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Abstract

We give evidence in favour of a string/black hole transition in the case of BPS fun-
damental string states of the Heterotic string. Our analysis goes beyond the counting
of degrees of freedom and considers the evolution of dynamical quantities in the pro-
cess. As the coupling increases, the string states decrease their size up to the string
scale when a small black hole is formed. We compute the absorption cross section
for several fields in both the black hole and the perturbative string phases. At zero
frequency, these cross sections can be seen as order parameters for the transition. In
particular, for the scalars fixed at the horizon the cross section evolves to zero when
the black hole is formed.
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1 Introduction

Since its original proposal [I], the identification of fundamental strings with black holes has
been widely recognized as a major challenge. The basic idea is to consider a Schwarzchild
black hole of mass M and entropy S ~ GM?. If we decrease the gravitational coupling
while keeping the entropy fixed, the hole radius will decrease to the string scale. At this
point, the mass, which increased in the process, is related to the gravitational coupling by
G.M, ~ v/a!. Furthermore, at this point, the entropy S ~ vo/M,, computed for a free
string of mass M,, matches the black hole entropy. For smaller values of the coupling the
black hole evolves into a weakly interacting string phase.

A major obstacle for a quantitative understanding of the string/black hole transition is
the uncontrollable self-energy corrections to the string mass in the process of increasing the
coupling, i.e. of forming the hole [2[3]. BPS states have, on the other hand, a protected mass
so that the next logical step would be to use them to make precise quantitative statements
about the transition. However, supergravity black hole solutions corresponding to BPS
strings are quite peculiar. These geometries have a horizon radius of the order of the string
length, so that o/ corrections to the supergravity effective action can not be neglected [4]. In
the particular case of four—dimensional black holes of the Heterotic string, the corrected near
horizon geometry is AdSy x S? [5] and the corresponding Wald entropy [6], which includes
the contribution of higher curvature terms, reproduces the microscopic string degeneracy
[7]. The main goal of this work is to go beyond this counting of degrees of freedom and to
analyse the evolution of dynamical quantities in the string/black hole transition. We shall
study the absorption cross section for various fields, as well as the evolution of the size of
string states.

We consider a BPS state of the Heterotic string compactified on S x T® carrying Katuza—
Klein and winding quantum numbers (n, m) along the S* direction. In this controlled setup,
let us briefly describe the string/black hole transition, as shown in Figure [Il In the free
string phase, for large values of the level N = nm + 1, we will show that the string average
size is given by

(R?) ~ 1—7; o'V |

indicating that the usual random walk picture for very massive strings also holds for BPS
states. Turning on the string coupling g, the v/ N bits of the string will start to interact
gravitationally, reducing the string size. We shall see that, above g ~ N73/4 the string is

described by a self-gravitating string phase [3], with
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Figure 1: Evolution of the string average size through the transition. The free string (FS) regime
is appropriate for extremely small coupling ¢ < N—3/%. In the other extreme, for g2 > N~1/2,

the black hole (BH) phase prevails. In between there is a self-gravitating string (SGS) phase.

Finally, above g> ~ N~Y2 the large gravitational interaction collapses the string into a

small black hole with fixed horizon radius (in the string frame) [7]
R ~a

which is independent of the charges (n,m) and of the string coupling.

Further evidence for the string/black hole transition comes from the computation of the
absorption cross section. In the black hole phase we compute the low frequency behaviour of
the absorption cross section for a minimally coupled scalar and for a fixed scalaxH obtaining,
respectively,

Oabs == CG!NS > Oabs ™~ wﬁ 5

where ¢ and > 0 are numerical constants of order 1, Gy is the four—-dimensional Newton
constant and S is the hole entropy. These results are valid to all orders in o’. On the other
hand, to leading order in perturbation theory we determine the absorption cross section for

all massless particles of the Heterotic string, finding the universal result
Oabs = gg2a'\/ﬁ ~ GpNS .

These results support the physical picture explained above. Moreover, the vanishing of the

absorption cross section at w = 0 for the fixed scalar is directly related to the existence of

2The fixed scalar result is restricted to a particular background with constant S! radius.
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Figure 2: Absorption cross section at w = 0 as an order parameter. Once a black hole is formed
the fixed scalar absorption cross section vanishes and the minimally coupled scalar absorption
cross section is proportional to the hole entropy times the Newton constant. On the other hand,
the perturbative string computation yields the same result for all massless particles. The precise
behaviour of the cross section for all values of the coupling is not known (as indicated by the
dashed lines).

a black hole and to the attractor mechanism. Indeed, these scalars have their values at the
horizon fixed by the hole charges so that their oscillations, and therefore the infalling flux, are
suppressed, leading to the absence of absorption. Since this is a generic behaviour provided
there is a horizon, we propose ous(w = 0) as an order parameter for the string/black hole
(phase) transition (see Figure [2).

Finally, we shall see that both self-gravitating string and black hole phases can be
studied in the classical limit ¢ — 0 and N — oo with ¢>v/N fixed. Therefore, as explained
in the Conclusion, one should be able to see the transition within the gravity framework.

In Section 2 we review the Heterotic BPS black hole geometry and compute the absorp-
tion cross section for both fixed and minimally coupled scalars in the gravity description.
Section 3 is devoted to the perturbative string CFT description. Firstly we compute the
absorption cross section for all massless fields. Then, at zero string coupling, we calculate
the average size of the string states corresponding to the black hole. We also estimate the
string size for small coupling. In Section 4 we give our conclusions. Finally, in Appendix
A we study the low energy tunneling through a general one-dimensional Schrédinger po-
tential, which is the problem one effectively needs to solve to study generic low energy
scattering processes in spherically symmetric backgrounds. In appendices B and C some
longer calculations concerning the ensemble of string microstates are performed.

For earlier work on the relation between strings and BPS black holes see [8-11]. Recent
work on the subject includes [12-29].



2 Black hole phase

2.1 Review of the geometry

We consider a black hole in Heterotic string theory compactified on S' x T°. The only
non—vanishing ten—dimensional fields are the string metric G, the dilaton field ® and the
NS 2-form gauge potential By,. Neglecting o' corrections, the ten—dimensional effective

action for these fields is

1

1
- 10 _ —29 2 - 2
6rG /d w/—Ge {R +4(09)° - 5 (dB)*|

where the Newton constant is related to the string coupling and tension by
167TG](\;O) = (27)"g2 ™ .

In our conventions the dilaton field vanishes at infinity, so that the Newton constant has an
explicit g2 factor included.

The black hole will describe a fundamental string wrapping the S* circle, with Kaluza—
Klein momentum and winding numbers (n,m). Therefore, we consider a compactification

to four dimensions with the ansatz
ds?y = ds® + e (da' + Auda?)® + e* ds® (T%)
20 =20 + A+ 5v B = C,dz" Ada*

where greek indices run over the four non—compact space-time dimensions. At infinity the
radius of the S! circle is R and the volume of the five torus is V5. We shall fix the asymptotic

value of the scalar fields A and v to be zero. Then, the reduced effective action has the form

2 6—2>\

L / diae/—Ge [R +4(0¢)* — (ON)? — 5 (dv)* — % (dA)? — - (dC)?

167TGN

The four—dimensional Newton constant is now given by
8GN = 920/ )
where ¢ is the four—-dimensional string coupling defined by

o' 60/3
P
2T RV

The field v will only be important for us to study fluctuations of the black hole geometry,

so for now we set v = 0.



The above action admits the BPS black hole solution [4]

ds®> = —(FH)™'dt* + ds* (E%) ,

F1/2
2¢:FH—1/2 A [ 2 1
-t e () 0
A=Ftdt, C=H"'at,

where F' and H are harmonic functions on E*. For single centered black holes we have

F=1+2 mg=140"

p P
where p, and p,, are constants and p is the radial coordinate on E3.
To quantize the black hole charges one can compute its ADM mass and equate it to
the mass of a string with momentum and winding (n,m). Moving to the Einstein metric

e *@,, we can compute the ADM mass

1 n  mR
M= n m) —
Gy Prtem) = 5t
Thus, the constants p, and p,, are given by
2 1 2
ga n g
n = -, m = R .
=79 R pm =g

The classical limit, where the gravity description is adequate, consists in letting ¢ — 0 and
n,m — oo with the charges p,, p, kept finite. As we shall see below, within this limit, one
needs to include curvature corrections to the effective gravity action.

Let us look at the region close to the black hole p < py, pm. The string metric and
remaining background fields become

2
ds? =~ a2 + dp? + p2dQ0?
PrPm
20 P A [Pn
e? = , et =,/—, (2)
N P
Pn P

In the limit p — 0 the geometry is singular, but the string coupling goes to zero. For fixed
angles on the 2-sphere the metric is just the Rindler metric so that p = 0 is a singular

horizon. Since the 2-sphere has radius p, the Ricci scalar will diverge as p—2

and string
corrections will be important close to the horizon. Nevertheless, when vo/ < py, pm, the

above form of the fields () can be trusted in the region v/ < p < pp, pm.
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To study the near—horizon geometry one needs to consider all o’ corrections to the
tree level supergravity action. It turns out that, including a supersymmetric completion
of curvature square terms in the action, the near horizon geometry is given by AdS; x S?
[5]. The corresponding Wald entropy formula [6] exactly reproduces the degeneracy of BPS
string states with the same charges [7]. We remark that in this scheme the field A diverges
at the horizon, but it is not the field associated to the radius of S* [I2]. The same geometry
can be obtained by including only the Gauss-Bonnet correction in the Heterotic effective
action [19]. In this case, although the effective action is incomplete, the scalar field A is
fixed at the horizon and the Wald entropy still reproduces the string degeneracy. There is

now strong evidence that the o corrected near—horizon solution is

ds* = — 20" dt2+—dp +—dQ2

PrPm
2 = o= [0 Q
Pnbm Pm
2 2
L c=2La.
Pn Pm

The AdS; and S? radii squared are both o//2. At the horizon, the square of the four—

dimensional string coupling
2

2 26 _
ge v/nm

is completely fixed by the charges (n,m). Thus, in the classical limit, loop corrections are

negligible throughout the whole space time. The other scalar field A is also fixed, with the

radius of the S! circle at the horizon given by

Re* = a’ﬁ .
m

Finally, the area of the horizon in the Einstein frame is

Ay = md g*/nm ~ 2GNS .

Although the Wald entropy for the above near—horizon geometry exactly reproduces the
string degeneracy, we can not be completely certain of the precise numerical factors in the
solution because higher o/—corections may change them. In the next section we shall assume
this specific form of the metric in the cross section computations.

Sen [12] gave strong evidence that an interpolating solution between the near—horizon
geometry (B) and the geometry close to the black hole (@) exists provided vVo/ < py, pm.
For this range of parameters one has

g*/nm > 1.

7



As described in the Introduction and in Section 3, increasing the coupling to ¢g*v/nm ~ 1
the average size of the string states shrinks to v/o/. The string has then the same size of
the above horizon, therefore forming a black hole. This supergravity solution describes the
final stage of the transition.

For p,, pm < V', a solution interpolating between the AdS, x S? near-horizon ge-
ometry and the asymptotically flat geometry (dI) is not known. This range of parameters

corresponds to the weakly coupled string phase

g*vnm < 1,

where the size of string states is much larger than the radius of the AdS horizon. Therefore
we believe that such an interpolating solution does not exist. This is a very interesting open

problem on which we shall comment in the Conclusion.

2.2 Absorption cross section

We shall study the absorption cross section of massless fields by the Heterotic black hole
just described. In particular, we concentrate our attention on minimally coupled scalars,
like the fluctuation v of the volume of the internal 7, and on fixed scalars, like the field A

associated to the S' radius.

2.2.1 Equations of motion

Near infinity, where the curvature is small and o’ corrections are negligible, the equations of
motion for the field fluctuations can be conveniently derived from the effective 4—dimensional
action in the Einstein frame

—2¢+2) o—26—2)

(dA)* ~ —1

1
167TGN

(&

(dC)?

[ @iV =200 - @37~ 5 (00)° -

Thus, far from the black hole, the field v is minimally coupled and obeys the massless
Klein—Gordon equation Ov = 0. In general, however, the equations of motion change due

to o corrections, even though they will still be invariant under rescaling of the 7° and

3Interpolating solutions between AdS and infinity have been studied in [12, [13]. In both papers these
solutions present oscillations which were considered unphysical in [I2]. It was also argued that these oscil-
lations could be removed by field redefinitions. Using the same setup we numerically found interpolating
solutions for all values of the charges. However, while for large charges, v/a/ < pp, pm, the solution has small
oscillations around the physical background, for small charges, p,, pm < Vo, the oscillations dominate the
asymptotic behaviour of the field.



St volumes, T-duality transformations and shifts of the dilaton field. More precisely, the

corrected effective action is invariant under the set of transformations

V—V+ o

A= A+0, dA — e PdA dC — €%dC - (4)
v— —Uv;

A— =), dA — dC'; (5)
¢— o+, Gy —e PGy ; (6)

with «, § constants. The cross section computations here performed rely on a field repre-
sentation such that the effective action has the above symmetries explicitly realized. We
shall assume that the geometry (3)) is a solution of such an effective action.

Let us first focus on the field v. The effective action will depend only on derivatives of
the field and will be even in v. This fact implies that fluctuations of ¥ do not mix with
other fluctuations. Since the AdS; x S? geometry is a product of maximally symmetric
spaces, the near—horizon background fields respect the symmetries of this space. Therefore,
the only tensors available to define a differential equation near the horizon are the metric
and volume forms. Focusing on spherically symmetric perturbations, the equation for the
scalar field v must be of the form

flaDyv =0, (7)

where the function f(z) = fix+ fo2?+- - - depends, in principle, on the hole charges. Notice
that () has no mass term due to the symmetry v — v + a. Hence solutions of the Klein—
Gordon equation Ov = 0 are still solutions of the generic equation (7)) and we expect those
to be the physical solutions. Possible other solutions to () should be removed after field
redefinitions. We conclude that the near—horizon action for s—wave physical fluctuations of

the field v has the generic form

5
167TGN

/d4x —G e KP9,v0,v (8)

written in the string frame, and where 2K ,3 = ¢ G,3. We now argue that the proportionality
constant c is of order unity and independent of the hole charges. In fact, rescaling the time
coordinate and using the symmetries (@) and (@) one can remove the dependence of the
near—horizon solution ([Bl) on p, and p,, [8]. In this new solution the constant ¢ must be
independent of the hole charges. This result holds in the original solution because both the
metric and K,z are invariant under symmetries () and ({@l).

The study of fluctuations of the fixed scalars A\ and ¢ and of the metric is more subtle

since these fields are in general coupled to each other. However, if the two charges p,, and p,,



are equal, the S circle can have a constant background radius and the s-wave fluctuations
of the field A decouple from other fluctuations [30]. Let us first recall that, in general, the
equations of motion for the gauge fields A, C' can always be put into the form dF = dH = 0,

where the two—forms F, H are given, to leading order in o/, by
F e 205 dA H o~ e 2720540,

and transform under @) as F — ’F, H — e #H. For spherically symmetric solutions

(and their fluctuations), the forms F, H are constant along the transverse sphere
f:pne(Sz), H:pm6(52),

with € (5?) the volume form of S%. Furthermore, their value is fixed by the overall charges p,,
pm of the configuration. In particular, we will study fluctuations around a specific extremal

solution with

A =0, A=C,
which is invariant under the T—duality transformation (Bl), so that p, = p,,,. We will denote
with a the odd fluctuation of the gauge fields 6A = a, 6C' = —a. The fields A and a are the

only fluctuations which are odd under (Bl and this implies that their linear terms mix only

among each other. Therefore, the relevant quadratic part of the action reads

1
167TGN

1 1
/ (5 AD4A + da N Dy )\ — §da/\DOda) ,

where the D; are differential operators whose leading terms in the o’ expansions are given
by

Dy~ 2d*d—4e72? dAN*dA |
Dy ~ —4e™ 2 (xdA) A
Do ~ 272 x .

The equation of motion for a is given by d(Dyda — DyA) = 0. As discussed above, for

spherically symmetric fluctuations this equation is solved by
Doda — Dy = de (52) ,

where 6 = dp, — dp,, is the change in the charge of the solution. We shall focus on
perturbations which do not change the charges so that 6 = 0. Inverting the operator

Dy in power series in o/ we may solve for da as

1
da:D—ODg)\.
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Defining the operator D} by [da A DA = [ A A D}da , so that
DI~ —4e72 (xdA) A |
the equation of motion for A reads DyA + DI da = 0 and can be recasted in the final form
DX=0,
with D = D4+D; Dio D, . To leading order in o/ the fluctuation equation for A reads

e
O\ ~ 2p? py A (9)

where 7 is the radius of the S? in the Einstein frame which depends on the radial coordinate
p. In the near-horizon region, using the same symmetry arguments as for the minimally
coupled scalar, the operator D has the generic form xD = ¢g(a/0) with g(z) = go+ g1+ -.
We then expect the physical solutions to satisfy

OX = p?\ (10)

where the mass p is defined by the relation g(o/u?) = 0.

Now we argue that the mass p is non—vanishing. Due to the attractor mechanism, there
must a family of extremal solutions with the same charges p, = p, and with A ~ A,
arbitrary at infinity and fixed at the horizon with A\, = 0. To leading order in ¢/, this family
is given by (Il) with the harmonic functions F'; H now given by

F:e’\""—i-p—", H:e_’\°"+p—m.
p p

For small A\, this family of solutions generates fluctuations of the form studied above.
Therefore, in the near—horizon region, we expect that the regular static solution to (I0)
actually vanishes for p — 0. This is only possible if u? # 0, since in this case the regular
solution is exponentially damped at the horizon. In fact, when p? = 0 the regular solution
is constant and cannot describe a solution attracted to A = 0 at p — 0. In the remainder
of this paper we shall leave the o’ corrected mass u as a parameter since its computation is
beyond our reachl.

We shall see that, for small frequencies, the form of the equations of motion far from the
black hole and near its horizon will be enough to determine the energy dependence of the

cross section.

4One could naively use the uncorrected form of the equation of motion (@) to find u? = 8/(p,v/a’). This

mass, however, must be corrected with the inclusion of all the higher o/ terms.
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2.2.2 Cross section

We will now analyze the absorption cross section for the s—wave scalar fluctuation considered
in the last section, in the limit of vanishing frequency w — 0 of the incoming wave. As
it is well known, if we consider the equations of motion only to leading order in o', the
propagation of fluctuations of fixed energy and angular dependence can be rewritten as an
effective one-dimensional Schrédinger problem. Cross sections are then simply related to
transmission probabilities in the presence of an effective potential. In the previous section
we have shown that, to all orders in o’ but only in the asymptotic regions far from the black
hole and near its horizon, the linearized equations for some specific s—wave scalar fluctuation
have the general form
OV =U(p) ¥

and are therefore rewritable as effective Schrodinger problems. This asymptotic form of the
equations of motion will nonetheless suffice to determine the energy dependence of the cross
section in the limit w — 0. Note that we shall not assume that the equations of motion can
be recasted in the Schrodinger form in the intermediate region which interpolates between
the horizon and Minkowski infinity. The case of the minimally coupled field v corresponds
in general to U = 0. When considering the fixed scalar A we will, on the other hand,
concentrate on the particular background with p, = p,, and A =0, A = C.

To reduce the equations of motion in the asymptotic regions to a one—dimensional

Schrodinger problem, we write the Einstein metric in the form
dsz = dsi +r*(z) dQ3 .

We have switched radial variable from p to the usual Tortoise coordinate x = z(p), which

puts the two—dimensional metric in the conformally flat form
dsy = a*(z) (—dt® + dz?) .
The horizon is at © — —oo and Minkowski infinity at x* — 400. Decomposing the field as

\I](t7 x? 97 ()0) =

the asymptotic field equations are in the Schrédinger form

(uﬂ n j—) b(@) = V(@) ()

with an effective potential
2

1d
2
V—CLU—F;@T.
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In Appendix A we show that the leading frequency dependence for w — 0 of the trans-
mission probability |T'|? is determined only by the asymptotic behaviour of the potential,
irrespective of the form of the equations of motion in the intermediate region. A potential
tail for z — 400 such that 22V (z) tends to

0, p*—1/4, +4oo

contributes, respectively, to the transmission probability with a factor of

T+ (w)
w, w®, exp (ZFQ/ \/V(:c)dx> ,

where 2, (w) are the classical turning points, which tend to £oo as w — 0. The numerical
coefficient in front of this leading frequency dependence is determined from the exact solution
of the w = 0 equation with finite amplitude at the horizon (see Appendix A).

Let us describe in detail the case of the minimally coupled scalar v. The following deriva-
tion follows closely [31] but shows that the result can be obtained without the knowledge of
the equations of motion in the intermediate region. We start with a purely infalling wave
at the horizon

() ~ ™" | T — —00 .

Since the effective potential at the horizon decays faster than 1/z2, the asymptotic wave
length grows faster than |z_| as w tends to zero. Therefore, the wave function will penetrate

far beyond the turning point keeping its profile, i.e.
P(r) ~1+iwe L r<Ler_ (11)

where ¢ < 1. In the region r_ < r < z, we have w? < V(z) so that we can drop the
w? term in Schrodinger equation and consider the solution at zero frequency. In fact, the
equations of motion need not even be of the Schrédinger form in the intermediate region.
We only need the solution at w = 0 which connects to the asymptotic form of the field (ITI).
Moreover, since we are interested in the w — 0 limit, we only need to evolve the constant
term 1. For this purpose, we use the constant solution for v which is valid to all orders in
o/. At infinity, the effective action for s—wave perturbations of the field v takes the form
5 O%r ¢2} |

o9 2 2 _ 9T
5= o [ dde |0~ 0.0 - %

with ¥(t,x) = v(t,x) r(z). As explained above, symmetry arguments fix the effective action

in the near—horizon region to have the form (§)), yielding

- 5 C 2 2 _ 2
S ~ @ dtdx 5 Rh |:(8t1/) (8xy> ] )

13



where Ry, is the horizon radius in the Einstein frame and ¢/2 is the proportionality constant
between the effective near-horizon metric K,z seen by the scalar field and the string metric.
Thus, the exact solution v = +/2/(y/cR},) corresponds to 1 = 1 at the horizon and to
Y ~ /2x/(y/cRy) at infinity. We can then evolve the term 1 in equation (), obtaining

2z
T) A —— ey LK r L oy,
V@) =S ; ;
and, since once again one has a fast decaying potential at infinity,
1 ) )
¢x2-7€2wx_e—zwx 7 T — 00 .
(z) W2cwRy, )

Hence, the transmission probability for the s—wave is
ITo|? ~ 2cR2w* .

Moreover, since the total cross section is given by
T o0
Tobs = — ;(% + )T,

and for small frequencies only the s—wave contributes, we obtain
c
Oabs ™ §Ah ~cGpNS .

The result o, =~ Aj is generic for fields obeying the massless Klein—-Gordon equation
throughout the whole space [31]. Here we have generalized it to the case where we only
know the interpolating constant solution, together with the fact that the field obeys the
massless Klein-Gordon equation in both asymptotic regions.

Let us now consider the case of the fixed scalar A. At infinity the potential decays as
1/23, while near the horizon it goes as

V o~ g ,

where p is the unknown mass term. In this case the small frequency behaviour of the
absorption cross section reads

201
Ogbs ™~ W )

where
25 =/ 1+ (Q,MRh)z .

As explained in the previous section, the attractor mechanism implies that ;1 > 0, so that the

absorption cross section for the fixed scalar vanishes in the w — 0 limitH. On the other hand,

SIf one naively neglects the o’ corrections to the mass p (see previous footnote) the cross section satisfies

Oaps ~ wVTT=1 (312,

14



we cannot fix the normalization since we do not have an explicit zero—frequency solution
valid in the entire intermediate region. The absence of absorption at zero frequency comes
as no surprise since this scalar has its value at the horizon fixed by the hole charges. This

suppresses fluctuations close to the horizon and therefore the associated infalling flux.

3 String phase

In this section we use perturbative string theory to study the string states corresponding
to the black hole of the previous section and to compute their absorption cross section. Let
X/ (p=0,---,25) and X}, O (u=0,---,9) be, respectively, the left— and right-moving

worldsheet matter fields of the Heterotic string, where directions u = 0, --- , 3 correspond
to the four-dimensional spacetime, directions pu = 4,5,---,9 are compactified on S* x T°
and the remaining left moving directions p = 10, - - - ;25 correspond to the internal compact

Heterotic torus. The matter Virasoro constraints read Ly = l~)0 = 0, with

/

L0:N+—O‘4 pZ—1,
- - o 1
Lo=N+%p2_ 5
0 +4PR 5 ONS

where dys = 1 in the NS sector and vanishes in the R sector. The N’s and p’s are the usual

left— and right—moving levels and momenta.

3.1 String states

The black hole is a BPS massive state of the Heterotic theory compactified on S* x 7.

The corresponding string has Katuza—Klein momentum and winding (n,m) along the S*

4 n _ mR
pL,R = E :F Oé, ‘

The T° directions are mere spectators and we shall consider black holes which are chargeless

direction, such that

under the internal gauge group, so that p}i r = 0 for pn > 5. Therefore, the string has total

left /right momentum

PL.r = (p;prpO) :

In this notation, the unbold momentum p is four—-dimensional. The BPS condition

Pr-Pr=0

15



fixes the four—dimensional mass to be

n  mR\>
R o )

M?=—p-p= (— +
The Virasoro constraints Ly = I)O = 0 then imply
~ 1
N=nm+1, N:§5NS.

There are many possible ways of satisfying these conditions corresponding to different black
hole microstates. In the string phase we shall average over all the string microstates.
In the NS sector the string states are space-time bosons with vertex operator in the —1
picture given by
Vi(z,2) = cée® Vi(z) ¢ -ape’PrXr, (12)

where the holomorphic matter part V;(z) is a conformal primary with Ly = 0 and momentum

pr- The string polarization vector ¢ satisfies the physical condition
C "Pr = 0 )

with normalization ¢ - { = 1.
In the R sector the string states are space—time fermions with vertex operator in the

—1/2 picture given by
Vi(z,2) = cée 2 Vi(2) uO, e'PrXr, (13)

where u® is a chiral spinor and ©, is the R state spin field. Physical states obey the Dirac
equation pu = 0 and are normalized by ul'u = 2p°.

For fixed charges (n,m) there are many possible left—moving string microstates which
are conveniently parametrized using DDF operators [32]. To be specific, we work in the

center—of-mass frame, so that the four-dimensional momentum p is given by
p=(M,0,0,0) .

Choosing k to be the null vector with k* = 0 for © > 4 and

2
k=———{(1,1
M@/(? 707O>7

we define the DDF operators

i 2 dz .. ink-XJ,
Al = “o/ %27TZ,18XL6 (2),
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Figure 3: A BPS massive string state absorbs a massless particle becoming a low lying excited

string state above the BPS bound.

with n integer and X* (i = 2,---,25) one of the 24 directions transverse to k. These

operators obey
[Lm> A%] =0, [Aiw Afn] =nd” Omtn

when acting on states whose momentum p;, satisfies o'py, - k = 2. Then, the normalized

holomorphic matter part of the vertex operator can be written as

25 o0
=11l T =
i=2 n=1 Ty T

where the 7! are occupation numbers satisfying 2322 S>> nri = N. In the operator

)ri; ¢t (PLANK)XL(2)

language the string states are constructed by applying DDF operators to the left—-moving
tachyonic ground state with momentum py+ Nk. The string left—-moving degeneracy is then
given by the number of partitions {r’ } of the level N in integers of 24 colours, corresponding

to the 24 transverse directions.

3.2 Absorption amplitude

In this section we will determine the absorption cross section of a massless field by the
massive BPS string states just described as represented in Figure We compute first
the absorption amplitude of a massless boson by bosonic microstates of the BPS massive
string. The incoming massive state has vertex operator given by (I2)). The external massless
particle is described by the vertex operator in the 0 picture

V(z,2) = z/céiﬁXlL <z’5X{2 _q P W) @ (X +Xn)

o

17



where q is the particle’s momentum, with the only non-vanishing components given by
¢° = ¢' = w, where w is the energy in the frame of the BPS string state. The transverse
polarization directions [ and j then run from 2 to 25 and from 2 to 10, respectively. Note
that we have chosen, for reasons that will become clear soon, the momentum k used to

define the DDF operators to be collinear with the momentum q, so that

wMo'
q=—ck, €= .
2
The excited massive string final state will have momentum p7 p = prr + q and vertex
operator of the form

Vi(2,2) = cée® Vi(z) Vy(2),

where Vy(z) and V;(Z) are conformal primaries of the matter theory with Ly = Lo = 0.

The tree level S—matrix element for this process is given by
4Kk :
o <V}k(23, Z3) V(z2, Z2)Vi(21, Z1) > = i(2m)* 5(4)(]9/ —p—q) M.
The normalization is given by the four—dimensional gravitational coupling x defined as usual
by
2% = 167Gy = 2ng%d/

and is fixed, for example, by matching the three graviton coupling with the one coming

from the low energy effective action. The matrix element M is then given by
A -
M==Zcc, (14)
!

where the dimensionless constants C' and C' come, respectively, from the holomorphic and

anti-holomorphic parts of the correlation function
€ = 1|2 srymena (Vi) 10X €95 () Vi)
Vo R12%223%213 \ Vy(Z3) 10A L € 2) Vil\z1))

= \/5212223 <1>}k(23) (iaXéjL%qﬂz @j)eiq.xR(gz)C . rlzeipR~XR(21>> 7

where z;; = 2z; — z;. The z; dependence of the matter 3—pt functions is fixed by conformal
invariance and precisely cancels the explicit factors of z;; coming from the ghosts. Thus,
one can take the limit 2z, — 2; and replace the BPS massive string and massless particle
vertex operators by their OPE. Non—singular terms of the OPE disappear in the zo — 2;
limit because of the explicit factors of z15 and Z;5. On the other hand, terms more singular
than 25" can not contribute because they would give a divergent answer. Hence, the only

contribution comes from the z;," term in the OPE, which is given by the contour integral
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of the massless particle vertex around the massive string one. The result is a conformal
primary with the same weight of the massive string vertex because the contour integral
of weight 1 holomorphic primaries defines an operator that commutes with the Virasoro
generators. One is then left with a two—point function, so that this conformal primary is,

up to normalization, the final excited string state

CVy(21) VY, % d22 10X €% (22) Vi)

CVy(m) = \[:f = ( OXp+ 5 a9 W) KR (z) ¢-ape’PXA(z) .

The only quantities that remain to be computed are the above normalization constants
C and C. Let us start by computing C. The computation greatly simplifies since we have
chosen k, appearing in the DDF operators, to be collinear with the momentum q = —¢k of
the massless particle. Using o'p - k = 2, it is easy to show that e = wMa'/2 is related to
the square of the center—of-mass energy s = —(p + ¢)? through

Of/

e=S (s - ) .

The absorption process can only occur if s = M, for some excited level of the Heterotic
string with mass M’ and the same charges n and m. Therefore,
/

=< (M7 -r) (15)

is bound to be an integer by the Lo and Ly physical conditions

_ 1
€:N/—§(SNS:N/—N,

where N’ and N’ are the levels of the final state. Finally, using the DDF operator parametriza-

tion of the string microstate V;(z) one obtains

25 oo )
CV T i(pL-‘rNk)'XL(z)’
0= s

which fixes
=+e(rt+1).

To determine the other constant C' we define the DDF operator
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for q = —ck and integral €, and write
Clvy) =AW, C* = VIALA Vi)

where |l~/2) denotes the right-moving matter part of the initial string state. Then, since

[Al, A7 ] = ¢ and since A1[V,) = 0 for € > 1, we arrive at the simple result
C=k.
We have then computed the absorption matrix element ([I4l)

4
M="c\/rT+1. (16)
(6]

3.2.1 Fermionic states

The computation of the absorption amplitude of massless bosons by fermionic microstates
of the BPS massive string proceeds along similar lines, with the same result (I6]) for the
absorption amplitude. The initial string vertex operator is given by (I3]) and the final one
can be taken to be V(z,2) = cie 2 Vi(2) Vi(Z), where Vy(z) and Vj(Z) are conformal
primaries of the matter theory with Ly = Lo = 0 and with f)f in the Ramond sector. One

then needs to write the massless particle vertex in the —1 picture,

2
V(z,2) =1/ &cée ?i0XL i et XetXn)

The holomorphic part of the correlator is identical, giving C' = y/e(rl + 1). The antiholo-
morphic part reads

C= 219293213 <6_¢~)/2f}; (23) 6_(2)121]‘61'(1')(12(22) 6_(2)/2Uaéa 6ipR-XR(21)> s

with the relevant DDF operator now given by

dz
AJ_E = ? €_¢ 'QDJ iaXr (Z)
for q = —ck and integral e. As before, A/ annihilates the initial state and [A7, A7 | = ¢

determines the constant C' = \/z.

3.3 Absorption cross section
The absorption cross section is given by

Zé(\/m M — w) IM|?

Oabs =

4Mw(M + w)
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where w is the massless particle energy in the massive string reference frame and the ampli-
tude M is given by (I6]). Using the kinematical relation (I5]) one can simplify the absorption

cross section expression to

o o 9
Uabs—SMw 6 5<§Mu}—6) M|,

so that, for a given microstate, one has
l o
2
Oubs = TK EE € (7“5 + 1) 0 (ng — 5)

The black hole should be thought of as a classical mixture of all its microstates. In

Appendix B we show that
1
!

(1) = —————
exp (TN) -1

for N > 1 and where the average ( ) is taken over all left—-moving microstates of the BPS

string with charges n and m. Thus, recalling that 2x? = 2mw¢%a/, we have

/
(Oaps) = T2 g c 5 (EMw—c) .
1 — ex (_ 27r€> 2
€ p JN

For energies much larger than the black hole mass gap,
> —=,

“ o' M

we can drop the sum of delta functions. Notice that this condition always holds in the

classical limit, since o’ M — oo and therefore the mass gap VanisheeH. The last expression

can then be recasted in the form

1
(Oaps) = Egz o'V N d ,
27N e ()

where
VN
LT onrar M
is the effective left—-moving temperature. This result is universal in the sense that it does

not depend on the massless particle polarization.

6There are other excitations of the BPS string, particularly those associated to the addition of N.S5/N S5
brane pairs [24]. Although for g?v/N > 1 the mass gap for these excitations is smaller than the fundamental

string excitations mass gap, 2/(a/ M), these are entropically disfavoured provided the energy w is kept finite.
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To compare with the gravity phase we must consider the low energy limit, w < T},

where

(Taps) = gg2 VN ~GyS .

This result clearly indicates the difference between string and black hole phases. Indeed,
we saw in the gravity phase that the minimally coupled scalars and the fixed scalars absorb
quite differently. In particular, in the limit w — 0, the fixed scalars do not absorb since
their values are fixed at the horizon. A finite cross section for all particle polarizations
signals therefore the absence of a horizon for small values of the coupling. Figure [2] of the

Introduction schematically summarizes this discussion.

3.4 String size

In this last section, we estimate the size of the BPS massive string state as a function of the
string coupling, following [3]H Having chosen the center—of-mass frame for the initial state

with p#* = 0 for u = 1,2,3, we can define the size R of a given microstate |V;) via

2 2 o .
R = (V| (X" — X£y) Vi) = o Z_l —5 ilo ol + a0 Vi) +of Z_l —,

where X/, are the zero modes of the string and where

a”—\/77{ 2™ X (2)

are the usual raising and lowering operators. The physical meaning of the divergent sum,
which comes from normal ordering the operators, is discussed in [33]. This is a state in-
dependent effect that we shall discard. The BPS states under consideration do not have

right-moving excitations so that the & contribution to R? is zero. Then, we have

= 1
N
m=1
where A,,, = (Vi|ak,, ot V).
The parametrization of the microstates V; using DDF operators explained in Section 3.1
breaks rotational invariance because one has to select a spatial direction for the null vector k.
Nevertheless, after averaging over all possible microstates the rotational symmetry should be

recovered. Therefore, for simplicity, we compute the average size of the string in a direction

"The main differences are that here we consider BPS states and that, by parameterizing the states with

DDF operators, we have full control of the Virasoro constraints.
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X*" (= 2,3) orthogonal to k. In Appendix C we show explicitly that the same result holds

if we choose the spatial direction of the null vector k. For each left—-moving microstate
25 oo

we compute A,, by using the commutation relations

n)ri} |pL + Nk> ’

[, A)] = mé" By, [4;,B,] =B}, Bl =0,
where
B" — k Zm—l 6ink-XL(z) )
m 2714

We obtain the expression

Am:imir“ (ar)" ——

m
=1 /T n#l V Tn'nr”

Since B.!|pr + Nk) = 0 for [ < m and (Bﬂif)T = B! the sum over [ reduces to the single
term [ = m. Finally, using B, |p. + Nk) = |pz + (N —m)k), we obtain the intuitive result

Ay, =mrh .

) B;Ll|pL + Nk)

Averaging over the microstates and in the large NV limit (see Appendix B) we have

(Am) =

m

2mm

exp T
The sum in ([IT) is dominated by small values of m. Thus we only need

VN

or

(Ap) =

for m < V/N, obtaining

(R?) ~ 1—7; o'V |
for large V.

Besides the average string size one might want to know how many string states have a
given size. This size distribution is described by an entropy function So(N,R). Following

[3] we show in Appendix B that, in the large N limit,

/
So (N, R) ~ 4wV N (1 — 320;?,2) , o K R* < a'VN ,
and
R2
So (N, R) 247?\/N<1— 20/]\7) : VN < R* < d'N .

These results suggest a description of the free string as a random walk with v/ N steps and
step size of order v/ «o'.
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3.4.1 Self-gravitating string

We would like to estimate the variation of the string size when the string coupling is in-
creased. We have just seen that at zero coupling the string is, on average, very large
(R? ~ o/v/N) and can be described as a random polymer. On the other hand, for large
enough g, we expect the string to collapse into the black hole described in Section 2, whose
size is of order v/o/. Therefore, as we vary the coupling, we expect the string to contract
due to gravitational interactions.

To study the contracting string for small g we shall use the polymer picture of a low
interacting string [34]. This model was used to describe non-BPS string states, which, as
the string contracts, decrease their mass. Although for BPS states the mass will remain
constant, the same physical effect will reduce the string size. The idea is to deform the
ensemble at g = 0 by adding to the entropy So(/V,R) a term describing the gravitational
interaction between the v/ N bits of the polymer, so that

o

Sy (N,R) ~ 47V N — g\/ﬁﬁ +cg*N

\ /a/

R )
for large N and o/ < R? < o/v/N. The four-dimensional gravitational character of the
interaction fixes the R dependence and the g2 factor in the last term. Finally, c is a positive
number of order one. The value of R that maximizes Sy is given by

O/

2

(18)

This should be a rough estimate of the string size for N=3/* <« ¢> < N~1/2.

We conclude that, as we vary the coupling constant g, the string has three different
phases. For g> < N~%* the string is well described by a free polymer and (R?) ~ o/v/N.
In the intermediate region N=3/* <« ¢> <« N~Y2, the string is well described by a self-

1/2 the string

interacting polymer and its average size is given by (I8)). For ¢g*> > N~
becomes a black hole with horizon radius squared R? = o//2, as explained in Section 2.
The three phases are schematically plotted as a function of the coupling in Figure [Il of the

Introduction.

4 Conclusion

In this work we studied the string/black hole transition in the controlled setting of BPS
string states of the Heterotic string. We have shown evidence that, by increasing the string
coupling, free winding string states evolve into small black holes. There are several compu-

tations that would confirm the physical picture here discussed.
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The gravity description, including all o/ corrections, is exact in the classical limit g — 0
with the classical charges p, and p,, fixed. In this limit the coupling A = ¢>v/N is finite and
N — oo. Therefore the free string regime corresponds to A = 0 and infinite string size, as
can be seen from Figure [l On the other hand, the self-gravitating string phase, for which
A < 1, should be seen in the gravity framework. This fact allows for a direct test of the
string/black hole transition by studying the interpolating solution between the asymptotic
flat spacetime () and the AdS, x S? near—horizon geometry (3)). For large enough A the
black hole solution exists and has a charge independent horizon radius in the string frame.
Below some critical value A\, ~ 1 we enter the self-gravitating string domain and no longer
expect the interpolating solution to exist. Note that, when A ~ A., the asymptotic value
of the coupling at infinity is of the order of the fixed value at the horizon. Moreover the
string coupling will always start to decrease as we move towards the black hole. Therefore,
if an interpolating solution exists for A < A. its string coupling must be a non—monotonic
function of the radial variable. These seems unlikely to us even though we do not have a
compelling argument. It would be very nice to check this conjecture.

Another check of the transition is to determine the behaviour of the order parameter
Oaps(w = 0) away from the free string phase. This would require the computation of the
1-loop absorption amplitude. It would be nice to see the splitting of the universal result
Gy S for different polarizations, as schematically presented in Figure

There are excitations of the BPS string associated to the creation of N.S5/NS5 brane
pairs that are important when considering the near extremal version of the system [24]. In
fact, the mass gap for these excitations decreases as the gravitational coupling is increased.
Close to (or possibly at) the string/black hole transition the NS5/NS5 pairs mass gap
crosses the fundamental string excitations mass gap. This could mean that in our compu-
tations of the cross section the creation of N.S5/NS5 pairs should have been considered.
However, this is not the case. For finite energies of the incoming particle, the fundamen-
tal string excitations are entropically favoured so that they dominate the dynamics of the
absorption process. On the other hand, when considering the classical near extremal ver-
sion of the black hole the NS5/N S5 excitations are favoured. In this limit the energy AE
above the BPS ground state is infinite, with a fixed ratio with respect to the black hole
mass. It would be very interesting to study the near extremal version of this black hole and

corresponding transition.
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A. Barrier penetration at low energies

In this appendix we will study the problem of barrier penetration for very small energy. We
will present a general method to compute the small energy behaviour of the transmission
amplitude through a one—dimensional potential V' which tends to zero at infinity.

The Schrodinger equation for a wave function W is

dz?

(aﬂ + d—Q) U(x) =V(z)¥(x) .

The general idea will be to solve this equation using different approximations in different
regions and then glue the various solutions in the overlapping zones. Firstly, let us define
region I (see Figure ) by the region where one can neglect the w? term in Schrodinger
equation. This can be done as long as w? < V(z) or equivalently for r_ < z < x, where
x4 are the classical turning points defined by V(x.) = w? Notice that the size of this
region diverges as w — 0 because the potential goes to zero at infinity. Secondly, if [ is
the largest length scale of the potential V', then for |x| > [ the potential is well described
by its dominant asymptotic behaviour. We shall call these regions II and III, respectively
for negative and positive . For small enough w the classical turning points, z, are deep
inside regions II and III and one has large overlapping zones B and C with region I. We
also define regions A and D as the regions where V(z) < w? (see Figure ). Let us remark
that, the following analysis is general enough to allow for any linear equation of motion in
the middle of region I, not necessarily of the Schrodinger type.

For each region A, B, C and D there are two natural independent solutions of the
Schrodinger equation. In the asymptotic regions A and D the natural choice are the WKB

wave functions
\IIA’D w . ’ ! !
(@) = [ exp (i [ p(af)da)
TF
\I/A’D( ~ w i * / /
2 (x)~ [—=exp(—i [ p(a)da) |
TF



>
X

Figure 4: Schrodinger potential. The classical turning points are x4 and x_ and [ is the largest
length scale of the potential. Region I is defined by w? < V() so that one can set w = 0 in the
Schrodinger equation. Regions II and III are the regions where the potential is well approximated
by its dominant asymptotic behaviour. Regions B and C are the intersection of region I and regions

IT and III, respectively. In regions A and D the potential is much smaller than w?.

where p(z) = y/w? — V(z). The scattering problem is to find the matrix M such that

Ut = M; 0P
Then
1 R
v | T T |
R 1
T T+

where T' and R are the transmission and reflection coefficients which satisfy |T'|? + |R|? = 1.
Our method consists in writing M as the product M M! M where

A _ 11 \iyB B __ I \,C Cc _ 111 \j,D
v = MITOE v = MLud v = MiTwb

The natural independent solutions U5 ¢ in regions B and C depend on the asymptotic
form of the potential but not on the energy w? because in these regions the energy is
negligible compared to the potential. Therefore the matrix M? is also independent of w
since it is obtained from solving Schrodinger equation for w = 0 and gluing U? with ¢,
On the other hand, M*! and M'!! depend on w and only on the asymptotic behaviour of
the potential. Thus, we see that the low energy behaviour of the transmission coefficient is
essentially controlled by the asymptotic form of the potential. We now study the Schrodinger
equation in regions II and III for different asymptotic behaviours of the potential V.

We consider first the case where V() decays faster than 1/z? at infinity. In this case

the asymptotic wave functions ¥4 and WP are just the usual plane waves
TP (1) o~ eor UHP ()~ emior

27



up to some phase shift that goes to zero as w tends to zero. Studying the asymptotics of
the Schrodinger equation with w = 0 it is easy to see that the natural independent solutions

in regions B and C have the following leading behaviour
Pl ~ 1, D)~

For these potentials, the distance between 0 and the classical turning points x4 grows slower
than the asymptotic wave length 27 /w as w tends to zero. The size of the transition interval
la, b], where the potential influences the wave function between regions A and B (or regions
C and D), is of the order of z_ (or z;). This means that the wave function essentially keeps
its asymptotic plane wave form until region B (or C). Another way to see this is to estimate

the variation in the derivative of the wave function through the transition interval

@
dx

dv

’ AW
- —| = / (V(z) = w?) ¥(z)de ~ s K w~ —
, dr “

dma'

Furthermore, regions B and C from the point of view of the plane waves are the same as

x ~ 0, so that the matching can be done using exp(Fiwz) ~ 1 F iwz, yielding

i 1w
1 —w ’

MIII:(MII)—1:1< 1 1 )
2 ‘ '

—ijw ifw

and

If the potential decays slower than 1/z* the WKB approximation is applicable [35].

Away from the turning points the WKB approximation requires

V()| < Ip(a)]*

d
dx
only if the potential decays slower than 1/z? it is also verified in regions B and C. In this

where prime stands for <. This condition is always satisfied in regions A and D, however,

case, we choose
U () ~ VH4(x) exp <:t/ da’ V(x’)) ,
0

U2 ) ~ VY4 (x) exp <:F /0 " V(a:’)) .

To glue the solutions across the turning points x4 we use the standard linear approximation

of the potential V(z) ~ w? + V'(21)(x — z+) and solve the Schrodinger equation for this
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linear potential. To be able to use the linearized potential to glue the WKB wave functions

on the two sides of the turning point, we need
V(@) < V' ()]

In the small w limit this is equivalent to the fact that the potential decays slower than
1/2? as x goes to infinityf]l. The general solution around the turning point x_ is given by a
linear combination of the Airy functions Ai(z) and Bi(z), where z = |V'(z_)|"/3(x — 2_).
Matching the asymptotics of the Airy functions with the WKB wave functions close to the

turning point we obtain
Ui (2) = vaw [V ()| V0 e (Bi(2) F i4i(2)) | T,
and
V() = e V()| VPV Bi(z)
Uy () = e [V (22|70 2/ Ail2) TT_,

where P_ = fxo, dx'|p(x)|. Thus,

et~ e P~
M = o—in/a Vw
2
2= je -
Similarly
—in/4 = e

ar _ €

SN ’

2e+  2ef

with P, = [ da'[p(a’)].

Finally, we consider the marginal situation where the potential has the asymptotic form
V(z) ~ = r — £o0 .
In this case, ¥4 and UP tend to plane waves with an extra phase
TP () ~ exp (iwx + zg \/U73F> : TP () ~ exp (—z’wx Fi g \/UfF) .

The natural choices for U2 and ¢ are

U (g) ~ 2205 0D (x) ~ 220

8Here we are assuming that the potential is not pathological like for example z~! sin? (2?).
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where Uy = 32 — 1/4. For this specific asymptotic behaviour of the potential the solutions
in regions II and III can be written in terms of Bessel functions. Using the asymptotic

expansions of the Bessel functions, one determines the wave functions in region II
+igp_
e [Twx ,
T4, (z) ~ — Js_ (wz) — eFP-"J 5 (wx
1,2( ) Sin(/@_ﬂ') 2 |: 57( ) 57( )} )

1/278-
‘1’52(55) ~T(1Fp3-) (%) \/ %x Jp (wz) |

where we define ¢7 = Z(y/U, £ §, — 1/2) with the index a = £. This yields

CUF(BL) € f(—B)
MII — 7

e (BL) e f(=50)
with f(8) = %F(ﬁ) (2) 7% A similar calculation gives

[ A= B (- )
M — 2

e f(1L+By) e f(L+ By)

In all cases, the dominant low energy behaviour of the transmission probability is given
by

-2
T =~ [ M{{| |

II1|—2
My

7 1—2
M12‘ )

(19)

from which we conclude that

|T|2 ~ (2P-+206+ ’

if the potential decays as 1/x2. If it decays faster than 1/z* for z — o0, one should
replace w?** by w. If it decays slower than 1/22, the factor w??* should be replaced by
exp (F2 f;* da’|p(2')]). If it decays slower on both sides one recovers the usual WKB

Ty
IT|* ~ exp (—2/ da'\/V (') — w2> :

As we have just seen, the w dependence of the low energy transmission probability is in-

tunneling factor

dependent of the details of the potential, uniquely relying on its asymptotics. However, if
one is interested in the precise numerical factors, it is enough to determine }M{Z ‘2 for some
given potential and use formula (I9). It is then clear that this method allows any linear
evolution in the middle region since we only need the w independent numerical coefficient
M,

30



B. Averages over string states

In the main text we needed the average occupation number (r!), in the ensemble of all
partitions of the integer N in integers of 24 colours. More precisely, an element of this

ensemble is the set of non-negative integers {r’ } obeying the constraint

ZZmrfn:N. (20)

i=1 m=1

We are interested in the average (r!)y for fixed and large N. In this limit, one can trade

the constraint (20) by a chemical potential p
1

epn — 17

1 o 1
<T£L>u — Z ,rl e_uz?il Zm:lmr’m =
{T }

where Z =37, yexp (—p DD D mri,) is the usual partition function. In the limit of
large N (or small y) the averages ( ), and ( )n are related through

24 xdx 472
=24 — = — .
Z epn — 1 2 0 -1 ,u2
Thus
l ].
(ro)y = —F—~—.
exp <f}rﬁn) -1

Following [3] we will estimate the number of string states with a given size
/
i
To this end we introduce a chemical potential v conjugated to the size of the string. Defining
eF ) = Z e~ N =R /o’ ’
{rin}

we obtain the entropy as a function of R from the Legendre transform
S(N,R) = F(u,v) + pN +yR* /o,

where N and R are related to p and v through
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The free energy F' is then given by

F(u,~) = —QBZlog 1—e#m) Zlog (1- e_’m_“*/") . (21)

n=1

Let us first consider the region of parameters y < /7y < 1. In this case the sums in F

can be well approximated by integrals

Fp, ) ~ —% | drlos (1—e) - %/0 dalog (1 —e~om/a) |

472 Y
Flu,) ~ 2 — 7 12100 .
(1:7) . \/; ()

/

S(N,R) = 47V N (1 . %) :

so that

The entropy is then

for large N and o/ < R? < o/v/N.

To determine the entropy function for values of R? larger than the typical value o/v/N
we need to consider negative chemical potential 7. The free energy (21)) is well defined as
longasy>—p. ForO<~v+pu<<pu<kl,

2
m
F(p, ) ~ T log(y+p) +O(1)

where the v dependence steams from the first term in the sum. Therefore

S(N,R) = 47V N (1— R’ ) :

2a/'N

for large N and o/ VN < R? < o/N.

C. Average string size

In this appendix we compute the average size of the string in the spatial direction X*
(= 1) of the null vector k appearing in the DDF operators. In this case we have different

commutation relations

o 4] = /LD, (D Af] = 169 B

/ \%_ ,m 8X2 znk-XL(z) :

where



and

E) = ;Z—;zmk~8XL(z)ei"k'XL(z) .
Furthermore
(DL Dy i) = 07 (6ny — mBy ™) (B, A)] = [Br, D] =0

Commuting the o, we obtain

8
3
3
S
—
—~

AL (AL) DL, (AL)° Ty (AL)"

/ .
A = 2 (k)2 -
2 Z;;H ril i Vrplnh z:lln/rgurf

IpL + Nk)

Since D}, _,|pr + Nk) = 0 for n < m we commute the D}, _, with n < m to the right and
the ones with n > m to the left. In this process we will generate many FE_"~! operators.
However, because these commute with all the other operators and satisfy £ "|p,+Nk) =0
for n < m and (E;")" = E®

- only the E_™ operators remain. The contribution of

m?

the latter is easily computed using E."|pr + Nk) = |pr + (N — m)k). Finally, using
D}, _.lpL+ Nk) = /o' /2p} |pL + (N — m)k), we arrive at

! / o
BAn= 5 03 <5 RTEDIRTED DRTUSIOEDY ”W’i) )

) n+l=m n=m+1 n—Il=m
EeE=1 Dol D ORTEEED DRCTIARS oRTCE) BERERIEY
) n+l=m n=m+1 n—l=m

After averaging A,, over the microstates one should obtain the same result as for the other

directions,
(Ap) =m(ry,)

m

for any N and m. This implies the identity

S onlm =)l + S mln = mr o, D)= S tml) - (22)

n=1 n=m+1

In the limit m < /N, it is easy to see that both sides of (22) have the same dominant
behaviour N3/2/(24r). This ensures that

B} = o

as expected.
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