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We discuss several aspects of the stress-energy tensor for a quantum scalar field in an inhomogeneous
background, the latter being modeled by a variable mass. Using a perturbative approach, dimensional
regularization, and adiabatic subtraction, we present all-order formal expressions for the stress-energy
tensor. Importantly, we provide an explicit proof of the principle of virtual work for Casimir forces, taking
advantage of the conservation law for the renormalized stress-energy tensor. We discuss also discontinuity-
induced divergences. For the particular case of planar inhomogeneities, we corroborate the perturbative

results with a WKB-inspired expansion.
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I. INTRODUCTION

Energy densities, stresses, and forces are produced by
vacuum fluctuations of the electromagnetic field when a
body is immersed in a medium. In this context, the
immersion of bodies in homogeneous media was already
considered in the seminal works [1,2], in which the so-
called Lifshitz formula was derived. This formula is able to
describe the force between two flat and parallel interphases
that separate three different homogeneous media.

More recently, there have been efforts to define the
stress-energy (SE) tensor for a quantum field in a gener-
alized Lifshitz configuration, i.e., in a situation in which the
media are characterized by spacetime-dependent electro-
magnetic properties. Taking into account that the renorm-
alization originally proposed by Lifshitz et al. [1] does not
work in such a case, the problem has been considered by
several authors [3-10]. Despite the different methods,
models, and particular subtractions (at the level of either
the Green’s functions or the SE tensor), several questions
are still open.

To discuss some of them, we will consider a toy model
that consists of a quantum scalar field interacting with a
classical field, in such a way that the quantum field acquires
a variable mass. The evaluation of the vacuum expectation
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values (VEVs) will be performed using a perturbative
approach in the variable mass. For the renormalization,
we will follow a standard approach, based on dimensional
regularization and adiabatic subtraction.

Observe first that similar theories have been analyzed in
several contexts. In particular, much attention has been
devoted to quantum fields in curved spacetimes [11,12], for
which there is a well-established procedure to obtain the
renormalized SE tensor: infinities are absorbed into the bare
constants of the theory. It is fairly obvious in this context
that the renormalization of the SE tensor’s VEV cannot be
performed as suggested in Refs. [1,2], i.e., by subtracting
local quantities that depend only on the value of the
background fields at a given point; it must also involve
derivatives of the background field. After absorbing the
divergences into the bare constants of the theory, the
renormalized SE tensor will be expected to be defined
up to local terms, which are determined by the finite part of
the counterterms; being local, they will not be relevant in
the discussion of Casimir interactions between different
bodies.

Notice that some general aspects of the renormalization
procedure that we employ have been described in detail in
Ref. [13]. However, the calculations were performed to
lowest order in the variable mass. To this order, it is
possible to describe only the energy density and stresses,
but not Casimir forces. Here, we extend those results to
arbitrary order. The case of a scalar field with variable mass
depending on a single coordinate has also been considered
in Ref. [6], in which the authors implement a Pauli-Villars
renormalization along with a WKB subtraction. A similar
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approach, albeit with the scope of analyzing the limit of
Dirichlet boundary conditions for thin surfaces, was fol-
lowed in Refs. [14-16].

One important aspect that we will discuss is that, if the
background field models the presence of several bodies, the
Casimir force can be then computed as customarily by
taking the derivative of the system’s vacuum energy with
respect to the position of one of the bodies or, alternatively,
integrating the component of the SE tensor which is normal
to the surface of that body. We will explicitly prove that
both approaches are equivalent, a result known as the
principle of virtual work (PVW). In this respect, Ref. [8]
contains a discussion of the PVW for a planar configura-
tion. Here, we go beyond planar geometries; moreover, we
provide an explicit connection with the PVW and the
semiclassical conservation law of the SE tensor.

Previous works reported a “pressure anomaly,” which
may jeopardize the validity of the PVW [17]. It was later
recognized that this anomaly is produced by a particular
point-splitting regularization [4]. Instead, our prescription
using dimensional regularization along with adiabatic
subtraction guarantees the fulfillment of the conservation
law and avoids the presence of anomalies. In a recent work
[10], it has been pointed out that quantum effects could
induce a violation of the classical relation between the
divergence of the electromagnetic stress and the gradients
of the permeability and permittivity of the inhomogeneous
media, inducing a “van der Waals anomaly.” We have not
found the analog of this anomaly in our model.

The last question that we will tackle is the fact that
discontinuous backgrounds generate surface divergences in
the VEV of the renormalized SE tensor. For the case of a
perfectly conducting interphase, the presence of these
divergences was pointed out a long time ago [18]. A
discussion of Dirichlet and Neumann boundary conditions
can be found in almost every textbook; see, for example,
Refs. [19,20] and references therein; more general boun-
dary conditions have been studied in Refs. [21-24]. In our
case, we do not impose any kind of boundary conditions;
the surface divergences appear just as a consequence of the
discontinuities in the background. For this reason, we will
call them discontinuity-induced divergences. We will
characterize this kind of divergences in a planar inhomo-
geneous model and discuss its irrelevance in the calculation
of Casimir forces. This will be confirmed by nonperturba-
tive calculations, based on a WKB-type approximation
discussed in Refs. [3,7] for the case of the electromag-
netic field.

The paper is organized as follows. In Sec. II, we
introduce our model, which consists of a quantum scalar
field ¢ in the presence of a background field o that provides
an inhomogeneous mass term for the quantum field. In
Sec. 111, we discuss the renormalization of the VEVs (¢?)

and (Tf,@), which is performed using standard techniques
of quantum fields under the influence of external

conditions. We also discuss the validity of the conservation
law of the renormalized SE tensor at the semiclassical level.
Section IV describes a perturbative approach for computing
the above-mentioned mean values, with particular emphasis
in time-independent situations (i.e., when the background
field is static). In Sec. V, we prove the validity of the PVW.
The conservation law for the SE tensor turns out to be
crucial in this context. Several examples are discussed then
in Sec, VI, including the surface divergences that appear in
the renormalized mean values at the points where the
background field is discontinuous. Afterward, in Sec. VII,
we reanalyze those surface divergences in the case of planar
inhomogeneities within an adiabatic approach. Section VIII
contains the main conclusions of our work. Finally, the
Appendixes A, B, C, and D describe some further details of
the calculations.

We use natural units 72 = c¢ =1 and metric signature

(+——---) in a spacetime of dimension D. We define
g = —detg,,, and spatial (D — 1)-vectors are written in
bold (x).

II. MODEL

We will consider a quantum field ¢ interacting with a
background classical field ¢ in the same fashion as in
Ref. [13]. The field ¢ provides a variable mass for ¢, so
the action for both fields on a curved background is given
by [11,12]

o s ane )y

A
+0,0" — (m3 + &R)o — éof*] : (1)

This theory can be considered as a toy model for the
electromagnetic field in the presence of an inhomogeneous
medium. Of course, to mimic the electric permittivity or
the magnetic permeability, one could consider alternative
models in which the coupling to the background field is
through terms that involve spatial or time derivatives of ¢.
However, the action in Eq. (1) will be enough for our
purposes.

Even if we are interested in a four-dimensional space-
time, in Eq. (1), we have introduced a dimensional
regularization. Moreover, the inclusion of a self-interacting
term for the background field, i.e., the one proportional to
A, will be crucial for a successful renormalization, as will
also be the inclusion of a coupling to the curvature in
curved spaces (terms proportional to &;,). This will be
discussed in detail in Sec. IIL

Performing the variation of (1) with respect to both
fields, one can obtain the classical field equations, which
read
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(D+m%+e:1R+%‘az>¢_o, (2)

<D+m%+§2R+%¢2>J+%o—3:O. (3)

Additionally, we can compute the classical SE tensor.
Since we have written the action on a curved spacetime, we
can compute it as customarily done through

2 5S o 4
=2 104 TY, (4)

T, =
H \/gag;w

performing a split that will be useful in the following
discussion:

. 1
Tﬁu) = (1 —252)6#0",/ + (252 —§> i’]ﬂydypo"p

y A
~2£,60,,+ 25zmwaﬂo+'% (m% +1—§oz> a*, (5)

1
ng?) = (1 - zél)d).qu,p + (251 - 5) ’7;w¢,p¢'p - 2§1¢¢,/w

2o+ (i1 3 )i )
After performing the variation, we have set g,, = 7,,,, since
we will not be interested in discussing the interaction with a
curved spacetime; we will work in flat spacetime through-
out the rest of the paper.

Two remarks are in order. First of all, T,(gf) corresponds
to the SE tensor of a free field with variable mass
M? = m} +% 6%, in agreement with the picture that we
have described before. Second, the full SE tensor T, is of
coullrse conserved classically, while one can easily check
that

T = %8,,62(,{)2. (7)

We now consider the semiclassical version of the theory,
in which the field ¢ is of quantum nature while ¢ is treated
classically. Then, the classical expression (2) is promoted to
the Heisenberg equation associated to the quantum operator
¢. On the other side, the evolution equation for the
background field is obtained by taking the VEV of the
classical Eq. (3),

(D+m%+%<¢2>)a+%a3:0. (8)

'"To simplify the notation, we will adopt the notation

9,06% = 0,(c?).

Additionally, the SE tensor of the full semiclassical
system is

(T,,) =T + (1)), 9)
given that T,(f,/j) was defined so that it contains all the terms
involving the quantum field ¢. Thus, the main objects to

analyze the vacuum fluctuations are () and <Tff,’f)>, the
latter being relevant to consider Casimir forces and self-
energies. Both of them are divergent quantities; as we will
see in the following section, the classical action for the field
o is needed to absorb the divergences into the bare
constants of the theory during the renormalization process,
after which we obtain a finite and unique expression for the
SE tensor (up to finite local terms). Additionally, we will
show in Sec. IIT A that, using the usual prescription, Eq. (7)
is valid at the quantum level when the classical quantities
are replaced by the corresponding VEVs.

III. RENORMALIZATION AND
CONSERVATION LAW

The theory of quantum fields in curved spacetimes can
be renormalized using a precise covariant procedure
[11,12]. As was shown in Refs. [13,25], the case of a
quantum field with a variable mass can be treated in an
analogous way; we will briefly review it in the following.

As customarily in theories with four spacetime dimen-
sions, we can define the renormalized quantities as

<¢2>ren = <¢2> - <¢2>ad2’
(Tl en = (TL0) = (T (10)

where the VEVs (T,(;,/j) )4 and (), are constructed using
the Schwinger-DeWitt expansion (SDWE) up to fourth and
second adiabatic orders, respectively. Notice that the
counting of the adiabatic order includes not only the
number of derivatives but also the mass dimensions; for
example, a term with j derivatives of 62 is of adiabatic order
J + 2 [25]. After the subtraction in Eq. (10), the divergen-
ces in the adiabatic VEVs are to be absorbed into the bare
constants of the theory, so we end up with finite renor-
malized constants and VEVs.

As said above, the adiabatic contributions involve the
computation of the SDWE. For the Feynman propagator
(Gp) of a scalar field with mass m, one obtains [26]

« ds —losber) (m/)—i m*—ie)s c o)

70
(11)

where D is the number of spacetime dimensions and
os(x,x") is Synge’s world function, that in flat space is

just og(x,x’) = (x —x')?/2. The functions Q;(x,x") are
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defined by a set of recursive equations that follow from
imposing the equation for the propagator, i.e.,

04+ 2020) —ie|Grlao) = 5 -2). (12)

Their general form is well known; denoting with square
brackets the coincidence limit of these functions and their
derivatives, it can be shown that, for the action in Eq. (1) in
flat spacetime, the first functions read® [27,28]

A 2
Q)] :émau—la“. (13)

A
[Ql,ﬂl/] :__62 8

6 SHU?

This expansion can be modified by including the full
variable mass M? into the exponent of the SDWE in
Eq. (11) (see Ref. [25] and more recently Refs. [29,30]).
With this modification, we will have an expansion analog to
expression (11) involving new functions Q j (x, x"); the latter
do not contain powers of M? but only powers of its
derivatives. Although this expansion could be used in
principle,” it does not provide additional help in the
following computations and will not be followed here.

Coming back to the computation of the renormalized
quantities, the adiabatic VEVs can be computed by
recasting all the expressions in terms of the imaginary part
of Feynman’s Green’s function, which satisfies

Im(Gp(x, x')) = —%<{¢(X),¢(X)}>- (14)

A direct computation shows that the explicit expressions
are (see Ref. [25] and footnote 2 in the current paper)

(#?) = —Im|[Gy], (15)

1) = -tn{-(Gp) + (3-4 ) GrL
+(6-4 ) ion | (16

In these expressions, one can replace the SDWE (11) for the
propagator and obtain the adiabatic expansion of the
desired quantities up to the appropriate order.

In particular, the coincidence limit of the two-point
function for a field with variable mass as in Eq. (1) is
therefore given by

*It should be understood that Q) = 7255 Q (x,x'). Notice
that Ref. [27] works with a Euclidean signature.
3One should appropriately modify the discussion in Sec. IIT A.

Luir(1-2) Ao (-2))

where y is an arbitrary scale with dimensions of mass that is
introduced in the renormalization process. Both terms
diverge as D — 4, and their subtraction will be enough
to obtain a finite result in (10). The fact that the divergences
can be absorbed into the bare constants of the theory can be
seen by inserting expression (17) into the semiclassical
equation for o, i.e., Eq. into (8). Indeed, writing

2y 2 2
ms; =:mjs, + oms,

12 =:)“2R +6j.2, (18)
we obtain the counterterms

2
ﬂlml

omt=———21L 4 Am2,
" e (D—4) M
32
Shy=——— 1 L AL, 19
2 1671'2(D—4)+ 2 (19)

where Am3 and A, are finite contributions that relate

different renormalization schemes (they vanish in the
minimal subtraction scheme).

We now consider the evaluation of the SE tensor in our
semiclassical theory. The expression for its VEV up to
fourth adiabatic order reads

1 my| P-4
(TS ogs = D2 [7}

D\ 4 D
m‘,‘F <— E) + Zm%aznﬂyl"(l - E)
D e
+ F<2 - 5) [— %nﬂya“
M 1 ) )
+ E é:l - 8 (G,uv - I’],WDG ) . (20)

Comparing Eq. (20) with Eq. (5), one can show that the o-
dependent divergences can be absorbed using the same
counterterms given in Eq. (19) and including a counterterm
for &,, the latter needed to absorb the divergence propor-
tional to (&, — 1/6). The term independent of 6> will just
renormalize the cosmological constant (or a bare constant
in the classical potential for the background field) and will
play no role in our considerations. All these terms depend
on the arbitrary scale p that has been introduced in the
renormalization process; the arbitrariness is resolved by
using experimental data to fix the involved couplings.
Therefore, we have a precise procedure for defining the
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renormalized SE tensor for the quantum field ¢ in an
inhomogeneous background o.

Since in the following sections we will deal with
massless fields, let us recall that then one can simply trade
mP=* - yP=* in Egs. (20) and (17), setting the other
powers of m; to zero. The new scale y, is arbitrary but
appears only in quotients with u; for convenience, we can
set it to yy = ey

Before concluding this section, two last remarks are in
order. First, our starting action in Eq. (1) belongs to a theory
on curved spacetime. This choice was motivated in part to
emphasize that the problem of quantum fields in inhomo-
geneous backgrounds can be addressed using well-known
techniques of quantum fields on curved spaces. However,
this point is not crucial from a computational point of view.
An alternative route is to start with a theory in Minkowski
spacetime and compute the SE tensor using Noether’s
theorem; afterward, one may add the terms proportional to
&, and &, in Egs. (5) and (6) using the fact that Noether’s
theorem does not constrain them. In any case, note that,
while it is not necessary to add the terms proportional to &
in the SE tensor of the quantum field ¢, the introduction of
the classical terms proportional to &, is essential to renorm-
alize the theory, even if & = 0.

The second remark is about regularization. Dimensional
regularization in curved spacetimes has been sometimes
criticized because of the arbitrariness in the choice of the
extra dimensions, that could describe an arbitrary mani-
fold.* This concern is not relevant in the present work
since, as we have already mentioned, the calculations can
be performed entirely in flat spacetime. In spite of this, and
for the sake of completeness, in Sec. VIE, we will show
how to reobtain some of our results using heat kernel
techniques and working in D = 4.

A. Semiclassical conservation law

It is well known that the renormalization procedure may
induce anomalies in the quantum theory, which may be
caused by the regularization and/or the corresponding
subtractions. Typical examples are the nonconservation
of the chiral current for massless fermions in the presence
of background gauge fields [31] and the trace anomaly for
conformal fields in curved spaces, first discovered in
Ref. [32] and lately revisited in relation with Weyl fermions
[33,34]. We will now show that the conservation law in
Eq. (7) remains valid after the quantization of ¢, if we
replace the classical quantities with the corresponding
renormalized VEVs given by expression (10):

*In this respect, we share the point of view of many workers in
the field [12]: the regularization should make the expressions
finite in the simplest way and respect as many classical
symmetries as possible. The choice of the extra dimensions
should eventually follow these principles.

) A
8M<T/(i)>ren = Zlavo-2<¢2>ren' (21)

To see this, we rewrite the above equation as

(1) ~ (1)) = L0,02(07) ~ (). (22)

where all calculations are performed in D dimensions. As
dimensional regularization is covariant, one expects the

regularized mean values (T,(f,’f) ) and (¢?) to satisfy the
conservation law. Indeed, from Egs. (15) and (16), one can
check this explicitly using the expression for the propaga-
tor, which is of course valid in D dimensions. Moreover,
computing the derivative of (TL',/,))> s 0 Eq. (20), we
straightforwardly obtain

b A
T s = 30,0 (23)

so neither the regularization nor the subtraction breaks the
conservation law at the quantum level for ¢. Therefore,
Eq. (21) is valid. This will be crucial in the discussion of the
principle of virtual work in Sec. V.

IV. PERTURBATIVE APPROACH

We will now obtain explicit expressions for the
renormalized VEVs (TL(,/f)>ren and (¢?),.,, using a pertur-
bative expansion in powers of 1;. We will start studying
Feynman’s propagator, since those VEVs can be obtained
from it as shown in Egs. (15) and (16). For simplicity,
we will consider the massless case (my = 0) and replace
Ay — A, so using the customary “ie¢” prescription
Feynman’s propagator satisfies

A
{D + Eaz(x) - ie} Gp(x,xX)==8*(x—x). (24)
Solving this equation perturbatively in 4, we obtain
Gr(x.x) = G (x,x) + G (x, %) + -+, (25)

defining Gg)) (x,x") as the usual free propagator and the
contribution of order A" as

n A"
Gg)(x,x’) = 2—n/d4x1 coedtx,e?(xg) e

x 02(%,)Gy) (x,x,) - Gy (x1,x').  (26)

This is a notation that we will employ frequently in the
following: the order n contribution in 4 of a given quantity
will be denoted by adding a superscript (n). Coming back
to (26), we can recast it by expressing every free propagator
in momentum space:
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ln

Ggw(x’x') = W/d4x1 -o-dix,dtq g0t (xg) - 0% (xy,)

D —is(x—x")
X e_iqn‘(xn_xrﬁl) e e_iql'(xl_x/) / d 5 ¢ (27)

PP M (s +q)* - (s +g,)*

Notice that we have implemented dimensional regularization only in the internal momentum s, introducing as usual an
arbitrary scale y with dimensions of mass; to shorten the notation, we have omitted the ie terms in the propagators. An

immediate consequence of this result is that

/111

) — =
<¢2> - on (2ﬂ)4n+4

where we have introduced the tensorial integrals5

Iﬂl.ﬂzm(Ql’ LR QH)
s.ulsl”Z o ne

._/ dPs
P s (s +q1)* (s +q2)* - (s +q,)*

(29)

l}‘l

Yo =202 () () )

(T 2

1%

Im |:/ d4x1 PN d4xnd4q1 NN d4qn62<x1) “en o—z(xn)e_iqn'(xn_xn—l) R e_iq1'<xl_x>z—(q1’ cee, qn) s (28)

|
The computation of these integrals can be done in various
ways, the most famous one being probably the Veltman-
Passarino reduction method [35] (see also Refs. [33,36,37]).

An analogous expansion for the ¢ contribution to the SE
tensor can be obtained. Inserting the nth-order expression
for the propagator into Eq. (16) and dropping the (¢)
superscript, one can find

Wlm{/d4xl edig 0t (xy) 0P (xy)

. . 1
ettt (T, Lyai) (it = 30 ) = 2T ol =) | b G0

where it will be understood that the arguments in the 7 tensorial integrals, when missing, are all the involved momenta

qdis---sqn-

From now on, we will assume that the background field is time independent. In that case, integrating over all space, we

find an expression for the total vacuum energy, E, that reads

ll’l

E(”) __Wlm[/dSXI‘“(PQZ“'

X e_iqn'(xn_xn—l> e e_iqZ'(XZ_xl) <IOO — %Iﬂ/))]

This expression can be further simplified. First of all, the
term involving 77, cancels with the one proportional to
(¢p*)*=1)_ Second, Zy can be recast, integrating by parts in
the zeroth component of the internal momentum s, using
the symmetry of the integrand in the variables ¢; and
rewriting the result in terms of (¢?)"~!). This leads to the
following master formula for the time-independent case:

EM :% / dxa?(x)(p?) "D (x). (32)

The integral Z without indices should be understood with a
factor 1 in the integrand’s numerator of (29).

o*(x)) - 0% (x,)

”0+§/d3XO'2(X)<¢2><"_1)(X). (31)

q,=

[
It is important to notice that, with our renormalization
prescription, Eq. (32) remains valid when replacing the
regularized quantities by the renormalized ones.

In the next sections, we will derive explicit expressions
for all the relevant physical quantities at first and second
orders in A, along with some illustrative examples. Before
doing this, we would like to stress some general properties
of the preceding results.

In Sec. III, we have discussed the divergences’ structure
of the VEVs (¢?) and (T,,). The ones that should be
renormalized are at most quadratic in the coupling constant
A, and therefore we will be able to reproduce them in a
second-order perturbative approach. After subtracting the
appropriate adiabatic expansions, the renormalized VEVs

085023-6



QUANTUM VACUUM FLUCTUATIONS AND THE PRINCIPLE OF ...

PHYS. REV. D 105, 085023 (2022)

will be determined up to local terms whose dependence on
o is that of the counterterms. Since they are local, they are
not relevant in the computation of Casimir forces between
different bodies; in other words, Casimir forces will have
no undeterminacy. However, if one were interested in self-
energies, then one should use experiments to fix the
otherwise free parameter pu.

One subtle point is that there could be additional
divergences. First, they could be generated by disconti-
nuities in the background field ¢ or its derivatives. These
are the scalar counterparts of those arising near a perfect
conductor, which depend on the local geometry of the
surface [18]. In these situations, one should be careful to
give the right interpretation of the conservation equa-
tion (21). We will describe this kind of divergences
in Sec. VL

We would also like to point out that, due to the fact that
we are using massless propagators, one could encounter
infrared divergences at higher orders in 1. To avoid these
divergences, one could consider massive propagators.
That will be the case if the field ¢ is massive.
Alternatively, for a massless field, one can perform the
perturbative expansion around the average of 6> over all
space (52). If the latter is nonvanishing, one can write the
equation for the propagator as

A A
O —1—552 —ie +§(0'2(x) -3 |Gp(x,x') = =6*(x = &)

(33)

and perform the expansion with a free propagator of mass
m? =%5%. This corresponds to a resummation of the
perturbative results, that will show a nonanalytic depend-
ence with /2. In both cases, the corresponding perturbative
expressions can be obtained just by replacing in Eqs. (26)—
(32) the free massless propagators by massive ones.

Finally, we would like to point out that the perturbative
approach should be modified when considering a time-
dependent background field. Indeed, the solution to
Eq. (24) is the matrix element

GF()C, x/) —i <OIN|T(¢(X)¢('X/))|OOUT> , (34)

(O |00uT)

which involves the initial and final vacuum states, not the
mean value (Op|7(4(x)p(x'))|0). The same remark
applies to the other VEVs in this section. This situation
can be amended, following a procedure inspired in the
Schwinger-Keldysh formalism [38], by computing pertur-
batively the generalized Green’s function

Ge(x,x) = IO Te((x)(x')) Onx). (35)

where T is the temporal ordering along a closed temporal
contour C. This is beyond the scope of the present paper.

FIG. 1. The body B, that initially occupies the volume Qgp, is
virtually displaced by the vector L.

V. PRINCIPLE OF VIRTUAL WORK

Before we apply our formulas in Sec. VI to some
particular configurations, we will provide an explicit proof
of the validity of the PVW in this model. To do that, we
consider the situation is illustrated in Fig. 1, in which a body
is immersed in an inhomogeneous media. Then, we compare
the variation of the energy under an infinitesimal displace-
ment of the body B and the integral of the normal component
of the SE tensor over the surface of the same body.

Let us denote by Qp the volume occupied by the body in
the initial position. The body B is characterized by a field
o%(x), while the surrounding media corresponds to o7,(x).
Introducing the characteristic function

1 xel

w={) TS (30

it is clear that after a translation by a vector L the
background field becomes

o1,(x) = o3(x = L)yq,(x = L) + o3,(x)[1 = 7o, (x = L)].
(37)

which is different from ¢*(x — L). In such affirmation, we
are assuming that the effects of one media on the other, if
they exist, can be neglected in the evaluation of response
functions. We are also supposing that the function 63, is
defined over all space, independently of the presence of the
body B.

We now consider the gradient V of the background field

with respect to X,
Vo (x) = V[oj(x)xq, (x) + o (x)(1 = 2o, (X))l (38)

Computing the gradient of 67 (x) with respect to L at zero
displacement,

085023-7



FRANCHINO-VINAS, MANTINAN, and MAZZITELLI

PHYS. REV. D 105, 085023 (2022)

0 0

SN = grloh(x Lo, (x 1)

~ G (x) o1, (x L)

L=0
= —V[op(x = L)yq,(x = L)]
+ 63,(x)Vxq, (x = L)1 . (39)

it is immediate to see that o7 (x)|;,_o is nonvanishing

only in the region Qp (including the boundary), and in that
region,

= -Vo?(x),

L=0

O_LGi (x) x € Qg (40)

In the time-independent situation, one can compute the
energy after a virtual displacement of the body by replacing
o? with 67 in Eq. (31). Afterward, taking the derivative of
the energy with respect to L and using the symmetry of the
integrand, we get

OE™
~ IL

B
Lo 29n (27.[)3n+1

Oo?
xlm[ [ex P o} (xo)

X el (X0 =%X,1) ... ei'llz'(xz—"‘l)f(qz7 .. ):| .
0-0,L.=0

(41)

As previously done with the energy, we can rewrite this
expression in terms of (¢?(x))"~1) as follows:

OE™M
~ L

=4 [ xSt )

L=0 4

. (42)
L=0

Recalling from Eq. (40) that % (X)|— is different from
zero only for x € Qp, we may replace the derivatives with
respect to the displacement by minus the gradient and
obtain

OE™
~ 0L

—%ABd%VU( X)(¢2(x))mD,  (43)

L=0 4

where the integral over Qp includes possible surface-
localized contributions. Comparing this expression with
the conservation law (21) of the SE tensor for a static
conﬁguration,6

oI (x) = L0, 2, (44)

6 e 4. . .
Latin indices are used for spatial coordinates.

we have therefore

OE™
)7

- / ST, (45)
L=0 Qp
If 0,(T! j(x)>(”) is regular enough, one can then prove the

PVW by using Gauss’s theorem; calling d°X; the positive
volume 1-form on 0Qp, we obtain

OE™
oL’ |,

= [ e, @
=0 0Qp

The extension of the proof to the renormalized VEVs of the
SE tensor can be done by showing that the subtracted
adiabatic terms satisfy an equation analogous to (46).
Notice that if 9,(T";(x))" has surface-localized contribu-
tions on 0y then they should be added to the rhs
of Eq. (46).

VI. EXAMPLES

A. First-order perturbation theory

The first-order expressions have been previously
obtained in Ref. [13]. The divergent parts can be straight-
forwardly obtained in our formalism by computing the
involved scalar integral Z; they agree with those predicted
by the adiabatic expansions (17) and (20). Furthermore,
one can obtain an explicit result for the renormalized

quantities,
2 2
2\ (1) A 4 igxx2 qai .
ren — R d 4 1 -5 = B
W=y msire] [wqen e os(-G-ic) |
(47)
THY (1 )_ A d4 iqy-x x 2
(TH )ren = 48(27:)6 q.e (511)(611‘11 Ch’?,w)
2
a1 .
”2
A v v 2
144(2”) ————— [0"0" —*O]6*(x), (48)

where we have made explicit the “+ie” prescription and we
have defined a Fourier transform in Minkowski space as

#(q) = / dhxy o471 62 (x, ). (49)

Although one could be tempted to cancel the last term
in the rhs of Eq. (48) by performing a redefinition of the
renormalization scale u, that would imply the introduction
of an additional term in other quantities, such as expression
(47). Related to this fact, the choice of 1, made in Sec. Il is
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such that there are no local terms in the expression for

<¢2>§e‘3 (apart from the u dependent ones).
The first-order approximation for the SE tensor satisfies

8M<T””>£ér>, = 0, which is consistent with the conservation
law in Eq. (21) up to order 4, given that (¢?)\e) = 0. It could
be useful to analyze the eventual gravitational effects of the
vacuum fluctuations, when used as a source in the semi-
classical Einstein equations [13]. However, the associated

vacuum energy E(!) vanishes for static backgrounds and
|

therefore has no relevance in the computation of non-
dynamical Casimir forces.

B. Second-order perturbation theory

The computation at second order in 4 is more challeng-
ing. After introducing Feynman parameters, we are able to
isolate the divergences in the 7 integrals and perform the
corresponding renormalization; afterward, we obtain the
results for the contributions

ye _ _ . 1 [l-s o
()% = ———Re| [ d*q,d*q26%(q) — 42)5%(q5) € dsyds; (Mg +ie)™ | (50)
2*(2x) o Jo

A2 /12 1 1—s, B B _—
98 = imre [ [ st [ Fadara - p)ea)en

A (1) 342
+ 177” Gz(x) <¢2>ren - 28772

where we have defined

M= s51(1=51)q; + 52(1 = $2)g5 = 25152(q1 - 42). (52)

A direct computation is arduous, and collinear diver-
gences are always threatening; for a planar geometry,
keeping the ie prescription, one can introduce the basic
form factors

Fo(q1.92)

o (x),

']ﬂy ME . ((sl 1)‘11 s2q2)/)(31QI S2q2)(7 1
T 100 (ZE el — =i
% [ g(;ﬂ 1€> Mg +i0 Plo =3 Moo

(51)

[
2 2
q; 2 2 (91— q2)
Fy(q1.q )==q4log<7> +4iq 1og<—>,
PRI (g —gqp)?) T 42
(55)

F3(q1.92) = (4% — q2q1 — i€1)(q1q2 +i€2).  (56)

in which €, , are prescription parameters for the Feynman
propagator. Using them, we may write a closed expression
valid for a planar background field that varies only in the z
direction,

(@)
F = g4 CI% 31 (QI_QZ)z » R d d e idmzz? %) Fy
1(611,6]2)-—% og m + 4193108 T s —W € ,99,€ 6(%—(]2)0 (612)},—3 )
(54) (57)
|
v }J/]ﬂy 22 v v 1 v
(" (Z»gr)x = TGZ(Z)@Z)Q - 3'267(%)2’7” o*(z) - 32502 <77”3’7 3+ 571” >04(Z)

2 R /d d e_wﬁ( 6% (q2) | | s +1 e Lp —i—lF +”WF (58)
[ — e —_— — _—— — _
16(27)* q:49> Fi 0°\q1 — 4q2)0°\q2) | { 313 2'7 31Ty (e

in which we are omitting the variables (q;,¢,) in
the form factors F;. A direct computation shows the
conservation law (21) is satisfied at second perturbative
order.

If one considers time-independent backgrounds, the
expressions become more tractable than in the general
case. In particular, the total energy is represented by the
simple formula
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(2) 2 3~ ~2 qi
Eren = 26(2ﬂ)5Re d°q,6°(q,)5°(—q,) log 2|
(59)

where the Fourier transform evaluated at spatial coordinates
implies omitting time variables, i.e.,

5%(q) = /d3xleiq"‘102(x1). (60)

C. Discontinuity-induced divergences
of (¢?),., for a barrier

As explained in Sec. IV, even after the appropriate
renormalization procedure has been carried out, both
() e, and (T*) .., display divergences at the points where
the background field ¢ is discontinuous. Employing the
perturbative formalism that was developed in the preceding
sections, we can unravel the precise structure of these
divergences. We will call them “discontinuity-induced
divergences” or “surface divergences,” as a way to dis-
tinguish them from the divergences that require renormal-
ization, which will be called bulk divergences.

First of all, we will consider a barrier of height Ac
depending on only just one spatial coordinate

63(z) == Ac*(O(z —a) — O(z = b)), (61)

where O(z) is the Heaviside function, and we will refer to
a and b as the surface of the barrier. The Fourier transform
of 0%

_ i eiaq _ eibq
Ala) = a ), (©2)

From this expression, one can already appreciate why

divergences will occur in <¢2>5é1)1 for such a background:
the convergence for large momenta is only conditionally
guaranteed by the oscillatory exponentials. In other
words, at those points where the exponents cancel, mild
divergences should be present. Indeed, this can be con-
firmed by replacing o, in expression (47), as done in
Ref. [13],

62
()8 = 5% {~sign(z - a)ly +log(ulz ~ al)]
+ sign(z — b)[y + log(u|z — b|)]}. (63)

where y is the Euler-Mascheroni constant. Even if this
expression is divergent at the surface of the barrier, it is
local, in the sense that it only depends on the information
of the local jump, and integrable, so that one is able to
define its mean value over any desired region in space.

One important thing to notice is that, if ¢* or its
derivatives have a finite number of discontinuities,” the

only types of divergences <¢2>£;3 are those in Eq. (63).
Indeed, if the discontinuities appear only in the derivatives
of o2, then the Fourier transform will contain additional
powers of the momentum that will guarantee a noncondi-
tional convergence.

Analogously, if one considers the second- or higher-
perturbative orders of (¢?),,, a dimensional argument
shows that for large momenta the integrand should behave
as a power that provides convergence of the integral,
cf. Eq. (28).

At this point, the educated reader may be worried about
the IR and collinear divergences that we have mentioned in
Sec. IV. They will appear in higher-order computations since
we are dealing with massless fields; an appropriate regulator
should thus be used, or at least the ie prescription from the
Wick rotation should be kept (see a related discussion for the
SE tensor in Appendix A). They will also appear in our first-
order contribution only if the ¢ profile decays too slowly at
infinity, as is the case of a step function.

D. Divergences in the stress-energy tensor for a barrier

1. First-order computation for a barrier
Consider now the first-order expression (48) for (T#*) ..
focusing for the time being on the nonlocal contribution. If
we naively replace the background field with ai, then we
end up with a formally divergent expression, to which a
meaning should be ascribed:

AAG?
) = 222
(") 48(27)°

2
X Im{/dqle‘iqlz(eiaql — elb)g, log (%) }
U

(64)

(7" + &"30"%3)

In Appendix A, we show that this expression is well defined
in the sense of distributions, which is the natural language of
quantum field theory (see, for example, Ref. [17] or [39] for
a recent discussion in astrophysics). In this section, we will
follow a physical approach, introducing an exponential
cutoff ¢ > 0 in the Fourier transform,

AAc?
T4 ) o = o g8
< b >e 48(271’)3(]7 + 3 3)
. . . q2
XIm /dqle_lqlz_qul(elaQI _elbql)ql log <_§)}’
H

(65)

" Additional divergences may occur in cases where the back-
ground field starts oscillating unconstrainedly.
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which is tantamount to saying that we have smoothed the
discontinuity in the background field. A straightforward
computation gives

(1 IAc?
(T} T 48(2m)’
><Im{log(,uz) +2[log(iz-1—iz+c) +7—1]
(—a+ic+z)?
_log(u?) +2[log(~ia +iz+c) +y—1]
(a+ic—z)?
+log(uz)—|—2[log(—ib+iz+c)—H/— 1]
(b+ic—z)?
_log(u?) +2[log(ib—iz+c) +y~ 1]}
(=b+ic+2)? '

(" + 38%3)

(66)

Notice first of all that, due to the tensorial structure, the

(T?f)ﬁelr)l vanishes; the only components that survive are the
diagonal terms in the other directions. Second, Eq. (66)
means that, as we approach the barrier profile by taking

c— 0t <Tﬁ”)§é3 should display a bump that resembles a
divergence at the surface of the barrier (z, may be either a or
b in the following formula):

(T e (2) = sign(z — 20) (2 — 20) 21" + 8"38%3).  (67)

2. Second-order computation for a barrier

The second-order contribution to the SE tensor shares
some similarities with the first-order computation of
() en- Indeed, a power-counting argument in (51) shows
that the integrals involved in the computation are condi-
tionally convergent in the UV as long as we are not
evaluating the expressions at the surface of the barrier;
at those points, the oscillatory behavior may disappear, and
a mild divergence should then occur.

As a particular example, we may analyze the divergent
terms for the barrier in Eq. (61). It should be expected that
divergences will arise unless some fortuitous cancellations
take place, since already the first term, i.e., the one
involving <¢2)£é3, is divergent at the surface of the barrier.
We leave the lengthy computations to Appendix B, simply
stating the result:

(Tl

(P log(fz— ) (+ 545)

" T30 2n)? BURT G TR 3® s/ Tt
(68)

As was the case described in Sec. VID 1 for the first-order
contributions, the tensorial structure implies that (T?%Q is
finite, while the remaining diagonal components of the SE

tensor will display a divergence. In this case, it is an

integrable logarithmic one, and it is of local nature,
depending only on the discontinuity of the background
field at the corresponding surface.

E. Comparison with a heat kernel approach

One technique that is widely employed in the compu-
tation of vacuum energies is the heat kernel. As shown in
Sec. III, the divergent contributions to the Green’s function
(and to the effective action) can be related to the first terms
of the heat kernel in the SDWE (or small proper-time
expansion). Thus, one may wonder whether they can be
employed to rederive the precedent perturbative results.

To begin, notice that in our perturbative discussion we
have given explicit results for the finite contributions up to
second order in powers of the potential. This is not
equivalent to the set of first coefficients in the SDWE but
to a resummation of all the coefficients in the heat kernel up
to second order in the potential, independently of the number
of derivatives involved. Nevertheless, there exists a partial
resummation of heat kernel coefficients, the so-called
curvature expansion [40,41], that will allow a comparison.

Consider thus a smooth Riemannian manifold with
metric g,,; let us call V# its compatible covariant derivative
and define (1 == g, V¥V¥. The curvature expansion of the
heat kernel’s diagonal of a Laplacian-type operator is given
by [41]

e—(—D+Q+m2) (x’ x; t)

1 —tm? r
:W‘f [1 —l}’(l>(tD)Q+§Q7’(l)(fD)Q
+OR.V(00).0)| (69)

where Q in our case is a smooth function of the coordinates
and the coefficient y(!)(-) is defined as

1
Y0 (x) = A deel1-€0, (70)

Notice that O(R, V(QQ)) means that the expansion (69)
does not include terms that are total derivatives and would
vanish upon integration in x; given that we work in
Minkowski space, we are also neglecting powers of the
curvature R.

Recall now that the Euclidean coincident point propa-
gator can be obtained by integration over the proper time.
In this scenario, the divergences of the propagator arise
because of the small proper-time behavior of the heat
kernel; setting D = 4, we subtract the leading terms up to®
#° and obtain

¥ Alternatively, to regularize the expression one may introduce
apower t” in Eq. (71) to consider the zeta function regularization,
i.e., the complex power of the studied operator. This choice will
not affect the conclusions of this section.
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B3 = [ 81|10 i) = 2 (110)
Clog(-Hy-2 log (—13)
- lér o+0 167z2DQ
+O(V(QQ), 0% m?). (71)

A comparison with the expressions that we have obtained
in our perturbative expansion is now straightforward. First
of all, we should Fourier transform to momentum space, so
that under the momentum integral we replace (1 — ¢2,

|

Q — 46%(q) and m* — e~%%, since the latter is the chosen
scale of reference (cf. the discussion in Sec. III). This is
enough to see the agreement at the linear level in Q, viz.,
with (47).

At quadratic order in Q, (¢*(x)) does not have ultra-
violet divergences, and therefore we expect that all methods
will produce the same finite results. The comparison is,
however, instructive. A subtle point is that expression (71)
neglects all the terms that are total derivatives. To under-
stand this, let us consider an Euclidean massive version of
our results in Eq. (28),

2 12 ~ = ig. -x
() = m/ d*q1d*q20%(91)0%(02)€ "L (= =@2). 44 = a1+ 0o (72)
where the new scalar integral Z,, involves massive propagators:
dPq 1
Zn(=qi,—qo) = / . (73)
o 2m)P (¢ +m?)((q +q.)* + m*)((q + g2)* + m?)

Neglecting total derivatives in Eq. (72) simply means to set
g, =0 in Eq. (73). A direct computation gives then

B
T0(0.-00) = g o). ()
167~ g3
Finally, replacing this result in expression (72), one can
confirm the agreement between our perturbative computa-
tion and the resummed heat-kernel expansion for small
masses, up to total derivatives.

VII. ADIABATIC APPROACH AND PLANAR
INHOMOGENEITIES

Up to this point, we have shown how to to compute
physical quantities in a perturbative expansion in powers of
o’. It is instructive to compare them with the results
obtained in other approximations, performing thus a
cross-check. In this section, we will employ an adiabatic-
or WKB-type approach, in which instead of expanding in
powers of 6> one performs an expansion in the number of
derivatives acting on the background field. Our main goal is
to confirm the results of the precedent section regarding the
divergences for discontinuous backgrounds.

It will prove useful to introduce a special notation. We
will focus on planar inhomogeneities which depend on only
one spatial coordinate, which without loss of generality we
choose to be x* (or simply z for formulas involving only
one coordinate). The spacetime coordinates perpendicular
to this preferred direction will be denoted as x!I, while its
spatial subset will be written as xl. As we will see, in order

|

to be able to perform an adiabatic expansion, we will need
to work with a Euclidean signature; we will thus first show
how the Euclideanization of our theory proceeds.

A. Stress-energy tensor in terms of the Euclidean
propagator
Since we have shown that all the relevant quantities
can be written in terms of Feynman’s propagator (24), we
begin by studying its alternative Euclidean expression. As a
first step, we can Fourier transform it in the directions
perpendicular to x*:

GF(XJ’)
[ dw dP2l
‘/ (2x) (2m)P2¢

Imposing the fact that the background field depends on just
the coordinate x°, the partially Fourier transformed propa-
gator G (usually called the reduced Green’s function)
should satisfy the equation’

iw(xo—yo)wLikH'(xH—yH)g(a),k” ;x3,y3).

(75)

2(43
o (x
(—a)2 + k12— (93)> + —(2 )> Glw,kl; %3, y?)
= =5(x3,y%). (76)
"We are setting A = 1 with respect to the previous sections. In

writing 93, we mean the partial derivative in the third direction of
the coordinate x.
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If we perform a rotation to FEuclidean space, i.e.,
wy — iwg, we obtain that the Euclidean propagator is a
solution of the following differential equation:

2(,3
(wé+k2—<ai>2+—" = ))g5<w5,k;x3,y3>

==5(x3,5%). (77)

To compute the propagator, instead of departing
from (16), we will use an equivalent expression
where a point splitting is kept until the end of the
computation:

(1)) = (3 0005 - )] - ot

do dP2kl
X/ () 2m)P2¢
X Im{g(a),kH;X3, y3)}|x=y- (78)
|

i (x0—y0) ikl - (xl =yl

) n) =22 [anr2 {1 (1-

H
+ 838% <a§a§ D=2
Sp—
in terms of the (n — 1)-sphere’s hyperarea,
27.[11/2
R N (82)
')
and the projection factor
n/Z
H, = [ dQ,_,cos’ 83

B. Adiabatic technique and planar inhomogeneities

Now that we have recast the relevant expressions in
terms of the Euclidean Green’s function, we need to
compute the latter. In general, the homogeneous version
of Eq. (77) will have two linearly independent solutions,
which we call f,,

(=0% + @*(x))f+(x) =0, (84)
with @?(x) = 0} + kI +@. One can use them to

construct the corresponding Green’s function as dictated
by the theory of Sturm-Liouville operators,

Keeping track of the Euclideanization also in the coor-
dinates, Eq. (78) becomes

dwop dP2kl
R e

1 2(43
X <§g”” [a)i-+k2+8§a§+0 &)

2

+ 3/’;E3/55> Gp(wp, k3, y)| oy (79)
in terms of the formal vectors
o, = (wg, ikl 53),
&%, = (~wop. -kl 3}). (80)

We can further simplify this expression, taking
into account that G must be invariant in the (D — 1)-
dimensional space (wg, kl); performing the corresponding
angular integration, we find the desired expression,

Hp_ 2) K2 8383 aZ(xB)
D-2 2
k”2> }gE(a)E7k;x37y3)|x:y? (81)
[
Ge(ls %) = 1 (3)F_(2),  (85)

[ -]

where [f,g] is the Wronskian'® between f and ¢; addi-
tionally, x3 (x1) is the greatest (smallest) of the two
numbers x> and x'3.

However, in practice, it is not possible to obtain the
functions f explicitly. The adiabatic approach is a way to
obtain their expansions in powers of the derivatives of 2.
In this framework, one begins by proposing the substitution

e:Ffde(x3)

fa() *Wv (86)

where W(x?) is the new unknown function. Then, one can
propose an expansion of W(x?) in the number of derivatives
and obtain its coefficients recursively. In Appendix C, we
show the first coefficients of this expansion.

We will focus on the case of an arbitrary background
field, apart from the fact that it is discontinuous only at two
planes. These two planes will be defined by the equations11

OWe are defining the Wronskian as usual, i.e.,
Fx)g (x) = f'(x)g(x).

AS said before, to simplify the notation, we will write z
instead of x3.

[f> gl(x) =
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z=a, b. A formalism has been developed in previous
works to deal with this problem [3,8]. In those articles, it
has been shown that f can be obtained by appropriately
gluing the solutions obtained in each single slab of space
where the background o2 is continuous. In short, we call

0i(z), z<a
05(z), a<z<b, (87)
2. > b

o*(z) =

so that the solutions to the homogeneous equation (84) with
o; as background are called e; ., i = 1, 2, 3; the global
solutions (with ¢ as background) are denoted as e,. We
provide more details in Appendix D.

C. Divergences of the two-point function

To simplify the discussion, we will choose the following
convention to fix the constants in the indefinite integrals
involved in the adiabatic expansion, cf. Eq. (86):
|

2 1
€3, + W,

c.
. — AAL 2 B_B,
Ge(kl;z) = c. @+t e
D, 2

Dy _1
c -t W,

At this point, the intuition tells us which are the divergent
terms that require renormalization: they will come from the
terms proportional to (in)_l because the remaining terms
are exponentially damped for large parallel momenta
(see the first coefficients of the adiabatic expansion in
Appendix C). However, some fortuitous cancellations of
|

1192 := polynomial([e; s €isl) =

e;f;wﬂ dz e:Ff;W,,zdz e:!:j:WG3dz
(88)

Of course, these arbitrary constants involved in the WKB
expansion will play no role in the Green’s function, given
that they will cancel out when dividing by the appropriate
Wronskians. However, if we consider the convention in
(88), the coefficients A., By, Cy, and D, defined in
Appendix D simplify, since then the Wronskians
le; .e;_|=1,i=1, 2, 3. In particular, employing (88),
it is immediate to express the Wronskian [e , e_]| (which as
in the Sturm-Liouville problems is constant) in terms of
different coefficients:

e,,e.]=C, =(B_A, —A_B,)=D_. (89)
Using this information, we may write the Euclidean
reduced Green’s function in the following form:

z>Db
+ & e Bl a<z<b. (90)
z<a

[
the exponential factors may take place at the surface of the
barrier as we will see later.

Before analyzing the divergences, it is better to extract
from the Wronskians the polynomial dependence in W, ;
operationally calling this action “polynomial,” we intro-
duce then the definition

2W, ()W, (2) (=52 W, (2) + 51 W, (2)) + W, (2), W, (2)]

gz]

In this way, the coefficients are simplified to

b
Ay = g}fg(b)efa Moo, B, -

A_ = —g37(a),

J AW, ()W, ()7 ; — o1)
g (b)e SV,
B_ - giy(a).
Cy - g{l_(a)g;;(b)eﬁ Ve 4 91_,2< g% 3 (b)e f Wor,
-~ ~g71(a)g35 (B)e™ S — g3 () g (@) M,
D, — —g;{(a)g;;(b)e JiWer - 935 (b)gi5(a)e” S We, ,
D_ — gr7(@)gii (el v 1 g3y (@)giz (b)) . (92)
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1. Renormalization

Now, let us study the divergences that must be renor-
malized; we will call them bulk divergences. Employing
the coefficients written in Eq. (92), in the region a < z < b,
one notices that

(B_LA, +A_B,) 1
C, 2W,,

:g;'l( )932(b> f 2+921(a)9;r;(b) —f”w(,z 1

_ bW 2W
931 (a)gs5 (b)e v 2 +gi5(a)gs; (b f R
1
~ . 93
o 93)

up to exponentially decreasing functions for large
momenta. This kind of contribution is already explicit
in the regions where z < a or z > b. An explicit compu-
tation in terms of the coefficients given in Appendix C
gives an expansion in inverse powers of the parallel
momenta,

|

11 6(2)? | =204(2)*=20:(2)0] (2) +304(2)*
2w, 2kl 8(kl)? 32kl
o (94)

This is enough to compute the bulk divergent terms of the

two-point function; indeed, upon integration over the k-
momentum variables, we obtain

o= [ L8
(27; D-ToW,

o’ (z)
D D—4 1672

A direct computation shows that this coincides with both the
SDWE adiabatic result in Eq. (17) and the perturbative one.

+ finite terms.  (95)

2. Discontinuity-induced divergences

For simplicity, we will consider just the region where
z > b;theremaining ones can be worked out in an analogous
way. The contribution for large parallel momentum reads

C ,  gi@as)e IV 4 g5 (b)gsi (@) e
€5, =
T g31(a)gi; (b) + g73(a)gs 3 (b zf Wo, 2W
03(b)* — 02(b)* | 062(b)c}(b) — o3(b)o
_{ 3(b1>6(k)§(b) —+ 2(17) Z(i)g(k)i(b) S(b)+32(;€> [ ( )03(Z> —Gg(b) U3(Z>2—62(b)2—|—0%(b)2
= 03(b)o3(b) + 63 (0)a3 (b) + 02(b)* = 63 (b)*] + -+ .}e-zf; Woy 4 ... (96)

The situation is now patent: the exponential decay is
guaranteed for any z # b; however, when z — b™, the
exponent vanishes and gives rise to divergences if the
inverse powers of kl of the expression in (96) are not
large enough. Of course, in D =4, the discontinuity-
induced divergences of (¢?),., involve only the (kl)=3
contribution; we have written also the higher-order
contributions that will be relevant in the analysis of the
SE tensor.

At this point, a direct computation shows the exact form
of the divergence,

/ dP-1kl [03(b)2 - Gz(b)z] o2zl
I>1

st (2m)P1 16(klh3
— _%if) (log(z — b) + 7/) + O(Z - b>7 (97)

where Ac?(y) denotes the jump of the background field
at y, i.e.,

Ac*(y) =’ (y*) = o> (y7). (98)

Computing the remaining contributions, one obtains a
result that coincides with the one obtained in Eq. (63).
Notice, however, that in this section our conclusion is not
restricted to a given power in o%. Then, one can conclude
that the only discontinuity-induced divergences present in

(?),en are all linear in o

D. Divergences of the stress-energy tensor

Taking into account Eq. (81), the divergences’ struc-
ture of the SE tensor can be analyzed in a manner
analogous to that for (¢?). The only difference is that
we addltlonally need an expansion for the product of
derivatives'? ¢’ (z)e’(z). The computation is straightfor-
ward, albeit lengthy; this can be appreciated already from
its structure:

“There are additional terms involving ultralocal factors that
vanish in dimensional regularization.
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c. (W (2)4+2W, (2)* 2 [*w,.d
e 3 8WJ3 (Zﬁ e ‘/;; ;42
W (2)>=4W, (2)*
+ 3(;I)/V <—)33(Z) : z>b
A_A, (W, (2)42W,, (2)*) —2f W,, (2)
C. 8W, ()
1 B_B, (Wi, (2)-2W,, (2)*)? Aol
[€+,€—]el+el_: B C++ 8W, () f ’ ’ (99)
W, (2)2—4W, (2)*
S Z(givnz o = a<z<b
Wi, (2)2=4W,, (2)*
8W, ()3
D, (W, (2)=2W,, (2)*)? 2
+z. 8W NG ) S i<a
1. Renormalization (T )WKB (" 4+ 836%3) 51 2(4(02)”+304)
Equation (81) contains several factors that are not D-4 3-2°(2x)
exponentially suppressed for large parallel momentum. + finite terms, (101)

The large-k| expansion of many of them has already been
derived in Sec. VIIC 1. The only new contribution of this

type, inherited from expression (99), can be expanded as which agrees with our perturbative computation, as well as

W (2)2—4W, (Z)4_ K1) o) with the adiabatic approach in the SDWE framework,

=7 cf. Eq. (20).
3W. (o) 2780
i —40}(2)* —40,(2)0] (z) +0i(2)* 2. Discontinuity-induced divergences
(k1) Boundary divergences arise as in the case of (¢?), i.e
4 (100) some exponentially decreasing factors that guarantee the
convergence of the integrals for large momenta may dis-
Summing all the contributions, in dimensional regulariza-  appear at the surface of the barrier. As an example, consider
tion, we obtain the following term from expression (99), for z > b:
C_(Wg,(2) +2W,,(2) —2fbw3dz
C+ 8W03( )
03(b)* —032(b)* | 02(b)oy(b) — o3(b)os(b) 1 2 2
= + + —0,(b)%05(2)? + 03(b)?03(2)* — 65(b)?
{287 e T CRACRRACRNCETD
+03(b)? = 02(b)o3 (b) + 03(b)o5 (b) + 02(b)* = 03(b)* + - -] }e_zﬁ ol o (102)

Although the exponent provides the necessary fast decay =~ where zy = a, b and we have defined the scalar function
for large k!, it happens only if z # b. Replacing in Eq. (81)

both the contributions analogous to (102) and the results of . 2(y) A((az)’)(y)
Sec. VIIC 2, we finally obtain H(x,y) = sign(x — y) [
(x=y?  (x=y)
s _ (1 3555) 03 +log(|y — x|)[-[A(6?) (y)]?
e A — sign(r = A (@) )] (104)
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In particular, if we restrict ourselves to the case of a barrier,
then we reobtain the results (67) and (68). The importance
of the expansion (103) resides in the following two facts: in
the worst case, divergences are of second order in powers of
62, so all of them can be studied by our perturbative
expressions in Sec. VI, and they are of local nature,
confirming that they will play no role in the computation

of Casimir forces.

VIII. CONCLUSIONS

We have employed a perturbative method, together with
dimensional regularization and adiabatic renormalization,
to prove master formulas for a scalar model in the realm of
generalized Lifshitz configurations.

First of all, we have provided a general (perturbative)
proof of the validity of the principle of virtual work,
showing that in the time-independent situation one can
indeed compute the Casimir force exerted on one body in
two different ways: either by considering the change in the
energy of the system after a virtual displacement of the
body or by computing the stresses acting on the latter,
cf. Eq. (46). The derivation is valid for arbitrary geometries
and to all orders in the perturbation.

A fundamental pillar that allowed the proof was the
conservation law that the energy-stress tensor satisfies not
only at the classical level but also at the level of renor-
malized VEVs in the semiclassical theory (quantum for the
¢ field and classical for the background one), as is
guaranteed by Eq. (21). This is a highly nontrivial point,
since in general the regularization and the renormalization
process may break classical laws at any point, introducing
the so-called quantum anomalies.

We have also provided master expressions for the nth
perturbative order VEVs of the two-point function and the
energy-stress tensor. In particular, we have shown that in
the static case only (¢)"~") is required in order to compute
the total energy of the system at order n. Given that the
complexity of the calculations increases with the order of
the perturbation and is greater for (7#*) than for (¢?), we
believe that such a formula will be extremely useful for
evaluating the vacuum energy in concrete examples.
Additionally, we have written explicit formulas for all
the relevant VEVs at first and second perturbative orders,
having computed the relevant form factors for planar
configurations.

With the help of those master formulas, we have
analyzed in detail the divergences that appear both in
(¢*) and (T*) as a consequence of discontinuities in a
planar background field, extending the results in
Refs. [3,7]. Our computations show that their functional
dependence on the background field is at most quadratic,
while they are local. These considerations have been
confirmed by an alternative WKB-type approach, proving
that they are not relevant in the computation of Casimir

forces. For the mathematically oriented reader, we have
also dedicated a section regarding their formal interpreta-
tion in terms of distribution.

It is important to mention that, contrary to the situation
when other renormalization prescriptions are employed as
in Ref. [17], we do not obtain a so-called pressure anomaly.
Moreover, we do not find the analog of the van der Waals
anomaly discussed in Ref. [10], which in our scalar model
would consist in a violation of the semiclassical conserva-
tion equation for the energy-stress tensor.

In spite of the obtained results, there are still many open
questions. The first one is related to the intrinsic character
of the background field in a given body and its surround-
ings and how they are affected by a displacement of the
body. Another interesting issue is whether our results
regarding the surface divergencies can be extended to
nonplanar geometries, either by considering the perturba-
tive or the WKB-type approach. These lines are currently
being studied.
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APPENDIX A: FIRST-ORDER STRESS-ENERGY
TENSOR AS A DISTRIBUTION

We have seen in Sec. VID that, when we consider the
first-order SE tensor for a barrier, we obtain a formally
divergent expression. However, that expression is well
defined as a distribution. As explained in Ref. [42] (see
also Ref. [43] for an introductory course), we can interpret
Eq. (64) as the Fourier transform of a distribution,

2 .
/dqle—iw(eiaql —elb) g, log (ql +21€>
u

—2F(a(q)))(a—x)~2Fla(g)|(b—x).  (AD)
where
= gl
alq) = q1 g(#). (A2)

To be more explicit, we may recast this expression in the
notation of Ref. [42] as
a(q) = g log(q.) — g-log(q-) — qlog(u), ~ (A3)

defining the distributions
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x4 = O(£x)|x[ . (A4)

Employing several identities that can be found in Ref. [42],
we end up with

Fshitov[@(x)] = —in(-2(log() + v — 1)d'(x)

+ 372 - 2x72), (AS5)

where both x=2 and x=2 are themselves distributions that are
defined by their actions on test functions ¢:

/ dxx2[¢

" dva () -

x) +¢(=x) —2¢(0)],  (A6)

$(0) +x¢'(0)0(1 - x)].
(A7)

0

The SE tensor can be readily obtained combining the
previous equations:

A )

x (§(a—z)=8(b-2z))
() 42— )
+(z=b)2=2(z—b)?}.

<Tﬂy>lgell)l -

(A8)

>(1> over a
MU ren
finite region, then using (A8), one obtains a finite number.

If one is interested just in mean values of (T

APPENDIX B: SECOND-ORDER
CONTRIBUTIONS IN (7**),.. FOR A BARRIER
AND DISTRIBUTIONS

In general, Eq. (57) involves regularized quadratic forms
as given by the definition of F5 in (56). The mathematical
theory has been extensively studied in Ref. [42]; in this
Appendix, we will follow a physicist approach, performing
a change of variables that converts the quadratic forms into
linear ones. We can define the transformation

(P1.p2) = (0192. 01 (41 — 92)). (B1)
|

. . . F
/dqldqzdi(ql Y O ACH

3

x log

L dp,
— :8/—p4logl—p
Fi) gy 0 P%(p%—l)[ 2(log (1= p2)

—2p3(log (1 = p)
+2py(log (1 = p,)

as well as its inverse, defining the functions A*(-,-):

(@0 =+ (Vi F o)

VPt D2
=th*(p1. pa). (B2)
Taking into account the map of the domains, we get
(qlv Q2)
H := / dg,dg -
ol - q2) —i€1](q192 + i€2)
o oo J(p1. p2)
= dp,dp - - B3
[%L]2lmerm+m> Y

for an arbitrary well-behaved function f(-,
additional definition

-), if we use the

f(p1.pa) = (B (p1. p2)) + f(h(p1. p2))l.

2(py + p2)
(B4)

Using the Sokhotski-Plemelj theorem to rewrite the (p; +
ie)(=1) factors, we may further simplify this expression. In
particular, if the contributions corresponding to integrals of
Dirac 6 vanish (as is the case for the barrier), then we get

d rid
H_)HPV,PV:A p1/ pz{f P1,P2)

- f(p1.—p2) +f(pz,p1) —f(=pa2.r1)}-
(B5)

For a barrier, it proves convenient to perform the rescalings
P> = p1p> and afterward p; — (1 £ p,)p;, depending on
whether the argument in f is 4p,. The integral in p, can
then be performed, and the remaining integral in p, is
convergent for x # a, b. The contributions that are diver-
gent at the surface of the barrier can be isolated. To sketch
the kind of computations involved for a barrier, consider the
following example:

—2log(py) +1log(py + 1))

—log(py +1))

—log(py +1)) —log (1 = py) —log (ps + 1)]

la — x||b — x| )
|b—x+ (x—a)pslla=x+(x=b)ps| )
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The divergence therefore arises either directly from a
log(|x — y|) term or from a term that renders the integrand
singular when x = y. Both of them can be easily handled,
and the sum over all the form factors results in Eq. (68).

APPENDIX C: ADIABATIC COEFFICIENTS

If we try to solve Eq. (84) by using Eq. (86) together with
the ansatz

W) = > W)

j=0

(C1)

where W; is a term of adiabatic order j, then we find that
the coefficients with odd j vanish. The first ones for even j
are given by

Wo(x) = w(x),
30/ (x)?  @(x
Walx) = 8a)((x))3 * 4a)((x))2’
o (x)  130"(x)> 297 (x)*
Walx) = 160(x)*  32w(x)° 128w(x)
50 (x)e' (x) 990 (x)?0"(x)
T e’ T e P

A, = e3.e2-](D) A —_ [es, 61.—}2‘1)

[62,+,€2,—](b)’ ler s er] a)’
_Aylesyiei](a) = Biler_ ey |(a)
e ferner (@ ’
B+[e1’+, ey_J(a) —Aley s, e1,+](a)
ferrer (@) S

D, =

Cc.=-

APPENDIX D: GREEN’S FUNCTION FOR
PLANAR GEOMETRIES

In this Appendix, we review the results of Ref. [8]. If we
have a discontinuous background field, we can obtain the
solutions to the inhomogeneous Eq. (77) by gluing together
the solutions to the inhomogeneous problem in each slab,
which we call e ;. As is customary, there will exist two
solutions; we will call them e, according to whether they
decay fast enough at +oo0. If we ask e, and their first
derivatives to be continuous at z = a, b, the expansion
reads as

es . z>b
e (z)=qAep, +Bes_, a<z<b, (D1)
Cieyy+Dye_, z<a
C_es,+D_es_, z>b
e_(z)=4qA_ey, +B_e,_, a<z<b, (D2
e, z<a
in terms of the coefficients
_ [e3. e21(b) _ er+. e1-](a)
leay ex](D)’ T [eayer)(a)’
A_les . e5](b) + B_[e_.e5_](D)
4. e3-](b) ’
_B_les.en |(b) +A[e51.e14](b) (D3)

[33,+’ es_|(b)

and the Wronskians [f, g](x) = f(x)¢'(x) — f'(x)g(x). The main difference with the results in Ref. [8] resides in the fact

that our Wronskians are the usual ones.
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