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Abstract. In recent developments in the field of multi-material additive manu-
facturing, differences in material properties are exploited to create printed shape
memory structures, which are referred to as 4D-printed structures. New printing
techniques allow for deliberate introduction of prestresses in the specimen during
manufacturing. This prestress is combined with a heat-induced glass transition,
which lowers the materials Young’s modulus. Upon the decrease in stiffness, the
prestress is released, which results in the realization of a pre-programmed defor-
mation. Coupled with the right design, this enables new functionalities. As the
design of such functional multi-material structures is crucial but far from trivial,
a systematic methodology is developed, where a finite element model is combined
with a density-based topology optimization method to describe the material layout.
The coupling between the definition of the prestress and the material interpolation
function used in the topology description is addressed. The efficacy of topology
optimization to design 4D-printed structures is explored by applying the method-
ology to a variety of design problems. Tests are performed with printed samples
to calibrate the prestress and to validate the modeling approach. This study
demonstrates that by combining topology optimization and 4D-printing concepts,
stimuli-responsive structures with specific properties can be designed and realized.
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1 Introduction

Additive manufacturing or 3D-printing is a manufacturing technique where a
material is deposited layer-wise to create three-dimensional structures. This tech-
nology can easily deal with extremely complex geometries, which would be very
difficult or even impossible to create using traditional manufacturing techniques.
Since its invention in the 1980s, 3D-printing has evolved into a versatile and widely
used method. It is used in application fields such as bio-mechanics, prototyping,
and construction1. With the development of new methods, materials, and equip-
ment over the past few decades, new possible applications arise. One of those
newer applications is to use 3D-printing to create smart, responsive structures.
This type of 3D-printing is referred to as ‘4D-printing’2, where time is referred
to as the fourth dimension. The initial structures evolve into different configura-
tions over time under the influence of a stimulus, such as heat, water or pH. Such
a technique has interesting potential application fields: using 4D-printing, self-
(dis)assembling, smart-behaving, and self-repairing structures can be created3.

By carefully engineering the topology of the initial structure, a desired deformed
shape can be obtained after 4D-transformation. However, to intuitively design a
structure such that it deforms in the desired way is not trivial. Combining 4D-
printing with automated design approaches such as topology optimization seems
promising. Topology optimization is a mathematical method which can be used to
find the optimal material placement in a prescribed design domain, to obtain the
best structural performance. It can potentially be used as a ‘design tool’ for 4D-
printed structures. The so-called density-based approach is the most prominent
variant of topology optimization4, in which local density variables are used as
design variables to describe the material layout. This approach will also be used
in this study. To be able to use topology optimization to generate a 4D-printed
structure, it should be modelled numerically, which is a challenge in itself.

Some progress has already been made in the field of modeling 4D-printed struc-
tures in combination with topology optimization, and even a few experiments have
already been reported. In the work of Maute et al.5, numerically modeled struc-
tures are optimized with a level-set topology optimization method to match simple
target shapes such as a parabola and a sinusoid. These optimized structures were
printed and experimentally tested. Geiss et al.6 use a combination of a level-set
and a density-based topology optimization method to create a three-dimensional
model of an active propeller. A three-dimensional adaptive wing design with three
different materials is generated using a genetic algorithm-based optimizer in the
study of Sossou et al.7. In a later study by Geiss et al.8, more complex transformed
shapes are achieved, such as a figure-eight and a gripper. These obtained designs
were also printed and tested, and the numerical results matched the experimental
results very well. In the current state-of-the-art, material models that are used to
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Figure 1: Bending behaviour of a bi-layer sample with
active material (white) and passive material (blue), a)

before transformation, b) after transformation.

Figure 2: Three-dimensional geometry with active
material (white) and passive material (blue).

model 4D-printing polymer structures are often rather complex, and also the level-
set and genetic algorithm-based approaches used in previous studies are not trivial
to implement in commercial software. In order to be able to practically combine
4D-printing with topology optimization, the need for a simpler material model
arises to reduce computation time and to allow for sensitivity analysis. To further
reduce complexity, a density-based topology optimization approach for generating
4D printed structures is developed.

2 Amorphous Polymer 4D-Printing

This research is focused on a specific type of 4D-printing with amorphous poly-
mers, where the working principle relies on glass transition. One of the polymers
is referred to as the passive material. This material undergoes a glass transition
when heated, causing the stiffness to decrease significantly within a certain range
of temperatures. The temperature where the stiffness drops is referred to as the
glass transition temperature Tg. Below the glass transition temperature, the ma-
terial is in a glassy state and above, it is in a rubbery state. The other polymer,
or active material, has a Tg that lies below the temperature range at which the
structure is heated. Therefore, this material is in the rubbery state at all times
during the transformation process. A prestress is applied in the active material,
on which the passive material is printed to create a bi-layered structure. When the
glassy polymer is heated above its glass transition temperature, it allows for the
rubbery polymer to release the prestress. This causes the structure to deform from
its initial configuration (Fig. 1a) towards the transformed configuration (Fig. 1b).
Using the glass transition mechanism of amorphous polymers is a popular choice
in structural applications such as self-(dis)assembly9–12. The polymers have a rel-
atively high stiffness compared to other 4D-printing materials. Another advantage
is that the transformed configuration of the structure is stable: the structure does
not transform back to the original configuration when the stimulus is removed.
The recent development of a direct 4D-printing process13 allows for omitting all
the steps of programming the prestress into the active material, which makes the
fabrication process considerably faster. It can be concluded that this type of 4D-
printing is well suited for creating relatively stiff, fast, and stable structures.
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Table 1: Dimensions of the Modeled Geometry

Parameter Symbol Value (mm)

Height of passive layer hp 0.5

Height of active layer ha 0.5

Length L 40

Width w 10

Table 2: Material Properties of TPU and ABS

Property TPU ABS

Young’s modulus 12 MPa see Fig. 3

Poisson’s ratio 0.48 0.3

Mass density 1.47 g/cm3 1.11 g/cm3

Tg -35 ◦C 85 ◦C

3 Modeling Approach

3.1 Model Definition

To simulate the transformation process of printed polymer structures, a numeri-
cal model is created in 2D and 3D. Although the design freedom is limited in 2D, it
has the benefit that the simulation is less computationally intensive because of the
lower number of degrees of freedom. If only in-plane bending occurs, a 2D model
can accurately represent the transformation behaviour. But when for example out-
of-plane bending or twisting come into play, a 3D model is necessary. A bi-layer
structure is modeled with the dimensions stated in Table 1, to obtain the geometry
shown in Fig. 2. All boundaries are unconstrained, except for the rightmost edge.
In 2D, this edge has a roller boundary condition combined with a fixed point.
In 3D, the edge has a roller boundary condition as well, combined with a fixed
point and a point with prescribed displacements of zero in x, y-direction. In 2D,
a plane strain assumption is adopted, given the width of the layer. The problem
is discretized using a mesh with quadrilateral (2D) and tetrahedral (3D) elements
with a characteristic length equal to the material layer heights. Quadratic shape
functions are used, since they are well suited for simulating bending behaviour.

3.2 Constitutive Modeling

Two different materials are going to be used during printing. Thermoplas-
tic polyurethane (TPU) is used for the active parts and acrylonitrile butadiene
styrene (ABS) is used for the passive parts of the structure. The relevant material
properties of these materials can be found in Table 2. The Young’s modulus E of
ABS is highly dependent on the temperature T . To accurately describe the this
relation within a certain temperature range, the data are fitted to the following
equation14:

E(T ) = (Er − Eg) exp
(
−
(

T
T1

)m1
)

+ Eg exp
(
−
(

T
T2

)m2
)
, (1)

where Er and Eg represent the Young’s modulus at the beginning of the rubbery
and glassy plateau. T1 and T2 are the temperatures at the beginning of the glass
transition and melting transition, respectively. Weibull moduli mi correspond to
the statistics of bond breakage. Published data15 resulting from sample tests are
used to find the relation between E and T . The fitted curve is shown in Fig. 3.
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Figure 3: E-T curve of TPU and ABS

Since large displacements occur, geometrical nonlinearities are considered in
the model. The strain is represented by the Green-Lagrange strain tensor and
the stresses are represented by the Second Piola-Kirchhoff tensor. The material
behaviour of elastomers is often described by a hyperelastic material model. How-
ever, for the considered bilayer structure, simulation results with a hyperelastic
material model and a linear elastic model hardly show any difference. Therefore,
nonlinearities in the stress-strain relation can be neglected. Instead, the constitu-
tive relation can simply be described by Hooke’s law. The materials are assumed
to be isotropic. Time-dependent effects could originate from inertial forces caused
by fast changes in the loading parameter T and by visco-elastic effects16. It is
assumed that inertial forces can be ignored, since the temperature rate can eas-
ily be controlled to be sufficiently low. An earlier study shows that there is no
substantial difference in results for heating the printed samples continuously or
discretely with a relatively large time step in between13.

4 Density-Based Topology Optimization

This section describes relevant aspects of density-based topology optimization
of 4D-printed structures. The optimal layout of a structure is generated within
a specified domain, using a density field to describe the material distribution in
the domain, and a penalization to steer the density towards 0 (void) or 1 (solid
material)4. Intermediate density values are unwanted and can be difficult to re-
alize in practice. These intermediate values are often referred to as grey areas.
The optimization problem consists of an objective function that should either be
maximized or minimized and which is possibly subjected to constraints.
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4.1 Penalized Variables

The Young’s modulus of the material layer that is optimized, is penalized
such that less stiffness is provided for intermediate density values. The penal-
ized Young’s modulus E(θp) is obtained by multiplying the Young’s modulus E0

of the optimized material with the penalized material factor θp:

E(θp) = E0θp. (2)

In the Simplified Isotropic Material with Penalization (SIMP) method, the pe-
nalized material volume θp is given by17:

θp = θmin + (1 − θmin)θp, (3)

where p ≥ 1 the penalization factor, which makes intermediate density values
provide less stiffness relative to their weight. Increasing p leads to a decrease of
grey areas in the topology. Usually, the penalization factor is chosen as p = 3.
The θmin term (where θmin > 0) is introduced to make sure the penalized Young’s
modulus E(θp) is never equal to zero, which is done for numerical reasons. The
printing stress is modeled as an initial stress in the top layer material. To avoid
stress being assigned to intermediate density values, it is essential to penalize the
stress as well. This makes sure only solid areas have an initial stress. The stress
σ0 is penalized by multiplying it with the penalized material volume factor θp:

σ(θp) = σ0θp = σ0 (θmin + (1 − θmin)θp) . (4)

To enforce a length-scale on the design, classical filtering and projection oper-
ations are included18,19.

4.2 Objective Function

The target shape is approached by matching a desired displacement to the actual
displacement. The goal of the optimization is to minimize the difference between
nodal displacement and target displacement. The following objective function is
used:

f = w

(
v − vtarget
vtarget

)2

+ (1 − w)V, (5)

where v is the vertical tip displacement and vtarget is the targeted vertical tip
displacement. The first term, (v−vtarget

vtarget
)2, is what can be referred to as a ‘dis-

placement matching’ function, because the difference between the displacement
and the targeted displacement is minimized. This term can be slightly modified
to include multiple target points on the structure or to match the displacement of
an entire edge to a target function. The second term, V , is the average material
volume fraction. Minimizing this normalized volume further helps in decreasing
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grey areas in the optimization. The weight factor 0 ≤ w ≤ 1 is introduced to be
able to change the importance of the different terms in the function. Numerical
experiments show that a weight factor of w = 0.9 leads to both a well-defined
topology and a sufficient displacement match.

5 Numerical Examples

5.1 Parabola (2D)

The modeling approach and topology optimization method can be used to match
a transformed 4D-printed object to a target function of the form:

f(x) = −A
(

2(x− L)

L

)n

, (6)

which represents a curve in the x, y-plane. The initial geometry is a simple
bi-layered structure with dimensions as reported in Table 1. Starting from this
geometry, the density-based topology optimization method is applied to the active
material domain. In Fig. 4a can be seen that a good match with the target curve is
obtained, through a material layout consisting of adequately placed disconnected
patches of the active material.

5.2 Sinusoid (2D and 3D)

In the previous example, the two material layers allow for bending in the neg-
ative y-direction only. Adding a second active layer below the passive layer in-
troduces the possibility to bend in both negative and positive y-direction. A
sinusoidal deformation can be achieved by matching two different points (2D) or
edges (3D) on the surface of the structure to a targeted displacement. The first
point is located at the tip, and the other point is located exactly in the middle of
the beam. The results can be found in Fig. 4b and Fig. 4c. In both the 2D and
3D case, the actual displacements approach the targeted displacements well. The
slight difference in material distribution between the two cases can be explained
by the fact that the optimizer has an additional design freedom in the in-plane
direction.

5.3 Twisting deformation (3D)

Doing simulations in 3D allows for assigning two different target displacements
in what would be the out-of-plane direction in 2D. By doing this, a twisting defor-
mation can be obtained. A topology optimization is performed with an initially
flat, square bilayer structure. The two tip corners are assigned target displace-
ments. The resulting design in Fig. 5 shows a distinctive pattern of diagonal
stripes, which are created by the optimizer to achieve the specified combination of
both twisting and bending deformation.
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Figure 4: Optimized geometries with active material (grey) and passive material (blue) in transformed
configuration, a) parabola (target shape where A = 0.002 m and n = 2 indicated in green), b) sinusoid (2D), c)

sinusoid (3D). Probe point 1 (tip) is indicated in orange and probe point 2 (middle) is indicated in green,
v1,target = 2 mm and v2,target = −3 mm.

Figure 5: Twisting topology optimized geometry with active material (grey) and passive material (blue) in
transformed configuration (3D), a) isometric view, b) front view (normal to x). Probe point 1 (left) is indicated

in orange and probe point 2 (right) is indicated in green, v1,target = −10 mm and v2,target = −13 mm.

6 Fabrication of Samples

The 3D-printing technology employed is Fused Filament Fabrication (FFF),
which processes thermoplastic filaments. The prestress induction mechanism is
based on the temperature gradient. The employed polymers tend to expand when
heated, while the cooling causes their shrinkage. The two parameters mainly acting
on the prestress induction are printing velocities and temperatures. In addition
to the two printing materials discussed in Section 3.2, High Impact PolyStyrene
(HIPS) is used as support material to create the base on which the active material
is deployed. HIPS is selected specifically for its chemical compatibility with TPU,
which allows the two materials to stick together during the printing and to easily
detach once the temperature has lowered.

The 3D-printing of the samples is carried out by means of a 3NTR A4v3 FFF
printer, endowed with three extruders and a heated plate. Three copies of each
configuration are pre-arranged and locked on the chosen coordinates. A dedicated
printing profile is created in the slicer, where the main issue is to guarantee a good
adhesion between ABS and TPU, for which printing temperatures and velocities
have the highest impact on the outcome. The following parameters are used: i)
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layer thickness of 0.24 mm, to ensure the highest dimensional accuracy according
to the printer resolution; ii) extrusion width of 0.4 mm, iii) rectilinear aligned infill,
with extrusion lines parallel to the longest side of the beam in all the layers; iv)
one perimeter. The ABS, TPU and HIPS are printed at 240◦C, 230◦C and 250◦C
respectively. The printing bed temperature is set to 110 ◦C. The printing velocity
is set to 20 mm/s for TPU and ABS and to 40 mm/s for HIPS.

7 Experiments

As described earlier, the 4D-transformation of samples relies on the prestress
in the active material. However at the present state, not enough data is available
to precisely tune the stress introduced by the printing process, given the number
of parameters which influence the outcome. For that reason, the effect of different
thicknesses hp and ha is focused on. The geometries of the sample groups are shown
in Fig. 6 and Table 3. The data obtained during these experiments represent the
relation between material layer height and deformation, and are used to calibrate
the numerical model to find the prestress. Once this prestress is found, the topol-
ogy optimized structures shown in Fig. 4c and 5 can be generated, printed and
tested. These designs are referred to as sample F and G, and they are based on
the optimizations described earlier.

Figure 6: Prestress calibration sample dimensions, TPU (white)
and ABS (blue)

Table 3: Sample A-E Results 1

Group
label

hp ha v̄exp vnum

A 0.48 0.48 8.23 8.60

B 0.24 0.24 22.99 15.44

C 0.96 0.96 3.56 4.41

D 0.48 0.96 7.87 12.60

E 0.96 0.48 2.07 2.07

The printed samples are heated above the Tg of the ABS through immersion
in a water bath at 98 ◦C (Fig. 7a). The temperature of the water is controlled
using a heating immersion circulator,and an ad-hoc gripping system (Fig. 7b) is
adopted to ensure the fixing of the square enlargement. The samples were kept
immersed for 5 minutes to ensure the completion of the transformation process.
After immersion, the deflection of each of these beam-shaped samples is measured.
Three samples are tested for sample groups A-E, while one sample was tested for
samples F and G.

1All values in this table are given in mm.
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(a) Test setup (b) Clamp (c) Bent sample

Figure 7: Experimental setup for prestress calibration

(a) Samples A-E (b) Sample F (c) Sample G

Figure 8: Printed samples

8 Results

The averaged displacements v̄exp of sample groups A-E are reported in Table 3.
The temperature range, the material properties, and the sample dimensions are
adapted in the numerical 3D model to match the conditions of the experiments.
Numerical simulations are run for different prestress values, and subsequently the
differences between the numerical and experimental results are calculated. The
prestress for which this average deviation is minimal, is chosen as the calibrated
prestress. From the numerical simulations can be concluded that this is the case for
σ0 = 270 kPa, where the deviation is 2.70 mm. A comparison of the experimental
and numerical results for the calibrated prestress can be found in Fig. 9. For
sample groups A, C and D, there is a good agreement between the results. However
for sample group B, the displacement is underestimated by the simulation, and for
sample group D, the displacement is overestimated. Although the exact reason of
the unexpected results is unknown, there are several possible explanations: i) the
prestress might not be the same in all sample groups, because the thickness of the
material domains might have an influence on the thermal expansion process that
introduces the prestress, ii) a thin sample may not have enough layers to assume
an isotropic material model, iii) the diverging result can be caused by assumptions
made in the modeling approach, such as the linear elastic material model.

Printed samples F and G are shown in Fig. 8. Test results of these samples
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Figure 9: Comparison of experimental and numerical results of beam-shaped samples

Figure 10: Sample F deformation, a) experimental, b) numerical (gravitational effects included).

can be found in Table 5. For sample F, probe point 1 is located in the middle of
the beam and probe point 2 is located at the tip. In this sample, bending occurs
where the sample has only a single passive layer (indicated as section I in Fig. 10).
Because of this unexpected behaviour, the experimental displacements are much
larger than predicted by the numerical model. With gravitational effects included
the approximation is improved, but the displacements are still underestimated in
the simulation. Apart from the single material section (section I), the experimental
and numerical deformations are similar. The deformation in sample G is shown
in Fig. 4b and c, where probe point 1 is the left free corner and probe point 2
is the right free corner. The difference in displacement between these two points
indicates the amount of twist, which is larger in the printed sample. The difference
in amount of twist could be explained by the fact that this sample is very irregular,
which could affect the prestress in the active material.

9 Conclusion

The use of topology optimization to design 4D-printed structures has been ex-
plored by using the density approach combined with a numerical modeling ap-
proach. The capabilities of the modeling and topology optimization approach
are shown by several variations of the original. It can be expanded such that it
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Table 4: Sample G deformation.

Table 5: Topology Optimization Sample Results
0

Group
label

v̄1,exp v̄2,exp v1,num v2,num

F -30 -53 -12.6 -18.6
G -15 -26 -15.8 -19.0

matches the displacements of multiple points in the material domain to multiple
target displacements. Another variation is to match an entire surface to a tar-
get function. Besides bending transformation, a twisting transformation can be
obtained by changing the target displacement settings in the optimization. The
number of layers can be expanded, such that the range of target displacements
becomes larger and more complex target shapes can be obtained.

The modeling and topology optimization approach was validated by experi-
mental results. The initial stress introduced by the direct 4D-printing process was
found in the first round of experiments. In this first round, bilayer polymer struc-
tures with different layer heights were printed and tested. Numerical simulation
results with an initial stress of 270 kPa showed an optimal agreement with the
experimental results, and therefore this stress value was chosen as the calibrated
prestress. After calibration of the prestress, the modeling approach was validated
using the same experimental results. It can be concluded that the numerical model
performs well for uniform bilayered structures with layer sizes of 0.5 and 1 mm.
From the experiments with topology optimized designs can be learned that gravi-
tational effects cannot be neglected, and that other environmental influences may
also affect the bending behaviour. Overall, the printed optimized designs show a
qualitative agreement with the simulated results.

To further improve on the presented approach to use topology optimization for
4D-printed structures, many opportunities for future work exist. Some of those
opportunities involve changes to the modeling assumptions that were made. It
could be investigated if a hyperelastic material model obtains results that resem-
ble the experimental results better than a linear elastic material model. Also, the
role played by anisotropy in the printed materials can be looked into. Factors in
the testing environment, such as viscosity of the water, gravity and heat transfer
are expected to also play a role. These factors were all neglected in the current
work. Doing more experiments with a larger number of samples would help in
getting a greater insight in the accuracy of the measurements, the factors influenc-
ing the prestress, and the performance of the modeling approach. The modeling
and topology optimization approach can be taken to a next level by aiming for
more complex target displacements. To further increase the design freedom of the
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optimizer, a material optimization could be used instead of using fixed material
domains as a starting point for the topology optimization. By doing this, struc-
tures of increased complexity can be generated, such that in the end potential
applications such as self-(dis)assembly of products may be realized.
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