UNIVERSITYOF
BIRMINGHAM

iversit}/]ofBirmin am
esearch at Birmingham

Solving linear equations over maxmin-w systems
Mufid, Muhammad Syifa'ul; Patel, Ebrahim; Sergeev, Sergei

DOI:
10.1016/j.1aa.2023.10.012

License:
Creative Commons: Attribution-NonCommercial-NoDerivs (CC BY-NC-ND)

Document Version _
Peer reviewed version

Citation for published version (Harvard):
Mufid, MS, Patel, E & Sergeev, S 2023, 'Solving linear equations over maxmin-w systems', Linear Algebra and
its Applications. https://doi.org/10.1016/j.laa.2023.10.012

Link to publication on Research at Birmingham portal

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 04. Nov. 2023


https://doi.org/10.1016/j.laa.2023.10.012
https://doi.org/10.1016/j.laa.2023.10.012
https://birmingham.elsevierpure.com/en/publications/d7ec1af3-219e-4e79-8327-d9dcca2f10a2

Solving Linear Equations Over Maxmin-w Systems

“Muhammad Syifa'ul Mufid, *Ebrahim Patel, “Sergei Sergeev

@Department of Mathematics, Institut Teknologi Sepuluh Nopember, JI. Arif Rahman
Hakim, Surabaya, 60111, Indonesia
®The London Interdisciplinary School, Whitechapel Road, London, E1 1EW, United
Kingdom
¢School of Mathematics, University of Birmingham, Edgbaston, Birmingham, B15
2TT, United Kingdom

Abstract

Maxmin-w dynamical systems were previously introduced as an “all-in-one
package” that can yield a solely min-plus, a solely max-plus, or a max-min-
plus dynamical system by varying a parameter w € (0, 1]. With such systems
in mind, it is natural to introduce and consider maxmin-w linear systems of
equations of the type A ®, x = b. However, to our knowledge, such maxmin-
w linear systems have not been studied before and in this paper we present
an approach to solve them. We show that the problem can be simplified by
performing normalization and then generating a “canonical” matrix which
we call the principal order matrix. Instead of directly trying to find the
solutions, we search the possible solution indices which can be identified using
the principal order matrix and the parameter w. The fully active solutions
are then immediately obtained from these solution indices. With the fully
active solutions at hand, we then present the method to find other solutions
by applying a relaxation, i.e., increasing or decreasing some components of
fully active solutions. This approach can be seen as a generalization of an
approach that could be applied to solve max-plus or min-plus linear systems.
Our results also shed more light on an unusual feature of maxmin-w linear
systems, which, unlike in the usual linear algebra, can have a finite number
of solutions in the case where their solution is non-unique.
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1. Introduction

Discrete event systems (DES) are a class of dynamic systems in which
the change of state is governed by events [I, 4]. Typical DES applications
include manufacturing systems [10], railway networks [9], queues [14], and
urban traffic systems [6]. Since events in a DES occur in some order, there
is often a need for synchronization, which could mean, for example, that a
new event (or process) starts as soon as all preceding processes have fin-
ished. Mathematically, this type of synchronization corresponds to the op-
eration “maximization” on the earliest starting time of an event and, since
the finishing time of an event equals the starting time plus the duration, the
operation “addition” corresponds to the duration of events. This leads to a
description that is linear in the so-called max-plus algebra (today also called
tropical linear algebra).

A more specific motivation for solving max-plus problems comes from op-
erational applications such as the following job-scheduling task [5] [3]. Sup-
pose that products Py,..., P, are prepared using n machines (processors),
every machine contributing to the completion of each product by producing
a component. It is assumed that each machine can work for all products
simultaneously and that all these actions on a machine start as soon as the
machine starts to work. Let A(7,j) be the duration of the work of the jth
machine needed to complete the component for P; (i = 1,...,m;j = 1,...,n).
If this interaction is not required for some i and j then A(i, j) is set to —oc.
The matrix A = (A(4, 7)) is called the production matrix. Let us denote by
x; the starting time of the jth machine (j =1,...,n). Then all components
for P; (i =1,...,m) will be ready at time

max{z; + A(3,1),..., 2z, + A(i,n)}.

Hence if by, ..., b, are given completion times then the starting times have
to satisfy the following system of equations.

max(x; + A(i,1),..., 2, + A(i,n)) = b; for all i = 1,...,m.

Using max-plus algebra this system can be written in a compact form as a
system of linear equations:

ARxr=»> (1)

It is easy to decide if a system of the form (1)) is solvable [3] and, in the case of
solvability, to find a solution to this system. In fact, the isomorphism between



max-plus and min-plus algebra means that the same is true if we replace the
“maximum” with the “minimum” operator (and set A(i,j) = +oo when i
and j do not interact) [§].

In this example, the minimum operator corresponds to the dual type
of synchronization: when only the fastest machine(s) contribute towards the
completion of each product. In this paper, we consider the intermediate case:
what if completing only a proportion w of machines was required for making
a product? In this case, we will write the system equations in a similar form
as (1))

A®@,r=0 (2)

noting the new operator ®,, to indicate this new synchronization protocol,
whereby 0 < w < 1 such that [wn] = 1 corresponds to the min-plus system
and [wn]| = n yields the original max-plus system. It turns out that such a
system as is a mixture of maximum and minimum operators, that is, a
system of “max-min-plus” equations [I1]. We therefore call it the “maxmin-w
system”.

It is well-known that a max-plus system can be solved; see, e.g., [2]
for a comprehensive presentation. We use an approach similar to [2], thereby
extending those methods to a generalized linear max-min-plus system, specif-
ically the maxmin-w system.

For further context, the maxmin-w system was introduced as a model of
a network of processors such as those described above, where each processor
requires only a fraction w of machines to produce their component. When
seen as a classical network, whose nodes adopt some state, maxmin-w requires
that each node has knowledge of a fraction w of neighborhood states before
updating its own state [I1]. Moreover, knowledge of the neighborhood states
is not synchronous; A(7,j) € R is the time it takes for nodal state j to be
sent to node 7. Thus, A € R™" denotes the matrix of such transmission
times associated to a network of n nodes; in graph theoretical terms, this
matrix is a weighted adjacency matrix.

By construction, w > 0; otherwise, there is no transmission of informa-
tion, that is, nothing happens. We will, therefore, write “w = 0”7 to represent
the smallest value that w can take. When w = 0, we have a min-plus sys-
tem, whilst w = 1 yields max-plus dynamics; for w € (0, 1), the system is a
mixture, i.e., a max-min-plus system. The next section will introduce max-
plus and min-plus algebra more formally but, suffice it to say that, for the
motivating application thus far discussed, a min-plus system is one whose



nodes wait for the first neighborhood input before updating, whilst a max-
plus system requires all neighborhood inputs to arrive before a node updates
its state. The literature on such systems has primarily focused on the two
(min-plus and max-plus) extremes, as alluded to previously. Applications are
not as forthcoming for the intermediate case, but this should not preclude
the natural step towards addressing the gap. Thus, we proceed to consider
the case 0 < w < 1 as both a purely mathematical exercise as well as in
anticipation of applications to this effect.

The rest of this paper is structured as follows. Section 2 presents the basic
descriptions on max-plus and min-plus algebra and also maxmin-w operation.
The problem formulation and the preliminary results are also described in
this section. Section 3 discusses the problem when each column of the matrix
is distinct while Section 4 addresses the general case by considering the ex-
istence of duplicates in each column. The method presented in Sections 3-4
is to find the so-called “fully active” solution. Then, in Section 5, we discuss
the approach to find other solutions by applying “relaxation” i.e., increasing
or decreasing some components of each fully active solution. This section
also presents the discussion related to the number of solutions. Unlike the
classical linear equations in max-plus or min-plus algebra, it is possible that
the number of solutions is not unique but finite. Finally, we present the
concluding remarks and the direction for future work in Section 6.

2. Preliminaries

This section presents the notations, definitions and some basic results
which will be used in the next sections.

Throughout this paper, we always assume that m,n > 1 are integers and
define M :={1,...,m} and N := {1,...,n}. The tuple (a1, az,...,a,) with
n elements is a permutation of N if {ay,as,...,a,} = N. For each multiset
(i.e., a set with possible repetitions of elements) S, the notation |S| refers
to the cardinality (i.e., the number of elements) of S. For 0 < k < |S], we
define P(S, k) as the set of all k-(multi)subsets of S.

The notations € and Ry, stand for —oo and R U {e}, respectively. For
each a,b € R, we set

a®b=max{a,b} and a®b:=a+b. (3)

The so-called maz-plus algebra is a semiring (Ryax, ®, ®) with £ and 0 as the
zero and unit elements, respectively [I]. We denote R X" as the set of m xn

max
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matrices over max-plus algebra. Similarly, R  refers to the set of vectors
with m elements in max-plus algebra.

For a matrix A, the notation A(7, j) represents the entry of matrix A at i-
th row and j-th column. Furthermore, A(7,-) and A(-, j) are the i-th row and
j-th column of A, respectively. The operation (3)) can be extended to matrices
and vectors as in conventional linear algebra. For A, B € RX" C € R*P
and a € Ry,

[A@ B}(Zu?) = A(Zvj) D B(Zaj) = maX{A(i,j),B(i,j)},

[A4© Y, ) = D A, B) @ Ck, ) = max {AG, K) + C(k, 1)},

[a® Al(i,j) = o;® A(i,j) = a+ A(i, 7).

Min-plus algebra, the dual of max-plus algebra, is a semiring (R, @', ®’)
where Ry, := RU{{ := +o0},

a@® b:=min{a,b} and a ® b= a +b. (4)

The notations and operations with matrices in min-plus algebra are defined
similarly to those of max-plus algebra. Observe that a®'b = —((—a)®(—b)),

under the convention that —(4+00) = —00 € Ry and —(—00) = 400 €
IRmim

Given a multiset of real numbers S = {s1,8s,...,8,}, the marmin-w
operation

P. s (5)

yields the [wn]-th smallest element of S for 0 < w < 1. One can say that
is the generalisation for & and &’ operations. It is straightforward to see
that when [wn]| =1 (w &~ 0), operation (5)) corresponds to min-plus addition.
On the other hand, if [wn] =n (w = 1) then (B is a max-plus addition.

The following proposition shows that can be expressed as the combi-
nation of @ and @' operations.

Proposition 2.1 ([I1]). Given a multiset S C R with |S| = n and suppose

p = [wn], then
D.s5= D'{Dr (©)
)

PeP(S, p

- B {@'P} (7

PeP(S, n+l—p)

~—
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We call (6] and (7)) as the conjunctive normal form (CNF) and disjunctive
normal form (DNF) of maxmin-w operation. The forms (6)) and show
that the operator A®,, is a min-max function, i.e., it belongs to the class of
functions considered in [7, 8, 12} 13].

2.1. Linear Equations for Marmin-w Systems

Given a matrix A € R™*™ and b € R™, the corresponding linear equation
for the maxmin-w systems is a problem to find vectors x € R™ such that

Algebraically, due to Proposition 2.1], the above equation can be written
as a system of equations where maxmin-w operations are in CNF

@/ {@A(27])+$]} =b; fori e ]\/[7

PeP(N, p) \ jeP
or in DNF

@ {@/A(Z,])—i—x]}:bl for 1 € M.

PeP(N, n+l1-p) \jeP

Definition 2.2. The linear equation is called normalised if b = 0, where
0 is a vector whose all elements are 0.

Any linear equation (8)) can be normalised by defining a matrix A* where
A*(i,-) = —=b; @ A(i,-).

It is easy to see that A ®, z = b if and only if A* ®, x = 0. For the rest
of this paper, unless otherwise stated, we always consider that the linear
equation is normalised i.e., b = 0. The following proposition asserts a
trivial condition in which a normalised linear equation is not solvable.

Proposition 2.3. Given a normalised linear equation (8)). If there arei,j €
M such that A(i,-) > A(j,-), then is not solvable for any w.

Definition 2.4. Suppose we have a normalised linear equation . If each
column of A has distinct elements, then we call it column distinct; otherwise
it is column indistinct.



We define
S(A,w)={zeR"| A®, = =0} (9)

as the set of solutions for normalised system (). If z = [z1...2,]" € S(A,w),
then for each ¢ € M there exists at least one j € N such that A(7, j)+xz; = 0.
The corresponding A(3, j) is called as an “active element” of A w.r.t. = and
w. We call a solution x of as “fully active” if there is at least one active
element in each column of A.

We define a set of tuples corresponding to the active elements as follows

Z(A w,x) ={(i1,d2,...,0n) | A(ig, k) +x =0 for all k € N}.

It should be noted that we may have |Z(A,w,x)| > 1 because, for some
ir € M, we may have many distinct k& such that A(ix, k) + xx = 0. It is
also possible that |Z(A,w,z)| = 0; that is, only when z is not a fully active
solution. Finally, we define the set of “solution indices” for as follows

I(Aw = |J Z(Awu) (10)
z€S(Aw)
It is straightforward to see that |Z(A,w)| < |S(A,w)|. Furthermore, if
S(A,w) is not empty then so is Z(A,w).
The linear equation problem has been well studied for min-plus and max-
plus setups; that is, when w &~ 0 or w = 1 in (§). As discussed in [3], the

solvability of the problem can be determined from a principal (candidate)
solution & = [Z1 -+~ 7,|" defined!] by

7 = — P ALK (11)
and the sets My, ..., M, defined by
M, = {ieM]A(i,k):@w A(.,k)}. (12)

Proposition 2.5 ([3]). Given a normalised linear equation (8|) for w =~ 0 or
w = 1. Suppose T is defined by and M, ..., M, defined by . The
following statements are equivalent

n 3], only the max-plus case is formally considered. However, similar results can be
obtained in the min-plus case due to the isomorphism between the max-plus and min-plus
semirings.



(a) S(4,w) #0,
(b ) =€ S(A, )

C UMk

keN

Proposition 2.6 ([3]). Given a normalised linear equation for w = 0
or w = 1. Suppose T is defined by and My, ..., M, defined by .
S(A,w) = 7 if and only if

U M =M.
keN

(i) |J M;# M for any N'C N,N' # N.
keN'’

In Sections [3}f4], we will discuss the methods to solve (§)) for any w € (0, 1]
in which the matrices have only finite elements i.e., A € R™*". As expected,
the resulting technique coincides with the ones discussed in [3] for w =~ 0
(min-plus algebra) or w = 1 (max-plus algebra).

Note that in max-plus algebra it is easy to allow A and b to have —oo
entries (and in min-plus algebra, 400 entries can be similarly allowed). In
particular, if b; = —oo then all z; with A(i,j) € R have to be set to —oo
which effectively deletes all the corresponding columns of A and reduces
the system to one where b has finite entries only. Similarly, allowing A to
have —oo entries does not lead to any extra complications for the theory of
Az =0

In our case, allowing for both —oo and +oco entries seems to be natural,
but it is ambiguous in several ways. Firstly, it is unclear what the result of
—00 ® (+00) should be and this confusion (in our case) cannot be resolved
by defining two operations ® and ®' like in the minimax algebra of [5].
Secondly, in dynamical maxmin-w systems [I1], finite A(4,7) indicates that
there exists an input from node ¢ to node j, with some time lag expressed by
this coefficient. The absense of such input in the case of maxmin-w systems
cannot be modelled by setting A(, j) = —oo or A(i, j) = +00, but rather by
leaving an empty space in the place of A(i, 7).

Allowing infinite entries would also present a number of theoretical com-
plications. One can observe, in particular, that if some b; are infinite then,
when attempting to reduce the system to the case of finite b, one would have
to consider a number of special cases, which would then blow up with the
growth of dimension. Also, there is an ambiguity of whether or not to include

8



the infinite entries into computing the p-th smallest or the p-th largest term:
note that in [I1] the threshold w is used to determine the p-smallest finite
term of {A(i,1) + x1,..., A(i,n) + x,} for each i € M. If n; denotes the
number of finite elements at A(z, -), then to find the solution of (8]) we need
to consider p; = [wn;] for each i € M. Thus, the linear equation will be
non-uniform with respect to the number of finite elements in each row of A
and the theory described in the present paper will not apply.

Due to these complications and ambiguities, in the present paper we are
not going to allow A, x or b to have infinite entries and will leave it for
possible future research.

3. Column Distinct Cases

This section discusses the strategies to solve when A € R™*" is a
column distinct matrix. Instead of directly trying to find z € S(A,w), our
methods will look for the tuple (iy,...,i,) € Z(A,w). Notice that, such
a tuple corresponds to a fully active solution. Propositions provide
the conditions for such tuples while Proposition shows the uniqueness of
solution index for each fully active solution.

Proposition 3.1. Given a normalised where A € R™™ js a column
distinct matriz. If x € S(A,w) is a fully active, then |Z(A,w,x)| = 1. O

PROOF. Let us define a matrix C where C(, j) = A(i, j) +z; for i € M and
7 € N. Notice that, the active elements of A w.r.t. = and w corresponds to

the zeros of C. Since A is column distinct, there is exactly one zero element
in each column of C. Hence, |Z(A,w,z)| = 1. O

Proposition 3.2. Consider a normalised system where A € R™™ is a
column distinct matriz and suppose that a matriz B is generated by modifying
a single element of A (say A(k,1)). If the ordering of elements for A(-,1) and
B(-,1) is the same, then T(A,w) = Z(B,w) for each w € (0, 1].

PROOF. We only provide the proof for Z(A,w) C Z(B,w). The proof for the
relation Z(B,w) C Z(A,w) can be written similarly.

Suppose that (i1,...,4,) € Z(A,w). Then, there exists a vector z =
(21 -+ 2,)" € S(A,w) such that x; = —A(i;, j) for j € N. Let us define two
matrices Cy, Cy where C1(7,7) = A(4,5) + x; and Cy(4,j) = B(i,j) + z; for
i € M and j € N. Indeed, observe that the ordering of Cy(+,1) and Cy(+,1) is

9



also the same. Notice that for each 7« € N there is at least one zero element
in (1, -). Furthermore, there are at most p — 1 negative values and at most
n — p positive values in C}(i,-) for any i, where p = [wn]. Since matrices
A and B only differ at the k-th row, we only need to consider C(k,-) and
Cy(k,-). We have two possible cases: i; # k and i, = k.

The first case happens when A(k,[) is not active element. Furthermore,
Ci(k,1) and Cy(k,l) have the same sign (either both positive or both nega-
tive), since the ordering of Ci(-,1) and Cy(-,1) is the same and 0 occurs in
both columns in the same positions. Consequently, the number of positive
(resp. negative) elements at Cy(k,-) is at most p — 1 (resp. n — p), respec-
tively. Thus, z € S(B,w) and (iy,...,4,) € Z(B,w). For the second case,
we have C(i;,1) = 0 but Cy(i;,[) # 0. In this case, it can be seen that the
vector y = [y; -+ y,] where

vi= _B(Zlal) 1fj = la
satisfies B ®,, y = 0 and (i1,...,4,) € Z(B,w). O

Assuming A € R™ " we define matrix A as follows: for each j € N
Ali,j) = kit @xA(]) = Ali, j), (13)

where k € M. For further reference, we call A the principal order matriz
associated with A. Notice that, A(i,j) = k implies that A(i, ) is the k-
smallest element of A(:,j). Furthermore, since the elements of A(-,7) are
distinct we have

{A(1,5),A(2,7),...,A(n,j)} = N.

We observe that replacing A by the associated principal order matrix does
not change the set of solution indices for (§)). Furthermore, it allows to add
an additional necessary condition for such solution indices.

Proposition 3.3. For a normalised where A € R™ "™ is a column distinct
matriz, we have T(A,w) =Z(A,w) for all w € (0,1].

PROOF. Notice that, the order of the elements at A(-,1) is the same as that
of A(-,1) for [ € N. Moreover, A can be generated first by adding a big
enough constant to A and then by lowering of entries in each column in the

10



order of their ascendance, which can be interpreted as the ‘composition’ of
modifications (at most n? times) of matrix A mentioned in Proposition [3.2]
As a result, the set of solution indices remains the same. 0]

Proposition 3.4. For a normalised where A € R™ " is a column distinct

matriz, if a tuple (iq,...,1,) € Z(A,w) then the following conditions hold
(1) {?:l,iz, e ;Zn} - M,

(il) mp < Z A(ip, k) < mp+n —m, where p = [wn].
kEN

PROOF. Suppose (iy,...,i,) € Z(A,w) and z = [1; -+ z,]" € S(A,w) is
the corresponding fully active solution such that x), = —A(iy, k) for k € N.
(i) The first condition follows from the fact that, for each i € M there must
be at least one active elements w.r.t x and w in A(i, -).

(ii) Let us define a matrix C' where C(i,j) = A(i,j) + z; fori € M,j € N.
Notice that, there are at most p — 1 negative elements in each row of C.

Furthermore, there are exactly —zy — 1 = A(iy, k) — 1 negative elements in
the k-th column of C'. Hence, we obtain

> (Alin, k) = 1) <m(p—1).

keN

On the other hand, there are at most n — p positive element in each row
C' and exactly m + xx = m — A(ix, k) positive elements in the k-column of
C'. These conditions implies that

> (m — A(ig, k) < m(n —p).

keN

By simple algebraic manipulations with the above inequalities, one can obtain

the desired lower and upper bounds for ), _\ A(i, k). O

Proposition [3.4] is important since it gives a number of candidates for
solution indices. We further provide the conditions for such indices when
m >n and m = n.

Corollary 3.5. Suppose we have a normalised where A € R™™ s a
column distinct matriz. If m > n then Z(A,w) = S(A,w) = 0.

11



PRroOF. The non-solvable conditior_l when m > n is due to the fact the
lower and upper bounds for ), A(ix, k) given by Proposition are not
consistent. O

Corollary 3.6. Suppose we have a normalised where A € R™" s a
column distinct matriz. If m = n then the following conditions hold

(i) if (i1,...,in) € I(A,w) then Y,y Alig, k) = [wn|n,
(ii) each (i1,...,i,) € Z(A,w) is a permutation of N,
(111) all solutions v € S(A,w) are fully active,
() |S(A,w)| = |Z(A,w)]| for each w € (0,1].
PROOF. (i) Direct result of Proposition [3.4 when m = n.

(ii) Suppose that (i1,...,7,) € Z(A,w) and & € S(A,w) such that z; =
—A(iy, k) for each k € N. Since A is column distinct and m = n, there
is exactly one active element w.r.t. x in each row of A. Consequently,
i1,...,%, must be distinct.

(iii) Suppose that z € S(A,w). Since A is column distinct, in each column
of A there is at most one active element w.r.t. . The condition m = n
enforces that all columns of A to contain one active element.

(iv) By part (i) and (iii), for each z € S(A,w) we have |Z(A,w,z)| = 1.
This condition implies that there is one-to-one correspondence between

S(A,w) and Z(A,w). O

As we are going to see in examples (for square and non-square cases)
below, it often happens that has several solutions stemming from these
“candidates”. Recall that, the case when [wn]| = 1 and [wn] = n correspond
to the max-plus and min-plus linear equations, respectively.

Example 3.7. Suppose we have a normalised linear equation where
113
d — =, =, 1.
an w6{4,2,4, }

12

5 5 =2
A=12 4 6
6 -1 7

N — W



We will find the solutions of for each w. The principal order matriz is

A:

W = N

3
2
1

W N =
N — W

By PropOSition if (i1,19,143,14) € Z(A,w) then

4
{ir, g, 3,04} = {1,2,3} and 120 <Y " A(i;,j) < 12w+1. (14)

J=1

(i) Forw = %, the only tuple satisfying is (2,3,1,2) which corresponds

to a vector = [-1 —1 —1 —1]". One could check that A® & =
0. Consequently, we have I(A,3) = I(fl,}l) = {(2,3,1,2)} which
implies that [-2 1 2 —1}T € S(A, ). Notice that, in terms of min-
plus algebra, all conditions of Proposition |2.5 are satisfied, because the
tuple (2,3,1,2) indicates where the column minima of A are attained
ensuring that every row has column minima in it.

For w =1, there are 9 tuples satisfying (14)), namely,
2

( Y 7173)7<
1,1), (

1,2 3,2,3),(2,1,1,3),(2,2,1,3),
(2,3,1,1), 2,1,2 1,2

71 )
) )7(3737 9 )7

which respectively corresponds a vector

Y

—9] =21 [=2] =17 [=1] [=1] [=17 [-3] [-3
. ol =1 [=1] |=3] |=2| [=1] |=1| |=2] |=1
TEY =1l | =2 [=2" | =1 [=1]" |=1] |=2|" |=1] | =1

ol =1 |=2| |=2| |=2| [=3] |=3| |-1] |-1

One could check that only the last four vectors satisfy A ®1 & = O.
Hence, from the same tuples, one can obtain the set of fulzly active
solutions © € S(A, %), namely,

—2] [-2] [-6] [-6
1 1| |-4] |1
2 |7 |-6]"]2]"]2
-3 |-3| |-1] |-1

13



(iii) For w = %, there are 12 tuples satisfying (14)), namely

(1,1,2,3),(1,1,3,2), (1 1), (1 2,1
(37 172 2)7(37172’3)’(37 b 72)’(37 b 71)’(3’2

9

However, only the last three vectors which belongs to Z(A, %) From the

same tuples, one can obtain the set of fully active solutions x € S(A, %),

namely
—6 —6 —6
—4 —4 1
2 17|-6]" -6
-3 -3 -3

(iv) Forw =1, there is only one tuple that satisfies the inequalities of
namely (3,1,3,1). However, since {iy,...,i4} # {1,2,3} we obtain
that T(A,1) = Z(A,1) = S(A,1) = (). Note that, in terms of max-plus
algebra, we have thus found that condition (c) of Pmposz'tz’on does
not hold in this case.

Example 3.8. Suppose we have a normalised linear equation where
4 7 2 1 92
A=15 2 5| andw € 5,3,1 )
8 3 1
We will find the solutions of for each w. The principal order matriz is

A=

W N =
N — W
— W DN

(i) For w = %, the only candidate for a solution index is (1,2,3) which
corresponds to a vector T = [—1 -1 —1]T. One could check that
A ®1 T = 0. Consequently, we have I(A,3) = Z(A, ) = {(1,2,3)}
which implies S(A, 3) = {[-4 —2 —I]T}.

(ii) For w = 1, the only candidate for a solution index is (3,1,2) which
corresponds to a vector T = [—3 -3 —3}T. One could check that
A®z = 0. Consequently, we have Z(A,1) = ZT(A,1) = {(3,1,2)}
which implies S(A,1) = {[-8 —7 —S]T}.

14



= 3, we have four candidates of solution indices, i.e., (1,3,2),
(2,1,3),(2,3,1),(3,2,1). They correspond to vectors

17 [-2] [-2] [-3
zel |-2|.|-2].|-3]|.|-1
=30 [=2| [-1| |-2

One can check that all above vectors satisfy A ®: T = 0. Hence, we
have (A, 2) = Z(A, 3) = {(1,3,2),(2,1,3),(3,1,2),(3,2,1)} and

—4] [-5] [-5] [-8
S(A2) = [=3]|,|=3|.|-7|.|-2
5| |=2| |-1| |-2

The linear equation A ®, x = 0 is thus solvable for all possible w. Note that
for w = %, the number of solutions is more than 1 but finite.

Remark 3.9. The previous example shows that A®,, x = 0 can have a finite
number of different solutions. This shows that for general w the solution set
to this equation can be disconnected in the topological sense. This is in
contrast with solution sets of A ® r = b in max-plus or min-plus algebras,
which are not only connected but also tropically convex (with respect to the
convexities induced by max-plus and min-plus segments, respectively).

Corollary 3.10. Consider a normalized system where A € R™" is a
column distinct matriz. If [wn] € {1,n}, then |S(A,w)| € {0,1}. Moreover,
if n =3 and |S(A,w)| =1 for [wn] € {1,3}, then |S(A,w)| =4 for [wn] =
2.

PrOOF. By Proposition , if (iy,...,1,) € Z(A,w) then A(iy,1) + ... +
A(in,n) = [wn]n . For [wn] € {1,n}, there is only one possibility for such
tuple i.e., when A(iy, k) = [wn] for k € N. Furthermore, Corollary [3.6(ii)
asserts that |Z(A,w)| = 1 if and only if (i1,...,i,) is a permutation of N.
Hence, |Z(A,w)| € {0,1}. Finally, Proposition and Corollary [3.6](iv)
implies that |Z(A4,w)| = |Z(4,w)| = |S(A,w)|, which completes the proof.
Notice that, for n = 3 and when |S(A,w)| = 1 for [3w]| € {1,3}, the
elements at each row of A are distinct. Example demonstrates that, for
such A, |Z(A,w)| = |Z(A,w)| = |S(A,w)| = 4 when [3w] = 2. Notice that,

if one permute the rows or columns of A, the number of solutions for each w
remains the same. O

15



4. General Case

This section presents the approach to solve (§) when A is not necessarily
column distinct i.e., there are may be duplicates on several columns of A.
Inspired by the method described in Section [3| we develop a technique to
solve by first finding a tuple (iy,...,%,) which belongs to Z(A,w).

To allow for the the possibility of equal entries in the columns, the gen-
eration of the principal order matrix A has to be slightly different. Suppose
now col; is the set of elements at the j-th column of A after removing the
duphcatesﬂ Furthermore, for a matrix A and r € R, we define idx;(A,r) as
the set of indices where r appears at A(-, ). In other words,

idx;(A,r) ={ie M | A(i,j) =r}. (15)

The principal order matrix from a non-column distinct matrix A is generated
as follows

k—1
A(i,j) =1+ ; lidx; (A, @Wcolj)] if @Tkljlcolj = A(i,5), (16)
for 1 <k <|colj|,i € M and j € N. Intuitively, if A(4, j) is the k-th smallest
element at col;, then A(i,j) — 1 corresponds to the sum of the number of
appearances for other elements in col; which are smaller than A(i, j). Notice
that, since A is not column distinct in general, neither is A. Suppose now f;
denotes the largest number of appearances of elements at A(-, j); that is

f; = max{|idx; (A, 1), |idx; (A, 2)|,. .., |idx;(A,m)|}. (17)

It is evident that f1 + ...+ f, > n. The following proposition presents a
necessary condition for a tuple (iy,...,4,) to belong to Z(A,w).

Proposition 4.1. For a normalized system with A € R™™ if (iy,...,i,) €

Z(A,w) then the following conditions hold:
(i) idxi(A, A(1,1)) U... Uidx,(A, A(in,n)) = M,

(i) mp+n—f < A(i;, 1)+ ...+ A(in,n) < mp+n—m, where p = [wn]
and f=fi+ ...+ fa.

2For instance, if A(-,j) =[4 5 5]" then col; = {4,5}.
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PROOF. (i) The proof for the first part can be done similarly as in Proposi-
tion 3.4
(i) Suppose that (iy,...,4,) € Z(A,w) and & = [z; -+ 1,]" € S(A,w)
such that x; = —A(ig, k) for K € N. Let us define a matrix C' where
C(i,j) = A(i,j) + zj for i € M and j € N. Notice that, the number of
zeros at C'is equal to dy(A4, A(iy, 1)) + ... + du(A, A(in,n)). Hence, several
columns and rows of C' may have multiple zeros. Since @ C(i,-) = 0 for all
1 € M, there are at most p — 1 negative elements and at most n — p positive
elements at C'(7,-). In total, there are at most m(p — 1) negative elements
and m(n — p) positive elements at C.

On the other hand, at the k-column of C, there are exactly —xp — 1 =
A(ir, k) — 1 negative elements. Consequently,

> A(ig, k) —n < m(p—1)

which yields ), v A(ix, k) < mp +n —m. Similarly, at the k-column of C,
there are exactly )
m — A(ik, k) — gr + 1

positive elements where gj, is the number of appearance of A(ig, k) at A(-, k)
i.e., gr = |idx,(A, A(ig, k))|. Hence,

> (m = A(ix, k) — gx +1) < m(n — p)

which yields », . A(k,jx) > mp +n — gi. Furthermore, since g, < f;, for

k € N, we have
ZA(k;,jk) Zmp—l—n—ka.
keN keN

This completes the proof. O

Unlike the column distinct cases, the condition that the number of rows
is greater than that of columns does not necessarily imply that the problem
is not solvable. Instead, the magnitude of the sum of f; defined in ([L7)
may lead to the unsolvability. Furthermore, unlike in column distinct case,
1 <|S(A,w)| < +00 may happen even when the matrix is not square.

Corollary 4.2. Suppose we have a normalized with A € R™". If m >
fit ...+ fathen (A w)=8S(A w)=0.
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Corollary 4.3. Suppose we have a normalized with A € R™". If m =
fi+ ...+ fn then the following conditions hold

(i) if (i1, ..., 1) € Z(A,w) then Yy Alig, k) = [wn]m +n —m;
(i1) if (i1,...,in) € Z(A,w) then iy, ..., i, are distinct elements;
(111) all solutions © € S(A,w) are fully active;
(v) |S(A,w)| = |Z(A,w)| for each w € (0,1].

PROOF. The proofs are similar to those of Corollary [3.6] It is important to
note that, for a fully active solution x, if m = f; + ... + f, then there is
exactly one active element w.r.t w and z at each row of A. O

Remark 4.4. One can see that, 15 the generalisation of ; that is,
if A is distinct-column, then |col;| = n and |idx;(A, @Hﬁcoh” =1 for
col;

each © € N. Following this, Proposition 1 also the jenemlisation of
Proposition [3.4] due to the fact that if A is column distinct, then f; = fo =
o= fo=1. O

Example 4.5. Suppose we have a normalised linear equation where

1 2
dweqs, 5, 1.
and w {3 3 }

We will find the fully active solutions of for each w. Notice that, A =
A. Furthermore, fi = 2,fo = fs = 1L andm = fi + fa+ f3 = 4. By
Proposition 3.4, if (i1,4a,13) € Z(A,w) then

idX1 (A, A(il, ].)) U idXQ(A, A(ig, 2)) U ing(A, A(i3, 3)) == {1, 2, 3, 4}

=~ W
W = N
— W N

and A(il, ].) + A(ig, 2) + A(i37 3) = 12w — 1.

i) For w = L, the only tuples satisfying the constraints are (1,3,4) and
3
(2,3,4), which correspond to the same vector vector x = [-1 —1 —1]T.
One can check that A ® £ = 0. Consequently, we have I(A,%) =
{(1,3,4),(2,3,4)} which implies that S(A,3) ={[-1 -1 —1]T}.
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(i) Forw € {2,1}, there is no tuple that satisfies the requirements. There-
fore, Z(A,w) = S(A,w) = 0.

Example 4.6. Suppose we have a normalised system for

-3 2 6 9
A=|[-3 4 3 andw:§.
5 40

The principal-order matrix for A is

A:

W~
DN DN =
— N W

Furthermore, from A, we obtain fi = fo =2 and f3 = 1. By Proposition
if (i1,42,13) € Z(A, 3) then

iXm(A, A(il, 1)) U ing(A, A(ig, 2)) U idX3<A, A(ig, 3)) = {1, 2, 3}

and 4 < A(iy,1) + A(i,2) + A(i3,3) < 6. Since A(1,1) = A(2,1) and

A(2,2) = A(3,2), we can restrict iy # 2 and iz # 3. Without providing the
details, the are 4 tuples satisfying the constraints:

(1,2,1),(1,2,2),(1,2,3),(3,1,2),

which respectively corresponds to vectors

11 [-1] [-1] [-3
zel [=2|,|-2],|-2|,|-1
=3 |-2| |-1]| |-2

All above vectors satisfy A ®:2 T = 0. Hence, from the same tuples, we have
found four fully active solutions for A ®zx = 0

3 3 37 [-5 5
re =44 (4| -2] S84 ).
—6| |-3] o] |-3

19



5. Relaxations

Propositions 3.4 and [4.1)describe the steps to find the fully active solutions
for (8), which are emulated in Examples and . We recall that, for
[wn] = n (max-plus case), if the principal vector Z is a solution for
then it is the greatest solution [2]: if x is also a solution, then z < Z.
Likewise, for [wn] = 1 (min-plus case), such principal vector is the least
solution. Inspired by those, we provide procedures to generate other solutions
for by applying “relaxation” to a fully active solution z, i.e., increasing
or decreasing some elements of . Such modification may produce another
fully active solution or even non fully active one. Note that for general w
we need to consider the possibility that some of the components of x are
increased and some of the components of z are decreased, which motivates
the following definition.

Consider subsets @, R C N with Q N R = (). We say that a fully active
solution x admits (@, R)-relaxation, if there exists an € > 0 such that every
&= [T -+ &,)", where x; —e < &; < xj for j € Q, v + € > 3y > xy, for
k€ R,and 2, = z; for | € N\(QU R).

Suppose C' is a matrix whose entries are C(i,j) = A(i,j) + x;, for all
1 € M and j € N. Let us also introduce the following notations

for © € M. Furthermore, we denote by ¢; the number of negative elements
in the ¢-th row of C' and by r; the number of positive elements in the same
row. As before, we have p = [wn].

Proposition 5.1. Let Q,R C N be such that Q N R = 0. Suppose v =
[y <+ )" is a fully active solution for normalised linear equation and
C is a matriz defined as C(i,7) = A(i,j) + z;. Then x admits (Q, R)-
relaxation if and only if the following two conditions hold for all i € M :

(i) 1Qil <p—1—gq,

(1) |[Ri| <n—p—r;
PrOOF. Conditions (i) and (ii) are sufficient to ensure that, after decreasing

the components in ) and increasing the components in R and modifying
matrix C' accordingly,
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(i) there are less than p negative elements in C'(, -) (using the first condi-
tion of the theorem),

(ii) there are no more than n — p positive elements in C(i,-) (using the
second condition of the theorem).

Also observing that by choosing small enough € the signs of all nonzero entries
of C remain unchanged, we obtain that the p-th smallest element is 0 in each
row of the (modified) matrix C, thus A ®, & = 0.

The conditions are also necessary. Indeed, if the first one does not hold,
then in some row there are more than p— 1 negative elements in the modified
matrix C' implying that the p-th smallest element in that row of C' becomes
negative, a contradiction. Similarly, if the second condition does not hold,
then the p-th smallest element becomes positive in one of the rows of C'. [

Observe that if we add up the inequalities in conditions (i) and (ii) of
Proposition [5.1], then we obtain |Q;] + |R;| < n — ¢; — r; — 1, which is the
same as

|Qil + [Ril <5 = 1. (19)

In words, we obtain a natural condition that at least one zero should remain
in each row of C after a relaxation.

Important special cases of (@, R)-relaxations appear when @ = ) (thus we
increase a number of components simultaneously) and R = ) (so we decrease
a number of components simultaneously). Further if @ = (), R = {j} and z
admits such (Q, R)-relaxation then j is called increasable with respect to .
Similarly if @ = {j}, R = () and x admits such (Q, R)-relaxation then j is
called decreasable with respect to x. We then have two important corollaries
of Proposition [5.1

Corollary 5.2. An index j € N is decreasable with respect to a fully active
solution x if and only if the following conditions hold: for each i € N such
that C(i,7) =0

(i) there are at least two zero elements at C(i,-),
(ii) ¢ <p—2.

ProoF. We need to show that the conditions of the present claim are equiv-
alent to the conditions of Proposition [5.1] for the special case which is con-
sidered.
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The first condition of the present claim can be expressed as n—r; —q; > 2.
So for each ¢ with C'(i,j) =0 we have n —r; —¢; > 2 and ¢; < p — 2. It is
easy to see that both of these inequalities are implied by n —p —r; > 0 and
p—1—¢; > 1is obtained from the first condition of Proposition [5.1} On the
other hand, p — 1 — ¢; > 1 is the same as ¢; < p— 2, whilen —p—1r; > 0
follows since z is a solution. 0

Corollary 5.3. An index j € N is increasable with respect to a fully active
solution x if and only if the following conditions hold: for each i € N such
that C(i,7) =0

(i) there are at least two zero elements in C(i,-),
(i) ; <n—p-—1

PRrROOF. The first condition of the present claim can be expressed as n—1r; —
¢; > 2. So for each i with C(i,j) = 0 we have n—r;—¢; > 2 and r; < n—p—1.
It is easy to see that both of these inequalities are implied by p — 1 —¢; > 0
and n —p —r; > 1 obtained from the second condition of Proposition [5.1]
On the other hand, n — p — r; > 1 is the same as r; < n — p — 1, while
p—1—¢q; > 0 follows since z is a fully active solution. O

Note that the above results do not describe by how much z; can be
increased or decreased. By taking the largest increment and decrement for z;,
we then express the “possibly relaxed solutions” w.r.t a fully active solution
x as a vector of intervals

[1’1 + (51, I + 61]

o + 09, 2o +
rel(z) = 72 2: 2+ el ; (20)

[T + Op, T, + €3]

where §; < 0 and €¢; > 0 for j € N. Indeed, if j is neither increasable nor
decreasable, then ; = ¢; = 0. In some cases, it is possible that there are
multiple increasable or decreasable indices but the corresponding variables
cannot be modified at the same time. Hence, the set of relaxed solutions in
general is not the same as (20, and we also define Rel(z) as the set of all
possible relaxed solutions w.r.t. x.

In the next corollary we observe some limitations on the possibilities to
increase or decrease the components of a fully active solution in certain cases
of p = [wn].
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Corollary 5.4. Consider a normalized system where A € R™ " and let
x be a fully active solution of . Then

(i) if p =1, then there are no decreasable indices j € N;

(i1) if p = 2 and if there are different decreasable indices j and k such
that C(i,j) = C(i,k) = 0 for some i € N, then the corresponding
components of x cannot be decreased together;

(ii) if p = n, then there are no increasable indices j € N;

() if p=mn—1 and if there are different increasable indices j and k such
that C(i,j) = C(i,k) = 0 for some i € N, then the corresponding
components of x cannot be increased together.

PROOF. (i) As p = 1, it is straightforward to see that there is no negative
element at each row of C' (where C'is defined as before by C(i, j) = A(1, j)+x;
for i € M and j € N). Hence, the second condition on Corollary is not
satisfied. This implies that there are no decreasable indices.

(ii) Now suppose that [wn] = 2. By Corollary if j is a decreasable index
and 4 is such that C'(4,j) = 0, then there is no negative element in C(i,-).
Hence, one can only decrease [wn| —1 = 1 components of x at once.

(iii) Similar to (i) (using Corollary [5.3).

(iv) Similar to (ii) (using Corollary [.3)). O

In the case of column distinct matrices, when m = n, we have already
seen that no relaxation is possible.

Corollary 5.5. Consider a normalized system where A € R™™ s a
column distinct matriz and suppose that A is the corresponding principal-
order matriz for A. If m = n, then for each w and the corresponding fully
active solutions x € S(A,w) all indices j € N are neither decreasable nor
increasable. Consequently, |S(A,w)| is finite for each w.

Proor. This is a direct consequence of Corollary , part (iv). 0J

Examplebelow demonstrates the steps to find other solutions of (&) by
applying relaxation when the matrix is column distinct. It should be noted
that these relaxation steps still work for general case when the matrix is not
necessarily column distinct. For the general case we also present Example
below.

23



Example 5.6. Consider the linear equation in Example[3.7 We will demon-
strate the steps to obtain solutions that are not fully active by applying relaz-

ation

(1)

Forw = %, the only fully active solution is x = [-2 12 —1]". Applying
Corollary [5.3, we find that increasable indices are 1 and 4, with ¢ =
€4 = +00. However, x1 and x4 cannot be increased at the same time
(since the second row of a matriz C defined as C(i,j) = A(i,j) + ;
has two positive elements already). It can be checked that

[—2, +OO] [_27 _2]
1 [1,1] [1,1]
S(A, Z_L> = Rel(z) = 2,2] Y [2,2]
[—1,-1] [—1, +0o0]

For w =1, suppose we take v = [-212 =3]",y=[-21 -6 —3]"
and 01,02 deﬁned as Cl@?]) = A(Zvj) + Zy, 02(?’7]) = A(Z>j) + Yj;-:

36 0 0 3 6 =8 0
C;=105 8 =2(,Cy,=|0 5 0 =2].
4 09 -1 4 0 4 -1

Based on Cy and applying Corollary[5.3 and Corollary[5.9, for x, one
can only decrease the value for x3 and x4, but not simultaneously (ap-
plying Proposition . The biggest decrement for xs is |03] = 8: if
03 < —8 then there will be two negative elements on second column of
Cy. For x4, the largest decrement is |04] = +o0.

On the other hand, based on Cy, both y; and ys can be increased (again,
not simultaneously since the second row of Cy has one positive element).
The corresponding biggest increments are e, = 400 and €3 = 8. As a
result, we have

[[—2, 2] [—2,—2] [—2, +o0] [—2, —2]
1, 1] 1, 1] [1,1] [1,1]

Rel(z)= -6,2] U 2.2] ,Rel(y) = 6. —6] U -6,2]

_[_37 _3]_ _[_007 _3]_ [_37 _3] [_37 _3]
Similarly, for v and w the resulting relaxation sets are

e e B W e
Rel(v) = 2, ’2] U 2, ’2] , Rel(w) = [2: 2] U 2, ’2]

[[=1,=1]] [[-1,+o0]] [—1,—1] [—1,—1]
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where v = [—6 —4 2 —1]T and w = [—6 1 2 —1}T. Notice that,
Rel(z) NRel(y) # 0 and Rel(v) NRel(w) # 0. Furthermore, the set of
solutions S(A, %) can be expressed as the union of siz sets

(-2, —2]] [[-2,-2]] [[-2,+oq]]
1 [1,1] [1,1] [1,1]
ST sy (Y] R [V e-g |
_[_37 _3]_ _[—OO, _3]_ L [_3’ _3] |
[[—6, 6] [ [-6,—6] ] [[—o00, —6]]
40| ] ] I
2,2] 2,2] 2,2]
_[_17_1]_ _[_1:+OO]_ _[_1’_1] |

(iii) Without providing the details, for w = %, the resulting relaxation sets

[—6,—6] [—6, —6] —6,-6]]  [[—6,—6]
= oz || el | R= oy Y | ool
[=3.-3]]  [[~o0. 3] -3.-3]] [[-3.-3
IR
Rel(r)= [—6:—6] U [—6,’—6]
—3,-3] -3, -3]

where p = [—6 —4 2 —3}T,q = [—6 1 —6 —B}T, and
r=[-6 —4 —6 —S}T. The solution set S(A,3) can be expressed
as the union of four sets

R W
SAD= e |V 22 |V 66" 6 6l
[—3, —3] [—o0, —3] [—3, —3] [—3,—3]

Example 5.7. Let us reconsider the normalised system in Ezample [{.0,
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Without giving the the details, the relazed solution for each x is

[ 3] [ 3, +00] 3, 3] 3
Rel | |—4| | = [[-4,—4]| U |[[-4,-4]|, Rel| |-4| | = |]-4,
6]/ [-6.-¢]] [ [-6.0] -3 [ 0 ]
[ 3] [ [3,3] [3,3] -5 [—5, —5]
Rel | |—4| | = |[-oo,—4]| U [[-4,—4]|, Rel| |-2| | = |[-2,-2]|.
| 0 | | -6, —6] [—6,0] -3 [—3, —3]

Notice that, the second relaxation set is a subset of the first and the third
sets. Furthermore, the last set contains a single vector. Finally, the set of
solutions can be expressed as the union of four sets

9 3, +00] 3, 3] 3, 3] [—5, —5]
S(A, =)= |[-4,—4]| U |[-oo,—4]| U |[-4,—4]| U [[-2,-2]|.
3% -6, —6] (—6, —6] -6, 0] (-3, 3]

Examples only demonstrate the cases when the variables must
be relaxed separately. The following example showcases the relaxation of
variables that can be done simultaneously.

Example 5.8. Suppose we have a normalised linear equation where

2 -1 7 -3
2 5 2 0

A= 9 6 3 9 and w = =
2 —1 6 4

One could check that y = [—2 1 —3 3|7 is one of the solutions. Let us define
a matriz C where C(i,7) = A(i, j) + z; i.e.,

4
-1

0

3

o O OO
S N o O
~N Ot Ww O

Notice that, based on matriz C, the only increasable index w.r.t. x is 4.
The corresponding largest increment is ¢4 = 4+00. On the other hand, the
decreasable indices w.r.t x are 2,3, and 4. Proposition[5.1] gives the following
possible (Q, R)-relaxations: 1) Q = {2}, R = {4}, 2) Q = {3}, R = {4},
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3) increase or decrease x4 only, 4) Q = {2,3}, R = {4}, 5) Q = {3,4}t,
R = 0. Without giving the details, the corresponding relaxzations for each of
these opportunities are

[—2, —2] [—2, —2] [—2, 2] [—2, —2] [—2, —2]
[—5,1] [1,1] [1,1] [—5,1] [1,1]
[—3,=3]| " |[-o0,=3]| " [[-3,-3]| ” |[-6,-3]| |[-7,—3]

[3, +o0] 3, 4+00] [0, +o0] [3, +o0] 0, 3]

Notice that, the first relazation vector is subset of the fourth one. Hence,
Rel(z) is sufficient to be expressed as the union of the second, the third, the
fourth and the fifth sets.

Example [5.6] suggests that, for column distinct cases and when m < n,
all fully active solutions can be relaxed. Proposition formally proves
this condition. In fact, it also works on general cases. On the other hand,
Example may also suggest that all fully active solutions can be relaxed
(even when m = n). However, this is not true in general. The condition of
|S(A,w)| = 1 could happen when [wn] € {1,n} as in Proposition 2.6 Unlike
column distinct cases, the condition for relaxed solution does not only depend
on the dimension of the matrix but also on the sum of f; defined in .

Proposition 5.9. Suppose we have a normalised where A € R™™ is
a column distinct matriz and m < n. Then, each fully active solution x €
S(A,w) can be relaxed.

PROOF. Let us assume there exists a fully active solution x € S(A, w) which
cannot be relaxed. Define matrix C' as C(i,j) = A(i,j) + ;. Since all
indices 7 € N are neither increasable nor decreasable, by Corollary and
Corollary 5.2 one of the following conditions must hold: in each i € M,

(i) there is exactly one zero at C(i,-),
(ii) there are exactly p — 1 negative elements and n — p positive elements
at C(i,-) where p = [wn]

Notice that, the second condition implies the first one. Hence, to show
contradiction, it is sufficient that the first requirement cannot hold. Since A
is column distinct, there is exactly one zero in each column of C. As a result,
there are exactly n zero elements in C. However, since m < n, there must at
least one row of C' with multiple zero elements. O
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The following corollary lists the possible numbers of solutions depending
the size of the matrix for the column distinct cases. The arguments are based
on Corollaries [3.543.6| and Proposition [5.9 and are omitted.

Corollary 5.10. Suppose we have a normalised where A € R™*™ s a
column distinct matriz. Then, the following condition holds

(i) if m > n, then |S(A,w)| =0,
(i) if m =n, then 0 < |S(A,w)| < 400,
(iii) if m < n, then |S(A,w)| € {0, +o0}.

Finally, Corollary presented below is the generalisation of Corol-
lary by taking account the maximum number of duplicates in each row
of the normalised matrix in . We recall that, the column distinct cases
imply f1 + ...+ f, = n. The (i) part is owing to Corollaries Corollaries
and [4.2| while the (ii) part is due to Corollaries and [1.3] The (iv) part is
due to Proposition Lastly, the (iii) part is the unique case which only
happens when the matrix is square and not column distinct. The unique-
ness of solution for is possible when [wn] € {1,n}. Furthermore, as
demonstrated in Example |S(A,w)| = +o0 is also a possibility.

Corollary 5.11. Suppose we have a normalised and let us define f =
fi+ ...+ fn. Then, the following condition holds

(i) if m > f >n, then |S(A,w)| =0,
) if m=f>mn, then 0 < |S(A,w)| < 400,
(iii) if m=n < f, then 0 < |S(A,w)| < +o0,
)

ifm<n<f, then |S(A,w)| € {0,+00}.

6. Conclusions and Future Work

In this work we have studied systems A ®, r = b of maxmin-w linear
equations. These systems are a natural extension of max-plus and min-
plus linear systems A ® v = b and A ® = = b where a threshold w €
(0,1] is introduced to determine which term a;; + z; is selected in each ith
equation. After normalizing the system in order to have b = 0, we split
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the treatment of the problem into two parts based on whether the entries in
each column of A are distinct or not. Then we introduce the notion of the
principal-order matrix, which we use to prove a result allowing us to list all
the candidates for fully active solutions. Inspired by the existing work, we
develop a technique to find other solutions by modifying some elements of
the fully active solutions.

At least three possible directions for the future work can be seen. The first
one is to address the maxmin-w linear equations when the matrix contains
non-finite elements (however, see the discussion in the end of Section 2). The
next one is to discuss the eigenproblem A®,xr = A® x. Another direction is
to study the periodicity in dynamical systems defined by z(k+1) = A®,z(k)
and to find efficient bounds for the periodicity transient. Note that for last
two problems, it seems that the classical methods for max-plus and min-plus
algebras do not work since it is required to compute the power of a matrix.
However, for maxmin-w systems, the power of a matrix cannot be defined
due to the lack of associativity.
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