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Abstract. In this paper, a general and efficient approach to model thin-walled members and 

frames with complex geometries (including tapered segments and holes). The approach 

combines shell and GBT-based (beam) finite elements, using each of them where it is most 

efficient: (i) shell elements in the plastic and geometrically complex zones, and (ii) GBT 

elements in the prismatic and elastic zones. To illustrate the capabilities and potential of the 

proposed approach, a set of numerical examples are presented, concerning linear, bifurcation 

(linear stability) and first-order plastic zone analyses. The examples analysed involve (i) 

members with tapered segments, (ii) members with holes and (iii) tapered beam-column 

assemblies. For validation and comparison purposes, full shell finite element solutions are 

provided and it is demonstrated that the proposed approach yields very accurate solutions in all 

cases, while involving much less DOFs. 
 

 

1 INTRODUCTION 

Generalised Beam Theory (GBT) is nowadays a well-established thin-walled bar theory that 

efficiently accounts for cross-section in-plane and/or out-of-plane (warping) deformation. The 

efficiency of GBT stems from its modal decomposition features, i.e., the fact that the member 

deformed configuration is expressed as a linear combination of so-called “cross-section 

deformation modes”, which have a clear and hierarchical physical/structural nature. The 

advantages of this theory are particularly evident in linear and bifurcation (linear stability) 

analyses, where the adoption of just a small set of deformation modes already provides very 

accurate solutions. Moreover, semi-analytical or even analytical solutions are often achieved, 

providing significant insight into the mechanics of the problem under consideration. The 

foundations of GBT were set by Schardt [1,2] (see http://vtb.info for related bibliography), but 

recently several researchers have made significant contributions, particularly the Lisbon-based 
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research group (see http://www.civil.ist.utl.pt/gbt for a list of publications). 

Although GBT was developed for prismatic bars, efforts have been undertaken to extend its 

scope to moderately tapered members [3], conical shells [4,5] and members with holes [6], the 

latter at the expense of using a refined cross-section discretisation and taking into account only 

the membrane longitudinal normal pre-buckling stresses. A more general approach to handle 

members with holes, discrete thickness variations and physical/geometrical non-linearities was 

proposed in [7], using non-orthogonal deformation modes to enable modelling complex 

geometries and enhancing the computational cost (the participations of the orthogonal modes 

are retrieved by post-processing). A linear formulation for bars with circular axis was proposed 

in [8,9], while frames were dealt with in [10-13], using carefully chosen nodal constraints. 

The application of GBT to non-linear materials is most effective in plastic bifurcation (linear 

stability) analyses [14,15]. For calculating non-linear equilibrium paths, even though the GBT 

modal features are still enlightening, the computational gains are partially lost due to the fact 

that (i) a large number of deformation modes must be included in the analysis, leading to DOF 

numbers of the same magnitude of those in similarly accurate shell element models, and (ii) 

large and non-sparse element stiffness matrices are obtained. Providing a remedy for these 

disadvantages was the aim of several strategies developed for steel plasticity and concrete 

cracking/crushing: the use of (i) stress constraints that enable reducing the number of 

deformation modes [16-19] and (ii) shell-like stress resultant yield functions to reduce the 

modes and avoid through-thickness numerical integration, which has a high computational cost 

[16,20]. As stated before, even though the approach proposed in [7] can handle 

physical/materially non-linearities quite efficiently, it still lacks the generality of a pure shell 

finite element model. 

The present paper proposes an alternative, general and efficient approach, combining shell 

and GBT-based (beam) finite elements, each one employed where it is most effective: (i) shell 

elements in the plastic and/or geometrically complex zones (tapered parts, holes, connections, 

etc.), and (ii) GBT elements in the prismatic and elastic zones. Following this approach, one 

can use only a small set of deformation modes in the GBT elements without compromising 

accuracy, since the complex zones are instead (and more efficiently) modelled using shell 

elements. The capabilities and potential of the proposed approach are illustrated and discussed 

by examining several numerical examples, involving linear (first-order), bifurcation (linear 

stability) and first-order plastic zone analyses. These examples deal with (i) members with 

tapered segments, (ii) members with holes and (iii) frames with complex beam-column 

assemblies. For validation and comparison purposes, full shell finite element solutions are also 

shown, and in all cases an excellent match is observed. 

Concerning the notation, scalars are represented by italic letters and vectors/matrices by bold 

letters. Identity matrices are displayed as 1 and null matrices or vectors as 0. The conventional 

Euclidean inner product between two vectors of arbitrary dimension 𝒂 and 𝒃 is written as 𝒂 ∙ 𝒃, 

a derivative is represented by a subscript comma (e.g., 𝑓,𝑎 = ∂𝑓/ ∂𝑎). Moreover, a virtual 

variation is denoted by 𝛿 and an incremental/iterative variation by Δ. Finally, ℎ is the shell/wall 

thickness and the membrane/bending/through-thickness shear terms are identified by indices 

𝑀, 𝐵 and 𝑆, respectively. 
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2 ADOPTED SHELL AND GBT-BASED FINITE ELEMENTS 

The equilibrium equations and their linearization are first presented. The virtual work 

statement is written in terms of the work-conjugated pair 𝑺 − 𝑬, second Piola-Kirchhoff stresses 

and Green-Lagrange strains, in a Voigt-like notation, i.e., 

𝛿𝑊 = −∫ 𝛿𝑬 ⋅ 𝑺
𝑉

d𝑉 + ∫ 𝛿�̅� ⋅ 𝒒
Ω

dΩ = 0, (1) 

where 𝑉 and Ω are the thin-walled member volume and mid-surface, respectively, at the initial 

configuration, 𝒒 are the external loads (for simplicity, applied only at the element mid-surface) 

and 𝑼 is the displacement vector (�̅� is its mid-surface component). For a linear elastic material, 

𝑺 = 𝑪𝑬, where 𝑪 is the constitutive matrix. For elastoplastic materials, the incremental form of 

the constitutive equations is given by 

d𝑺 = 𝑪𝑐𝑡d𝑬, (2) 

where 𝑪𝑐𝑡 is the tangent elastoplastic constitutive matrix consistent with the stress update 

algorithm employed — the backward Euler return algorithm [21]. For the non-linear case, the 

linearization of Eq. (1) is required to obtain the element tangent stiffness matrix and nodal force 

vector, leading to 

Δ𝛿𝑊 = −∫ (Δ𝛿𝑬 ⋅ 𝑺 + 𝛿𝑬 ⋅ Δ𝑺)
𝑉

d𝑉 + ∫ 𝛿�̅� ⋅ Δ𝒒
Ω

dΩ. (3) 

Next, the previous formulae are particularized for the analyses considered in this work. 

In a first-order analysis, the Green-Lagrange strains become small strains 𝜺, which are work-

conjugate to the stress vector 𝝈, and the virtual work becomes 

𝛿𝑊 = −∫ 𝛿𝜺 ⋅ 𝝈
𝑉

d𝑉 + ∫ 𝛿�̅� ⋅ 𝒒
Ω

dΩ. (4) 

In the elastic case, 𝝈 = 𝑪𝜺 and the first term gives the element linear stiffness matrix, 

recalling that no linearization is required, and the second term yields the element nodal force 

vector. For elastoplastic materials, Eq. (2) is used and the linearization of Eq. (4) reads 

Δ𝛿𝑊 = −∫ 𝛿𝜺 ⋅ 𝑪𝑐𝑡Δ𝜺
𝑉

d𝑉 + ∫ 𝛿�̅� ⋅ Δ𝒒
Ω

dΩ. (5) 

In a bifurcation (linear stability) analysis, an initial first-order analysis must be performed to 

retrieve the pre-buckling stresses. Since this paper focuses on thin-walled members, only 

membrane stresses 𝑺𝑀 are kept. The linearization of Eq. (3) at the initial configuration yields 

Δ𝛿𝑊(𝑼 = 𝟎, 𝜆) = −∫ (𝛿𝜺 ⋅ 𝑪Δ𝜺 + Δ𝛿𝑬 ⋅ 𝜆𝑺𝑀)
𝑉

d𝑉, (6) 

where 𝜆 is the loading multiplier (𝑺𝑀 corresponds to 𝜆 = 1). The first and second terms in Eq. 

(6) lead to the finite element linear and geometric stiffness matrices, respectively. The 

eigenvalue problem resulting from the singularity of the total stiffness matrix gives the 

bifurcation loads and associated buckling modes. 
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The finite element procedures were implemented in MATLAB [22]. A post-processing 

module was built to visualize and analyze the deformed/eigenmode shapes obtained. 

2.1 The MITC-4 shell finite element 

Following previous work [23,24], the shell element selected is based on the Reissner-

Mindlin assumption and is designated as MITC-4 (4-noded Mixed Interpolation of Tensorial 

Components) [25,26], but it is stressed that any other shell element could have been used. Fig. 

1 displays three reference systems: (i) the global Cartesian system (𝑋, 𝑌, 𝑍), (ii) the element 

Cartesian local axes (𝑥, 𝑦, 𝑧), where 𝑥 is aligned with one of the lateral faces and 𝑧 defines the 

through-thickness direction (the shell is initially flat), and (iii) a convected frame (𝑟, 𝑠, 𝑡), where 

𝑡 coincides with the local 𝑧 axis. The displacement field 𝑼 is written as a function of the mid-

surface displacement components 𝑢, 𝑣, 𝑤 and the rotations 𝜃𝑥, 𝜃𝑦, along the local axes, i.e., 

𝑼(𝑥, 𝑦, 𝑧) = [

𝑈𝑥

𝑈𝑦

𝑈𝑧

] = [

𝑢(𝑥, 𝑦) + 𝑧𝜃𝑦(𝑥, 𝑦)

𝑣(𝑥, 𝑦) − 𝑧𝜃𝑥(𝑥, 𝑦)

𝑤(𝑥, 𝑦)

]. (7) 

 

 
 

Figure 1: MITC-4 reference coordinate systems and displacements/rotations. 

The Green-Lagrange strains are subdivided into membrane (𝑀), bending (𝐵) and through-

thickness shear (𝑆) components, but only the non-linear part of 𝑬𝑀 is kept, 

𝑬𝑀 = [

𝐸𝑥𝑥
𝑀

𝐸𝑦𝑦
𝑀

2𝐸𝑥𝑦
𝑀

] = [

𝑢,𝑥

𝑣,𝑦

𝑢,𝑦 + 𝑣,𝑥

] +
1

2
 [

�̅�,𝑥 ∙ �̅�,𝑥

�̅�,𝑦 ∙ �̅�,𝑦

2�̅�,𝑥 ∙ �̅�,𝑦

], (8) 

𝑬𝐵 = [

𝐸𝑥𝑥
𝐵

𝐸𝑦𝑦
𝐵

2𝐸𝑥𝑦
𝐵

] = 𝑧 [

𝜃𝑦,𝑥

−𝜃𝑦,𝑥

𝜃𝑦,𝑦 − 𝜃𝑥,𝑥

], (9) 

𝑬𝑆 = [
2𝐸𝑥𝑧

2𝐸𝑦𝑧
] = [

𝑤,𝑥 + 𝜃𝑦

𝑤,𝑦 − 𝜃𝑥
], (10) 
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with �̅�𝑇 = [𝑢 𝑣 𝑤]. Shear locking is circumvented by re-interpolating the covariant 

through-thickness shear strains from their values at the so-called “tying points” [25]. The finite 

element is obtained by interpolating the mid-surface displacements and rotations using linear 

functions and following a standard isoparametric procedure. The independent kinematic 

parameters are collected in vector 

𝝓𝑇 = [𝑢 𝑣 𝑤 𝜃𝑥 𝜃𝑦], (11) 

and are interpolated through 𝝓 =  𝚿𝒅, where matrix 𝚿 contains the interpolation functions 

𝚿𝑇 = [𝝍𝑢
𝑇 𝝍𝑣

𝑇 𝝍𝑤
𝑇 𝝍𝜃𝑥

𝑇 𝝍𝜃𝑦

𝑇
], (12) 

where sub-matrices 𝝍(∙) are organised to match the vector of nodal unknowns components, 

𝒅𝑇 = [𝑢1 𝑣1 𝑤1 (𝜃𝑥)1 (𝜃𝑦)
1

⋯ 𝑢4 𝑣4 𝑤4 (𝜃𝑥)4 (𝜃𝑦)
4
], (13) 

leading to a 20 DOF element. 

In a first-order analysis, recalling Eq. (4), the finite element out-of-balance force vector 𝒈𝑒 

is given by 

𝒈𝑒 = ∫ [
𝑩𝑀 + 𝑩𝐵

𝑩𝑆
]
𝑇

𝑉

𝝈 d𝑉 − ∫ �̅�𝑈
𝑇𝒒

Ω

dΩ, (14) 

where �̅�𝑈
𝑇 = [𝝍𝑢

𝑇 𝝍𝑣
𝑇 𝝍𝑤

𝑇 𝟎 𝟎] interpolates the mid-surface displacements (i.e. �̅� =
 �̅�𝑈𝒅) and the expressions of the strain-displacement matrices 𝑩𝑀, 𝑩𝐵 can be found in [23], 

while 𝑩𝑆 is presented in [26]. The element tangent stiffness matrix 𝑲𝑒 and the incremental load 

vector Δ𝒇𝑒 are obtained from Eq. (5), reading 

𝑲𝑒 = ∫ [
𝑩𝑀 + 𝑩𝐵

𝑩𝑆
]
𝑇

𝑪𝑐𝑡 [
𝑩𝑀 + 𝑩𝐵

𝑩𝑆
]

𝑉

 d𝑉, (15) 

Δ𝒇𝑒 = ∫ �̅�𝑈
𝑇 Δ𝒒

Ω

dΩ. (16) 

For an elastic material, a plane stress state is assumed (𝜎𝑧𝑧 =0), and a St. Venant-Kirchhoff 

material law is adopted, with 

𝑪𝑐𝑡 = 𝑪 =

[
 
 
 
 
 
 

𝐸

1 − 𝜈2

𝜈𝐸

1 − 𝜈2
0 0 0

𝜈𝐸

1 − 𝜈2

𝐸

1 − 𝜈2
0 0 0

0 0 𝐺 0 0
0 0 0 𝐺 0
0 0 0 0 𝐺]

 
 
 
 
 
 

, (17) 

where 𝐸 and 𝐺 are Young’s and shear moduli and 𝜈 is Poisson’s ratio. For an elastoplastic 

material, small-strain 𝐽2 plasticity is adopted, with an associated flow rule and no hardening. 

The yield function is thus given by 
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𝑓 = √3/2 ‖dev(𝝈)‖ − 𝜎0, (18) 

where ‖dev(𝝈)‖ is the norm of the deviatoric stresses and 𝜎0 is the uniaxial yield stress. At the 

end of each iteration, elastoplastic stresses are updated using the backward-Euler return with 

the 𝜎𝑧𝑧 =0 constraint. The quadratic convergence of the iterative procedure is ensured by using 

the consistent tangent constitutive operator 𝑪𝑐𝑡 (see, e.g., [21,27]). 

In a bifurcation (linear stability) analysis, the element geometric matrix is obtained from the 

second term of Eq. (6), leading to 

𝑮𝑒 = 𝜆 ∫ 𝑆𝑥𝑥
𝑀 �̅�𝑥𝑥

𝑇 �̅�𝑥𝑥
𝑉

+ 𝑆𝑦𝑦
𝑀 �̅�𝑦𝑦

𝑇 �̅�𝑦𝑦 + 𝑆𝑥𝑦
𝑀 (�̅�𝑥𝑥

𝑇 �̅�𝑦𝑦 + �̅�𝑦𝑦
𝑇 �̅�𝑥𝑥) d𝑉, (19) 

where the auxiliary matrices �̅�𝑥𝑥 and �̅�𝑦𝑦 are provided in [23]. 

For the computation of all matrices and vectors, numerical integration is carried out with a 

2 × 2 Gauss point grid in the shell mid-surface. Along the thickness direction, for the elastic 

case, analytical integration is performed, whereas in the elastoplastic case 6 Gauss points are 

used, to ensure that the plasticity spreading is captured accurately. 

2.2 The GBT-based finite element 

The GBT element implemented corresponds to that proposed in [20], although (i) 

geometrical imperfections are not considered, (ii) some simplifications are introduced to the 

membrane stress and strain fields, (iii) a linear elastic material is always assumed and (iv) the 

only non-linear strain terms kept in a bifurcation analysis are the longitudinal membrane ones 

(acceptable for slender bars). 

Fig. 2 shows two walls of an arbitrary prismatic thin-walled bar, the global Cartesian axes 
(𝑋, 𝑌, 𝑍), where 𝑋 defines the member longitudinal axis, and the local Cartesian axes for each 

wall (𝑥, 𝑦, 𝑧), defining the member axis, wall mid-line and thickness directions, respectively. 

As in the classic GBT, Kirchhoff's thin plate assumption is adopted and the displacement vector 

for each wall is expressed in the local axes as 

𝑼(𝑥, 𝑦, 𝑧) = [

𝑈𝑥

𝑈𝑦

𝑈𝑧

] = [

(�̅� − 𝑧�̅�) ∙ 𝝓,𝑥

(�̅� − 𝑧�̅�,𝑦) ∙ 𝝓

�̅� ∙ 𝝓

], (20) 

where �̅�(𝑦), �̅�(𝑦), �̅�(𝑦) are column vectors containing the displacement components of the 

GBT “cross-section deformation modes” along 𝑥, 𝑦 and 𝑧, respectively, and 𝝓(𝑥) is a column 

vector collecting their amplitude functions (the problem unknowns). These deformation modes 

are obtained from a “GBT cross-section analysis” [28,29], implemented in the GBTUL program 

[30], available at www.civil.ist.utl.pt/gbt. This analysis is based on a cross-section 

discretization into “natural” nodes, located at wall mid-line intersections and free ends, and 

“intermediate nodes”, arbitrarily located within each wall mid-line. 
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Figure 2: Arbitrary thin-walled bar: global/local coordinate systems and local displacement components. 

In the first-order case, the non-null small strain components read 

𝜺 = [

휀𝑥𝑥

휀𝑦𝑦

𝛾𝑥𝑦

] = [

(�̅� − 𝑧�̅�) ∙ 𝝓,𝑥𝑥

(�̅�,𝑦 − 𝑧�̅�,𝑦𝑦) ∙ 𝝓

(�̅�,𝑦 + �̅� − 2𝑧�̅�,𝑦) ∙ 𝝓,𝑥

], (21) 

where the membrane and bending terms are constant and linear along the thickness, 

respectively. Recalling that one aims at modelling (i) complex zones with shell elements and 

(ii) the remaining (prismatic) zones with GBT elements including just a few deformation 

modes, as previously mentioned, simplifications are introduced in the membrane stress and 

strain fields, to improve the computational efficiency without compromising accuracy. In 

particular, it is assumed that 휀𝑦𝑦
𝑀 = 𝜎𝑥𝑦

𝑀 = 0 and 𝛾𝑥𝑦
𝑀 = 𝜎𝑥𝑦

𝑀 = 0. With these constraints, only 

two deformation mode sets are obtained: (i) the so-called natural Vlasov modes (axial 

extension, bending, torsion for open sections and distortional modes) and (ii) local-plate modes. 

In closed sections, the torsional mode involves membrane shear strains and, therefore, the 𝛾𝑥𝑦
𝑀 =

0 constraint must be relaxed (for this mode only). 

As stated before, in a bifurcation analysis only the non-linear longitudinal membrane strains 

are kept, meaning that the Green-Lagrange strains read 𝑬𝑇 = [𝐸𝑥𝑥 휀𝑦𝑦 𝛾𝑥𝑦]
𝑇
, with 

𝐸𝑥𝑥
𝑀 = 휀𝑥𝑥 +

1

2
(𝝓,𝑥

𝑇 (�̅��̅�𝑇 + �̅��̅�𝑇)𝝓,𝑥 + 𝝓,𝑥𝑥
𝑇 �̅��̅�𝑇𝝓,𝑥𝑥). (22) 

Furthermore, the term �̅��̅�𝑇 is also discarded without significant loss of accuracy [15]. 

A plane stress state is assumed, with 𝑺𝑇 = [𝑆𝑥𝑥  𝑆𝑦𝑦 𝑆𝑥𝑦]
𝑇
. Due to the 휀𝑦𝑦

𝑀 = 0 constraint, 

the membrane and bending stress components are separated to avoid over-stiff solutions, with 

𝑺𝑀 = 𝑪𝑀𝑬𝑀,  𝑺𝐵 = 𝑪𝐵𝑬𝐵, (23) 
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𝑪𝑀 = [
𝐸 0 0
0 0 0
0 0 0

] ,  𝑪𝐵 =
𝐸

1 − 𝜈2
[

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈

2

] . (24) 

The finite element is obtained by interpolating the amplitude functions using Hermite cubic 

polynomials for all deformation modes except those involving only warping (e.g., axial 

extension), in which case quadratic hierarchical Lagrange functions are adopted. In accordance 

with the shell element interpolation, 𝝓 = 𝚿𝒅, with the matrix of the interpolation functions 𝚿 

and the vector of nodal unknowns 𝒅. 

In a linear analysis, from Eq. (4), the element stiffness matrix reads 

𝑲𝑒 = ∫ [

𝚿
𝚿,𝑥

𝚿,𝑥𝑥

]
𝐿

𝑇

[

B 𝟎 D2

𝟎 D1 𝟎

D2
𝑇 𝟎 C

] [

𝚿
𝚿,𝑥

𝚿,𝑥𝑥

] d𝑥, (25) 

where 𝐿 is the finite element length and the GBT modal matrices are given by (𝑆 is the cross-

section mid-line) 

B=∫
𝐸ℎ3

12(1 − 𝜈2)
 �̅�,𝑦𝑦 �̅�,𝑦𝑦

𝑇

𝑆

d𝑦,  C=∫ 𝐸ℎ�̅��̅�𝑇 +
𝐸ℎ3

12(1 − 𝜈2)
 �̅��̅�𝑇

𝑆

d𝑦, 

(26) 

D1=∫
𝐺ℎ3

3
�̅�,𝑦�̅�,𝑦

𝑇

𝑆

d𝑦,  D2=∫
𝜈𝐸ℎ3

12(1 − 𝜈2)
 �̅�,𝑦𝑦�̅�𝑇

𝑆

d𝑦. 

In a linear stability analysis, from Eq. (6), the element geometric stiffness matrix reads 

𝑮𝑒 = 𝜆 ∫ ∫ ℎ𝑆𝑥𝑥
𝑀 𝚿,𝑥

𝑇(�̅��̅�𝑇 + �̅��̅�𝑇)𝚿,𝑥 d𝑦
𝑆

d𝑥
𝐿

 . (27) 

Finally, in the elastoplastic case, recall that the GBT element stiffness matrix is assumed 

elastic. The incremental load vector stems from Eq. (5) and reads 

Δ𝒇𝑒 = ∫ [
𝚿
𝚿,𝑥

]
𝑇

[
𝟎 �̅� �̅�
�̅� 𝟎 𝟎

]  Δ𝑞
Ω

dΩ. (28) 

All these matrices and vectors are integrated analytically, with the exception of (i) 𝑮𝑒, in 

which case a 3 × 3 mid-surface Gauss point grid is adopted in each wall and analytical 

integration is performed along the thickness, and (ii) the elastoplastic case, with 3 × 3 mid-

surface and 2 through-thickness Gauss points. 

 

3 PROCEDURE TO COMBINE SHELL AND GBT-BASED FINITE ELEMENTS 

As already pointed out, in the proposed approach shell finite elements are used in zones with 

complex geometries and/or non-linear material behaviour, whereas GBT elements are adopted 

for the prismatic and elastic zones, where just a few deformation modes lead to accurate results. 

At a shell-GBT interface, compatibility is enforced through constraint equations of the form 
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휁𝑗 (𝑈𝑘𝑗
𝑆𝐹𝐸(𝑧 = 0) − 𝑈𝑘𝑗

𝐺𝐵𝑇(𝑧 = 0)) = 0, (29) 

where 휁𝑗  are Lagrange multipliers and 𝑈𝑘𝑗
𝑆𝐹𝐸, 𝑈𝑘𝑗

𝐺𝐵𝑇 are the displacements of the mid-surface 

(𝑧 = 0) node 𝑘 along direction 𝑗, in the shell and GBT finite elements, respectively. Since only 

mid-surface nodal displacements are constrained, compatibility is not fully guaranteed across 

the interface, as the shell elements adopt a Reissner-Mindlin description, whereas GBT is based 

on Kirchhoff’s assumption. However, this issue is not significant for thin-walled members, 

since plate-like shearing has little importance. If this effect plays a significant role, the shell 

zones must be extended (the illustrative examples will discuss this issue). Normally, the number 

of shell DOFs is equal or higher than the GBT one at the interface and the constraint equations 

can be written as 

[
𝜻𝑐

𝜻𝑑
]
𝑇

([
𝟎 𝟏 𝟎
𝟎 𝟎 𝟏

] [

𝒅𝑢
𝑆𝐹𝐸

𝒅𝑐
𝑆𝐹𝐸

𝒅𝑑
𝑆𝐹𝐸

] − [
𝟎 𝑩𝑐𝑐

𝐺𝐵𝑇

𝟎 𝑩𝑑𝑐
𝐺𝐵𝑇] [

𝒅𝑢
𝐺𝐵𝑇

𝒅𝑐
𝐺𝐵𝑇]) = 0, (30) 

where subscripts 𝑢, 𝑐 and 𝑑 denote DOFs that are, respectively, “unconstrained” (do not appear 

in the equations), “constrained” (associated to the “linked nodes” in Fig. 3, which means that 

𝑩𝑐𝑐
𝐺𝐵𝑇 is a square and invertible matrix) and “dependent” (corresponding to the “hanging nodes” 

in Fig. 3). Matrices 𝑩𝑖𝑗
𝐺𝐵𝑇 are calculated by obtaining the deformation modes with GBTUL and 

then using Eq. (20) to determine the relevant node displacements, with 𝑧 = 0 and 𝝓 = 𝚿𝒅𝐺𝐵𝑇. 

If the axes are not coincident, a coordinate transformation must be performed. 

Within an incremental-iterative scheme, the global equation system is of the form 

[
 
 
 
 
 
 
 
 
�̂�𝑢𝑢

𝑆𝐹𝐸 �̂�𝑢𝑐
𝑆𝐹𝐸 �̂�𝑢𝑑

𝑆𝐹𝐸 𝟎 𝟎 𝟎 𝟎

�̂�𝑐𝑐
𝑆𝐹𝐸 �̂�𝑐𝑑

𝑆𝐹𝐸 𝟎 𝟎 𝟏 𝟎

�̂�𝑑𝑑
𝑆𝐹𝐸 𝟎 𝟎 𝟎 𝟏

�̂�𝑢𝑢
𝐺𝐵𝑇 �̂�𝑢𝑐

𝐺𝐵𝑇 𝟎 𝟎

�̂�𝑐𝑐
𝐺𝐵𝑇 −(𝑩𝑐𝑐

𝐺𝐵𝑇)𝑇 −(𝑩𝑑𝑐
𝐺𝐵𝑇)

𝑇

𝟎 𝟎
Sym 𝟎 ]

 
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
∆𝒅𝑢

𝑆𝐹𝐸

∆𝒅𝑐
𝑆𝐹𝐸

∆𝒅𝑑
𝑆𝐹𝐸

∆𝒅𝑢
𝐺𝐵𝑇

∆𝒅𝑐
𝐺𝐵𝑇

𝜻𝑐

𝜻𝑑 ]
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
∆�̂�𝑢

𝑆𝐹𝐸

∆�̂�𝑐
𝑆𝐹𝐸

∆�̂�𝑑
𝑆𝐹𝐸

∆�̂�𝑢
𝐺𝐵𝑇

∆�̂�𝑐
𝐺𝐵𝑇

𝟎
𝟎 ]

 
 
 
 
 
 
 

, (31) 

where the expressions for �̂�𝑖𝑗, ∆𝒅𝑖 and ∆�̂�𝑖 depend on the analysis type and are discussed next. 

 

 
 

Figure 3: Interface between shell elements and a GBT element (only a single wall is shown). 
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3.1 First-order analysis 

In a first-order analysis, the variations ∆ and the “hats” ( ̂ ) are dropped and Eq. (31) can 

be simplified by eliminating the Lagrange multipliers and condensing the shell DOFs, leading 

to a system that involves only the GBT DOFs. Besides leading to a significant DOF economy, 

this procedure is advantageous if a shell macro-element library is available (i.e., matrices 𝑲𝑖𝑗
𝑆𝐹𝐸  

are available for several types of connections) and/or the macro-elements are repeated at several 

locations in the model (typical in steel structures). In this case the hanging node DOFs 𝒅𝑑
𝑆𝐹𝐸  are 

not constrained, since it is assumed that no severe localized effects occur at the GBT-shell 

interface. If this assumption is not reasonable, either these displacements are constrained or the 

shell zone is extended. 

3.2 Physically non-linear analysis 

In a physically non-linear (but geometrically linear) analysis, the “hats” ( ̂ ) are again 

dropped, the tangent stiffness matrices for the shell elements, 𝑲𝑖𝑗
𝑆𝐹𝐸 , are calculated using 𝑪𝑐𝑡 

and ∆𝑭𝑖 are replaced by the out-of-balance force vectors 𝒈𝑖 (𝒈𝑖
𝐺𝐵𝑇 = 𝟎 except for the first 

iteration of each increment). The Lagrange multipliers can be eliminated from Eq. (31) and, 

since the GBT elements are elastic, they are evaluated only once and the corresponding DOFs 

can be condensed. The shell DOFs could be condensed instead, but this requires performing the 

related operations in all iterations. In such case, 𝒅𝑑
𝑆𝐹𝐸  needs to be constrained, otherwise stress 

concentrations appear near the linked nodes and disturb the stress flow through the GBT-shell 

interface. 

To optimize the computational cost, an adaptive refinement strategy is implemented. In a 

first step, GBT (elastic) elements are used in the prismatic parts. At each load increment, when 

convergence is achieved, a subroutine checks whether the integration point stresses of the GBT 

elements fall outside the yield surface. If this occurs, the corresponding GBT element is re-

meshed with shell elements, its displacements are assigned from the displacements of the 

previous equilibrium point, and the current increment is restarted. 

3.3 Linear stability analysis 

In a linear stability analysis, the corresponding eigenvalue problem is straightforwardly 

obtained from Eq. (31), with ∆�̂�𝑖 = 𝟎, �̂�𝑖𝑗 = 𝑲𝑖𝑗 + 𝑮𝑖𝑗, where 𝑮𝑖𝑗 are geometric stiffness 

matrices. 

4 NUMERICAL EXAMPLES  

In this section a set of selected examples are presented and discussed, to demonstrate the 

capabilities and potential of the proposed approach. In all examples, the results obtained with 

the proposed approach and full MITC-4 shell finite element models are compared. 

 

4.1 Lipped channel cantilever with a tapered segment 

The first example concerns a lipped channel cantilever with a linearly tapered segment. Fig. 

4(a) shows the beam geometry, material parameters and GBT cross-section discretization 
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adopted. With this discretization, 39 deformation modes are obtained with GBTUL but, as 

already mentioned in Section 2.2, only the natural Vlasov (1 to 6) and local-plate modes (7 to 

15) are included in the analyses (see Fig. 4(b)). 

Three models are considered: (i) a full shell model with 2220 elements, (ii) a less refined 

GBT-shell model, where only the tapered zone is discretized with shell elements (550 shell 

elements + 10 GBT elements), and (iii) a refined GBT-shell model where the shell zone is 

extended 0.25 m into the uniform zone (1100 shell elements + 5 GBT elements). 

 

 
 

Figure 4: Lipped channel cantilever: (a) geometry, material parameters and GBT cross-section discretization, 

and (b) first 15 cross-section deformation modes. 

Fig. 5(a) displays the linear results obtained when two concentrated loads are applied at the 

free end. Both GBT-shell solutions agree very well with the full shell model, as confirmed by 

the displacement values of points P1 and P2 in the figure (differences below 1%) and the 

deformed configurations. The mode amplitude graph shows that minor axis bending (B3) and 

symmetric distortion (D5) are the most relevant modes. Near the interface zone (𝑋 = 0) several 

local-plate (LP) modes appear in the less refined GBT-shell model, although their presence is 

hardly noticeable in the corresponding graph. The mode amplitude graph of the most refined 

GBT-shell model is basically a truncated version of the less refined one, resulting in a vanishing 

of the LP modes. This shows that, as highlighted in Section 3, extending the shell zone 

dissipates local effects stemming from singularities and, furthermore, the number of 

deformation modes in the GBT-based element can be reduced — for instance, the LP modes 

could have been discarded in this model. 

Fig. 5(b) shows the first buckling load and associated buckling mode for each model (for a load 

profile consisting of 2 × 1 kN loads). The mode amplitude graphs show that the buckling 
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Figure 5: Lipped channel cantilever: (a) linear analysis and (b) bifurcation analysis (first buckling load). 
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modes are essentially distortional (D5), although minor-axis bending (B3) also participates 

along the beam and LP modes appear near the GBT-shell transition zone. The refined GBT-

shell model leads to a bifurcation load nearly coincident with that of the full shell model (the 

difference is less than 2%), illustrating the improvement that can be achieved by extending the 

shell macro-element beyond the transition zone (the relevance of the LP modes is reduced). 

Note that the buckling load obtained with the refined GBT-shell model is slightly lower than 

the full shell model one, due to the lack of compatibility along the GBT-shell interface. 

4.2 Lipped channel cantilever with two long holes 

The second example consists of a lipped channel cantilever with the same material 

parameters and cross-section of the prismatic segment of the previous example (see Fig. 4(a)) 

but having two long holes located in the middle of each flange. Fig. 6(a) displays the beam 

geometry and loadings: (i) a 1 kN lateral (−𝑌 direction) load applied at one of the flange-lip 

corners near mid span, for the linear analysis, and (ii) a 1 kN load (−𝑍 direction) located at the 

flange-web corner of the free end section, for the bifurcation analysis. 

Three models are considered: (i) a shell model without the holes, to assess their influence 

(1650 elements), (ii) a shell model with the holes (1590 elements) and (iii) a GBT-shell model 

with shell elements in the 0.55 m central segment of the beam (660 shell + 10 GBT elements). 

Fig. 6(b) reports the linear analysis results. A comparison between the shell models with and 

without holes shows that the latter exhibits a much stiffer response, providing a 73% lower 

lateral displacement of the point of load application. The GBT-shell model captures the shell 

model (with holes) deformed configuration very accurately, with a small difference (2%) in 

terms of the displacement of the point of load application. The modal participation diagrams 

provided show that the zones without the holes undergo essentially major-axis bending (B2), 

torsion and a combination of symmetric (D5) and anti-symmetric (D6) distortion. The 

contributions of local-plate modes are negligible. 

Fig. 6(c) displays the bifurcation analysis results (critical loads and associated buckling 

mode shapes). The holes play once more a very significant role, namely in the critical load 

value, which is more than 20% higher in their absence, and in the corresponding buckling mode 

shapes: (i) with holes, the mode is characterised by a pronounced distortion in the right hole 

zone, with a significant lateral displacement of the lip, whereas (ii) without holes, cross-section 

distortion mostly occurs near the support. The GBT-shell model captures the buckling mode 

quite accurately and the critical load differs by only 2% with respect to the shell model value. 

The modal participation diagrams concerning the buckling mode make it possible to observe 

that both segments without holes essentially undergo distortion (D5 and D6), even though 

bending and torsion also appear at the free end zone. 

4.3 Elastoplastic I-section plane frame 

The last example consists of the physically non-linear analysis of the symmetric plane frame 

shown in Fig. 7(a), which is acted by a point load applied at the top of the mid-span cross-

section. At the load application point, 5 mm thick stiffening plates are provided. Taking 

advantage of the problem symmetry, only half of the frame is analysed. This example aims at 

showing that zones with localised plastic strains are easily handled with the proposed approach. 
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Figure 6: Lipped channel cantilever with two long holes: (a) material parameters, geometry and loading, (b) 

first-order analysis and (c) bifurcation analysis (first buckling load). 
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Figure 7: Plane frame: (a) material parameters, geometry and loading, (b) GBT deformation modes, 

(c) load-displacement diagram, (d) deformed configurations and mode amplitude graphs. 
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Since this is a 2D problem and the cross-section does not have distortional modes, only 

extension and bending are included in the GBT finite elements (see Fig. 7(b)). 

The results obtained with a GBT-shell and a full shell model are shown in Figs. 7(c)-(d): the 

former plots the load-displacement equilibrium paths and the latter depicts the deformed 

configurations and the plastic zones for vertical displacements of the point of load application 

equal to 10 mm and 100 mm, as well as the corresponding GBT mode amplitude graphs. Once 

more, an excellent agreement between both models is observed throughout the whole load-

displacement range considered, even if the number of DOFs is significantly lower in the GBT-

shell model (recall that the GBT-based finite elements include only two deformation modes). 

The deformed configurations displayed in the figure make it possible to observe that, 

throughout the whole displacement range considered, the plastic zones are concentrated at the 

beam mid-span and beam-to-column connections. The mode amplitude graphs further confirm 

that major-axis bending is the dominant mode, but small compressive axial forces 

(corresponding to negative-slope linear amplitudes of the axial extension mode E) develop in 

the column and beam.  

As a final note, it is highlighted that the computation times of the GBT-shell model are about 

4 times faster in all steps. 

5 CONCLUSIONS 

The present paper proposed a general and efficient approach to analyse thin-walled members 

with complex geometries and connections, which combines standard shell and GBT-based 

finite elements. The GBT elements are used to model the prismatic and elastic members, 

whereas the more complex zones (with plastic strains, discontinuities, holes, joints, etc.) are 

handled by means of shell elements. This approach offers noteworthy advantages: (i) the 

number of deformation modes employed in the GBT elements is greatly reduced (compared to 

full GBT analyses), (ii) zones with complex geometries (joints, tapered segments, holes, etc.) 

can be dealt with, (iii) the computational efficiency is maximized, since each element type is 

employed where it is most effective. Moreover, in many types of analysis, either the shell or 

GBT DOFs can be condensed out of the global equilibrium equation system, to reduce the 

number of DOFs and ensure fast computation times — this is particularly important if the full 

structure has many repetitive zones. 

To illustrate the capabilities and potential of the proposed approach, three numerical 

examples were presented and discussed, concerning linear (first-order), bifurcation (linear 

stability) and first-order plastic zone analyses. These examples involved tapered segments, 

holes and frames. For validation and comparison purposes, full shell finite element model 

solutions were provided and an excellent match was always observed. 

Finally, it is worth mentioning that the authors are currently working on extending the 

approach proposed in this work to analyse thin-walled members and structural systems, so that 

it covers also the large displacement and finite rotation range. 
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