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The N/D method is used to constrain the parameters of the Veneziano model. A more refined procedure, 
preserving exact crossing, is noted. 

Veneziano [1] has suggested an Ansatz  for a 
two-par t ic le  sca t t e r ing  ampli tude that is  c r o s s i n g -  
symmet r i c ,  has Regge asymptot ic  behaviour ,  and 
sa t i s f ies  f in i t e -ene rgy  s u m - r u l e s  (FESR) in  the 
Dolen-Horn-Schmid  [2] sense.  I ts  ma in  shor t -  
coming is  that i t  i s  not uni tary .  Indeed, it  i s  not 
even poss ib le  for  the t r a j ec to ry  function ~(s),  to 
have a r igh t -hand  cut, if Wancestor~ poles a re  
to be avoided#. If one could modify the Veneziano 
ampli tude in  such a way to make it  uni ta ry ,  while 
s t i l l  main ta in ing  c ros s ing  and Regge behaviour ,  
then one would have a ve ry  in t e res t ing  model of 
two-par t ic le  scat ter ing.  

We have found tlmt the Veneziano ampli tude 
can be uni ta r ized ,  at  low energ ies ,  without too 
much a l te ra t ion ,  only if the p a r a m e t e r s  of the 
model sa t is fy  ce r t a in  contra ints .  It i s  the purpose 
of this  paper  to exhibit  these cons t ra in t s ,  and to 
r epor t  a p r e l i m i n a r y  numer i ca l  calculat ion of a 

* The research reported in this document has been 
sponsored in part by the Air Force Office of Scienti- 
fic Research OAR through the European Office of 
Aerospace Research, United States Air Force. 

:~ Alfred P. Sloan Foundation Fellow. On leave of ab- 
sence from the Department of Physics, University 
of California, Los Angeles, California. 

# R may be possible to remove these by adding an in- 
finite number of Veneziano satellite terms, however. 
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Fig. I. Plot of the partial-wave cross-section, ~1, 
as calculated from the N/D equations, with BI(S ) = 
= Bl(4 ), ~t= In, fl= 1.53 and ~(30) = 1 (solld curve). 
The dotted ctf~ve resonance at s = 30_and a width cor- 

responding to the same 8. 
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p a r t i a l l y  u n l t a r i z e d  v e r s i o n  of the Veneziano 
ampl i tude ,  when the con t r a ln t s  a r e  sa t i s f i ed .  

The i dea  i s  to r e p l a c e  the f i r s t  r e s o n a n c e  
po le  in a p a r t i a l - w a v e  p r o j e c t i o n  of the Veneziano 
ampl i tude  by  a cut  extending f rom the t h r e s h o l d  
to a poin t  m i d - w a y  be tween  the f i r s t  two r e s o -  
nances .  Th i s  i s  the u sua l  point  t aken  to d iv ide  
the r e s o n a n c e  and Regge r eg ions  in app l i ca t ions  
of F E S R  [2]. One then demands  that  the d i s -  
cont inui ty  a c r o s s  th is  cut  be  given by un i t a r i ty .  
Th i s  l e a d s  to a non l inea r  equation,  which can be  
so lved  by the N/D method.  Of cou r se ,  the o r i g -  
ina l  F E S R  a r e  no longe r  sa t i s f i ed ,  in gene ra l ;  
but  they  can be p a r t i a l l y  r e t o r e d  by r equ i r ing ,  
say ,  the f i r s t  two momen t s  ove r  the cut  to be 
equal  to those  ove r  the o r ig ina l  r e sonance .  Th is  
p r o c e d u r e  i s  only meaningful  if the u n i t a r i z e d  
a b s o r p t i v e  p a r t  exhib i t s  a peak ,  in which ca se  
the r e q u i r e m e n t  amounts ,  roughly  speaking,  to 
demand ing  that  the pos i t ion  and width of the o r i g -  
ina l  r e s o n a n c e  be r ep roduced .  Th is  con t ra in t  
l e a d s  to a d e t e r m i n a t i o n  of two of the t h r e e  
p a r a m e t e r s  of V e n e z i a n o ' s  Ansa tz .  

To i m p r o v e  th is  ca lcu la t ion ,  one could  r e -  
p l a c e  the f i r s t  N r e s o n a n c e  po le s  by a cut  ex -  
tending f rom the t h r e sho ld  to a point  m i d - w a y  
be tween  the Nth  and the (N+I) st .  r e s o n a n c e s .  
I n e l a s t i c  e f fec ts  could be inc luded by r ep l ac ing  
the p h a s e - s p a c e  f ac to r  p(s), by -Im[1/A~tegge],  
in the i n e l a s t i c  r eg ion  ~. Na tu ra l ly ,  one would not 
expec t  a CDD p o l e - f r e e  ca lcu la t ion  to give any -  
thing r e s e m b l i n g  N r e s o n a n c e s ,  s ince  the h igher  
r e s o n a n c e s ,  s ince  the h igher  r e s o n a n c e s  of the 
Venez iano  mode l  a r e  not l ike ly  to be r e p r o d u c e d  
by  a one -channe l  ca lu la t ion .  I t  i s  n e v e r t h e l e s s  
p o s s i b l e  to avoid  the exp l i c i t  inc lus ion  of o the r  
channe ls  by adding (N-I )  CDD poles .  Th i s  does  
not g ive  r i s e  to any e x t r a  p a r a m e t e r s  (as one 
might  a t  f i r s t  expect)  s ince  the f i r s t / 7  po le s  
(which have been  r e p l a c e d  by the cut) a r e  r e l a t e d  
to each  o the r  by the Veneziano fo rmula ,  and one 
can a lways  r e q u i r e  the output s t a t e s  to a g r e e  with 
them.  This  n a g r e e m e n t  n can be effected,  much 
a s  be fo r e ,  by  r e q u i r i n g  that  the f i r s t  217 m o m e n t s  
ove r  the  cut be equal  to those  ove r  the o r ig ina l  
s t a t e s  $ $. 

C o n s i d e r  I = 1 n~ s c a t t e r i n g ,  fo r  s imp l i c i t y .  
The  g e n e r a l  c r o s s i n g - s y m m e t r i c  Veneziano f o r m  
fo r  th i s  p r o c e s s  i s  

In addition to the Regge poles in the Veneziano model, 
the Pomeranchuk contribution should probably be in- 
cluded. 

$$Alternatively, it may be better to consider sum-rules 
with a continuous moment index, n, and then to im- 
pose the corresponding conditions on the value and 
derivatives, with respect to n, taken at n=O. 

v ( s , t )  = _~ [r~,-~(s)rq,-~(t)) _ (t-~u)] (1) 
[r(r-~(s)-a(t)) 

where  s ,  t and u a r e  the usua l  Mande l s t am v a r i -  
ab les ,  a (s) i s  the Regge t r a j e c t o r y  function 
(which i s  taken  to be  l enea r ) ,  and ~ i s  constant .  
The leading  t e r m  c o r r e s p o n d s  to r = p, w h e r e a s  
s a t e l l i t e  t e r m s  c o r r e s p o n d  to r > p.  Since the 
p - m e s o n  i s  the lowes t  ly ing r e s o n a n c e  on ~(s) ,  
the lead ing  t e r m  mus t  c o r r e s p o n d  to p = 1 = r .  

The p a r t i a l - w a v e  p r o j e c t i o n  of (1), d iv ided  
by  the t h r e s h o l d  f ac to r ,  ( s -4) / ,  s ay  Vl(S), has 
a l e f t -hand  cut, and a l so  a sequence  of po l e s  
on the r ight ,  a r i s i n g  f rom the function,  
F (1 - a ( s ) ) ,  in the n u m e r a t o r .  C o n s i d e r  the l = 1 
p ro jec t ion ,  fo r  s imp l i c i t y .  Th is  i s  the lowes t  
p h y s i c a l  p a r t i a l - w a v e  in the I = 1 s ta te ,  and has  
the  p - m e s o n  a s  i t s  lowes t  r e sonance .  Of c o u r s e  
Vl(S) does  not s a t i s fy  u n l t a r i t y  on the r ight .  It i s  
to be modi f ied  by sub t r ac t i ng  out the p -po le  con-  
t r ibu t ion ,  V~(s), and r e p l a c i n g  i t  by  a cut. Thus 

AI(S) ~" 4 - 

whe re  a ( s  1) = ~ and BI(S) = Vl(S) - vP(s). This  
non l inea r  i n t e g r a l  equat ion can  be so lved  by the 
U r e t s k y  fo rm of the N/D method  [3]. 

The above p r o c e d u r e  i s  s i m i l a r  to tha t  of the 
s t r i p  app rox ima t ion  [4, 5]. I t s  ma in  advantage  
ove r  f i r s t  ca lcu la t ing  the l e f t -hand  cut  d i s c on -  
t inui ty  f rom (1), and then cons t ruc t ing  the en t i r e  
r i gh t -ha nd  cut  by  the  N/D method,  i s  that  e l a s t i c  
un i t a ry  i s  i m p o s e d  only in the  l o w - e n e r g y  reg ion ,  
4 --< s ~< Sl ,  w h e r e  i t  i s  m o s t  l i ke ly  to be  val id .  
M o r e o v e r ,  the p r e s e n t  t r e a t m e n t  i s  c o n s i d e r a b l y  
s i m p l e r  in p r a c t i c e .  The h i g h - e n e r g y  reg ion ,  
s > Sl,  cont inues  to be given by the o r ig ina l  
Veneziano fo rmula .  

The lowes t  moment  s u m - r u l e s  a r e  now r e -  
s t o r e d  by  impos ing  

s 1 s 1 
f ds(s-4)nImAl(s)  = f ds(s-4)nImVl(s),(3) 
4 4 

fo r  n = 0, 1. If ImAl(S)  i s  domina ted  by  a n a r r o w  
peak,  these  condi t ions  s i m p l y  amount  to r equ i r i ng  
the pos i t ion  and with of the  r e s o n a n c e  to ma tch  
those  of the o r ig ina l  r e s o n a n c e  in Vl(S). Eq. (3) 
i s  equivalent  to r e q u i r i n g  that  the coef f ic ien t s  of 
s -1 and s -2 ,  in the  l a r g e - s  expans ion  of A 
AI (S )  - BI(S) , be the  s a m e  a s  those  of VlP(S ). 

A p r e l i m i n a r y  ca lcu la t ion  (good to atfout 20%) 
was  made  by  app rox ima t ing  B l ( S )  by i t s  t h r e s h o l d  
va lue ,  B1(4), which i s  p a r t i c u l a r l y  e a s y  to e v a l -  
uate.  I t  i~ now t r i v i a l  to so lve  the N/D equat ions  
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[5] and to i m p o s e  condi t ions  (3) fo r  n = 0, 1. Th is  
i m p l i e s  two c o n s t r a i n t s  upon the t h r e e  p a r a m e t e r s  
of the Veneziano mode l  ( these  p a r a m e t e r s  a r e  
~,  and the s lope  and i n t e r cep t  of a (s), which i s  
a s s u m e d  l i n e a r  ). A t h i r d  con t ra in t  could  p e r h a p s  
be  obta ined by extending the ca lu la t ion  to a l l  
i so s p in  s t a t e s ,  and by  impos ing  the Veneziano 
r e q u i r e m e n t  of d e g e n e r a c y  be tween the ! = 0 
and I = 1 t r a j e c t o r i e s ,  a t  l e a s t  a t  a (s o) = 1. In 
the p r e s e n t  m o r e  l i m i t e d  c a l c u l a r i o n , - a  (sp) = 1 
i s  f o r c e d  to c o r r e s p o n d  to the e x p e r i m e n i a l  p 
m a s s  (sp = 30). Then the two moment  condi t ions 
s e r v e  d e t e r m i n e  ~ ' ,  the s lope ,  and ~. The r e -  
sult~ of the ca l cu la t ions  a r e  a '  = ~ and ~ = 1.5. 
The c o r r e s p o n d i n g  e x p e r i m e n t a l  va lues  a r e  
~'  = ~ (if a i s  l i n e a r  and p a s s e s  through the p and 
f o  e x p e r i m e n t a l  points) ,  and ~ = 0.6 ( c o r r e s p o n d -  
ing to a p -w id th  of 125 MeV). These  r e s u l t s  a r e  
con f i rmed  by m o r e  a c c u r a t e  compute r  ca l cu la -  
t ions ,  which wi l l  be  r e p o r t e d  e l s e w h e r e  [6]. 

A plot  of the _p~rtial-wave c r o s s - s e c t i o n ,  
~1 = 12~[(s-4)/s]-~ ImAl(S)  (see  fig. 1), shows 
that  the m a x i m u m  o c c u r s  a t  s = 18, in s t ead  of 
s = 30. P r e s u m a b l y ,  th is  i s  a r e f l ec t ion  of the 
c rud i ty  of the ca iu la t ion .  P e r h a p s  an even m o r e  
s e r i o u s  d i f f icul ty  i s  that ,  al though ~1 does  e x -  
h ibi t  a peak,  the p h a s e - s h i f t  neve r  p a s s e s  through 
90 ° . Unless  th i s  i s  r e c t i f i e d  when the ca lcu la t ion  
i s  i m p r o v e d  by i n c r e a s i n g  s 1 and adding CDD 
po les  (as  d e s c r i b e d  above) ,  th i s  would indicate  
that  h igher  channels  a r e  impor t an t ,  and mus t  be 
included expl ic i t ly .  

If the N/D ca lcu la t ions  we re  extended to m o r e  
p a r t i a l  waves  (an if  o the r  channels  we re  included),  
one might  weU find the s y s t e m  to be o v e r d e t e r -  
m i n e d .  However ,  in such  a case ,  one could a l -  
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ways  add s u p l e m e n t a r y  t e r m s  of the f o r m  (1), 
but  with d i f fe ren t  r and p. Any e x t r a  c o n s t r a i n t s  
could then be  used  to d e t e r m i n e  the coef f ic ien t s  

a s s o c i a t e d  with t hese  s u p p l e m e n t a r y  t e r m s .  
F ina l ly ,  i t  should be r e m a r k e d  that  the u n i i a r i z a -  

t ion p r o c e d u r e  d e s t r o y s  s t r i c t  c r o s s i n g  s y m m e t r y .  
However ,  i t  i s  s t r a i g h t f o r w a r d  to s e t  up a s cheme  
in which above ca lcu la t ion  i s  but  the f i r s t  a p p r o x i -  
marion.  One would f i r s t  ca l cu la t e  a l l  p a r t i a l  
waves  up to,  say ,  l = L, by  the above method,  
thus gene ra t ing  u n i t a r i z e d  cuts  in the d i r e c t  chan-  
nel. The next  s t age  would be r e p l a c e  the c o r r e -  
sponding po le s  in the c r o s s e d  channel  by the un i -  
t a r i z e d  cuts  f rom the f i r s t  s tage ,  and to ca l cu la t e  
a new Born  t e r m ,  Bl(s), f rom which new N/D 
ca lcu la t ions  could be made  fo r  l -.< L. The whole 
p r o c e s s  could be  cyc l ed  any number  of t i m e s .  
If th is  we re  to converge ,  one would have,  in the 
l imi t ,  a c r o s s i n g - s y m m e t r i c  ampl i tude  that  i s  
un i t a ry  for  4 --< s --< s 1, l --< L, in both channels .  

One of us  (L. A. P.  B. ) would l ike  to thank P r o f e s .  
s o r  P.  T. Mat thews fo r  hosp i t a l i ty  at  I m p e r i a l  
College.  
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