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Abstract. This paper is motivated by the increasing application of 3D fiber-reinforced composites in
rotating systems [1]. In 2D fiber-reinforced composites, single fibers with a diameter in the range of
micrometers are embedded in a matrix material. But, these composites are prone to delamination damage,
wherefore the development of 3D composites has been undertaken. Here, fiber bundles are woven,
knitted, braided or stitched, in order to fix the fibers before they are surrounded by a matrix material.
From a material modelling point of view, these two kind of composites make a huge difference, because
a fiber bundle has to be considered as a beam-like structure with curvature-twist (bending as well as
twisting) stiffness, in addition to the usual stretching stiffness (cf. [2]). The former is then responsible
for the increasing strength-to-weight ratio of 3D fiber-reinforced composites for thin-walled lightweight
structures. Therefore, 3D fiber-reinforced composites demand for a bespoke simulation technique.

We have to consider a representative volume element, in which secondary effects as a micro inertia
and a curvature-twist stiffness must be taken into account. We introduce these secondary effects in a
continuum formulation by means of independent drilling degrees of freedom (cf. [3]). The resulting non-
isothermal constrained micropolar continuum is derived by a mixed principle of virtual power (cf. [4]).
This variational principle simultaneously generates in the discrete setting a mixed B-bar method and
a Galerkin-based energy-momentum scheme of higher order. We also take into account viscoelastic
material behaviour, which arises from a mixture of organic and inorganic fibers in a polymeric matrix
material. Representative numerical examples demonstrate the twisting and bending stiffness of the fiber
bundles.

1 INTRODUCTION

Since we aim at a finite element method, our strategy starts with consideration of generalized continuum
mechanics and unsymmetric stress tensors. The reason is that anisotropic Cauchy continua with a sym-
metric stress tensor, formulated by idempotent structural tensors Ag = ag ® ap with ||ag|| = 1, where the
vector aq denotes the fiber direction vector in the initial configuration %, and ® the dyadic product of
tensors, assume single fibers without a curvature-twist stiffness. But, bending tests with a fiber roving
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Figure 1: Three point bending test: experiment versus Cauchy theory (see Reference [5]). The introduction of
drilling degrees of freedom @ can be motivated by the bending of a two-dimensional Euler-Bernoulli beam in
applied mechanics. The curvature k(x) of the beam axis can be formulated very easy by a drilling degree of
freedom o with respect to the y-axis, instead of using the displacement w in z-direction.

composite reveal, that the roving bending stiffness has a large influence on the deformation. Beam ends
are stiff and beam curvatures are large, in contrast to finite element simulations with a Cauchy continuum
and structural tensors (see Figure 1). Such curvature effects can be modelled by tensor invariants associ-
ated with (i) a second-order material gradient Grad[F] := Grad[Grad[,]] with respect to a point X € %
of the deformation mapping @, : By — %, to the current configuration %, or (ii) a material rotation
gradient G := Grad|al| of drilling degrees of freedom @, : R"im — R™im with respect to the Euclidean
ngim-dimensional space.

Therefore, beside the deformation mapping @,, we introduce drilling degrees of freedom o as inde-
pendent fields. As we assume a perfect fiber-matrix interface, we arrive at an anisotropic constrained
micropolar continuum. More precisely, we introduce independent axial vectors I and 7y with respect
to the initial configuration %, and the current configuration %, respectively. As curvature measure,
we then obtain a curvature-twist tensor K = F'G, where the superscript ¢ denotes the transposition of
a second-order tensor. Analogous to the squared fiber stretch Cr := a, -a;, = ag - C - ay of the deformed
fiber direction vector a;, being also the trace of the product tensor Cr := A C of structural tensor Ay and
right Cauchy-Green tensor C := F'F, we show that the fiber twist Tr := a, - grad|at] - a; = ao - K - ao per
unit length is the trace of the product tensor K := Ay K of the structural tensor and the curvature-twist
tensor K. Here, we denote by grad[e] the spatial gradient with respect to a point x € %,. Second, we
show that the fiber bending per unit length is described by —215 .= Bp — T2, with Br := ay - KK' - ay,
where If” denotes the second principal tensor invariant of the fiber curvature-twist tensor K.

Finally, we derive each weak form by using the principle of virtual power, instead of using the principle
of virtual work or least action. The reason can be explained by the Simo-Taylor-Pister functional

ste(@,/, p) := / PO (@)dv + [ W (J)dV — / (J — det[Grad[@]]) pdV (1
By Ko PBo

which introduces an independent volume dilatation J and pressure . The operator det[e] denotes the

determinant of a second-order tensor, whereby the volume densities ¥i*° and ¥ designate an isochoric

and volumetric free energy function, respectively. Both, the principles of virtual work and of least action
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derive a weak form for the volume dilatation on the variable level, given by
G(@,J)3pdV =0 with G(@,J) :=J — det[Grad|@]] )
By

But, in the energy-momentum time integration, the preservation of the balance law of total energy

wor [9H . OH . OH i
H ]dV—/ H dv = / / [—,."+—.'+—~J dv de 3
/@ H,, o ] 30 ¥ 3 0 57 3)

of one step [t,,7,+1] on the time axis ¢, with the energy density

1 N iso Vo
H =S po-§+W" (@) +¥*'(J) )

and pg as material volume density in the inital configuration, requires a weak form
In+1 . .
/ / G(9,J)8pdvdr =0 ®)
1 %0

for the time derivative J of the independent volume dilatation J. Such a weak form can be directly
obtained by a variational principle

Int1 . o ] =4
/ 8*}[(q)7~lvp~)dt =0 with H := E/ﬂ PO(P(PdV+HSTP((P7]715) (6)
1, B

n

as total energy functional, where 8, [e] indicates the variational operator

8*/7 f(yl,...,yn)dezfr
Py Py

associated with the symbol D;, used to denote differentiation of a tensor function f with respect to its
i-th argument tensor. Here, the symbol * indicates a corresponding tensor contraction. We also use the
symbol D to denote differentiation if f has only one argument.

iD,- fx S*y,-] dav (7
i=1

2 CONSTITUTIVE MODEL

We begin by deriving the fiber twisting kinematics and the corresponding strain energy. The twist of a
fiber can be easily derived by means of a projection of the drilling degrees of freedom @ on the current
fiber direction a, (see Figure 2). The twist of a fiber relative to a point P in the current configuration %,
with unit length d§ is then the projection

da-a, = (grad[a] - dx) - @, = (grad[a] - a,dE) - a; (8)
of the differential do of the drilling degrees of freedom. The twist per unit length is the quadratic form

Tr:=a, gradld|-a, =K :Ay=Kp: 1 9)
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Figure 2: Twist of a fiber bundle based on drilling degrees of freedom (cf. Reference [6]).

with respect to the spatial rotation gradient grad|al], or the trace of the fiber curvature-twist tensor K,
respectively. The second-order tensor I indicates the identity tensor. In this paper, we restrict us to a
quadratic fiber curvature-twist strain energy

. 1 !
Wit 7= W W = 5 K (T5)" o 5 e (br )’ 1o

with a fiber twisting function ‘P}é”i associated with a fiber twisting stiffness parameter Kiyi, and a fiber

bending function W§" related with a fiber bending stiffness parameter uc,,. The fiber bending per unit
length, b, can be related with a deviatoric part of the curvature-twist strain energy. This is shown in
the following by elaborating in three steps that the function ‘P};‘:’/K coincides with a St. Venant-Kirchhoff
strain energy function with respect to the fiber curvature-twist tensor K.

First, we recall the structure of the St. Venant-Kirchhoff strain energy function for a matrix material
based on a spherical and a deviatoric contribution, given by

1 1 A
W = Wi+ U = 5 K (B 4+ Su(BY = 5 [E 1P +uE - B (1)

with respect to the Green-Lagrange strain tensor E := [C — I] /2. The material parameter K denotes the
bulk modulus and u the shear modulus. The spherical strain

EY':= \/ngim sphy[E] : sph;[E| = E : I (12)

leads to the volumetric strain energy ‘I“S"{}K and the conjugated deviatoric strain

plev . 2\/% dev/[E] : dev/[E] = \/2dev;[E] : dev;[E] = \/2 [E E— % (EYol)2 (13)
m
generates the energy due to matrix distorsions. The operator sphp[(e)] := 1/(D : I)[(e) : I| D defines
the spherical tensor part with respect to any second-order tensor D, and devp[(e)] := (e) —sphp][(e)]
the conjugated traceless deviatoric tensor. In the end, we obtain in Eq. (11) the well-known St. Venant-
Kirchhoff strain energy function with respect to Lamé’s first and second parameter u and A := K —
2 it/ ngim, respectively.
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This concept can be also applied in order to design a St. Venant-Kirchhoff fiber strain energy

Lo 1 . )
=W pdis — ko (B2 4~ (B8 = 22 (Ep 1+ up Ep  Ep (14)

lPe]a _
2 2 2

Fsvk

with the Lamé parameter A := Kr —2ur. Now, the spherical contribution of the fiber strain tensor
Er := Ay E with respect to the structural tensor A introduces the fiber stretch

EN = \/sphAO[EF] . sphy [Ep] =E :Ag—Ep : 1 (15)

of the one-dimensional fiber. The deviatoric strain

Efis = \[2deva,[Er] : deva, [Er] = \ /2 [JF — (E3")] (16)

includes the basic invariant J5E :=ayp - EE - ap of the symmetric Green-Lagrange strain tensor. This
contribution leads to a stress component arising from distorsions relative to the fiber direction ay. We
highlight that the spherical and deviatoric operator for the fiber is defined with respect to the tensor Ay.

By using this concept, we obtain a St. Venant-Kirchhoff fiber curvature-twist strain energy

}\’CIW

. 1 1
Wi = R R = o K (T0) o 5 pteur (br)? = =0 [Kp 0P+ pou K Kp o (17)

Fsvk

with the Lamé parameter Acwy := Kiwi — 2tcur- The spherical part describes the twisting energy ‘P%’Vi as
shown in Egs. (9) and (10), and the deviatoric strain

br = /2deva, [Kr] : deva, (K] = V/21Br — (Tr)? (18)

leads to the bending strain energy. We show this by using the process of linearization of the stress
(cf. Reference [7]), which usually provides a better inside in the physical meaning of strains. We recall
this process by means of the first Piola-Kirchhoff stress tensor

IV (E(F))

PSix(F) = PSS (B(F)) = F =KL

=F{ME(F):I11+2uE(F)} (19)
of the St. Venant-Kirchhoff strain energy function of a matrix material. Here, we designate by S§]{}K
the second Piola-Kirchhoff stress tensor of the matrix material. The linearization with respect to the
deformation gradient Fy = I in the reference configuration % leads to the Cauchy stress of Hooke’s law

WS
o€
where € := [AH + AH'] /2 designates the linearized strain tensor. The tensor AH := dAx/dX represents

the linearized displacement gradient. The strain energy function ‘I‘ﬂa of Hooke’s law then takes the form

d
— [P (I+5AH)]

=Ae: I +2ue=: 05 =
s [€: 11+ 2pu H

=0 (20)

llu(edeV)2 (21)

A 1
Wl — Zle 0P+ ue:e= —K(ev°1)2+2

2 2

The trace € : I of the linearized strain tensor can be then identified via the divergence div[Ax| of the
displacement field Ax as the volume dilatation AV /V; of the deformed configuration with respect to %.
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We now apply this linearization procedure on the Piola-Kirchhoff couple stress tensor, given by

o ¥ (K(F.G))

Fsvk

PYX(F.G) = FSYX(F,G)= (22)
oK
PYX(F.G) = F{\w|[Kr(F,G):I|Ag+2u.Kr(F,G)} (23)

but we linearize with respect to the deformation gradient Fy = I as well as the material rotation gradient
Gy = O in the reference configuration %,. Here, the second-order tensor O denotes the zero tensor. In
this way, we arrive at the Kirchhoff couple stress

a‘Pg aKF

d
a [P?{VK(I+SAH,O+SAG)] =0 — lctw [KF : I]A0+2,L1curKF = ,ug = E m

(24)
of Hooke’s couple law for the fiber bundles, formulated by the linearized fiber curvature-twist tensor

%[KF(I+sAH,O+sAG)]S:0 = AgAG =: Kp (25)

The corresponding Hooke’s couple strain energy function W¥ can be written by using Lamé parameters
or a spherical and a deviatoric part, respectively, as

7"ctw

lPI[g = > [KF : I]z + Ueur KF : KF (26)

K ) ) 2
= 5 [KF.I] + Ueur KF.KF—(KF.I) 27

K .
P = a0 AG- a0l + [ao -AGAG' -aq — (ao- AG-ao)z} (28)
Now, by employing Cartesian unit directions ay :=e;, i = 1,...,n4im, as fiber directions, we arrive at the
axial strain energy
Kewi [0A0; 17 nam [9AQ, ]
H _ Bwm i 1

lIl[(|a()S:e,' - 2 |: aXl :| Aucurj:1 |: aXJ :| (29)

i#]
with respect to the i-th Cartesian unit direction. We recognize in the spherical part (first term) the twisting
modes, and in the remainder deviatoric strain energy the bending modes of the linearized rotation gradient
. aAOC,'

AG: a—}(jei(@ej (30)

with respect to Cartesian unit directions. Consequently, a curvature-twist law for the fiber bundles reads

, I)? I)?

(Kp:1)* +ux (Ib)*Kr : Kr~ (31)

This St. Venant-Kirchhoff strain energy is our starting point of a development of non-linear curvature-
twist strain energy functions. In the development of energy-momentum schemes, a St. Venant-Kirchhoff
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strain energy function is also recommended as starting point (see Reference [8]). Motivated by Refer-
ence [9], we introduce a curvature-twist stiffness parameter ug associated with length scales /, and [, for
twisting and bending, respectively, of the fiber bundles.

As anisotropic continuum force model, we consider a decoupled thermo-viscoelastic free energy for
matrix and fiber material. In the decoupled elastic strain energy

lpela(c’éV’éF;AO) = lP}lilo(Ilcalfal’s‘C’If) +lPX;I(éV) +lP?}a(éF) (32)

we consider the volumetric strain invariant Cy := (det[C])!/"im and the squared fiber stretch Cr := C : Ag
as independent fields Cy and Cr, respectively. Note that we denote, in this paper, by

1
If:=C:1I Is = 3 [(IF)? - C*: 1] I{ = det[C] IF:=C:Av=a,-a,=|a/?* (33)

the principal tensor invariants of the right Cauchy-Green tensor C and the structural tensor Ag. As
we consider a fiber-reinforced continuum body %, moving in the Euclidean space R'™im with constant
ambient temperature @, the field ® = 0 o @ indicates the current temperature 8(x) at a point x € %,
parametrized by the corresponding material point X € %. Therefore, in the thermoelastic free energy

@Gy, Cr,0) = WP (0) — 24/Cp "m By [0 — O] DY) (Cy ) — 24/ Cr Br [© — O] DY (Cr) (34)

we take into accout a volume expansion, but also expansion in fiber direction. The heat capacity of
matrix and fiber material, respectively, is described by the function W := Wy P +Wg™ according to the
volume fraction of matrix material and fiber bundles, respectively. The viscoelastic free energy of matrix

material and fiber bundles, given by
Wi (€.C) = Wi (1S ) Wi (Cr,Cp) = WE(CHICHT) 3

depends on the invariants of elastic deformation tensors. Here, the viscous internal variables of the
three-dimensional matrix material and the one-dimensional fiber material are designated by C, and Cy,
respectively. The viscous evolution equation ¥ = X, of the matrix material is based on

Y =— a;,’v‘i’s (36)
as the non-equilibrium stress tensor, and defines the viscous internal dissipation
pi.=C,:£,=C,:V(C,):C,>0 37)
as non-negative-definite quadratic form with respect to the viscosity tensor
V(C,) = % [Vvol - X:m] C,'wC '+ %C;l oC ' with ¢ 'oc = —aac—ctvl (38)

The material parameters Vi, and Vge, designate viscosities with respect to volumetric and deviatoric in-
elastic deformations of the matrix material. The viscous evolution equation Yz = X}, of the fiber material
is analogously defined by the non-equilibrium stress
avais
Yri= —— (39)
dCy.
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and the viscous internal dissipation

B A A VF A
DF'i=Cr i = Cr 1iama Cr 20 (40)

with the fiber viscosity parameter V.
3 VARIATIONAL FORMULATION

The principle of virtual power, in this paper, relies on the total energy balance law of the continuum

gl[(¢7v7p7a7d)7ﬂvir7é7C7CV7K76V7éF7 ’;}):7(;)71:]7C:)vvavPK7SK7;El;kW7S~V7§F7R7h7}\’727&3) =0 (41)

temporally continuous temporally discontinuous

where #H = T 4 7™ £ TI*' 4 [T", Each field in the argument list has to be temporally independent
approximated, but there is a distinction between temporally continuous time rate fields and temporally
discontinuous Lagrange multiplier fields. By a tilde symbol in superscript, we highlight a below spatially
independent approximated field. A hat symbol in superscript highlights pseudo tensors. In the following,
we use a bar symbol in superscript in order to highlight fields, which are parameters of the variational
principle, because they are prescribed by the user or the second law of thermodynamics, respectively. In
Eq. (41), non-standard fields are especially the material rotation gradient G, the curvature-twist tensor K,
the Piola-Kirchhoff couple stress Py as well as the curvature-twist stress Sk. In addition to the standard
kinetic power functional

T@.9.p) = [ lpolv—plaV— [ plv-@lav+ [ pesav “2)
B ) P

introducing the material velocity field v and the linear momentum field p, we use the rotational kinetic

power functional

T 6, @, T ::/ [po [(IF — 1) Ao+ 51| @ — 7] - @AV — 1’t-[0)—(x]dV+/ n-adv  (43)
:@0 =%0

By
for introducing a micro-inertia based on two length scales /r and y. Here, the field ® denotes the angular
velocity field pertaining to the continuum rotation o, and T the corresponding angular momentum field.
The external power functional

e — —/ 00B- 9 dV —/ T.pdA + [ 6AdA
ﬂo aT:@() BQ%()
- ® . ;
+ / Grad[®] - HdV + [ — (D™+D"™)dv + / Z,:C,dv
Py B, O Py
+[ A[6-0.]d —/ n|6-6|w —/ R-[¢p— ] dA
90 %o 96 %o do Ao (44)
— Z. a—adA—/ o [&8:7 ]dA —/ W-adA
/am0 [ ] daBo &+ B ow By
1. 1. = 1. -
+ —S:Cdv + =Sy CydV +/ —SpCrpdV
By 2 By 2 By 2
+[ =nCrav + | Sk:Kav + | MyLg[Cr —Cplav
0 ) Py
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with

}
@I
5
O

Dll’]t Dll’]t_|_D11’1t LF[.] — (45)

includes algorithmic stresses S, Sy, Sp, Sk and 1\71; in order to obtain an energy-momentum scheme, a
mass specific volume load B and traction loads T on the Neumann boundary d7 %, thermal loads Q on
the thermal Neumann boundary dy.%,, the Fourier heat conduction

1 ke, —
o G

H:=— %0 Ao+ ko [F'F]7'|Grad[®]  with  D:=_Grad[®]-H>0 (46)

as corresponding dissipation, the viscous time evolutions, Dirichlet boundaries dg % U dg %) := 0% \
do Py with de %y N dg%o = 0 for prescribing the ambient temperature O, or the time evolution © of
the temperature, respectively, as well as prescribed displacements ¢ —X on dy%). This constrained
micropolar continuum also allows for a Neumann boundary dy %, for prescribing boundary couples
W, and a Dirichlet rotation boundary d4% := 0%, \ dw %y, which allows for boundary rotations &.
Since the Dirichlet boundaries have to be formally introduced by Lagrange multiplier terms, A denotes a
boundary entropy flux, 4 a boundary entropy and R Newtonian boundary forces. The Lagrange multiplier
field Z includes the reaction couples on the boundary dy %), and ® the reaction angular velocities arising
from the orthogonality property with the skew-symmetric Kirchhoff stress T.,,,. Here, we applied the
third-order permutation tensor €. The skew-symmetric Kirchhoff stress T,
field, defined in the internal power functional

I _/ {[2 M S, AV°1+SFA0—S} c+[ J M—Sv]@Jr[za—f—SF]%}dV

«w 1S a Lagrange multiplier

aCV 2 aCF
. oY . 0¥y . alpF . .
- 0+ + |F —P|:F+P: d d
+ %{[@ ®]n+[a®+n]® 3C. C,+ aCF + [FS+G(Sk)' —P] : F+P:Gra [q,]} %
0¥y
Py Grad[ ]+Tskw € FF —|—(X. +[FSK—PK] G+ W_SK K\lav
B
0 47)
with
A(C) = —— det(C)Tam €1 Wy = WP + WIS+ W W W el s gibe (4

Ndim

in order to introduce the strain power arising from the drilling degrees of freedom. The free energy ¥ :=
Wy + Wk indicates the total free energy of the composite. The assumed temperature field ® replaces a
thermal displacement field, being not explicitly involved in the total free energy according to the assumed
Fourier heat conduction, and 1 denotes the entropy density of the composite. After varying the total
energy balance law in Eq. (41) with respect to temporally continuous time rate fields and temporally
discontinuous Lagrange multipliers, we apply the fundamental theorem of calculus of variations in

S*gl[((p,v’p’a,d)’itaﬁ‘,éaC,CVaK,éVaéFaé}}?,67113®7P,S’PK3SK’%gkwaSVaSF,Rahax’z’(’\)) =0 (49)

temporally continuous temporally discontinuous
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and arrive at non-standard weak forms on the volume of the constrained micropolar continuum, given by

S*K:[W—KJFSK SK}dV— 0 = [8.G:[FSk—Px]dv (50)
_9?0 aK ﬂo

SPK [Grad[a]—é}dvz 0 :/S*k-[a—w]dv (51)
By

I
o

/8(0 po [(2 — 1B) Ao+ B1) @— ] dV = [ 8.5¢: [FG+FE-k|av (2)
0

8.0 [i+8&:%,,]dV+ [ Pg:Grad[5,6]dV :/ 6*(x-ZdA+/ 5.6-WdA (53)
DB DB 70 2

/6 T { FF +(x]dV _ ®-&:8,%, dA (54)
I

In Egs. (50), we obtain the weak forms corresponding to the curvature-twist stress tensor Sk and the
Piola-Kirchhoff couple stress tensor Pg, respectively. Eqgs. (51) show the weak forms of the material
rotation gradient G and the rotational velocity . The weak form of the rotational momentum and the
curvature-twist tensor are given in Egs. (52). In Eq. (53), we show the balance of spin angular momentum
for determining %, ,, where Eq. (54) includes the weak form defining the continuum rotation vector or
drilling degrees of freedom, respectively, o.. The remainder weak forms and the algorithmic stresses S,
Sy, Sr and M} are presented in Reference [10], and references therein.

The curvature-twist strain energy W also leads to a new contribution in the balance law of potential
energy on a time step, given by

Int1 Int1 a
Hg:ttl Hlm / ’ P lPM + ‘PF + lPK dvdr = / +L |:lPM + ‘PF + B—KK : K:| dv dr (55)
0 In 0

whose discrete preservation is essential for an energy-momentum time integration. Usually, we need
for an algorithmic stress Sk, which preserve this time integral equation for any &, = f,,.| —f,. Setting
0.K = K and 8.Sx = Sk, we obtain the weak forms

/\trH»]‘/‘
Bo

and arrive by employing Eq. (55) at the integral equations

Y b . .
K+S,< SK] avdr = /7 FG] AVdr=0 (56
Z

Tht1 — . . . Int1 . . N
[ scckavar — e [ e Sec K ava
I ,%0 tn =%’0
. . In+1 . . 2~ ~1 %
_ nif‘il—nif“—/ U {dr s [FGFG| favar 7)
th B

In this way, a constraint for the algorithmic stress Sx for any time step size /,, can be written as (cf. [11])

t—t,

Kot lPK —/SK —doc /SK —dOC (X(Z) = h (58)
n
But, by approximating in Eq. (58) the curvature-twist tensor K and the time integral such, that
k+1 , o ay k
)= Y Mi()K Mi(o) =] Iass{f} =Y fE)wi  (59)
= J=1 00—y =1
I#]

10
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N

Figure 3: Boundary conditions and fiber bundles indicated by colors, markers and black arrows, respectively.

with Lagrange polynomials M;(a), I = 1,...,k+ 1, in time, a Gaussian quadrature rule /G,uss with Gauss
points & and weights w;, [ = 1,... k, Eq. (58) is satisfied for St. Venant-Kirchhoff material. Therefore,
an algorithmic curvature-twist stress Sk vanishes in this case, which is well-known from a St. Venant-
Kirchhoff matrix material (cf. Reference [8]).

4 NUMERICAL EXAMPLE

We demonstrate by numerical examples the behaviour of the St. Venant-Kirchhoff fiber curvature-twist
stress. We consider Taylor’s bar with fiber bundels along the bar axis (see Figure 3). First, we con-
sider a dynamic torsion by using an axial transient couple load W,(X) = FW, [, sinw.¢]? on each point
X € dy %y. On the yellow bar end, we prescribe the time evolution of the torque in —z-direction, and on
the blue end in z-direction. Both ends, are also a thermal Dirichlet boundary de. % with ®(X) = @... The
green, red and light blue lateral surfaces are thermally and mechanically insulated in these examples. As
usual for Taylor’s bar, we also prescribe an initial velocity field v(X) = —ve,. The time integration is
performed by the 121-em energy-momentum scheme with linear finite elements in time for mechanical
and viscous quantities, and quadratic finite elements in time for thermal quantities. The space approxi-
mation follows from Reference [12]. Then, we consider a dynamic bending by using a transient couple
load W, (X)) = FW, [fz sin ort]%, where oy denotes the excitation frequency, and f; a load cycle weight.

11
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5 CONCLUSIONS

Motivated by precise simulations of fiber roving composites with fiber twisting and bending stiffness on
the micro scale, we aim at energy-momentum schemes for constrained micropolar continua, derived by
a principle of virtual power for continua. Therefore, we introduce independent fields for the continuum
rotation, and discretize by using new mixed finite elements. Important results are that a torsional and
flexural rigidity of fibers can be prescribed, even separately. Next design steps are a nonlinear curvature-
twist strain energy function and the corresponding algorithmic curvature-twist stress tensor.
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