrÞ; rÞ ∼ 2R2rþ 1=r,
producing the expected UV-divergent terms Sspherediv , as in
(32). The finite terms, independent of the UV cutoff, are
obtained as defined in (34), this is the regularized quantity

Sspherefinite ¼ lim
ϵ→0

ðSsphereHEE − Sspherediv Þ; ð59Þ

with ϵ ¼ 1=r∞. The result of the computation of (59) is
shown in Fig. 7 where we plotted the cutoff-independent
finite part of the HEE against the radius R for the spherical
configurations described above. The blue curve represents
solutions probing the outer region of the wormhole; for
R ≪ 1 we find Sspherefinite ∼ log 2Rþ 1=2, while for R ∼ 1

there is a change in the concavity with a linear behavior up
to the larger outer solution for which R ≃ 1.45. The
refracted extremal surfaces which are plotted with a cyan
dashed-curve show that Sspherefinite decreases with decreasing R,

i.e. as the shrinking point approaches the throat. The small
range of R radii covered by these refracted solutions is
enlarged in the corner of the figure. For stretched configu-
rations, shown in purple in Fig. 7, we found that the finite

FIG. 7. Sspherefinite vs radius R of the subsystem given by a ball of
radius lR on one boundary.

FIG. 6. Left: shape of different spherical hypersurfaces Σ; in the outer region (blue), refracted to the inner region (cyan), and a
stretched solution (purple). Right: radius R vs shrinking point r0.
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HEE increases with R almost superimposed with the
previous curves as long as the stretching is small, this is
for Rth < 1. For larger radius the extensive behavior
Sspherefinite ∼ R3

th ≃ R3 is manifested. Precisely, for a large ball
of volume V3 ¼ 4πðlRÞ3=3 at the boundary, we have

Sspherefinite ≃
V3

4G5

ðR ≫ 1Þ: ð60Þ

If the radius R is taken to infinity, then Σ has no boundaries
and becomes just the throat with infinite hypersurface V th

3 ,
and then, correspondingly we have

SRight boundaryHEE ¼ SLeft boundaryHEE ¼ lim
R→∞

SsphereHEE ¼ V th
3

4G5

ð61Þ

for the entanglement between the right boundary and its
complement, the left boundary.
Finally we point out that Fig. 7 shows two different

branches of stretched configurations; the lower HEE
corresponds to solutions which match ρ0iðrthÞ smoothly
at the throat, while the larger one corresponds to solutions
with a nonsmooth match of ρ0iðrthÞ with the stretched
segment. We can also note that for the small interval of
radiii R where the transition from outer to stretched
hypersurfaces appear, the spherical regions with end points
at one boundary have associated extremal surfaces corre-
sponding to the three types of configurations in the bulk.
Among these, the refracted solutions which shrink in the
inner region are physically less favored as they have a
slightly larger value of HEE in comparison with either an
outer, or stretched, configuration in the same interval of the

R parameter. For regions defined in one of the boundary
gauge theories the transition from one type of configuration
to another occurs at the length scale associated to the
change in concavity of the physical curve of finite HEE
against R. In the following example we study the HEE for a
disconnected subsystem given by two spherical regions in
different boundaries to explore a transition among joint
and disjoint configurations in the traversable wormhole
geometry.

2. HEE in the wormhole geometry:
Two spherical volumes of radius R

We consider the holographic entanglement entropy for
two identical spheres, ∂ΣL and ∂ΣR of radius R, anchored at
different boundaries of the wormhole geometry. This setup
admits the two types of configurations which are repre-
sented in Fig. 8. The disjoint configuration, painted in blue
on the left panel of Fig. 8, is associated with two hyper-
surfaces in the bulk which probe the left and right side of
the wormhole geometry, respectively. The traversing con-
figuration, in red on the right panel of Fig. 8, joins the
spherical surfaces ∂ΣL and ∂ΣR with a hypersurface which
traverses the wormhole, it is refracted in both bubbles (at
left and right sides) and at the throat.
To construct the traversing Σ configuration anchored at

the two entangling surfaces of radius R, ∂ΣL and ∂ΣR, one at
each boundary, we require the matching condition of
Eq. (24) at the throat and at both bubbles. As previously,
the latter reads Πj− ¼ Πjþ for a common orientation of the
normal vectors at each side of the matching surface.
Particularly, if we use expression (55) to write ΠjL;R at
each side of the throat at rth ¼ 1, we have

FIG. 8. Left, in blue: left and right side disjoint spherical hypersurfaces in the outer regions of the bulk wormhole geometry. Right, in
red: left-right spherical hypersurface traversing the wormhole throat.
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ΠL;R ¼ −
2ρth þ ρ0thð3 − 2ρ2thÞ þ 3ρ03thð2þ ρ2thÞ

3l2ρ2thðρ02th þ 1=3Þ3=2 ; ð62Þ

with ρth ¼ ρiðrthÞ, ρ0th ¼ ρ0iðrthÞ, and ΠL;R associated to the
unit normal nμL;R whose orientation is in the increasing
direction of the r coordinate of the left or right side,
correspondingly. In terms of these quantities, the matching
condition at the throat reads ΠjL ¼ −ΠjR, with the sign
corrected according to the common orientation. The
identical surfaces ∂ΣL and ∂ΣR force to have a Z2

symmetric traversing configuration which determines that
ΠjL ¼ 0 ¼ ΠjR at the throat. This condition fixes how the
hypersurface Σ bends at the position of the throat for each
possible value of its radius ρth, i.e. it fixes the value of ρ0th in
terms of the size ρth of Σ at the throat. There are three
possible solutions for ΠjL;R ¼ 0, each corresponding to a
different boundary condition for Σ at the position of the
throat. The latter are summarized in the graph of Fig. 9.
The three possible solutions are represented in Fig. 9

with the red, brown, and orange curves for ρ0th vs ρth. The
red curve represents solutions for Σ configurations which
traverses the wormhole throat admitting any value of ρth,
while the orange and brown solutions admit only
ρth ≥ ρcth ≃ 3.9. The red solutions correspond exclusively
to negative values of ρ0th, which imply a PYTHON lunch
shape configuration, like the one shown on the right in
Fig. 8. Moreover, PYTHON lunch solutions attain the
minimum value of the finite part of the HEE in comparison
with those obtained using the orange and brown curve
solutions of Fig. 9. For this reason, we will use PYTHON

lunch configurations to compare the holographic entangle-
ment entropy of the Left-Right (LR)-traversing Σ with the
nontraversing one corresponding to the disjoint spherical
hypersurfaces (left and right blue spherical surfaces on the
left in Fig. 8). To do so we compute the finite part as

Sfinite ¼ lim
ϵ→0

ðSLR sphere
HEE − 2Sspherediv Þ ð63Þ

for each of the them, in terms of different values of the
radius R ¼ ρðr∞Þ. The results are plotted in Fig. 10. We
found that for radii of the entangling surfaces larger than a
critical length Rc ≃ 0.45 the LR-traversing configurations
have the minimal finite HEE. The dominant curve con-
structed by the minimal between both preserves the
concavity of the physical curve of finite HEE vs R. The
latter captures a phase transition in which a subsystem
made up of the union of regions in different boundaries
couple through the wormhole connecting them.

3. HEE in the wormhole geometry:
A slab volume of width L

We now repeat the analysis for the volume of a slab in
one boundary of the wormhole geometry. The slab has
infinite dimensionless size L2⊥ in the x2 − x3 directions and
width L in the x1 ≡ x direction. The holographic hyper-
surface Σ is anchored at the surface of the slab and has an
induced metric given, in coordinates fr; x2; x3g, by the line
element

dh2 ¼ l2½hrrðrÞdr2 þ r2ðdx22 þ dx23Þ�; ð64Þ

where

hrrðrÞ ¼
1

fðrÞ þ ðrx0ðrÞÞ2; ð65Þ

with xðrÞ ∈ ½−L=2; L=2� and width given by

lL ¼ 2l
Z

r∞

r0

x0ðrÞdr: ð66Þ

If Σ is a U-shaped hypersurface shrinking in the outer or
inner bulk geometry, then r0 is the turning point. Refracted
configurations appear for r0 < rb, for which we distinguish
the solution xiðrÞ and xeðrÞ in the corresponding regions. If
xiðrÞ reaches the throat, the stretched configurations for the

FIG. 10. Finite part of the HEE for the subsystem with two
identical spheres at different boundaries. The blue curve represent
disjoint bulk hypersurfaces and the red curve represents the
traversing configurations.

FIG. 9. The value of ρ0th in terms of the size ρth of the surface Σ
at the throat of the bulk geometry for the three possible solutions
which admit configurations which traverses the wormhole throat.
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slab case are constructed analogously to what was done in
the spherical case. For slablike hypersurfaces Σ we define
its spacelike unit normal as

sμ ¼
lrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrÞhrrðrÞ
p ð−x0ðrÞδrμ þ δxμÞ: ð67Þ

The matching conditions at constant time and fixed r are
held over the hypersurface H of a bubble or at the throat.
The induced metric over ∂ΣR, embedded in H, has a line
element

dγ2 ¼ l2r2ðdx22 þ dx23Þ; ð68Þ
where r ¼ rth or r ¼ rb, while the unit normal to ∂ΣR which
is tangent to H is

ημ ¼ lrδxμ; ð69Þ

and the unit normal which is tangent to Σ is given as

nμ ¼
l

fðrÞ ffiffiffiffiffiffiffiffiffiffiffiffi
hrrðrÞ

p ðδrμ þ r2fðrÞx0ðrÞδxμÞ; ð70Þ

pointing in the increasing direction of the bulk coordinate r.
The two-dimensional extrinsic curvature of ∂ΣR with
respect to ημ is zero, and the extrinsic curvature with
respect to nμ is

KðnÞ
μν ¼ lrffiffiffiffiffiffiffiffiffiffiffiffi

hrrðrÞ
p ðδx2μ δx2ν þ δx3μ δ

x3
ν Þ; ð71Þ

which trace is given by

KðnÞ ¼ 2

lr
ffiffiffiffiffiffiffiffiffiffiffiffi
hrrðrÞ

p : ð72Þ

The two-dimensional intrinsic Ricci scalar of ∂ΣR is null so,
putting everything together, we have

Πslab ¼ −
ffiffiffiffiffiffiffiffiffi
fðrÞp

x0ðrÞ½r2 þ ðx02ðrÞr4 − 1ÞfðrÞ�
l2r½1þ r2fðrÞx02ðrÞ�3=2 ð73Þ

for slablike configurations (see Fig. 11).
The HEE functional for the slab in the wormhole

geometry is

SslabHEE ¼ l3

4G5

2L2⊥
Z

r∞

r0

drLðx0ðrÞ; rÞ; ð74Þ

with the one-dimensional Lagrangian density

Lðx0ðrÞ; rÞ ¼ r2 þ fðrÞ þ r4fðrÞx02ðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ½1þ r2fðrÞx02ðrÞ�

p ; ð75Þ

evaluated in the corresponding—inner or outer—region.
In the case of a stretched configuration we have

Sslab ðstretchedÞ
HEE ¼ l3

4G5

2L2⊥
�Z

r∞

rth

drLðx0ðrÞ; rÞ

þ r3th

Z
Lth=2

0

dx

�
;

¼ l3

4G5

2L2⊥
Z

r∞

1

drLðx0ðrÞ; rÞ þ l3L2⊥Lth

4G5

;

ð76Þ
with Lth ¼ 2jxiðrthÞj the stretched segment at the throat.
In every case, for asymptotic values of r, the integrand
behaves as Lðρ; ρ0ðrÞ; rÞ ∼ 2r, producing the expected UV-
divergent terms Sslabdiv , as in (42). The finite terms, independent
of the UV cutoff, are obtained as the regularized quantity

Sslabfinite ¼ lim
ϵ→0

ðSslabHEE − Sslabdiv Þ; ð77Þ

with ϵ ¼ 1=r∞. The results of the computation are plotted in
Fig. 12 as the finite HEE against L. For L ≪ 1 the leading
finite, cutoff independent, behavior isSslabfinite ∼ −L−2, as found

FIG. 11. Left: shape of Σ hypersurfaces for slablike configurations. Examples of Σ in the outer region (blue), refracted to the inner
region (cyan) and for the case of a stretched Σ at the throat (purple) are shown in the left panel. Right: width L vs. turning point r0.
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in pure AdS. The slope of the linear part of the blue curve,
where the finite HEE turns positive, is approximately
4G5Sslabfinite=ðl3L2⊥LÞ ≃ 2.6, while the slope of the linear curve
in purple is 1. For L ≃ Lth ≫ 1 the finite HEE scales as the
volume of the stretched slab at the throat, which in this limit is
approximately the volume of the region at the boundary. The
right panel in Fig. 12 shows a cusp in the transition from outer
to inner solutions of the configuration space, while a smooth
transition is found if the size increases to change from inner to
stretched surfaces in the bulk.

4. HEE in the wormhole geometry:
Two slab volumes of width L

We consider the HEE for the system of two identical
slablike volumes anchored at different boundaries. This
setup allows two types of surface configurations in the

bulk, as shown in Fig. 13. The blue disjoint configuration is
associated with two copies of the slab surface of width L,
one in each boundary, probing the left and right side of the
bulk geometry, respectively. The red configuration con-
nects the left and right boundaries with a hypersurface
traversing the wormhole, which is refracted in both bubbles
(left and right) and at the throat.
To construct the traversing configuration we require the

matching condition ½Π� ¼ 0 at the throat. Particularly, to
have a Z2 symmetric configuration we need ΠL;R ¼ 0 at
each side of the matching surface of the throat, i.e. a
vanishing value of (73) at r ¼ rth ¼ 1. This condition fixes
how the hypersurface Σ bends at the position of the throat.
There are three possible values for the slope x0ðrthÞ which
satisfy the vanishing of (73), these are

v0 ¼ 0; v1 ¼
ffiffiffiffiffiffiffiffi
2=3

p
; and v2 ¼ −

ffiffiffiffiffiffiffiffi
2=3

p
: ð78Þ

These solutions are independent of the width of the slablike
hypersurface Σ, and the LR configurations which minimize
the HEE are obtained using the values v1 or a v2 for x0ðrthÞ,
which produce an inner solution with derivative given by

x0iðrÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fiðrÞ − r2

p
r2

ffiffiffiffiffiffiffiffiffiffi
fiðrÞ

p
for the interior part Σi of Σ.4 Using x0iðrÞ we have that
Πslabjr¼r−b

¼ 0 at the matching with the outer part Σe and,
consequently, we must have Πslabjr¼rþb ¼ 0. The latter

FIG. 12. Sslabfinite vs width L for the subsystem given by a slab of size lL on one boundary.

FIG. 13. In blue: left and right sides of disjoint slab hyper-
surfaces in the outer regions of the bulk wormhole geometry. In
red: left-right slab-like hypersurface traversing the wormhole
throat.

4If v0 ¼ 0 is used, then the inner solution has x0iðrÞ ¼ 0,
identically. This means Πslabjr¼r∓b ¼ 0 and then x0eðrÞ ¼ 0, i.e. the
LR traversing slab is a straight hypersurface from one boundary
to the other. Nevertheless, the latter has larger value of the finite
HEE than the one selected here.
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produces x0eðrÞ ¼ 0 for r > rb as the only compatible
solution. The computation of the finite part of the HEE
with this type of LR slablike hypersurface gives

Sfinite ¼ lim
ϵ→0

ðSLR slab
HEE − 2Sslabdiv Þ ≃ −

l3L2⊥
4G5

0.64; ð79Þ

which is smaller than the one obtained with disjoint (blue)
surfaces for L grater than the critical length Lc ≃ 1.4 and
independent of the length of the slabs. The latter is
analogous to what happens in phase transitions of confining
backgrounds in which there is a point where bulk surfaces
end. Here, for L > Lc, the physically favorable finite HEE
associated to the disconnected subsystem made up of the
union of two slablike regions in different boundaries is
given by the LR traversing configurations, which captures a
deep infrared behaviour given by the nonvanishing uniform
term (79), characteristic of the wormhole background.

V. DISCUSSION

We explore the holographic entanglement entropy
for subsystems defined at a boundary field theory made
out of two copies of Minkowski spacetimes coupled by a
wormhole through the bulk gravity theory and reveal
some characteristic features associated to the interaction
through the traversable throat. To probe the bulk back-
ground we considered the volume of three-dimensional
balls and slabs in one or both asymptotic regions of the
wormhole. To this end, in the gravity side, we used a
Lorentzian five-dimensional wormhole with two locally
AdS5 asymptotic regions. The geometry is a thin-shell
solution of Einstein-Maxwell theory, supplemented with
the quadratic Gauss-Bonnet higher-curvature terms evalu-
ated at the Chern-Simons point; It is an electrovacuum
spacetime with a radial electric field flux which punctures
the throat from one side to the other stabilizing the
wormhole.
As seen from an exterior region, the geometry looks like

an overcharged black brane solution up to the surface of a
thin-shell bubble where one mouth of the wormhole
begins. The inside of the mouth connects one side of
the wormhole to the other through a thin-shell throat
where the Z2 symmetric wormhole opens up. To compute
the extremal hypersurfaces given by the HEE prescription
we have developed the specific boundary terms needed to
obtain the matching conditions at thin-shell surfaces
embedded in the higher-curvature gravity theory. A
configuration with an hypersurface which crosses a
bubble in the bulk suffers a refraction. The transition
among nonrefracted hypersurfaces and the ones refracted
through a bubble is manifested as the appearance of cusps
in the phase diagrams of the finite part of the HEE against
volume size at the boundary. These cusps represent critical
points where the cutoff independent terms of the HEE
have a sharp behavior and more than one extremal

configurations appear for a fixed volume. Particularly,
for a subsystem defined by a spherical 3-volume of radius
R at one boundary, a transition occurs between the
configurations of outer holographic hypersurfaces in an
exterior region and configurations which explore deep
into the mouth and are stretched at the throat position. The
finite HEE behaves as in pure AdS5 for small R (outer
configurations) and shows the extensive ∼R3 dependance
for large radii in the infrared sector (configurations
stretched at the throat). For a slablike volume we found
the expected analogous limiting behaviors, and a richer
phase transition given by a fish tail diagram with an
additional cusp in the domain of refracted (inner) con-
figurations which explore the interior of the mouth.
The interaction of the boundary theory through the

wormhole throat is captured by a class of disconnected
subsystems made up of the union of two regions in
different boundaries. We find extremal configurations in
the gravity theory corresponding to hypersurfaces which
traverse the wormhole connecting these two regions. If the
disconnected subsystem is composed of two small 3-
volumes, then the minimal configuration is given by two
disjoint hypersurfaces, one in each outer region of the
wormhole. As the volumes increase, we find a critical size
for which the traversing hypersurface becomes the dom-
inant configuration. This transition in the phase diagram
of finite HEE against the size of the regions of the
disconnected subsystem is interpreted as a manifestation
of the coupling between the two boundaries through the
wormhole. The results obtained in this work can be easily
generalized to other configurations such as disconnected
3-volumes in the same copy of the boundary theory by
applying the same techniques we have employed, for
example, as was done in [22] using multiple slabs. This
yields a richer phase diagram with phase transitions in
which the separation scales competes with the presence of
the wormhole. We note that the value of the finite HEE
obtained for traversing configurations can be interpreted
as a characteristic feature of the wormhole and back-
ground theory as it captures the far-infrared behavior in
the wormhole mouth. For example, in the slablike case, a
size independent holographic entanglement entropy is
obtained in the traversing configuration, which can be
read as a uniform topological term of the interacting dual
field theory which is only dependent of how the regions
join through the throat. It would be interesting to obtain
other wormhole solutions associated to a dual theory of a
pair of interacting Minkowski copies, in similar and
different gravity theories, in order to compute the entan-
glement entropy for analogous disconnected subsystems
and look for similar features to compare.
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