Explicit Solution of a Linearly Constrained
Infinite Quadratic Problem

Gilberto Calvillo-Vives™, Jests Lopez-Estrada?

David Romero

1

I Tnstituto de Matematicas, UNAM
62210 Cuernavaca, Mor., Mexico.
2 Facultad de Ciencias, UNAM
04510 Ciudad Universitaria, Mexico City, Mexico.

* e-mail: gilberto.calvillo@im.unam.mx

Abstract

A norm minimization problem posed in K-dimensional finite arrays without non-negativity constraints
was efficiently solved by Romero Romero [11]. Going beyond we provide here an explicit, exact solution
in case the arrays are replaced by Ls-Hilbert spaces. Furthermore, we propose a polynomial procedure
yielding an approximate optimal solution when non-negativity constraints must be taken into account for

K =2.
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Introduction

Closely related to optimization problems that
arise when updating input-output matrices in
economic studies [6], inferring migration patterns
in demography [10], and reconstructing images
in tomography Kak and Slaney [5], or among
other applications in the realm of statistical sam-
pling [3], Romero [11] considered

Problem 1.1. Given real vectors

u=(ug,...,upn) and v = (vi,...,0,)

satisfying » w; = v;, and an m-by-n real ma-
i=1 j=1

tric A = (Ajij), find X € R™™ that minimizes

Input-output integral equations; Quadratic optimization; Continuous transportation
constraints; Norm minimization; Radon transform.

YD) BEIRH

=1 j5=1
> X
j=

forgj=1,....n

and proved that its optimum X* = (X};) can be
found by means of the explicit, compact formula:

2 subject to linear constraints

m
,m, and g Xij = vy,

1=1

=y, fori =1,...

w; —u't v — v
X = Aij + + - -
n m mn
1=1,....m; j=1,...,n,
Whereu _ZAM’ v _ZA’“J’ and ¢ = ZUZ
fort=1,. mandj —1 ,n, thus yleldlnga



solution algorithm of linear computational com-
plexity in the number mn of variables.

Calvillo and Romero [2] furnished a polyno-
mial algorithm to solve Problem 1.1 when non-
negativity constraints are added, namely,

Ly Um)
satisfying

Problem 1.2. Given real vectors (uq, ..
and (U1, .., Un)

> wi =Y v, and an m-by-n real matriv A =
i=1 j=1
(Aij), find X € R™" minimizing Y > (Xy —

i=1 j=1
n m

Aij)2 SU,bjeCt to ZXZ] = Uy, ZX” = vy, and XZ] Z
j=1 i=1
0, fori=1,...,m,and j=1,...,n.

On the other hand, in [11] a generalization of
Problem 1.1 to K-dimensional arrays (K > 2)
was described and explicitly solved as follows.

For given positive integers K,dy,ds,...,dx
(K > 2), let K be the set of the first K positive
integers and let G be the grid

I"'xI?x...xI¥

)

where I* (k € K) denotes the set of the first dj,
positive integers. Further, let A : G — R be
a K-dimensional array of real numbers over G,
and for every k € K let

I;k = (ékhi)k%--wi)kdk) : ]k — R

be a one-dimensional array of real numbers. Fi-
nally, letting o denote an element (iy,...,ix)
of G, W :={(kt)| kek, { I} and
Sipe:={a e G|i, ="}, consider

Problem 1.3.

[ minimize Z (X, — Ay)?
aeG
P < )
subject to Z Xo = bre, (K, 0) e W.
\ €Sy

Note that adding non-negativity constraints to
the norm minimization problem Py yields an ax-
ial transportation polytope as defined in Yemeli

chev et al. [13], which has been object of numer-
ous studies (see for example [9], and references
therein). Assuming feasibility, namely,

E bjg: E bkgzigﬁ,
lely eIk

for every j, k € K, the following result arises.

Theorem 1.1. [11/Romero The optimal solu-
tion X* = (X] ;. ) to Pk is given by

K
Xl*l ..... 1K = All ..... 1K —l_ Q Zdjb]z] (K — ]_)SO ,
j=1
(il,...,iK) -~ G,

where ¢ = ¢ — > caAa, Q = Hszl dy, and
by = by — ZaeSke A, fOT‘ (k,g) e W.

The aim of this paper is twofold: first to
generalize Theorem 1.1, then to tackle Problem
1.2 by algorithmic means, both considering the
minimization of the quadratic functional that
arises when the arrays are replaced by Lo-Hilbert

spaces as is explained now.
Let B € RY be the K-box B = [0,d] x - -+ x

0,d], and BY € RE, for z; € [0,d;], be the
slice

BY) = [0,di] x -+ x [0,dj-a] x {w;} x [0,dj41] ¥

-+ x [0, dk].

Also, we denote by vol(B) = Hfil d; the K-
dimensional content of box B, and by

K
vol(Bg))E H dy,
k=1,k#j

the (K — 1)-dimensional content of slice Bg) :

As the content of UOZ(BJ(CJJ.)) is independent of x;

we write vol(BY)) instead of vol(BéJj)). Now,
consider the space of observable real functions

Y = LQ[O,dl] X oo X LQ[O,dK], (1)



where L9[0,d;] is the classical space of quad-
ratic integrable real functions in the Lebesgue
sense over [0, d,; ] equipped With the inner prod-

uct (y,2)y = ) = 1f0 y(x;)dx;. Clearly,
Y is a Hilbert space. We take as reconstruction
space the classical space Ly(B) of the quadratic
integrable real functions in the Lebesque sense

over B, equipped With the usual inner product
<X Y L2 fB d.T

Problem 1.4. Given the observable functions
fi € Ls]0,d;] of X, for j=1,....K, find X €
S 1
Lo(B) minimizing V(X)) = §HXH%2(B

to linear integral constraints

) subject

X(z)da" = fi(xy), (2)
BG)
E[Oadj]7 J=1.. K,
where dzgm =dxy...dvjdrjqy ... drg.

Our aim in this paper is twofold. First, we
study the Problem 1.4 and then we discuss the
natural generalization of Problem 1.2 in an infi-
nite dimensional context. In Section 3, we pro-
vide an operator formulation of Problem 1.4,
which is used in Section 3 to furnish an explicit
formula for its solution. In Section 4, a natural
generalization to Problem 1.2 is given, and it is
solved by a polynomial algorithm relaying on a
discretization of the problem. Finally, Section 5
is devoted to our conclusions.

Operator formulation

We start by reformulating Problem 1.4 in terms
of continuous linear operator

R;[X](p) = R[X](¢j, p) |
= fBz(jj) X(ﬂfl, s Lj—1, Py Lj41y -y ZUK)d%[]]

= fBU) X(?Z)d@m-
close related with the Radon transform

RIX](w,p) =

where w € S%~! namely, the unit sphere in R¥,

and p is a real number!.

Proposition 2.1. The linear transforms
R;: Ly(B) — L»[0,d;]

forg=1,...,

Proof. For X € Lo(B), the Cauchy-Schwarz in-
equality yields

K, are continuous.

B XUP = | 1+ X ’
< fy 1 X(@)Pdel
; 112
< (fB 1dx3>(f3(7)|X (2)]? di )z
= vol(BY)) [ [ X (2)]* dzV
Consequently,

d; .
18X gy < [ (vols) [ 1X(@0R

where the right-hand side becomes

vol(B9) / ( / X (@) da )dp
/\X )|? de.

So, we get that R;[X] € L»[0,d;], and
2K 1)

= vol(B

I B[ XT | ofo.a)) < (vol(B

and the proposition follows. ]

Now, in terms of the observational operator
A: Ly(B) = Y given by
B[ X]
AlX] = : : (3)
Ri[X]

we see that Problem 1.4 can be reformulated as

1See Natterer Natterer [8] and Helgason Helgason [4] for applica-
tions of the Radon transform in Computarized Tomography, and in
Integral Geometry and Partial Differential Equations, respectively.



Problem 2.1. Given f € Y, find X € Ly(B)
minimizing ¢(X) = %HXH%Q(B) and subject to
AX]=Tf.

Proposition 2.2. A sufficient and necessary con-
dition for Problem 2.1 to be feasible is

@:d1f1:d2f2: ":dK.]EKa (4)

where f; = fodj fi(xz;) dx; is the mean value of

d;
fj on[0,dj], forj=1,..., K.

Proof. Let X € Ly(B) be a feasible solution of
Problem 2.1. Then, by Fubini’s theorem,

/Xd:g = [ (fB. dem) dz,
B
:fo (z;) dz; = d; f;,

fory=1,..., K.

Thus, we get (4).
To prove the sufficiency, let f € Y satisfy the
feasibility condition (4), take

Kle]m]

and apply the Fubini theorem to obtain

Xla) = [ Xai
K

- /B(j) o D fiay) [ Fili) dz¥)

Z#J

X:z::

o~ E=D f.(35) / I_IflacZ ) daV!
ik
o D) IS, [ fitwi) da
L2[0,d;]

= o U f(ay) (Hi];j dzfz)

so that R;[X](z;) = fj(x;), for j = 1,..., K.
Hence, the set of feasible solutions is not empty.
[]

Corollary 2.1. If (4) holds for f € Y given,
then the set of feasible solutions of Problem 2.1
is an affine subspace of Lo(B).

Proof. It follows directly from propositions 2.1
and 2.2. ]

Proposition 2.3. Problem 2.1 has a unique op-
timal solution X € Lo(B). Further, if the oper-
ator AA* is invertible, where A* is the adjoint
of operator A, then

X = A"(AA) ' [f). ()

In other words, if P 1s the orthogonal projection
operator over N(A)* then P = A*(AA*)™!

Proof. See Luenberger [7], section 6.10. O

Problem solution

In this section we obtain an explicit solution to
Problem 2.1 (or, equivalently, to Problem 1.4).

Lemma 3.1. The adjoint operator A* : Y —
Lo(B) of A is linear, continuous, and given by

T) = ij(fﬂj)-

Proof. From the general theory of linear con-
tinuous operators in Hilbert spaces ( Luenberger
[7], page 151 ), the adjoint A* of A given by (3)
is also a linear continuous operator, and

A" ev.z.8)) = 1Al L(za(B),v)-

Now, observing that

(6)

(AIX], v = S0, o £ Ry X (xy) da;
= S0 I Fws) (S X (2) dal?) da
= 3 S X (@) (S5 i) ) dath da
= [ X (zj fi(e)) da
= (X, A “raim)
we get A*[f](z) = Y0, f(=)). 0

Corollary 3.1. ker(A)*
S filay), f e}

= {X € LyB) | X(z) =



Proof. 1t follows directly from the known fact
ker(A)t = im(A*) (Luenberger [7], page 156),
and Lemma 3.1. []

Lemma 3.2. The operator AA* : Y — Y s
linear, continuous, and given by
o(BO)(falan) + 35 f)

v(B®)(fa(ws K2_j
i = | PEUE) )

o(BE) (fie(wr) + X2k fi) |
(7)
Proof. Since AA* is the composition of linear

continuous operators, it is a linear continuous
operator itself. Now, we have

(AA%)[fl(z) = AA (@)
= A[Y5 fi(r))]
R[S0 filx)] (8)
Rl S5, £
and

R[S ) ] = g (255 iGep) dat
=3 fo;> fi(x;) dat

_UOZ( ") fi ()
+Z]¢;€1 fB k) f‘7 :Uj)dfc K],

Besides, for j # k:
S fi;) dz®
= Jpow ( S %)d%) dz\"
- wa) (d'fj) dxj’k

") fi.

where? BUF = [T, ,[0,d], and in dzl* all

differentials dxy appear whenever ¢ # j, k. Thus,
(7) follows from (8), (9), and (10). O

2For j < k we write BUF) = [Tr; [0, de] instead of
B, = [0.da) %+ x [0.da) x {7} < [0, dja] x [0, di—]
[0, di41] x -+ x [0, dk].
A similar consideration is applied for k < j.

(10)

= vol (B!

x {x} x

Lemma 3.3. W = {f € Y| (4) is satisfied } is
a closed linear subspace of Y and it s invariant
under AA*.

Proof. If f,g € W then ¢ = d; f; =
and ¥ = d1g1 = -+ = dg gk, obtaining ¢ 4+ ) =
difi+g1 = =dgfk+9K, and f+g € W.
Similarly, for a € R we have a f € W. Hence,
W is a linear subspace of Y. Further, the set
Wi = {f € Y| [ fydw; = [o* fudur}, j # K,
is clearly closed in Y, and since W is a finite
intersection of the closed sets W,, j # k, it
follows that W is also closed. To prove that W
is invariant under AA*, from Lemma 3.2 it is
sufficient to show that, for f € W,

dy, k
| v { @)+ 7, | e

J7k

--Zdka

has a constant value, independent of k. In fact,
we have

[ vol(BF) <f(a:k) + 30 f) da
= vol(BF) (QO +di S e/d;
= @ vol(BF) (1 + dj, Zj;k 1/dj)

f vol(BY)
= pvol(BF) (1 + %) .

This is to say

d K
/0 vol(B") f(a:k)Jrz:f7 dxy,

ik
K
- (Svn)
j=1
and the proof is completed. ]

Proposition 3.1. The linear operator AA* : Y —
Y restricted to observable functions f € W 1s in-
vertible and given by



(AA") " [fl(2)

f1($1)

S J

vol(BMW)

fx(K)

iy vol(BW)

ZkKyg}( ]?k

vol(BK))

_|_

21521 vol(B

(1))

(11)
Proof. By Lemma 3.2, (AA*)[f] = 0 implies,

fory=1,..., K,
K
fi(@;) + Z fr=0, (12)
k=1,k#j
which leads to
fi(z)) = fj. (13)

and d;f; + d; Zf:u#j fr = 0. So, using the
solubility conditions (4), from (12) and (13) we
get
_ X -
0 = fi+ Zkzl J
- f] + Zk ! d] fJ

= f]+dszk:1d_

Iy 7JOZ(B('“))
k#£j
vol(BW)

- f]+fj

which comes to 0 = <Zk L vol(B* )) fi, and we

have fij(z;) = f; =0, for j = 1,..., K. There-
fore, f € N(AA*) leads to f = 0 and so AA* is
invertible.

Now, taking f(z) = (AA")[z](z) with z €

Y satisfying the solubility conditions (4), and
applying Lemma 3.2 leads to

filz;) = vol(BW) () + sz . (14)
kr#]
for j=1,..., K.
Hence,
K
_Jiley) _
Zj(x]) - UOZ(B(])) - — Zk- (15)

From (14) we have

difi = fy'f
= wol(B )(ZJ +Z£(:1Jf7éj Zk) ’

xj dx]

thus

f]—vol Zj + Z Zk

k=1,k+j

Now, using the solubility conditions d;.z; =
for all k, j, we have

d;Zj,

djvol BW)
fi = vol(B! ) (Zk 1,k#j d(k )> Zj
= (S vol(BM))
Thus, z; = /s and

iy vol(BW)

K K 3
Z % = Zk:l,k;ﬁj i
= —— ,
=1,k D ey vOL(BW)

Therefore, (11) follows from (15) and (16), and
the proof is complete. []

Theorem 3.1. If f € W then the unique solu-
tion of Problem 2.1 is

. St dy fiag) -
X(z) = vol(B)

Proof. From Propositions 2.3 and 3.1, X =

(16)

(K =1y an

A*(AA*)~1[f] is the solution of Problem 2.1. Thu
applying Lemma 3.1 and Proposition 3.1 we get
X(z) = A (AA)[fl(2)
[ fi(z1) + 25:171@751( fr
vol(BY) 52 wol(B®)
— A* :
fr(TK) Zszl,k;éK i
| vol(BXE)) S wol(BW)

Therefore, an explicit solution of the quad-
ratic optimization problem with linear constraint:
(2) is given by

Z vol

K—1)

i i
S vol(BU)




or by

X(z) = vol% )ZJ 1 difi(x)

i fi
- (K — l)zjilvol(B(ﬁ) .

Now, substituting f; = ¢/d;, for all j, we
obtain (17) after a trite simplification. O

Theorem 3.1 generalizes the solution given by
Romero [11] for this problem in the finite dimen-
sion case (see Theorem 1.1), which is continuous
if the observable functions are continuous. Our
next result establishes that Problem 2.1 is well-
posed in the Hadamard sense.

Proposition 3.2. If f € W then

< [Ifllv-

Proof. It follows directly from Proposition 2.3,
and from the fact that every orthogonal projec-
tion operator P has norm equal to the unity. [

1 X || L(5)

Non-Negativity constraints case

In this section we still consider Problem 2.1, this
time incorporating non-negative constraints
over X € Ls(B). More specifically, we discuss

Problem 4.1. Given f € Y, find X € Ly(B)
minimizing ¢(X) = %HXH%AB), subject  to

AlX] = f, and X > 0 almost everywhere in B.

Subsection 4.1 is devoted to prove that this
problem is well-posed in the Hadamard’s sense.
Then, in Subsection 4.2 we propose a polynomial
procedure to approach the optimal solution of
the two-dimensional case of Problem 4.1.

Feasibility

Clearly, Cp = { X € Ly(B) | X >0 almost
everywhere in B} is a non-empty closed cone,
and under feasibility conditions (4) Cf = {X €
Lo(B) | A[X] = f} is a non-empty, closed linear
manifold.

Lemma 4.1. N(A) C{X € Ly(B) | X =0}.

Proof. Let X € N(A) be given. Then, as -
R;[X](x;) = 0 implies R;[X] =0, for j = 1,..., K,
by the Fubini theorem we get

0 = f;" RylX] <:cj>da:j
- f (fBJ

dx”) dx;

where for convenience we have written
Rj[X(z;) = [
Bi

Hence, X = 0, and N(A) C {X € Ly(B) | X =

0}.
Now, let X € Ly(B) be such that X = 0.
Applying the Fubini theorem again, we have

0 = [ X(z)do
= [ (fB] (2], z; da:”) dz;

= foj R;[X|(;) dx;,

X@[J’]7 ;) dag[j].

thus R;[X] = 0and R;(z;) #0,forj=1,..., K.
In conclusion, we come to N(A) C {X € Ly(B) |
X = 0}, and the proof is completed. ]

Proposition 4.1. The closed subspace N(A) is
a support subspace at the origin of the positive
cone set Cy in Lo(B).

Proof. Clearly, the intersection of Cy with the
set {X € Lyo(B) | = 0} is X = 0. So,
the proof of this proposition follows from Lemma
4.1. O

Given f € Y, by f > 0 we mean f;(x;) >0
almost everywhere in [0, d;], for j =1,..., K.

Corollary 4.1. If f € Y satisfies the feasibility
conditions (4) and f > 0 then Cy = CoNCy is
non-empty set.

Now, under the hypothesis of Collorary 4.1,
C(p) = CoNCYy is a non-empty, closed linear sub-
set. Namely, we can see Problem 4.1 as Problem



2.1 over the closed and convex subset Cj, and
Problem 4.1 thus consists in finding X € C(y
that is closest to the origin O € Ly(B). There-
fore, Problem 4.1 can be seen as a special case
(F=0)of

Problem 4.2. Let H be a Hilbert space, and C €
H a closed and convex subset. Given F' € H,
find X € C' such that

IF — X|lym) < || F = X||1ym), forall X €C.

The characterization of the solution to
Problem 4.2 is given by the following result (for
a proof, see Brézis [1], Siddiqi [12]).

Theorem 4.1. (Convez Projection) Let H be a
Hilbert space. If C' C H 1is a closed convex set
then, gwen F' € H, Problem 4.2 has a unique
solution X € C, characterized by the variational
inequality

(F-X,X—-X)g<0, foralXeC. (18)

Furthermore, the mapping Po : H — C given
by F' — X 1is a nonlinear projection operator
satisfying

|Po G = PoFllg < |G—=Flla.  (19)

Observe that the orthogonal projection is a
particular case of the convex projection when
the closed convex C' is a closed subspace. In
general, it appears very difficult to furnish an
explicit solution to Problem 4.2, since to give an
explicit expression of the convex projector Pg
does not seem easy.

Coming back to Problem 4.1, from Theorem
4.1 it has an unique solution X¢ € L9(B) char-
acterized by the variational inequality

(X, X — X, >0, forall X € Cp, (20)

which says that X¢ is orthogonal to C(y), and

from which it is not obvious that X¢ depends
continuously on f € Y.

To prove that X¢ depends continuously with
respect to f € Y, it is convenient to first consider

some aspects of the problem data. We denote by
Wy C Y the subset of all f € W (see Lemma 3.3)
with non-negative f; components, namely, f; >
0 almost everywhere in [0,d,], for j =1,..., K.

Lemma 4.2. im(A*|w,) C Cp.

Proof. It is a direct consequence of Lemma 3.1.
]

Lemma 4.3. im((AA*) Yyw,) C Co.

Proof. 1t is a direct consequence of Proposition
3.1. ]

Theorem 4.2. If XJ? and Xg are the solutions
to Problem 2.1 for f and g € Wy, respectively,
then || Xg — X5, < llg — fllv-

Proof. If h € Wy, then X¢ = X, follows from
Lemmas 4.2 and 4.3. That is, when h € W,
the convex and orthogonal projections of A co-
incide. So, applying Proposition 3.2 the proof is
completed. ]

In other words, Problem 4.1 is well-posed in
the Hadamard’s sense.

Approximate solution
for the 2-D case

Let us consider Problem 4.1 in the two-dimen-
sional case; more specifically

Problem 4.3. Given positive reals dyi, do, and
non-negative real functions f(x), g(y), satisfying

fodl f(z)de = fodgg(y) dy, find a non-negative
real function h(z,y) that minimizes

dq do
/ [h(z, )] dz dy,
0 0

subject to

&
/0 hz,y)dz = g(y), fory € [0,dy],

and

da
/0 h(z,y)dy = f(x), for x €[0,d].



We were not able to find an explicit solution
to Problem 4.3. However, the polynomial pro-
cedure A below —strongly relying on the exact
method proposed in [2] to solve Problem 1.2 for
any m-by-n matrix— can be applied in case an
approximate optimal solution suffices.

Lines (1)-(6) are aimed to first determine
suitable discretization intervals A; and Ao, where
the parameter € > 0 is meant to control the de-
sired accuracy level, and v(w, h,d) denotes the
integral of a function A in the interval [0, d], ap-
proximated with the trapezoid rule on w points.
The dimensions m and n of the working matrix
are computed in line (7). Then, in lines (8)-
(12) an approximation to the optimal solution
h*(z,y) of Problem 4.3 is produced as h'(z,y)
for discretized values z,y. Note that vectors
(u1,...,uy) and (vy,...,v,) are non-negative,
and satisfy > ", u; = Y7 v;. They are taken
as input to determine in line (11) the optimal
solution X* of Problem 1.2 with the polynomial
method proposed in [2].

PROCEDURE A

(1) k1 < 2; While

‘V(kl + 1, f, dl) — 1/(2k1 + 1, f, dl)‘ > €
do ki + 2k ;

(2) ko< 2; While

\v(ks +1,9,d2) —v(2ka+1,g,do)| > €
do kg — 2]{?2;

(3) A%min{dl/kl, dg/kz};

AL dr/[4];

A” — dl/l_§J

(1) TEIAT AL <|A-AY

then A; < A}
else A} + AY;

(5)  Ab  do/[%];
(6) If|A—-AL<|A-
then A, <+ A

else Ay < AL;

(7) m(—dl/Al;n%dg/Ag;

(8) Forie{l,...,m}and je{l,...
do

MY dof| %)
Ay

xz%iAl, y] — JA;
flefy] (x,y) dy dz;

(9) Forie{l,...,m}dow < > v¥i;
(10) For j € {1,....,n} do v; < > 7" s
(11) Find the optimal solution X* = (X};)
to Problem 1.2;
(12) For i e {1 .,m}and j € {l,...,n} do
Wi — A j . AXA2
Example. Let f(z) = 4962% — 1984 x +

1984, g(y) = 35y>—455y>+1470y+70, dy = 5,
dy = 8. Since f05 f(z) = fOSg(y) = 5786 + 2/3,
feasibility is verified. Fixing e = 0.1, lines (1)-(7)
vield k; = 27, ky = 25, A = min{5/27,8/25} =
0.03125, A; = 0.03125, Ay = 0.03125, m = 160,
and n = 256. Then, in line (8) we get vectors
(u1,...,u160) and (vy,...,v956), which in turn
are used as the input data for the optimization
process in line (9). Finally, line (10) obtains
an approximate optimal solution, as depicted in
Figure 1.

g(y) = 35y> —455y% + 1470y + 70
1600

815.3
0 =

5 o

00S¥

@7

P86T + TTRGT — 7 967

0 8

Figure 1: Approximate solution to Problem
4.3 for f(z) = 496 2> — 1984 x+1984, g(y) =
35y® — 455 y? + 1470y + 70, d; = 5, and
dy = 8.

Conclusions

In this paper the problem of finding the clos-
est point to the origin in transportation poly-
topes is studied in a Hilbert space framework.
We show that this point can be found by the
explicit formula (17). In the finite dimensional
context, an analogous explicit formula was pro-
posed by Romero [11].



We are not aware of an explicit solution to

Problem 2.1 in case non-negative constraints are
added. However, we establish its well-posedness
as a direct consequence of the convex projection
theorem.

Finally, a two-dimensional instance of Prob-

lem 2.1 with non-negative constraints is numer-
ically solved by means of a discretization proce-
dure based on the trapezoid rule, together with
the exact, polynomial method proposed in [2].
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