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Abstract. The paper deals with modeling and simulation of the connection of piezo-
electric materials, FGM materials and LQR control, using state-space model, which is
built by modal truncation MOR method. FEM equations of piezoelectric finite beam
were implemented in FEM program MultiFEM written in Wolfram Language. Modal
truncation MOR method, which uses results from modal analysis, is also implemented in
program Wolfram Mathematica. Simple piezoelectric structure is analyzed in numerical
experiments, where FEM results are compared with MOR results.

1 INTRODUCTION

Current mechatronic systems use a combination of smart materials [1] and modern
control [2]. Modern smart materials include magnetorheological materials, functionally
graded materials, piezoelectric materials, shape memory materials and many more [3].
Modern control methods use a state description of the system’s behavior and these con-
trol methods include linear quadratic controller (LQR) and linear quadratic Gaussian
controller (LQG) [4]. To model a physical system, one of the most effective methods is
the finite element method [5], which can describe the analyzed system with high accu-
racy. However, this accuracy will be reflected in an increase the number of degrees of
freedom, which is undesirable from the control viewpoint. Therefore, the FEM model
must be reduced to decrease the number of degrees of freedom. For this purpose, the
modal truncation method, which is one of model order reduction (MOR) methods [6], is
used.
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This paper deals with modeling and simulation of the connection of piezoelectric mate-
rials, FGM materials and LQR control, using state-space model, which is built by modal
truncation MOR method. In the theoretical part of the paper, the FEM equations of a
piezoelectric beam element with an FGM core is presented, then a reduced state-space
model is described, which uses the modal truncation method and at the end of the theo-
retical part the LQR controller is described. The derived relations were implemented into
the FEM program MultiFEM, while the built-in functions of the Wolfram Mathematica
program [7] are used to formulate the state-space model. The functionality of the system
is presented on a simple example of a beam with an FGM core and piezoelectric layers,
which is analyzed using the FEM program MultiFEM and then reduced and analyzed as
a state-space model.

2 PIEZOELECTRIC BEAM STRUCTURE

Fig. 1 shows a two-node beam finite element, the core of beam is made of FGM
material, piezoelectric layers with electrodes are placed on the outer surfaces of beam
core. The length of the beam finite element is Le, the width is be, the height FGM of the

Figure 1: Beam element with FGM core and piezoelectric layers with electordes

core is heFGM and the height of one piezoelectric layer is hep. This finite element has 10
degrees of freedom – 6 mechanical and 4 electrical, which are shown in Fig. 2. Vector of

Figure 2: Piezoelectric beam element, degrees of freedom – left, element loads – right

element unknowns is defined as[
ve

φe

]
=
[
uei vei ϕei uej vej ϕej φeT1 φeT2 φeB1 φeB2

]T
(1)
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and vector of element loads is defined as[
Fe

Qe

]
=
[
F e
xi F e
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i F e

xj F e
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j Qe
T1 Qe

T2 Qe
B1 Qe

B2

]T
(2)

FEM equations for beam element with piezoelectric layers and FGM core for transient
analysis have classical form[

Me
vv 0

0 0

] [
v̈e

φ̈
e

]
+

[
Ce
vv 0
0 0

] [
v̇e
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]
+
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(3)

The piezoelectric system is described by the final FEM equations in the form[
Mvv 0

0 0

] [
v̈

φ̈

]
+

[
Cvv 0
0 0

] [
v̇

φ̇

]
+

[
Kvv Kvφ

Kφv Kφφ

] [
v
φ

]
=

[
F
Q

]
(4)

This matrix equation (4) can be rewritten in the form

Mvvv̈ + Cvvv̇ + Kvvv + Kvφ (φ)sens = F − Kvφ (φ)actu (5)

Kφvv + Kφφ (φ)sens = (Q)sens (6)

Kφvv + Kφφ (φ)actu = (Q)actu (7)

where (φ)sens represents measured electric potential of sensors and (φ)actu represents elec-
tric potential of actuators. If electrodes on piezoelectric sensors are short circuit, i.e.
(φ)sens = 0, then equations (5) and (6) have form

Mvvv̈ + Cvvv̇ + Kvvv = F − Kvφ (φ)actu (8)

Kφvv = (Q)sens (9)

If electrodes on piezoelectric sensors are open circuit, i.e. D = 0, then these equations
have form

Mvvv̈ + Cvvv̇ + Kvvv + Kvφ (φ)sens = F − Kvφ (φ)actu (10)

Kφvv + Kφφ (φ)sens = 0 (11)

3 STATE-SPACE MODEL

The displacement of the nodal points expressed by the vector v can be expressed by
the eigenshapes Z of the system and the amplitudes x of these eigenshapes, i.e. v = Z.x.
Using this transformation, equation (4) can be rewritten in form[

MvvZ 0
0 0

] [..
x..
φ

]
+

[
CvvZ 0

0 0

] [ .
x.
φ

]
+

[
KvvZ Kvφ

KφvZ Kφφ

] [
x
φ

]
=

[
F
Q

]
(12)
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Using orthogonality properties of mode shapes

ZTMvvZ = diag(µk) ZTKvvZ = diag(µkω
2
k) ZTCvvZ = diag(2ξkµkωk) (13)

equation (12) can be rewritten in form[
µ 0
0 0

] [..
x..
φ

]
+

[
2ξµω 0

0 0

] [ .
x.
φ

]
+

[
µω2 ZTKvφ

KφvZ Kφφ

] [
x
φ

]
=

[
ZTF
Q

]
(14)

where µ, ω and ξ represent matrix of modal masses, matrix of modal frequencies and
matrix of modal damping ratios of structure, respectively. After some manipulation, we
can from equation (14) obtain state-space model[.

x
..
x

]
=

[
0 I

−ω2 −2ξω

] [
x
.
x

]
+

[
0 0

µ−1ZT −µ−1ZTKvφ

] [
F
φ

]
(15)

4 CONTROL OF MOR MODEL

Linear quadratic controller is very suitable for control of flexible structural systems.
Control law can be written as follows

(φ)actu = −KLQRs (16)

where s =
[
x

.
x
]T

is state vector and KLQR is gain matrix, which is set up by minimizing
a cost function J

J =
1

2

∫ ∞
0

(
sTQs + uTRu

)
dt (17)

Matrix Q is positive semidefinite matrix and R is positive matrix and they represent
weights of state and input vectors in the process of minimization of a cost function J .
Vector u = (φ)actu represents input vector.

5 NUMERICAL EXAMPLE

5.1 Analyzed system

Fig. 3 left shows the analyzed FGM beam structure on which the piezoelectric actuators
and sensors are placed. The discretized FEM model is shown in Fig. 3 right. Effective
material properties of FGM beam are defined by material properties of constituents and
their variations and Young’s modulus and density of considered FGM beam have form

EFGM(x, y) =1.93 × 1019x3y2 − 1.93 × 1014x3 − 2.9 × 1018x2y2+

+ 2.9 × 1013x2 + 5.8 × 1015y2 + 2.55 × 1011 [Pa]
(18)

ρFGM(x, y) =1.34667 × 1012x3y2 − 1.34667 × 107x3 − 2.02 × 1011x2y2+

+ 2.02 × 106x2 + 4.04 × 108y2 + 9200. [kg/m3]
(19)
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Figure 3: Analyzed FGM beam system with piezoelectric actuators and sensors – left, discretized FEM
model – right

Damping of structure is considered as Rayleigh damping with mass and stiffness constants
3 × 10−5 s-1 and 3 × 10−5 s, respectively.
Piezoelectric actuators and sensors are made from PZT5A piezoelectric material. PZT5A
is orthotropic material and has following material properties (direction of poling has index
3):

� mechanical properties:

– Young’s moduli: E1 = 61 GPa, E2 = 61 GPa, E3 = 53, 2 GPa

– Poisson numbers: µ12 = 0.35, µ13 = 0.38, µ23 = 0.38

– shear moduli: G12 = 22.6 GPa, G13 = 21.1 GPa, G23 = 21.1 GPa

– density: 7750 kg/m3

� piezoelectric properties: d31 = −171 × 10−12 C/N, d33 = 374 × 10−12 C/N, d15 =
584 × 10−12 C/N, d24 = 584 × 10−12 C/N

� relative permittivity: εσ11 = 1728.8, εσ22 = 1728.8, εσ33 = 1694.9

The goal of the analysis is to perform a static and dynamic FEM analysis of the beam
structure with different excitations and then create a MOR model and compare the results
obtained from the MOR model and the FEM model. The analysis also includes a design
of LQR control of the structure in order to minimize the vibration of the structure.

5.2 FEM analysis

Static analysis
Static FEM analysis is considered as an initial analysis that defines the initial state for

the selected transient analysis. The deformed state is defined by the prescribed vertical
displacement at node 8 with a value of −0.25 × 10−5m and at node 21 with a value of
1 × 10−5 m – see Fig. 3. The deformed shape is shown in Fig. 4.
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Figure 4: Static deformed shape of analyzed beam structure

Modal analysis
The goal of the modal analysis is to obtain the first 4 bending eigenfrequencies and the

corresponding eigenmodes of the analyzed beam structure. These eigenfrequencies and
eigenmodes are subsequently used both in the creation of a reduced model of the system
and in the definition of the modal initial state of the system. The first four eigenshapes
are shown in Fig. 5.

Figure 5: The first 4 bending eigenmodes

First four bending eigenfrequencies of analyzed systems are 188.4 Hz, 988.5 Hz, 5532 Hz
and 9765 Hz.

Harmonic analysis
The response of the analyzed structure to the harmonic vertical force acting at the end

of the structure – node 21 is shown in Fig. 6. The amplitude of the harmonic force is
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20 N. As can be seen from the harmonic analysis of piezoelectric system with damping,
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Figure 6: Response of system to harmonic vertical force, without considering damping – left, with
damping – right

the dominant natural frequencies are the first four. For this reason, the first 4 bending
eigenshapes and eigenfrequencies of the analyzed system are used in the reduced model.

Transient analysis
In the transient analysis, 3 different excitations were considered: excitation by initial

conditions, excitation by external force, excitation by electric potential on actuators.
Excitation by initial conditions: the initial conditions of the system are defined by the
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Figure 7: Excitation by initial conditions – displacements and the electric charge, without considering
damping – left, with damping – right

static deformation, which was presented at the subsection Static analysis. Newmark’s
numerical method was used to calculate the system response. The displacements of the
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nodes 10 and 21 and the electric charge on the electrodes on the elements 7 and 8 are
shown in Fig. 7.
Excitation by external force: the external force is located at the free end of the system -
node 21. The force has a harmonic character with frequency 80 Hz and an amplitude of
10 N. The displacement of nodes 10 and 21 as well as the electric charge on elements 7
and 8 of damped system are shown in Fig. 8. The system had zero deformation and zero
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Figure 8: Excitation by external force – displacements and the electric charge

velocity at the beginning of investigated time.
Excitation by electric potential on actuators: piezoelectric actuators are located closer
to the left side – elements 3 and 4 – see Fig. 3. The inner electrodes are grounded,
an electric harmonic potential with an amplitude of 100 V and a frequency of 40 Hz is
prescribed at the outer electrodes. The displacement of the nodes 10 and 21 as well as
the electric charge on the elements 7 and 8 of damped system are shown in Fig. 9. Also,
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Figure 9: Excitation by electric potential on actuators – displacements and the electric charge

in this analysis the system had zero deformation and zero velocity at the beginning of
investigated time.

5.3 MOR state-space model

Based on the modal analysis results, a reduced state space model described by equa-
tion (15) was created using the first 4 bending eigenfrequencies and their corresponding
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eigenshapes. In the model, the damping of system was defined as in the FEM model. In
the dynamic analysis of the reduced state-space model, all excitations which were used in
the transient FEM analysis, were considered. Initial deformations, external vertical force
located at the right end of the beam structure and electric potential on actuators had to
be transformed into modal space. Fig. 10 shows the vertical displacement of the node
21, which was calculated from the full FEM model – blue line and from the reduced state
space model – brown rings, considering a system without damping as well as a system
with damping. Fig. 11 shows time variation of the vertical displacement of the node 21
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Figure 10: Vertical displacement of the node 21 calculated by FEM model – blue line and by MOR
model – brown rings, without considering damping – left, with damping – right

in the model with the damping under the load of the vertical force – the left figure, and
under the load of the electric potential on the piezoelectric actuator – the right figure.
The blue line represents the results from the FEM analysis and the brown rings represent
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Figure 11: Vertical displacement of the node 21 calculated by FEM model – blue line and by MOR
model – brown rings, system loaded by vertical force – left, system loaded by electric potential on the
piezoelectric actuator – right

the results from the reduced state-space model. As can be seen from Fig. 10 and 11, MOR
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state-space model very faithfully describes the behavior of the system and the state-space
model have significantly fewer degrees of freedom than the full FEM model.

5.4 Control law

A reduced state space model was used to design the LQR controller, with a state weight
of 50,000 and an input weight of 1. Based on the parameters thus selected, the gain matrix
KLQR was calculated and then a feedback state-space model was built. Subsequently, the
state-space model with feedback was analyzed, considering the initial conditions defined
by static FEM analysis and transformed into modal space. Comparison of the system
response, i.e. the vertical deflection of the node 21 for the system without control – blue
line and for the system with control – brown line, is shown in Fig. 12 left. The electric
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Figure 12: Comparison of the system response, blue line is response of the system without control and
brown line for the system with control – left, blue line is response of system with control computed by
FEM model and brown rings is response of system with control computed by MOR model – right

potential on the piezoelectric actuators generated from the linear quadratic controller was
determined – time variation of electric potential is shown in Fig. 13. This voltage was
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Figure 13: The electric potential on the actuators generated from the linear quadratic controller
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applied as a load to the full FEM model and a transient FEM analysis was performed.
A comparison of the results from the FEM model and the MOR model when control is
considered is shown in Fig. 12 right, where the blue line represents the displacement of
node 21 from the FEM analysis and the brown rings from the MOR analysis.

6 CONCLUSIONS

The paper presents finite beam element with core made from functionally graded ma-
terial and piezoelectric patches placed on the outer surfaces. The derived FEM equa-
tions were implemented in the FEM program MultiFEM. In this program, static, modal,
harmonic and full transient analysis were performed. Using these analyzes a reduced
state-space model of the system was created. MOR state-space model was analyzed using
program Mathematica, and the results from the MOR model were compared with the re-
sults from the FEM model. The comparison showed a very good agreement between these
two models. As a last step, linear quadratic regulator for a reduced state-space model
was designed. The results from the MOR model with LQR controller were also compared
with the FEM results, where the electric load of piezoelectric actuator was derived from
gain matrix and states of system.
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