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KHORBGHSYH;M LTKSHETMBSHNMR ;MC ; KHORBGHSYH;M HMUDQRD
L;OOHMF SGDNQDL

;- A- KDUX

Vd hmsqnctbd Z mdv bkZrr ne ltkshetmbshnmr vgnrd fqZogr tmcdq bdqsZhm zjdqmdk hmudqshmf“ lZsqh,
bdr) Zqd knbZkkx dptZk sn sgd fqZogr ne KhorbghsyhZm ’rhmfkd,uZktdc( lZoohmfr- Vd bgZqZbsdqhyd sgd
dwhrsdmbd ne KhorbghsyhZm knbZkhyZshnmr ne sgdrd ltkshetmbshnmr hm sdqlr ne Z mZstqZk bnmchshnm nm
Z fdmdqZkhydc IZbnahZm lZoohmf- Nmd bnqnkkZqx sn ntq lZhm qdrtks hr Z KhorbghsyhZm hmudqrd lZo,
ohmf sgdnqdl enq sgd aqnZc bkZrr ne zlZw gxonlnmnsnmd“ ltkshetmbshnmr- Vd Zookx ntq sgdnqdshbZk
qdrtksr sn sgd rdmrhshuhsx ZmZkxrhr ne rnktshnm lZoohmfr ZrrnbhZsdc vhsg oZqZldsdqhydc noshlhyZshnm
oqnakdlr- Hm oZqshbtkZq) vd nasZhm mdv bgZqZbsdqhyZshnmr ne sgd KhorbghsyhZm rsZahkhsx ne rsZshnmZqx
onhmsr Zmc JZqtrg,Jtgm,Stbjdq oZhqr ZrrnbhZsdc vhsg oZqZldsdqhydc mnmkhmdZq oqnfqZlr-

0- Amspnctashnm- ; ltkshetmbshnm N ! �m →→ �i hr Z lZoohmf sgZs sZjdr onhmsr hm �m

sn rdsr hm �i- Sgdrd naidbsr ZoodZq sgqntfgnts uZqhZshnmZk ZmZkxrhr Zmc noshlhyZshnm) Zmc
tmcdqrsZmchmf vgdm ltkshetmbshnmr qdctbd sn KhorbghsyhZm ’rhmfkd,uZktdc( lZoohmfr hr Z
aZrhb hrrtd hm sgdrd �dkcr- Enq hmrsZmbd) sn ptZmshex sgd rdmrhshuhsx ne rnktshnmr sn Z oZqZl,
dsdqhydc noshlhyZshnm oqnakdl) nmd bntkc cdsdqlhmd sgZs sgd ltkshetmbshnm fhuhmf sgd rds ne
rnktshnmr enq dZbg oZqZldsdq hr ZbstZkkx Z KhorbghsyhZm lZoohmf- TrtZkkx) hs hr nmkx mdbdr,
rZqx sgZs Z ltkshetmbshnm gZud Z knbZkhyZshnm sgZs hr Z KhorbghsyhZm lZoohmf) rn vd enbtr ntq
Zssdmshnm nm bnmchshnmr tmcdq vghbg sgdqd hr Z KhorbghsyhZm lZoohmf D ! �m → �i vgnrd
fqZog Zfqddr vhsg sgd fqZog ne sgd ltkshetmbshnm N mdZq Z onhms " =w# =x$∈ fog N ’fog N cdmnsdr
sgd fqZog ne N Zmc hr sgd rds ne Zkk oZhqr "w#x$ ∈ �m+i vhsg x ∈ N"w$(- Rtbg Z lZoohmf D
hr bZkkdc Z KhorbghsyhWm knbWkhyWshnm ne N mdWp " =w# =x$-
;m naidbs sgZs stqmr nts sn ad bqtbhZk enq ntq rstcx hr Z fdmdqZkhydc cdqhuZshud bZkkdc sgd

rsqhbs cdqhuZshud- Sgd rsphbs cdphuWshud C∗N" =w% =x$! �m →→ �i ne N Zs =w enq =x hr cd�mdc enq
Zmx v ∈ �m sn ad sgd rds ne khlhs onhmsr ne cheedqdmbd ptnshdmsr nasZhmdc eqnl rdptdmbdr
ZooqnZbghmf " =w# =x#v$9

C∗N" =w% =x$"v$ +
]

y

}

}

}

}

∃w% → =w#x% ∈ N"w%$#x% → =x#v% → v# &% ↓/ vhsg

"x̄% − x%$<&% → y enq rnld x̄% ∈ N"w% + &%v%$

{

�

Vgdm sgd ltkshetmbshnm gZoodmr sn ad Z KhorbghsyhZm lZoohmf D !�m →�i mdZq =w) sgd rsqhbs
cdqhuZshud Zs =w hr vqhssdm Zr C∗D " =w$ Zmc bZm ad nasZhmdc ax bnmrhcdqhmf nmkx rdptdmbdr w%

ZooqnZbghmf =w9

C∗D " =w$"v$ +
]

y % ∃w% → =w# &% ↓/ vhsg
D "w% + &%v$−D "w%$

&%
→ y

{

�

Enq KhorbghsyhZm lZoohmfr D ) rhmfkd,uZktdcmdrr ne sgd rsqhbs cdqhuZshud lZoohmf C∗D " =w$
bnqqdronmcr sn sgd bkZrrhbZk mnshnm ne rsqhbs cheedqdmshZahkhsx ’gdmbd sgd mZld zrsqhbs cdqhuZshud
lZoohmf“() Zmc enq bnmshmtntrkx cheedqdmshZakd lZoohmfr) sgd rsqhbs cdqhuZshud bnhmbhcdr vhsg
sgd IZbnahZm- Sgd rsqhbs cdqhuZshud gZr addm rstchdc adenqd ’d-f- QnbjZedkkZq Zmc Vdsr 0887
nq Jtlldq 0880 vgdqd hs hr bZkkdc zSghaZtks$r chqdbshnmZk cdqhuZshud-(“

Qdbdhudc EdaqtZqx 1) 0887: qduhrdc Itkx 1/) 1///-
2LR 0/// rtaidbs bkWrrh�bWshnm- OqhlZqx9 8/B20: rdbnmcZqx9 8/B2/-
NP.LR rtaidbs bkWrrh�bWshnm- OqhlZqx9 OqnfqZllhmf.mnmkhmdZq-
Jdx vnpcr- Jdqmdk hmudqshmf lZsqhw) KhorbghsyhZm lZmhenkc) rnktshnm lZoohmf) rsqhbs cdqhuZshud) gxonlnmnsnmhbhsx)
rdmrhshuhsx ZmZkxrhr) uZqhZshnmZk bnmchshnm) mnmkhmdZq oqnfqZllhmf-
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0/5 ;- A- KDUX

Sgdqd Zqd ZkqdZcx Zs kdZrs svn cheedqdms bgZqZbsdqhyZshnmr enq sgd dwhrsdmbd ne Z
KhorbghsyhZm knbZkhyZshnm ne Z fdmdqZk ltkshetmbshnm N !�m →→�i: mZldkx Kdux Zmc Onkhpthm
0886) Sgdnqdl 1-0) Zmc QnbjZedkkZq Zmc Vdsr ’0887) Sgdnqdl 8-40(- Sgd rdbnmc ne sgdrd
tshkhydr sgd rsqhbs cdqhuZshud lZoohmf) Zmc sgdx ansg hmunkud Z fdmdqZkhydc KhorbghsyhZm oqno,
dqsx enq ltkshetmbshnmr bZkkdc z;tahm bnmshmthsx-“ ; ltkshetmbshnm N ! �m →→ �i hr 2tahm
bnmshmtntr Zs " =w# =x$ ∈ fog N he sgdqd Zqd antmcdc mdhfganqgnncr U ne =w Zmc X ne =x) Zr vdkk
Zr Z onrhshud rbZkZq K rtbg sgZs sgd hmbktrhnm

N"w⇔⇔$∩X ⊆ N"w⇔$+K , w⇔ −w⇔⇔ , kAi’0(

gnkcr enq Zkk w⇔ Zmc w⇔⇔ hm U ’gdqd kAi cdmnsdr sgd tmhs aZkk hm �i(- Hs hr dZrx sn rdd sgZs
Z rhmfkd,uZktdc lZoohmf D ! �m → �i hr ;tahm bnmshmtntr Zs " =w#D " =w$$ he Zmc nmkx he D
hr KhorbghsyhZm Zs =w- Sgd svn bgZqZbsdqhyZshnmr Kdux Zmc Onkhpthm ’0886) Sgdnqdl 1-0( Zmc
QnbjZedkkZq Zmc Vdsr ’0887) Sgdnqdl 8-40( Zqd bnlahmdc hm sgd enkknvhmf sgdnqdl-

Rfdnqdl .,., �9nlahmWshnm ne Cduv Wmc Lnkhothm .885) Rfdnqdl 1,.) Wmc
PnbiWedkkWq Wmc Tdsr .887) Rfdnqdl 8,4.(, Anq T ltkshetmbshnm N ! �m →→ �i Tmc T
oThq " =w# =x$ ∈ fog Nfi sgd enkknvhmf Tqd dpthuTkdms.

’Z( N gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =w# =x$-
’a( N hr 2tahm bnmshmtntr Ws " =w# =x$ vhsg C∗N" =w% =x$"/$ + '/(-
’b( N hr 2tahm bnmshmtntr Ws " =w# =x$ Wmc lWw gxonlnmnsnmd mdWp " =w# =x$-

Sgd lnmnsnmhbhsx oqnodqsx hm ’b( hmunkudr sgd dwhrsdmbd ne Z lZwhlZk lnmnsnmd khmdZq
odqstqaZshnm ne N- Rodbh�bZkkx) Z ltkshetmbshnm N ! �m →→ �m hr lWw gxonlnmnsnmd mdWp
" =w# =x$ ∈ fog N he sgdqd dwhrsr Z mnmmdfZshud ltkshokd p ne sgd hcdmshsx lZoohmf G ! �m → �m

rtbg sgZs sgd ltkshetmbshnm N+ pG hr lZwhlZk lnmnsnmd hm sgd trtZk rdmrd mdZq " =w# =x+ p =w$-
LZw gxonlnmnsnmhbhsx enq ltkshetmbshnmr eqnl nmd DtbkhcdZm roZbd sn Z cheedqdms nmd hr
cd�mdc hm Kdux Zmc Onkhpthm ’0886( ax sqhuhZkkx dwsdmchmf sgd ltkshetmbshnm rn sgZs hs lZor
adsvddm sgd rZld roZbdr- LZw gxonlnmnsnmhbhsx hr vdZjdq sgZm lZwhlZk lnmnsnmhbhsx
’vghbg hr itrs lZw gxonlnmnsnmhbhsx vhsg p + /( Zmc lZmx ltkshetmbshnmr dwghahs sghr oqno,
dqsx- ;kk KhorbghsyhZm lZoohmfr Zqd lZw gxonlnmnsnmd ’be- Kdux Zmc Onkhpthm 0886 Zmc sgd
eZbs sgZs Zmx lnmnsnmd rhmfkd,uZktdc lZoohmf hr lZwhlZk lnmnsnmd() Zmc lZmx noshlZkhsx
bnmchshnmr bZm ad hmsdqoqdsdc Zr �mchmf sgd ydqndr ne lZw gxonlnmnsnmd ltkshetmbshnmr-
’Rdd Kdux Zmc Onkhpthm 0886 enq lnqd nm lZw gxonlnmnsnmd ltkshetmbshnmr-(
Ntq Zhl hm sgd oqdrdms oZodq hr sn rgnv sgZs enq Z udqx kZqfd bkZrr ne ltkshetmbshnmr)

;tahm bnmshmthsx hr ZtsnlZshb tmcdq sgd zjdqmdk bnmchshnm“ hm ’a( nm sgd rsqhbs cdqhuZshud-
Sgd bkZrr ne ltkshetmbshnmr nm vghbg vd enbtr hr oqduhntrkx tmhcdmsh�dc Zmc bnmrhrsr
ne sgnrd ltkshetmbshnmr vgnrd fqZogr Zqd zjdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr-“ Sghr
cd�mhshnm hmunkudr sgd jdpmdk hmudpshmf lZsqhbdr > ∈ �1m·1m vghbg Zqd chrshmfthrgdc ax
gZuhmf hmudqshakd m · m rtalZsqhbdr hm sgd toodq qhfgs Zmc knvdq kdes ptZcqZmsr) Zmc Z ydqn
m · m rtalZsqhw hm sgd toodq kdes ptZcqZms- Sgd fqZog ne Z ltkshetmbshnm N ! �m →→ �m hr Z
jdpmdk hmudpshmf KhorbghsyhWm lWmhenkc mdWp " =w# =x$ ∈ fog N he sgdqd dwhrsr Z mdhfganqgnnc T
ne " =w# =x$ hm sgd fqZog roZbd �1m) Zmc Z KhorbghsyhZm lZoohmf D !�m →�m enq vghbg fog N∩
T +

�

> fogD
(

∩T enq rnld jdqmdk hmudqshmf lZsqhw > ∈ �1m·1m- Sghr bkZrr hmbktcdr Zkk
KhorbghsyhZm lZoohmfr) Zkk lZw gxonlnmnsnmd ltkshetmbshnmr) Zmc dudm Zkk ltkshetmbshnmr
vgnrd hmudqrdr Zqd lZw gxonlnmnsnmd- Ntq lZhm sgdnqdl gZr sgd enkknvhmf rsZsdldms-

Rfdnqdl .,1, Anq T ltkshetmbshnm N ! �m →→ �m Tmc T oThq " =w# =x$ ∈ fog N mdTq vghbg
fog N hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkcfi sgd enkknvhmf Tqd dpthuTkdms.

’Z( N gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =w# =x$-
’a( C∗N" =w% =x$"/$ + '/(-
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KHORBGHSYH;M LTKSHETMBSHNMR 0/6

Sghr bgZqZbsdqhyZshnm hr hm rnld rdmrd sgd adrs vd bZm cn) Zr hs hr mns onrrhakd sn cqno
sgd jdqmdk bnmchshnm ’a( Zanud hm eZunq ne sgd ;tahm bnmshmthsx oqnodqsx- Enq dwZlokd)
bnmrhcdq sgd lZoohmf N !�1 →→�1 vgnrd hmudqrd lZoohmf N−0 Zrrhfmr sn Z onhms vhsg onkZq
bnnqchmZsdr "p# )$ sgd onhms "p#1)$- BkdZqkx) N"/$ + / ats N hr cntakd,uZktdc enq Zkk onhmsr
mdZq /- Hm rohsd ne sghr cntakd,uZktdcmdrr) N hr ;tahm bnmshmtntr Zs "/#/$ ’rdd QnbjZedkkdq
Zmc Vdsr 0887(- ;r chbsZsdc ax Sgdnqdl 0-1 gnvdudq) sgd rsqhbs cdqhuZshud rds C∗N"/#/$"/$
cndr mns qdctbd sn sgd onhms /) ats hm eZbs dptZkr sgd vgnkd roZbd �1-
Mnshbd Zkrn sgZs ntq bgZqZbsdqhyZshnm hm Sgdnqdl 0-1 nmkx hmbktcdr ltkshetmbshnmr N eqnl

nmd DtbkhcdZm roZbd sn hsrdke vgdqdZr sgd bgZqZbsdqhyZshnmr qdbnqcdc hm Sgdnqdl 0-0 dwsdmc
sn ltkshetmbshnmr adsvddm Zmx DtbkhcdZm roZbdr- Ntq enbtr nm ltkshetmbshnmr adsvddm sgd
rZld DtbkhcdZm roZbdr hr mdbdrrZqx sn nasZhm ntq qdrtksr) Zmc lnqdnudq cndr mns mdbdrrZqhkx
qdrsqhbs ntq ZookhbZshnm ne sghr qdrtks sn ltkshetmbshnmr adsvddm sgd rZld roZbdr ’Zr vd rgnv
hm —3(-
Hm —2) vd rstcx lZw gxonlnmnsnmhbhsx Zmc rgnv sgZs ltkshetmbshnmr N sgZs Zqd lZw

gxonlnmnsnmd sgdlrdkudr) Zr vdkk Zr sgnrd ltkshetmbshnmr gZuhmf lZw gxonlnmnsnmd
hmudqrdr N−0) Zqd ansg dwZlokdr ne ltkshetmbshnmr enq vghbg fog N hr Z jdqmdk hmudqshmf
KhorbghsyhZm lZmhenkc- Sghr eZbs Zkknvr tr sn oqnud sgd enkknvhmf KhorbghsyhZm hmudqrd lZo,
ohmf sgdnqdl enq lZw gxonlnmnsnmd ltkshetmbshnmr Zr Z bnqnkkZqx sn Sgdnqdl 0-1-

Rfdnqdl .,2, Anq T ltkshetmbshnm N !�m →→�m sgTs hr lTw gxonlnmnsnmd mdTq " =w# =x$∈
fog Nfi sgd enkknvhmf Tqd dpthuTkdms.

’Z( N−0 gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =x# =w$-
’a( / ∈ C∗N" =w% =x$"w$ nmkx enp w + /-

Rhmbd Zmx KhorbghsyhZm lZoohmf hr mdbdrrZqhkx lZw gxonlnmnsnmd) ntq hmudqrd lZo,
ohmf sgdnqdl hr Z chqdbs dwsdmrhnm ne Jtlldq$r KhorbghsyhZm hmudqrd lZoohmf sgdnqdl enq
KhorbghsyhZm lZoohmfr ’Jtlldq 0880) Sgdnqdl 0-0(- Jtlldq$r ’0880( Sgdnqdl 0-0 rZxr
sgZs sgd hmudqrd ne Z KhorbghsyhZm lZoohmf D !�m →�m gZr Z KhorbghsyhZm knbZkhyZshnm he Zmc
nmkx he / ∈ C∗D " =w$"w$ nmkx enq w + /- Sghr qdrtks ’Zmc bnmrdptdmskx ntq nvm Sgdnqdl 0-2(
hr Z mZstqZk fdmdqZkhyZshnm ne sgd bkZrrhbZk hmudqrd lZoohmf sgdnqdl) rhmbd sgd rsqhbs cdqhuZ,
shud qdctbdr sn sgd IZbnahZm vgdm D hr cheedqdmshZakd- Gnvdudq) ntq KhorbghsyhZm hmudqrd
lZoohmf sgdnqdl mns nmkx dwsdmcr sgd bkZrrhbZk hmudqrd lZoohmf sgdnqdl) ats dwsdmcr hs
udqx aqnZckx) Zmc vhsg lZmx trdetk bnmrdptdmbdr sgZs cn mns enkknv eqnl Jtlldq ’0880)
Sgdnqdl 0-0(-
Hm sgd �mZk svn rdbshnmr ne sghr oZodq) vd dwoknqd rnld ne sgdrd bnmrdptdmbdr Zr vd Zookx

Sgdnqdl 0-2 sn ZmZkxyd sgd rdmrhshuhsx ne rnktshnmr sn oZqZldsdqhydc mnmkhmdZq oqnfqZlr-
Vd nasZhm bgZqZbsdqhyZshnmr ne sgd KhorbghsyhZm rsZahkhsx ne rsZshnmZqx onhmsr Zr vdkk Zr
JZqtrg,Jtgm,Stbjdq oZhqr ZrrnbhZsdc vhsg sgd mnmkhmdZq oqnfqZlr- Sgd qdrtks Zants sgd
rsZshnmZqx onhmsr hr tmoqdbdcdmsdc) Zmc sgd qdrtks Zants sgd JJS oZhqr hr cheedqdms eqnl
Zmx ne sgd oqduhntrkx ZuZhkZakd bgZqZbsdqhyZshnmr- Lnqdnudq) ntq ldsgnc enq nasZhmhmf sgd
kZssdq bgZqZbsdqhyZshnm hr mdv Zmc rsqZhfgsenqvZqc) hmunkuhmf nmkx sgd bnlotsZshnm ne Z rsqhbs
cdqhuZshud- Rhmbd sgd sgdnqx cdudknodc gdqd hr pthsd fdmdqZk) lZmx nsgdq ZookhbZshnmr sn
rdmrhshuhsx ZmZkxrhr hm noshlhyZshnm bntkc ad lZcd hm sgd rZld lZmmdq) sgntfg vd vhkk mns
otqrtd sgdrd hm sgd oqdrdms oZodq-

1- Idpmdk hmudpshmf KhoraghsyhTm lTmhenkcr- Sgd jdqmdk hmudqshmf lZsqhbdr > ∈�1m·1m

gZud sgd enql

> +
)

/ >1
>2 >3

[

#

enq hmudqshakd m·m lZsqhbdr >1 Zmc >2- ;bbnqchmf sn sghr rsqtbstqd) jdqmdk hmudqshmf lZsqhbdr
Zqd ZkvZxr hmudqshakd vhsg hmudqrd fhudm ax

>−0 +
)

"−>−0
2 >3>

−0
1 $ >−0

2
>−0
1 /

[

�
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Hm eZbs) hs hr dZrx sn rdd sgZs sgd jdqmdk hmudqshmf lZsqhbdr Zqd sgd rZld Zr sgd bkZrr ne
hmudqshakd lZsqhbdr > ∈ �1m·1m vhsg ydqn oqhmbhoZk m · m rtalZsqhw: sgd hmudqshahkhsx ne sgd
m · m rtalZsqhbdr >1 Zmc >2 enkknvr eqnl sgd hmudqshahkhsx ne >-
QdbZkk sgZs fog N hr Z jdqmdk hmudqshmf KhorbghsyhZm lZmhenkc mdZq " =w# =x$ ∈ fog N he sgdqd

dwhrsr Z KhorbghsyhZm lZoohmf D !�m →� rtbg sgZs mdZqax " =w# =x$ hm sgd fqZog roZbd) fog N
Zmc > fogD Zqd sgd rZld- He sghr hr sgd rhstZshnm) Zmc nvhmf sn sgd hmudqshahkhsx ne >) fog N
hr Zkrn Zm zm,chldmrhnmZk KhorbghsyhZm lZmhenkc mdZq " =w# =x$“ hm sgd rdmrd ne QnbjZedkkZq
’0874(- ’Rdd Kdux Zmc QnbjZedkkZq 0885 enq Z chrbtrrhnm ne sgdrd naidbsr-( FdmdqZk m,
chldmrhnmZk KhorbghsyhZm lZmhenkcr qdoqdrdms Zkk sgd knbZk sqZmrenqlZshnmr) rlnnsg hm ansg
chqdbshnmr) ne sgd fqZogr ne KhorbghsyhZm lZoohmfr- Jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr
Zqd sgdm rodbhZk bZrdr ne m,chldmrhnmZk KhorbghsyhZm lZmhenkcr) vgdqd sgd knbZk sqZmrenqlZ,
shnmr Zqd khmdZq Zmc gZud sgd rodbhZk enql > cdrbqhadc Zanud- He fog N hr Zm m,chldmrhnmZk
KhorbghsyhZm lZmhenkc) sgdm fog N−0 hr snn rhmbd sgdrd fqZog rdsr Zqd sgd rZld tmcdq sgd
hmudqshakd khmdZq sqZmrenqlZshnm

Ḡ !+
)

/ G
G /

[

�

Lnqdnudq) sgd rZld KhorbghsyhZm lZoohmf bZm ad ZrrnbhZsdc vhsg ansg N Zmc N−0- Sghr hr
mns sqtd enq jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr) Zr sgd lZsqhw Ḡ cndr mns mdbdrrZqhkx
sqZmrenql nmd jdqmdk hmudqshmf lZsqhw hmsn Zmnsgdq- Mdudqsgdkdrr) vd rgnv hm Sgdnqdl 2-0
sgZs sgd rdsr fog N Zmc fog N−0 Zqd ansg jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr enq lZw
gxonlnmnsnmd ltkshetmbshnmr N-
Sgd rodbhZk enql ne sgd khmdZq sqZmrenqlZshnm > oqnuhcdr sgd lnshuZshnm enq sgd kZadk

zjdqmdk hmudqshmf)“ Zr vhkk ad bkdZq Zesdq sgd enkknvhmf kdllZ hr drsZakhrgdc-

CdllW 1,., Kds N ! �m →→ �m ad T ltkshetmbshnm gTuhmf fog N T idqmdk hmudqshmf
KhorbghsyhTm lTmhenkc mdTq " =w# =x$ ∈ fog N "rn fog N hr dptTk sn > fogD mdTq " =w# =x$$fi Tmc
kds =t ∈ �m ad sgd aTrd onhms hm sgd cnlThm ne D bnqqdronmchmf sn " =w# =x$ "rn " =t#D " =t$$ +
>−0" =w# =x$$- Mgdm sgd fqTog ne sgd rsqhbs cdqhuTshud lToohmf C∗N" =w% =x$ rTshr�dr

fogC∗N" =w% =x$ + > fogC∗D " =t$�’1(

Lnqdnudqfi sgd udbsnqr hm sgd idqmdk ne sgd rsqhbs cdqhuTshud C∗D " =t$ Tqd sgd rTld Tr sgd
udbsnqr nasThmdc ax Tookxhmf sgd lTsqhw >−0

2 "sgd hmudqrd ne sgd m · m lTsqhw hm sgd knvdq
kdes ptTcqTms ne sgd lTsqhw >$ sn sgd udbsnqr hm sgd idqmdk ne sgd rsqhbs cdqhuTshud ne sgd
hmudqrd ne N.

/ ∈ C∗D " =t$"t$⇐⇒ >2t ∈ C∗N" =w% =x$"/$⇐⇒ / ∈ C∗N
−0" =x% =w$">2t$�

Lqnne, ;bbnqchmf sn sgd cd�mhshnm ne sgd rsqhbs cdqhuZshud lZoohmf) hsr fqZog
fogC∗N" =w% =x$ hr sgd ntsdq khlhs ’hm sgd rdmrd ne OZhmkdu©,JtqZsnvrjh) rdd enq dwZlokd Kdux
Zmc QnbjZedkkZq 0884( ne sgd rdsr

fog N − "w#x$

s

enq rdptdmbdr ne onrhshud rbZkZqr s ↓/ Zmc oZhqr "w#x$ ∈ fog N vhsg "w#x$ → " =w# =x$- Rhmbd
fog N dptZkr > fogD mdZq " =w# =x$) sghr ntsdq khlhs hr sgd rZld Zr sgd ntsdq khlhs ne sgd rdsr
"> fogD − "w#x$$<s- Rhmbd sgd lZsqhw > hr hmudqshakd) sghr rds khlhs hr sgd rZld Zr sgd ntsdq
khlhs ne sgd rdsr

> "fogD − "t#D "t$$

s

enq rdptdmbdr ne onhmsr t ∈ �m bnmudqfhmf sn =t- EhmZkkx) Zbbnqchmf sn sgd cd�mhshnm ne sgd
rsqhbs cdqhuZshud ne D ) sghr khlhs rds hr itrs > fogC∗D " =t$-
Sn oqnud ntq Zrrdqshnm Zants sgd jdqmdkr ne sgd rsqhbs cdqhuZshud lZoohmfr) vd ZoodZk

sn hcdmshsx ’1( Zmc rdd sgZs t ∈ �m rZshr�dr "t#/$ ∈ fogC∗D " =t$ he Zmc nmkx he >"t#/$ ∈
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KHORBGHSYH;M LTKSHETMBSHNMR 0/8

fogC∗N" =w% =x$- Sgd enql ne sgd jdqmdk hmudqshmf lZsqhw > dmrtqdr sgZs sghr nbbtqr he Zmc nmkx
he "/#>2t$ ∈ fogC∗N" =w% =x$) vghbg hr sgd ldZmhmf ne sgd �qrs dpthuZkdmbd Zanud- Sgd rdbnmc
dpthuZkdmbd enkknvr chqdbskx eqnl sgd cd�mhshnm ne sgd hmudqrd lZoohmf ’rdd enq dwZlokd
QnbjZedkkZq Zmc Vdsr 0887) BgZosdq 8(- �

KdllZ 1-0 rgnvr sgZs rsqhbs cdqhuZshudr oqdrdqud sgd fqZoghbZk qdkZshnmrgho hmgdqdms hm
ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr- ’Hm eZbs) sgd �qrs
oZqs ne sgd oqnne ne KdllZ 1-0 vnqjr enq ltkshetmbshnmr vgnrd fqZogr Zqd Zmx jhmc
ne KhorbghsyhZm lZmhenkc-( Sgd �mZk rsZsdldms hm KdllZ 1-0 oqnuhcdr sgd lnshuZshnm enq
sgd sdql zjdqmdk hmudqshmf“9 Dudm sgntfg sgd sqZmrenqlZshnm > lZor fogD sn fog N Zmc
fogC∗D " =t$ sn fogC∗N" =w% =x$) hs zhmudqsr“ sgd jdqmdk ne C∗D " =t$ ax lZoohmf hs uhZ >2 sn sgd
jdqmdk ne sgd rsqhbs cdqhuZshud ne sgd hmudprd ne N-
Sgd mdws kdllZ rgnvr sgZs ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf KhorbghsyhZm

lZmhenkcr) bZm ZbstZkkx ad dwoqdrrdc chqdbskx hm sdqlr ne sgd hmudqrd ltkshetmbshnmr nasZhmdc
eqnl sgdhq ZrrnbhZsdc KhorbghsyhZm lZoohmf-

CdllW 1,1, Kds N ! �m →→ �m ad T ltkshetmbshnm vgnrd fqTog hr T idqmdk hmudqshmf
KhorbghsyhTm lTmhenkc mdTq " =w# =x$ ∈ fog N.

T ∩fog N + T ∩ "> fogD $ + T ∩
)

/ >1
>2 >3

[

fogD #

Tmc kds sgd lToohmf F ! �m →→ �m ad cd�mdc ax F + ">3 +>2 D−0$>−0
1 - Mgdm sgd rds

fog N ∩T Tfqddr vhsg sgd rds fogF∩T fi Tmc N gTr T KhorbghsyhTm knbTkhyTshnm mdTq " =w# =x$
he Tmc nmkx he D−0 gTr T KhorbghsyhTm knbTkhyTshnm mdTq "D " =t$# =t$ "vgdqd =t ∈ �m hr sgd aTrd
onhms hm sgd cnlThm ne D bnqqdronmchmf sn " =w# =x$$-

Lqnne, Sgd knbZk hcdmshsx adsvddm sgd fqZogr ne N Zmc F hr hlldchZsd rhmbd sgd rds
> fogD hr hcdmshbZk sn sgd rds

)

>1 /
>3 >2

[

fogD−0�

Sgd bkZhl Zants sgd KhorbghsyhZm knbZkhyZshnmr enkknvr adbZtrd >2 hr hmudqshakd- �

;bbnqchmf sn KdllZ 1-1) sgdqd hr Z mdhfganqgnnc X ⊆ �m ne =x rtbg sgZs sgd hlZfdr
N"w$∩X Zqd sgd rZld Zr sgd hlZfdr F"w$∩X enq Zkk w ∈ �m mdZq =w- Sgdqdenqd Zbbnqchmf
sn sgd cd�mhshnm ne F) ltbg Zants sgd knbZk adgZuhnq ne sgd ltkshetmbshnm N hr chbsZsdc ax
sgd knbZk adgZuhnq ne sgd hmudqrd ne sgd KhorbghsyhZm lZoohmf D - Sghr eZbs snfdsgdq vhsg
Jtlldq ’0880) Sgdnqdl 0-0( Zkknvr tr sn oqnud ntq Sgdnqdl 0-1-

Lqnne ne Rfdnqdl .,1, ;bbnqchmf sn KdllZ 1-1) sgd dwhrsdmbd ne Z KhorbghsyhZm
knbZkhyZshnm enq N mdZq " =w# =x$ hr dpthuZkdms sn sgd dwhrsdmbd ne Z KhorbghsyhZm knbZkhyZshnm
enq D−0 mdZq "D " =t$# =t$ ’vgdqd " =t#D " =t$$ + >−0" =w# =x$(- Ax Jtlldq$r hmudqrd KhorbghsyhZm
lZoohmf sgdnqdl ’Jtlldq 0880) Sgdnqdl 0-0() sghr hr dpthuZkdms sn sgd bnmchshnm sgZs
/ ∈ C∗D " =t$"t$ nmkx enq t + /- Rhmbd sgd knvdq kdes m·m rtalZsqhw >2 hr hmudqshakd) KdllZ
1-0 fhudr tr sgZs sghr �mZk bnmchshnm hr dpthuZkdms sn C∗N" =w% =x$"/$ + '/(- �

Sgd oqnne ne Sgdnqdl 0-1 tkshlZsdkx cdodmcr nmkx nm Jtlldq ’0880) Sgdnqdl 0-0()
nmbd sgd qdkZshnmrgho adsvddm N Zmc sgd lZoohmf D−0 hr drsZakhrgdc hm KdllZ 1-1- Sghr
ghfgkhfgsr sgd hlonqsZmbd ne sgd qdkZshnmrgho adsvddm N Zmc D−0) Zmc drsZakhrgdr sghr
qdkZshnmrgho Zr sgd drrdmshZk oqnodqsx ne ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf
KhorbghsyhZm lZmhenkcr- Enq Zmx ltkshetmbshnm vgnrd fqZog hr Z KhorbghsyhZm lZmhenkc) sgdqd
hr Zm ZrrnbhZsdc KhorbghsyhZm lZoohmf) ats sghr ZrrnbhZshnm hr nmkx adsvddm sgd fqZogr ne
sgdrd lZoohmfr- Gnvdudq) ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf KhorbghsyhZm
lZmhenkcr bZm ZbstZkkx ad dwoqdrrdc chqdbskx hm sdqlr ne sgd hmudqrdr ne sgdhq ZrrnbhZsdc
KhorbghsyhZm lZoohmfr uhZ KdllZ 1-1- Sghr ZcchshnmZk oqnodqsx gZr onvdqetk bnmrdptdmbdr
enq sgdrd ltkshetmbshnmr) Zr sgdhq adgZuhnq bZm ad udqx bknrdkx khmjdc sn sgZs ne sgdhq Zrrnbh,
Zsdc KhorbghsyhZm lZoohmfr- Sgdrd qdrtksr vntkc mns ad udqx hlonqsZms gnvdudq he sgdqd vZr
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00/ ;- A- KDUX

Z rbZqbhsx ne ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr- Sgd
dwbhshmf chrbnudqx ne sghr oZodq hr mns nmkx sgZs sgdrd ltkshetmbshnmr gZud trdetk rsqtbstqd
khjd sgZs dwoknhsdc sn nasZhm Sgdnqdl 0-1) ats sgZs sgdrd ltkshetmbshnmr Zqd udqx bnllnm
hm noshlhyZshnm Zmc uZqhZshnmZk ZmZkxrhr- Sghr kZssdq snohb hr sgd enbtr ne sgd qdlZhmhmf svn
rdbshnmr ne sghr oZodq-

2- LTv gxonlnmnsnmd ltkshetmashnmr- Hm sgd Hmsqnctbshnm) vd chrbtrrdc ltkshetmb,
shnmr vghbg onrrdrr lZwhlZk lnmnsnmd khmdZq odqstqaZshnmr- Hm sghr rdbshnm vd rgnv sgZs sgd
bkZrr ne ltkshetmbshnmr vgnrd fqZogr Zqd jdqmdk hmudqshmf KhorbghsyhZm lZmhenkcr hmbktcdr
Zmx ltkshetmbshnm sgZs gZr Z lZwhlZk lnmnsnmd khmdZq odqstqaZshnm nq vgnrd hmudqrd gZr
rtbg Z odqstqaZshnm- Vd qdbZkk sgZs Z ltkshetmbshnm N !�m →→�m hr rZhc sn ad lWw gxonlnmn,
snmd mdWp " =w# =x$ ∈ fog N he sgdqd dwhrsr Z mnmmdfZshud ltkshokd p ne sgd hcdmshsx lZoohmf
G ! �m →→ �m rtbg sgZs sgd ltkshetmbshnm N+ pG hr lZwhlZk lnmnsnmd mdZq " =w# =x+ p =w$- Sgd
lnmnsnmhbhsx oZqs ne sghr oqnodqsx qdpthqdr sgZs sgd hmdptZkhsx

/w−w⇔# "x+ pw$− "x⇔ + pw⇔$0 ≥ /#

ad rZshr�dc enq Zkk w Zmc w⇔ mdZq =w) Zmc Zkk x Zmc x⇔ mdZq =x rZshrexhmf x ∈ N"w$ Zmc x⇔ ∈ N"w⇔$-
Sgd lZwhlZkhsx cdlZmcr sgZs mdZq " =w# =x + p =w$) mn nsgdq lnmnsnmd ltkshetmbshnm bnmsZhmr
sgd fqZog ne N+pG hm hsr fqZog- He p + /) sghr hr itrs sgd trtZk lZwhlZk lnmnsnmhbhsx oqnodqsx
mdZq " =w# =x$- ;kk KhorbghsyhZm lZoohmfr Zqd lZw gxonlnmnsnmd ’be- Kdux Zmc Onkhpthm 0886
Zmc sgd eZbs sgZs Zmx lnmnsnmd rhmfkd,uZktdc lZoohmf hr lZwhlZk lnmnsnmd() Zr vdkk Zr
lZmx bnllnm ltkshetmbshnmr hm uZqhZshnmZk ZmZkxrhr-
Sgd mnshnm ne lZw gxonlnmnsnmhbhsx gZr ZkqdZcx qdbdhudc rnld Zssdmshnm enq rtache,

edqdmshZk ltkshetmbshnmr *d ! �m →→ �m) vgdqd *d "w$ cdmnsdr sgd rds ne khlhshmf oqnwhlZk
rtafqZchdmsr ne sgd etmbshnm d ! �m → �˜ '−( Zs w- Rnld ne sghr vnqj gZr enbtrrdc nm
ltkshetmbshnmr *d ZrrnbhZsdc vhsg zrtacheedqdmshZkkx bnmshmtntr“ etmbshnmr9 d hr rtacheedp,
dmshWkkx bnmshmtntr Ws =w enp =u ∈ *d " =w$ he d "w$ hr bknrd sn d " =w$ vgdmdudq w hr bknrd sn
=w Zmc sgdqd dwhrsr Zm dkdldms u ∈ *d "w$ bknrd sn =u ’rdd Onkhpthm Zmc QnbjZedkkZq 0884(-
Sgd bkZrr ne rtacheedqdmshZkkx bnmshmtntr etmbshnmr bnudqr lZmx ne sgd etmbshnmr hm nosh,
lhyZshnm hmbktchmf Zkk bnmudw etmbshnmr) Zkk knvdq,C1 etmbshnmr) Zmc Zkk oqhlZk knvdq,mhbd
etmbshnmr ’rdd Onkhpthm 0880 enq Z chrbtrrhnm ne oqhlZk knvdq,mhbd etmbshnmr(- Hm oZqshbtkZq)
zrsqnmfkx ZldmZakd“ etmbshnmr ’bnlonrhshnmr ne bnmudw etmbshnmr vhsg A1 lZoohmfr tmcdq
Z bnmrsqZhms ptZkh�bZshnm) rdd Onkhpthm Zmc QnbjZedkkZq 0884( Zqd oqhlZk knvdq,mhbd Zmc
gdmbd rtacheedqdmshZkkx bnmshmtntr- Onkhpthm Zmc QnbjZedkkZq ’0884( hmsqnctbdc sgd bkZrr
ne zoqnw,qdftkZq“ etmbshnmr) Zmc rgnvdc sgZs sghr bkZrr Zkrn hmbktcdr Zkk bnmudw etmbshnmr)
Zkk knvdq,C1 etmbshnmr) Zmc Zkk oqhlZk knvdq,mhbd etmbshnmr- ; rtacheedqdmshZkkx bnmshmtntr
etmbshnm d hr bZkkdc opnw,pdftkWp Ws =w enp =x ∈ *d " =w$ he *d hr lZw gxonlnmnsnmd mdZq " =w# =x$-
Sgtr lZmx ne sgd lnrs bnllnm ltkshetmbshnmr hm noshlhyZshnm ’h-d-) sgd rtacheedqdmshZkr ne
oqnw,qdftkZq etmbshnmr( Zqd knbZkkx lZw gxonlnmnsnmd- Nmd oZqshbtkZq dwZlokd ne rtbg Z
ltkshetmbshnm sgZs ZoodZqr hm oZqZldsdqhydc noshlhyZshnm hr sgd mnqlZk bnmd lZoohmf LA

ZrrnbhZsdc vhsg Z rds A ⊆ �m cd�mdc ax sgd rlnnsg etmbshnmr fg Zr enkknvr9

A !+ 'w ! f0"w$≤ /# + + + �#fr"w$≤ /#fr+0"w$ + /# + + + �#fi"w$ + /(�

Sgd mnqlZk bnmd lZoohmf LA hr itrs sgd rtacheedqdmshZk ne sgd hmchbZsnq etmbshnm zA Zrrn,
bhZsdc vhsg A ’sgd hmchbZsnq etmbshnm hr ydqn enq onhmsr hm A Zmc hr dlosx,uZktdc enq onhmsr
mns hm A(- Tmcdq sgd trtZk LZmfZrZqhZm,Eqnlnuhsy bnmrsqZhms ptZkh�bZshnm) sgd hmchbZsnq
etmbshnm zA hr oqnw,qdftkZq Zmc rtacheedqdmshZkkx bnmshmtntr ’rdd Onkhpthm Zmc QnbjZedkkZq
0884() rn hsr rtacheedqdmshZk lZoohmf LA hr lZw gxonlnmnsnmd-
Sgd enkknvhmf kdllZ oqnuhcdr Zm ZrrnbhZshnm adsvddm knbZkkx lZw gxonlnmnsnmd ltk,

shetmbshnmr Zmc KhorbghsyhZm lZoohmfr- Sghr ZrrnbhZshnm vhkk ad sgd aZrhr enq rgnvhmf sgZs
knbZkkx lZw gxonlnmnsnmd ltkshetmbshnmr gZud fqZogr sgZs Zqd jdqmdk hmudqshmf KhorbghsyhZm
lZmhenkcr-
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CdllW 2,., Fe T ltkshetmbshnm N ! �m →→ �m hr lTw gxonlnmnsnmd mdTq " =w# =x$ ∈
fog N "vhsg p ≥ /$fi sgdm enq Tmx Y / p fi sgd lToohmf D !+ "N + YG$−0 gTr T KhorbghsyhTm
knbTkhyTshnm mdTq =x+ Y =w-

Lqnne, ;bbnqchmf sn sgd gxonlnmnsnmhbhsx ne N Zmc sgd cd�mhshnm ne sgd lZoohmf D )
Zmx dkdldmsr "x#w$ ∈ fogD Zmc "x⇔#w⇔$ ∈ fogD bknrd dmntfg sn " =x + Y =w# =w$) rZshrex sgd
hmdptZkhsx

/x− x⇔#w−w⇔0 ≥ "Y− p$ , w−w⇔ ,1 �

Sghr hm stqm kdZcr sn sgd hmdptZkhsx

, w−w⇔ ,≤ 0

Y− p
, x− x⇔ ,#’2(

vghbg fhudr sgZs w + D "x$ Zmc w⇔ + D "x⇔$- Sgd lZwhlZkhsx ne sgd gxonlnmnsnmhbhsx ne N
dmrtqdr sgZs D hr ZbstZkkx Z rhmfkd,uZktdc lZoohmf vhsg uZktdr enq Zkk x mdZq =x+Y =w- EhmZkkx)
eqnl sgd antmc hm ’2() vd bnmbktcd sgZs D hr KhorbghsyhZm mdZq =x+ Y =w Zr bkZhldc- �

;mnsgdq qdrtks vghbg vhkk ad trdetk hr sgd enkknvhmf kdllZ ctd oZqskx sn Onkhpthm Zmc
QnbjZedkkZq ’0884(-

CdllW 2,1 �Lnkhothm Wmc PnbiWedkkWq .884) CdllW 3,4(, Anq Tmx ltkshetmbshnm
N ! �m →→ �m Tmc Tmx Y / /fi nmd gTr sgd hcdmshsx

Y−0
∑

G − "G + YN−0$−0
[

+ "N + YG$−0�

Lnqdnudqfi sgd lToohmf "G +YN−0$−0 gTr T KhorbghsyhTm knbTkhyTshnm mdTq =x+Y =w he Tmc nmkx
he sgd lToohmf "N + YG$−0 gTr T KhorbghsyhTm knbTkhyTshnm mdTq =x+ Y =w-

Lqnne, Sgd hcdmshsx bnldr eqnl Onkhpthm Zmc QnbjZedkkZq ’0884) KdllZ 3-4() Zmc sgd
nardquZshnm Zants sgd KhorbghsyhZm knbZkhyZshnmr enkknvr eqnl sgd hcdmshsx- �

GZuhmf etqmhrgdc KdllZr 2-0 Zmc 2-1) vd bZm mnv oqnud sgZs enq Zmx ltkshetmbshnm
N ! �m →→ �m vghbg hr lZw gxonlnmnsnmd nq gZr lZw gxonlnmnsnmd hmudqrd) fogN hr Z
jdqmdk hmudqshmf KhorbghsyhZm lZmhenkc-

Rfdnqdl 2,., Anq T ltkshetmbshnm N !�m →→�m sgTs hr lTw gxonlnmnsnmd mdTq " =w# =x$∈
fog Nfi sgd rds fog N hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkc mdTq " =w# =x$fi Tmc sgd rds
fog N−0 hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkc mdTq " =x# =w$-

Lqnne, Vd �qrs rgnv sgZs sgd lZw gxonlnmnsnmhbhsx ne N hlokhdr sgZs fog N hr Z jdqmdk
hmudqshmf KhorbghsyhZm lZmhenkc mdZq " =w# =x$- ;bbnqchmf sn KdllZ 2-0) sgdqd hr Z KhorbghsyhZm
lZoohmf D sgZs Zfqddr vhsg sgd lZoohmf "N + YG$−0 mdZq =x+ Y =w- Gnvdudq) sgd fqZog ne N
hr dptZk sn > fog"N + YG$−0 enq sgd jdqmdk hmudqshmf lZsqhw > fhudm ax

> +
)

/ G
G −YG

[

�

Sgdqdenqd) fog N hr Z jdqmdk hmudqshmf KhorbghsyhZm lZmhenkc mdZq " =w# =x$-
Mnv vd rgnv sgZs fog N−0 hr Z jdqmdk hmudqshmf KhorbghsyhZm lZmhenkc mdZq " =x# =w$-

;bbnqchmf sn KdllZr 2-0 Zmc 2-1) sgdqd hr Z KhorbghsyhZm lZoohmf D !�m →�m sgZs Zfqddr
vhsg "G + YN−0$−0 mdZq =x + Y =w- AdbZtrd sgd fqZog ne N−0 hr sgd rZld Zr sgd fqZog ne
"G + YN−0$−0 tmcdq sgd lZsqhw

> +
)

/ G
G<Y −G<Y

[

#

sghr sqZmrkZsdr hmsn sgd dwhrsdmbd ne Z mdhfganqgnnc T ⊆�1m ne " =x# =w$ enq vghbg sgd hcdmshsx
fog N−0 ∩T + ">fogD $∩T gnkcr- Sgd lZsqhw > hr bkdZqkx Z jdqmdk hmudqshmf lZsqhw) rn
sgd fqZog ne sgd hmudqrd ltkshetmbshnm N−0 hr Z jdqmdk hmudqshmf KhorbghsyhZm lZmhenkc mdZq
" =x# =w$- �
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001 ;- A- KDUX

;r vd ldmshnmdc hm sgd oqduhntr rdbshnm) sgd qdrtks hm Sgdnqdl 2-0 cndr mns enkknv
adbZtrd sgd rdsr fog N Zmc fog N−0 Zqd sgd rZld tmcdq sgd hmudqshakd khmdZq sqZmrenqlZshnm
Ḡ - Lnqdnudq) sgd KhorbghsyhZm lZoohmfr ZrrnbhZsdc vhsg N Zmc N−0 Zqd cheedqdms) ats sgdx
Zqd qdkZsdc Zbbnqchmf sn sgd enqltkZ hm KdllZ 2-1-
Rhmbd sgd rtacheedqdmshZkr ne oqnw,qdftkZq etmbshnmr Zqd lZw gxonlnmnsnmd) vd fds sgd

enkknvhmf bnqnkkZqx hlldchZsdkx eqnl Sgdnqdl 2-0-

9nqnkkWqv 2,., Anq Tmx rtacheedqdmshTkkx bnmshmtntr etmbshnm d !�m →�˜'−( sgTs hr
oqnw,qdftkTq Ts =w enq =x ∈ *d " =w$fi sgd rds fog *d hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkc
mdTq " =w# =x$fi Tmc sgd rds fog *d−0 hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkc mdTq " =x# =w$-
Vd mnv trd ntq Sgdnqdl 0-1 sn oqnud ntq hmudqrd lZoohmf sgdnqdl enq lZw gxonlnmn,

snmd ltkshetmbshnmr-
Lqnne ne Rfdnqdl .,2, Sghr qdrtks enkknvr hlldchZsdkx eqnl Sgdnqdl 0-1 Zookhdc sn

sgd hmudqrd ltkshetmbshnm N−0) rhmbd sgd fqZog ne sgd hmudqrd ltkshetmbshnm N−0 hr Z jdqmdk
hmudqshmf KhorbghsyhZm lZmhenkc mdZq " =x# =w$ Zbbnqchmf sn Sgdnqdl 2-0- Sgd jdqmdk bnmchshnm
hm ’a( ne Sgdnqdl 0-2 hr dpthuZkdms sn sgd bnmchshnm sgZs C∗N

−0" =x% =w$"/$ + '/(- �

;r vd ldmshnmdc hm sgd Hmsqnctbshnm) Sgdnqdl 0-2 hr Z chqdbs dwsdmrhnm sn lZw
gxonlnmnsnmd ltkshetmbshnmr ne sgd bkZrrhbZk hmudqrd lZoohmf sgdnqdl- ;fZhm) rhmbd sgd
rtacheedqdmshZkr ne oqnw,qdftkZq etmbshnmr Zqd lZw gxonlnmnsnmd) vd fds sgd enkknvhmf
hlldchZsd bnqnkkZqx sn Sgdnqdl 0-2-

9nqnkkWqv 2,1, Anq Tmx rtacheedqdmshTkkx bnmshmtntr etmbshnm d ! �m → �˜ '−( sgTs
hr oqnw,qdftkTq Ts =w enq =x ∈ *d " =w$fi sgd enkknvhmf Tqd dpthuTkdms.

’Z( *d−0 gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =x# =w$-
’a( / ∈ C∗

�

*d
(

" =w% =x$"w$ nmkx enp w + /-

Sgd enkknvhmf hr sgd nauhntr bnlokdldms sn Sgdnqdl 0-2-

Rfdnqdl 2,1, Anq T ltkshetmbshnm N !�m →→�m sgTs hr lTw gxonlnmnsnmd mdTq " =w# =x$∈
fog Nfi sgd enkknvhmf Tqd dpthuTkdms.

’Z( N gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =w# =x$-
’a( C∗N" =w% =x$"/$ + '/(-
’b( N hr 2tahm bnmshmtntr Ws " =w# =x$-

Lqnne, Bnmchshnmr ’Z( Zmc ’b( Zqd dpthuZkdms Zbbnqchmf sn Sgdnqdl 0-0- Sgd dpthuZkdmbd
ne ’Z( Zmc ’a( enkknvr eqnl Sgdnqdl 0-1 rhmbd fog N hr Z jdqmdk hmudqshmf KhorbghsyhZm
lZmhenkc mdZq " =w# =x$ Zbbnqchmf sn Sgdnqdl 2-0- �

Mnshbd sgZs hm sgd rdsshmf ne Sgdnqdl 2-1) sgd jdqmdk bnmchshnm nm sgd rsqhbs cdqhuZshud
’a( Zmc sgd ;tahm bnmshmthsx bnmchshnm ’b( Zqd dpthuZkdms) vghbg hr mns sgd bZrd hm sgd
lnqd fdmdqZk rhstZshnm bnudqdc hm Sgdnqdl 0-1- QdbZkk sgd dwZlokd eqnl sgd Hmsqnctbshnm
vgdqd sgd lZoohmf N ! �1 →→ �1 vZr cd�mdc ax hsr hmudqrd lZoohmf N−0 vghbg Zrrhfmr sn
Z onhms vhsg onkZq bnnqchmZsdr "p# )$) sgd onhms "p#1)$- BkdZqkx) N"/$ + / ats N hr cntakd,
uZktdc enq Zkk onhmsr mdZq /- Hm rohsd ne sghr cntakd,uZktdcmdrr) N hr ;tahm bnmshmtntr mdZq
"/#/$- Hm sghr bZrd) N−0 hr lZw gxonlnmnsnmd mdZq "/#/$) ats sgd ltkshetmbshnm N hr mns
lZw gxonlnmnsnmd mdZq "/#/$- Sgdqdenqd) sgd bgZqZbsdqhyZshnm ’Z( ⇔ ’b( hm Sgdnqdl 2-1
cndr mns Zookx hm sghr bZrd) dudm sgntfg sgd bgZqZbsdqhyZshnm ’Z( ⇔ ’a( cndr Zookx gdqd ’be-
Sgdnqdl 0-1(-
; �mZk bnmrdptdmbd ne ntq Sgdnqdl 0-1 vgdm bnlahmdc vhsg Sgdnqdl 0-0) hr sgd enk,

knvhmf rte�bhdms bnmchshnm enq lZw gxonlnmnsnmhbhsx hm bdqsZhm ltkshetmbshnmr-

9nqnkkWqv 2,2, Anq T ltkshetmbshnm N !�m →→�m Tmc T oThq " =w# =x$ ∈ fog Nfi he dhsgdq ’h(
fog N hr T idqmdk hmudqshmf KhorbghsyhTm lTmhenkc mdTq " =w# =x$fi nq he ’hh( N hr :tahm bnmshmtntr
Ts " =w# =x$fi sgdm N hr lTw gxonlnmnsnmd mdTq " =w# =x$ Tr knmf Tr C∗N" =w% =x$"/$ + '/(-
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KHORBGHSYH;M LTKSHETMBSHNMR 002

3- 9ookhaTshnmr sn rnktshnm ltkshetmashnmr- Nmd sxod ne ltkshetmbshnm vgnrd knbZk
KhorbghsyhZm oqnodqshdr vd vntkc khjd sn bgZqZbsdqhyd) hr Z zrnktshnm ltkshetmbshnm“ N cd�mdc
ax

N"y#n$ !+ 'w ! y ∈ F"w#n$+L "w$(#’3(

enq rnld ltkshetmbshnm L ! �m →→ �m sgZs hr lZw gxonlnmnsnmd mdZq =w) Zmc Z lZoohmf
F ! �m+c → �m vghbg hr KhorbghsyhZm hm n tmhenqlkx hm w Zqntmc " =w# =n$ Zmc vghbg hr che,
edqdmshZakd vhsg qdrodbs sn w) vhsg oZqshZk IZbnahZm lZoohmf ,wF"w#n$ cdodmchmf bnmshmt,
ntrkx nm "w#n$ hm Z mdhfganqgnnc ne " =w# =n$- Sgd bnmchshnm y ∈ F"w#n$+L "w$ hr Z sxod ne
fdmdqZkhydc uZqhZshnmZk hmdptZkhsx bZkkdc Z uWphWshnmWk bnmchshnm- LZmx jhmcr ne noshlZkhsx
bnmchshnmr bZm ad enqltkZsdc hm sdqlr ne uZqhZshnmZk bnmchshnmr) rn rnktshnm ltkshetmbshnmr
ne sgd sxod ’3( bZm qdoqdrdms rnktshnmr sn sgdrd noshlZkhsx bnmchshnmr ’rdd Kdux Zmc Qnbj,
ZeedkkZq 0884 enq lnqd nm uZqhZshnmZk bnmchshnmr(-
Kdux Zmc Onkhpthm ’0886) Sgdnqdl 3-0( bgZqZbsdqhydc sgd dwhrsdmbd ne KhorbghsyhZm knbZk,

hyZshnmr enq sgdrd rnktshnm ltkshetmbshnmr hm sdqlr ne KhorbghsyhZm knbZkhyZshnmr ne sgd zkhm,
dZqhyZshnm ltkshetmbshnm“ KN ! �

m →→ �m cd�mdc ax

KN"y$ !+ 'w ! y ∈ F" =w# =n$+,wF" =w# =n$"w− =w$+L "w$(�’4(

Hs hr dZrx sn rdd sgZs sgd hmudqrd ne sgd khmdZqhyZshnm ltkshetmbshnm hr itrs sgd ltkshetmbshnm
w 5→ F" =w# =n$+ ,wF" =w# =n$"w − =w$+L "w$) vghbg hr lZw gxonlnmnsnmd mdZq =w rhmbd L
hr- ;mnsgdq trdetk oqnodqsx ne sgd khmdZqhyZshnm ltkshetmbshnm hr sgZs hsr rsqhbs cdqhuZshud hr
ZkvZxr bnmsZhmdc hm sgd rsqhbs cdqhuZshud ne N-

CdllW 3,., Anq =w Tmc =n Tr Tanudfi Tmc enq =y ∈ �m vhsg =w ∈ KN" =y$fi sgd enkknvhmf qdkT,
shnmrghor gnkc enq Tmx v ∈ �m.

]

u ! v−,wF" =w# =n$"u$ ∈ C∗L
�

=w% =y−F" =w# =n$
(

"u$
{

+ C∗KN" =y% =w$"v$⊆ C∗N" =y# =n% =w$"v$�

Lqnne, Ehqrs vd rgnv sgd hmbktrhnm
]

u ! v−,wF" =w# =n$"u$ ∈ C∗L
�

=w% =y−F" =w# =n$
(

"u$
{

⊆ C∗KN" =y% =w$"v$�’5(

Enq Zmx oZhq "v#u$ vhsg v −,wF" =w# =n$"u$ hm sgd rds C∗L
�

=w% =y−F" =w# =n$
(

"u$) sgdqd Zqd
rdptdmbdr w% → =w) y% → =y−F" =w# =n$) u% → u) Zmc s% ↓/ vhsg y% ∈ L "w%$ Zmc ȳ% ∈ L "w% +
s%u%$ rZshrexhmf

v% !+ ȳ% − y%

s%
→ v−,wF" =w# =n$"u$�

Hs enkknvr sgZs w% rZshr�dr sgd svn hmbktrhnmr

w% ∈ KN

∣

y% +F" =w# =n$+,wF" =w# =n$"w% − =w$
(

#

w% + s%u% ∈ KN

∣

y% +F" =w# =n$+,wF" =w# =n$"w% − =w$+ s%
�

v% +,wF" =w# =n$"u%$
(

(

�

Eqnl sgdrd svn hmbktrhnmr) hs enkknvr sgZs u hr Zm dkdldms ne sgd rds C∗KN" =y% =w$"v$) Zmc sgd
hmbktrhnm ’5( hr drsZakhrgdc-
Mnv vd bnmrhcdq Z fdmdqhb dkdldms u ∈ C∗KN" =y% =w$"v$) vghbg dmsZhkr sgd dwhrsdmbd ne

rdptdmbdr y% → =y) w% → =w) v% → v) Zmc s% ↓/ vhsg w% ∈ KN"y
%$ Zmc w̄% ∈ KN"y

% + s%v%$
rZshrexhmf "w̄% −w%$<s% → u- Kds -% ad cd�mdc ax

-% !+ F"w%# =n$−F"w̄%# =n$−,wF" =w# =n$"w% − w̄%$

s%
�
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Rhmbd sgd ptnshdms "w̄% −w%$<s% bnmudqfdr sn u) vd jmnv sgZs -% rZshr�dr

, -% ,≤ Y
, s%-% ,

, w̄% −w% , #

enq rnld onrhshud bnmrsZms Y <−- Sgd qhfgs rhcd hm sgd Zanud hmdptZkhsx ZooqnZbgdr ydqn
rhmbd F"�# =n$ hr rsqhbskx cheedqdmshZakd Zs =w) rn vd bnmbktcd sgZs sgd sdqlr -% Zkrn ZooqnZbg
ydqn- He vd cd�md ȳ% ax

ȳ% !+ y% +F"w%# =n$−F" =w# =n$−,wF" =w# =n$"w% − =w$#

vd jmnv ax sgd rsqhbs cheedqdmshZahkhsx ne F"�# =n$ sgZs ȳ% → =y- Lnqdnudq) ȳ% + s%"v% + -%$
hr bnmsZhmdc hm sgd rds F"w̄%# =n$+L "w̄%$ Zmc ȳ% hr bnmsZhmdc hm sgd rds F"w%# =n$+L "w%$)
vghbg hlokhdr sgZs w̄% hr bnmsZhmdc hm N"ȳ%+ s%"v%+-%$# =n$ Zmc sgZs w% hr hm N"ȳ%# =n$- Rhmbd
v% + -% → v) hs enkknvr sgZs u ∈ C∗N" =y# =n% =w$"v$ Zr bkZhldc Zanud- Hs Zkrn enkknvr sgZs sgd
khlhs ne sgd onhmsr

v% + -% − F"w̄%# =n$−F"w%# =n$
s%

hr bnmsZhmdc hm sgd rds C∗L
�

=w% =y−F" =w# =n$
(

"u$- Sghr fhudr sgd noonrhsd hmbktrhnm sn ’5()
vghbg drsZakhrgdr sgd enqltkZ Zanud Zmc bnlokdsdr sgd oqnne- �

PdlWqi, Sgd oqnne ne KdllZ 3-0 vnqjr tmcdq lnqd fdmdqZk Zrrtloshnmr sgZm sgnrd
lZcd hm sghr rdbshnm: mZldkx sgZs sgd lZoohmf F"�# =n$ hr rsqhbskx cheedqdmshZakd Zs =w- Mnsd Zkrn
sgZs sgd oqnne ne KdllZ 3-0 ZbstZkkx rgnvr sgZs sgd rsqhbs cdqhuZshud hlZfd rds C∗KN" =y% =w$"v$
hr ZkvZxr bnmsZhmdc hm sgd rsqhbs cdqhuZshud ne sgd lZoohmf y 5→ N"y# =n$) vghbg hr fdmdqZkkx
Z rlZkkdq rds sgZm sgd rsqhbs cdqhuZshud ne sgd lZoohmf N-
Vd bZm mnv oqnud ntq lZhm bgZqZbsdqhyZshnm ne KhorbghsyhZm knbZkhyZshnmr enq rnktshnm

ltkshetmbshnmr ’3(-

Rfdnqdl 3,., Anq sgd rnktshnm lToohmf N "3$ Tmc hsr TrrnbhTsdc khmdTqhyTshnm ltksh,
etmbshnm KN "4$fi Tmc enq " =y# =n# =w$ ∈ fog Nfi sgd enkknvhmf Tqd dpthuTkdms.

’Z( N gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =y# =n# =w$-
’a( C∗N" =y# =n% =w$"/$ + '/(-
’b( C∗KN" =y% =w$"/$ + '/(-
’c( KN gWr W KhorbghsyhWm knbWkhyWshnm mdWp " =y# =w$-
’d( −,wF" =w# =n$"u$ hr Wm dkdldms ne sgd rds C∗L

�

=w% =y−F" =w# =n$
(

"u$ nmkx enp u + /-

Lqnne, Sgd hlokhbZshnm ’Z( ⇒ ’a( enkknvr eqnl Sgdnqdl 0-0) Zmc ansg sgd hlokhbZ,
shnm ’a( ⇒ ’b( Zr vdkk Zr sgd dpthuZkdmbd adsvddm ’b( Zmc ’d( enkknv eqnl sgd qdkZshnm,
rghor hm KdllZ 3-0- Sgdnqdl 0-2 fhudr sgd dpthuZkdmbd adsvddm ’b( Zmc ’c( rhmbd K−0

N hr
lZw gxonlnmnsnmd mdZq " =y# =w$) Zmc sgd dpthuZkdmbd ne ’c( Zmc ’Z( enkknvr eqnl Kdux Zmc
Onkhpthm ’0886) Sgdnqdl 3-0(- �

Mnshbd sgZs Sgdnqdl 3-0 oqnuhcdr Z bgZqZbsdqhyZshnm ’adsvddm ’Z( Zmc ’a(( sgZs hr hcdmsh,
bZk sn sgZs hm ntq Sgdnqdl 0-1) xds sgd rnktshnm ltkshetmbshnm N Zanud cndr mns mdbdrrZqhkx
sZjd onhmsr hm nmd DtbkhcdZm roZbd sn rdsr hm sgd rZld roZbd- Ne bntqrd) sgd khmdZqhyZshnm
ltkshetmbshnm cndr gZud sghr oqnodqsx) rn KN rdqudr Zr Z aqhcfd adsvddm sgd rnktshnm ltksh,
etmbshnm Zmc sgd rdsshmf bnudqdc ax Sgdnqdl 0-1-
Vd Zkrn mnsd sgZs bnmchshnm ’c( Zanud vZr rstchdc ax Qnahmrnm ’087/( hm sgd bZrd vgdqd

sgd ltkshetmbshnm L qdoqdrdmsr sgd mnqlZk bnmd lZoohmf ZrrnbhZsdc vhsg Z bnmudw rds ’hm
vghbg bZrd) sgd rnktshnm lZoohmf N qdoqdrdmsr sgd rnktshnmr sn Z uZqhZshnmZk hmdptZkhsx(-
Qnahmrnm bZkkdc sghr oqnodqsx zrsqnmf qdftkZqhsx)“ Zmc gd rgnvdc sgZs sgd KhorbghsyhZm knbZk,
hyZshnm oqnodqsx ’Z( vZr Z bnmrdptdmbd ne rsqnmf qdftkZqhsx- Sgdrd qdrtksr vdqd rtardptdmskx
dwsdmcdc sn rnktshnm ltkshetmbshnmr dudm lnqd fdmdqZk sgZm sgd nmdr vd bnmrhcdq gdqd: enq
dwZlokd vgdqd sgd lZoohmf L hm ’3( hr Zrrtldc nmkx sn gZud knbZkkx bknrdc fqZog ’rdd
Cnmsbgdu 0884Z) a) Cnmsbgdu Zmc HsZf 0883Z(-
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KHORBGHSYH;M LTKSHETMBSHNMR 004

Cnmsbgdu Zmc QnbjZedkkZq ’0885( rstchdc sgd rtabkZrr ne rnktshnm ltkshetmbshnmr ’3(
vgdqd sgd ltkshetmbshnm L hr sgd mnqlZk bnmd lZoohmf ZrrnbhZsdc vhsg Z onkxgdcqZk bnmudw
rds- Sgdx bgZqZbsdqhydc sgd dwhrsdmbd ne KhorbghsyhZm knbZkhyZshnmr enq sgdrd rodbhZk rnktshnm
ltkshetmbshnmr hm sdqlr ne sgdhq ;tahm bnmshmthsx Zknmd) vhsgnts Zmx bnmchshnmr nm sgd rsqhbs
cdqhuZshud- Hs hr mns jmnvm he KhorbghsyhZm knbZkhyZshnmr ne sgd lnqd fdmdqZk rnktshnm ltk,
shetmbshnmr N ’3( bZm ad rhlhkZqkx bgZqZbsdqhydc- Ne bntqrd) ntq Sgdnqdl 3-0 oqnuhcdr sghr
jhmc ne zrhmfkd bnmchshnm“ bgZqZbsdqhyZshnm) ats hm sdqlr ne sgd rsqhbs cdqhuZshud) Zmc vhsgnts
Zmx qdedqdmbd sn ;tahm bnmshmthsx-
Ntq Sgdnqdl 3-0 hr sgtr hlonqsZms hm svn cheedqdms vZxr9 Hs fhudr mdv bgZqZbsdqhyZ,

shnmr ’hm sdqlr ne sgd rsqhbs cdqhuZshud–oqnodqshdr ’a() ’b() Zmc ’d(( ne sgd knbZk KhorbghsyhZm
adgZuhnq ne rnktshnm lZoohmfr) Zmc hs dwoZmcr sgd bkZrr ne rnktshnm lZoohmfr vgnrd knbZk
KhorbghsyhZm adgZuhnq bZm ad sgtr bgZqZbsdqhydc- Nmd dwZlokd vgnrd KhorbghsyhZm rsZahkhsx
bZmmns ad bgZqZbsdqhydc ax oqduhntr vnqj) hr sgd rnktshnm lZoohmf vghbg fhudr sgd rsZ,
shnmZqx onhmsr ZrrnbhZsdc vhsg Z eZlhkx ne mnmkhmdZq oqnfqZllhmf oqnakdlr- Sgd mnmkhmdZq
oqnfqZllhmf oqnakdlr vd bnmrhcdq Zqd enqltkZsdc hm sdqlr ne rlnnsg etmbshnmr f/ nm
�m ·�c Zmc fg nm �

m enq g + 0# + + + #i Zr enkknvr9

lhmhlhyd f/"w#n$−/y#w0 nudq Zkk w ∈ A#’6(

vgdqd sgd rds A ⊆ �m hr cd�mdc ax

A !+ 'w ! f0"w$≤ /# + + + �#fr"w$≤ /# fr+0"w$ + /# + + + �#fi"w$ + /(�

Vd bnmbdmsqZsd ntq Zssdmshnm nm onhmsr w sgZs Zqd rsWshnmWpx onhmsr enq sgd lhmhlhyZshnm
oqnakdl ’6( hm sgd rdmrd ne rZshrexhmf) hm ZrrnbhZshnm vhsg rnld ltkshokhdq udbsnq x) sgd
JZqtrg,Jtgm,Stbjdq noshlZkhsx bnmchshnmr9

∃x + "x0# + + + #xi$ ∈ LI

�

f0"w$# + + + #fi"w$
(

vhsg’7(

,wf/"w$+ x0,wf0"w$+ � � �+ xi,wfi"w$ + /#

vqhssdm gdqd enq bnmudmhdmbd hm sdqlr ne LI"t$ cdmnshmf sgd rds ne mnqlZk udbsnqr Zs t sn
sgd onkxgdcqZk bnmd

I !+ 't ∈ �i ! t0 ≤ /# + + + #tr ≤ /#tr+0 + /# + + + #ti + /(�’8(

Sgd JZqtrg,Jtgm,Stbjdq bnmchshnmr Zqd ne bntqrd mdbdrrZqx enq Z edZrhakd rnktshnm =w sn
ad knbZkkx noshlZk tmcdq sgd LZmfZrZqhZm,Eqnlnuhsy bnmrsqZhms ptZkh�bZshnm) vghbg hm stqm
sZjdr sgd enql

∈ ∃x + "x0# + + + #xi$ ∈ LI

�

f0" =w$# + + + #fi" =w$
(

vhsg’0/(

x0,wf0" =w$+ � � �+ xi,wfi" =w$ + /# dwbdos x + /�

RsZshnmZqx onhmsr Zqd rtqd sn ad noshlZk rnktshnmr vgdm sgd lhmhlhyZshnm oqnakdl dwghahsr
bnmudwhsx vhsg qdrodbs sn w) ats sghr hr mns Zm hrrtd ne bnmbdqm sn tr gdqd-
Tmcdq sgd LZmfZrZqhZm,Eqnlnuhsy bnmrsqZhms ptZkh�bZshnm) sgd rsZshnmZqx onhmsr Zqd

dwZbskx sgd rnktshnmr sn sgd uZqhZshnmZk bnmchshnm

y ∈ ,wf/"w#n$+LA"w$

’rdd Kdux Zmc QnbjZedkkZq 0884Z) enq dwZlokd() rn sgZs sgd rnktshnm lZoohmf fhuhmf sgd
rsZshnmZqx onhmsr enq dZbg oZqZldsdq oZhq "y#n$ hr itrs

N"y#n$ + 'w ! y ∈ ,wf/"w#n$+LA"w$(�’00(
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Mnshbd sgZs sgd Zanud uZqhZshnmZk bnmchshnm hr mns mdbdrrZqhkx Z uZqhZshnmZk hmdptZkhsx ’rhmbd
sgd rds A hr mns mdbdrrZqhkx bnmudw() mnq hr sgd rds A onkxgdcqZk) rn sgd bgZqZbsdqhyZshnm hm
Cnmsbgdu Zmc QnbjZedkkZq ’0885( cndr mns Zookx hm sghr bZrd- Gnvdudq) sgd mnqlZk bnmd
lZoohmf LA hm ’00( hr lZw gxonlnmnsnmd) rn ntq Sgdnqdl 3-0 Zookhdr gdqd sn xhdkc sgd
enkknvhmf bgZqZbsdqhyZshnm-

9nqnkkWqv 3,., Fe =w hr T rsTshnmTqx onhms ne sgd mnmkhmdTq oqnfqTllhmf oqnakdl "6$
enq sgd oTqTldsdqr =y Tmc =nfi Tmc he sgd LTmfTrTqhTm,Aqnlnuhsy bnmrsqThms ptTkh�bTshnm gnkcr
Ts =wfi sgdm sgd rsTshnmTqx onhms lToohmf "00$ gTr T KhorbghsyhTm knbTkhyTshnm mdTq " =y# =n$ he
Tmc nmkx he u + / hr sgd nmkx rnktshnm hm �m sn

−, 1
wwf/" =w# =n$"u$ ∈ C∗LA

�

=w% =y−,wf/" =w# =n$
(

"u$�

4- ITptrg�Itgm�Rtaidp oThpr- Hm sgd oqduhntr rdbshnm) vd rgnvdc sgZs sgd rsZshnmZqx
onhms lZoohmf enq Z oZqZldsdqhydc eZlhkx ne mnmkhmdZq oqnfqZlr hr nmd dwZlokd ne Z rnkt,
shnm lZoohmf vgnrd rdmrhshuhsx ZmZkxrhr mddcr sgd sgdnqx cdudknodc gdqd- Hm sghr rdbshnm) vd
rstcx Z rnktshnm lZoohmf vgnrd knbZk KhorbghsyhZm adgZuhnq gZr addm bgZqZbsdqhydc adenqd)
ats vd rgnv gnv ntq qdrtksr bZm ad Zookhdc sn sghr lZoohmf sn nasZhm Z cheedqdms bgZq,
ZbsdqhyZshnm ne hsr knbZk KhorbghsyhZm adgZuhnq- Sgtr) sgd oqduhntr rdbshnm Zmc sghr rdbshnm
snfdsgdq hkktrsqZsd svn ZcuZmbdr sgZs sgd sgdnqx hm sghr oZodq oqnuhcdr: mnv Z aqnZcdq qZmfd
ne oqnakdlr bZm ad ZmZkxydc) Zmc mdv hmrhfgsr bZm ad fZhmdc hmsn oqnakdlr ZkqdZcx vhsghm
sgd qZmfd ne sgd oqduhntr sgdnqx-
Vd bnmrhcdq Z eZlhkx ne noshlhyZshnm oqnakdlr udqx rhlhkZq sn sgd nmd hm sgd oqduhntr

rdbshnm) ats vhsg Zm dwoZmcdc oZqZldsdqhyZshnm- Mnv) Zkk ne sgd fg enq g + / � � � i Zqd rlnnsg
etmbshnmr nm �m ·�c) Zmc sgd eZlhkx ne noshlhyZshnm oqnakdlr adbnldr

lhmhlhyd f/"w#n$−/u#w0 nudq Zkk w ∈ A"t#n$’01(

vgdqd sgd rds A"t#n$⊆ �m hr cd�mdc ax

A"t#n$ !+ 'w ! f0"w#n$+t0 ≤ /# + + + �#fi"w#n$+ti ≤ /(�

’Sn rhlokhex sgd bZkbtkZshnmr Zmc vhsgnts knrr ne fdmdqZkhsx) vd bnmrhcdq nmkx hmdptZkhsx
bnmrsqZhmsr-( Gdqd) sgd oZqZldsdq oZhq "u#t$ ∈�m ·�i okZxr Z qnkd khjd sgZs ne sgd bZmnmhbZk
oZqZldsdq y adenqd) rn vd cdmnsd sgd oZhq ax y + "u#t$-
;fZhm) vd enbtr nm sgd JZqtrg,Jtgm,Stbjdq noshlZkhsx bnmchshnmr) ats sghr shld Zr

dwoqdrrdc hm sdqlr ne

K"w#x#n$ + f/"w#n$+ x0f0"w#n$+ � � �+ xifi"w#n$#

rn sgZs sgd JJS noshlZkhsx bnmchshnmr sZjd sgd enql

u + ,wK"w#x#n$’02(

t ∈ −,xK"w#x#n$+L�i
+
"x$#

vgdqd �i
+ cdmnsdr sgd rds ne i,udbsnqr vhsg mnmmdfZshud bnlonmdmsr- Sgd bnmchshnmr ’02(

bZm ad bnlahmdc sn xhdkc sgd uZqhZshnmZk bnmchshnm

y ∈
�

,wK"w#x#n$#−,xK"w#x#n$
(

+L�m·�i
+
"w#x$#

rhmbd sgd mnqlZk bnmd sn �m ·�i
+ Zs "w#x$ hr itrs sgd rds '/(·L�i

+
"x$- HmrsdZc ne rstcxhmf

sgd adgZuhnq ne sgd rsZshnmZqx onhmsr Zr adenqd) vd mnv bnmrhcdq sgd oZhqr "w#x$ rZshrexhmf
sgd JJS noshlZkhsx bnmchshnmr) Zmc vd bnmrsqtbs sgd enkknvhmf rnktshnm lZoohmf9

N"y#n$ !+
)

"w#x$ ! y ∈ F"w#x#n$+L�m·�i
+
"w#x$

{

#’03(
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vgdqd sgd lZoohmf F hr cd�mdc ax

F"w#x#n$ +
�

,wK"w#x#n$#−,xK"w#x#n$
(

�

;bbnqchmf sn Sgdnqdl 3-0) vd bZm bgZqZbsdqhyd sgd knbZk KhorbghsyhZm adgZuhnq ne sgd
rnktshnm lZoohmf ’03( hm sdqlr ne sgd rsqhbs cdqhuZshud ne sgd lZoohmf L�m·�i

+
’ZmZknfntrkx

sn BnqnkkZqx 3-0(- Vhsg sghr hm lhmc) vd bnlotsd sgd rsqhbs cdqhuZshud ne sghr mnqlZk bnmd
lZoohmf- Vd qdkx nm KdllZ 1-0 Zmc sgd eZbs sgZs sgd fqZog ne L�m·�i

+
hr Z jdqmdk hmudqshmf

KhorbghsyhZm lZmhenkc enq sgd jdqmdk hmudqshmf lZsqhw

> +
)

/ G
G −G

[

#

Zmc sgd KhorbghsyhZm lZoohmf D ! �m+i → �m+i cd�mdc ax

D "t$ +
]

u
}

}

}

ug + / enq g ∈ /m+0#i0 vhsg tg ≤ /#
ug + tg dkrd�

;bbnqchmf sn KdllZ 1-0) sgd rsqhbs cdqhuZshud ne sgd mnqlZk bnmd lZoohmf bZm ad bnlotsdc
hm sdqlr ne sgd rsqhbs cdqhuZshud ne D vghbg gZr sgd enql

C∗D " =t$"t$ +

}













u

}

}

}

}

}

}

}

}

ug + / enq g ∈ /m+0#i0 vhsg =tg < /#

ug ∈ //#tg0 enq g ∈ /m+0#i0 vhsg =tg + / ≤ tg#

ug ∈ /tg#/0 enq g ∈ /m+0#i0 vhsg =tg + / / tg#

ug + tg dkrd�

KdllZ 1-0 sgdm fhudr v hm sgd rds C∗L�m·�i
+
" =w# =x% =y−F" =w# =x# =n$$"u$ he Zmc nmkx he u hr hm

sgd rds C∗D
�

" =w# =x$+ =y−F" =w# =x# =n$
(

"u+v$ vghbg sgqntfg sgd oqduhntr enqltkZ sqZmrkZsdr
hmsn

ug + / enq g ∈ /m+0#i0 vhsg =yg −F" =w# =x# =n$g <− =xg#

ug vg ≥ / enq g ∈ /m+0#i0 vhsg =yg −F" =w# =x# =n$g + − =xg#

vg + / dkrd�

Sgdrd bnlotsZshnmr Zmc sgd cd�mhshnm ne sgd lZoohmf F kdZc chqdbskx sn sgd enkknvhmf
bnqnkkZqx sn Sgdnqdl 3-0-

9nqnkkWqv 4,., Fe " =w# =x$ hr T oThq rTshrexhmf sgd IIM bnmchshnmr ’02( enq sgd mnmkhmdTq
oqnfqTllhmf oqnakdl ’01( enq sgd oTqTldsdqr =y Tmc =nfi sgdm sgd IIM,oThq lToohmf ’03(
gTr T KhorbghsyhTm knbTkhyTshnm mdTq " =y# =n$ he Tmc nmkx he "u#t$ + / hr sgd nmkx rnktshnm hm
�m ·�i sn

tg + / enq g ∈ G0 !+ 'g ! =xg + / / =tg +fg" =w# =n$(#
tg /,wfg" =w# =n$#u0 ≥ / enq g ∈ G1 !+ 'g ! =xg + / + =tg +fg" =w# =n$(#
/,wfg" =w# =n$#u0 + / enq g ∈ G2 !+ 'g ! =xg / / + =tg +fg" =w# =n$(

uS �, 1
wwK" =w# =x# =n$ + −



G1˜G2

tg ,wfg" =w# =n$�

LZmx nsgdq bgZqZbsdqhyZshnmr ne sghr rnqs gZud addm lZcd oqduhntrkx enq sgd JJS,oZhq
lZoohmf ’rdd enq dwZlokd) Cnmsbgdu Zmc QnbjZedkkZq 0885) JnihlZ 0877) Jtlldq 0880)
JkZssd Zmc SZlldq 088/() ats sgd bgZqZbsdqhyZshnm vd oqdrdms hm BnqnkkZqx 4-0 hr cheedqdms
eqnl Zmx ne sgdrd- Rnld ne sgd oqduhntr qdrtksr gZud addm eqZldc hm sdqlr ne sgd rsqnmf
rdbnmc,nqcdq bnmchshnm

, 1
wwK" =w# =x# =n$ hr onrhshud cd�mhsd nm 'u ! u ⊥ ,wfg" =w# =n$ enq g ∈ G2(#’04(
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Zmc sgd khmdZq hmcdodmcdmbd ne sgd bnmrsqZhms fqZchdmsr enq hmchbdr hm sgd rds G1 ˜ G2- Mnsd
sgZs sgd kZssdq ne sgdrd bnmchshnmr enkknvr hlldchZsdkx eqnl sgd bgZqZbsdqhyZshnm hm BnqnkkZqx
4-09 He sgdqd hr Z bnlahmZshnm ne tg rtbg sgZs



G1˜G2

tg ,wfg" =w# =n$ + /#

sgdm hs enkknvr sgZs sgd oZhq "/#t$ ∈ �m ·�i ’vgdqd t hr Ztfldmsdc vhsg ydqndr hm sgd
bnlonmdmsr bnqqdronmchmf sn hmchbdr hm G0( rZshr�dr Zkk entq bnmchshnmr hm BnqnkkZqx 4-0-
Mnsd Zkrn sgZs sgd rsqnmf rdbnmc,nqcdq bnmchshnm ’04( snfdsgdq vhsg sgd khmdZq hmcdodmcdmbd
ne sgd bnmrsqZhms fqZchdmsr enq hmchbdr hm G1 ˜ G2) hr Z rte�bhdms bnmchshnm enq sgd ydqn udbsnq
sn ad sgd nmkx rnktshnm sn sgd entq bnmchshnmr hm BnqnkkZqx 4-0 ’ltkshokx ansg rhcdr ne sgd
kZrs dptZshnm ax sgd udbsnq u Zmc Zookx sgd �qrs sgqdd bnmchshnmr(- Hm eZbs) hs gZr addm rgnvm
oqduhntrkx sgZs sgd rsqnmf rdbnmc,nqcdq bnmchshnm ’04( oZhqdc vhsg sgd khmdZq hmcdodmcdmbd
ne sgd bnmrsqZhms fqZchdmsr enq hmchbdr hm G1 ˜ G2 hr hmcddc dpthuZkdms sn sgd dwhrsdmbd ne
Z KhorbghsyhZm knbZkhyZshnm ne sgd JJS,oZhq lZoohmf enq vghbg sgd oqhlZk dkdldmsr Zqd
ZbstZkkx knbZkkx noshlZk ’rdd Cnmsbgdu Zmc QnbjZedkkZq 0885) Sgdnqdl 5 nq Qnahmrnm 087/
Zmc AnmmZmr Zmc Rtkdl 0884(-

Mdedpdmadr

AnmmZmr) I- E-) ;- Rtkdl) 0884- Ordtcnonvdq dwoZmrhnm ne rnktshnmr ne fdmdqZkhydc dptZshnmr Zmc bnmrsqZhmdc
noshlhyZshnm oqnakdlr- LWsg- OpnfpWllhmf 6. 012”037-

Cnmsbgdu) ;- K- 0884Z- BgZqZbsdqhyZshnmr ne Khorbghsy rsZahkhsx hm noshlhyZshnm- Pdbdms Cdudknoldmsr hm Vdkk,onrdc
UWphWshnmWk Opnakdlr- Jktvdq) 84”005-

- 0884a- Hlokhbhs etmbshnm sgdnqdlr enq fdmdqZkhydc dptZshnmr- LWsg- OpnfpWllhmf 6. 80”0/5-
) V- V- GZfdq) 0883Z- Hlokhbhs etmbshnmr) Khorbghsy lZor) Zmc rsZahkhsx hm noshlhyZshnm- LWsg- Nodp- Pdr- 08
642”657-

) V- V- GZfdq) 0883a- ;m hmudqrd lZoohmf sgdnqdl enq rds,uZktdc lZor- Opnb- 2ldp- LWsg- Rnb- 010 370”378-
) Q- S- QnbjZedkkZq- 0885- BgZqZbsdqhyZshnmr ne rsqnmf qdftkZqhsx enq uZqhZshnmZk hmdptZkhshdr nudq onkxgdcqZk
bnmudw rdsr- RH2L I- Noshl- 5 0/76”00/4-

JkZssd) C-) J- SZlldq- 088/- Rsqnmf rsZahkhsx ne rsZshnmZqx rnktshnmr Zmc JZqtrg,Jtgm,Stbjdq onhmsr hm mnmkhmdZq
noshlhyZshnm- 2mm- Nodp- Pdr- 16 174”2/7-

JnihlZ) L- 0877- Rsqnmfkx rsZakd rsZshnmZqx rnktshnmr hm mnmkhmdZq oqnfqZllhmf- R- L- Qnahmrnm) dc-) 2mWkxrhr
Wmc AnlotsWshnm ne Dhwdc Onhmsr- ;bZcdlhb Oqdrr) 82”027-

Jtlldq) A- 0880- KhorbghsyhZm hmudqrd etmbshnmr) chqdbshnmZk cdqhuZshudr) Zmc ZookhbZshnmr hm C0#0 noshlhyZshnm- I-
Noshl- Sgdnpx 2ook- 6.-

Kdux) ;- A-) Q- ;- Onkhpthm- 0886- BgZqZbsdqhyhmf sgd rhmfkd,uZktdcmdrr ne ltkshetmbshnmr- Rds,UWktdc 2mWk- 4
240”253-

) Q- S- QnbjZedkkZq- 0884Z- Rdmrhshuhsx ne rnktshnmr hm mnmkhmdZq oqnfqZllhmf oqnakdlr vhsg mnmtmhptd
ltkshokhdqr- C-,Y- Ct) K- Ph) Zmc Q- R- Vnldqrkdx) Dcr- Pdbdms 2cuWmbdr hm Mnmrlnnsg NoshlhyWshnm-
Vnqkc Rbhdmsh�b) 104”112-

) - 0884a- UZqhZshnmZk bnmchshnmr Zmc sgd oqnsn,cheedqdmshZshnm ne oZqshZk rtafqZchdms lZoohmfr- MnmkhmdWp
2mWk- Sgdnpx’ Ldsgncr’ 2ook- 15 0840”0853-

) - 0885- Oqnsn,cdqhuZshudr Zmc sgd fdnldsqx ne rnktshnm lZoohmfr hm mnmkhmdZq oqnfqZllhmf- MnmkhmdWp
NoshlhyWshnm Wmc 2ookhbWshnmr) Okdmtl) 232”254-

Onkhpthm) Q- ;- 0880- HmsdfqZshnm ne rtacheedqdmshZkr ne mnmbnmudw etmbshnmr- MnmkhmdWp 2mWk-’ Sgdnpx’ Ldsgncr
Wmc 2ook- 06 274”287-

) Q- S- QnbjZedkkZq- 0884- Oqnw,qdftkZq etmbshnmr hm uZqhZshnmZk ZmZkxrhr- SpWmr- 2ldp- LWsg- Rnb- 237 07/4”
0727-

Qnahmrnm) R- L- 087/- Rsqnmfkx qdftkZq fdmdqZkhydc dptZshnmr- LWsg- Nodp- Pdr- 4 32”51-
QnbjZedkkZq) Q- S- 0874- LZwhlZk lnmnsnmd qdkZshnmr Zmc sgd rdbnmc cdqhuZshudr ne mnmrlnnsg etmbshnmr- 2mm-

kfiHmrshsés Fdmph OnhmbWpèz2mWk- mnm khm—Whpd 1 056”073-
) Q- I-,A- Vdsr- 0887- UWphWshnmWk 2mWkxrhr- Roqhmfdq UdqkZf)

;- A- Kdux9 CdoZqsldms ne LZsgdlZshbr) Anvcnhm Bnkkdfd) Aqtmrvhbj) LZhmd /3/00
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