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Abstract. Structural integrity and risk management have a wide interest because of its practical 
applications, such as oil and gas pipelines, piping systems under pressure in power stations, urban water, 
and heating networks. The main goal of this paper is twofold. Firstly, to estimate the unsteady pressure-
flow variations in a gas transmission grid within the framework of sequential data assimilation. This 
technique enables to determine accurately the maximum pressure at the localized defect on the pipeline by 
merging measurements that contain random errors into the inexact numerical flow model. For this purpose, 
a particle filter is used. The semi-discretization approach is applied to convert the nonisothermal flow 
model into an initial value problem of ordinary differential equations. The spatial discretization is based on 
a five-point, fourth-order finite difference approximation and the time marching was done using a 
diagonally implicit Runge-Kutta scheme. Secondly, to study the strength of steel tubes reinforced with 
composite sleeves containing localized part-wall thickness losses caused by corrosion while taking into 
consideration a safe operating pressure. For a steel thin-walled cylinder containing a wrap of fiberglass with 
epoxy resin, the burst pressure and sleeve thickness are determined. Finally, the repaired pipeline with a 
fiber-reinforced composite sleeve is investigated. The results enable operators to handle problems of 
corroded steel pipelines and develop effective repair activities during operation. For this reason, current 
research is important for the maintenance of underground steel networks.

1 Introduction  
Magnetic flux leakage (MFL) technology using axial 
excitation of magnetic field lines is the most effective 
and widespread in-line inspection method for long-
distance high-pressure underground pipelines [1]. The 
data gives insight into tube wall losses along the 
pipeline. Defect assessment after periodic diagnostics 
plays an important role for safe operation of natural gas 
grids [2]. It enables to evaluate the severity of flaws and 
to select the anomalies to be repaired with polymer 
sleeves. A three-step methodology was employed in [3] 
as a useful tool for operators to evaluate the severity of 
part-wall metal losses and aging process of underground 
steel pipelines that transport natural gas. Time-dependent 
reliability of corroded steel pipelines with correlations of 
random variables was presented inter alia in [4].  
 The role of pressure is utmost important in estimating 
the tube structural integrity. In previous work [5] a 
steady-state flow model was used to determine the 
internal pressure as a main load of the pipe wall. This 
steady-state approach is adequate if the system is not 
subject to significant changes in flow and pressure. In 
this research, a more realistic situation is investigated, 
namely unsteady flow conditions. Moreover, these 
transients are considered as realizations of a stochastic 
process. As far as the authors are aware, such an 
approach has a poor representation in the literature.  

 Flow models are inexact and contain uncertainties 
that are related to initial and boundary conditions, 
fluctuations in gas composition, ambient temperature, 
soil properties and so on. As a result, the estimates of 
state variables such as pressure, temperature and flow 
rate might too much deviate from the reality. To handle 
this problem, an ensemble data assimilation approach is 
implemented. In particular, the particle filter [6,7,8] 
which provides a framework for solving estimation 
problems that is not limited to Gaussianity and has 
attractive convergence properties.  
 The aim of this study is to investigate the strength of 
pipelines containing volumetric defects due to general 
and pitting corrosion observed by in-line inspection. The 
decrease in the tube wall thickness caused by 
electrochemical corrosion is analysed considering the 
limit state of plastic collapse and corresponding 
maximum operating pressure of the remaining pipe wall 
residual thickness. This value was compared to the 
estimated internal pressure obtained from the data 
assimilation approach at the point of the localized defect. 
Thickness of multi-layer fiber-reinforced composite 
sleeve was determined in order to reach the minimum 
strength of the pipeline.  
 Structural integrity and risk management have a wide 
interest because of its practical applications, such as oil 
and gas steel pipelines [5,9], piping systems under 
pressure in power stations, urban water and heating 
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networks. This research enables network operators of 
steel pipelines subjected to corrosion to handle capacity 
limitations based on transient pressure calculations. 

2 Nonisothermal gas flow model  
The compressible gas flow model constitutes a 
nonhomogeneous hyperbolic system of partial 
differential equations (PDEs) derived from the 
conservation principles of mass, momentum and energy. 
Using a primitive formulation, the governing equations 
can be written as [10]. 
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with pressure p, mass flow rate mɺ , temperature T, cross-
sectional area A, frictional force w, gravitational 
acceleration g, angle of inclination θ, rate of heat transfer 
Ω, specific gas constant R, compressibility factor z and 

specific heat at constant pressure cp. The parameters α1

and α2 are calculated as follows 
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where ρ is the density. The frictional force per unit 
length is defined as 

1

8
r i

w f v v Dρ π= , (6) 

with velocity v and internal diameter Di. The friction 
factor fr is obtained from the Colebrook-White equation 
[11] 
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where ε denotes the roughness and Re refers to Reynolds 
number. The steady heat transfer between the fluid and 
soil per unit length and time is defined as 

( ),
s

dU T TπΩ =− −  (8) 

where U is the total heat transfer coefficient and Ts the 
soil temperature. Finally, to the flow model, the 
following initial and boundary conditions are imposed: 
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respectively. The pipeline length is denoted as ℓ .  
The numerical approximation is done using the semi-

discretization approach, which converts the flow model 
into ordinary differential equations (ODEs) via 
discretization of the spatial derivatives. The sparse 
system of ODEs reads  
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whereas the discretization is done uniformly on the 
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 

ℓ with nx nodes. In Eq. (11), the parameter 

T  represents a block-diagonal matrix defined as 
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The coefficients in the sub-matrix refer to the classical 
three-point finite difference approximation.  

For the time stepping, a second order diagonally 
implicit Runge-Kutta (DIRK) method [12,13] is used. 
This scheme starts with the trapezoidal rule (TR) 
followed by the second order backward-differentiation 
formula (BDF2) and showed to be robust with good 
accuracy and efficiency properties, if the tolerance is not 
set too tight [14]. Within the framework of particle 
filtering, the large set of ODEs is sampled many times, 
therefore in order to reduce the computation time, the 
sparsity of the system is exploited. 

3 Particle filter  

The idea of data assimilation is to combine noisy 
measurements with the numerical flow model.  The heart 
of the approach is based on Bayes theorem that states 
that the model pdf can be updated via measurements. 
Mathematically, it reads:
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random variables that represent the model and 
measurement noise, respectively. The noise statistics are 
not unimportant, if wrongly selected filter divergence 
might occur. On the other hand, a priori knowledge 
about these statistics is often based on trial-and-error or 
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finite dimensional model. In Eq. (15) it can be seen that 
the state variables of interest, namely, pressure, 
temperature and mass flow rate are directly measured. 
However, the state variables contain noise that we seek 
to reduce by data assimilation. A technique that is used 
here is particle filtering where the aim is to approximate 
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− . This sequence is repeated for all measurements. In 

the resampling step particles with low weights are 
excluded, whereas particles with high weight are kept for 
the posterior pdf. The reader is referred to [6,7,8] for 
details. 

 It is known, that particle filters might suffer from the 
curse of dimensionality, this means that the ensemble 
size to generate a few samples from the high-probability 
areas of the posterior is growing exponentially with the 
dimension of the state vector [16,17]. However, in the 
numerical experiments a coarse interval is used, and the 
sampling is done only at the inlet and outlet node of the 
spatial discretization. For this reason, it is reasonable to 
assume that the curse of dimensionality does not apply 
here. 

4 Strength of defected tube  

The Det Norske Veritas Recommended Practice 
methodology [18] was selected as it is considered 
adequate for electrochemical corrosion defects and steel 
grade investigated in this work. The maximum allowable 
operating pressure of the defected pipeline with 
longitudinal oriented single metal-loss (see Fig. 1) is 
defined by [18] 
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with outside diameter Do, ultimate tensile strength of the 
pipe fu  to be used in the design, single defect depth d
derived from diagnostics, defect length L derived from 
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in-line inspection, wall nominal thickness 
(relative) single defect depth (d/δ)means obtained from the 
inspection results, and standard deviation of the 
measured ratio StD(d/δ) derived from the specification 
of MFL tool by the assumption of normal distribution of 
random variable d/δ [18]. 
 The safety factors γm, γd and εd in Eq. 
are determined by: (i) pipeline safety class, usually 
derived from design, (ii) testing method, relative or 
absolute and (iii) inspection accuracy and a confidence 
level. According to the Polish regulation, the degree of 
area urbanization concerning the location of high
pressure gas pipelines is classified as follows: 
- Class 1 (safety class high corresponding to the 

pipeline segment design factor f  ≤
area built over with single- or multi-
dwelling houses and public utility facilities, with 
intensive vehicular traffic and developed 
underground infrastructure, such as water networks, 
sewage systems, heat distribution networks, gas 
grids, power and telecommunication networks, as 
well as streets, roads and mining sites;

- Class 2 (safety class normal corresponding to the 
pipeline segment design factor 
0.4 < f ≤ 0.6) comprises an area with single
and farmstead housing and individual leisure 
buildings, along with their necessary infrastructure;

- Class 3 (safety class low corresponding to the 
pipeline segment design factor 
0.6 < f ≤ 0.72) includes an undeveloped area and an 
area in which only isolated single-family houses and 
farm and livestock buildings can be situated, along 
with their necessary infrastructure. 

The safety factor γm is obtained from 
inspections that are based on relative feature depth 
measurements such as the MFL method. Its value equals 
γm = 0.79 for class location low. The partial safety factor 
for corrosion depth is γd = 1.156.  The 
corrosion εd = 0. The latter two factors 
safety class and standard deviation and selected 
according to [18]. 

Fig. 1. Geometry of the axially oriented tube wall 
material loss. 
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5 Pipe strength repaired by composite 
sleeve  

The components of a multi-lay
applied to a steel pipe with volumetric defect in current 
research as well as in publications [3,20] is shown in Fig. 
2.

Fig. 2. Layered system of composite repair used for 
defected steel pipe reinforcement.

The strength calculations applied in this paper are 
reasonable for estimating the failure pressure of a 
corroded pipe, reinforced with a multi
wrap [19]. Assuming an elastic behavior of both steel 
tube and polymer sleeve, t
straight, thin-walled cylinder with volumetric defect 
reinforced by composite wrap 
follows [3, 19] 
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steel pipe ro, elasticity modulus
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The elasticity modulus of a sleeve depends on the 
polymer and other components of the layered system 
used for the pipeline reinforcement.
modulus of the sleeve in fiber
wraps depends on the fiber volume. According to [3], the 
elasticity modules of the fiberglass sleeve with 50% of 
fiber equals to 44.2 GPa. 
reinforcement systems such as applied in [20] confirm 
the assumption that the resin volume in a sleeve is 

Pipe strength repaired by composite 

layer polymer repair system 
applied to a steel pipe with volumetric defect in current 
research as well as in publications [3,20] is shown in Fig. 

Layered system of composite repair used for 
defected steel pipe reinforcement.

ulations applied in this paper are 
reasonable for estimating the failure pressure of a 
corroded pipe, reinforced with a multi-layer composite 
wrap [19]. Assuming an elastic behavior of both steel 
tube and polymer sleeve, the failure pressure of a 

walled cylinder with volumetric defect 
reinforced by composite wrap can be calculated as 
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straight pipe with volumetric 
defect reinforced by composite wrap �

max

th , external 
plus thickness of the sleeve re, 

inner radius of the steel pipe ri, external radius of the 
modulus of steel Epipe and 

elasticity modulus of the composite sleeve Esleeve. 
modulus of a sleeve depends on the 

polymer and other components of the layered system 
used for the pipeline reinforcement. However, elasticity 

fiber-reinforced composite 
wraps depends on the fiber volume. According to [3], the 

sticity modules of the fiberglass sleeve with 50% of 
fiber equals to 44.2 GPa. Analyses of fiberglass 
reinforcement systems such as applied in [20] confirm 
the assumption that the resin volume in a sleeve is 
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negligible and an averaged elasticity modulus of the 
polymer in the hoop direction is approximately equal to 
a mean of an axial and a transverse value. These 
calculation assumptions were applied in [3]. The 
elasticity moduli used in this work are shown in Table 1. 

Table 1. Elasticity modulus of steel, fiberglass sleeve 
and epoxy filler [3].

Elasticity 
modulus 
of steel 

Epipe/GPa

Axial 
modulus of 
fiberglass 

sleeve 

EGx/GPa 

Transverse 
modulus of 
fiberglass 

sleeve 

EGy/GPa 

Axial 
modulus 
of epoxy 

resin 

ERx/GPa 

Transverse 
modulus of 
epoxy resin 

ERy/GPa 

206 44.2 44.2 3.4 3.4 

The acceptability condition of tube wall metal loss 
without reinforcement can be written as follows 

����est	≤ ����DNV, (22) 
with estimated pressure from the flow model P(x)est at 
the metal loss coordinate x along the pipeline, maximum 
allowable operating pressure of the defected thin-walled 
cylinder with longitudinal oriented single metal-loss 
MAOPDNV calculated according to [18]. 
 The thickness of the multi-layer composite sleeve    
(k = re - ro) has to be determined in order to reach the 
minimum strength of the reinforced tube. This to resist 
the estimated operating pressure at the point of the defect 
occurrence, i.e.,  

����est	≤ � �max
th

 , (23) 
with design factor f depending on the pipeline segment 
safety class.  
The condition for maximum admissible operating 
pressure of the pipeline with volumetric surface flaw 
reinforced with composite sleeve can be expressed by 
the inequality: 

����
th
	≤ � �max

th , (24) 
with maximum admissible operating pressure of the thin-
walled cylinder containing volumetric surface defect 
reinforced with multi-layer composite sleeve ����

th. 
If as usual in steel underground structures 

maintenance, many pipe wall metal losses were 
recognized as a result of in-line inspection, the 
conditions (23) and (24) have to be fulfilled for each 
volumetric surface defect. 

6 Case study  

In the first part of the case study, the flow dynamics 
are estimated using the particle filter. From the 
spatial-temporal evolution of the pressure 
estimates, the maximum pressure is determined at 
the defect location. This point is obtained from 
hypothetical MFL diagnostics. In the second part, 
the maximum allowable operating pressure of the 
tube with part-wall metal loss is computed and 
compared with the estimated internal fluid pressure 
obtained from the flow model. Based on these 
calculations the strength of the defected pipe, 

reinforced with fiber-based polymer sleeve is 
analyzed in order to determine the appropriate 
thickness of multi-layered repair wrap. 

6.1 Pressure estimates 

For the investigation, a section of the Yamal transit 
pipeline on Polish territory between two compressor 
stations was selected with the following parameters: ℓ = 
177 km, Di = 1.380 m, ε = 0.0015 mm, Ts = 12 oC and U
= 1.66 W m-2 K-1. The molar fraction of the natural gas 
is: 98.3455 CH4, 0.6104 C2H6, 0.1572 C3H8, 0.0299 i-
C4H10, 0.0253 n-C4H10, 0.0055 i-C5H12, 0.0040 n-C5H12, 
0.0303 N2 and 0.7918 CO2. The thermodynamic and 
transport properties required in flow model (1) were 
fitted to the calculated values of GERG-2008. This 
equation of state is highly accurate, but computationally 
intensive and therefore, less practically simulating flow 
transients. Therefore, the following multivariate 
regression model is used:

,1 ,2

1

( , ) ,i i

n

i

i

p T p Tκ ι

=

= ∑
I I (25) 

with I  as the power and 
i
ι  refer to the corresponding 

coefficients and 5 degrees freedom. The simulations 
were done on the interval tf /h ∈ [0,24] and with p(0,t) = 
8.4 MPa, T(0,t) = 308.15 K and ( , ) ( )m t f t=ɺ ℓ . The 
latter boundary condition is depicted in Fig. 3.  
 In the absence of real data for the state variables, it 
is common to generate synthetic data and to avoid 
inverse crime, the numerical model is solved on a 
coarser grid (nx = 101) than the one that is used to 
generate the data (nx = 1001). The measurements were 
generated by adding a random Gaussian noise to the 
model solutions with a fine grid, i.e., 

( )2
,

0,0.04 ,
k p

n N∼ ( )2
,

0,1.5
k T

n N∼  and 

( )2
,

0,2.5
k m

n N
ɺ
∼  with variance in MPa2, K2 and (kg 

s-1)2, respectively. It is assumed that the model noise is 
based on Gamma random variables, i.e., 

( )1,
Gamma 9,0.5 ,k pv

−

∼ ( )1,
Gamma 5,1

k T
v

−

∼

and ( )1,
Gamma 3,2

k m
v

− ɺ
∼ . The Gaussian and 

Gamma random variables were generated using Matlab 
functions randn and gamrnd. The ensemble size Np is set 
to 100. The measurement sampling time is set to 10 min 
but in practice, it can vary from one to several tens of 
minutes. The spatial-temporal evolution of the filtered 
estimates for all state variables is shown in Fig. 4. 

It is assumed that the part-wall volumetric defect is 
located at 60 km from the up-stream compressor station. 
Since, the distance does not coincide with a grid point 
after spatial discretization, the pressure values are 
obtained from its nearest values using piecewise cubic 
interpolation. The maximum pressure at x=60 km is Pest

(60) = 8.37 MPa after 16 h from the beginning of the 
simulation (Fig. 5). 
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Fig. 3. Mass flow rate boundary condition. 

6.2 Strength of steel tube repair 

In the second part of this case study, the allowable 
pressure is calculated based on the following pipeline 
parameters [21]: fu = 570.0 MPa, fy = 485 MPa, 
206 GPa, Do = 1422 mm, δ = 21 mm, 
ri = 690 mm. Dimensions of the longitudinal oriented 
corrosion area shown in Fig. 1 are derived from 
hypothetical in-line inspection results. The maximum 
defect depth as a percentage of nominal tube wa
thickness is ��/δ�

means
�	43% and the axial length 

the corroded area is 1000 mm.
Based on the feature dimensions obtained 

hypothetical MFL diagnostics, the maximum allowable 
operating pressure of the defected pipe without 
reinforcement calculated from the formula (16) equals to 
MAOPDNV = 7.98 MPa. The maximum pressure obtained 
from the data assimilation approach at the defect location 
equals to Pest(60) = 8.37 MPa. This means that condition 
(22) is not fulfilled and therefore the pipeline m
immediately excavated, and the external surface flaw 
needs to be directly assessed as it was described in [2]. If 
the inspection tool defect sizing is confirmed, the 
volumetric metal loss feature has to be reinforced by 
composite wrap in order to reach minimum required 
strength of the tube. Determination results of multi
polymer sleeve thickness k to reach the strength of the 
defected pipe corresponding to the maximum pressure at 
the point of the specific defect occurrence
below. For the number of layers of the composite wrap 
= 16, the corresponding burst pressure of the repaired 
tube equals to �

max

th = 11.63 MPa. From Eq. (24), the 
maximum admissible operating pressure while 
considering a low safety class for the pipeline that 
contains a volumetric surface defect reinforced with a 
composite sleeve equals to ����

th= 8.37 MPa. Hence, 
for the specific defect dimensions and 
from Eqs (19-21), condition (23) is satisfied.
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In the second part of this case study, the allowable 
pressure is calculated based on the following pipeline 

= 485 MPa, Epipe = 
= 21 mm, ro = 711 mm and  

= 690 mm. Dimensions of the longitudinal oriented 
corrosion area shown in Fig. 1 are derived from 

line inspection results. The maximum 
defect depth as a percentage of nominal tube wall 

43% and the axial length L of 

Based on the feature dimensions obtained from 
hypothetical MFL diagnostics, the maximum allowable 
operating pressure of the defected pipe without 

culated from the formula (16) equals to 
= 7.98 MPa. The maximum pressure obtained 

from the data assimilation approach at the defect location 
(60) = 8.37 MPa. This means that condition 

(22) is not fulfilled and therefore the pipeline must be 
immediately excavated, and the external surface flaw 
needs to be directly assessed as it was described in [2]. If 
the inspection tool defect sizing is confirmed, the 
volumetric metal loss feature has to be reinforced by 

ach minimum required 
Determination results of multi-layer 

to reach the strength of the 
defected pipe corresponding to the maximum pressure at 

occurrence is presented 
or the number of layers of the composite wrap k

= 16, the corresponding burst pressure of the repaired 
= 11.63 MPa. From Eq. (24), the 

maximum admissible operating pressure while 
considering a low safety class for the pipeline that 
contains a volumetric surface defect reinforced with a 

= 8.37 MPa. Hence, 
or the specific defect dimensions and k=16 obtained 

21), condition (23) is satisfied.

Fig. 4. Evolution of state variables.

Fig. 5. Pressure conditions at the volumetric defect location.

Evolution of state variables.

Pressure conditions at the volumetric defect location.
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7 Conclusions 
In this work, a data assimilation technique was used to 
estimate the pressure under transient flow conditions at 
the point where cylinder wall defect exists in order to 
evaluate the underground pipeline integrity. This 
approach is more accurate and realistic compared to a 
situation where the pressure at the certain coordinate 
does not change in time, which is nowadays assumed in 
thin-walled tubes strength analysis.  
 Repairs of part-wall surface metal losses derived 
from periodic in-line inspection by composite sleeves 
avoid unnecessary capacity limitations of steel network 
subjected to corrosion due to local reinforcement of pipe 
in order to maintain design-operating pressure of the 
infrastructure. The analytical strength computations 
applied in the current paper is reasonable to estimate the 
failure pressure of corroded tubes reinforced with 
polymer sleeves. A more accurate strength analysis 
requires a numerical model, which enables to simulate a 
multi-layered repair system. This approach is more 
complicated but recommended for further research.
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