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applications
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Bologna, Italy We consider the sphere S?"*! equipped with its standard contact form. In this

*Department of Mathematics, Clark paper, we construct explicit contact forms on $2"+1 \ §2*1 which are conformal

Eg:ermy’ Worcester, Massachusetts, to the standard one and whose related Webster metrics have constant Webster
curvature; in particular, it is positive if 2k < n — 2. As main applications, we pro-

Correspondence vide two perturbative results. In the first one, we prove the existence of infinitely
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Street, Worcester, MA 01610, USA. constant Webster curvature, where t(S') is a small perturbation of S!. In the sec-
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many contact forms on $?"*1 \ 7(S') conformal to the standard one and having

ond application, we show that there exist infinitely many bifurcating branches
of periodic solutions to the CR Yamabe problem on $?**! \ S! having constant
Webster curvature.
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1 | INTRODUCTION AND STATEMENTS OF THE RESULTS

For n > 1, we consider the sphere §2n+l equipped with its standard contact form GS The related Webster metric ggs has
constant Webster scalar curvature S, s = = 4n? + 4n. The existence of conformal contact forms having constant curvature
is the standard CR Yamabe problem on the sphere, which has been addressed by Jerison and Lee [12, 13] and many other
authors [6, 7, 10, 11].

As in the Riemannian case, one is then interested in the existence of contact forms on noncompact manifolds, which
carry a (complete) Webster metric having constant Webster curvature. In the Riemannian case, this question has been
deeply studied. In fact, one finds two directions in the literature. The first one addresses the case of negative constant scalar
curvature, see, for instance, [1-3, 15]. The second case addresses metrics of positive constant scalar curvature, starting
with the pioneering works of Schoen and Yau [23] and Schoen [21, 22]. In particular, when considering a subset A on the
standard sphere S”, it is proved that if S” \ A carries a complete metric with positive scalar curvature, then a bound on
the dimension of A holds, that is, 2dim(A) < n — 2; moreover, explicit examples are given of complete conformally flat
metrics with constant positive scalar curvature on special sets A.

These results have been widely used and generalized in various directions; see, for instance, [4, 8, 17-19], and the
references therein. In fact, one can prove the existence of complete conformally flat metrics with constant positive
scalar curvature on S” \ A, where A is a perturbation of some special sets, namely, the equatorial spheres Sk C S” [19].

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
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Moreover, by means of the theory of bifurcation, one can show the existence of periodic solutions to the standard Yamabe
problem on S" \ S! [4]: In these kind of results, the starting point is the knowledge of explicit complete conformally flat
metrics with constant positive scalar curvature on the special manifolds S” \ S¥.

In this paper, we will show the existence of explicit contact forms on $?**! \ §%*1, whose related Webster metrics are
complete and have constant Webster curvature; in particular, it is positive if 2k < n — 2.

Our construction mimics the one in the Riemannian case. In fact, we first stereographically project (by means of the Cay-
ley transform, which is a conformal CR diffeomorphism) the standard sphere S"*! to the Heisenberg group H" endowed
with its standard contact form 8!, in such a way that a special equatorial sphere S**! is mapped into the subgroup H¥.
Then, in the complementary set we use polar coordinates, so that (with some abuse of notation, which will be explained
in details in the following sections), we have the product manifold H" = Hk x Rt x S2N+1 endowed with the contact
form 6;1” = 2r291% + 6][:"; here n = k + N + 1, and the polar coordinate r is the standard variable of R*. Then, we have the
following:

Theorem 1.1. Let us define the contact form 6y := 65 + 2—126,”31 on H" \ HF o §27+1\ S2+1 [t holds that 6 is confor-
s

mal to the standard CR contact form 8;, of S***1. Moreover, the related Webster metric is complete and it has constant Webster
scalar curvature Sg, = 4(n + 1)(n — 2k — 2). In particular, Sy,  is positive for 2k < n — 2.

Now some remarks are in order. First, we notice that our construction works well for the odd-dimensional equatorial
spheres S**! that we will define in the next section; we are not able to handle the even-dimensional case with this strategy.
Another interesting feature, which seems to be different from the Riemannian case, is the following. In the Riemannian
case, one can see the product R" = RF x Rt x SN = H*k*+1 x SN where H*¥*! is the standard hyperbolic space, which in
turn can be identified with the unit ball in R**! equipped with the Poincaré metric, having negative constant sectional
curvature. For the CR case, in literature there exists a hyperbolic Heisenberg group H* x R*, which can be seen as the
Siegel domain in CK*! or equivalently as the unit ball in C**! equipped with the Kihler Bergman metric, having negative
constant holomorphic sectional curvature (see, for instance, [9]). Now, if one tries to write the product H¥ x R+ x S2N+1
endowed with the contact form 6  as the product of a sort of hyperbolic Heisenberg group times the sphere S?N*1, this
gives rise to a model in which the complex structure J associated to 8 5 mixes vector fields from the Heisenberg group
H¥ and the sphere S?N*1; this will be clear from the explicit construction in Section 3. For similar results, see also [5,
14, 20]. With these explicit contact forms in hand, as applications we will prove two perturbative results. The first one
is analogous to a result proved by Mazzeo and Smale in [19], which gives the existence of CR contact structures having
constant Webster curvature by means of a small perturbation of the singular set. More precisely, we have the following:

Theorem 1.2. Assume that n > 3. There exists a set of diffeomorphisms Ty such that if t : S***! — S$?"*isin T} and close
to the identity in the C>* topology, then there exists an infinite family of contact forms on S*"*1 \ (S') conformal to the
standard one on S*"*! and having complete Webster metric with constant Webster scalar curvature equal to S

For the precise definition of 77 as subset of the diffeomorphisms, we refer the reader to Section 4.1.

The second application is about the existence of periodic solutions to the CR Yamabe equations, as in [4]. We recall here
that we mean by a periodic solution, a solution obtained by lifting the structure on CP"~! x H? /T, where T" is a suitable
group: We refer the reader to Section 4.2 for further details. These solutions are obtained by using the theory of bifurcation.

Theorem 1.3. Assume that n > 3. There exist infinitely many branches of periodic solutions to the CR Yamabe problem on
$*"*1\ S! having constant Webster curvature, arbitrary close to Sg, .

One can show that these solutions are nonisometric. Indeed, we refer the reader to Remark 4.1 in [4]: In particular, this
applies to our setting, since after restricting our function spaces, we are led back to a similar Riemannian setting.

We want to point out here that there are crucial difficulties and technicalities that appear in our setting, compared to
the Riemannian case. Indeed, the differential operator that we are dealing with is subelliptic, moreover, the sub-Laplacian
does not transform well within a product structure as opposed to the Laplacian. The operator Ag, . obtained in Section 4
contains many cross terms, adding to the difficulty of the problem. That is why, in order to apply both the methods in [19]
and [4], we will restrict our study to the case k = 0 and by choosing a specific space of functions as in Section 4.1, that
allow us to be in a setting relatively similar to the Riemannian one. Due to the lack of symmetries in the CR setting, we
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are led to consider the action generated by the Reeb vector field, since, for instance, we need our set of diffeomorphisms
to commute with this action.
To the best of our knowledge, in this setting these are the first results in this kind of direction.

2 | DEFINITIONS AND NOTATION

We recall here some well-known facts for further references and in order to fix our notations.

Let (M, 0) be a (2n + 1)-dimensional contact manifold with contact form 6 and Reeb vector field T (i.e., the unique
vector field satisfying 6(T) = 1 and dO(T, -) = 0). We set gg, the Webster metric, which is a Riemannian metric associated
to 6, and a (1,1)-tensor ¢ satisfying:

2(T,X) = 6(X), ¢¢X = —X +6C)T, VX € T(M), )
85(X,Y) = —%de(x, $Y),VX, Y € ker(6).

We define J = ¢|yerg). If go is a Riemannian metric associated to 6, then (M, 6, g, ¢) is called a contact Riemannian
manifold. We denote by Age the metric Laplacian and we consider the operator

Ne =g, —T%
If{T,X;,...,X,,Yq,..., Y, }is an orthonormal basis of the tangent space, such that Y; = JX; for everyi = 1, ..., n, then the
Webster scalar curvature Sy is given by (see [24], for instance)
n
So = (Ricg,(X;, X)) + Ricy, (Y}, Y})) +4n. @)
j=1
Here, we have denoted the Ricci tensor by Ric,, . Let (M, 6, gg, ¢) be a contact Riemannian manifold and let u be a positive

smooth function on M, we consider a new manifold (M, 0, £o, qS), where 8 is the contact form defined by

- 2 2
6 =ub2, p= n: ,

with ¢ and ¢ acting in the same way on ker(8) = ker(8). The scalar curvatures Sy and Sz are related by the following
identity (see [24]):

n n
— u+—5 u= —S~up_1. 3
AL n+) " T am+ ) ®)

Now let H" ~ R x C" ~ R x R?" be the Heisenberg group. We denote the coordinates by
w = (t,2) = (&, X1, Y15 > X205 Y2n)
and the group law
w-w =(tz) t,2) =+t +2Im(zz'),z+2/) Yw,uw €H",

where Im(-) denotes the imaginary part of a complex number and zz' is the standard Hermitian inner product in C". Left
translations on H" are defined by

7 H" > H" ,(wW)=w-w' VweH"
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and dilations are

8, : H* - H" 5,(t,z) = (A’t,Az) VY A1>0.

We denote by Q = 2n + 2 the homogeneous dimension of H" with respect to §;. On H" we consider the contact form

n
GE;D = ZZ(yjdxj —xjdyj) —dt.
j=1

The canonical orthonormal basis (with respect to g, ) of left invariant vector fields on H" is
n

H H
X% =i<i+2yji>, Yo =L<i—2xji>, o =—% jo1.n
N AT ot VAT ot at

Wesetforevery j=1,...,n

o4 (o \ _ yOn
(o)
goi (2 ) =% _ox 8
ox; )  dy; Jot’
4)
g2 )=y 0
ay;) = Tax,  Viar

Now let C"*! endowed with its standard complex structure J and S+ C C"*! be the unit sphere
52n+1 — {g c Cn+1 . |§«| — 1}.

We denote by 8}, its standard contact form
n+1
@,§l= Z(Ujduj—ujdvj), W1th§'J=u]+le
Jj=1
and by g,s the related standard metric. Then the Reeb vector field is
n+1
s 0 d
T6% = (u._ _u._>
J J
jgl auj aUJ
and the Webster scalar curvature is

Sgs = 4n* + 4n.

The Cayley transform identifies the Heisenberg group with the unit sphere minus a point. More precisely, for Pg €
§¥+l pg = (0,...,0,—1) the Cayley transform is C : H" — S$2"*1\ {P¢}

— 2 ;
C(t,2) = ({15 esCng1) = < 2z 1—|z|” + lt)

1+ |z]2—it’ 1+ |z]2—it
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or equivalently

C(taxlayla--' ’xn’yn) = (ul’vl s Upyds Un+1)

with
x;(1+ |z|?) —ty; txj + 1+ |z]?)y;
]:2 7 ]:2 2 1,..,1’1,
2+ 1+1z]?) 2+ 1+1z?)
1—|z|*=¢2 2t
U1 =— 5 Ui = —— -
24+ 1+1z?) 24+ 1+ ]z?)
Then the contact forms 6% and 6, are related by the following identity:
2
Cc*65 = o%. 5)

2+ 1+ |z|2)2

In the sequel, we will need the inverse of C, thatis, C™! : S\ {P¢} — H"

C‘l(é’l,...,{nﬂ)=(t,zl,...,zn)=<Re<i1_§n+1) &1 ,. Sn >

1+é‘n+1 ,1+§n+1 ”,1+§n+1

or equivalently

C_l(uly U1 eeesy un+1, vn+1) = (t’ X15 Y1505 xn’ yn)’

where
. 20,41 Uj(1+ Upy1) + 004 Uj(1+ Upy1) — UjLy
= X; = ;=
2 Y 2 > Y 2
Uy T A+ u)? Uy (1 +upg)? Uy + (1 +upq0)?

with j =1,...,n.

3 | EXPLICIT CONSTRUCTION OF THE SINGULAR CONTACT STRUCTURE

Here, we will construct an explicit contact form 6y y on §21+1\ §2k+1 which will be conformal to the standard CR contact
form Qf of S?"*1, having complete Webster metric and constant Webster scalar curvature.

First of all, we transform the problem on S$?**! into a problem on H" using the Cayley transform. In C"*!, we choose
coordinates so that our equatorial sphere S**1 is defined by

§2k+1 = {{ € Cn+1 . { = (gh ) §k707 70’ §n+1): |§| = 1} - §2n+17
then we stereographically project S*"*! using C~!. We observe that not all the equatorial spheres can be written as in
the previous formula: In particular, the spheres that we are considering are intersection of S"*! and a complex linear
subspace in C"*1. Notice that, with this choice of coordinates, the sphere S**! is projected down into H¥, so now we
consider H" endowed with the standard contact form 6%/ and we split
H? = R x C" = R x R%* x R20) o [k x R2=k)

with coordinates

(t’ ATRD 9Zn) = (ty X1, V15 e ax2n3y2n) = (t5x19y19--- 9xkayk’2),
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where z; = x; +iy;, j=1,..,n. Then, letussetn —k =N +1,and M = Hk x R x SN+ € HK x R x R2N*D and the
mape : H* = M

¢([,X1,y1, ’xk’yk’ZA) = (trxlryli s Xkes Vi S5 51’771"" ’ §N+15 77N+1)’ (6)

which is the identity on ¢, x;, y;, fori =1,...,k, and

Xie+j Yie+j
s=In(|2]), &=—- =7 Jj=1..N+1L
1 T
On M we consider the contact form
s, ¢
Oy i=0y + 3 O
The following proposition shows the relationship between 6y y, 6%, and 0,
Proposition 3.1. Using the notation above, we have
(g6l = 2636,
and
s 4e%
(p~loC)" 65 = ~6)n- @

2+ (1 + Zle(xf +y)+ eZS)
Proof. By straightforward computation, we find

(p71)*dxjyy = e ;ds + e*d¢;, (7 dyjik = enjds +e%dn;, j=1,..,N+1,

hence
k N+1
i=1 j=1
Then, equality (7) follows from (5) and the identity above. O

Remark 3.1. Let us explicitly note that one can see the contact form &) v defined on H" \ H¥ with the singularity along

HF, just by letting r = \/5 |Z| (see also formula (19) in the sequel). We chose the variable s = In(|Z]) in order to make the
computations easier.

From now on, we will consider the contact manifold (M, 6y y), where
M = HF x R x $2N+1
with coordinates
(8, X105 ey Xy V1o oo Vi 85§10 vy ENg 1 M1 oo, Ivg) = (6%, ,8,6,m), (6, =1

and contact form 6 y. Moreover, we consider the metric g = gg, , defined by (1) and the associated (1,1)-tensor %N In
particular, since 6y y and Gi';” are conformal, we have that

H
JOkN = ¢|ker(6kyN) = ¢|ker(eﬁf') = J%. ©)

Moreover, we notice that the metric g = gy,  is complete. We will show that the Webster scalar curvature Sy,  is constant.

—2s
In order to compute Sy,  , we choose a particular orthonormal basis for T, M. Let us notice that, since 6y y = 6]% + o,
, ’ 2k
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the Reeb vector field T%~ of (M, 6, y) is the Reeb vector field of (S?N*1, Of,), SO
N+1
0 5}
T:=Ty = (n.— —§~—>.
k,N j; J agj J anj

We consider the following vector fields in ker(6 ) :

0 oM oY
Xo= =, Yo=-222_-T, X, =V2eX*, Y;=V2e'Y*, i=1,..k

ot

By straightforward computations, we have

N+1 3 N+1 0 GH
dp™'(Xp) = 2 <xj+kaxj+ y]+ka > \/— 2 <xj+ka:_k Vj+k ]+k>
j=1

3 N+1 3 N+1
do~'(Yy) = 2|Z|2 + Z <y]+k 3%, xj+ ) \/_ Z (y]+k ]+k + xj+kYJ+k>
H H
then, recalling the identities J O X?" = Y?" for every j = 1, ..., n, the above computations show that
JONX) = Y. (10)
Similarly, fori = 1, ..., k, we have
_ . ox - 5 o)
dp~l(X)) = [21V2X;" and dg~(Y)) = |21V2Y,

SO

JoNX, =Y;, i=1,..,k. 1)

Now we notice that the metric and the endomorphism ¢ induced from (M, 6y y, g, $) on S>N*1 C M are the standard
ones. Indeed

N+1
_ _ 0 o
de 1(T) =dy 1 <—2€255 — YO) —2lz|2_ — \/_ Z <y1+kX + xj+ij+k>’

0 Vi+k .
W, :=d —1< )— de~ (T =1,..,N+1,
j P 3¢, —1; 12 'axﬁ IzI (1), j

5} o} Xj+k .
Z:=d ‘1<—+ -T) =|2 + ——do (T =1,.,N+1.
j @ o) §; "ayj+k B (T) j

Thus, recalling (4),

we have
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and as usual ¢%~ (T) = 0. Since the metric and the endomorphism ¢ induced on S?*+! from (M, 6, v, g) are the standard
ones, locally, at each point p € M, we can consider 2N orthonormal geodesic Killing vector fields for (S*N+1, Gf,)

U

J» Vi

i J=1,.,N, (12)

such that J% de~(U;) = dp~'(V;) and U}, V; € ker (63).
We define the set B := {X,, Y, X1, . » Xk, Y1500, Yo, T, Up, o, UN, Vs o, Vi

Proposition 3.2. The set 13 is an orthonormal basis for TM, and JoN = ¢%nN |y, 6, v acts as follows:
JONXy =Yy, JRNX; =Y, JHNU; =V (13)

Proof. Identities in (13) follow from (10), (11), and the definition of U; and V' ;. Now it is straightforward to check that B is
orthonormal using the definition of g (see (1)):

28
€ H
5—dey,

o(Z, W) = —%dek,N(z, PW),  dbjy =doS —eBds A0l +
Z,W € ker 6 . We just compute g(X, X,) as an example:

1 1
g(Xo,Xo) = —Edek’N(XO,YO) = _5(_e—ZS)2e2s -1 -

We will compute the Webster scalar curvature Sy, with the aid of three lemmas. Let V be the Levi-Civita connection
on (M, 6y v, g), then we have the following:

Lemma 3.1. Forevery j =1,...,N, we have

VT =0 ViU =V; ViV =-U;
VUjT = —V], VUj UJ = 0, VUjVj = T,
ijT = UJ, VVjUj = —T, VVjVj =0.

Proof. Since T, Uj, and Vjare geodesic, we have VT = 0, VUj U;=0, VVjVj = 0 forevery j = 1, ..., N. Moreover, U, is
a Killing vector field on (S*N*!, g,s), so
N

g(VxU;,Y) +g(X,VyU;) = Oforevery X,Y € TS*N*1, 14)

We denote by J the complex structure on CN*!, by v the outward unit normal to S?N*!, and by g and V the standard
metric and Levi-Civita connection of CN*!, respectively. We will use the same notation for the induced metric and con-
nection on S2N*1, Then, on TS2VN*! C TM, JT = v, and J, Jé~N have the same actions on ker@fj C kery v and § = gg, -
Also, we denote by h(Z, W) = g(V,W,—v),Z, W € TS?N*! the second fundamental form of M restricted to S?N*+1. Notice
that, with respect to the basis {T, Uy, V1, ..., Uy, Vn}, the second fundamental form & is the (2N + 1) X (2N + 1) identity
matrix. Since § is Kdhler, we have

Then, for every j,I = 1,..., N, we have
(14) .
g(VTUj! Ul) = _g(T’ VU[ U]) = _g(T’ VUl U]) =

T W
=—gUT,VyJU;) = g, VyV;)=hU,V;)=0
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and similarly

21U, V) E =g, vy U) E hv,v ) = 55,

gvrU;, T) 2 —gr,v,U) C (v = 0.
Also,

g(VTUj,Xl-) =0, g(VTUj,Yi) =0 foreveryi=0,...,k.
Thus,
VTUJ- =V, forevery j =0,...,N.
Recalling that V;.s are geodesic Killing vector fields, the same argument gives

VTVj =-U; forevery j =0,...,N.

Moreover,
(15)
g§(Vy,T,Up = h(U;,V;) =0,
(15)
gy, T,V) = —h(U;,Up) = =8,
g(VUjT7 T) = g(VUjT7Xi) = g(VUjT, Yl) =0 fori=0,...,k.
Hence,
VUjT = _Vi‘
Since Us are geodesic, we have Vu. U; = —v, from which we get
J
VUJVj = VU V] =T.
Analogous computations give VV]_T = U, and VVj U;=-T.

In the sequel, we will use the following formula to compute some covariant derivatives:
g(VyY,Z) = i{X(g(Y,Z)) +Y(3(2,X)) - Z(g(X,Y))
+g([X,Y1,Z) — g([Y.Z].X) — g([X,Z].Y) }
where X,Y,Z € TM. So, first we compute the necessary commutators.

Lemma 3.2. Foreveryi,l =1,...,kandevery j =1,...,N, we have

[Xo, Yol = 2Y, + 2T, [Xo, Xi] = X;, [Xo,Yi]l =Y, [Xo,T] =0,
[Xo,Uj]l =0, [Xo,V;1=0, [Yo,Xi] =0, [Yo,Yi] =0,
[Yy,T] =0, [Yo,U;] = -2V, [Yo,V;] = 2U,, [X,,X,] =0,
[X;, Y1] = 6,(2Y¢ + 2T), [X;, T]=0, [X;, Ujl =0, [X;,V;]=0,

AL

(16)
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[Yi’Yl] = 0’ [Yl’T] = 0’ [Yi’ Uj] = 0’ [Yl’V]] = 0’

Proof. Using Lemma 3.1, for every j = 1, ..., N, we compute
[UJ,T] = VUJ-T - VTU] = _2Vj’
[VJ,T] = VVjT - VTV] = ZU,
from which we get

All the other commutators are computed using the explicit expression of the vector fields involved and the fact that M is
a product manifold. O

Using (16) and Lemma 3.2, we compute the following covariant derivatives:

Lemma 3.3. Foreveryi,l =1,...,kandevery j =1,...,N, we have

Vy,Xo =0, Vy,Yo=T, Vi, X; =0, Vy,Yi =0,

Vy,T = =Yy, Vy,U; =0, Vy,V; =0, Vy,Xo = —2Y, — T,
Vy, Yo = 2X,, Vy, X = -, Vy,Yi = Xi, Vy,T = X,

Vy,Uj = =2V, Vy,V; = 2U, Vi Xo = —X;, Vy Yo = —Y,,

Vi X) = 8,Xo, Vi Y] = 8,(T + Yo), VT =Y, VyU; =0

ViV =0, Vy Xo =Y, Vy Yo = X;, Vy X = =8,(T + Yo),
Vy. Y| = 8, Xo, Vy T =X, Vy.U; =0, VyV; =0,

VX, = =Y, VYo = Xo, ViXi ==Y, VrY; =X,

Vy,Xo =0, Vy,Yo =0, Vu, X =0, Vu,Yi =0,

Vi, Xo =0, Vi, Yo =0, Vi, X =0, Vy,Y; =0.

Proof. Since B is an orthonormal basis, formula (16) reduces to
1
8(VxY,2) = 5{g(IX.Y1].2) - g([Y,Z].X) - g(IX,Z].Y)}, foreveryX,Y,Z € B.

Here, we compute Vx X as an example, the other covariant derivatives are computed similarly. Recalling Lemma 3.2, for
everyi=1,...,k,and j =1, ..., N, we have

g VXOXO’XO)

(
8(VX0X0, Yy) = —g([Xo, Yol,Xo) = —g(2Y + 2T, X,) = 0,

—g([Xo, X;],X,) =0,

8(Vx, X0, X;
( = —g([Xo,Yi],Xp) =0

)
i)

g(Vx,Xo,Y
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g(VXOXO’ T) = _g([XO’ T]’XO) =0,
g(Vx, X0, U;) = —g([X0, U;1.X,) =0,

8(Vx, X0, V;) = —g([X0,V;1,Xo) = 0.
ThuS, VXOXO =0. I:l
Now we are ready to conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. We first note that the Webster metric associated to 6y y is complete. So, it remains to compute Sg, .
For every W € B, we have

Ric,(W, W) = ) g(V,VyyW = ViV, W = Vi, W, Z). 17)
zZenB

We explicitly compute Ric,(X;, X;) for every i = 1,..., k. By Lemma 3.1 and Lemma 3.3, we have

Ricy(X, X)) = Y. 8(V,Vx,Xi — Vi, V2X; = V2%, X, Z)
ZeB
= z 8(VzXo = Vx, VX = Vizx1X1, Z)
ZeB
k
= g(-Vx.Xi.Xo) + &8(Vy,Xo + Vx, Y, Yy) + Z 8(Vx,Xo — 8 Vx. X0, X1)+
=1
k

+ Z g(Vy,Xo — 8 Vx,(T + Yo) + Vs, v+ Xin Y1)+
=1

N N
+g(VTXO - VXiYi’T) + Zg(VU[XO’ Ul) + zg(VVIXO’Vl)
=1 =1
k

= 8(=X0,Xo) + 8(—2Yo — T + T + Yy, Yo) + ) 8(=X, + 8;X;, X))+
=1

k
+ ) 8(=Y, = 68,Y;,Y) +g(=Yo+ T + Y0, T) +0+0
=1

=-1-14+(C-k+1)+(-k—-6)+1+0+0

= —6—2k.
Similarly,

Ricy(Y;, Y )=-1-1+(-k—-6)+(-k+1)+1+0+0=—6— 2k,
Ricg(Xo,X0)=0-7—-k—k+1+0+0=—6—2k,

Ricg(Y(,Yp)=~7+0—k—k+1+0+0=—6-2k,

here we have considered (17) with W € B, Z running in the ordered basis /3, and we have written, in the order, each of
the terms in the sum in the right-hand side of (17). Moreover, since M = H* x R x S?N*1 and {T, U}, V1, ..., Uy, Vy}is an
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orthonormal basis for TS?N*! with respect to the metric 85> We have
Ric,(U;,Uj) = Ricg _ (U, UN+ Y, g(VZVUjUj ~Vy, VU, - V[Z,Uj]Uj,z>
N Z=X(,Y0.X;,Y;
i=1,...k
= Ricgejgv(uj, Uj)=2N
and
Ricy(V;,V;) =2N.
Hence, recalling (2) and the definition N = n — k — 1, we have
Sy = 2k +2)(—6 — 2k) + (N + N)2N + 4n

= 4((N =N +K)+ 20N =) = (N +K))

=4N+k+2)(N-k-1),
that is,

Soy =4 +1)(n -2k —2).

In particular, we notice that Sy,  is positive for k < 2 O

4 | SINGULARITY ALONG A CIRCLE

Here, we will use the explicit contact structure that we found in order to obtain some existence results as applications.

We will need the explicit expression of Aek v» Which is

9 9

92 o)
DNo =T+ Aefz + 2% AGE +4e® — —4e¥T— + — —2(k + D5

ot? ot = 9s2

Indeed we have

62
2 [ J—
XO IETEN
92 0
Y2 =T2 + 46" — +4e»T—,
0 at2 ot
g\’
X = 2e25(Xik> ,

SO

k
2 X7 +Y]) =23 Agn,
i=1
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and by Lemma 3.3,
Vx Xo=0 VY—2i VX‘—i Vy.Y i VT =0
XO 0o— Y YO 0 — aS7 Xi l_aS7 Y, l_as T - Y
fori =1,..., k. Hence,
Aek,N = AgekyN -7
k k
= X7 = Vx,Xo+ Y2 = Vy, Yo+ X (X2 + Y2 = Y (Vx.X; + Vy,Y))
i=1 i=1

N+1 N+1

2 2
+ Z{(Uj +VH - ZI(VUJ.UJ- +Vy V)= VT
J= J=

_ & +T2% + 4e4sa—2 + 4ez~‘Ti _20 +2e3 A —2ki + A (18)
T g2 ar2 ar “as & " 3as oy’

Next, we will need a kind of expansion of the Webster scalar curvature. So let us consider (6) with the additional change
of variable r = \/Ees . We denote it by 1 : H" — HK x (0, +o0) x S2N*1, In these coordinates, the standard contact form
of H" is

6 ="6; =6/ +r26y =r’fn (19)
with ¢ the related (1,1)-tensor. We consider smooth perturbations (let us say at least C3) (@, $) as

6=01+0@02))8, ¢=¢ asr—0. (20)

We recall that the tensor field ¢ depends on the contact distribution and not the form. Hence, it is invariant under a
conformal change of the contact form 6. We have the following:

Proposition 4.1. Let @, $) be as in (20) and consider § = r~28. Then, the Webster scalar curvature of (M, 6, ) is
S5 =Sg + o@r?), as r = 0.
Proof. Let f be a smooth function depending on r, by (19), we let
~ A _ 2
E=r20=r1+f(MB =0+ f()6n = W) n

where u(r) = (1 + f(r))2. We will use formula (3)

n n =41
- Ut —— Sy u=——_Ssun't,
AT 4n+1) %N T 4n+1) 0

Now, after the change of variable r = \/Ees (85 = rd,), by formula (18), we have
Aek!Nu(r) =r2u"(r) - Ck + Dri/(r).

‘We compute

W)= S0+ f0)T 0,
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. )

W) =20+ f0) O+ (5 = 1)+ e R,

therefore,
DNy yulr) = %(1 ey [rzf”(r) — 2k +Drf'(r) + <% - 1)(1 +f (r))‘lrz(f’(r))z]-
We obtain
Sg =1+ fr)"Sg,
—2(n+ DA+ fr)~? [rzf "(r) = @k + Drf'(r) + (% - 1)(1 + fr) 7 f'(r))Z],

Now, if f is a smooth function such that f(r) = O(r?) as r — 0, then for every a € R, we have (1+ f(r))? =1+
0(r?), as r — 0;also rf’(r) = O(r*) and r*f"'(r) = O(r?), as r — 0. Substituting in the last equation, we get

S =Sp,, +00?), as r - 0. 0

4.1 | Existence by perturbation

n
4(n+1)
We consider a smooth diffeomorphism 7 that is close to the identity in the C3*-topology. We will focus on the restriction
of 7 to the equatorial S**! as detailed above. Hence, we view this restriction as an embedding 7 : S**! — S?"*1 close
to the identity, and we want to find a complete contact structures on S$?**! \ 7(S?*1) having constant Webster curvature.
Namely, we want to solve on $?"+1 \ 7(S%*+1), the problem

In this subsection, we will follow closely the perturbation approach developed in [19]. First, let us set Ly = Ag — Sg.-

L9§U+ p-1 =,
n

n
—Sp, U
4(n + 1) %N

with v a positive function that blows up on 7(S?**1). This is equivalent to solving the problem

L@(T)U + p-1 = 0,

n
—Sp, U
4(n+ 1) %N

2
where 8(7) = unt*6;, and u is the function giving the conformal change from 8;, to Ok ~- Since we plan to perturb the
equation with respect to the diffeomorphism 7 and around the constant solution 1, we introduce the functional

n
K(t,w) = Loypy(1 + w) + ———S;,, (1 + w)P~ L.
(T, w) = Lg(r( ) At D) B )

We want then to solve K(r,w) = 0 via the implicit function theorem, after perturbation around (id, 0). So we start by
linearizing with respect to w:

awK(T, w)|(id,0) = Aek,N +2(n -2k —2).

Now, we will consider the case 7 ; S —» $?"*! that is, k = 0, N = n — 1. Notice that the expression of AQOJH is quite
complicated. But, if we restrict it to functions that are invariant under T, then its expression becomes more familiar.
Though, this restriction on the function space needs to be preserved by Ag(;), and that is why one needs to choose the
diffeomorphism 7 carefully. For instance, it needs to commute with the action of T. We will provide below an explicit
description of the set of considered diffeomorphisms. In this setting, the operator L takes the form

L = Agon-1 + 4492 + 82 — 20;.
If one now uses the change of variable r = ¢, one gets

L = Agn-1 + 41207 + 4r20}F = Agon-1 + 402, (1)
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where H? = HR? is the standard hyperbolic space of dimension 2. The linearized equation becomes then
Ll = A§2n—1 + 4AH2 + 2(1’1 - 2)

So we first investigate its kernel. For this purpose, we move to the unit disk model of the hyperbolic space with coordinates
x = (0,9,y) where o € [0,1], 9 € S}, and y € S**~!. We introduce then the family of spaces C***(S?"~1 x H?) that are
adapted to the study of singular problems (see [16-19]) by

Chav(S2=1 x H?) 1= {u € Clpf(S™ ! X H2); |[ull qy < o0},

loc

where

k
el = sup (o1 + 0'2)_V<Z(01 +0,) [Vul + (o1 + Uz)k+a[vku]a>-

X1,X,€S2n—1xH?2 j=1
Now, because of our restriction on the functions, we will be working on the space
CROY(S2 1 X H?) 1= {u € Ch®7(S! x H2); Tu = 0}.
In these coordinates, we can express the operator L, as follows:

(1—02)? N (1—-02)?

Ly = |(1-0%)%32 + 5 0 = Agt | + Ag2n-1 + 2(n — 2),

where o € (0,1). We look for solutions of the form u = }, 4, i(0)$;y;, where the 3; are T-invariant eigenfunctions of
As2n1 with eigenvalue 4; and the ¢; are the eigenfunctions of As: with eigenvalue y; (see [19], formula (2.13) with the
squared eigenvalues). This yields the family of equations

Ai’jai,j =0,
where
Ay=0-o2|z+te, — B 2 v2tm—2)
i,j ol 579 o2 J '

This is a Bessel-type equation and the singularity at 0 and 1 is regular. Since we are looking for bounded solutions, there is
only a unique regular solution to this equation corresponding to the indicial root y = i € N, that is a function rotationally
invariant. So, we move now to the singularity at 1. We set p = 1 — %, then the operator 4; ;j becomes

2

pr,ui —lj + 2(1’[ — 2).

Ay =40%[(1=p)3; = 6,] - 1

In this case, the indicial roots take the form

+ 11
Y; —515\/1+/1]~—2(n—2).

We recall that the surjectivity of the operator L; depends on the value v0+ (using the notation of [19, Theorem 4.54]). The
value of vg depends on the real part of the indicial roots. Indeed, we notice that if j > 0, then y* are real and in that case

vg > % But, if j = 0, and hence, 1 i=0, then y* is complex and its real part is % Hence, we set vy = % and the function

space that we will take is C;""”’(SZ”‘1 X H?) where v < % The kernel is then

Kla,v)={ue Ci’“’v;Lu =0}
We recall now a result of Mazzeo—Smale [19, Theorem 4.54].

2,a, 0,a,v .
;" — % is onto.

Lemma 4.1 [19]. Forv < % the operator Ly : T
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As suggested by the referee, we point out that there is a different way of finding the indicial roots and hence deducing
the surjectivity with less technicalities, using the results in [16] .

We recall that a vector field X is said to be a contact vector field for a given contact form 6, if and only if there exists
a smooth function f on M such that Lx0 = f0. The set of contact vector fields forms a Lie algebra that we denote by
CVect(M,0) and there exists a one-to-one correspondence between CVect(M,0) and C*(M). The flow of a vector field
X € CVect(M,0) generates a one-parameter family of contactomorphisms. We then consider the set

Tr 1= {¢f();X € r’CVect(M,0);[X,T] € Span(T)},
where qof is the flow generated by X at time one. Notice now that if T € 77, then 0 = a+ O(rz))é.
Proposition 4.2. The map K is C*® from a neighborhood N of (id, 0) € Tr X C%""”’(Szn‘1 x H?) to C%O"V(SZ”_1 X H?).

Proof. 1t is clear that N is mapped to C?(;z‘. Based on the construction above, we have 6(t) = (1 + O(r*))6 . So by
Proposition 4.1, we compute

K(r,w)—K(id,0) =

n n

Aoy +w) — Ag, 1 — ———(Spir(L+w) — Sp, ) + ———=S5, , (A +w)P~! = 1).

(o) )= Doy T 1)( a(r)( )= Sox) Wi D o (( ) )
Clearly, Agr(1 4+ w) —Ag, 1 € Cg’“”’. Next, we have that Sp;) = Sp,  + O(r) hence, the second term also belongs to
Cg’a’v and similarly for the third term. The higher order derivatives of K can be treated in a similar way. |

Theorem 4.1. Let0<v < %, then there exists a closed subspace W such that C;’“’v =W & K(a,v) and a smooth map

® : N C Ty x K(a,v) > W such that K(t,w) = 0, where w = (®(7,w,), w;) € W & K(a, v).
Proof. The proof is a direct corollary from the implicit function theorem and Lemma 4.1. O

As a corollary, we get our first application Theorem 1.2.

4.2 | Existence by bifurcation

In this last subsection, we will show the existence of another kind of solutions to the CR Yamabe problem on S?**1 \ S,
via bifurcation (in the sense of Definition 4.1 below), following the work [4]. We recall again that similarly to the previous
section, the operator L, in (21), takes the form L = Ag2u-1 + 4A42, when restricted to functions invariant under T and we
propose to solve the problem

—Lu + ub=1, (22)

n__g _n
an+ 1) ot T dmr )
where x is a positive constant. Notice now that the problem is purely Riemannian. That is, all the operators involved
depend on the Riemannian metric defined on S?*~! x H2. A solution of (22) corresponds to a complete solution to our
problem in $?**1 \ S!. Hence, now, we are just dealing with an analytical problem in a Riemannian setting rather than a
geometrical problem. After taking the quotient of 22 by a Fuchsian group I' C PSL(2, R), we can reduce the study to the
manifold M = CP"~! x I, where X = H?/T" and CP"~! = $?"~1/S! since the vector field T generates an S! isometric
action corresponding to the Hopf fibration. Notice that there is no need to verify that the action of " preserves the original
contact structure since we are interested in solving a purely analytical problem. From now on, we will write ¥ instead
of Zr and we define the space M(Z) of hyperbolic metrics on X. In this way, we can track the change of the hyperbolic
structure by using the metrics gs. Now, given gz € M(Z), we define the Banach manifold

My, = {u € Hl(M);/MuP dvg = Vol,(M);u > Oa.e.},
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where g = gcpn-1 @ : g5, H'(M) is the classical Sobolev space on M with the metric g, du, is the volume form correspond-
ing to the metric g, and Vol,(M) is the volume of the metric M with respect to g. Next, we introduce the functional defined
on My by

1 n
Ag(u) = 5/ <|VM,gu|2 + 2D 1)590,n1u2> dvg,
M

where Vo = Vepn1 @ 2V, . Clearly, critical points of A, lift to solutions to the problem (22). We notice also that 1 is
always a solution to our problem with ¥ = Sg = . We have then

p—1

k]

n n
VA u)=Lyu + — S u— —Ku
g =Lu 4n+1) %017 T 4+ 1)

where Ly = —Acpn1 — 445, and
Jsg=V2A,(1) = Ly — 2(n — 2).

The operator J; , is the Jacobi operator, corresponding to the functional .A, at the critical point u = 1. We refer the reader
to [4, Section 3] for more details about the construction above. We want to investigate the negative eigenvalues of Jz g,
which correspond to the Morse index of A, at the critical point 1. So we consider the number

n(gs) :=max{k e N : A;(gz) <t}

where 0 < 4;(gs) < --- < Ak(gs) < --- are the eigenvalues of the Laplacian on (X, gs) repeated according to their
multiplicities. The next two lemmas are in [4].

Lemma 4.2 [4]. Let t > i, and fix g, € M(Z), then for any k € N, there exists g, € M such that n,(Z,g;) > k + n,(Z, go).
Lemma 4.3 [4]. Given a hyperbolic surface ~ and 1 > i, then the set M;(Z) = {g € M(Z); 1 & o(—Ag, )} is open and dense
in M(Z).
Now we notice that every eigenvalue 1, of J5 , takes the form
Ae = 42j(gs) + 4(CP"™1) = 2(n - 2),
for a certain j, k > 0.

Corollary 4.1. Letn > 3, and let d € N. Then, there exists gs € M(Z) such that J5 , has at least d negative eigenvalues.

Proof. Indeed, we always have
1<2(n—2)<A,(CP" 1) =4n.

Hence, one looks for eigenvalues of the form 1, = 41;(gz) — 2(n — 2). Since 2(n — 2) > 1, we can always find gz € M(Z)

such that o(—=Ag ) N (%, @) is arbitrarily large, which proves the claim. O
In order to prove existence and multiplicity results for our problem, we will show the existence of bifurcation points

while perturbing the metric. We will use the following definition of bifurcation [8]:

Definition 4.1. Given two Banach spaces B, and B; and a C'-family of submanifolds [0,1] 2 1 —= D; C B, and closed
subspaces [0,1] 2 1 — E; C B,,, we define the fiber bundles D = {(x,1) € B; X [0,1];x € D;} and & = {(y,1) € By X
[0,1];y € E;}. Let F : D — £ be a C! bundle morphism. Let 1 — x; and 1 ~ y; be C! sections of D and &, respectively,
satisfying F(x;,1). We say that 1, € [0, 1] is a bifurcation point of the equation

F(x,4) = (y2,4)
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for x;, if there exist a sequence (4,,),>; and a sequence x, € D, such that

() lim,_ s 4, = 4.,

(11) Xy # X2
(iii) lim,_ o X, = X3,
(iv) F(xu,40) = 2,5 An)-

Now given a path of metrics [0,1] : t — gz, € M(Z)and g; = gcpn1 @ % 8s,» the manifold M5 , , will play the role of

Dy, F(u,t) = VAg (u), in the definition above and E; = H ~1(M), the dual space of H'(M), carrying its canonical Hilbert
space structure. We can see the constant solution 1 as a section of D, that is, [0,1] : ¢ — 1;, and we have

F(1,t) =(0,1).

We want to show that we have a bifurcation point for F, which corresponds to a sequence of solutions to Equation (22)
that are arbitrarily close to 1.

Theorem 4.2. Assume that n > 3. Given g, € M(Z), then there exists g, g, € M(Z), with g; arbitrarily close to g, and a
path (gf);e[o,l] Jjoining g(’) and gi such that F has at least one bifurcation point t,. € (0, 1).

Proof. We use the bifurcation theorem proved in [8, Theorem A.2]. First, we notice that for all metrics g € M(X), the
operator J5 . is symmetric and Fredholm of index 0. We consider now a metric g, € M(Z). If J5 o is degenerate (ker Jy o #
0, so 1is a degenerate critical point for A ), then by Lemma 4.3, we can choose g6 € M(Z2) arbitrarily close to g, and such
that Jz,g(/) is invertible (i.e., Ag(’) is Morse at 1), so we let u(g) its Morse index. Using Lemma 4.3, we can choose yet another

metric gi € M(Z) such that Agi is Morse at the critical point 1 and ,u(gi) - /,t(g(’)) # 0. In order to conclude now, we
consider a smooth path g/ connecting g(’) to g’1 (such a path exists since M(X) is path connected). It is enough to notice
now that d,F(-,t) = Jz,g;. It is important to point out that in the notation of [8, Theorem A.2], (H,,(-,-);) is the space
H~'(M) with its canonical Hilbert structure induced by the metric g,. Hence, the assumptions of the bifurcation theorem
[8] are satisfied and we have at least one bifurcation point t,, € (0, 1). O

Notice that since the bifurcation occurring in the previous theorem is from the constant solution 1, the new scalar
curvature x will also be close to Sg, . As a corollary, we get our second application Theorem 1.3.
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