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Abstract. The diffusion-reaction equation develops sharp boundary and/or internal layers for 
the reaction-dominated case (i.e. singularly perturbed case). In this regime, spurious oscillations 
pollute the solution obtained with the Galerkin finite element method (FEM). To address this 
issue, we employ a stabilized Variational Multiscale (VMS) method that relies on an improved 
expression for the fine-scale stabilization parameter that is derived via the fine-scale variational 
formulation facilitated by the VMS framework. The flexible fine scale basis consists of 
enrichment functions which may be nonzero at element edges. The stabilization parameter thus 
derived has spatial variation over element interiors and along inter-element boundaries that 
helps model the rapid variation of the residual of the Euler-Lagrange equations over the domain. 
This feature facilitates consistent stabilization across boundary and internal layers as well as 
capturing anisotropic refinement effects. In addition, VMS methods come equipped with useful 
a posteriori error estimators. New numerical results are presented that show the performance 
of this VMS method with a flexible fine-scale basis for singularly perturbed diffusion-reaction 
equation. These include an evaluation of the built-in error estimate for homogenous domain, 
and an optional modification of the method for heterogeneous domains that may result in 
savings in the computational cost. 
 
1 INTRODUCTION 

The Galerkin Finite Element method develops spurious oscillations engendered by boundary 
and/or internal layers in singularly perturbed diffusion-reaction equations (i.e., when the 
coefficient of the zeroth-order term is much larger than the coefficient of the second order term). 
An analysis that shows the origin of these spurious oscillations can be found in [1,2], and several 
methods have also been proposed to mitigate this issue [1,3–9]. 
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The Variational Multiscale framework proposed by Hughes [6], generalized to bubble 
functions approach that was applied directly at the fine-scale variational level in Masud and 
colleagues [10-12], and formalized for hierarchical application of bubble functions approach in 
Masud and colleagues [13,14], was employed to derive a VMS method for singularly-perturbed 
diffusion-reaction equation in [15]. The key feature of the method in [15] is a more flexible 
fine-scale basis that consists of multiple local polynomial functions that may be nonzero on 
element boundaries. Sub-scale models that do not vanish at element boundaries also appear 
elsewhere in the literature [16–19]. However, the approach in [15] is distinct in that the element 
boundary terms are assumed to be negligible and interelement continuity of the fine-scales is 
not explicitly enforced. The resulting fine-scale model has increased flexibility in that it adapts 
locally and automatically to the restrictions and directionality imposed by the mesh and the 
internal and/or boundary layers. Furthermore, the method is more effective in satisfying the 
maximum principle, i.e., the spurious oscillations around boundary and internal layers are 
suppressed in most cases, or their magnitude is substantially reduced in comparison to other 
methods. 

An additional feature of VMS methods is that they come equipped a posteriori error 
estimators [20]. In this work, we employ the VMS method from [15] to solve the singularly 
perturbed diffusion-reaction equation in homogeneous and heterogeneous domains. We present 
numerical results for the built-in error estimate for homogenous domain, as well as a possible 
modification of the method for heterogeneous domains that may yield computational cost 
savings. The reminder of this work is organized as follows. Section 2 discusses the diffusion-
reaction equation. Section 3 summarizes the VMS method with flexible fine scale basis, and its 
optional modification for heterogeneous problems. Section 4 contains numerical results. 
Finally, section 5 provides some conclusions. 

2 DIFFUSION-REACTION EQUATION 

Consider a closed domain sdnΩ ⊂   where 1sdn ≥  is the number of spatial dimensions. We 
denote the boundary of the domain by ∂Ω . Let :u Ω →   denote an unknown scalar field in 
the domain. The reaction-diffusion equation with Dirichlet boundary condition is given by 

inu u fε σ− Δ + = Ω  (1) 
onu g= ∂Ω  (2) 

where :ε +Ω →   is the diffusion coefficient, :σ +Ω →   is the reaction coefficient, 
:f Ω →   is the forcing function, and g  is the prescribed Dirichlet boundary condition. We 

define the linear operator : ε σ= − Δ + , so equation (1) can be written as 
inu f= Ω  (3) 

We further define the appropriate spaces of functions 
1: { | ( ) ,  } on H u gu u ∈ Ω == ∂Ω  (4) 
1{ | ( ) ,  }: 0 on w w wH= ∈ Ω = ∂Ω  (5) 

and formulate the weak form of the problem: Given ε , σ , f , and g , find u ∈  such that 
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( ,  ) ( ,  ( ,  ))u w w fw u wε σΩ Ω Ω+ =∇ ∇ ∀ ∈  (6) 

where 1 2 1 2( , )v v v v dΩ Ω
= ⋅ Ω  denotes the 2L -inner product over the domain Ω . 

Numerical approximations to the solution of the weak form are formulated by the Galerkin 
method, where functions are taken from finite-dimensional subspaces of (4) and (5). The formal 
statement is: Given ε , σ , f , and g , find h hu ∈ ⊂   such that 

( ,  ) (( ,  ) ,  )h h h h h h hw w wu u wfε σΩ Ω Ω∇ ∇ ∀= ∈+ ⊂   (7) 

where h  and h  are finite-dimensional subsets of the test and trial spaces respectively. In the 
context of the finite element method (FEM), these spaces consist of 0 ( )C Ω  piecewise-
differentiable functions 1( )C K , commonly polynomials, with compact support defined over 
non-overlapping subdomains or elements, K . Rewriting equation (7), we obtain the following 

( , ) ( )h h h h h
Gal GalB w u L w w∀ ∈= ⊂   (8) 

( ,  ( , (  )) , )h h h h h h
GalB w u ww u uε σΩ Ω∇ ∇= +  (9) 

( ) ( ,  )h h
GalL w w f Ω=  (10) 

The Damkohler number, α , is a measure of the relative influence of reactive effects versus 
diffusive effects in the problem. In this work, we define the Damkohler number as 

2hσα
ε

=  (11) 

where h  is a certain length-scale associated with the discretized domain. In the context of the 
finite element method (FEM), it is useful to define an element Damkohler number, in which the 
length-scale h  is taken to be the characteristic length-scale of the element Kh , commonly taken 
as the element diameter or the element side length. 

The Galerkin FEM exhibits spurious oscillations and the numerical solution fails to satisfy 
the maximum principle when the Damkohler number is larger than some critical value crα . It 

has been shown in [1,2] that 6crα =  for the 1D case. 

3 VARIATIONAL MULTISCALE METHOD 
Stable numerical solution to the weak form is obtained by the VMS method. Here, we 

summarize the VMS method for singularly perturbed diffusion-reaction equation derived in 
[15], but recall that the consistent derivation of the method relies on additive decomposition of 
the solution u  into a coarse scale contribution u  (associated with the standard finite element 
basis), and a fine scale contribution u′  (associated with a fine-scale basis, linearly independent 
from the FE basis). 

u u u= + ′  (12) 
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The fine scales are defined in terms of a set of bn  basis functions 1 2{ ,  ,  ... , }
bK

e e e
nB b b b= . For 

further details, the interested reader is referred to [13,15]. With these definitions, the resulting 
VMS method is stated as follows: Find h hu ∈ ⊂   such that 

, ( )( )h h h h h
VMS VMSB w u L w w∀ ∈= ⊂   (13) 

( )(, ) ,( ( ( ), ))h h h h he
Gal

h
S

K

h h
VM K

B uw Bu w w u uw ε σ τ ε σ− − + −Δ += Δ  (14) 

( )( ) ( ) ( ),h h h
G

h
VMS

K
K

e
alL L w ww w fε σ τΔ−= − +  (15) 

where 

( ) 1 ˆe e eT
τ −= b bA  (16) 

and 

{ }1 2[ , ,..., ] , ,  1,...,
b

e e e e T e
n p bKb b b b B p n∈ ∀ ∈=b  (17) 

ˆ e e

K
dK=  bb  (18) 

= +A K M  (19) 

[ ] ( , ) , , ,  }, {1,...,e e e e e e
qp q p q KKK q p p bb dK bb b b q p nb Bσ σ= = ∈ ∀ ∈M  (20) 

[ ] ( , ) , , ,  }, {1,...,q
e e e e e e

Kqp q q p pp KK bb dK b bb b b B q p nε ε∇ ∇ ∇ ⋅ ∇ ∈ ∀= = ∈K  (21) 

3.1 Flexible Fine Scale Basis 
In earlier work by Masud and collaborators [21–24], a single bubble that is zero at the 

element boundaries was used to represent the fine scales, including some applications to 
reactive phenomena [25,26]. The example of a biquadratic bubble typically used with 4-node 
quadrilaterals is shown in Figure 1a. In this work we consider a fine-scale basis comprised of 
multiple functions that are not necessarily zero at the element boundary and are not necessarily 
enforced to be continuous across element interfaces. This amounts to a fine-scale representation 
with increased flexibility to be able to capture solutions that exhibit steep gradients, as in the 
case of the singularly perturbed (i.e., reaction-dominated) diffusion-reaction equation. 

For 2D bilinear elements (Q4), the basis for the fine scales will be taken to be the shape 
functions from the Q9 element corresponding to nodes 5, 6, 7, 8, and 9, as sequenced in the 
element natural coordinates, shown in Table 11. There, the first 4 functions correspond to the 4 
edge functions (so-called “edge bubbles” used in [19]) and have the generic shape shown in 
Figure 1b, and the fifth function corresponds to the quadratic bubble shown in Figure 1a. We 
denote the resulting VMS method with multiple fine-scale basis functions as VMSm. 

 
1 For a more general discussion regarding the choice of the fine scale basis, the interested 
reader is referred to [15]. 
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(a)  (b)  (c)  

Figure 1: For Q4 element: (a) standard quadratic bubble, (b) quadratic edge function, and (c) example of their 
linear combination. 

Table 1: Basis for the fine scales in the Q4 element (in element natural coordinates) 

Fine-scale 
basis function Functional form Equivalent shape 

function (from Q9) 

1
eb  1 (1 )(1 )(

2
)1ξ ξ η η− − + −  5

eN
 

e
2b  1 (1 )(1 )(1

2
)ξ ξ η η+ +−  6

eN
 

3
eb  1 (1 (1) (1 ))

2
ξ ξ η η− + +  7

eN
 

4
eb  1 (1 )( )( )

2
11ξ ξ η η− − +−  8

eN
 

5
eb  (1 )(1 )( )(1 )1ξ ξ η η+ − +−  9

eN  
 

3.2 Built-in A Posteriori Error Estimate 
A feature of VMS methods is that they come equipped with an error estimation framework, 

as discussed in [20]. To see this, consider the multiscale decomposition of the exact solution in 
equation (12), where the fine scale field u′  can be interpreted as the error e  between the exact 
solution u  and the coarse scale field u  

e uu u= − = ′  (22) 
In the derivation of VMS methods, the weak form is decomposed into a coarse scale 

subproblem and a fine scale subproblem. Solution of the coarse scale subproblem to find the 
coarse scale field depends on the fine scales, therefore ( )ˆu u u= ′ . Invariably, in order to 
develop a numerical method, it is required to make approximations regarding the fine scales. In 
the present method, the fine scales are approximated locally within each element K  as  

e
K K K

u u Rτ≈ ′ =′   (23) 

where R u f u u fε σ− = − Δ += −  is the residual of the coarse scale Euler-Lagrange 
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equations, and eτ  is given by (16). 
The numerical solution hu  to (13) represents an approximation to the exact coarse scales, 

i.e., hu u≈ , because of two factors: (i) in deriving the modified coarse scale problem in [15], 
some boundary terms were neglected, and (ii) the fine scale model is an approximation of the 
exact fine scales. Therefore, the total error in the numerical solution h he u u= −  can be split 
into a local error Le  associated with the error between the exact and approximated fine scales, 
and a global pollution error Ge . Moreover, the local error can be further split into an explicit 
term (given by the modeled fine scales) and an implicit correction. Therefore, the total error 
estimate is given as 

h
L L Ge e e e= + +    (24) 

where the explicit error corresponds to the computed fine-scales. 
e

L K K K
e u Rτ′= =   (25) 

For details on the computation of the implicit parts of the a posteriori error estimation ( Le  and 

Ge ), the interested reader is referred to [20]. 

3.3 Selective VMSm 

Depending on the definition of the fine-scale basis KB , one arrives at spatially varying 
values of eτ  through equations (16)-(21). It is also noted that computation of eτ  requires the 
solution of a b bn n×  linear system. In what follows and for 4-node quadrilateral elements (Q4), 
we denote as e

mτ  the stabilization parameter arising from the fine-scale basis given in Table 1, 
i.e., 2 3, 1 4 5{ , , , , }e e e e e

K mB b b b b b= . On the other hand, we use e
sτ  to denote the stabilization parameter 

associated with a fine-scale basis consisting of only the standard quadratic bubble, i.e., 
, 5{ }e

K sB b= . We further define a Selective VMSm method for problems with heterogeneous 
coefficients. In this method, the stabilization parameter eτ  within a given element K  is 
determined according to the value of the Damkohler number in that element Kα  as follows 

,
.

e
m K cre
e
s K cr

τ α α
τ

τ α α
=

≥


<
 (26) 

The purpose of the definition in (26) is to reserve the use of the more flexible (but more 
computationally expensive) fine scale basis in regions of the domain where steep gradients are 
expected (i.e., reaction dominated regions with large Damkohler number), while using a single 
standard bubble in the diffusion dominated parts of the domain, for computational cost savings.  

4 NUMERICAL RESULTS 
In this section we present 2D numerical results for VMSm method applied to the scalar 

diffusion-reaction equation. First, we consider a problem with constant coefficients as presented 
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in [15] and study the resulting fine-scale field as a built-in a posteriori error estimator, as 
discussed in Masud et al [20]. Secondly, we apply the VMSm and Selective VMSm method to 
solve the diffusion-reaction equation with heterogeneous coefficients with strong 
discontinuities in a checkerboard pattern. 

4.1 Error Estimate 
We discretize the unit square domain [0,1] [0,1]Ω = ×  using a structured mesh of 20×20 4-

node quadrilateral (Q4) elements. Then, we take the element side length as the characteristic 
length of the element 1 20 0.05Kh = = . The forcing function is set to 1f = , the reaction 
coefficient is 1σ = , and the diffusivity is 1 6eε = − , which results in a corresponding 
Damkohler number 50 crα α= > . Figure 2 shows results obtained usig the Galerkin FEM and 
VMS with multiple fine-scale basis functions (VMSm). The Galerkin FEM solution exhibits 
large spurious oscillations around the boundary layers, while the solution obtained with the 
VMSm method captures the boundary layers sharply (within a single element) with no 
overshoots or undershoots. 

(a)  (b)  

Figure 2: Distribution of the local explicit error (or numerical fine scale field) in (a) the entire domain and (b) 
close-up of the top-right corner of the domain. 

(a) (b)  
Figure 3: Distribution of the local explicit error (or numerical fine scale field) in (a) the entire domain and (b) 

close-up of the top-right corner of the domain. 
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As discussed in section 3.2, the fine-scale field itself represents an error estimate. In 
particular, the numerical fine scales (expanded in terms of the fine scale basis) represent the so-
called local explicit error Le  in the notation of [20]. Therefore, Figure 3 shows the distribution 
of the compute fine scales (or the local explicit error Le ) in the domain. It is noted that this error 
estimate coincides with the notion that the largest errors occur in the boundary layer region. 
Furthermore, one may follow the framework provided in [20] to compute additional more 
accurate implicit estimates of local and global error, as well as compute the norms or seminorms 
(in ( )1H Ω  or ( )2L Ω ) of these errors to verify their convergence. Nevertheless, we remark that 
the explicit local error already provides a reasonable estimate for the distribution of error in the 
domain. 

4.2 Heterogeneous Coefficients: Checkerboard Problem 
In this problem, we consider the scalar diffusion reaction equation with heterogeneous 

coefficients, i.e., ( )σ σ= x  and ( )ε ε= x . Moreover, there are strong discontinuities in the 
spatial variation of these material parameters as in equations (27) and (28), in a checkerboard 
pattern (Figure 4). The problem domain is the unit square [0,1] [0,1]Ω = × , and we impose 
homogeneous Dirichlet boundary conditions (Figure 4) and a constant forcing function 1f =  
over the entire domain. 

σ (x) =
σ1 if x  in black material
σ 2 if x  in white material






 (27) 

  
ε(x) =

ε1 if x  in black material
ε2 if x in white material






 (28) 

 
Figure 4: Schematic drawing of the domain for the checkerboard problem. 
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The domain is discretized using a 20×20 grid of 4-noded quadrilateral elements. Then, the 
element length scale is 1 20 0.05Kh = = , and the Damkohler number for each material region 
in the checkerboard can be defined as in equation (29). 

2 2
2 21 2
1 2

1 2

, andK Kh hσ σα α
ε ε

= =  (29) 

The values of the coefficients are 1 0.5σ = , 1 1e 6ε = − , 2 1σ = , and 2 1e 3ε = − ; 
consequently, the values of the Damkohler numbers are 2 2

1 1250 > crα α=  and 2 2
2 2.5 crα α= < . 

Thus, the black regions are reaction-dominated and the white regions are diffusion-dominated. 
The numerical results are shown in Figure 5 for different methods. 
 

(a)  

(b) (c)  
Figure 5: Plot of the solution field obtained with different methods: (a) Galerkin, (b) VMSm, and (c) Selective 

VMSm 

The Galerkin solution shows spurious oscillations near the edges of the black squares of the 
checkerboard patten. These oscillations are suppressed by the VMSm and Selective VMSm 
methods. Furthermore, we remark that the maximum principle requires the exact solution to 
satisfy max 2u f σ≤ = , which the Galerkin FEM solution does not, while the VMS solutions 
with flexible fine scale basis (VMSm and Selective VMSm) do satisfy it. Therefore, the VMSm 
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method is robust for application to heterogeneous material properties, even with strong 
discontinuities in the spatial distribution of material coefficients. 

For this case, computation of e
mτ  at the element level requires solution of a 5 5×  system of 

linear equations, whereas computation of e
sτ  requires solution of a single linear equation. In 

practice, the additional cost incurred by solving the 5 5×  systems in each element is negligible 
compared to other parts of the solution procedure (e.g., assembly, global problem solution). 
However, in higher dimensions and for higher order elements, the fine-scale basis may require 
more functions, and solution of the fine-scale problem may no longer be insignificant. In those 
situations, one may adopt the Selective VMSm approach to reduce computational cost. 

6 CONCLUSIONS 
- The diffusion-reaction equation may exhibit steep internal and boundary layers when 

it is a singularly perturbed PDE, i.e., in the reaction-dominated regime when the 
reaction coefficient σ  is much larger than the diffusion coefficient ε  or, more 
precisely, when the Damkohler number α  is larger than a certain critical value crα . 

- The Variational Multiscale (VMS) framework allows for consistent derivation of the 
stabilized method for mathematically non-smooth problems. In addition, one feature 
of VMS methods is that they come equipped with a built-in error estimation 
framework. 

- A VMS method with flexible fine scale basis (VMSm) for singularly-perturbed 
diffusion-reaction equation was developed by using a fine-scale local basis with 
multiple functions that may be nonzero on element edges. 

- The resulting VMSm method has increased flexibility in that it adapts locally and 
automatically to the restrictions and directionality imposed by the mesh and the 
internal and/or boundary layers. It also has enhanced stability in that it suppresses 
spurious oscillations, reduces deviation from maximum principle and maintains 
sharpness of boundary and internal layers. 

- The improved fine-scale model of the VMSm inherits the error estimation features of 
VMS methods and the explicit local error estimate can be used to provide 
information about the distribution of the error within the domain. As one may expect, 
the error is localized near the boundary layers as shown in the numerical results. 

- The VMSm method is also robust for application to heterogeneous diffusion-reaction 
problems with strong discontinuities in the material coefficients. For this situation, a 
simple and optional modification to the method, termed as the Selective VMSm, 
allows for some computational cost savings while retaining all the benefits of the 
VMSm method. 
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